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Abstract

Existing relationships among time series can be exploited as inductive biases in
learning effective forecasting models. In hierarchical time series, relationships
among subsets of sequences induce hard constraints (hierarchical inductive biases)
on the predicted values. In this paper, we propose a graph-based methodology to
unify relational and hierarchical inductive biases in the context of deep learning
for time series forecasting. In particular, we model both types of relationships as
dependencies in a pyramidal graph structure, with each pyramidal layer correspond-
ing to a level of the hierarchy. By exploiting modern — trainable — graph pooling
operators we show that the hierarchical structure, if not available as a prior, can
be learned directly from data, thus obtaining cluster assignments aligned with the
forecasting objective. A differentiable reconciliation stage is incorporated into the
processing architecture, allowing hierarchical constraints to act both as an architec-
tural bias as well as a regularization element for predictions. Simulation results on
representative datasets show that the proposed method compares favorably against
the state of the art.

1 Introduction

In most applications, collections of related time series can be organized and aggregated within a
hierarchical structure [41]. One practical example is in forecasting (and monitoring) hourly energy
consumption of a single household, as well as at the city, regional, and national levels [57]. Similar
arguments can be made for forecasting photovoltaic production [62], financial time series [5], and
the influx of tourists [4], to name a few relevant application domains. By exploiting aggregation
constraints, forecasts at different levels can be combined to obtain predictions at different resolutions.
Similarly, coherency constraints can be used to regularize forecasts obtained for the different levels
in the process known as forecasting reconciliation (FR), which often results in more accurate
predictions [41, 42, 60, 49]. Based on similar ideas, cluster-based aggregate forecasting methods
learn to predict aggregates of clustered time series as an intermediate step for obtaining forecasts for
the aggregate of all the considered signals [2, 28, 19].

Besides hierarchical constraints, forecasting models for correlated time series can take advantage of
relational inductive biases to learn a single model with shared parameters to predict any subset of the
time series in the collection [22]. Indeed, the combination of graph deep learning methods [6, 55, 15]
and deep learning for time series [10] have been exploited in the context of spatiotemporal forecasting,
obtaining state-of-the-art results (e.g., [54, 46, 61, 21]). Moreover, graph pooling operators [34, 11]
enable graph neural network (GNN) architectures to learn how to cluster nodes and obtain hierarchical
graph representations tailored to the task at hand. However, the application of learnable graph pooling
operators and the combination of hierarchical and relational constraints are currently under-explored
in graph-based spatiotemporal forecasting.
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To fill this void, this paper proposes a novel and comprehensive graph-based framework for hierarchi-
cal time series clustering and forecasting. Our approach unifies hierarchical time series processing,
graph pooling operators, and graph-based neural forecasting methods. This results in a learning
architecture for multi-step ahead forecasting operating at different levels of aggregation. Hierarchical
and relational structures are embedded as inductive biases into the processing by exploiting neural
message passing [33] and graph pooling [34] operators; a differentiable projection step guarantees
coherency of the predictions w.r.t. the hierarchical structure. The proposed methodology, named
Hierarchical Graph Predictor (HiGP) can propagate representations and ensure the coherency of the
predictions with both pre-defined and learned hierarchical constraints. In the latter case, the forecast
combination mechanism is learned in a self-supervised manner, by exploiting the accuracy of the
forecasts as a learning signal and the graph topology as a regularization mechanism.

Our main novel contributions are as follows.

* The introduction of a methodology to embed hierarchical constraints as inductive biases in
graph-based forecasting architectures [Sec. 3.1].

* A methodological framework, based on graph pooling, to learn a proper hierarchical structure
directly from data by clustering the input time series [Sec. 3.2].

* An end-to-end learning architecture incorporating the above components in a time series forecast-
ing model [Sec. 3.1, 3.2, 3.3].

HiGP is extensively validated on relevant benchmarks [Sec. 5]. Besides achieving state-of-the-art
forecasting accuracy, we show that our approach can be used as a self-supervised architecture to learn
meaningful cluster assignments.

