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Abstract

We study the problem of learning a single neuron
under standard squared loss in the presence of ar-
bitrary label noise and group-level distributional
shifts, for a broad family of covariate distribu-
tions. Our goal is to identify a “best-fit” neuron
parameterized by w∗ that performs well under
the most challenging reweighting of the groups.
Specifically, we address a Group Distribution-
ally Robust Optimization problem: given sample
access to K distinct distributions p[1], . . . ,p[K],
we seek to approximate w∗ that minimizes the
worst-case objective over convex combinations
of group distributions λ ∈ ∆K , where the
objective is

∑
i∈[K] λ[i] E(x,y)∼p[i]

(σ(w · x) −
y)2−νdf (λ, 1

K1) and df is an f -divergence that
imposes (optional) penalty on deviations from
uniform group weights, scaled by a parameter
ν ≥ 0. We develop a computationally efficient
primal-dual algorithm that outputs a vector ŵ
that is constant-factor competitive with w∗ un-
der the worst-case group weighting. Our analyt-
ical framework tackles the inherent nonconvex-
ity of the loss function, providing robust learning
guarantees in the face of arbitrary label corrup-
tions and group-specific distributional shifts. The
implementation of the dual extrapolation update
motivated by our algorithmic framework shows
promise on LLM pre-training benchmarks.

1 INTRODUCTION

The challenge of ensuring model robustness against distri-
butional shifts is a central theme in modern machine learn-
ing. Group Distributionally Robust Optimization (Group
DRO) has emerged as a principled framework to address
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such challenges, particularly in settings with heterogeneous
data from distinct subpopulations (or groups) (Hashimoto
et al., 2018; Oren et al., 2019; Sagawa et al., 2020). The
objective of Group DRO is to learn a model that minimizes
its loss under the worst-case reweighting of these groups,
thereby guarding against poor performance on any single
subpopulation. Group DRO has enjoyed significant empir-
ical success in large-scale applications; for instance, Xie et
al. (2023) and Xia et al. (2024) leverage dynamic reweight-
ing of data domains to improve the performance of large
language models. Despite these practical advances, most
of the existing theory for DRO is limited to convex opti-
mization problems. This leaves a critical gap in our un-
derstanding of the nonconvex landscapes that characterize
deep learning, where these methods are most impactful.

Alas, even without distributional robustness, learning guar-
antees for nonconvex models are nontrivial. A canonical
example is the classical problem of learning a single neuron
(Rosenblatt, 1958; Nelder and Wedderburn, 1972): namely,
a function of the form σ(w⊤

∗ x),where σ is a known activa-
tion function (e.g., ReLU: σ(t) = max{0, t}), w∗ ∈ Rd is
the unknown parameter vector, and x ∈ Rd is the data vec-
tor; the goal of a learner is to minimize the mean squared
loss L2(w) := E(x,y)∼D[(σ(w

⊤x)− y)2] over a centered
Euclidean ball of given radius W, denoted by B(W ).

This problem is already computationally challenging in
general because of the inherent nonconvexity of the
squared loss for common activations like ReLU. Without
any distributional assumptions imposed on the labeled ex-
amples and for standard activations like the sigmoid and
ReLU, robust learning is NP-hard even if we only re-
quire constant-factor approximation for the minimum mean
squared loss (Sima, 2002; Manurangsi and Reichman,
2018). Under more structured conditions, tractability can
be recovered: if the labels are realizable (i.e., if for la-
beled pairs (x, y), y = σ(w⊤

∗ x) for some fixed activa-
tion σ and parameter vector w∗) or exhibit zero-mean,
bounded-variance noise, fairly mild assumptions on the x-
marginal distribution and activation σ suffice for minimiz-
ing the mean squared loss to error ϵ > 0 in polynomial
time (in d, 1/ϵ and other problem parameters) (Kalai and
Sastry, 2009; Kakade et al., 2011; Soltanolkotabi, 2017).
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However, once arbitrary label noise is introduced—a re-
alistic setting accounting for possible model misspecifica-
tion and non-structured noise classically studied in the con-
text of agnostic learning (Haussler, 1992; Kearns et al.,
1992)—the problem again becomes intractable: even in
the Gaussian setting, achieving additive error ϵ > 0 re-
quires dpoly(1/ϵ) time, ruling out any polynomial-time al-
gorithm (Goel et al., 2019; Diakonikolas et al., 2020a; Goel
et al., 2020; Diakonikolas et al., 2021b; Diakonikolas et al.,
2023). These hardness results highlight the necessity of de-
signing efficient constant-factor approximation algorithms
under structural assumptions imposed on the x-marginal
distribution and the class of activation functions.

Our work addresses the problem of learning a single neu-
ron in a setting that combines two significant challenges:
adversarial label noise and group-level distributional shifts.
We consider a scenario where training data originate from
K groups, each associated with an unknown distribution
p[1], . . . ,p[K], while the group memberships of examples
are known. The reference distribution, representing an un-
perturbed state, is an equal mixture p0 = 1

K

∑K
i=1p[i].

