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Abstract

The influence function (IF) of a statistical functional is the Riesz representer of
its derivative, also known as its first variation and Fisher-Rao gradient. It is a
key object for numerical optimization over probability measures, semiparametric
efficiency theory, standard constructions of efficient estimators, and an arsenal of
inference methods for these estimators. Yet, deriving the IF analytically is often an
obstruction for practitioners. To automate this task, we develop a novel spectral
representation of the IF that lends itself to a low-rank functional estimator in a
reproducing kernel Hilbert space (rkHs). Our estimator (i) does not require analytic
derivations by the user, (ii) relies on kernel Principal Component Analysis and
numerical pathwise derivatives along these components. We present the derivation
of the representation and prove consistency of the low-rank rkHs estimator.

1 Introduction

The target 6 of a statistical learning procedure often takes the form of a mapping P +— 6(P) of the
probability measure P on a sample space % C R? governing the training data X,.,. The difficulty of
learning 6 from data depends on the combination of structural properties of all possible P and the
local variability of 0 at the unknown true P. For example, estimating the mean 6;(P) := [xdP
is easy even if P is unrestricted beyond having finite moments. By contrast, estimating the density
f(xp) of P ata point xg is easy in a model for P that is smoothly parametrized by a subset of R?,

but much harder in nonparametric settings. The rate of convergence of an estimator é,, (X1:n) to the
target 6(P) as the sample size n increases is a measure of the statistical difficulty of estimating 6.
The rate of estimating 67 with the sample mean is 4/n by the Central Limit Theorem (CLT), whereas
the rate of estimating f(xo) can range from /7 to arbitrarily slow, depending on the regularity of P.
If f(x) is smooth in a neighborhood of x¢ for all P, then observations close to x¢ can be aggregated,
as for estimating 67, resulting in a fast rate; if f(x) varies roughly near x( and as P is perturbed, then
aggregation leads to bias and must be limited at the expense of precision.

We consider scalar functionals §(P) that can be estimated at the parametric /7 rate in nonparametric
models for P, like the mean 6;. This includes scalar and vector estimands that depend on averages of
nuisance functions, e.g., 6p(P) := [ f dP and estimands of causal inference, but not f(xo). For
these parameters the rate is fixed and the difficulty of estimation is characterized in terms of a lower
bound on the asymptotic variance. The object that determines this bound is the influence function
(IF) of 6 at P, denoted ¥p : % — R; the bound is the norm [ 1/f12, dP of this function. Setting aside
the interpretation of ¥ p (x) until Theorem 2.1, recall when one can expect 8(P) to be estimable at
the /7 rate and to have an IF. This requires that (P) varies smoothly with P. Specifically, the map
P +— 6(P) must have a derivative D8p that maps perturbations to P into infinitesimal changes in
O(P) [Misa7; Ste56; KL76; IH81; Vaaot]l. When D p exists and is a bounded linear map on L2?(P), Riesz’s
theorem guarantees the existence of a function ¥ p € L?(P) such that for any perturbation ¢ to P,
the effect on 6(P) is given by DOp[p] = [ ¢y p dP; we review this further in Theorem 2.1. If 6(P)
is not smooth in P, so the derivative D6p doesn’t exist or is unbounded and has no IF, then the
estimation rate for 6(P) is typically slower than /7.
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Example 1.1. The IF for 6;(P) is ¥1(x) = x — 60y; the IF for 8y (P) is Yo(x) = 2[f(x) — o).
With g € (0, 1), the g-quantile is 6,(P) := F~1(g), so that F(6,) := P(X < 60,) = ¢, and its IF is
Yqe(x) =[q—1(x < 64)]/f(6,), where T 4 is the indicator of event A. To simplify notation, we may
write 1 without the subscript P, but the IF always depends on P, as do the functionals 6 and D6.

Consider now an estimator sequence én = én (X1:p) for 8(P) constructed with i.i.d. samples X;.,

from P. Itis regular if /n (én — 0(P)) converges in distribution, and, furthermore, the limit law is
invariant to vanishing perturbations in P; a counterexample is hard thresholding. An estimator is
asymptotically linear if it has the representation analogous to the CLT:

n 1 &
(6, —6(P)) = 7 Y yp(Xi)+op(1). where Yp € L3(P) (1.1)
i=1
meaning [ %2: dP < 4ooand [ ¢p dP = 0, and the op (1) term vanishes in P asn — oo. Note that

Yp in (1.1) is the IF of 8, also called the IF of the estimator 6. [vaas1] shows that 6( P) is differentiable
in P and has an IF if and only if there exists a regular asymptotically linear estimator. Moreover,
[Kla87] shows that a regular asymptotically linear estimator exists if and only if the IF exists and can
itself be consistently estimated. For further details of semiparametric efficiency theory we refer to
[Vaa00, ch25] and [Bic+93], and now turn to a very brief and selective review of its recent methodological
uses in machine learning (ML), statistics and econometrics.

According to (1.1), the contribution of a datum X; to the fluctuations in the estimator is approximately
¥ (X;)/n. Consequently, the observations with the most influence on the realized estimate are X;
with a large | (X;)| value. Returning to Example 1.1, for estimates of 67, the influential data are
those far away from the mean, i.e., the ‘outliers’; by contrast, for estimates of 6, all observations have
similar influence; for estimates of 6, the observations with extreme density values are influential.
This interpretation of the IF to study robustness to outliers goes back to [Hube4] and appears recently in
e.g., [Pru+20; BGM20]. In Theorem 2.1, we discuss a related interpretation of the IF, but for the functional
rather than its estimators, that is an important baseline for our work.

Closely related with robustness are the uses of the IF toward data attribution and interpretability of

nontransparent estimators. The idea is to approximate the x; — 6(x1.,) mapping with x; — ¥ (x;)
to gain insight into the effect of a data point or statistic on the estimate; e.g., in large language [Gro+23],
black box ML [KL17], structural econometric [AGS20a; AGS20b] models. A different question asks for
the effect of perturbing the location of x; spatially in the sample space X as x; + A; rather than
its probability weight; this can also be answered with the IF. The Wasserstein gradient vector field
Vivp = (0x,¥p,...,0x,¥p): X — R4 of §(P) describes the direction of transporting the mass

of P atx in % C R? with the greatest influence on the value of §(P). Furthermore, for any transport
perturbation v € L2(P)% of P, the effect on O(P) is DOp|[v] = J{v., Vi¥p)pa dP. See Vi3, chg]
for the details of optimal transport theory, and e.g., [Mad+18; SND18] for applications.

A classical use of the IF is to approximate the distribution of an estimator [Cha92; New94; FS19], useful for

constructing confidence intervals and statistical tests. From (1.1), the variance of 8, is approximately
[ ¥?dP/n and the distribution is approximately Normal by the CLT. Beyond insights into the
distribution of a given estimator, the IF is a key ingredient for the construction of estimators that
achieve the efficiency bound, notably in semiparametric problems like causal inference. Several

techniques are well known, all start with preliminary estimators 0 of 6 and Iﬁp of ¥p, which are
combined to construct a better estimator of 6. The one-step adaptive estimator of Bickel [Bic75] given

by 6:=6+ Y Iﬂp (X;)/n estimates and removes the bias in 6 with the sample average of Iﬁp.
The IF is required to construct the targeted likelihood of van der Laan [vRos; Cho+24], and Neyman
orthogonal estimating equations of Chernozhukov [Che+18; Che+22], see also the reviews [Hin+22; Ken24].

Recently, the IF is used extensively to study robustness of ML models [Bre+19; Guo+20; Bae+22; Sch+23]
and the sensitivity of econometric estimands 6 to misspecification of structural properties of P and
other modeling choices reflected in 6( P) [AGS17; Muki8; Muk19; cc23]. For example, with censored data,
the mean 6 is not identified, but there is a set of values for ; compatible with the true P and the
observed data that can be estimated [HM95; Sem20; Sem25]; an MDP model may assume Gumbel payoft
shocks [Rus87] or an ecological model of population dynamics may posit logistic propensity scores
[cat+00], and the IF can be used to construct bounds for the estimated MDP parameters and population
size that are robust to the parametric assumptions [Muk21].



How does one estimate the IF? In Example 1.1, estimating ¥y amounts to estimating the mean 6;;
by contrast, estimating 1/ requires estimating the density f'; estimating v, requires estimating 6,
and f(6,). For a general functional (P, one first derives the analytic form of the IF. In parametric
models, the IF is the normalized derivative of the log-density, i.e., the score. In nonparametric models,
with significant mathematical subtlety, the problem can be reduced to the parametric case. For a
path t — Py, i.e., a parametric submodel with parameter ¢ € R and score function g € L%(P ), the
pathwise derivative d0(P;)/dt is computed. Then one hopes to express it as [ g - ¢ dP to match
the representation of Riesz’ theorem; the function ¢ is a candidate for yp. Given the analytic form
of Y p, as in Example 1.1, the unknown components can be estimated. Deriving the IF is highly
idiosyncratic to the functional at hand and can be challenging, akin to solving a differential equation,
and often constitutes a significant contribution. Several techniques are described in the literature
e.g., [Cha87; New90; Jor93], see also the reviews [Hin+22; ken24]. This task can be time-consuming, requires
familiarity with functional analysis, and often highly specialized technical knowledge.

Prior works It is widely documented in recent literature that the analytic derivation of the IF poses
an obstruction to the adoption of IF-based methods [Fra+15; LCL15; CLV19; Hin+22; Ken24; JWZ22; Agr+24] and
that replacing this derivation with automated estimation would be a useful contribution. Automated
estimation has been explored in [Fra+15; CLv19; Jwz22] based on the von Mises representation of the IF,
explained in Theorem 2.1. Specifically, these works show how to estimate the value of the IF at a

fixed point z € X as 1/A/p (z) = limg_od Q(ﬁf *?)/dt, by constructing a special perturbation }3,8’2 of
P, that depends on the chosen point z and bandwidth &, so that the pathwise derivative of 6 along

this perturbation approximates ¥ p (z). In practice, § is fixed and the derivative is computed as a finite
difference; computation can be ill-conditioned due to the nature of the required perturbations.
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Figure 1: IF v/, of quantile 6, regularized oracle surrogate ¥; (dashed) and estimate 1/A/ 1 (solid).