2 Preliminaries

Graph-based spatiotemporal forecasting Consider a set of N time series; x; € R indicates the
value observed at time step ¢ w.r.t. the ¢-th time series. The observation vector encompassing all the
time series is analogously denoted by X; € RV*!. Sequences of observations are indicated, e.g., as
X.++1 where the index ¢ : ¢ + T refers to the time interval [t,¢ + T'). Available covariates can be
encoded into a matrix U, € RV > We assume the considered time series to be spatially correlated;
i.e., time series are not independent, but are instead characterized by functional dependencies affecting
the temporal evolution of the system. Pairwise relationships among time series are encoded within a
weighted adjacency matrix A € RV ¥ which is constant over time; the resulting attributed graph
at time ¢ is denoted by the triple G; = (X, U;, A). The multi-step time series forecasting problem
can then be modeled as the problem of predicting the H-step-ahead observations Xy.;4 g given a
window of past data G;_yy.; by minimizing some estimate of the forecasting error. We focus on point
forecasts, i.e., we do not consider the uncertainty of the predictions.

Spatiotemporal graph neural networks (STGNNs) STGNNSs are effective global time series
forecasting models for the problem above. As a reference, we consider time-then-space (TTS)
architectures [22, 32] with local learnable node embeddings [22] where the spatiotemporal data are
processed by a temporal encoder followed by a stack of message-passing layers [33] accounting for
“spatial” dependencies such that

hi’o = SEQENC (:Biszt,uLW;t,vi) s hi’l+1 = pl (h?l,AECj\[CzR) {’Yl (hi’lvh{}lvaji)})a (1)
J i

where v! C V' € R¥* 4 js the learnable node embedding associated with the i-th node, p' and ~!
indicate update and message functions at the [-th layer, respectively, which are, e.g., implemented
by multi-layer perceptrons (MLPs). SEQENC( - ) denotes a network encoding each input sequence
along the temporal dimension, e.g., a recurrent neural network (RNN), AGGR{ - } is a permutation
invariant aggregation function and N (¢) refers to the set of neighbors of the i-th node, each associated
to an edge with weight a;;. In the following, the shorthand H. ,f“ = GNN,;(H!, A) indicates the
message-passing step w.r.t. the full node set and adjacency matrix A. Predictions can then be obtained
by using any decoder, e.g., an MLP followed by a linear readout for each prediction step.
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Figure 1: Example of hierarchical time series as Yt(o) = X4, while Y;(k) e RVeX1 with
from [40]. k > 0, indicates values of Nj time series

obtained by aggregating (e.g., summing up) a
partition of Yt(k_l); the full collection of both raw and aggregated observations is denoted by matrix

Y, € RMX1 with M = Zszo Ny, obtained by stacking the Yt(k) matrices vertically in decreasing
order w.r.t. index k. In general, the level of the hierarchy is denoted as a superscript between paren-
theses. The aggregation constraints can be encoded in an aggregation matrix C' € {0, 1}(M—N)xN
such that the i-th aggregate time series can be obtained as y; = Zjvzl ¢ijx], i.e., by summing

the bottom-level observations given the hierarchical constraints>. Given the above, the following
relationships hold:

vi— 7] x. QY= [I| - C]Yi =0, @

where I indicates an identity matrix of appropriate dimensions and | the concatenation operator.
Fig. 1 provides an example of a time series hierarchy with the associated aggregation matrix. A

forecast }A’t is said to be coherent if the equality in Eq. 2 holds, i.e., if Q}A’t =0.

3 Graph-based Hierarchical Clustering and Forecasting

This section presents our approach to graph-based hierarchical time series forecasting. We start by
discussing how to incorporate the hierarchical structure of the problem into a graph-based neural
architecture; then, we show how the hierarchical structure can be directly learned from data. Finally,
we introduce an appropriate forecasting reconciliation mechanism to obtain forecasts coherent w.r.t.
the learned hierarchy.

3.1 Graph-based Hierarchical Forecasting

Embedding the hierarchical structure into the processing requires defining proper neural operators. In
particular, we aim at designing a pyramidal processing architecture where each layer corresponds to
a level of the time series hierarchy and has its own topology, related to those at the adjacent layers by
the hierarchical structure. To obtain such processing, operators have to be specified to control how
information is propagated among and within the levels of the hierarchy; we exploit the connection to
graph pooling for defining such operators within the select, reduce, connect (SRC) framework [34].
In particular, we use SRC building blocks as a high-level formalization of the operators performing

clustering, aggregation, and graph rewiring w.r.t. each level of the pyramidal graph in HiGP. The three

)

operators are defined as follows, by indicating as H, t(k € RN#*dn g feature matrix corresponding to

k-th level of the hierarchy.