Our aim is to determine a weight vector w ∈ B(W ) pa-
rameterizing a neuron whose loss is robust to the worst-
case reweighting of the groups. We formalize this by seek-
ing a w minimizing the squared loss under a worst-case
convex combination of group distributions, where devia-
tions from a uniform weighting are penalized by an f -
divergence. This leads to the following min-max problem:

min
w∈B(W )

max
λ∈∆K

K∑
i=1

λ[i] Ep[i]

(
σ(w⊤x)−y

)2−ν df(λ, 1
K1
)
.

Here, σ : R → R denotes a known activation function
such as ReLU (see Definition 1.1 for the definition of ac-
tivations captured by our results), ν ≥ 0 is a regulariza-
tion parameter controlling the robustness trade-off, and df
is a strongly convex f -divergence that quantifies the dis-
crepancy between the learned group-weight vector λ and a
uniform weighting. This formulation captures both adver-
sarial label noise (within groups) and distributional shifts
(across groups).

For this setting, we develop the first computationally effi-
cient algorithm with provable guarantees. Our algorithm is
primal-dual and it outputs an estimated parameter ŵ that is
competitive with the optimal parameter vector w∗. Specif-
ically, for the worst-case reweighting λ∗ corresponding to
w∗, our estimate satisfies, for a constant C > 1,∑

i∈[K]

λ∗[i]Ep[i]
(σ(ŵ · x)− y)2

≤ C max
i∈[K]

Ep[i]
(σ(w∗ · x)− y)2 + ϵ.

We recall here that, as discussed earlier in the introduc-
tion, even forK = 1 (no group shifts), obtaining error with

C = 1 is not possible for polynomial-time algorithms in
the considered setting. Our analytical framework handles
the structured nonconvexity of the problem while utilizing
memory-efficient dual-side extrapolation, making our ap-
proach well-suited for large-scale applications.

We remark here that the only prior work that handles both
adversarial label noise and distributional shifts is the re-
cent work Li et al. (2024). Compared to Li et al. (2024),
our work applies to a different type of distributional shifts
(group shifts in place of distributional ambiguity across all
examples, which is better aligned with recent applications
like Xie et al. (2023) and Xia et al. (2024)); it removes
higher-moment loss assumptions and applies even when
there is no penalization (ν = 0); it is not restricted to χ2-
divergence; and it employs extrapolation (momentum) on
the dual instead of the primal side, which has implications
on ease of implementation as discussed later in the paper.

In the rest of the section, we introduce the necessary back-
ground to formally state our main result and provide a tech-
nical overview. A detailed discussion of related literature
is provided in Appendix A.

1.1 Problem Setup

For two discrete probability vectors λ,λ′ ∈ ∆K , the f -
divergence is defined as df (λ,λ′) =

∑K
i=1 λ

′
[i]f
(λ[i]

λ′
[i]

)
,

where f : [0,∞) → R+ is a convex function satisfying
f(1) = 0. We focus on f -divergences for which the map-
ping λ 7→ df (λ,λ0) is strongly convex with respect to a
relevant norm over the simplex ∆K ; these include some of
the most commonly used examples like the χ2-divergence
and Kullback-Leibler (KL) divergence.

Same as Li et al. (2024), our analysis applies to a broad
class of activations that are convex and (α, β)-unbounded.
Definition 1.1 (Unbounded Activation (Diakonikolas et al.,
2022a)). A function σ : R → R is (α, β)-unbounded if it
is non-decreasing and satisfies: (i) σ is β-Lipschitz contin-
uous; (ii) for some α > 0, σ(t1) − σ(t2) ≥ α (t1 − t2)
holds for all t1 ≥ t2 ≥ 0; (iii) σ(0) = 0.

To make this challenging nonconvex problem tractable, we
build upon the approach of prior work on robust learning of
a neuron (Wang et al., 2023; Li et al., 2024)—by imposing
structural properties on the x-marginal distributions across
groups. The first of those assumptions is subexponential
concentration of 1D projections:
Assumption 1.2 (Sub-Exponential Tails). There is a con-
stant B > 0 such that for every i ∈ [K] and every unit
vector u ∈ B(1), for all r ≥ 1,

Pr
x∼px[i]

(
|u · x| ≥ r

)
≤ exp(−r/B).

Additionally, similar to Wang et al. (2023) and Li et al.
(2024), we impose the following margin condition.
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Assumption 1.3 (Uniform Margin). There exist constants
ζ, γ ∈ (0, 1] such that for every group i ∈ [K] and every
vector w ∈ Rd,

Ex∼px[i]

[
xx⊤I{w · x ≥ γ∥w∥2}

]
⪰ ζId. (1)

This means that the covariance matrix within the “mar-
gin region” {x : w · x ≥ γ∥w∥2} is uniformly well-
conditioned across all groups and weight vectors w. We
remark here that (1) is required for every weight vector
w, making it a stronger condition than its counterparts in
Wang et al. (2023) and Li et al. (2024), which only en-
forced such a condition for the target parameter w∗. Nev-
ertheless, this stronger condition still captures all well-
concentrated distributions discussed in Wang et al. (2023)
including well-behaved distributions from Diakonikolas et
al. (2022a) (which include log-concave and s-concave dis-
tributions), discrete Gaussians, and the uniform distribution
on {−1, 0, 1}d, because the definitions of those distribu-
tions do not involve w∗.