Contribution We propose estimating the entire IF ¥/p as

x d 1 d
(x) = — | —0(f/ ] é;(x),
= 3; A I
where A > 0 is the regularization loading for controlling the nonparametric bias-variance trade-off,
and r is the rank of the approximation for controlling the number of eigenvectors of the Gram matrix
and pathwise derivatives of 6 one has to compute (e.g., r = 16) to estimate the entire IF. See Figure
1. Furthermore, (€;);>1 is an orthonormal basis for L3(P) and (0;);>1 is a decreasing to 0 sequence
of scalars such that (/o ;€j)j=1 is an orthonormal basis for a Hilbert space of smooth approximating

functions; perturbations f,’ of the density f of P are in the direction of e;, e.g., ftj =[1+16] f ,
leading to stable pathwise derivative computation.

Our estimator is based on a novel regularized representation of ¥p by the best approximation in a ball
of a Hilbert space H, Theorem 3.3. We view this representation as our main result, because it is
not trivial to apply rkHs methods to the IF, and our variational characterization lends itself to this
task. We relate estimation of the IF to kernel Principal Component Analysis (PCA) by taking H to be
the rkHs of a positive definite kernel. This allows leveraging extensive learning theory and methods
of numerical linear algebra to analyze and compute our estimator. In the proposed implementation,
both e; and o} depend on P and are estimated with a low-rank matrix eigenvalue and eigenvector
decomposition. We prove consistency and lay the foundation for studying convergence rates, statistical
and computational efficiency, and their trade-offs in follow-up work. To our knowledge, this is the
first data-driven functional estimator of the IF, the first estimator with convergence guarantees in L?
and rkHs norms, and the first work to show how to apply rkHs methods to the estimation of the IF.



Paper organization Section 2 reviews the classical von Mises formula, which is the baseline for our
spectral representation and proposed estimator @/{ Section 3 presents our variation representation,
regularization, and the solution of the resulting approximation problem. Section 4 implements the
approximation with an rkHs, applies the Nystrom method for integral operators to estimate the
regularized surrogate and proves consistency of the estimator. The Appendix contains simulation
experiments and deferred technical details.

Notation We write IF for influence function; ® is a set of probability measures on a sample space
xeX C R X1y = (X1,....Xn)isa sample;  : ® — R denotes a functional; L2(P) is the
space of functions ¢ : X — R with [¢*dP < oo and L3(P) is the subspace with [ ¢ dP = 0.
The derivative of 6 with respect to P at P is denoted by D6p : L3(P) — R and maps directions
of perturbing P into infinitesimal changes in 8(P). 74 denotes the indicator of set A; £¢ denotes
Lebesgue measure on 4.

2 von Mises Formula

The following calculation extends those of [Mis47; IN22] and allows evaluation of the IF 1/p at a point
x € X via evaluations of the functional 8(P) on certain perturbations of P. A useful analogy is to
think of computing partial derivatives of a multivariate function of R2 or R* to evaluate the gradient
vector.

Tueorem 2.1 [von Mises formula]. Let 6 : ® — R be a pathwise differentiable functional on a
nonparametric model ® with IFs yp € L%(P)for P € ®. Suppose P = [ - %% is a.c. witha
continuous density f. Let K be a bounded probability density with supportin {|x| < 1} C R?. Define
the dilated kernels by K®(x) := §~¢ K(§7x) for § > 0. Translate to the location of approximation
z € R? and control the likelihood ratio with f via a cutoff as K% (x) == cK®(z — x) - Trss(x)
with c™! = f{f>8} K% (z — x) dx. For small § and z € { f > 0}, consider the family, indexed by the
bandwidth 8, of paths {P,S’Z}_Ktsl with parameter t and density f,‘g’z (x) = (1—1) f(x)+1K5% (x).
Note these paths perturb the measure P toward the point-mass distribution at z € X, regularized via
the approximation to the identity K®. Then the following IF formula holds:

d
Yp(z) = Slin}) I:E@(Ptg’z)} for P-almost every z € R4, 2.1

t=0

Proof. 'We outline the proof as a way of reviewing pathwise differentiability and provide the details
in the Appendix. The score function, i.e., the derivative of log-density, of the path ¢ P,‘s Zat P is
d

¢8,z(x) = dt 11=0

tog{ f(1) + 1[KP(z =) = f(0)]} = KP =)/ f(x) — 1.

The score ¢ (x) is an L3(P) function that characterizes the infinitesimal change in the density at x
as P is perturbed along the path PtS’Z. Pathwise differentiability of 6 at P means that the derivative
of the functional 6 along the path ¢ P,‘S’Z exists and is a bounded linear functional of the score
¢s,z. By Riesz’ theorem [sS09, 4.5], [Dud18, 5.5.1] for bounded functionals on the Hilbert space L%(P),
the derivative Dp[¢s .] is given by the LZ(P) inner product of the score ¢s_, with the IF y/p:

d

P =Doplgs) = | yr(0) KP—x)dx = (vp x K)(2).
t|t=0 sptP

The assumed properties of the mollification kernels K¢ ensure that it is an approximation to the
identity [SS09, 3.2] in the sense that it converges as § — 0 to the singular point-mass distribution in
the integral pairing with a L,{)c(ﬂ\’d) function. By the Lebesgue differentiation theorem [sS09, 3.3],
[Dud1s, 7.2] it follows that the convolution (¥ p * K%)(z) — y¥p(2) converges as § — 0 pointwise at
the Lebesgue points of ¥/p and therefore for P-almost every z € R?. |

Let’s interpret Theorem 2.1. It says that to compute a single value of the IF, it is sufficient to compute
the values of the functional 8 along a certain perturbation to P. Specifically, ¥ p(z) is the effect



on 6(P) of perturbing the P-weight of the outcome z € X. Recall the IF-methods described in
Section | and note that these rely on this interpretation and the approximation of 6(P) by 6. Thus,
provided with a device for computing the derivative d8/dt in (2.1) numerically, one can numerically
query ¥ p; indeed, [CLv19; Jwz22] use finite differences with a similar von Mises representation. Our
regularity assumptions for this result are different from those in the literature, by employing Lebesgue
differentiation we make no additional regularity assumption about yp € LZ(P).

In statistical applications one typically requires the entire map z + 1 (z) rather than a particular value
¥ (z). For example, to find influential data points for an estimate 6, one seeks the global maximum
or level sets of ¥; for constructing a debiased estimator of 6 one needs to integrate against v; to
find influential data points in the Wasserstein sense, one needs to apply a differential operator to the
gradient V41 (x) and maximize the resulting score function. Therefore, in practice, formula (2.1)
is used to evaluate many values of  simultaneously. With this in mind, note that (2.1) requires a
separate computation for each evaluation and that the required perturbations toward a point mass have
been found numerically challenging [CLv19; ywz22]. Also note that the regularization in (2.1) does not
account for properties of the measure P such as concentration or properties of the function v such
as smoothness. Furthermore, downstream tasks e.g., causal inference, require convergence rates in
function norms for the estimator of the IF, while it is not known how to obtain these with (2.1). These
observations suggest that (2.1) may not be numerically and statistically optimal for estimating the
entire function ¥ or even isolated values of 1. To address these, we propose a new representation.

3 Spectral von Mises representation

3.1 Exact representation

We begin by finding a variational representation of the IF in terms of pathwise derivatives of the
functional. The following lemma is an immediate consequence of Riesz’ theorem [Dud18, 5.5.1] and
Cauchy-Schwarz inequality [Dud18, 5.1.4] and records in a suitable form the basic observation: the IF
Yp is the direction of perturbing P with the most rapid variation in the functional 6(P) for the
Fisher-Rao geometry (with the L?(P) metric tensor) of the model .

Lemma 3.1. Let 6 be a pathwise differentiable functional on ® with derivative DOp and IF Yp for
P € ®. The IF is the unique solution to the following dual optimization problems:

yp = —argmin|DOP[8] - 9l 120p) < 1)
$eLy(P)

o —argmin {DOP[] + 29172y |- Hp > 0. (3.1)
$eLG(P)

The proportionality constant in (3.1) is 1 if and only if the penalty loading is A, = 1/2.

In (3.1) we used the duality between constrained and penalized optimization. For the exact
representation of v, both the constraint and the penalty are in terms of the L?(P) norm i.e., the
metric tensor of the Fisher-Rao distance on the tangent spaces of ®. In other words, the Fisher-Rao
metric gives rise to the geometry where the IF is the gradient perturbation.

3.2 Regularized representation

The variational representation and the geometric interpretation of the IF suggest a strategy for
constructing a regularized approximation of Y as follows. Suppose there is a function space
H C L3(P) with anorm |¢| g that quantifies a suitable notion of smoothness of functions ¢ € H.
Suppose we wish to find the best approximation of ¥ in H with a given degree of smoothness as
measures by ||-|| g. For example, H can be a Sobolev space. Then the projection s of ¥ on the ball

By =1{¢; |¢plu <M} C H C LYP)

of radius M > 0 is the desired approximation, and M controls the degree of regularization. If H is
dense in L3(P), then we indeed obtain an approximation of by the projection ¥ that improves
and converges to ¥ as M — oo.



Lemma 3.2. Let 0 be a pathwise differentiable functional on ® with derivative D6p and IF ¥p for
P € ®. Let (H, ||-||u) be a Hilbert space, densely contained in L%(P). Then the projection of the IF
Wp on the set By is the unique solution to the following dual optimization problems:

Ve = —argmin{ DOp (4] 9 llL2p) < 1 and gl < M|
peH
= —arfrgin{Dep[qs] +1/208122py + Al | = Yps (D)
€

for some regularization loading A, = A(M) > 0. Furthermore, Yoy — ¥ in L3(P) as M — 00
and, equivalently, Y — ¥ in L3(P) as A, — 0.

In (3.2) we again used the duality between constrained and penalized optimization. The regularized
surrogate of y is obtained by strengthening the metric on ® and taking its gradient as the approximation
of the IF.

3.3 Spectral representation

We obtained a regularized functional representation (3.2) of the IF in terms of the evaluation of the
pathwise derivative of the parameter 0:

d d
DOp[¢] = — _Oe(P;”), where

dt logft¢=¢’ Pt¢:ft¢':€d»
|t= 0

|t=

and the path {P,¢ }o<t<e can be taken to be any regular parametric model with parameter ¢ and score
function ¢ € H at P. This representation of ¥ p is rather implicit. But it is the correct representation
because it emphasizes the geometry of the problem and lends to thinking about ¥p as a vector in an
inner product space rather than a bag of numbers, one for each x € X.. Returning to our analogy of
computing the gradient of a multivariate function on R3, we make the main observation of this paper:

Main idea: We propose to compute partial derivatives of O(P) in ® along an
orthonormal basis on the tangent space L%(P). In other words, we propose to
discretize the IF on the tangent space rather than in the sample space X.