Select The selection operator SEL( - ) outputs a mapping from input nodes to super nodes (i.e.,
clusters) given by the aggregation constraints at each level. The mapping can be encoded in a
selection matrix SEL(Ht(k), ...) =8y € {0,1}Vr=1%Nt where s;; is equal to 1 if and only if
the i-th time series at level £ — 1 is mapped to the j-th aggregate at the k-th level. If the hierarchy
is pre-defined, then the selection mechanism is given; conversely, learning a selection matrix is
the key challenge for designing an end-to-end architecture and will be discussed in Sec. 3.2.

Reduce (and Lift) The reduction function RED( - ) is used to aggregate node features and to prop-
agate information from the k-th level to the adjacent upper level in the hierarchy. Reduction

Note the index i does not refer to the level of the hierarchy but to the i-th element of the entire flattened
collection Y;.
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Figure 2: Time series with a hierarchical relational structure. (Left) Graphical representation of
hierarchical time series with graph-side information; SRC operators allow for modeling relationships
among the time series in the hierarchy. (Right) Pyramidal graph of both hierarchical and relational
dependencies; each pair of levels can be seen as a bipartite graph.

can be obtained by summation, i.e., RED(Ht(k_l), S(k)) = S(k)THt(k_l), but other choices
are possible. In practice, reduction is used in HiGP to propagate information along the pyra-
midal structure by pooling node representations and allowing for the implementation of an
inter-level message-passing mechanism (see Eq. 5). Similarly, we can define a [ift operator as
LIFT(Ht(kH)7 Sk)) = S(’“)Ht(k+1), i.e., as an upsampling the pooled graph to the original size
obtained by mapping each super-node back to the aggregated nodes.

Connect The connect operator CON( - ) defines how the topology of the input graph is rewired
after each aggregation step. There are several possible choices; we consider as default the
rewiring where each pair of super-nodes is connected by an edge with weight obtained by
summing the weights of edges between from one subset to the other, i.e., CON(S (k) A(k_l)) =

S®T A= §(k) where A®) indicates the adjacency matrix w.r.t. k-th level.

The tree operators listed above can be used to design a neural processing architecture to match the
inductive biases coming from the hierarchical structure. Fig. 2 provides a graphical illustration of
how the above operators can be used to embed a hierarchical relational structure into the processing
of raw spatiotemporal time series. We move from the reference architecture in Eq. 1 to a hierarchical
TTS model operating as

R{F-0 — SEQENC) (yt(f)‘;f/:t, Uiﬁ)ﬂf/;t’ v(k)ﬂi) , Temporal enc.  (3)

Zt(k)’l _ GNNl(k) (Ht(k)’l,A(k)) , Intra-level prop.  (4)

HIOH = (ng)al, S(’“)TZt(k_l)’l, Sk) Zk+D: ) Inter-level prop.  (5)
RED(F) LirT(F)

Equations 3-5 need further consideration to be fully appreciated. In the first place, matrix H. t(k)’l
indicates representations w.r.t. the ¢-th time step obtained at the /-th message-passing layer for time
series at the k-th level of the hierarchy (note the distinction between layers of message-passing and
levels of the hierarchy). Indeed, compared to the model in Eq. 1, the hierarchical constraints add
further structure to the processing. As shown in Eq.3, each time series is at first encoded along
the temporal dimension by an encoder which can be either shared or different for each aggregation
level. Then, representations are processed by a stack of layers propagating information within and
among levels. As shown in Eq. 5, the representations are updated at each step by an update function

ul(k) (e.g., an MLP) taking as an input 1) the output Zt(k)’l of a message-passing layer w.r.t. the graph

topology at the k-th level (Eq. 4), 2) aggregated features from the level £ — 1 and 3) the features

corresponding to each node’s super-node obtained by lifting H. t(kH)’l. Learnable parameters may

optionally be shared among the different levels of the hierarchy. Final predictions can be obtained by
using an arbitrary readout, i.e., a standard MLP, and by training the model to minimize the forecasting
error w.r.t. all the time series as
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where £( - ) indicates the loss function and p is equal to, e.g., 1 or 2. Note that, differently from
standard spatiotemporal forecasting approaches, here the model is trained to make predictions for
each level of the hierarchy. Representation at the different levels can capture patterns at different
spatial scales, less apparent at fine-grained resolutions. Indeed, the aggregation and pooling operators
increase the receptive field of each filter at each level of the hierarchy.