With these components, we can formally define our regu-
larized Group DRO problem.

Definition 1.4 (Loss, Risk, and OPTm). Let B(W ) =
{w ∈ Rd : ∥w∥2 ≤ W} be the feasible set for weight
vectors and let p[1], . . . ,p[K] be the K group distributions.
For any w ∈ B(W ) and λ ∈ ∆K , the regularized loss is:

L̄(w,λ) =

K∑
i=1

λ[i] E(x,y)∼p[i]

(
σ(w·x)−y

)2−ν df(λ, 1
K1
)
.

The DRO risk for a given w is the maximum loss over all
possible group weightings:

R(w) = max
λ∈∆K

L̄(w,λ). (2)

Let w∗ = argminw∈B(W )R(w) be the optimal weight
vector and λ∗ be its corresponding worst-case group
weights. Our performance benchmark is the unregularized
loss of w∗ on its single worst-performing group:

OPTm = max
i∈[K]

E(x,y)∼p[i]

(
σ(w∗ ·x)− y

)2
.

Problem 1.5 (Robust Learning a Group DRO Neuron).
Given a convex (α, β)-unbounded activation σ, error pa-
rameters ϵ, δ ∈ (0, 1), regularization parameter ν ≥ 0,
weight radius W > 0, and sample access to labeled exam-
ples from each of the K group distributions p[1], . . . ,p[K],
the goal is to output a parameter vector ŵ ∈ B(W ) such
that, with probability at least 1 − δ, ∥ŵ − w∗∥22 ≤
C OPTm + ϵ for a universal constant C > 1.

As we later argue (see Equation (10)), ∥ŵ − w∗∥22 ≤
C OPTm + ϵ in turn implies a loss value bound of∑
i∈[K] λ

∗
[i]Ep[i]

(σ(ŵ · x) − y)2 ≤ C ′ OPTm +ϵ, where
w∗, λ∗, and OPTm are from Definition 1.4, and C ′ > 1 is
a universal constant.

1.2 Main Result

As stated earlier, our main contribution is an efficient al-
gorithm for robust learning of a single neuron under ad-
versarial label noise and group distributional shifts. Below,
notation Õc(·) hides poly-logarithmic dependence in the ar-
gument and polynomial dependence in parameters c.

Theorem 1.6 (Informal; see Theorem 3.1). Suppose
the underlying group distributions p[i], i ∈ [K] sat-
isfy appropriate margin and concentration properties
(Assumptions 1.2 and 1.3) and the learner is pro-
vided with Õβ,ν,W (logK log(1/δ)d/ϵ2) samples from
each of the p[i], i ∈ [K]. Then Algorithm 1, after
ÕW (min{log(1/ϵ)

√
1/ν,

√
K/ϵ}) iterations, each run-

ning in near-linear time in the sample size, returns ŵ ∈
B(W ) that, with probability at least 1− δ, satisfies ∥ŵ −
w∗∥22 ≤ C OPTm +ϵ, where C > 1 is an absolute con-
stant independent of d,K,W, ϵ, ν.

Notably, our analysis shows that the algorithm attains sam-
ple complexity Õ(Kd/ϵ2), which matches the known op-
timal rate for convex unregularized Group DRO problems
(Soma et al., 2022; Zhang et al., 2023) up to log factors.

1.3 Technical Overview

Using standard uniform convergence arguments, we reduce
the problem to solving its empirical version with a suffi-
ciently large per-group sample size. The resulting problem
is a challenging non-bilinearly coupled nonconvex-concave
saddle-point problem over the empirical mixtures:

min
w∈B(W )

max
λ̂∈∆K

L(w, λ̂),

where L(w, λ̂) =
∑K
i=1 λ̂[i] E(x,y)∼p̂[i]

(
σ(w ·x)− y

)2 −
ν df

(
λ̂, 1

K1
)

and p̂[i] represents the empirical distribution
formed by samples drawn from group i.

Even for convex-concave objectives, the nonlinear-linear
coupling between the primal and the dual as in our set-
ting makes the analysis of primal-dual-style methods chal-
lenging and is still actively explored in current research;
see Mehta et al. (2025) and references therein. On the
other hand, existing approaches to min-max problems with
a nonconvex objective over the primal variables like Lin et
al. (2020), Zhang et al. (2020), Rafique et al. (2022), and
Li et al. (2025) only offer stationarity guarantees, which
are known to be insufficient for formal learning guarantees
of a neuron even in much less challenging settings without
distributional shifts (Yehudai and Shamir, 2020).

The most closely related work to ours, Li et al. (2024), han-
dles a similar but distinct problem. They showed how the
structured nonconvexity of learning a single neuron can be
leveraged to obtain a provably convergent primal-dual al-
gorithm for standard χ2-divergence-based DRO. As in their
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paper, to analyze progress towards the solution, we define
a gap function that measures the suboptimality of an iterate
pair (wt, λ̂t) relative to a hybrid reference point (w∗, λ̂

∗),
and track progress in the gap function per iteration involv-
ing one primal and one dual update.