Equipped with this intuition, we solve the optimization problem (3.2) analytically to obtain an infinite
Fourier series representation of the regularized IF yp ;. Our main result is the following

TueoreM 3.3 [Spectral von Mises formula]. Suppose there exists an orthonormal basis of functions
{ej : X — R};>1 for L3(P) and a decreasing to zero sequence of scalars {o; > 0};>1 such that
{\/Tj€j}j>1 is an orthonormal basis for the Hilbert space H C L} (P).

Let S : L%(P) — H be the linear regularization operator given in diagonalized form by

Sul(x) =) oj(u. ej)r2pyej(x).  ueLi(P) (3.3)
ji=1

and assume that its adjoint operator S* : H — L%(P) is the inclusion S*[v] = v, so that the inner
products of H and L3(P) are related by

(Su,v)g = (u, S*v)2py = (U, V) 12(p). forall ue Li(P), veH. 3.4

Let 6 be a pathwise differentiable functional on ® with derivative DOp and IF yp € L%(P) for
P € ®. Then the following representation holds in the norm of H :

r

Ypa(x) = lim 3-

J=1

1

d i
m[ag(ﬂ )]lt:oej(x)’ (3.5

where, for each basis function ej, the path t P,j can be any regular perturbation of P with the
score function 3, log P{ = e;.



Let’s interpret Theorem 3.3 and compare with Theorem 2.1. Formula (3.5) is similar to formula (2.1)
in that it expresses the (regularized) IF 1/p in terms of pathwise derivatives of the functional 0 (P)
along certain regular perturbations P; of the measure P. So, in order to compute with formula (3.5),
one requires the same numerical tools as for implementing formula (2.1). The main difference is
in the choice of the perturbation directions d; log P; that are employed by the two representations:
(1) In (2.1), the perturbation depends on the evaluation point z € X. By contrast, in (3.5) the scores
e; are fixed, once the approximating space H and the data distribution P are fixed; and, once the
derivatives { Df[e;]};_, are computed, an approximation to all values of ¥p are obtained. (ii) The
directions of perturbation e; depend on the approximating function class H, which allows to adapt to
the smoothness of . (iii) In our proposed implementation, H is taken to be a reproducing kernel
Hilbert space (rkHs) of a positive semidefinite kernel K, and the scores e; can be interpreted as
nonlinear principal components of the measure P, which allows to adapt to its effective dimension.
(iv) Perturbation directions e; of P are ordered by the magnitude of the corresponding multiplier
sequence o;, which leads to a natural low-rank approximation for ¥, by the first r terms of the
formula (3.5). (v) The directions {e; }J’ —, for perturbing P are well-behaved.

Proof. 'We outline the main ideas of the proof and provide the details in the Appendix. Let J(¢)
denote the objective function in (3.2) and note that it is strictly convex, so that the first order conditions
are necessary and sufficient for characterizing the function ¥ € H at which the unique minimum of
J is attained. For a direction v € H, the Gateau derivative of the objective function evaluated at the
candidate function ¢ € H is

0 J(P) = (v, V)r2epy + (v, @)r2(py +2A (v, ).

Applying the adjoint relationship (3.4) to express L2(P) inner products in terms of H inner products,
obtain d,J(¢) = (v, SY)g + (v, SP g + 2A (v, ¢) g, for all ¢, v € H. It follows that the H
gradient of J (the Riesz representer in the H inner product) is given by g J(¢p) = S + S¢p + 2A¢
and that the solution v of (3.2) is characterized by the first order condition g J(¥)) = 0 € H.
Using the spectral resolution (3.3) of the smoothing operator .S, note that the first order condition is
equivalent to the system of equations

i (¥, €)r2py +0i{Va, €)r2py +2MVa, €)2(py =0, j =L

Solving for the Fourier coefficients (/5 , €;)12(p) of the spectral resolution of ¥/, in L?(P), and
applying Riesz’ representation D6[e;] = (¥, €;)12(p), obtain formula (3.5). O

4 Regularization in the rkHs of a Mercer kernel

rkHs notation A linear space H of functions ¢ : XX — R with an inner product ¢, ¢ + (¢, @) g is
an rkHs if (i) it is complete in the norm ||¢ ||%1 = (¢, ¢)u of the inner product, and (ii) for every
x € X, the evaluation functional ¢ > ¢(x) is continuous in the norm of H. Convergence of a
sequence ¢, — ¢ in the norm of H implies pointwise, and often uniform or stronger, convergence.

According to Riesz’ theorem [Dud18, 15.5.1], [$S09, 5.3], for every x € X, there exists a function k, € H
such that the evaluation functional has the representation ¢(x) = (¢, kx)g forall ¢ € H. The
function K : %> — R given by K(x, y) := ky(x) = (ky, kx)n is known as the reproducing kernel
of H and is guaranteed to be a symmetric and positive semidefinite map: the matrix [K(x;, x;)]} =1
is strictly positive definite for all n» > 1 and distinct {x;} C X; we call any such function a psp
kernel. We call k,(-) = K(-, x) the slice of K at x. By linearity, any finite superposition of slices
X Z;-’Zl ajky; (x), with {x;} C X and {a;} C R andn € N, isin H. Conversely, according to
Moore’s theorem [PR16, t2.14], [CS08, ch4], any function ¢p € H is a (possibly infinite) superposition of
kernel slices; and, any psp kernel K generates an rkHs of superpositions for which it is the reproducing
kernel. In practice, one picks a psp kernel function and works with the associated rkHs somewhat
implicitly because it’s norm and inner product are not immediately obvious.

Widely used examples are the Gaussian kernel K(x, y) = exp(—|x — y||3/0?), it produces a space
of infinitely smooth functions; and the Laplacian kernel K(x, y) = exp(—||x — y||2/0), it produces
the space of Sobolev functions with (d + 1)/2 square integrable derivatives. rkHs spaces are used
extensively in numerical analysis [weno4; FM15] and nonparametric estimation [Wai19; Bac24] due to their
analytic and algebraic properties. We use a PSD kernel to form an estimator of the IF via the spectral
representation (3.5). We assume the following properties, and call any such function a Mercer kernel:



Assumption 4.1 [Mercer kernel]. (0) probability measure P is absolutely continuous with compact
support X, C Re: (i) K : X2 — Risapsp function; (ii) K is continuous, bounded, so that its rkHs
H C L?(P) and with the bound k := maxyex K(x,x) < +oo; (iii) for every y € X, Jx kydP =0
so that H C L3(P); (iv) H is universal in the sense that it is dense in LE(P).

In particular, the Gaussian and Laplacian kernels are universal; see [SFL11][CS08, ch4.6]. The normalization

property (ii) can be imposed on any psp kernel K via one step of the Cholesky algorithm K (x, y) :=
K(x,y) — [y kx dP [y ky dP/ [x> K dPdP is also pSD [PR16, cha].

4.1 Spectral basis

For a Mercer kernel K, consider the integral operator Sk : Lg(P) — H C L%(P) with signature K:

Sk[9l(x) = /x K )$(0)dP(G). ¢ e L2A(P). @.1)

Under Assumption 4.1, K € L?(P ® P) and S bounded on L3(P) by the Cauchy-Schwarz inequality.
Operator S can be thought of as a continuous superposition of slices k) of the kernel, and the range
of S is properly contained in H. Note that the range of S is the rkHs of the psp function [ kxkydP,
in particular, it depends on the measure P [PR16, chii].

Tueorem 4.2 [Mercer]. Let K be a Mercer kernel on a compact sample space X, and P be a probability
measure supported on X. Then there is an orthonormal sequence {e; : Xi — R};>1 of continuous

L%(P) eigenfunctions of the integral operator S with signature K defined in (4.1), and a corresponding
decreasing to zero sequence of eigenvalues, repeated according to multiplicity, {o; > 0};>1 such

that: (i) {€j}j>1 is an orthonormal basis for L3(P); (ii) {\/gj€;}j>1 is an orthonormal basis for
H; (iii) S has the diagonalization (3.3), and the adjoint S* : H — L%(P) is the inclusion operator
S*¢ = ¢, in particular, relationship (3.4) holds between the LS(P ) and H inner products.

See [s509, 4.6], [FMog] for background on integral operators and [ss12; Sunos] for extensions of Mercer’s
theorem to noncompact domains. In particular, Theorem 4.2 holds for the Gaussian kernel on £¢ and
ameasure P = p- £2 with p € L2(R%), as shown in [sunos, s4].

Example 4.3. For the Gaussian kernel K (x, y) = exp(—e?|x — y|?) on R and the centered Gaussian
weight distribution p(x) = a exp(—a?x2)/ /7, the Mercer basis is given by:

_§2x2 o? o? /= .
ej(x) = yje Hi_i(afx), o = O{2+52+62|:012+52+621| ., J=21l, xekR,

where H; is the Hermite polynomial of degree j, and constants f = (1 + [2¢/a]®)/4, y; =
(B/2/71r(j))"/2, §2 = a?(B% — 1)/2 are defined in terms of the shape parameters € and «. In
particular, the eigenvalues o; decay exponentially, so that only the first few terms in (3.5) capture
most of the variation when ¥ p is smooth. Both K and p can be extended to R< as tensor products.

4.2 Nystrom method for integral operators

In order to estimate the IF with a given Mercer kernel K via the spectral representation (3.5), the
leading eigenvalues {o; }j’ —, and the corresponding eigenfunctions {e; }j’ —, of the integral operator
Sk are required. If P is known, these can be computed numerically [FM15, 12.2.2]. If P is unknown
and only a random sample from P is available, these must be estimated statistically. The Nystrom
method for approximating the eigendecomposition of the integral operator (4.1) is to discretize the
integral with the empirical sum, reducing to an eigendecomposition of the empirical Gram matrix
K, = [K(X;, Xj)/n]?,j=1~ This is essentially the well-studied kernel PCA problem to estimate the
main nonlinear features of P [Mik+98; ZB05; Sha+05; RBD10; SS22b; $S22a]. A closely related problem is the
functional PCA [Boso0], and the low-rank Gaussian process approximation [vv+08; BRV19; BRV20; $S20]. We
find the exposition in [RBD10] particularly lucid and follow it closely.