3.2 End-to-end Clustering and Forecasting

Learning a hierarchy and inherently a cluster-based forecasting architecture translates into learning
a (differentiable) parametrization of the selection operator. For this task, we provide a general
probabilistic framework, based on modeling cluster assignments as realizations of a parametrized
categorical distribution. Then, we briefly discuss the applicability of standard graph pooling methods
from the literature at the end of the section.

End-to-end clustering Similarly to popular dense trainable graph pooling operators [12, 64], we
parametrize the selection operator with a score matrix ® € RVs~1XNx agssigning to each node-cluster
pair a score ¢; ;. However, differently from previous works, we interpret such scores as (unnormalized)
log-probabilities, such that

d)(,]?)/‘r
e?is - _ _
S AP =)=, W = (Y AN V) )
et
where 7 is a temperature hyperparameter, while F,,( - ) indicates a generic trainable function

with trainable parameters 1. The conditioning on the input window Yt(_kv_vlg can be dropped to

obtain static cluster assignments; furthermore, depending on the dimensionality of the problem, the
score matrix might also be parametrized directly as & = 1. Node embeddings and aggregates

for the k-th level are then obtained through the reduction operator as V*) = §(®)T v (k=1) 4pq

Yt(k) =S (k)TYt(k_l), respectively. To differentiate through the sampling of S*) we use the Gumbel
softmax reparametrization trick [43, 48] followed by a discretization step to obtain hard cluster
assignments via the straight-through gradient estimator [9]. In practice, 7 is set to 1 at the beginning
of training and is exponentially decayed towards O at each training step. The above discretization
step avoids soft cluster assignments that could in practice lead to degenerate solutions given the loss
in Eq. 6; indeed, uniform soft assignments are likely to minimize the variance of the aggregate time
series and thus the prediction error at levels k£ > 0.

Graph-based regularization In order to take the graph structure into account when learning the
assignments, we exploit the min-cut regularization introduced in [12], i.e., we add to the loss the term

Tr(Ska)TA(’“*US,S’“)) ST W I
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where S,(f) = softmax(fﬁ(k)), D% ig the degree matrix of A=D1 = D*%A(k’l)D*%, i.e., of
the symmetrically normalized adjacency matrix. The first term in the equation is a continuous relax-
ation of the min-cut problem [26] which rewards clusters that pool together connected components of
the graph; the second term helps in preventing degenerate solutions by favoring orthogonal cluster
assignments [12].

Training procedure The training objective identified in Eq. 6 entails that the cluster assignments
are learned to minimize the forecasting error w.r.t. both the bottom time series and aggregates. As
a result, time series are clustered s.t. aggregates at all levels are easier to predict, thus providing a
meaningful self-supervised learning signal. Besides the clustering method described here, HiGP is
compatible with any graph pooling approach from the literature (see Grattarola et al. [34]). We focus
on assessing the proposed methodology in the context of forecasting, leaving to future works the
in-depth study of the clusters that can be extracted within the proposed framework.



3.3 Forecast Reconciliation and Combination

As mentioned in Sec. 1, FR allows for obtaining coherent forecast w.r.t. the hierarchical con-
straints (Eq. 2). We follow Rangapuram et al. [52] and embed a (differentiable) reconciliation
step within the architecture as a projection onto the subspace of coherent forecasts. Given the
(trainable) selection matrices for each level of the hierarchy, the () matrix (see Eq. 2) is obtained as

Q=[1[-c]=[r]-[mL s L& st | s "] o

Then, following [52], given the raw prediction }A’t we can obtain the reconciled (coherent) forecasts
Y, by projecting Y; onto the space of coherent forecasts (i.e., the null space of Q) as

P=1-Q"(QQ") " Q, Y, = PY, (10)

where P is obtained by solving the constrained optimization problem minz||Z — Y;||2 s.t. QZ = 0.
Model parameters are then learned by minimizing the loss £ = L(Y,Y) + L(Y,Y) + A\L(Y,Y)
where we omitted the time indices. Note that minimizing the regularization term £(Y,Y) is

equivalent to minimizing the distance between l/;}:H g and the space of coherent forecasts. Unfortu-
nately, computing the inverse of QQ7 incurs the cost O(M?) in space and O(M?) in time, which
can be prohibitive for large time series collections. However, the solution is still practical for up
to a few thousand nodes (most practical applications), and the regularization term, computed as

Lred (}A’, A) = )\HQ}/}”Q, can be used in the other cases as the only regularization. As for the cluster-
ing method, HiGP is orthogonal to many of the reconciliation approaches present in the literature.
Nonetheless, only end-to-end methods will impact the learned cluster assignments. Future works
could indeed study alternative reconciliation strategies.