A key technical challenge lies in bounding the primal gap
due to the nonconvexity of the loss. Here, the analysis in
Li et al. (2024) is insufficient for our goals. The analysis is
limited to DRO with a χ2 penalty, requires a large regular-
ization parameter ν, and imposes fourth-moment assump-
tions on the loss. Our work extends this to the more prac-
tical group DRO setting, accommodates both KL and χ2

divergences, and removes these restrictive assumptions.

From a practical standpoint, the primal extrapolation used
in Li et al. (2024) is also undesirable. Primal extrapo-
lation is memory-intensive, because the algorithm has to
remember two previous primal variables w ∈ Rd of di-
mension d to compute the extrapolation step. It is also un-
clear how to implement primal extrapolation together with
widely used off-the-shelf solvers such as Adam (Kingma
and Ba, 2015). Our algorithm instead performs extrapola-
tion on the dual variable λ ∈ RK . This is more efficient as
typically K ≪ d.

However, dual-side extrapolation requires a different anal-
ysis. A key difficulty is that the extrapolated dual vector is
not guaranteed to have nonnegative entries. In typical anal-
yses involving extrapolation steps, extrapolation is either
performed before further bounding the objective (see, e.g.,
Chambolle and Pock (2011) and Kotsalis et al. (2022)) or it
is done on both the primal and the dual side (Mehta et al.,
2025), which in effect allows for the induced error terms
to be telescoped or canceled out. Observe that the coupled
term in the objective L(w, λ̂) is of the form λ̂⊤F (w), for a
vector-valued mapping F whose each coordinate (F (w))i
is a nonconvex function of w. Even if each (F (w))i were
convex (so that the mapping λ̂⊤F (w) is convex for feasi-
ble λ̂), once we replace λ̂ with an extrapolated vector λ̄
which is no longer guaranteed to be nonnegative, the map-
ping λ̄⊤F (w) would no longer be guaranteed to be convex
and so typical inequalities involving convexity would no
longer apply to bounding λ̄⊤F (w) below, which is needed
in the analysis. We overcome this issue by first bounding
λ̂⊤F (w) (using linearization, discussed next) and then ap-
plying extrapolation. This introduces nontrivial error terms
that we bound by repeatedly leveraging the structural prop-
erties of the considered problem (see Appendix E.2).

Additionally, since in our case (F (w))i is nonconvex, we
need an appropriate strategy for bounding below λ̂⊤F (w).
As mentioned earlier, it is possible to use the results from
Li et al. (2024) leveraging structured nonconvexity of the
neuron mean squared loss for this purpose. However, as al-
ready discussed, this would lead to a requirement for much
stronger assumptions. Instead, we prove a key technical

result (“linearization,” Lemma 3.5), which leverages the
specific group-wise structure of the problem to usefully
bound below the mean squared loss function. This result
has two significant advantages: (1) It avoids the complex,
higher-order error terms that appear in prior work, which
depend on the divergence between dual iterates. This sim-
plifies the overall analysis considerably and allows us to
address alternative divergences like KL. (2) It removes the
requirement for a non-trivial lower bound on the regular-
ization parameter ν. This allows our framework to handle
the ν → 0 regime, smoothly connecting our robust formu-
lation to classical, non-regularized Group DRO.

By combining this improved bound with sharpness proper-
ties of the loss function on the target mixture distribution
p∗, we then carefully control the accumulated error terms
and prove that the iterates converge to a solution competi-
tive with the “best-fit” neuron parameterized by w∗.

2 PRELIMINARIES

For a positive integer N , [N ] := {1, . . . , N}. If E is a
subset of some ambient universe then Ec denotes its com-
plement, and IE(x) = 1{x∈E} is its indicator function. For
vectors x, x̂ ∈ Rd, ⟨x, x̂⟩ = x · x̂ = x⊤x̂ is their inner
product, and ∥x∥2 is the ℓ2 norm; we write x ≤ x̂ to mean
x(j) ≤ x̂(j) coordinate-wise. Id denotes the d× d identity
matrix. A ⪰ B means that A− B is positive semidefinite.
The iteration index is denoted by t. The group weight vec-
tor at iteration t is λt = [λt[1], . . . , λt[K]]

⊤ ∈ ∆K , where
∆K := {λ ∈ RK :

∑K
i=1 λt[i] = 1, λt[i] ≥ 0 for all i ∈

[K]} is the probability simplex in RK . For two distribu-
tions p and p′, we use p ≪ p′ to denote that p is abso-
lutely continuous with respect to p′, which means that for
all measurable sets A, p′(A) = 0 implies p(A) = 0. For
probability measures p≪ p′, we write dp

dp′ for the Radon-

Nikodym derivative, and use χ2(p,p′) :=
∫
( dp
dp′ −1)2dp′

and KL(p,p′) :=
∫
log( dp

dp′ )dp to denote the chi-squared
(χ2) and KL divergences of p relative to p′.

We now state several facts used throughout our analysis.
The population loss exhibits sharpness under our distribu-
tional assumptions (Wang et al., 2023):
Fact 2.1 (Population Sharpness and Moment Bounds
(Wang et al., 2023)). Let p satisfy Assumption 1.2. Define
c0 := γζα

6B log(20B/ζ2) . Then Ex∼px[i]

[(
σ(w · x) − σ(w∗ ·

x)
)
(w · x − w∗ · x)

]
≥ c0∥w − w∗∥22, and for any unit

vector u and τ ∈ {2, 4}, we have Ex∼px[i]

[
(u·x)τ

]
≤ 5B.

