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Abstract

Robust Markov decision processes (MDPs) tackle changing or partially known sys-
tem dynamics. To solve them, one typically resorts to robust optimization, which
can significantly increase computational complexity and limit scalability. On the
other hand, policy regularization improves learning stability without impairing time
complexity. Yet, it does not encompass uncertainty in the model dynamics. In this
work, we aim to learn robust MDPs using regularization. We first show that policy
regularization methods solve a particular instance of robust MDPs with uncertain re-
wards. We further extend this relationship to MDPs with uncertain transitions: this
leads to a regularization term with an additional dependence on the value function.
We then introduce twice regularized MDPs (R%2 MDPs), i.e., MDPs with value and
policy regularization. The corresponding Bellman operators lead to planning and
learning schemes with convergence and generalization guarantees, thus reducing ro-
bustness to regularization. We numerically show this two-fold advantage on tabular
and physical domains, and illustrate the persistent efficacy of R? regularization.

1 Introduction

MDPs provide a practical framework for solving sequential decision problems under uncertainty [36].
However, the chosen strategy can be overly sensitive to sampling errors or inaccurate model estimates.
This can lead to complete failure if the model parameters vary adversarially or are simply unknown
[31]. Robust MDPs mitigate such sensitivity by assuming that the transition and/or reward function
(P, ) varies arbitrarily inside a given uncertainty set U [24, 35]. In this setting, an optimal solution
maximizes return under the worst-case parameters, thus enhancing stability and generalization of
the learned policy [48]. Indeed, by construction, any MDP similar to the one the robust agent was
trained on would incur stable performance, where ‘similar’ means belonging to the uncertainty set.

The robust MDP objective can be thought of as a dynamic zero-sum game with an agent choosing
the best action while Nature imposes the most adversarial model. As such, solving robust MDPs
involves max-min problems, which can be computationally challenging and limit scalability. In
recent years, several methods have been developed to alleviate the computational concerns raised by
robust reinforcement learning (RL). Apart from [32, 33, 14] which consider specific types of coupled
uncertainty sets, all rely on a rectangularity assumption without which the problem can be NP-hard [2,
47]. This assumption is key to deriving tractable solvers of robust MDPs such as robust value iteration
[2, 15] or more general robust modified policy iteration (MPI) [27]. Yet, reducing time complexity
in robust Bellman updates remains challenging and is still researched today [20, 15, 3, 21, 22].

At the same time, the empirical success of regularization in policy search has motivated a wide range
of algorithms for improved exploration [16, 30] or stability [39, 17]. Geist et al. [13] proposed a
unified view from which many existing algorithms can be derived. Their regularized MDP formalism
allows for error propagation analysis in approximate MPI [38] and leads to the same bounds as for
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standard MDPs. Nevertheless, as we further show in Sec. 3, policy regularization accounts for reward
uncertainty only: it does not encompass uncertainty in the model dynamics. Despite a vast literature
on how regularized policy search works and convergence rates analysis [41, 8], little attention has been
given to understanding why it can generate strategies that are robust to external perturbations [17].

To our knowledge, the only works that relate robustness to regularization in RL are [9, 23, 12, 6]. In
Derman & Mannor [9], a distributionally robust optimization approach is employed to regularize an
empirical value function. Unfortunately, computing this empirical value necessitates several policy
evaluation procedures, which is quickly unpractical. The studies [23, 6] provide a dual relationship
with robust MDPs under uncertain reward. Their duality result applies to general regularization
methods and gives a robust interpretation of soft-actor-critic [17]. These two works show that
regularization ensures robustness, but do not enclose any algorithmic novelty. Similarly, [12] focuses
on maximum entropy methods and relates them to either reward or transition robustness.

As opposed to RL theory, the robustness-regularization duality is well established in statistical
learning [48, 40, 28]. In fact, standard setups such as classification or regression may be considered
as single-stage decision-making problems, i.e., one-step MDPs, a particular case of RL setting.
Extending this robustness-regularization duality to RL would yield cheaper learning methods with
robustness guarantees. As such, we introduce a regularization function €2, that depends on the
uncertainty set {/ and is defined over both policy and value spaces, thus inducing a twice regularized
Bellman operator (see Sec. 5). We show that this regularizer yields an equivalence of the form
VUru = Vg0 Where vg i is the robust value function for policy 7 and v, g, the regularized one.
This equivalence is derived through the objective function each value optimizes. More concretely, we
formulate the robust value function v, ;4 as an optimal solution of the robust optimization problem:

ax (v, s.t.ov< inf T/% \v, RO
g&g(v to) v nf T (RO)

where T(”P - is the evaluation Bellman operator [36]. Then, we show that v, ;; is also an optimal
solution of the convex (non-robust) optimization problem:

Uné%)‘g(v,;m} . Lo <T(p )0 — Qy(m,v), (CO)

where (Py, 10) is the nominal model. This establishes equivalence as the two problems admit the
same optimum for any policy. Moreover, the inequality constraint of (CO) enables us to derive a
twice regularized (R*) Bellman operator defined according to ), a policy and value regularizer. For
ball-constrained uncertainty sets, {;; has an explicit form and under mild conditions, the correspond-
ing R? Bellman operators are contracting. The equivalence between the two problems (RO) and
(CO) together with the contraction properties of R? Bellman operators enable to circumvent robust
optimization problems at each Bellman update. As such, it alleviates robust planning and learning
algorithms by reducing them to regularized ones, which are as complex as classical methods.

We make the following contributions: (i) We show that policy regularization leads to a specific
instance of robust MDPs with uncertain rewards, and explicitly formulate the uncertainty sets induced
by standard policy regularizers. (ii) We extend this duality to MDPs with uncertain transitions
and provide the first regularizer that recovers robust MDPs. (iii) We introduce twice regularized
MDPs (R?> MDPs) that apply both policy and value regularization to retrieve robust MDPs with
ball constraints. The corresponding Bellman operators are shown to be contracting, which leads
to a converging R> MPI algorithm of similar time complexity as vanilla MPL. (iv) We introduce
R? g-learning, a model-free algorithm that provably converges and efficiently solves robust MDPs.
(v) We extend R? g-learning to a deep variant. In particular, we provide an easy method to estimate
the value regularization term when a tabular representation is no longer available. Experiments
on tabular and continuous domains prove the efficiency of R? for both planning and learning, thus
opening new perspectives towards practical and scalable robust RL.

2 Preliminaries

This section describes the background material that we use throughout our work. We first define
general notations and recall useful properties in convex analysis. Secondly, we address classical
discounted MDPs. Thirdly, we briefly detail regularized MDPs and the associated operators, and
lastly, we focus on the robust MDP setting.



2.1 Convex Analysis

We designate the extended reals by R := R U{—00, oo }. Given a finite set Z, the class of real-valued

functions (resp. probability distributions) over Z is denoted by R? (resp. Az), while the constant
function equal to 1 over Z is denoted by 1z. Similarly, for any set X, A§ denotes the class of

functions defined over X’ and valued in Az. The inner product of two functions a,b € RZ is
defined as (a,b) := > . a(z) b(z), which induces the o-norm ||a|| := /(a,a). The f-norm
coincides with its dual norm, i.e., ||a|| = max)p<1(a,b) =: ||a]/.. Let a function f : R = R.
The Legendre-Fenchel transform (or convex conjugate) of f is f*(y) := max,zz{(a,y) — f(a)}.

Given a set 3 C R?, the characteristic function 93 : RZ 5 Ris 03(a) = 0if a € 3; 400 otherwise.
The Legendre-Fenchel transform of ¢35 is the support function o3(y) = maxac3(a,y) [4, Ex. 1.6.1].

Let C C R® beaconvex setand Q: C — Ra strongly convex function. In our study, the function
Q plays the role of a policy and/or value regularizer. Our work uses the following result [19, 34]:
Proposition 1. Given ) : C' — R strongly convex, the following properties hold:

(i) VQ* is Lipschitz and satisfies VQ* (y) = argmax,c(a,y) — Q(a),Vy € RZ.

(ii) Forany c € R,y € RZ, Q*(y +clz) = Q*(y) + c.

(iii) The Legendre-Fenchel transform Q0* is non-decreasing.

2.2 Discounted MDPs

Consider an infinite horizon MDP (S, A, uo, ", P,r) with S and A finite state and action spaces
respectively, 0 < po € Ag an initial state distribution and v € (0, 1) a discount factor. Denoting
X = SxA P € A§ is a transition kernel mapping each state-action pair to a probability
distribution over S and r € RY is a reward function. A policy 7 € Af‘ maps any state s € S to
an action distribution 75 € A 4, and we evaluate its performance through the following measure:

p(m):=E = (v(p,r)» Ho)- (1)

> ytr(se,ar) ’ o, 7, P
t=0

Here, the expectation is conditioned on the process distribution determined by (i, 7 and P, and for
alls €8, v(p,(s) = E[} 2o vir(se, a)|so = s, m, P| is the value function at state s. Maximizing
(1) defines the standard RL objective, which can be solved thanks to the Bellman operators:

T(’};’r)v =77 +~yP™w Vv eR® e A,

— 7T S
Tipryv = ;22}3% Tlpyv Vv eR,

Gipry(v) == {me Ag: Tp v =Tpryvt Vv e RS,

where 1™ := [(7s, (s, ))]|ses and P™ = [P™(§'|s)]s ses With P7(s'|s) := (w5, P(s'|s,-)). Both
T(’TP ” and T(p . are y-contractions with respect to (w.r.t.) the supremum norm, so each admits a
unique fixed point UZTP " and vzkp ) respectively. The set of greedy policies w.r.t. value v defines

G(p,r)(v), and any policy 7 € g<Pm)(v(*Pm)) is optimal [36]. For all v € R® the associated function

q € RY is given by ¢(s,a) = r(s,a) + y(P(:|s,a),v) ¥(s,a) € X. In particular, the fixed point
I satisfies Vipy = (s, a(p r)(s, -)) where 4(p.r) is its associated g-function.