4 Related works

Forecasting hierarchical time series is a widely studied problem [40, 41]. The standard approach
consists in obtaining (possibly independent) forecasts for a subset of time series in the hierarchy in the
first stage and then, in a separate step, reconciling and combining them to obtain (possibly coherent)
predictions for the full hierarchy [41, 8, 60]. In particular, MinT [60] allows for obtaining optimal
reconciled forecasts given a set of unbiased H -step-ahead predictions and the covariance matrix of
the associated residuals. Analogous reconciliation methods have also been developed for probabilistic
forecasts [59, 56, 25]. End-to-end methods have been instead proposed in the context of deep learning
for time series forecasting [10] by exploiting the hierarchical structure either as an hard [52, 67] or
soft constraint [50, 36]. Notably, Rangapuram et al. [52] incorporate the reconciliation step within the
neural architecture as a differentiable convex optimization layer [1]. None of these methods consider
relational dependencies among and within the levels of the hierarchical structure.

Graph-based deep architectures have become popular in time series processing [54, 46, 20, 44].
Conversely, differentiable graph pooling operators have been widely studied in GNN models for
i.i.d. data [34, 11]. In particular, dense trainable operators [64, 12, 37] learn soft cluster assignment
regularized by taking into account the graph structure. Sparse approaches instead produce hard
cluster assignments usually learned by exploiting both the graph structure and a learned ranking on
the nodes [7, 31]. Finally, non-trainable methods exploit a clustering of the nodes performed indepen-
dently from the trained model [13, 27]. Pyramidal graph-based architectures have been exploited in
reservoir computing [14]. With regards to forecasting architectures, hierarchical representations have
been exploited in specific domains such as traffic analytics [65, 35, 39], air quality monitoring [16],
financial time series [3], and pandemic forecasting [47]. However, most of the above methods rely
on fixed cluster assignments; furthermore, none of them directly address the hierarchical time series
forecasting problem by optimizing predictions at each level of the hierarchy and taking into account
coherency constraints.

S Experiments

HiGP is validated over several experimental settings considering time series forecasting benchmarks
with no pre-defined hierarchical structure. We then provide a qualitative analysis of the learned time
series clusters. Full experimental setup and additional results are provided in the appendix.



Table 1: Performance on benchmark datasets (5 runs). Best result in bold, runner-up underlined.

MODELS Metr-LA PeMS-Bay CER AQI
MAE MRE (%) MAE MRE (%) MAE  MRE (%) MAE MRE (%)
RNN 3.543 £ 005 6.134 + 008 | 1.773 £ 001  2.839 + 001 |4.57 +.00 21.65 + .01 | 14.00 £ .03 21.84 + 05

FC-RNN 3.566 + 018 6.174 + 031 | 2.305 £ 006 3.690 +.009 | 7.13 + .02 33.77 +.11 | 18.33 £ .11 28.59 + .18
GConv-TTS |3.071 £.008 5.317 £ .015| 1.584 + 006 2.536 +.009 [4.12 +.02 19.50 £ .08 | 12.30 £ .02 19.20 + 03
Diff-TTS 3.012 £ 005 5.214 + 008 | 1.569 +.004 2.512 +.006 |4.11 +£.02 1947 + .11 | 12.24 + .04 19.10 + 05
Gated-TTS | 3.027 +.008 5.240 +.013 | 1.582 +.006 2.533 +.009 |4.13 £.01 19.54 + 06 | 12.07 + .02 18.83 + .03
GUNet-TTS |3.057 +.016 5.292 +.028 | 1.575 £ 006 2.522 +.010 |[4.08 £ 02 19.32 +.10| 12.25 + .03 19.11 + .05
HiGP-TTS (C) | 3.034 + 008 5.253 +.013 | 1.567 +0005 2.508 +0.008 | 4.11 +.07 19.45 + 34 | 12.13 + 02 18.92 + 04