Uniform convergence arguments extend these bounds to
empirical distributions (up to constants) when the per-
group sample size N is sufficiently large:
Lemma 2.2 (Empirical Sharpness and Moment Bounds;
Informal. See Lemma C.2). Under Assumptions 1.2
and 1.3, if the per-group sample size N/K is sufficiently



Guyang Cao, Shuyao Li, Sushrut Karmalkar, Jelena Diakonikolas

large (dependent on β,B,W, ν, d,K, δ), then with high
probability, for all groups i ∈ [K], all w ∈ B(3∥w∗∥2)
with ∥w −w∗∥2 ≥

√
ϵ, and any unit vector u:

Ex∼p̂x[i]
[(σ(w · x)− σ(w∗ · x))(w · x−w∗ · x)]

≥ (c0/2)∥w −w∗∥22, (3)
Ex∼p̂x[i]

[(x · u)τ ] ≤ 6B for τ ∈ {2, 4}. (4)

A direct consequence of Lemma 2.2, using Cauchy-
Schwarz inequality and β-Lipschitzness of σ, is the fol-
lowing two-sided bound. For c1 := c20/(24B) and any
w ∈ B(W ):

c1∥w −w∗∥22 ≤ Ex∼p̂x[i]

[(
σ(w · x)− σ(w∗ · x)

)2]
≤ 6Bβ2∥w −w∗∥22. (5)

Similar to prior work, we assume that the labels
are bounded by a sufficiently large parameter M =
O(WBβ log(βBW/ϵ)). This assumption is without loss
of generality (as established by the following fact) and can
be ensured by simple pre-processing of labeled examples
given to the algorithm. Thus, in the rest of the paper, we
assume that the labels are bounded by M .

Fact 2.3 (Label Truncation (Wang et al., 2023)). Under
Assumptions 1.2 and 1.3, let y′ = sign(y)max{|y|,M}
with M = CMWBβ log(βBW/ϵ), for a sufficiently large
constant CM . Then for all i ∈ [K] and all w ∈ B(W ), it
holds that Ep[i]

(σ(w ·x)−y′)2 ≤ Ep[i]
(σ(w ·x)−y)2+ϵ.

We recall the following first-order optimality condition:

Fact 2.4 (First-Order Optimality). If f is continuously dif-
ferentiable on a closed convex set Ω and x∗ ∈ Ω is a local
maximizer of f over Ω, then ⟨∇f(x∗),y − x∗⟩ ≤ 0 for all
y ∈ Ω. If f is also concave, this condition implies that x∗

is a global maximizer.

For a differentiable function ϕ : RN → R, the Bregman
divergence is Dϕ(y,x) = ϕ(y)−ϕ(x)−⟨∇ϕ(x),y−x⟩.
Its invariance to affine addition is also useful:

Fact 2.5. If ψ(x) = ϕ(x) + ⟨a,x⟩+ b, then Dψ(y,x) =
Dϕ(y,x) for all x,y.

3 CONVERGENCE ANALYSIS

This section presents our primal-dual algorithm and es-
tablishes its convergence guarantees. For clarity, we
first define the core notation used in the analysis. Let
ℓ(w;x, y) := (σ(w · x) − y)2 denote the squared loss.
Since σ may not be differentiable, our algorithm relies on
the surrogate gradient v(w;x, y) := 2β(σ(w · x) − y)x,
which serves as a well-behaved proxy for the true gradi-
ent, as in Kakade et al. (2011), Diakonikolas et al. (2020b),
Wang et al. (2023), and Li et al. (2024). Our analysis

measures performance against empirical benchmarks de-
fined with respect to the population-optimal weight vector
w∗; this seeming mismatch is important to our convergence
analysis. Define:

ÔPTm := max
i∈[K]

E(x,y)∼p̂[i]
[ℓ(w∗;x, y)].

Let λ̂∗ = argmaxλ̂∈∆K
L(w∗, λ̂) be the worst-case group

weighting for w∗ over the empirical distributions p̂[i]. We
also write ϕ(λ̂) := df (λ̂,

1
K1) for the divergence penalty.

Algorithm 1: A Primal-Dual Algorithm for Group
DRO

Input: Sample sets (x(j)
[i] , y

(j)
[i] )

N/K

j=1
for i ∈ [K];

parameters ν ≥ 0,W > 0, ϵ > 0, β, B, c1.
1 Initialization: ν0 = ϵ/(4K),
A−1 = a−1 = A0 = a0 = 0, w−1 = w0 = 0,
λ̂−1 = λ̂0 = 1

K . Set constants C4, C
′
W based on (6).

for t = 1, . . . , n do
2 at = min{(1 + c1

8C4
)t−1 1

4C4
,max{(1 +

√
c1ν

4
√
2C′

W

)t−1
√
ν0

4C′
W
, c1ν0
(4

√
2C′

W )2
t}}, At = At−1 + at;

3 v(w;x, y) = 2β(σ(w · x)− y)x ;
4 λ̄t−1 := λ̂t−1 +

at−1

at
(λ̂t−1 − λ̂t−2) ;

5 wt :=

argminw
{
at
∑K
i=1 λ̄t−1[i]Ep̂[i]

[⟨v(wt−1;x, y),w⟩]+
1+0.5c1At

2 ∥w −wt−1∥22
}

;
6 λ̂t := argmaxλ̂∈∆K

{atL(wt, λ̂)− (ν0 +

νAt−1)Dϕ(λ̂, λ̂t−1)}
Output: The final weight vector wn.