2.3 Regularized MDPs

A regularized MDP is a tuple (S, A, o, 7y, P, r, Q) with (S, A, po, 7, P,r) an infinite horizon MDP
as above, and Q := (€;)ses a finite set of functions such that for all s € S, O, : Agq — Ris
strongly convex. Each function €2, plays the role of a policy regularizer 24(7). With a slight abuse
of notation, we shall denote by Q(7) := (4(s))ses the family of state-dependent regularizers.?

n the formalism of Geist et al. [13], Q is initially constant over S. However, later in the paper [13, Sec. 5],
it changes according to policy iterates. Here, we alternatively define a family 2 of state-dependent regularizers,
which accounts for state-dependent uncertainty sets (see Sec. 5 below).



The regularized Bellman evaluation operator is given by

[T5550,0)(8) i= T(p,yv(s) = Qs(ms) Vo e RS s €8,

and the regularized Bellman optimality operator by T(*I;%v = MaXrcas T(Tr I;izn)v Vv € RS [13].

The unique fixed point of T(”};Sz) (respectively T(*I;QT)) is denoted by UZFI;QT) (resp. vz‘l’,ﬂr)) and defines the
regularized value function (resp. regularized optimal value function). Although the regularized MDP
formalism stems from the aforementioned Bellman operators in [13], it turns out that regularized

MDPs are MDPs with modified reward. Indeed, for any policy m € Ai, the regularized value
function is v@;ﬁ) = (Is — yP™)~1(r™ — Q(n)), which corresponds to a non-regularized value
with expected reward 7™ := r™ — (7). Note that the modified reward 77 (s) is no longer linear
in 74 because of {25 being strongly convex. Also, this modification does not apply to the reward
function r but only to its expectation ™, as we cannot regularize the original reward without making
it policy-independent.

2.4 Robust MDPs

In general, the MDP model is not explicitly known but rather estimated from sampled trajectories.
Robust MDPs aim to mitigate over-sensitive outcomes this may yield [31]. Formally, a robust MDP
(S, A, po,y,U) is an MDP with uncertain model belonging to I/ := P X R, i.e., uncertain transition
PePC Afgf and reward r € R C RY [24, 47]. The uncertainty set U/ is given and typically
controls the confidence level of a model estimate, which in turn determines the agent’s level of
robustness. The robust agent seeks to maximize performance under the worst-case model (P,r) € U.
Although intractable in general, this problem can be solved in polynomial time for rectangular
uncertainty sets, i.e., when U = Xzesls = Xses(Ps X Rs) [47, 32]. For any policy 7 € Ai
and state s € S, the robust value function at s is v™*(s) := min(p ey v{p () and the robust

optimal value function v*¥(s) := max, . A4 v™Y(s). Each of them is the unique fixed point of the

contracting robust Bellman operators, respectively:

[T™Hv)(s) := (Pmri)relu Tpryv(s) Vv e RS s e S,meAf,

[T*Yv](s) := max [T™Hv](s) YveR® seS.

S
TEAG

3 Reward-robust MDPs

This section focuses on reward-robust MDPs, i.e., robust MDPs with uncertain reward but known
transition model. We first show that regularized MDPs represent a particular instance of reward-robust
MDPs, as both solve the same optimization problem. This equivalence provides a theoretical motiva-
tion for the heuristic success of policy regularization. Then, we explicit the uncertainty set underlying
some standard regularization functions, which formally explains their empirical robustness.

We first establish the following Prop. 2 that slightly extends [24][Lemma 3.2]. A proof is in Appx. A.1.
Proposition 2. For any policy ™ € Af\, the robust value function v™" is the optimal solution of the
robust optimization problem:

max (v, po) s. t. v < T(p v forall (P,r) € U. (Py)
vERS ’

In the robust optimization problem (P;,), the inequality constraint must hold over the whole uncertainty
set U. As such, a function v € RS is said to be robust feasible for (Py) if v < T(”P,r)v for all
(P,7) € U or equivalently, if max(p,y ey {v(s) = T{p . v(s)} < 0forall s € S. Therefore, checking
robust feasibility requires to solve a maximization problem. For properly structured uncertainty sets,
a closed form solution can be derived, as we shall see in the sequel. As standard in the robust RL
literature [37, 20, 1], the remaining of this work focuses on uncertainty sets centered around a known
nominal model. Formally, given Py (resp. o) a nominal transition kernel (resp. reward function), we
consider uncertainty sets of the form (Py + P) X (ro + R). The size of P x R quantifies our level
of uncertainty or alternatively, the desired degree of robustness.



3.1 Reward-robust and regularized MDPs: an equivalence

We now focus on reward-robust MDPs, i.e., robust MDPs with i/ = {Py} X (r9 + R). Thm. 1
establishes that reward-robust MDPs are in fact regularized MDPs whose regularizer is given by a
support function (see proof in Appx. A.2). This result brings two take-home messages: (i) policy
regularization is equivalent to reward uncertainty; (ii) policy iteration on reward-robust MDPs has the
same convergence rate as regularized MDPs, which in turn is the same as standard MDPs [13].
Theorem 1 (Reward-robust MDP). Assume thatU = {Py} x (ro+R). Then, for any policy m € A3,
the robust value function v™Y is the optimal solution of the convex optimization problem:

mmg(v, po) . t. v(s) < T(p, ,)0(s) — or, (=) forall s € S,
vER ’
where o, is the support function of the reward uncertainty set (see definition in Sec. 2.1).

Thm. 1 highlights a convex regularizer Q;(75) := or_(—7s), and recovers a regularized MDP by
setting [T™%v](s) = TTpy 1y V(8) = or, (=7s) Vs € S. In particular, when R is a ball of radius
o, the support function (or regularizer) becomes Q4 (7s) := af||7s||, which is strongly convex. We
formalize this in Appx. A.3.

3.2 Related Algorithms

Thm. 1 shows that regularization induces reward-robustness. At the same time, specific reward-robust
MDPs recover well-known policy regularization methods. Consider a reward uncertainty set of the
form R := X(45,q)cxRs,a» i-€., an (s, a)-rectangular R whose rectangles R ,, are independent at
each state-action pair. For the regularizers below, we derive R ,-s that produce the same regularized
value function. Detailed proofs are in Appx. A.4, along with a table comparing the properties of
some RL regularizers with ours (Sec. 5). Note that the reward uncertainty sets here depend on the
policy. This is due to the fact that standard regularizers are defined over the policy space and not
at each state-action pair. Similarly, the reward transformation induced by policy regularization does
not apply to the original function, as already mentioned in Sec. 2.3.

Negative Shannon entropy: Let RY5 (n) := [In(1/n.(a)),+00), V(s,a) € X. The associated
support function gives:

RS () (—7s) = max Z —r(s,a)ms(a) = Z 7s(a) In(ms(a)),

r(s,-):r(s,a’)GRZ’i,(7r),a/€.A aeA acA
which recovers the negative Shannon entropy (7s) = >, 4 7s(a) In(7,(a)) [17].

Kullback-Leibler divergence: Given an action distribution 0 < d € A 4, let RS (7) := In (d(a)) +
RYS(m) V(s,a) € X. Itamounts to translating the interval R} by the given constant. Writing the
support function yields Q(m) = >, 4 7s(a) In (7=(a)/d(a)), which reveals the KL divergence [39].

Negative Tsallis entropy: Letting R{ () := [(1=7:(a))/2, +00) V(s,a) € X, we recognize the
negative Tsallis entropy Q(,) = 3 (||7s]|* — 1) [30].

4 General robust MDPs

Now that we have established policy regularization as a reward-robust problem, we are interested
in the opposite question: can any robust MDP with uncertain reward and transition be solved using
regularization instead of robust optimization? If so, is the regularization function easy to determine?
This section answers positively to both questions. It greatly facilitates robust RL, as it avoids the
increased complexity of robust planning algorithms while still reaching robust performance.

The following theorem establishes that similarly to reward-robust MDPs, robust MDPs can be
formulated through regularization (see proof in Appx. B.1). The regularizer is also a support function
in that case, but it depends on the policy and the value objective.

Theorem 2 (General robust MDP). Assume thatU = (Py + P) X (ro + R). Then, for any policy
e Ai, the robust value function v™Y is the optimal solution of the convex optimization problem:

ma{é(v,u(ﬁ s. 1. v(s) < T(p, ;o) 0(8) —or, (—7s) — op,(—yv - 75) forall s € S, )
veER ’



where [v - T5](s',a) == v(s")ms(a) VY(s',a) € X.