HiGP-TTS (D) | 3.009 + 005 5.209 4 .008 | 1.566 +.005 2.506 +.008 [4.12 + 06 19.49 + 30 | 12.10 £ .01 18.88 + .02
HiGP-TTS (G) | 3.007 +.009 5.205 +.016 | 1.568 +.008 2.510 +.013 | 4.05 £.01 19.20 + .03 | 12.02 + .04 18.75 + .06

Benchmarks The considered benchmarks comprise of 4 datasets in total and include 2 datasets
from the traffic forecasting literature (METR-LA and PEMS-BAY [46]), one dataset of air quality
measurements (AQI [66]) and a collection of energy consumption profiles (CER-E [24]). Each
dataset consists of time series with graph-side information; no prior hierarchical structure is given.
We follow the setup of [22], by adopting the training splits and preprocessing protocols of previous
works [22]. The performance metrics employed are the mean absolute error (MAE) and the mean
relative error (MRE).

Baselines To carry out meaningful comparisons we select a reference TTS architecture [22, 32] (see
Eq. 1) obtained by stacking 2 GNN layers after a node-wise temporal encoder implemented by an
RNN. Learnable node embeddings [22] are concatenated to the input representation before both
the recurrent encoder and after the message-passing layers. We compare the performance of dif-
ferent spatial propagation schemes from the state-of-the-art and commonly used in spatiotemporal
forecasting architectures. In particular, the considered alternatives include the standard graph con-
volution (GConv-TTS [45]), the bidirectional diffusion convolution operator (Diff-TTS [46]), a
more advanced gated message-passing scheme (Gated-TTS [22]), and the hierarchical Graph U-
Net (GUNet-TTS [31]). We use a standard GRU [17] as sequence encoder for all the baselines.
Finally, we denote by FC-RNN the baseline which considers the input sequences as a single multi-
variate time series and by RNN the global univariate model. The size of the hidden representations
is selected for each dataset on the validation set (more details in the appendix), while the other
hyperparameters are kept fixed among baselines. The HiGP-TTS model is implemented following
the above template and Eq. 3-5. Notably, the only architectural difference w.r.t. the above baselines
is the addition of a hierarchical propagation step after each message-passing layer. We learn directly
(static) selection matrices by parametrizing the associated log-probabilities with tables of learnable
parameters. As detailed below, we validate our approach by using different spatial propagation
schemes. Furthermore, HiGP is trained end-to-end as to minimize the forecasting error w.r.t. the
aggregates corresponding to the learned clusters.

Results Tab. 1 show the results Taple 2: Results on traffic datasets (5 runs). Best results in bold,

of the extensive empirical evalua- runner-up underlined. MAE@X indicates the MAE w.r.t. the
tion. We report HiGP forecasting X_minutes-ahead forecast.

accuracy w.r.t. 3 different message-
passing schemes; in particular, (C), MODELS
(D), and (G) indicate respectively
the standard graph convolution, the
diffusion convolution operator and
the gated message-passing opera-
tor cited above. HiGP variants are
among the best-performing meth-
ods in all the considered settings. Notably, adding hierarchical forecasting as secondary does not only
act as self-supervision to learn cluster assignments but also provides a positive inductive bias that
results — on average — in improved forecasting accuracy w.r.t. the flat architecture. Conversely, the
GUNet baseline provides a comparison with a standard hierarchical message-passing architecture.
Next, we perform an additional experiment by taking advantage of the popularity of METR-LA and

METR-LA PEMS-BAY
MAE@15 MAE@30 MAE@60 | MAE@15 MAE@30 MAE@60
HiGP (T) | 2.68 +.01 3.02+.01 3.40+.01 | 1.31 + 00 1.61 +.00 1.87 +.00

SGP 2.69 00 3.05+.00 345+.00| 1.30+.00 1.60+.00 1.88 +.00
Gated-GN| 2.72 +.01 3.05+.01 344 +.01 | 1.32+00 1.63+.01 1.89+.01
GWNet | 2.72+.01 3.10+.02 354 +03| 131 +00 1.64+01 1.94+01
DCRNN | 2.82+00 323+01 3.74+01 | 136+00 1.71 +00 2.08+.01
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Figure 3: Hierarchical cluster assignments learned by HiGP on 2 benchmark datasets. The models
have been trained with a 5-level hierarchy and plots show, from left to right, the median for the
clusters corresponding to levels from 1 to 3. The shaded areas correspond to 0.6 and 0.4 quantiles.