Lemma 4.4 [Hilbert space LLN]. Let K be a Mercer kernel on (X, P) generating the rkHs H and let
X1,..., X, be an i.id. sample from P. Let the integral operators Ty, T, : H — H be defined by

n

Taldl) = [ (6. )n K. ) dPO). Tl = Y (6. kx)a K. X, ¢ < H

j=1

Then T,, — Ty as n — oo in the Hilbert-Schmidt norm in probability, and, for eachn > 1,
KT

Jn

ITe — Tullns < 4.2)

with probability at least 1 — 2e™".

Note that T}, is the empirical analogue of Ty obtained by replacing the continuous integral with
respect to P by the discrete integral with respect to the empirical distribution of a random sample
from P. By appealing to a suitable law of large numbers or concentration inequality, it follows that
T, is consistent for Ty . Furthermore, Ty is related to Sk, whereas T}, is related to K,,, providing a
link between the continuous operator Sk and the matrix K, that is otherwise not immediately clear.

Recall that S* is the inclusion of H into L(z,(P), and note that the operators Ty = SS™* and
Tk := S*S are essentially the same operator with the same action on all functions ¢ € H, differing
only in the domain of definition and the embedding space of the range. In particular, the eigenvalues of
Tk, S and Ty are exactly the same and the eigenfunctions of Tx and Ty are related by the inclusion
(resp. regularization) operators S* (resp. §), in other words are the same functions but viewed as
elements of L2(P) and H respectively.

For the empirical analogues, the finite-rank operator 7,, and the Gram matrix K, are similarly
related via the Nystrom restriction operator R, : H — R" given by R, [¢] = (¢(X j));-lzl. Its
adjoint R : R — H is the Nystrom extension operator given by R;[y] = Z;‘=1 yI kx;/n for
y = (»'.....y") € R" endowed with the inner product (X, y), = Y_7_; x/ y//n . With this
notation, we have 7, = R R, and K, = R, R;;, from which it follows that 7,, and K, have the
same nonzero eigenvalues and the corresponding eigenvectors are related via the restriction (resp.
extension) operators R, (resp. R}).

The next result is an application of the perturbation bound of [kat87], see also [RBD10], to infer consistency
of the spectrum of K, for the spectrum of T := S*S.

Lemma 4.5 [Consistency of eigenvalues]. Let K be a Mercer kernel on (X, P) generating the rkHs H
andlet X1, ..., X, be ani.i.d. sample from P. Let the integral operator Tk : L%(P) — L(z)(P) and

the empirical Gram matrix multiplication operator K, : R" — R" be given by
n

1
Telgl) = [ KGre)aPG). Koyl = [;K(X,-, X,»)] y. $eLi(P).yeRr"
i,j=1
Let {0;}j>1 be the decreasing enumeration of the eigenvalues of Tk, repeated according to the
multiplicity, and let {Gj};j>1 denote the analogous enumeration of the eigenvalues of K, extended by
zero. Then 6; — 0} as n — oo uniformly in probability, and, for each n > 1,

. KT
suplo; — 65| < [Tk — Kullus S

j=1 N
N 2 N ;
and Y-, (0; —6;)* < | Tk —Kanllgs < 5% and |Y ;- (0, —6;)| = |tr(Ta) —tr(Ty)| < “J/; with
probability at least 1 — 2e™*.

4.3)

Consistency of the empirical eigenfunctions is framed in terms of projections to accommodate the
nonuniqueness of an orthonormal basis corresponding to eigenvalues with multiplicity. For N € N,
let 7 (N) denote the total number of eigenvalues, accounting for the multiplicity, corresponding to
the leading N distinct eigenvalues o,(1) > ... > 0,(n) and let o, ()41 be the next largest distinct
eigenvalue of Tx. Let Hy = span{ei,...,e, )} C H C L3(P) be the eigenspace of the N
leading distinct eigenvalues, and let
r(N) r(N)
Py:H — Hy. Pylpl:=) (p.o,8))uvo,6j =Y (¢$.6)12py6j. ¢ €H

j=1 Jj=1



be its spectral projection. The following perturbation bound was used by [zBos; kGoo: if Tk is a
finite-rank estimate of the operator Tx with precision on the order of the Nth spectral gap with

| Tk — TK||op [or vy — Or(nv)+1]/4, then the eigenspaces Hy of Tk and Hy of the leadmg r(N)
eigenvalues of Tk must also be close with PN — Py ||op 2/lorvy — oreny+1ll Tk — TK||op
Lemma 4.6 [Consistency of spectral projections]. In the setting of Lemma 4.5, lety ,, . ...,Y, denote the

orthonormal (for the scalar product (-, -}, = (-, -Ypn /n so that ||y, | gn = /n) eigenvectors of the
empirical Gram matrix K, :

Kulyl =) 6i(y. ¥iayi. y€R" (4.4)

i=1
Then, withy; = (y},....yI") € k",

R 1, 111G .
&(x) = —RIly;l(x) = g;Zyi’K(x,Xj), i=1,....n (4.5)
1 1 j=1

denote the eigenfunctions of the empirical integral operator T, (with normalization ||/6:&; ||z = 1
and ||&; || 2(py = 1):
n
Tulpl(x) = Y _6ilp. v6i8i), V6i&i(x). ¢ € H.
i=1
Let N € N and Py (resp. P Ay ) denote the spectral projection operator on the eigenspace of the
leading r(N) eigenvalues of Tk (resp. Ty,) and Iy denote the identity on H. Then, for any ¥ € H,

r(N) r(N)
Py W=D 6;(V.&)ué — Pnlyl =) o;(V.e)ne;, asn—oo
j=1 j=1
in H in probability, and, if n > 128k%t/[oxy — on+1]?, then
r(N)
322t
Zn(lﬂ S NN SR N T e ——
J=r(N)+1 r(N) r(N)+1

with probabtltty at least 1 —2e™".

4.3 Kernel von Mises estimator

Consistency of the estimated basis, via a continuous mapping theorem, implies consistency of the
pathwise derivatives of 6 evaluated along the estimated perturbation directions. The combination of
the estimated basis and the estimated projection coefficients results in a consistent plug-in estimate of
the regularized surrogate IF. We conclude with the following summary of our results:

TueoreM 4.7 [consistency of the kernel von Mises estimator]. Let K be a Mercer kernel on (X, P)
generating the rkHs H and let X1, ..., X, be an i.i.d. sample from P. Let 0 be a pathwise
differentiable functional on ® with derivative DOp and influence function yp € L%(P) for P € ®.

Assume that DOp, equivalently Wp, are continuous in P € ® in an appropriate sense and that f is a
consistent estimator of the density of P in a compatible notion of convergence. Let {€;} and {G;} be
the Nystrorm estimators of the eigenfunctions and eigenvalues of Tkx. For a fixed rank 1 < r < n and
regularization loading A > 0, let

r — - DOP[ej] . Tr — - 1 AL
W= L e Vi = Y & )Loe’(") “6)

denote the rank-r approximation of ¥p and its plug-in estimator obtained by replacing the unknown
o;j,e;,DOp [ej] with their estimates. The pathwise derivative can be computed along, e.g., the linear

perturbation f, =1+ te]]f since the scores € and €; are bonded. Then ”wA Vp o lm — 0as
n — o< in probability and there exist sequences r(n) — oo increasing and A(n) — 0 decreasing
such that |[Y; —ypllL2(py — 0 asn — oo in probability.
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Limitations and future work Our spectral formula (3.5) and kernel implementation (4.6) aim
to enable automation of methods based on asymptotic analysis and first-order techniques. These
methods, whether carried out analytically or numerically, require theoretical justification and provide
approximations that might be more or less accurate in a particular problem. For statistical inference,
this is similar to the validity of bootstrap [Efr92]. It is hoped that the ideas provided here will allow
leveraging efficient computation with psp kernels [RCR15; Ste+20; Che+25; KG25; Meu+25], not considered
here, for the applications described in the Introduction. However, further theoretical work is required:
Downstream tasks, such as debaised machine learning [Che+18], make assumptions on the rate of
convergence, e.g., o(n~1/#), of the IF estimator. While we discuss some of the ingredients to study
rates for our estimator, we only show consistency here and will investigate the rates in follow-up
work. Furthermore, to unlock automation in earnest, further work is required to develop efficient
estimates of the pathwise derivatives with automatic differentiation [Lue2s]. Two strategies are possible:
(1) introducing explicit weights w; = 1/n for each observation and perturbing this distribution; (ii)
perturbing the spatial location of the observation X; and working with the duality of Wasserstein and
Fisher-Rao tangent vectors.
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Fukumizu, Arthur Gretton, Jelena Bradic, Kyra Gan and Promit Ghosal for stimulating discussions,
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References

[Agr+24] R. Agrawal et al. “Automated efficient estimation using monte carlo efficient influence functions”.
Advances in Neural Information Processing Systems 37 (2024), pp. 16102-16132.

[AGS17] I. Andrews, M. Gentzkow, and J. M. Shapiro. “Measuring the Sensitivity of Parameter Estimates
to Estimation Moments”. The Quarterly Journal of Economics (2017).

[AGS20a]  I. Andrews, M. Gentzkow, and J. M. Shapiro. “On the informativeness of descriptive statistics for
structural estimates”. Econometrica 88.6 (2020), pp. 2231-2258.

[AGS20b]  I. Andrews, M. Gentzkow, and J. M. Shapiro. “Transparency in structural research”. Journal of
Business & Economic Statistics 38.4 (2020), pp. 711-722.

[Bac24] F. Bach. Learning theory from first principles. MIT press, 2024.

[Bae+22] J. Bae et al. “If influence functions are the answer, then what is the question?” Advances in Neural
Information Processing Systems 35 (2022), pp. 17953-17967.

[BGM20] T. Broderick, R. Giordano, and R. Meager. “An automatic finite-sample robustness metric: when
can dropping a little data make a big difference?” arXiv preprint arXiv:2011.14999 (2020).

[Bic+93] P. J. Bickel et al. Efficient and adaptive estimation for semiparametric models. Johns Hopkins
University Press Baltimore, 1993.
[Bic75] P. J. Bickel. “One-step Huber estimates in the linear model”. Journal of the American Statistical

Association 70.350 (1975), pp. 428-434.
[Bog07] V. L. Bogachev. Measure theory. Vol. 1. 1. Springer, 2007.

[Bos00] D. Bosq. Linear processes in function spaces: theory and applications. Vol. 149. Springer Science
& Business Media, 2000.
[Bre+19] 'W. Brendel et al. “Accurate, reliable and fast robustness evaluation”. Advances in neural information

processing systems 32 (2019).