The upper bound in the inequality constraint (2) is similar to the regularized Bellman operator except
that here, the regularization is a policy and value-dependent function. It further simplifies when the
uncertainty set is a ball, as shown below.

Corollary 1. Assume that U = (Py + P) x (1o + R) with P, := {P, € RY : | P,|| < o'} and
Ry = {rs € R : ||ry|| < o} forall s € S. Then, the robust value function v™" is the optimal
solution of the convex optimization problem:

né%{)é(v,u@ 5.t v(s) < T(p, . v(s) — ag|[ms|| — aPy|v||||7s|| forall s € S . 3)

5 R2MDPs

In Sec. 4, we showed that for general robust MDPs, the optimization constraint involves a regularizer
that depends on the value function itself. This adds difficulty to the reward-robust case where the
regularization only depends on the policy. In this section, we focus on general robust MDPs that
are ball-constrained and introduce R* MDPs, an extension of regularized MDPs that combines policy
with value regularization. The core idea is to regularize the Bellman operators twice and recover
the support functions derived in Secs. 3-4.

Definition 1 (R Bellman operators). For all v € RS, define Q20 Aa = RasQ 2(m5) =
|l7sl|(aZ + aF~||v||). The R* Bellman evaluation and optimality operators are defined as

[T 0)(6) 5= Ty 0(8) = a(m) Vs €S,

[T 0)(s) == eAS, [T 0] (s) = ) 0(as) Vs€S.

For any function v € RS, the associated unique greedy policy is defined as

2
ms = argmaxT™" v(s) = VQ' (gs), Vs €S,
TsEA A ?
. . 2 2
that is, in vector form, m = V" ,(q) =: Go , (v) <= T™" v =T"%0.
The R? Bellman evaluation operator is not linear because of the functional norm appearing in the

regularization function. Yet, under the following assumption, it is contracting and we can apply
Banach’s fixed point theorem to define the R? value function (see proof in Appx. C.1).

Assumption 1 (Bounded radius). Forall s € S, there exists e, > 0 such that

1—7v—e
. ; T
—_— min u, Po(cs, - )vs
YVISI  uacry lual=1
vs€RS |lvs|=1

af < min

Proposition 3. Suppose that Asm. 1 holds. Then, the following properties hold:
(i) Monotonicity: For all vi,vs € R such that v < vy, we have T’T’szl < T”’szg and
T*’R2U1 S T*’RZUQ.
(ii) Sub-distributivity: For all v € R® ¢ € R, we have 7% (v1 +cls) < T“*szl + vcls and
T*’Rz(vl +cls) < T*’szl + vclg, Ve € R
(iii) Contraction: Let €, := mingcgs €5 > 0. Then, for all v{,vs € RS, we have

2 2 2 2
([T v — T™R vg)loo < (1 — €4)||v1 — va|loo and || T*® v1 — TR v3]|oo < (1 — €4)]lv1 — v2||00-
The contracting coefficient 1 — e* from Prop. 3 is different from the original discount y. Yet, as Asm. 1
suggests it, an intrinsic dependence between vy and ¢* makes the R? Bellman updates similar to the
standard ones: when ~ tends to 0, the value of €* required for Asm. 1 to hold increases, which makes
the contracting coefficient 1 —€* tend to 0 as well, i.e., the two contracting coefficients behave similarly.
The contracting feature of both R> Bellman operators finally leads us to introduce R? value functions.



Definition 2 (R? value functions). (i) The R? value function v™~

2
TR

is defined as the unique fixed
point of the R? Bellman evaluation operator: ™R = TR TR The associated q-function is
g (s,a) =ro(s,a) +v(Po(+|s,a), v”’k2>. (ii) The R? optimal value function v**" is defined as the
unique fixed point of the R Bellman optimal operator: v*R = TR p*®* The associated q-function
is % (s,0) = ro(s, a) +y(Po(-[s, a),v").

The monotonicity of R* Bellman operators plays a key role in reaching an optimal R? policy, as we
show in the following. A proof can be found in Appx. C.2.

*,RZ)

Theorem 3 (R? optimal policy). The greedy policy R = QQRZ (v is the unique optimal

R? policy, i.e., forall T € AS,, VR = R > VR

Remark 1. An optimal R? policy may be stochastic. This is because our R> MDP framework builds
upon the general s-rectangularity assumption. Robust MDPs with s-rectangular uncertainty sets may
similarly yield an optimal robust policy that is stochastic [47, Table 1]. Nonetheless, the R> MDP

Sormulation recovers a deterministic optimal policy in the more specific (s, a)-rectangular case,
which is in accordance with the robust MDP setting (see proof in Appx. C.3). 3

6 Planning in R> MDPs

O R2
The results above ensure convergence of MPI in R MDPs, along Algorithm 1 R> MPI
with the same geometric convergence rate as in standard and
robust MDPs. We call that method R? MPI and provide its pseudo- Initialize: v, € RS
code in Alg. 1. R?> MPI reduces the computational complexity repeat
of robust MPI by avoiding solving a max-min problem at each Tht1 < Ga, (vr)
iteration, which can take polynomial time for general convex h
programs. The only optimization in R MPI appears in the greedy
step, which can efficiently be performed in linear time [11]. In
the (s, a)-rectangular case, it even suffices to choose a greedy
action (see Rmk. 1).

We compare the computing time of R2 MPI with that of MPI [36] and robust MPI [27]. The code
is available at https://github. com/EstherDerman/r2mdp. To do so, we run experiments on a
5 x 5 grid-world domain: The agent starts from a random position and seeks to reach a goal state
in order to maximize reward. Thus, the reward function is zero in all states but two: one provides a
reward of 1 while the other gives 10. An episode ends when either one of those two states is attained.
Parameter values and other implementation details are deferred to Appx. E. Table 1 shows the time
spent by each algorithm until convergence. R? PE converges in 0.02 seconds, whereas robust PE
takes 54.8 seconds to converge, i.e., 2740 times longer. R? PE still takes 2.5 times longer than its
standard, non-regularized counterpart, because of the additional computation of regularization terms.

2
Vg1 — (TTEHLRY Mgy
until convergence
Return: 741, Vg4

We then study the overall MPI process for each approach. We can see in Table 1 that the increased
complexity of robust MPI is even more prominent than its PE thread, as robust MPI takes 3953 (resp.
3270) times longer than R MPI when m = 1 (resp. m = 4). Robust MPI with m = 4 is a bit more
advantageous than m = 1, as it needs less iterations (31 versus 67), i.e., less optimization solvers to
converge. Interestingly, for both m € {1,4}, progressing from PE to MPI did not cost much more
computing time to either the vanilla or the R? version: both take less than one second to run.

Vanilla R? Robust
PE 0.008£0. | 0.02+0. | 54.8+1.2

MPI(m=1)| 0.01£0. | 0.03£0. | 1186 £ 1.3

MPI(m=4) | 0.01£0. | 0.03£0. | 98.1+4.1

Table 1: Computing time (in sec.) of planning algorithms using vanilla, R? and robust approaches.
Each cell displays the mean =+ std obtained from 5 running seeds.

3The stochasticity of an optimal entropy-regularized policy as in the examples of Sec. 3.1 is not contradicting.
Indeed, even though the corresponding uncertainty set is (s, a)-rectangular there, it is policy-dependent.



7 Learning in R> MDPs

In general, we do not know the nominal model (P, o) and can only interact with the underlying
system. Thus, we are interested in devising a model-free method that achieves a robust optimal policy
with low time complexity. In the remainder, we assume that U = X (4 q)c xUs,q SO there exists a de-
terministic policy which is R? optimal. We introduce R? g-learning, which provably converges to the
optimal robust ¢g-value. Then, we extend R? ¢-learning to a deep variant. In particular, we introduce
an easy method for estimating the norm of the R? value regularizer in non-tabular settings. The source
code for R? g-learning and its deep extension is available at https://github.com/yevgm/r2rl.

7.1 R? g-learning

R? g-learning is an R? variant of vanilla g-learning [46] aiming to learn a robust optimal policy. Its
pseudo-code can be found in Alg. 2 and its convergence in Appx. D.1. The difference with standard
g-learning is that we update an R? temporal difference (TD) to target an R?> Bellman recursion. Unlike
robust g-learning [37], R? g-learning does not involve an optimization problem at each R?> TD update.

Algorithm 2 R? g-learning

Input: Uncertainty levels o, a" € Rf ; Learning rates (8;)en with B; € [0, 1]%;
Initialize: ¢t = 0; ¢ = q¢ - Arbitrary g-function;
repeat
Act e-greedily according to a; <— arg max,¢ 4 ¢:(S¢, b), observe s and obtain 7,
Set v; = maxpe 4 (-, b)

2
Set 68 = ry + ymaxpea ¢t (Se41,b) — g, — 7045(“ lve]l — gt (s¢, ar)

2
Update q;1(5t, at) = qi(s¢, at) + Bi(s¢, as)0F
until convergence
Return: R? value ¢

7.2 Deep R? Learning

The expression of R? TD (line 6 of Alg. 2) requires to have access to the whole g-table for computing
the current value’s norm. This is not possible for infinite or even continuous state-space. Instead, we
need to estimate the norm based on sampled observations. We thus keep track of a replay buffer that
memorizes and updates past information online. At each iteration, we sample a batch 5; to which
we derive an empirical norm estimate. Formally, v, := Y-, vi(s)?, where ||-|| 5, indicates the
empirical nature of the norm. Finally, our approximate setting motivates us to stabilize value norm esti-
mates. Thus, in the same spirit as [26, 45], we use a moving average mixing the previous estimate with
the current one, i.e., at iteration £+ 1, the value norm squared is given by 3||ve[|3, +(1—5)(|ve41 HQB,+1 .