PEMS-BAY as traffic forecasting benchmarks and compare HiGP against specialized state-of-the-art
architectures. We consider the following baselines from the literature: 1) DCRNN [46], i.e., a
recurrent architecture; 2) GWNet [61], i.e., a popular graph convolutional model; 3) Gated-GN [53],
i.e., a gated message-passing architecture operating on a fully connected graph; 4) SGP [21],i.e.,a
scalable STGNN based on a randomized encoder. In this context, we tuned the HiGP architecture
by simply adding residual connections and using a deeper MLP decoder; the tuned architecture is
designated as HiGP (T). Simulation results for multistep-ahead forecasting in the traffic datasets,
provided in Tab. 2, show that HiGP achieves state-of-the-art accuracy. Appendix D.1 shows the
results of an ablation study.

Cluster analysis We then analyze the clusters extracted by HiGP on the CER-E and AQI datasets.
Ideally, we would like to cluster customers w.r.t. their consumption patterns in the first case, and to
partition air quality monitoring stations w.r.t. the different dynamics and regions of the dataset. HiGP
learns the cluster assignments by minimizing the forecasting error at each level of the hierarchy in
an end-to-end fashion. This form of self-supervision rewards, then, the formation of clusters that
result in aggregates that are easy to predict and regularized by the graph structure. In this context,
we configure HiGP to learn 3 hierarchical cluster assignments and show the results of the training
procedure in Fig. 3. Results show that the proposed approach is able to extract meaningful clusters
with each level of the hierarchy corresponding to progressively smoother dynamics. Appendix D.2
provides a spatial visualization of the clustered nodes for the AQI dataset.

6 Conclusion

We introduced HiGP, unifying relational and hierarchical inductive biases in deep learning architec-
tures for time series forecasting. HiGP has been designed to learn hard cluster assignments end-to-end,
by taking the graph structure into account. Performance on relevant benchmarks supports the validity
of the approach which, at the same time, has been shown able to learn meaningful hierarchical
cluster assignments. Future works might study additional auxiliary objectives to provide additional
supervision to the clustering and forecasting procedure, as well as consider alternative reconciliation
mechanisms. Finally, future research could also apply HiGP-like methods to settings where the
hierarchical constraints are pre-defined.
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Appendix

This appendix provides additional details on the setup and datasets used for the experiments presented
in the paper as well as additional empirical results.

A Hardware and software platforms

Experimental setup and baselines have been developed with Python [58] by relying on the following
open-source libraries:

* numpy [38];

» PyTorch [51];

» PyTorch Lightning [29];

* PyTorch Geometric [30];

* Torch Spatiotemporal [18].
Experiments were run on a server equipped with AMD EPYC 7513 CPUs and NVIDIA RTX A5000

GPUs. The code for the computational experiments will be made publicly available upon publication
at an archival venue.
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B Datasets

Table 3: Statistics of datasets used in the experiments.

DATASETS Time steps Nodes Edges Type
METR-LA 34,272 207 1515 Directed
PEMS-BAY 52,128 325 2369 Directed
CER-E 25,728 485 4365 Directed
AQI 8,760 437 2699  Undirected

We use the same spatiotemporal forecasting benchmarks of [22], which consist of the following
datasets.

METR-LA The METR-LA dataset [46] consists of measurements from loop detectors in the Los
Angeles County Highway.

PEMS-BAY The PEMS-BAY dataset [46], contains traffic speed measurements analogous to those
of METR-LA and acquired in the San Francisco Bay Area.

CER-E The CER-E dataset [24] consists of a collection of load profiles (i.e., energy consumption
measurements) aggregated into 30-minutes intervals, recorded by 485 smart meters in Irish small
and medium-sized enterprises. The dataset has been introduced as a benchmark for graph-based
time series processing in [20].

AQI The AQI dataset [66] collects hourly measurements of the PM2.5 pollutant from 437 air quality
monitoring stations spread over 43 Chinese cities. Similarly to CER-E, AQI has been introduced
as a benchmark for graph-based processing in [20].