[BRV19] D. Burt, C. E. Rasmussen, and M. Van Der Wilk. “Rates of convergence for sparse variational
Gaussian process regression”. International Conference on Machine Learning. PMLR. 2019,
pp. 862-871.

[BRV20] D. R. Burt, C. E. Rasmussen, and M. Van Der Wilk. “Convergence of sparse variational inference in
Gaussian processes regression”. Journal of Machine Learning Research 21.131 (2020), pp. 1-63.

[Cat+00] E. A. Catchpole et al. “Factors influencing Soay sheep survival”. Journal of the Royal Statistical
Society Series C: Applied Statistics 49.4 (2000), pp. 453—472.

[CC23] T. Christensen and B. Connault. “Counterfactual sensitivity and robustness”. Econometrica 91.1
(2023), pp. 263-298.

[Cha87] G. Chamberlain. “Asymptotic efficiency in estimation with conditional moment restrictions”.
Journal of Econometrics 34.3 (1987), pp. 305-334.

[Cha92] G. Chamberlain. “Efficiency bounds for semiparametric regression”. Econometrica: Journal of

the Econometric Society (1992), pp. 567-596.

11



[Che+18]
[Che+22]
[Che+25]

[Cho+24]

[CLV19]

[CSO08]
[Dud18]
[Efr92]

[FM09]
[FM15]
[Fra+15]
[FS19]
[Gro+23]
[Guo+20]
[Hin+22]
[HM95]
[Hub64]
[Hub72]
[Hub92]

[TH81]
[IN22]

[Jor93]
[TWZ22]
[Kat87]
[Ken24]
[KG00]
[KG25]
[KL17]
[KL76]

[Kla87]

V. Chernozhukov et al. Double/debiased machine learning for treatment and structural parameters.
2018.

V. Chernozhukov et al. “Locally robust semiparametric estimation”. Econometrica 90.4 (2022),
pp. 1501-1535.

Y. Chen et al. “Randomly pivoted Cholesky: Practical approximation of a kernel matrix with few
entry evaluations”. Communications on Pure and Applied Mathematics 78.5 (2025), pp. 995-1041.

B. Cho et al. “Kernel debiased plug-in estimation: Simultaneous, automated debiasing without
influence functions for many target parameters”. Proceedings of machine learning research 235
(2024), p. 8534.

M. Carone, A. R. Luedtke, and M. J. Van Der Laan. “Toward computerized efficient estimation in
infinite-dimensional models”. Journal of the American Statistical Association (2019).

A. Christmann and I. Steinwart. “Support vector machines” (2008).
R. M. Dudley. Real analysis and probability. Chapman and Hall/CRC, 2018.

B. Efron. “Bootstrap methods: another look at the jackknife”. Breakthroughs in statistics: Method-
ology and distribution. Springer, 1992, pp. 569-593.

J. Ferreira and V. Menegatto. “Eigenvalues of integral operators defined by smooth positive definite
kernels”. Integral Equations and Operator Theory 64.1 (2009), pp. 61-81.

G. E. Fasshauer and M. J. McCourt. Kernel-based approximation methods using Matlab. Vol. 19.
World Scientific Publishing Company, 2015.

C. E. Frangakis et al. “Deductive derivation and turing-computerization of semiparametric efficient
estimation”. Biometrics 71.4 (2015), pp. 867-874.

Z. Fang and A. Santos. “Inference on directionally differentiable functions”. The Review of
Economic Studies 86.1 (2019), pp. 377-412.

R. Grosse et al. “Studying large language model generalization with influence functions”. arXiv
preprint arXiv:2308.03296 (2023).

H. Guo et al. “Fastif: Scalable influence functions for efficient model interpretation and debugging”.
arXiv preprint arXiv:2012.15781 (2020).

O. Hines et al. “Demystifying statistical learning based on efficient influence functions”. The
American Statistician 76.3 (2022), pp. 292-304.

J. L. Horowitz and C. F. Manski. “Identification and robustness with contaminated and corrupted
data”. Econometrica: Journal of the Econometric Society (1995), pp. 281-302.

P. J. Huber. “Robust Estimation of a Location Parameter”. The Annals of Mathematical Statistics
35.1 (1964), pp. 73-101.

P. J. Huber. “The 1972 wald lecture robust statistics: A review”. The Annals of Mathematical
Statistics 43.4 (1972), pp. 1041-1067.

P. J. Huber. “Robust estimation of a location parameter”. Breakthroughs in statistics: Methodology
and distribution. Springer, 1992, pp. 492-518.

I. A. Ibragimov and R. Z. Has’ Minskii. Statistical estimation: asymptotic theory. Vol. 16. 1981.

H. Ichimura and W. K. Newey. “The influence function of semiparametric estimators”. Quantitative
Economics 13.1 (2022), pp. 29-61.

M. A. Jorgensen. “Influence functions for iteratively defined statistics”. Biometrika 80 (1993),
pp. 253-253.

M. Jordan, Y. Wang, and A. Zhou. “Empirical gateaux derivatives for causal inference”. Advances
in Neural Information Processing Systems 35 (2022), pp. 8512—-8525.

T. Kato. “Variation of discrete spectra”. Communications in Mathematical Physics 111 (1987),
pp. 501-504.

E. H. Kennedy. “Semiparametric doubly robust targeted double machine learning: a review”.
Handbook of Statistical Methods for Precision Medicine (2024), pp. 207-236.

V. Koltchinskii and E. Giné. “Random matrix approximation of spectra of integral operators”
(2000).

F. Kalinke and S. Gavioli-Akilagun. “Optimal Online Change Detection via Random Fourier
Features”. arXiv preprint arXiv:2505.17789 (2025).

P. W.Koh and P. Liang. “Understanding black-box predictions via influence functions”. International
conference on machine learning. PMLR. 2017, pp. 1885-1894.

Y. A. Koshevnik and B. Y. Levit. “On a Non-Parametric Analogue of the Information Matrix”.
Theory of Probability & Its Applications 21.4 (1976), pp. 738-753.

C. A. Klaassen. “Consistent estimation of the influence function of locally asymptotically linear
estimators”. The Annals of Statistics 15.4 (1987), pp. 1548-1562.

12



[LCL15]
[Lue25]
[Lue97]
[Mad+18]
[Meu+25]
[Mik+98]
[Mis47]

[Muk18]
[Muk19]

[Muk21]
[New90]
[New94]
[Pin12]

[PR16]

[Pru+20]
[RBD10]
[RCR15]

[Roy10]
[Rus87]

[Sch+23]

[Sem20]
[Sem25]

[SFL11]
[Sha+05]
[SND18]
[SS09]
[SS12]
[SS20]
[SS22a]

[SS22b]

A. R. Luedtke, M. Carone, and M. J. van der Laan. “Discussion of “Deductive derivation and
turing-computerization of semiparametric efficient estimation” by Frangakis et al.” Biometrics
71.4 (2015), pp. 875-879.

A. Luedtke. “Simplifying debiased inference via automatic differentiation and probabilistic
programming”. Journal of the Royal Statistical Society Series B: Statistical Methodology (2025),
qkaf052.

D. G. Luenberger. Optimization by vector space methods. John Wiley & Sons, 1997.

A. Madry et al. “Towards Deep Learning Models Resistant to Adversarial Attacks”. International
Conference on Learning Representations. 2018.

D. Meunier et al. “Demystifying Spectral Feature Learning for Instrumental Variable Regression”.
arXiv preprint arXiv:2506.10899 (2025).

S. Mika et al. “Kernel PCA and de-noising in feature spaces”. Advances in neural information
processing systems 11 (1998).

R. von Mises. “On the asymptotic distribution of differentiable statistical functions”. The annals of
mathematical statistics 18.3 (1947), pp. 309-348.

Y. Mukhin. “Sensitivity of regular estimators”. arXiv preprint arXiv:1805.08883 (2018).

Y. Mukhin. “Geometric methods in econometrics and statistics”. PhD thesis. Massachusetts
Institute of Technology, 2019.

Y. Mukhin. On Robustness of Counterfactuals in Structural Models. Presented at the NeurIPS
Workshop on Robustness and misspecification in probabilistic modeling. 2021.

W. K. Newey. “Semiparametric efficiency bounds”. Journal of applied econometrics 5.2 (1990),
pp- 99-135.

W. K. Newey. “The asymptotic variance of semiparametric estimators”. Econometrica: Journal of
the Econometric Society (1994), pp. 1349-1382.

I. Pinelis. “Optimum bounds for the distributions of martingales in Banach spaces”. arXiv preprint
arXiv:1208.2200 (2012).

V. L. Paulsen and M. Raghupathi. An introduction to the theory of reproducing kernel Hilbert
spaces. Vol. 152. Cambridge university press, 2016.

G. Pruthi et al. “Estimating training data influence by tracing gradient descent”. Advances in
Neural Information Processing Systems 33 (2020), pp. 19920-19930.

L. Rosasco, M. Belkin, and E. De Vito. “On Learning with Integral Operators.” Journal of Machine
Learning Research 11.2 (2010).

A. Rudi, R. Camoriano, and L. Rosasco. “Less is more: Nystrom computational regularization”.
Advances in neural information processing systems 28 (2015).

H. Royden. Real Analysis. 2010.

J. Rust. “Optimal replacement of GMC bus engines: An empirical model of Harold Zurcher”.
Econometrica: Journal of the Econometric Society (1987), pp. 999-1033.

A. Schioppa et al. “Theoretical and practical perspectives on what influence functions do”.
Advances in Neural Information Processing Systems 36 (2023), pp. 27560-27581.

V. Semenova. “Generalized lee bounds”. arXiv preprint arXiv:2008.12720 (2020).

V. Semenova. “Debiased Machine Learning of Aggregated Intersection Bounds and Other Causal
Parameters”. Available at SSRN 5134514 (2025).

B. K. Sriperumbudur, K. Fukumizu, and G. R. Lanckriet. “Universality, Characteristic Kernels
and RKHS Embedding of Measures.” Journal of Machine Learning Research 12.7 (2011).

J. Shawe-Taylor et al. “On the eigenspectrum of the Gram matrix and the generalization error of
kernel-PCA”. IEEE Transactions on Information Theory 51.7 (2005), pp. 2510-2522.

A. Sinha, H. Namkoong, and J. Duchi. “Certifying Some Distributional Robustness with Principled
Adversarial Training”. International Conference on Learning Representations. 2018.