We thus scale tabular R? g-learning to a deep variant we name R? double DQN (DDQN) and compare
it to vanilla and robust baselines. R DDQN (resp. robust DDQN) is similar to DDQN [18], except
that it minimizes an R? TD (resp. robust TD) when updating the g-network. For the three algorithmic
variants, we use a fully connected network with an input size of the state space dimension, 2 hidden
layers of size 256, and an output size corresponding to the dimension of the action space (see Appx. F).
We select three physical environments from OpenAl Gym [7]. In each environment, the underlying
transition model is directly affected by the physical properties assigned to the agent. Therefore,
changing these properties implicitly introduces transition uncertainty into the MDP. We train the
three agents on one nominal environment and five different seeds. For a fair comparison, each seed
set is taken to be the same for vanilla, robust and R> DDQN. Robust and R?> DDQN are trained under
the same uncertainty level, namely, o = o” = 10~%. Fig. 1 shows that all three agents converge
to similar performance while in Mountaincar, R> DDQN outperforms vanilla and robust DDQN.

To check the computational advantage of R> DDQN over robust DDQN, we calculate the average
time each algorithm takes to perform one update of the g-network. As we see in Tab. 2, one learning
step of robust DDQN is slower than one R? update by an order of magnitude. On the other hand, one
R? update is approximately four times slower than vanilla because of the additional computations it re-
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Figure 1: Convergence graphs of vanilla, R? and robust DDQN algorithms. Each graph displays the
mean = standard deviation obtained from 5 running seeds in each environment. The graphs
were smoothed with an exponential moving average.

quires. This confirms the results we obtained previously for R MPI and R? g-learning: robust updates
take much longer than R? updates, themselves being slightly slower than standard, non-robust updates.

Vanilla R2 Robust
Cartpole 25+01|83+1.0| 76.9+15.3
Acrobot 23+0.1|81+0.2]| 73.0£15.3
Mountaincar | 2.5+0.8 | 82+ 0.5 | 77.6 = 16.0

Table 2: Average computing time (in 0.1- ms) of a learning step for vanilla, R? and robust DDQN.
Each cell displays the mean =+ std obtained from 1000 iterations.

We aim to check the generalization properties of each algorithm to new dynamics. After training,
we select two environment parameters across a range of values and evaluate the average performance
over several episodes run under the corresponding dynamics. Fig. 2 displays the performance
obtained by each agent undergoing such treatment: R? and robust DDQN generalize better than
vanilla DDQN, while R? is more robust to changing gravity than the other two agents.

Mountaincar

s -80
T
2
& -120

1 2 3 4 5 6
Gravitv

0.2 0.4 0.6

Force

0.8
le-3

(a) Evaluation on Mountaincar: Left - ’gravity’, right - "force’ parameter.

Figure 2: Comparison of the average reward over 5 seeds of Vanilla, R? and Robust algorithms. The
black vertical line represents the nominal parameter value each algorithm was trained on.

8 Discussion

This study settles the theoretical foundations for scalable robust RL. We should note that our results
naturally extend to continuous but compact action spaces in the same manner as standard MDPs
do [36]. Theoretical extension to infinite state space would be more involved because of the state-
dependent regularizer in R> MDPs. In fact, it would be interesting to study the R MDP setting
under function approximation, as such approximation would have a direct effect on the regularizer.
Similarly, one could analyze approximate dynamic programming for R MDPs in light of its robust
analog [42, 1]. Apart from its practical effect, we believe our work opens the path to more theoretical
contributions in robust RL. For example, extending R?> MPI to the approximate case [38] would be an
interesting problem to solve because of the R? evaluation operator being non-linear. So would be a
sample complexity analysis for R> MDPs with a comparison to robust MDPs [49]. Another line of
research is to extend policy-gradient to R? MDPs, as this would avoid parallel learning of adversarial
models [10, 44] and be very useful for continuous control.
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Appendix: Robustness and Regularization in Reinforcement Learning

This appendix provides proofs for all of the results stated in the paper. We first recall the following
theorem used in the sequel and referred to as Fenchel-Rochafellar duality [5, Thm 3.3.5].

Theorem (Fenchel-Rockafellar duality). Let X,Y two Euclidean spaces, f : X — Randg:Y — R
two proper, convex functions, and A : X — Y a linear mapping such that 0 € core(dom(g) —
A(dom(f))).* Then, it holds that

min f(z) + g(Az) = max —f(=A") — 9" (y). 4

A Reward-Robust MDPs

A.1 Proof of Proposition 2

Proposition. For any policy m € Ai, the robust value function v™" is the optimal solution of the
robust optimization problem:

max (v, po) s. t. v < T(p yv forall (P,r) € U. (Py)
vERS ’

Proof. Let v* an optimal point of (Py). By definition of the robust value function, v™¥ =

TrUymU — mingp ey T(“P’r)v”’”. In particular, v™% < T(”P,T)vm“ for all (P,7) € U, so the

robust value is feasible and by optimality of v*, we get (v*, uo) > (V™Y o). Now, we aim to show
that any feasible v € RS satisfies v < v™. Let an arbitrary € > 0. By definition of 7™¥, there
exists (P, 7¢) € U such that

T e > T, v™H. (5)
This yields:

v — v'rr,Z/[ — - TTr,Z/{,UTr,Z/{ [UW,Z/I — TW,L{Uﬂ',L{]
<v+e—Tfp v [By Eq. (5)]
<T™Hy 46— T&;ﬁre)v’r’u [v is feasible for (Py,)]
< Tlp, ry0+€—Tlp, pyv™" [T™%v < T v forall (P,r) € U]
=T(p. vy (v — V™) e [By linearity of T(p_,. )]

Thus, v — v™Y < T(’}Je Te)(v —v™H) + ¢, which we iteratively apply as follows:

v—v™H < A U v™H) + e
< T(Trpeme)(TgTPﬁrE)(v — ™) fe) te [u<w = T(’h’re)u < T{rpg,rg)w}
= (T(rpﬁn)f(v — ™) L ye+te
< (T ) (T ) (0 = 0™) +€) + 7€+ e

< (T )"0 = v™H) + Y e
k=0

_ T n+1 U 1- ,ynJrl
*(T(Pg,,n,)) (v—w )+71_7 €.

*Given C' C R®, we say that = € core(C) if forall d € RS there exists a small enough ¢ € R such that
z+tde C[5].
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By definition of the sup-norm and applying the triangular inequality we obtain:
1 _,7n+l
[ere} 1-— Y
1— ,ynJrl
<A — ™| o + ¢ [T(p. . is y-contracting]

. Since both € > 0 and v were taken arbitrarily, v* — U <0,

0= < | (T, ) (0 = o)

€
1—y

while we have already shown that (v*, o) > (V™Y uo). By positivity of the probability distribution
Lo, it results that (v*, o) = (V™Y 1g), and since pp > 0, v™Y = v*. O

Setting n — oo yields v —v™Y <

A.2 Proof of Theorem 1

Theorem (Reward-robust MDP). Assume that U = {Py} x (ro + R). Then, for any policy m € A,
the robust value function v™Y is the optimal solution of the convex optimization problem.:

max (v, po) s. t. v(s) < T(p 0 0(s) —or, (=) forall s € S.
vERS 0:ro :

Proof. For all s € S, define: F(s) := max(p,)ecy {v(s) —r™(s) — yP™v(s)}. It corresponds to
the robust counterpart of (P;;) at s € S. Thus, the robust value function v™H is the optimal solution
of:

max (v, o) s. t. F(s) <Oforalls € S. (6)
vERS

Based on the structure of the uncertainty set{ = { Py} X (r9+7R), we compute the robust counterpart:
F — -y _ PTr
(5) = max_ {uls) — "™ () = 1 Pfo(s)}

= T _ PTr
T’rr’:%i)i,ren{v(s) ' (s) =Py u(s)}

— max {v(s) = (15 (5) + 77 (5)) — 7P 0(s)} [(ro+ 7)™ =rF ++ ¥r € AY]
= max {v(s) = 17(s) = r§ (s) = YFgv(5))

= max {0(s) = 17() = Ty, 1y 0(5)} (T, gy 0(8) = 75 (5) + 1 Pg 0(s)]
= max (=17 (s)} + v(s) = T, ) 0(5)

= max{~1"(s) = 0 (1)} + v(s) = T{p, 1,y 0(5)

= = min {17(5) + 0r(1)} + v(s) = T 1,0(5)

= = min ({1 m) + 0(1)} + 0(s) = Ty, rgy0(). [ () = {resms)]

By the rectangularity assumption, R = X scsR and for all r := (r,)scs € RY, we have dr (1) =
> ses Or, (Tsr). As such,

F(s) = = min {(resm) + 3 b, (1)} + 0(5) = T 1 0(5)
" s'eS

= — min {(re, ™) + 0r, (ra) } +0(s) = I, ) v(s),

where the last equality holds since the objective function is minimal if and only if r; € R,.