All of the above datasets are either openly available (METR-LA, PEMS-BAY, AQI) or obtainable
free of charge for research purposes (CER-E?). Tab. 3 provides relevant statistics on the considered
datasets. For each dataset, we obtain the corresponding adjacency matrix and exogenous variables by
following previous works [20, 46, 22]. Following [22], datasets are split into windows of IV time
steps and the models are trained to predict the subsequent H observations. Window size W and
forecasting horizon H are respectively set as W = 12 and H = 12 for METR-LA and PEMS-BAY,
W =48, H = 6 for CER-E, and W = 24, H = 3 for AQI. Training, validation, and testing data are
respectively obtained with a 70%/10%/20% sequential split. Conversely, for AQI, we use the same
data splits of [63].

C Baselines and hyperparameters

Reference architectures As discussed in Sec. 5, the main empirical results of the paper (Tab. 1),
were obtained by considering, for all the baselines, a template TTS architecture which can be
schematically described as follows:

hi® = GRU (v, uf . v'), (11)
H/ = GNN; (H}, A), (12)
H} =GNN, (H/},A), (13)
i, = Wit (ch [hi’Q\vj} +bfc) +b,,  h=01,....H—1, (14)

with £(-) being the ELU activation function [23], W}, € R'*4n W), € R¥>dr b, € R, by € R
denoting learnable weights, GRU and GNN indicating respectively a gated recurrent temporal
encoder [17] and a generic message-passing layer (implemented differently for each baseline). For
HiGP, the template was modified to account for the hierarchical structure as discussed in Sec. 3.1.
Similarly, for the GUNet baselines the template was modified to take into account the pooling and
lifting operations. For the tuned version of HiGP we simply added skip connections and used a deeper
readout.

*https://www.ucd.ie/issda/data/commissionforenergyregulationcer/
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Table 4: Ablation study on traffic datasets (5 runs). MAE@X indicates the MAE w.r.t. the X-
minutes-ahead forecast. No rel. prop. indicates the removal of the message-passing layers, while No
hier. prop. denotes the baseline with no propagation of representation through the hierarchy, i.e., the
removal of reduce, lift, and reconciliation operators. Results show that both relational and hierarchical
architectural biases improve forecasting accuracy.

METR-LA PEMS-BAY
MAE@15 MAE@30 MAE@60 | MAE@15 MAE@30 MAE@60
HiGP 268 +01 3.02+01 3.40+.01 | 131 +00 1.61+.00 1.87 +.00

Norel. prop. | 2.80 +.01 3.14 +.01 347 +.02 | 1.32 +.00 1.63 +.00 1.88 +.01
No hier. prop. | 2.68 + 01 3.03 +.02 343 +.02 | 131 +00 1.63+.00 1.89+.00

MODELS

Level 0 Level 1

Figure 4: Visualizations of clustered nodes in the AQI dataset.

Hyperparameters and training details We trained each model with early stopping on the valida-
tion set and a batch size of 64 samples for a maximum of 200 epochs each of 300 batches maximum.
We used the Adam optimizer with an initial learning rate of 0.003 reduced by a factor v = 0.25 every
50 epochs. The number of neurons dj, in the layers of each model was set to 64 or 32 based on the
validation error on each dataset. For HiGP, the regularization coefficient A was tuned and set to 0.25
based on the validation error on the METR-LA dataset and simply rescaled for the other datasets
to take into account the different magnitude of the input. As discussed in Sec. 5, we used a 3-level
hierarchy with 20 super-nodes in the middle level and a single super-node (the total aggregate) at
the top level. Intra-level spatial propagation was performed only at the base level. For the Diff-TTS
baseline, the order of the diffusion convolution was set to k = 2, while the pooling factor for the
GUNet was set to p = 0.1. For what concerns the experimental results in Tab. 2, for each baseline we
used the hyperparameters of the original papers and the open-source implementation provided by
[21]. Hyperparameters for HiGP (T) were obtained by tuning the model on the validation set of both
datasets separately.

D Additional results

D.1 Ablation study

We carry out an ablation study of the proposed method considering the tuned architecture employed
on traffic datasets. In particular, we train 2 variants of the model; the first variant is characterized by
the removal of all the message-passing layers, while the second does not perform any propagation of
the learned representations through the learned hierarchy. Results (Tab. 4) show that both designs
have a significant impact on forecasting accuracy.
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D.2 Cluster analysis

Fig. 4 shows a visualization of the learned clusters for the Air Quality dataset to complement the
one provided in the paper (Fig. 3b). In particular, the figure shows the geographical location of each
sensor, the partitioning of the network into clusters, and a visualization of the pooled graph for the
first level of the hierarchy.
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