E. M. Stein and R. Shakarchi. Real analysis: measure theory, integration, and Hilbert spaces.
Princeton University Press, 2009.

I. Steinwart and C. Scovel. “Mercer’s theorem on general domains: On the interaction between
measures, kernels, and RKHSs”. Constructive Approximation 35 (2012), pp. 363-417.

A. Solin and S. Sarkka. “Hilbert space methods for reduced-rank Gaussian process regression”.
Statistics and Computing 30.2 (2020), pp. 419-446.

B. K. Sriperumbudur and N. Sterge. “Approximate kernel PCA: Computational versus statistical
trade-off”. The Annals of Statistics 50.5 (2022), pp. 2713-2736.

N. Sterge and B. K. Sriperumbudur. “Statistical optimality and computational efficiency of nystrom
kernel pca”. Journal of Machine Learning Research 23.337 (2022), pp. 1-32.

13



[Ste+20]

[SteS6]

[Sun05]

[Vaa00]
[Vaadl]
[Vil03]
[VRO6]

[VV+08]
[Wail9]

[Wen04]
[ZBO05]

N. Sterge et al. “Gain with no pain: Efficiency of kernel-pca by nystrdm sampling”. International
Conference on Artificial Intelligence and Statistics. PMLR. 2020, pp. 3642-3652.

C. Stein. “Efficient Nonparametric Testing and Estimation”. Proceedings of the Third Berkeley
Symposium on Mathematical Statistics and Probability, Volume 1: Contributions to the Theory of
Statistics. Berkeley, Calif.: University of California Press, 1956, pp. 187-195.

H. Sun. “Mercer theorem for RKHS on noncompact sets”. Journal of Complexity 21.3 (2005),
pp. 337-349.

A. W. van der Vaart. Asymptotic statistics. Vol. 3. Cambridge university press, 2000.
A. W. van der Vaart. “On differentiable functionals”. The Annals of Statistics (1991), pp. 178-204.
C. Villani. Topics in optimal transportation. Vol. 58. American Mathematical Soc., 2003.

M. J. Van Der Laan and D. Rubin. “Targeted maximum likelihood learning”. The international
Jjournal of biostatistics 2.1 (2006).

A. W. Van Der Vaart, J. H. Van Zanten, et al. “Reproducing kernel Hilbert spaces of Gaussian
priors”. IMS Collections 3 (2008), pp. 200-222.

M. J. Wainwright. High-dimensional statistics: A non-asymptotic viewpoint. Vol. 48. Cambridge
university press, 2019.

H. Wendland. Scattered data approximation. Vol. 17. Cambridge university press, 2004.

L. Zwald and G. Blanchard. “On the convergence of eigenspaces in kernel principal component
analysis”. Advances in neural information processing systems 18 (2005).

14



A Pathwise derivatives and von Mises formula

Tangent space [KL76], [Bic+93, s3.2], [Vaa0o, s25.3] and also [vil03, s8.1.2] At each P € ® we consider
perturbations to P in @ along one-dimensional parametric submodels ¢ — P; € ® with parameter
t € 10,¢) and P = P,—¢. These perturbations must be smooth and admit infinitesimal directions
of perturbations; if we think of {P;}; as a curve through P in the space of probability measures,
what is required is that it has a tangent vector at P. Let’s assume that measures in our model are
absolutely continuous P = p - £¢ with density function p with respect to the Lebesgue measure
£4 on R?. The direction of perturbation P, can then be identified with the time-derivative of the
density along the curve 9, p; (x) for each point x € % C R¢. The kinds of perturbations that are
relevant for defining the influence function do not change the support of the distribution P, so d;p0;/p
is well-defined, and it turns out to be more convenient mathematically to work with the score function

¢ (x) == 0¢)p=0 log ps(x), xeX c ke (A.1)

The score function ¢ : X, — [R? is the tangent vector to the curve P;, the infinitesimal change in P
along the curve. The derivative in (A.1), need not hold pointwise, but rather in the Hellinger norm:

2
lim | [T (B, = vB) — 2719 (x) V] d (x). (A2)
=0 Jx

The existence of this limit implies that [ ¢dP = 0 and [ $p?dP < +oco. We denote the space of all

such function by L3(P), indicating with the subscript that it is the subspace of L?(P) of all functions
that have P-mean zero.

Pathwise derivative A functional 6 : ® — R is pathwise differentiable at P (with respect to a
collection of paths) if, (i) for a given regular path P; the composition ¢ — 6(P;) is a differentiable
function from [0, €) to R at time = 0; and (ii) there is a bounded linear map D6p : L3(P) — R
such that

lim 171 [0(P,) — 0(P)] = DOp[¢] (A.3)

for every score function ¢ € L%(P) and every admissible path P; with score ¢p. The definitions of the
score and pathwise derivative are those of Riemannian geometry that extends techniques of calculus
to nonlinear spaces. Notions of smoothness are more nuanced in this infinite dimensional setting, see
the penultimate paragraph in [vilo3, s3.2.3]

Influence function By Reisz’ representation theorem for Hilbert spaces [SS09, 4.5], [Dud18, 5.5.1], for
the bounded linear functional D8p : L%(P ) — R there exists a fixed score ¥p € L%(P) such that
the action of the derivative Dfp on any score v has the following representation in terms of the inner
product:

DOp[p] = (p. VP)r2(p), forall ¢ € L3(P). (A.4)

The Riesz representer {p of the derivative functional of parameter 6(P) is known as the influence
function. It has the useful geometric interpretation of the gradient score for parameter 6, i.e., the
direction of perturbation to P such that the functional changes post rapidly:

DOp[p]l = (. VP )r2py < IDl2y 1V lL2cpy. & € L§(P) (A.5)

where equality holds if and only if v = ¢y by the Cauchy-Schwarz inequality. If we restrict the
norm of the perturbation ||¢||2(py < 1 as in Lemma 3.1 and use linearity of Dp, it follows that
the unique maximum in (A.5) is achieved at the score ¥p /|[¥p || .2(py and the norm of the influence
function [|[¥/p || 2(p) is the largest sensitivity of 6 to a perturbation at P.

A.1 Proof of Theorem 2.1
We begin with a score calculation for the original von Mises [Mis47] calculation with a point-mass

perturbation. The example shows that this singular perturbation does not have a score function, hence
the need to smooth out the point mass in general applications of this technique as in [IN22; CLv19].
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Example A.1 Score for the von Mises calculation. Let P and §, be a continuous distribution and
a point mass on X. Take the path [0,1] > ¢t — P; = (1 —t) P; + t8, for the calculations of von
Mises and Huber [Hub72; Hub92):

Oui-ad(P) = lim 1 1OP) = 6PN = [ ypd—Pl=vr() (A6

which cam be made rigorous if ¥p is, for instance, continuous at x. However, this perturbation
to P is not smooth in the sense of differentiability in quadratic mean (A.2). We compute the
tangent vector to P, att = 1/3 andt = 0. Take u = P + §, to be the dominating measure for
the path, so that f;(z) = (1 —1)Tx\x(2) + 17 x)(z) is the Radon-Nikodym derivative at time ¢.
The corresponding embedding of P; into the space of square roots of measures H, [Bog07, c4] is

\/7[ (z) = /1 —1Tx/x(z) + +/11x(z). Note that the path in no longer linear in the embedding
space. Also note that drv( Py, Pryp) = 2supy| Pryn[A] — P:[A]| = 2h is continuous in H,. For

t = 1/3, the density \/7 ;(2) can be differentiated pointwise for each z € X to find the score function
%(ﬁ% (2) \/7% (z) = —%[%]_1/2 Tx\x(z) + %[%]_1/2 T x(z) and verify differentiability in quadratic

mean
2
Hf_l[\/?%H - \/7%] - %45%(2)\/7%(2) HHZ
2
- %t—l[,/g_t— \/ﬂ —(—1)%(%)‘”2} P[X\ x]
2
+ {t_l[,/% +i1- \@] - %(%)_”2} Sixylx]

=o0(1) ast — 0.

Repeating the calculation with t = 0, we note that the right derivative of /7 is infinite, so there is
no score function with finite j-a.e. values that can satisfy (A.2). Consequently, the path P; is not
smooth in the Hellinger norm and does not have a tangent vector at t = 0.

To remedy the lack of smoothness and extend the von Mises formula (A.6) to all pathwise differentiable
functionals, the point-mass perturbations must be mollified.

Lemma A.2 [Approximation to von Mises perturbation with a score]. Suppose K is a bounded probability
density function on R? with support in the unit ball |x| < 1. Then

K'(x)=89K@'x), §>0 (A7)
is an approximation to the identity in the sense of [5S09, p109], that is
(i) [pa K¥(x)dx = 1.
(i) |K¥(x)| < A8~ forall § > 0.
(iii) |K%(x)| < A8/|x|¢t forall § > 0 and x € R?.
Here A is a constant independent of 5.

Suppose Py is a probability measure that is absolutely continuous with respect to the Lebesgue
measure £ with a continuous density function fy. Let

8,200 8(r _ ! §(y _
K°%(x): f{f0>8}K(z x)dx| Typ=s(x)K°(z —x), (A.8)

then for z € { fo > 0} we have K®7(x) = K%(z — x) for all sufficiently small § > 0 (which depend
on z that is fixed throughout). Furthermore,
SR ) = (1= fox) + 1K (x) (A9)

is a curve of probability densities with parameter t in an interval around 0, that is differentiable in
quadratic mean (A.2) att = 0 with the score function

Kb (x)
Jo(x)

d
$s.:(x) = - log 25 (x) = (A.10)
t|t=0
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Proof. The three properties of an approximation to the identity follow respectively from dilation
invariance of Lebesgue integral, boundedness and compact support of the kernel K.