We now aim to apply Fenchel-Rockafellar duality to the minimization problem. Let the function
f: R* — R defined as 75 — (rs,ms), and consider the support function dr : R - R together
with the identity mapping Id4 : R* — R*A. Clearly, dom(f) = R*, dom(éz,) = R, and
dom(dg.) — Id4(dom(f)) = Ry — R* = RA. Therefore, core(dom(dr,) — A(dom(f))) =
core(RA) =R* and 0 € R*. We can thus apply Fenchel-Rockafellar duality: noting that Id 4 =
(Id.4)" and (0r,)"(y) = or. (y), we get

min, {£(r2) + 0%, (1)} = = min (£ (~0) + (6.)" ()} = ~ min {/*(=9) + 0. ()},

yERA
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It remains to compute

0if —y—7ms =0

fr(—y) = max —(rs,y) — (s, Ts) = max (rs, —y — 75) = {—|—oo otherwise

rsERA rsERA
and obtain

F(s) = min {f"(=y) + o, (W)} +v(8) = Tpy,ry) v(8) = R, (=) + V() = Ty ) v(5)-

We can thus rewrite the optimization problem (6) as:

mag(v,mﬁ s. toR, (—ms) +0(s) = T(p, ,)v(s) < Oforalls € S,
vER ’

which concludes the proof. O

A.3 Reward uncertainty: the ball constraint case

Corollary. Let m € AS andU = {Py} x (o + R). Further assume that for all s € S, the reward

uncertainty set at s is Ry := {rs € R : ||ry|| < o). Then, the robust value function v™" is the
optimal solution of the convex optimization problem:

Q?R%(v,u@ s. 1. v(s) < T(p, o v(8) — agl[ms|| forall s € S..

Proof. We evaluate the support function:

_ _ _ (2 T _ N
oR,(—s) rseR}‘r:llﬁ*}:Hgang’ s) agll=s|| = agl|ms],

where equality (1) holds by definition of the dual norm. Applying Thm. 1, the robust value function
v™4 is the optimal solution of: max, cgs (v, y10) s. t. o||msl|+v(s) =T, To)v(s) <Oforalls €S,
which concludes the proof.

Ball-constraint with arbitrary norm. In the case where reward ball-constraints are defined according
to an arbitrary norm ||-||, with dual norm ||-|| o+, the support function becomes:

oRr,(—ms) = max (rs, —ms) = al||—ms
' rs €RA: |7 || <ot )

-
ar = ag||ms|lax-

A.4 Related Algorithms: Uncertainty sets from regularizers

Negative Shannon entropy. Each (s, a)-reward uncertainty set is R} () := [In (/r.(a)) , +00). We
compute the associated support function:

oo T =, s ()
= max Z —T(S, CL)7TS (a)
T(s,a'):r(s,a/)ERgfa,(Tr)7a/€.A acA

= max — ms(a)r(s,a
e~ 2 ms(@r(s,a)

r(s,a’)ir(s,a’)>In(1/xs(a e

= Z 7s(a) In(ms(a)), @)

a€A

where the last equality results from the fact that 75, > 0, and —r (s, a)ms(a) is maximal when (s, a)
is minimal. We thus obtain the negative Shannon entropy.
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Negative Shannon KL divergence Negative Tsallis R? function

Regularizer (2
(sl - 1) fiof
> m(@ (@) | S r (0 (W)) g e sl (@l +a v l0])

acA ac A d(a)

Conjugate Q* Not in closed-form
1
In (Z eqs(a)) In (Z d(a)eq"(a)> §+* (%(@2*7(%) )
acA acA ac

Gradient VQ* Not in closed-form

eds(a)

ms(a) = 7Zb€A =

eds(a)

ms(a) = 7Zb64 o

ms(a) = (gs(a) —7(gs))+

Reward Uncer-
tainty

(s, a)-rectangular

(s, a)-rectangular

(s, a)-rectangular

s-rectangular

RE% () =

m(=ta) +)

In (d(a)) + R3%(r)

g

By (ros, %)

Transition Un-
certainty

(s, a)-rectangular

(s, a)-rectangular

(s, a)-rectangular

s-rectangular

{Po(-[s;a)}

{Po(-[s,a)}

{Po(-[s,a)}

B‘H‘(P()S,Oéf)

Table 3: Summary table of existing policy regularizers and generalization to our R? function.

KL divergence. Similarly, given d € A 4, let REE () := In(d(a)) + RYS ()

oREL(m) (= 7s) =

where the last equality uses Eq. (7).

= max

r(s,a’)+In(d(a)):
r(s,a")eRLS , (m),a’ €A

= max

r(s,a’):
r(s,a/)ER]:Sa, (7),a’ €A

= max

r(s,a’):
r(s,a')GRzSa, (m),a’eA

max
r(s,a/):r(s,a/)ERf:f“a, (m),a’eA

acA

acA

Z —r(s,a)ms(a)
Z —r(s,a)ms(a)

Y —(r(s,a) + n(d(a))ms(a)

acA

{= > m(@r(s,a)} = Y ms(a) In(d(a))

acA

acA

= m(a)In(r,(a)) = > ms(a) In(d(a)),

acA

Y aea Ts(a) In (7=(a)/a(a)).

acA
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V(s,a) € X. Then

We thus recover the KL divergence Q(ms) =




1—75(a)

Negative Tsallis entropy. Given R ,(m) := [ 5

,—1—00) Y(s,a) € X, we compute:

ort(my(—ms) = max —r(s,a)ms(a
R )( ) T(s,a'):r(s,a’)ERT’a/(71'),0/6./4(;4 ( ) ( )

s

= max Z —r(s,a)ms(a)
r(s,a’)r(s,a’)e [17%5((1),—&-00) 0’ €A geA

-y -l ®)

acA

1 1 1 1
—5 2 m(a) 5 > m(a)? = 5 + gl

acA acA

where Eq. (8) also comes from the fact that 7, > 0, and —7r(s, a)7s(a) is maximal when r(s, a) is
minimal. We thus obtain the negative Tsallis entropy Q(m,) = (||, [* — 1).

The reward uncertainty sets associated to both KL and Shannon entropy are similar, as the former
amounts to translating the latter by a negative constant (translation to the left). As such, both yield
reward values that can be either positive or negative. This is not the case of the negative Tsallis, as its
minimal reward is 0, attained for a deterministic action policy, i.e., when 74(a) = 1.

Table 3 summarizes the properties of each regularizer. For the Tsallis entropy, we denote

by 7 : RA — R the function qs %, where (gs) C A is a subset

of actions: A(q.) = {a € A : 1 +ig(ap) > Yj_gas(ay)i € {1,---,]A]}}, and
a(;y is the action with the 4-th maximal value [30].

B General robust MDPs

B.1 Proof of Theorem 2

Theorem (General robust MDP). Assume that U = (Py + P) X (ro + R). Then, for any policy
e Ai, the robust value function v™Y is the optimal solution of the convex optimization problem:

max (v, pig) 5. t. v(s) < T{p, .\v(s) — or, (—7s) — op,(—yv - 7s) forall s € S,
vERS 0,70 ) )

where [v - 5](s',a) == v(s)ms(a) V(s a) € X.

Proof. The robust value function v™ is the optimal solution of:

mag(v,uo) s.t. F(s) <Oforall s € S, )
veR
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where F'(s) := max(p ey {v(s) —r7(s) —vPTv(s)} is the robust counterpart of (P) at s € S.
Let’s compute it based on the structure of the uncertainty setd = (Py + P) X (rg + R):

F — -y _ Plﬂ'
()= i {0(s) =) = P To(s)}

= max {v(s) =7 (s) —vP™v(s)}
P':P'=Py+P,PeP
r’ir’=ro+r,reR

— max {0(s) = (5 (s) + 77 () = A(FF + PTuls)} [(Po+ P)" = B + P,

(ro+r)" =rg +1r7]
= pax {v(s) —rg(s) —r"(s) — vFgu(s) — 7P u(s)}

= ama {0(s) = Tk, ry0(s) = 17(5) = YP70(s) } [T, ryy0(s) = 15 (5) + YPF(s)]

= mmase{ —yP7u(s)} + max{ =17 ()} + 0(5) — T, 1, 0(5)
= — win{yP"u(s)} — min{r" ()} + v(s) — T, 0y 0(5)

= - in {yPTu(s) +0p(P)} — min {r7(s) + 0r ()}

+0(s) = T, y0(s)
=~ min _{3(P7.0)+6p(P)} = min{(ru,m.) +dr(r)}

+v(s) — T(}O’m)v(s). [PTu(s) = (PI,v),r"(s) = (rs, ms)]

As shown in the proof of Thm. 1, min, cpx {(rs, 7s) + 0r(r)} = min, cpa{(rs,7s) + or,(rs)}
thanks to the rectangularity assumption. Similarly, by rectangularity of the transition uncertainty set,
forall P := (Ps)ses € RY, we have op(P) =3 cs0p., (Ps). Assuch,

min _{y(PT,v) +6p(P)} = min {y(PT.0)+ Y op,(Pu)}
PER¥ % PeRY X oS

= min_{y(P7,v) + dp, (P.)},
P;eR¥

where the last equality holds since the objective function is minimal if and only if Ps; € P;. Finally,

F(s) = = min (1(P7.0) + 8, (P} = min {{rs.m) + 0, (1)} + v(s) — T,y 0(s).