Our method, stated in Algorithm 1, is an iterative primal-
dual algorithm that maintains iterates (wt, λ̂t) and step
sizes at > 0 with cumulative sums At =

∑t
k=1 ak. Both

updates are efficient, as they involve projections onto sim-
ple sets like the Euclidean ball B(W ) and the probabil-
ity simplex ∆K , and/or minimization of KL divergence
over the probability simplex, which is computable in closed
form. A key algorithmic feature is the use of extrapolation
on the low-dimensional dual variable λ̂ ∈ RK to construct
a gradient estimate for the primal update.

Before moving onto overviewing our convergence analysis,
we state our main result.

3.1 Main Result

Our main result is summarized in the following theorem.
We first define problem parameters (constants) that factor
into the step size definition (consequently, iteration com-
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plexity) and the constant factor approximation:

C3 := 31β
√
B/c1,

C4 := 27c1 + 2163β4B2/c1,

C ′
W := 2

√
3

√
6β2 + C2

MB log2
(βBW

ϵ

)
βWB.

(6)

In (6), C3 and C4 can be treated as universal constants for
typical single neuron learning problems. This is because,
as argued in Wang et al. (2023), the sharpness constant c1
is universal for any non-degenerate problem in the consid-
ered class. Similarly, for typical activations like ReLU,
β is a constant (specifically, for the case of ReLU, α =
β = 1). The parameter B comes from one-dimensional
concentration of projections of data vectors x (see As-
sumption 1.2); for all standard examples (like Gaussians,
isotropic log-concaves, discrete Gaussians, uniform distri-
bution on {−1, 0, 1}d discussed in Wang et al. (2023)), B
is a small universal constant. The “constant” C ′

W however
cannot be treated as a universal constant as it depends on
W. Fortunately, C ′

W has no effect on the approximation ra-
tio in the statement of Theorem 3.1—instead, it only af-
fects the iteration complexity, which is polynomial in all
problem parameters, as claimed in the introduction.

Theorem 3.1 (Main Theorem). Suppose the margin and
concentration conditions (Assumptions 1.2 and 1.3) hold.
Let c1 be the sharpness constant from Lemma 2.2, and set
ν0 := ϵ/(4K). If the total number of samples is N =

Õβ,B,ν
(
KW 4d
ϵ2 log( 1δ )

)
, then with probability at least 1−δ,

the output (wn, λ̂n) of Algorithm 1 satisfies the following
inequality for all n ≥ 1:

1 + 0.5c1An
4

∥wn −w∗∥22 + (ν0 + νAn)Dϕ(λ̂n, λ̂
∗)

≤ D0 +
120β2B

c1
An(OPTm +ϵ), (7)

where D0 = 1
2∥w0 −w∗∥22 + ν0Dϕ(λ̂

∗, λ̂0).

Furthermore, after a number of iterations n scaling as

n = O
(
C ′
W min{ 1√

c1ν
log
(∥w∗∥2

2

2ϵ +
Dϕ(λ̂

∗,λ̂0)
4K

)
,√

2K∥w∗∥2
2

ϵ2 +
Dϕ(λ̂

∗,λ̂0)
ϵ }

) (8)

the output wn is guaranteed to satisfy

∥wn −w∗∥2 ≤ C3

(√
OPTm +

√
ϵ
)
, (9)

E(x,y)∼p∗
[
ℓ(wn;x, y)

]
≤
(
2 + 20Bβ2C2

3

)
OPTm

+ 20β2C2
3Bϵ, (10)

where p∗ =
∑K
i=1 λ

∗
[i]p[i] is the worst-case population

mixture and relevant constants are defined by (6).

We remark here that we have made no attempt to optimize
the constant factors in either the final approximation ratio

or sample and iteration complexities—our focus was on es-
tablishing (any) constant factor approximation with a poly-
nomial sample and computation algorithm, which already
required highly technical arguments. We expect the abso-
lute constant factors to be improvable.

3.2 Overview of the Analysis

The analysis centers on bounding the primal-dual gap-like
function Gap(wt, λ̂t) defined with respect to the hybrid
reference point (w∗, λ̂

∗) with population-optimal w∗ and
worst-case λ̂∗ via

Gap(wt, λ̂t) = L(wt, λ̂
∗)− L(w∗, λ̂t).

Observe that Gap(wt, λ̂t) is the sum of the “primal gap”
L(wt, λ̂

∗) − L(w∗, λ̂
∗) and the “dual gap” L(w∗, λ̂

∗) −
L(w∗, λ̂t). Because the loss is nonconvex in w, the pri-
mal gap, and thus Gap(wt, λ̂t), is not necessarily nonneg-
ative. Our strategy is to combine a lower bound on the
gap derived from empirical sharpness with an upper bound
derived from the analysis, which in turn motivates the al-
gorithm’s update rules.