Fix a z € {fp > 0}. By the continuity of fj there is a neighborhood N of z such that f; is bounded
away from zero on M. For all § > 0 small enough, x — K?(z — x) is supported in T by bounded
support and dilation construction, so that K% (z — x) = K%7(x). Therefore for ¢ negative and close
enough to 0, function f; 5 . is a well-defined probability density and its score functions

K52 (x) = fo(x)

— (A.11)
Je ()

d :
9ra.z(x) = - log 35 (x) =

are bounded in x € X. To check (A.2)
2
v — 1
/ [M — E¢5,Z\/fo:| dx -0 ast —0, (A.12)
Y

note that the map ¢ — /f;s.,(x) is continuously differentiable for each x in a neighborhood
t € (—¢,¢) of 0 with the derivative %U,,g,z (x)+/ f,5,2(x), therefore the problem is to justify the

change of order of the limit # — 0 and the integral fx dx in (A.12). By the fundamental theorem of
calculus, we can write the difference quotient as

1 d 1
V forn (x) = v/ fo(x) = / TV Jotni(x) dh = / %¢0+ht(x)\/ Sosns -t dh.
0 0

Therefore, by (a — b)? < 2a? + 2b? and Cauchy-Schwarz inequality, we have the pointwise bound

2
|:vft,d,z(xt_ \/%(x) _ 1 (x)\/m:|

§¢0,8,z

1 2
< 2[ [ 3100200\ i dh} 25052097 fo()

"1
< [ 30maa O forns dh + (5 o),
0

By the generalized Lebesgue dominated convergence theorem [Roy10, p89, t19], in order to conclude

(A.12), it is sufficient to show that [, fol 2 ®n1.5,2(x)? fone dhdx converges as ¢ — 0. By Fubini’s
theorem

| 1 1 !
/ / Y 51052 fopne dhdx = / / L h5.2 (0 o dxdh = / Ines.s dh.
xJo 2 0o Jx 2 2 Jo

Since the scores (A.11) are bounded, the information matrix /; 5 , is continuous in ¢ at 0, and the
above integral converges to Io 5 ;. O

Proof of Theorem 2.1. By the pathwise differentiability of functional 6, differentiability in quadratic
mean of the path t — PtS’Z, and Riesz’ representation we have

d 8,z
— 0(P,") = D6
dr [i=0 ( t ) P [¢8,Z]

= [ vr@gsarar.
X

Assume that ¥p(x) = ¥p(x)I{s>01(x). Below P is fixed and we drop the subscript P for
convenience. Using the score ¢s , computed in Lemma A.2 and the fact that ¥ has zero P-mean,
have the expression for the pathwise derivative as the convolution of the influence function with the
approximation to identity kernels:

0 = [ [Ke -0 s -1]ar

dt|t=0

— Yp(x) K (z —x)dx —0
sptP

= (yp * K°)(2).
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It suffices to show that for each @ > 0 and M > 0 the set
Eq = )z € sptP ; limsup|(vp * K®)(z) — wp(z)‘ > 20{}
§—0

has zero Lebesgue measure, because then £ = U}’il[E 17j N {lz] = j}] has zero measure by
monotonicity, and the assertion (2.1) of the Theorem holds at all points z € E€. Thus, we may
assume that ¥p has compact support and therefore belongs to L' (R%).

Because K’ is a bounded probability density function, with support in |x| < § by the dilation
construction (A.7), we can write

(W % Ks)(@) — vp ()| = ‘/ﬂe [vp =)= v (2) | K5 (x) dx

< [ Jorc =0 = vm @Ko ax

=57 [ om0 —vn @] dx

Fix o > 0 and recall that continuous functions of compact support are dense in L! (ﬂ?d ) 1SS09, p71], SO
that for each € > 0 we can choose a function g with [[p — g||L1(gay < €. By the triangle inequality
we can upper bound the expression above with

Cc

8—d/|x|<8\wp(z—x)—g<z—x>\ dx+8%/|

x|<

Jse=0-g@]dx+ cls@ - vrl

By the continuity of g it follows that

SH—IR)S%_/|| S‘g(z—x)—g(z)‘ dx =0, for all z.
x|<

We find that

timsup| (v K@) = yp ()| = |vr — g (2) + ¢[g(2) = vr (o).

where the superscript * indicates the Hardy-Littlewood maximal function:

F*(x) = sup iid;[B]/B'f(y)' dy,  for f e L"(®R?), xeR?. (A.13)
If we set
Fy ={z esptP; |yp —gi*(z) >a} and Gy ={z esptP; |Yp(2) —g(z)| > o}

then E, C Fy U G by De Morgan’s law since E D F{ N GS. Furthermore, by Chebyshev’s
inequality

1
£90Gq] < EHWPO —8llLr(ra)ys
and by the Hardy-Littlewood maximal inequality [SS09, p101]
d 3¢
Lo Fal = —~¥po = &llLr@a)-

Recall that the function g was chosen such that ||/p, — g|[11(g4) < €, so that

34 1
LUE, < ' —e+c'~e.
o o

Since € > 0 is arbitrary, we conclude that £¢[E,] = 0 and consequently P [Ujoi1 Ey;1=0. O
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B Spectral representation

B.1 Calculation for Lemma 3.1

The characterization of the influence function as a constrained optimizer was discussed in Appendix
A around equation (A.5).

We verify the equivalence of the constrained problem and the penalized problem via an explicit
calculation that is simple and instructive for the calculation of the spectral representation. Define the
penalized objective function with penalty loading Apen > 0:

J'(w) = DOplul + Apenllul72(py.  u € LG(P). (B.1)
Observer that J" is strictly convex on L3(P) by the Cauchy-Schwarz inequality. By the strict

convexity, the unique minimum of J is attained at the tangent vector uy € L% (P) where the derivative
functional of J" vanishes [Lue97]:

DJ, [v]=0 forallv e L3(P). (B.2)

To compute the derivative of J* at some u, fix a direction v € L%(P) of perturbation and compute
the difference quotient

J'u +ev) — J(u) = {DOp[u + ev] + Apenllu + €v|3 p} — {DOp[u] + Apenllull3 p}
= {{u+e€v, ¥)2p + Apen{tt + €V, U + €v)y p}
- {(u s W)Z,P + Apen(u s u>2,P}

=e{(v, ¥)2,p + 2Apen(V. u)2,p} + O(€?). (B.3)
We find that the gradient (Riesz representer) of the derivative functional of J" at vector u is
VJ ) = ¢ + 2Apentt. (B.4)

Using Riesz’ representation, the first order condition (B.2) becomes
0=DJ, [v]=(v. V'), »
= (v, ¥p + 2Apentio)2,p forallv € L3(P).
and conclude that ug = —/2Apen is the minimizer of J*".

From this explicit solution to the penalized problem (3.1) we see that the direction of solution is
always along the influence function, larger penalty loading Ayen leads to solution with a smaller

L?(P) norm, and Apen = 1/2 uniquely identifies the influence function.

B.2 Calculation for Lemma 3.2

We define the projection of the infuence function 1y p on the ball By as the solution of the constrained
optimization program. Define the penalized objective function J" on L2(P) with the regularization
loading A > O:

T W) = DOpul + Apenlull3 p + Aregllull72(py 4 € LG(P). (B.5)

We observe that the constrained problem has the linear objective D6p[v], that the constraints are
given by quadratic functionals and that the problem satisfies Slater’s condition and that the strong
convex duality holds.

The penalized objective J“ is strictly convex and the first order optimality condition
DJy [v] =0, forallv e L? (B.6)
is necessary and sufficient. Compute the difference quotient:
JVu + ev) — IV )
= {DOp[u + €v] + Apenllu + €v|13 p + Aregllu + €v]|7 }
~{DOp[u] + Apenllull3 p + Aregllull7}
={(u+ev, ¥)2,p + Apen(U + €V, U + €V)2,p + Arog(u + €, U + €v)y}
—{(u. ¥)2,p + Apen(u, U)2,p + Aregu, )}
= e{(v, ¥)2,p + 2Apen(v, u)2,p + 2hreg(v, u)m | + O(€). (B.7)
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Take the limit as € — 0 to obtain:
A ) = (v, 0)2.p + 2Xpen(V, U)2.p + 2hieg(v, U)H. (B.8)

From the first order condition, as Ag — 0, the optimal solution 1o converges to that of the penalized
but unregularized objective function J*.

B.3 Proof of Theorem 3.3

First we check that the relationship (3.4) between the inner products of L2(P) and H actually follows
from the assumptions about the bases. Suppose {e;} and {\/o ;€5 } are orthonormal bases (onB) for
L3(P) and H respectively and the operator S : L3(P) — H is defined by (3.3). From the definition
of the adjoint $* : H — LZ(P)
(Sej s ei)H = (e, s S*e,’)z,p all i, ] (B.9)
By the onB assumption,
1= (e, ei)p = (Vo€ Jo,&)n all i. (B.10)

On the other hand, applying the eigenfunction property to (B.10) and using bilinearity of the inner
product

(€i.ei)s,p =(0i€i,e)m =(Sei, €)n all ;. (B.11)
Similarly, we check fori # j,

1 ﬁ * . .
0= (ﬁSei , \/gjej>H = ﬁ(ei y S ej)Z,P all i # ] (B12)

Since 0; /0; # 0 and {e;} is complete, it follows that e; is an eigenfunction of S$*, and in the view of
(B.11), the eigenvalue is 1 so that S*[e;] must be equal to e;. In other words, S* is the inclusion
operator H — L3(P).

Next, we use the adjoint relationship (B.9) and (3.4) in the expression (B.8) for the directional
derivative of the objective function J:

0y J(u) = (v, ¥p)ap + ZApen(v , U2 P+ ZAreg(v CUVH (B.13)
= (v, SYp)u +21pen(vv Su)g +2Areg(vs UH. (B.14)
It follows that the H gradient (the representer in Riesz’ representation for Hilbert spaces) of D J,, is
given by:
SaJ(u) = S[Yp] + 2ApenS[u] + 2A1equ (B.15)
= Z{Uj(ws €j)2,p + 20j Apen(Ut , €j)2,P + 2Areq (Ut , ej)z,P}ej- (B.16)
J
With this expansion of the gradient §g J (u), the first order condition

SuJ(Yn) =0, vreH (B.17)

of the penalized and regularized optimization program (3.2) becomes the follow system of equations:

0=0;(y,e)r2p) +20jApen(Va, €)12(p) + 2Areg(Va s €j) 2Py, J = 1. (B.13)
Solving for the L%(P) Fourier coefficients of the optimal solution 1/ :

9j
Conclude that the optimal solution of (3.2) has the following Fourier series representation
1
2Apen + 2Areg/0;

(V. €j)rap) = (V,ed2py, J=1 (B.19)

Ypalx) =)

J=1

[("//P , ej)L2(P)]ej (x). (B.20)

Observe that the sequence of L2(P) coefficients is shrunk toward zero by the eigenvalue sequence
{o;} and is in fact a valid sequence of coefficients for an element in H .

Finally, recall that (y'p , €;)72(py = D0p[e;] and that the penalty loading should be Apen = 1/2 for
the correct scaling of the influence function from Lemma 3.1.
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C Nystrom method
Our proofs of Lemmas 4.4, 4.5, 4.6 are modifications of [RBD10, Thm?7, Prop10, Thm12].