Referring to the proof of Thm. 1, we know that — min,.cpx {(rs, 7s) + dr(r)} = or,(—7s), s0
F(s) = = min {(P7,0) + 0, (P} + o, (=) & 0(6) = Ty 0(5).

Let the matrix v - 7, € RY defined as [v - 7,](s', a) := v(s')ms(a) for all (s',a) € X. Further define
©(Ps) := v(PT,v), which we can rewrite as ¢(Ps) = v(Ps, v - m¢). Then, we have that:

i PT v) +6p (Ps)} = mi P;)+6p (Ps)} = — mi *(-B)+ B)},
P?;IDQX{’V( <50) + 0p, (Ps)} P?élﬂi?x{@( ) +0p, (Pe)} = — min {¢"(=B) +op,(B)}
where the last equality results from Fenchel-Rockafellar duality and the fact that (dp,)* = op,. It
thus remains to compute the convex conjugate of :
*(-B) = P, — B) — (P
#"(=B) = max {( ) — (P}
= max {(Ps,—B) —y(Ps,v-7s)}
P eR¥

= pﬂ%xJP& —B—yv-my)

_J0if = B—yv -7, =0
~ | 400 otherwise,

which yields mingcpx {¢*(—B) + op,(B)} = op,(—yv - 7). Finally, the robust counterpart
rewrites as: F'(s) = op, (—yv - 7ms) + o, (—7s) + v(s) — 175, +o)V(8), and plugging it into the
optimization problem (9) yields the desired result. O
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B.2 Proof of Corollary 1

Corollary. Assume that U = (Py 4+ P) x (rg + R) with Py := {P, € R : ||P,|| < o’} and
Ry = {rs € R : ||ry|| < o} forall s € S. Then, the robust value function v™" is the optimal
solution of the convex optimization problem:

max (v, o) . 1. v(s) < T, pyv(s) = aillmsl| = ady|ollims|l foratl s € 5.
v

Proof. As we already showed in Appx. A.3, the support function of the reward uncertainty set is
or.(—ms) = al||ms||. For the transition uncertainty set, we similarly have:

op,(—yv-ms) = max (P, —yv-7)
P;eR™:
I1PslI<al

= af[|-yv - |

= a7yl - |
= a7yl |- llo-msl®> =Y (0(s)ms(a))?
(s’,a)eX
= 0(s)? Y mala)® = ||o]?||ms]|?]

s'eS acA

Now we apply Thm. 1 and replace each support function by their explicit form to get that the robust
value function v™ is the optimal solution of:

max (v, o) 5.t 0(s) < T, yo(s) = aZllma]| = af || -3 Jo] forall s € 5.
v

Ball-constraints with arbitrary norms. As seen in the proof of Thm. 1 and in Appx. A.3, for ball-

constrained rewards defined with an arbitrary norm ||-||, of dual ||-||,+, the corresponding support
function is o (—7s) = af||ms||4=. Similarly, for ball-constrained transitions based on a norm |||
of dual ||-||+, we have:

0’735(_’7’0 : 7T5) = ma); <P87 O 7Ts> = a§||_7v *Ts|lb*
P,eR™:
[ Psllp<al

in which case the robust value function v™ is the optimal solution of:

w —a—yv-m,

mag(v,u(ﬁ s. to(s) < Tp, )v(s) — agms] p- foralls € S.

veR

C R2MDPs

C.1 Proof of Proposition 3

Proposition. Suppose that Asm. 1 holds. Then, we have the following properties:

(i) Monotonicity: For all vi,vs € RS such that vi < vy, we have T“’szl < T’T’szg and
T*’RZ’Ul S T*’RZ’UQ.

(ii) Sub-distributivity: For all v, € RS, ¢ € R, we have T F (v1 +clsg) < T"*szl + ycls and
T*’Rz(vl +clg) < T*’R2v1 + vclg, Ve € R

(iii) Contraction: Let €, := mingcs €5 > 0. Then, for all v{,vs € Rs,

1T vy = T™ vyl < (1= €2)l[v1 — v2llo and [|T*F vy — T*¥ 13| < (1 — )01 — v2|oc-
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Proof. Proof of (i). Consider the evaluation operator and let v, ve € R® such that v1 < vg. For all
seS,

[T™% vy — T™F 05)(s)
= Ty roy01(8) — al|lmsll = al v o |||l
— (T(py royv2(s) — oL llme]l — afv[lvz|l 1))
= T(py r0)01(8) = Tpy royv2(s) + al yllmws || (lvall = flva]])
= YF§ (01 — v2)(s) + o yllmal| vz = [va])
= y(ms, Pos(v1 — v2)) + el yllml|(lvz]l = [oall)  [Vo € RS, PFo(s) = Y mo(a)Po(s']s, a)u(s’)

(s’,a)eX
=Y mi(a)[Posv)(a) = (ms, Posv)]
acA
Ts
=l ({257 PosCon = 12) ) + o (el = o)
Ts S
< Al (<”7T”,Pos<v1 - v2>> T o (os - mn)) Vo, w € RS, [jo] = ] < [llo] = [fwll] < flo — w]].
By Asm. 1, we also have
p ) - . s (v2 —v1)
a, < min uy Po(ls, )vs = min (ug, Po(|s,)vs) < <7P0(-5, )>,
ug€RA, Jual=1 ua€RA, Jual=1 [[7s |l [[ve — v1]]
vs€RY |lvs|=1 vs€RF [lvs|=1
so that
Tﬂ-’Rz _ 1’!7‘1’,]{2 < < s ,P o Ts ,P . . (UQ - Ul) o
[ U1 1)2](8) = ’YH’/T H ||7Ts|| Os(vl v?) + H7Ts|| 0( |87 )va — Ul” ||,U2 vl”

=l ({2 Pooton = 00)) o+ (2o FoCs oz = o)) ) =0,

where we switch notations to designate Py(-|s,-) = Py, € RS This proves monotonicity.

Proof of (ii). We now prove the sub-distributivity of the evaluation operator. Let v € RS, ¢ e R. For
all s € S,

[T™% (v + cls)](s)
=[T75, ) (v + L)](5) — afl|ms]| — oL yllv + cLs]|[1m]|
=T, 10y 0(8) + 7€ — alllm|| — alvllv + cls ||| [T75, 20y (v + €1s) = T, )0 + 7CLs]
Ty w0y 0(8) + ¢ — al ||| — alallms | ([loll + llcLs]])
=T, 10y 0(8) + 7€ — alllml| — al~y s [lo]

— ol ||l cls|

=[T"* v](s) + e — aly|m | [leLs|
<[T™](s) + e, [y >0, >0,]|| > 0]

Proof of (iii). We prove the contraction of a more general evaluation operator with £,, regularization,

p > 1. This will establish contraction of the R? operator Tm®’ by simply setting p = 2. Define as ¢
the conjugate value of p, i.e., such that % + % = 1. As seen in the proof of Thm. 2, for balls that are

constrained according to the £,-norm |||, the robust value function v™ is the optimal solution of:
Iré%)sdv,uo} s. L 0(8) < Tp, ) v(s) — aglmslly — al||l—yv - my|, forall s € S,
v

because |-, is the dual norm of ||-||,,, and we can define the R? operator accordingly:

2
[Tq’“R v](s) = T(’}o,ro)v(s) — o ||msllg — af'va Tl Yv e RS, seS.
We make the following assumption:
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Assumption (A,). Forall s € S, there exists ¢, > 0 such that of < 1=1=f=
vIS|e

Let vy, v € R®. Forall s € S,
T 01)(s) = [T va](s)

= | T(TrPo’ro)Ul(S) - ag””S”q - O{}:'Y”UI '7Ts||q

= (T(py gy v2(5) = aillmsllg = ol yllv2 - msllg) |

:’T(TrPo,ro)vl(S) - TZTPO,rO)W(S) + |a5’y(H02 Tsllg — o '7TS||q)|

=Ty 1(5) = Tl oy 22(5)] + a1z - 7l = o - ol

S’T(rPo,ro)Ul(S) - T(‘ITPD,TO)UQ(S)‘ + O‘f:’}/H’UQ “Ts — U1 7TS||q
VA, B eRY, [[|All, — Bl < [|A—B]|]
<y[lvr — U2||<>o + 045'7||U2 T — V1 Tslg
T py o)1 = Tpy )2 lloo < Vllvr — v2l o]
=yllvr = vl + @l V[ (ve — v1) - sl
Vo,we RS v -7y —w-7ms = (v—w) - 7]
<Ylor = vzl + g [lv2 =il Vo € R, [|v- mllg < [lo]l]
1 1
<A1 = w2l + @l SI 5 [lor = o]l [Vo,w € R, [l —w]lg < [S]7]|v = wl|oo]
1
=y(1 + ] |S[#) [l —va| o,
1—~v—e 1—v—e¢
<y (1 - ”) lon = vl [of <~ by Asm. (A,)]
" VIS4
=(1 = €5)[lv1 — v2]leo
<(1—=e)|lvr = vz,
where €, := mingecs €. Setting ¢ = 2 and remarking that: (i) the first bound in Asm. 1 recovers