We note here that while tracking similar gap functions
is common to the analysis of primal-dual methods (see,
e.g., Chambolle and Pock (2011) and Mehta et al. (2025)),
here the central challenges come from the loss nonconvex-
ity, which makes bounding the relevant quantities highly
nontrivial. In the rest of this section, we first state (in
Lemma 3.2) a lower bound on the gap function, which is
crucial to being able to establish the contraction of distance
to target solutions. This bound is derived following a simi-
lar argument to Li et al. (2024) and its proof is provided for
completeness, in Appendix D.

The most challenging part of the analysis comes from
bounding the gap function above, and, in particular, bound-
ing below its dual gap component. The reason, as discussed
in Section 1.3, is that the loss function is nonconvex and we
perform extrapolation of the dual updates, to ensure our al-
gorithm is compatible with large-scale implementations.

3.3 Gap Lower Bound

We begin the convergence analysis by establishing a lower
bound on the gap function Gap(w, λ̂).

Lemma 3.2 (Gap Lower Bound). Under Assumptions 1.2
and 1.3, if the per-group sample size N/K is sufficiently
large (see Lemma C.2), for all w ∈ B(3∥w∗∥2) and all
λ̂ ∈ ∆K , we have Gap(w, λ̂) ≥ − 12β2B

c1
ÔPTm+ c1

2 ∥w−
w∗∥22 + νDϕ(λ̂

∗, λ̂).

The application of empirical sharpness, which is crucial to
establishing the gap lower bound in Lemma 3.2, is predi-
cated on the iterates wt remaining in a neighborhood of a
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target parameter vector w∗. We establish this property by
induction. The proof is provided in Appendix E.3.
Lemma 3.3. For all iterations t ≥ 0 of Algorithm 1, the
iterates satisfy ∥wt∥2 ≤ 3∥w∗∥2.

3.4 Gap Upper Bound

Having obtained a lower bound on the gap function, we
now derive a corresponding upper bound based on our al-
gorithm updates. The core of the argument is to analyze the
per-iteration progress of Algorithm 1 to construct a tele-
scoping sum. The main technical result is the following
proposition, with the full proof deferred to Appendix E.
Proposition 3.4 (Gap Upper Bound). Let the sequences
{at}, {At}, {wt}, and {λ̂t} be generated by Algorithm 1,
where, by convention, a−1 = a0 = A−1 = A0 = 0,
w−1 = w0 = 0, and λ̂−1 = λ̂0 = 1

K1. Under As-
sumptions 1.2 and 1.3, if the per-group sample size N/K
is sufficiently large (see Lemma C.2), then for any n ≥ 1:

n∑
t=1

atGap(wt, λ̂t)

≤ 1

2
∥w∗ −w0∥22 −

1 + 0.5c1An
4

∥w∗ −wn∥22

+ ν0Dϕ(λ̂
∗, λ̂0)−

1 + 0.5c1An
4

∥wn −wn−1∥22

− (ν0 + νAn)Dϕ(λ̂
∗, λ̂n) +

28β2B

c1
AnÔPTm.

The proof of this result is highly technical, requiring care-
ful handling of several nontrivial error terms induced by
the extrapolation of the dual update and by the nonconvex-
ity of the loss. For this reason, it is deferred to Appendix E.
We however highlight a key structural result used for non-
trivially bounding below the expected loss, in the following
lemma. We also provide the full proof of the lemma below.

Lemma 3.5 (Linearization). For each group i ∈ [K] and
each iteration t ∈ [n], the following bound holds:

Ep̂[i]

[
2(σ(wt · x)− y)(σ(w∗ · x)− σ(wt · x))

]
≥ Ep̂[i]

[
⟨v(wt;x, y),w∗ −wt⟩

]
− Et,

where the error term isEt := 24β2BÔPTm

c1
+ c1

4 ∥w∗−wt∥22.

Proof. We split the expectation on the left hand side ac-
cording to whether σ(wt · x) − y ≥ 0. Define et(x, y) =
σ(wt·x)− y, e∗(x, y) = σ(w∗·x)− y, and G= {(x, y) |
et(x, y) ≥ 0}. Then

LHSi := Ep̂[i]

[
2et(x, y) (σ(w∗ · x)− σ(wt · x))

]
= Ep̂[i]

[
2et(x, y) (σ(w∗ · x)− σ(wt · x))IG

]
+ Ep̂[i]

[
2et(x, y) (σ(w∗ · x)− σ(wt · x))IGc

]
.

On G, we apply convexity of σ at wt · x:

σ(w∗ · x)− σ(wt · x) ≥ σ′(wt · x) (w∗ · x−wt · x),

and on Gc we similarly use convexity at w∗ ·x after flipping
signs, where σ′ is the subderivative of σ which must exist
due to convexity and Lipschitzness. Hence

LHSi = 2Ep̂[i]
[et(x, y)(σ(w∗ · x)− σ(wt · x))]

≥ Ep̂[i]

[
2et(x, y)σ

′(wt · x) (w∗ · x−wt · x)IG
]

+ Ep̂[i]

[
2et(x, y)σ

′(w∗ · x) (w∗ · x−wt · x)IGc

]
.