C.1 Proof of Lemma 4.4

Define the sequence of random operators & : H — H given by

Eilgl = (@, kx,)ukx, —Tul¢l, ¢€H, i=1,...n (C.1)

We compute the norm of the continuous operator: for any orthonormal basis {¢; } ;> of the rkHS H

ITalFs = Y 1 Tud;lz

j=1
=X [ ok dP(x)

j=1
=S [ #kear). [ 600k dP(x)>
- ([ / ,
- By (ke » 5 (1)ky )y AP(YAP(y)
5L Lok swh
-y / / 8 (¥); (1)K (x, ) dP(x)dP(7)
Jj=1

/ / I3 605 ()} K. ) AP ()P ()

j=1
= [ ] {KG K@ aP@APG) = 1K pon,

where we exchanged the Bochner integral with the inner product by Bochner integrability, used the
reproducing property of the kernel, and the standard Mercer expansion of the kernel in the orthonormal
basis that converges uniformly, exchanged the sum with the double integral by Fubini’s .

Compute the Hilbert-Schmidt norm of the empirical operator, noting that ky, is the eigenfunction of
the rank-1 operator:

[&illns < l¢(Xi)kx; lns + I TH lns < |K(Xi, X)| + K| L2(pop) < 2.

This norm is an integrable real-valued random variable and therefore &; is Bochner integrable with
the expectation

E[s,1—fx< kx dP(x) — Ty = 0.

By the strong law of large numbers for a random sequences in a separable Hilbert space (the space of
Hilbert-Schmidt operators on H in our case) [Bos00, Thm2.4]

-0 a.s.

1 n
|| n H”HS n i§=1 gz Hs

Furthermore, applying the Hoeffding inequality for bounded (in norm, as verified above) random
elements of a separable Hilbert space (the space of Hilbert-Schmidt operators on H) [pin12], obtain

2/(«/?
15a), = 2

(C.2)

with probability at least 1 —2e™*
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C.2 Proof of Lemma 4.5

Applying [Kat87] to the empirical operator B = T}, and the population counterpart operator A = Ty
defined on the separable rkHs H, for any nonnegative convex function @ with @(0) = 0:

Y B —0) =Y D))

Jj=1 Jj=1

where {y;};>1 is an extended by zero enumeration of the eigenvalues of the random operator
1 n
B-A=T,— Ty =;X;$i
i=

defined in equation (C.1).
We apply [Kag7] with the choice @(s) = |s|? for p > 1. In particular, with p = 2, this becomes

N (2x)%2t
D16 =0 < Y IylF = ITu — T s <
Jj=1 Jj=1
with probability at least 1 —2e™* from the bound (C.2).
Recalling that the sup norm is the limit of the p-norms:
1
P

1
supl6; — o] = lim [ Y6, —0)”]” = sup [ Y Iv1?]” = suply|
p—>00 p—>00 i1 ’ j=>1

j=1 i>1
22T

= ”Tn - TH”op = ”Tn - TH”HS =

with probability at least 1 —2e™* from the bound (C.2).
2k+/2t
n

sample concentration bound, find

Given ¢ > 0, set & = and solve for 7 to obtain T = n&?/2(2«)2. Inverting the above finite

. 2 2
P[sup|0j—oj|28]§2e ne”/220% 0 asn — oo.
Jj=1

For the bound on the difference of the traces, compute the trace of the empirical operator:

Za—j =1tr(Ty) = tr(Ky,) = %ZK(X,’,X,’).

j=1 i=1
Compute the trace of the population analogue: for any orthonormal basis {¢; } ;> of the tkHS H

tr(Ty) = Z(TH¢j . Pi)H

Jj=1

= Z( /x b (kAP (x) ¢;>H

Jj=1

- /x by (ke 1) AP ()

Jj=1

=% [ o mapeo)

Jj=1

- [ T #wmare

Jj=1

= / K(x,x)dP(x)
X%
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where we interchanged the integral / d P with the inner product by Bochner integrability, applied the
reproducing property of the kernel k., interchanged the sum with the integral by Fubini’s, and used
the standard Mercer expansion of the kernel that has uniform convergence.

Define the centered random variables {; = K(X;, X;) — E K(X, X) supported on the interval [«, k],
and apply the standard Hoeffding inequality [wai19, eq2.11]:

326 — 0| = lir(T) —tr(Tw)| = \—Za

Jj=1

with probability at least 1 — 2¢=216>/(2)?,

C.3 Proof of Lemma 4.6

From [RBD10, propé], for compact positive operators A, B

. 2
if | A — Bllop < [an —an+1]/4,  then | PF — P{fllop < —————[[A = Bllop (C3)
AN —ON+1

where oy and a4 are the Nth and (N + 1)st distinct eigenvalues and P;\,‘1 is the projection on the

eigenspace of the top N distinct eigenvalues of A, whereas Pg is the projection on the eigenspace of
top eigenvalues of B of the same dimension. If, in addition, A, B are Hilbert-Schmidt,

) 2
if |4 — Bllus < [eny —an+1]/4. then |PJ — Pfilus < —————I|A— Bllus.  (C4)
N —ON+1

As [RBD10, thm12] point out, a bound on the projection onto the eigenspace of a 51mple (multiplicity 1)
eigenvalue implies a bound on the eigenfunctions: let qb ¢ be unit-norm and (d) ¢) > 0, then

16—l =200 —($. p)r) <2(1 = (. $)3) = [ Py — Pyl

If 2kc/21//n < [on + on+1]/4, thenby (C.2) | T, — TH ||lns < [on + on+1]/4 with probability
at least 1 — 2¢~7, and therefore by (C.4)

22 2k)22 22
1Py — Pl < — Ty — Tl < 202 N
N [on —on+1] n  |loy —on+1]

This event occurs if n > (2k)?27(4)?/[on — on+1]%.
Next, we work with the population orthonormal basis {¢; := ,/0j€;}72, for H and extend the

population counterpart {qgj = /06; };’Zl to an orthonormal basis for H. This is possible because

there are n independent eigenvectors P-a.s. by our assumptions that P is continuous and K, is strictly
positive definite.
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Using Parseval’s identity, and then Parseval’s again with the projection operators (/g — Py ) and Py:

1Pg, — PrlEs =Y [(Pg, — Px)dilly =D [Z\W’m — Pn)oi . @)Hiz}
i i J

r(N) r(N)
Yo+ 3 [Nl bhf]

i,j=1 i>r(N)+1

+r(NZ)+1[ > ‘(_¢i’¢;j>H‘2:|+ > 0

i=1 j=r(N)+1 i,j=r(N)+1

> \<¢i,¢3j>H\2}+ > [MNZHM@)HH

j=1 Li>r(N)+1 j=r(N)+1 i=1
r(N) T . 2‘ . 5
=> Z\((I—PNM@],@)H\ + ) [Z|(PN[¢i1,¢j)H\ }
j=tL i 4 jzr@an+1 Lo
r(N) . 2‘ . 5
= Z Z‘(tﬁi, 0 _PN)[qu])H‘ + Z [Z’(¢l PN[¢j])H‘ }
j=1L i 4 jzr@an+1 Lo
r(N) . 5 . 5
=Y |a-roi|, + X |enidi],
j= j=r(N)+1
r(N) R 2 n ) 2
=Y |a-pro|, + X [Pl
j=1 Jj=r(N)+1

Note that the bound we obtain a bound in terms of the rkHs norm, which implies a counterpart bound
for the L2(P) norm.

C.4 Proof of Theorem 4.7

. P . . ..
Fixr > landA > 0,for j =1,...,r, the 5; — 0; by Lemma 4.5. Assuming for simplicity that

P
the eigenvalues are distinct, ||&; — e; || H — 0 by Lemma 4.6. Recall that also e] — €; uniformly

on the compact set . Assuming f, f are continuous and f — f P-as. and f /f is bounded on
spt( f), assuming that v » i Vs in L'(f); then by dominated convergence

Wy &hiagy = | vie et = [ vy firar
i[)clﬂfej dP = (Iﬂf’ ej)LZ(f)

Conclude that ||‘},1 Vila — 0in P. For r, — oo slow enough, also have ||1ﬁr(n) ;(n)HH -0
in P. Finally, by the universality of H, there exists a sequence A, — 0 slowly enough such that

19500 = ¥llz2gpy — 0in P

C.5 Toy Monte Carlo experiment

We check our theoretical results with a simple numerical experiment. Let 8(P) = Ep[X] be the
mean functional. Then ¥p(x) = x — 8(P). We use the Gaussian psp kernel from our Example
4.3 and set the shape parameter ¢ = 1. We simulate Monte Carlo data from the standard Normal
distribution, corresponding to the shape parameter @ = 1/+/2 of our Example 4.3. This allows us to
compute the oracle ¥} using Hermit polynomials that we numerically evaluate using the MATLAB
code provided with the textbook [Fm15]. We estimate the eigenvalues o; and eigenfunctions e; (X;)
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the using Nystrom method via MATLAB’s eig function. We estimate the pathwise derivatives as
% > i1 Xi€j(X;), note this does not take into account estimation of the density and evaluation of
the mean functional on the estimated distribution.

Simulation experiments As a toy experiment, we compute the oracle low-rank regularization ¥}

and its estimator 1/}; as well as the distribution of the estimation error ||y/; — 1/Afi | L2(p) for the mean
functional # = E[X] in the setting of Example 4.3.

4 Regularization \=1e-4 4 Regularization \=1e-2

2 2

0 r=16 g

2 2

s -2 0 2 2 -2 0 2 4

Figure 2: Influence function v/, regularized oracle surrogate ¥ (dashed) and estimate 1/}/{ , (solid).

Regularization bias

1o Average error Error distribution
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Figure 3: Surrogate bias ||y — ¢ mean integrated squared error E||y] — @; ||i2 Py and

2
||L2 (P) ’
distribution of the error [|/; — ¥} [|2(p) based on 103 Monte Carlo experiments.

In these experiments we focus on estimating the spectral basis, leaving the development of numerical
pathwise derivatives and their estimates to future work. The setting of Example 4.3 allows working with
the exact surrogate. We use Riesz’ theorem to compute pathwise derivatives as DO[g] = [y - gdP
either with Monte Carlo or numerical integration, which is considerably more precise. Figure C.5
shows the bias-variance trade-off of regularization via the loading A, and the asymptotic concentration
of the distribution of the estimator around the oracle surrogate.
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