Asm. (Ay); (i) Ty R T“’Rz, establishes contraction of the R? evaluation operator. For the
optimality operator, the proof is exactly the same as that of [13, Prop. 3], using Prop. 1. [

C.2 Proof of Theorem 3

Theorem (R? optimal policy). The greedy policy TR = Ga,. (v*’Rz) is the unique optimal R? policy,

. * 52 2 2
ie., forallm € A5, v™ R =R > ™R,

Proof. By strong convexity of the norm, the R? function Q, 2 : 75 — ||7s]|(a? + aFy|v]]) is
strongly convex in 7s. As such, we can invoke Prop. 1 to state that the greedy policy 7** is the
. o 2 .
unique maximizing argument for v** . Moreover, by construction,
«R2 12 2 2 2

2
Tﬂ' LR ,U*,R — T*,R /U*,R — v*,R .

R

*,Rz . . .
Supposing that Asm. 1 holds, the evaluation operator 7™ = - *is contracting and has a unique fixed

*,Rz . . *,Rz 2 .
point v™ ®*Therefore, v** being also a fixed point, we have v™ = * = v*® . It remains to
show the last inequality: the proof is exactly the same as that of [13, Thm. 1], and relies on the

monotonicity of the R? operators. O

C.3 Proof of Remark 1
Remark 2. An optimal R’ policy may be stochastic. This is due to the fact that our R> MDP

framework builds upon the general s-rectangularity assumption. Robust MDPs with s-rectangular un-
certainty sets similarly yield an optimal robust policy that is stochastic [47, Table 1]. Nonetheless, the
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R?> MDP formulation recovers a deterministic optimal policy in the more specific (s, a)-rectangular
case, which is in accordance with the robust MDP setting.

Proof. Inthe (s, a)-rectangular case, the uncertainty set is structured as i/ = X (5 q)cxU(s, a), where
U(s,a) = Py(+]s,a) X 19(s,a) + P(s,a) x R(s, a). The robust counterpart of problem (Py,) is:
F(s) = max {uv(s) =77 (s) —yP"v(s)}

(Pr)eu
v(s) —rj(s) —r™(s) —vPJv(s) —yP"v(s
e B {uls) < (s) = 17 (s) ~ A FFu() — 7 PTo(s)

= max —7r7(8) — yP™v(s)} + v(s) — rJ(s) — vPJv(s
(P(:|s,a),r(s,a))EP(s,a) xR (s, a){ ( ) v ( )} ( ) 0( ) 7o ( )

=  max —r + PTu(s)} +v(s) = T(p ,. V(s
r(s,a)eMs,a){ RS P([s)eP(sa >{ (8)} +0(5) = T rg) 0 (5)

= max - Ts(a@)r(s + — ms(a){(P(-|s,a),v
r(s,a)ER(s,a) { a;él ( ) ( )} ’yP( |s, a)EP(s a) { (%4 ( )< ( | ) >}

+v(8) = T(p, ro)v(5)

Soma) (e Crea} o, me (PCsa). o))

acA
+ 0(s) = T(p, ry)v(s)-

In particular, if we have ball uncertainty sets P(s, a) := {P(-|s,a) € RS : ||P(-]s,a)|| < a¥,} and
R(s,a) :={r(s,a) € R:|r(s,a)| < af,} forall (s,a) € X, then we can explicitly compute the
support functions:

max —r(s,a) = al , and max ‘|s,a), —v :afa v||.
r(s,a):|r(s,a)|<ay (8) ’ P(-|s,a):| P(:|s,a)||<af (PCls,a), —v) allvl

—"s,a =%s,a

Therefore, the robust counterpart rewrites as:

F(s) =Y mo(a)(af , +ralyllvl) +v(s) = Tfp, .0)v(s),
acA

and the robust value function ™! is the optimal solution of the convex optimization problem:

m?g@,uo) s. tv(s) < Tp, rg)v(s) — Z ms(a)(ag, —|—7a£aHU||) foralls e S.
ve acA

This derivation enables us to derive an R? Bellman evaluation operator for the (s, a)-rectangular case.
Indeed, the R? regularization function now becomes

Qv,R2 (7‘(‘5) = Z ﬂ—S(a)(a;a + Fyaf,aHU”%

acA

which yields the following R? operator:
[T™0)(s) = T{, 10y0(5) = Q2 (7)), Vs€S.

We aim to show that we can find a deterministic policy 7¢ € A% such that [T ®p)(s) = [T ](s)
for all s € S. Given an arbitrary policy 7 € Ai, we first rewrite:

[T 0)(s) = (s) + v ols) — Q ()

> moa)ro(s,a) +7 ) we(a){Po(-|s, a),v) — (Z 7Ts(a)(OéZ,a+“yozf7a||v))

acA acA acA
= % ) (rals,0) — oL + (P, ) — oL )
acA
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By [36, Lemma 4.3.1], we have that:
S () (ro<s,a> a4 (Polls, ), v) - aiawn))

acA

< mag{ro(s.0) — ol (B lssa). o) L, .

and since the action set is finite, there exists an action a* € A reaching the maximum. Setting
7é(a*) = 1 thus gives the desired result. We just derived a regularized formulation of robust MDPs
with (s, a)-rectangular uncertainty set and ensured that the corresponding R? Bellman operators yield
a deterministic optimal policy. In that case, the optimal R? Bellman operator becomes:

(T 0] (5) = maX{ro(&a) o+ A((Po( s a), ) — a:iavn)}.

acA

D R? g-learning
D.1 The R? ¢g-function
Theorem 4. Assume thatU = ({Py} + P) x ({ro} + R) and U is (s, a)-rectangular. Then, its
corresponding robust action-value function is an optimal solution of:
ma (g, ) 1. 4(5,0) < T, 10(5,0) = 05001 (~1) ~ 0o (70 ) or al (5, 0) € X,
q

(10)
where [q - m|(s') := > c 4 msr(a')q(s',a"),Vs" € S.

Proof. 1t is known from [24] that the robust action-value function is an optimal solution of:
magg(q,,uo ~m) s.toq(s,a) < Tlp,yq(s,a) forall (s,a) € X, (P(:[s,a),7(s,a)) € U(s, a),
geR )

which can be rewritten as:
rrel]%ig(q,,uo -m) st q(s,a) <Tlp . ya(s,a) + (s, a) + v(P([s,a) - 7, q)
q

forall (s,a) € X, (P(-|s,a),r(s,a)) € U(s,a),
with [P(:|s,a) - 7](s',a") := 7s (o) P(s']s,a),V(s',a’ € X). More synthetically, the robust action-
value function is an optimal solution of:
£§§<q,u0 -)
s.t. max { s,a) —Tp . yq(s,a) —r(s,a) — y(P(:|s,a ~7T,q}§0
sl oy 115 W) ~ Tl 2(5,@) = 7(5,0) = (P ls,a) -7, )
forall (s,a) € X. (11)

We now compute the robust counterpart. For any (s,a) € X and policy 7 € A%, denote by:

F™(s,a) := max {qs,a —T7 . q(s,a) —r(s,a) — y(P(:|s,a ~7r,q}.
(s,a) Pl e (s,a) = T{p, rpya(s,a) = 7(s,a) = y(P([s,a) - 7,q)

Removing the constant terms from the maximization and using the indicator function yields:

F7(s,a) = q(s,a) — T(p, ro)a(s,a) + s T s {=r(s,a) =v(P(|s,a) -7, q)}
=q(s,a) = T{p, rpya(s,a) — Pl B e {r(s,a) + y(P(|s,a) -7, q)}
=q(s,a) = T(p, rp)4(s, a) — " ar)régg(s a)r(sya) P ‘Sg;g;)( )V<P(-\8,a) ", )
=q(s,a) = T{p, rpya(s,a) — T(gg)neR{r(s 1) + O (s,a)(r(s,a))}

— min  {y(P(]s,a) -7, q) + 0p(s,0)(P("[5,a))}.

P(-|s,a)€ERS
Applying Fenchel-Rockafellar duality to both minimization problems yields the desired result. [
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Corollary 2. [If, additionally, Ps, is a ball of radius of, w.r.t. some norm ||-|| and R s, an interval of

radius o, then the robust action-value function is an optimal solution of:

Hé§§<q’“0 ) st q(s,a) <T(p, .ya(s,a) —ag, — val g - 7|« forall (s,a) € X.  (12)
q

The upper-bound in the optimization problem enables to define the R? Bellman operator on ¢-
functions as:

[T™%q)(s,a) = T{p, ,o)a(s, @) — aly — val,llg - 7.

D.2 Distinguishing between R? and robust ¢-functions

We aim to show that although we can interchangeably optimize an R? g-function or a robust g-value
under (s, a)-rectangularity, the R? g-function obtained from the R? value v is not the same as the
g-function obtained from the original robust optimization problem. This nuance is reminiscent of the
regularized MDP setting, where defining the regularized g-function w.r.t. the regularized value v is
not equivalent to taking v as the expected g-function over a policy.

Let thus assume that the uncertainty set is (s, a)-rectangular. Then, by Sec. C.3, the R? value function
v™R" is the unique fixed point of the R? Bellman operator as below:

2
[T™%0](s) = T{p, o)v(s) — Z ms(a)(ag , + 7a§a||v||), VseS.
acA

This rewrites as:

2 2 2
0™ (5) = 3 ma(@) (rols,0) + (P (s, @), v™) — oL, — el o™ )
acA

2 2
=3 m(@) (6™ (s.0) — al, = vall o))

acA

where the last equality holds by definition of the g-function associated with p™ R’ (Def. 2). As a
result,

¢ m(s) = 0™ (s) + [0 90l o™ ] - 7(s)
Alternatively, by optimizing w.r.t. ¢ € R instead of v € R® and applying Cor. 2, the robust
action-value function g™ satisfies:
qu(S?a) = T(TrPo,m)qTr’u(S,a) - a:a - ﬂYaf(L”qmu : 7T||* for all (570') €ex.
Taking the expectation over policy 7 yields:

M =rF + PT (™Y - m) - Z ms(a)(at, —yal lg™ - 7|.) for all (s,a) € X,
acA

so that ¢™! - 1 is a fixed point of the R? Bellman operator. By unicity of its fixed point, we obtain
that ¢™Y - = v™R* . As a result:

2 2
= (@™ —a" =l ") -7
2 2
— % = [+ a o
Taking deterministic policies on each possible action, we end up with an element-wise identity:

2 2
¢ (s,a) = ¢ (s,a) — af o — Y0 ol

24



D.3 Convergence of R? g-learning

Theorem 5 (Convergence of R? g-learning). For any (s,a) € X, let a sequence of step-sizes
(Bi(s,a))ten satisfying 0 < Bi(s,a) <1, Yoy Bi(s,a) = ccand Y, B%(s,a) < occ. Then, the
R? g-learning algorithm as given in Alg. 2 converges almost surely to the optimal R?> q-function.

Proof. We will use the convergence result from [25]. The update rule is given by:

Qt+1(3t7at) = Qt(3t7at>
s (e (e, 8) - 0, = 0, gD~ (o0
which we rewrite as:

qey1(st,a) = (1 — Be(st, at))qe(se, at)

+ Bi(s¢, ar) (rm +7ymax q(se41,0) — al.,, —val,, Hma;‘c q: (-, )|l

be
(13)
Further let As(s,a) := q:(s,a) — q*sz(s, a),¥(s,a) € X. Then Eq. (13) rewrites as:
Arvi(s,a) = (1 = Be(se, ar)) A¢ (s, at)
2
+ Be(st; ar) <7”t+1 + Vrlfle%i(Qt(St+lv b) = f,q, — ’)’Otﬁjat||r117f1€2§‘>‘cqt(~7 b« — g™ (st,at)> .

We introduce the following random variable:

P % R?
Gt(S,CL) = T(Sva) +7Igleaj\{Qt(X(Saa)7b) - Oé;a - Fyasa”%lea:i(qt(Vb)H* —4q " (370')5

so that
B1Gi (5,07 = (s, 0) 4 g (X5, 00,0) = = 90 g0 = 7 (5,1

_ P(s "B —al — P _b*_*,kz
T(S,a)+7£r§e§3‘< (s'ls,0)au(s,b) = a%, = yagllmax (- )]l — ¢ (s, 0)
— [T (5, 0) — 4 (5,0)
2 2 2
= [T"% ¢](s,a) = [T™% ¢ |(s,a).

By contraction property of the R?> Bellman operator, we thus obtain:

1B (Gi(s, )| Filloe = [T (s, 0) = [T (s, a)

o0

<-e)

a(s.a) =g (s,0)| = (1 e)aisa)l.

E Planning on a Maze

Number of seeds per experiment 5
Discount factor ~y 0.9
Convergence Threshold 6 le-3
Reward Radius a” le-3
Transition Radius o’ le-5

Table 4: Hyperparameter set to obtain the results from Table 1
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In the following experiment, we play with the radius of the uncertainty set and analyze the distance
of the robust/R? value function to the vanilla one obtained after convergence of MPI. Except for the
radius parameters of Table 4, all other parameters remain unchanged. In both figures 3 and 4, we see
that the distance norm converges to 0 as the size of the uncertainty set gets closer to O: this sanity
check ensures an increasing relationship between the level of robustness and the radius value. As
shown in Fig. 3, the plots for robust MPI and R?> MPI coincide in the reward-robust case, but they
diverge from each other as the transition model gets more uncertain. This does not contradict our
theoretical findings from Thms. 1-2. In fact, each iteration of robust MPI involves an optimization
problem which is solved using a black-box solver and yields an approximate solution. As such, errors
propagate across iterations and according to Fig. 4, they are more sensitive to transition than reward
uncertainty. This is easy to understand: as opposed to the reward function, the transition kernel
interacts with the value function at each Bellman update, so errors on the value function also affect
those on the optimum and vice versa. Moreover, the gap grows with the radius level because of the
simplex constraint we ignored when computing the support function of the transition uncertainty set.
The work [29] accounts for this additional constraint to derive a regularization function that recovers
the robust value under transition uncertainty.
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F R? Learning Experiments

In this section, we provide additional details and experiments regarding our R? g-learning algorithm.

F.1 Tabular case

As proof of concept, we perform experiments in a tabular environment. Here, our goals are the
following: (i) numerically illustrate the convergence of R? g-learning; (ii) highlight its computational
advantage over robust g-learning concurrently with its robustness properties.

We consider a Mars Rover domain as in [43]. The objective is to find the shortest path to a goal state
in a 10 x 10 grid. However, taking a shorter path implies higher risk: the rover has a greater chance
to hit a rocket and get a negative reward. The transition function is stochastic: the agent moves to the
chosen direction with probability 1 — €, and randomly otherwise. At each step, it receives a small
penalty rgep. An episode terminates whenever the rover reaches the goal state or hits a rock. The two
scenarios yield a reward of rgyccess and 7, respectively. We thus have rguccess > 0 > Tgep > Trait- We
compare our R? g-learning algorithm with two baselines: vanilla and robust q-learning. Vanilla is
the standard method that ignores model uncertainty and assumes the reward and dynamics are fixed.
Robust g-learning trains a robust optimal policy using robust Bellman updates, thus requiring solving
an optimization problem at each iteration [37].
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Figure 5: Convergence plots for Mars Rover. (a) Cumulative reward w.r.t. the number of iteration
steps, averaged over 10 seeds. For R? and robust g-learning, o, = . = 0.01. (b)
Cumulative reward w.r.t. time process in seconds. Performance peaks appear because data
are sometimes logged in the middle of an episode, so the agent has accumulated negative
rewards.
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Figure 6: Mars Rover: (a) Evaluation of g-learning over new transition models. Each algorithm
was trained over 10 seeds on nominal ¢ = 0. (b) Comparison of different 3-values for
moving average. Each -value is run over 5 seeds (these are the same for the exact and the
estimated case).

Fig. 5a shows the convergence plot across iteration steps for the three agents: vanilla, robust and
R?. All of them have similar sample complexity and fulfill the task within 100 iteration steps. The
difference between them arises when we look at the time complexity of each algorithm. As we
can see in Fig. 5b, robust g-learning takes more than 2 minutes to converge, whereas vanilla and
R? ¢-learning achieve the highest reward within 4 seconds (see also Fig. 7). Similarly, we calculated
the average time necessary to perform one learning step in each algorithm: one R? update takes
7.7+ 5.9 x 1075 seconds to run, which is slightly slower than vanilla with 1.24 4 0.89 x 10~¢
seconds. On the other hand, a robust g-update takes 3 4= 0.9 x 10~2 seconds, thus representing 10*
higher cost than the other two approaches. This highlights the clear advantage of R? over robust
g-learning in terms of computational cost. To check robustness, after training, we evaluate each
policy under varying dynamics. In particular, we increase the value of ¢ to make the environment
more adversarial. Fig. 6a shows that the R? policy performs similarly to the robust one under more
adversarial transitions i.e., when ¢ tends to 1, both being less sensitive than vanilla.
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Figure 7: Mars Rover: Cumulative reward w.r.t. time process in seconds (zoom in)

| Parameter | Value |
| Parameter | Value | link_length_2 1.0
gravity 9.8 link_mass_1 1.0
| Parameter | Value | ™ magsscart 1.0 link_mass_2 1.0
[ randomratee [ 0 || masspole 0.1 link_com_pos_1 1.0
(a) Mars Rover parameters length 0.5 llnchom_p(‘)s_Z 1.0
force_mag 10.0 link_moi 1.0
(b) Cartpole link_length_1 1.0
(c) Acrobot

| Parameter | Value |

force 0.001
gravity 0.0025

(d) Mountaincar
Table 5: Nominal environment parameters on which all algorithms have been trained
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