Now recall v(wt;x, y) = 2βet(x, y)x. Adding and sub-
tracting β in the derivatives, we rewrite the left hand side:

Ep̂[i]
[2et(x, y)(σ(w∗ · x)− σ(wt · x))]

≥ Ep̂[i]
[⟨v(w;x, y),w∗ −wt⟩]

+ 2Ep̂[i]
[et(x, y)(σ

′(wt · x)− β)(w∗ · x−wt · x)IG]
+ 2Ep̂[i]

[et(x, y)(σ
′(w∗ · x)− β)(w∗ · x−wt · x)IGc ].

(11)

where we consider the last two terms involving factors
(σ′(·) − β) to be the “error terms” . Since σ is nonde-
creasing and β-Lipschitz, −β ≤ σ′(·) − β ≤ 0. We
show that both error terms are bounded in absolute value
by β Ep̂[i]

[
|e∗(x, y)| |w∗ · x−wt · x|

]
. On the event G,

et(x, y)(σ
′(wt · x)− β)(w∗ · x−wt · x)

= e∗(x, y)(σ
′(wt · x)− β)(w∗ · x−wt · x)

+ (et(x, y)− e∗(x, y))(σ
′(wt · x)− β)(w∗ · x−wt · x)

≥ e∗(x, y)(σ
′(wt · x)− β)(w∗ · x−wt · x). (12)

The last inequality holds because (et(x, y)−e∗(x, y))(w∗ ·
x−wt · x) ≤ 0 by monotonicity of σ. Similarly, we have

et(x, y)(σ
′(w∗ · x)− β)(w∗ · x−wt · x)

≥ e∗(x, y)(σ
′(w∗ · x)− β)(w∗ · x−wt · x). (13)

Plugging Equation (12) and Equation (13) into Equa-
tion (11), we have

Ep̂[i]
[2et(x, y)(σ(w∗ · x)− σ(wt · x))]

≥ Ep̂[i]
[⟨v(w;x, y),w∗ −wt⟩]

+ 2Ep̂[i]
[e∗(x, y)(σ

′(wt · x)− β)(w∗ · x−wt · x)IG]
+ 2Ep̂[i]

[e∗(x, y)(σ
′(w∗ · x)− β)(w∗ · x−wt · x)IGc ].

(14)

Taking absolute values and using −β ≤ σ′(·)− β ≤ 0, for
any w ∈ {wt,w∗}, we have

− e∗(x, y)(σ
′(w · x)− β)(w∗ · x−wt · x)

≤ |e∗(x, y)(σ′(w · x)− β)(w∗ · x−wt · x)|
≤ β|e∗(x, y)(w∗ · x−wt · x)|, (15)
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Therefore, plugging Equation (15) into Equation (14),

Ep̂[i]
[2et(x, y)(σ(w∗ · x)− σ(wt · x))]

≥ Ep̂[i]
[⟨v(w;x, y),w∗ −wt⟩]

−2Ep̂[i]
[|e∗(x, y)(σ′(wt · x)− β)(w∗ · x−wt · x)|IG]

−2Ep̂[i]
[|e∗(x, y)(σ′(w∗ · x)− β)(w∗ · x−wt · x)|IGc ]

≥ Ep̂[i]
[⟨v(w;x, y),w∗ −wt⟩]

− 2βEp̂[i]
[|e∗(x, y)(w∗ · x−wt · x)|IG]

− 2βEp̂[i]
[|e∗(x, y)(w∗ · x−wt · x)|IGc ]

≥ Ep̂[i]
[⟨v(w;x, y),w∗ −wt⟩]

− 2βEp̂[i]
[(IG+ IGc)|e∗(x, y)(w∗ · x−wt · x)|]

= Ep̂[i]
[⟨v(w;x, y),w∗ −wt⟩]

− 2βEp̂[i]
[|e∗(x, y)(w∗ · x−wt · x)|].

We apply Cauchy-Schwarz and Equation (4) to get,

Ep̂[i]

[
|e∗(x, y)| |w∗ · x−wt · x|

]
≤
√

Ep̂[i]
[e∗(x, y)2]

√
Ep̂[i]

[(w∗ · x−wt · x)2]

≤
√
ÔPTm

√
6B ∥w∗ −wt∥2.

Young’s inequality (Fact B.1) then gives√
ÔPTm

√
6B ∥w∗ −wt∥2

≤ 12βB

c1
ÔPTm +

c1
8β

∥w∗ −wt∥22.

Combining these estimates, for each i ∈ [K],

LHSi ≥ Ep̂[i]
[⟨v(wt;x, y), w∗ −wt⟩]

−
(24β2B

c1
ÔPTm +

c1
4
∥w∗ −wt∥22

)
,

which completes the proof.

3.5 Proof of Main Theorem

Proof of Theorem 3.1. The proof proceeds by combining
the lower and upper bounds on the cumulative gap. Sum-
ming the per-iteration lower bound from Lemma 3.2 from
t = 1 to n and combining it with the upper bound from
Proposition 3.4 gives the following inequality:

1 + 0.5 c1An
4

∥w∗ −wn∥22 +
c1
2

n∑
t=1

at∥wt −w∗∥22

+ ν

n∑
t=1

atDϕ(λ̂t, λ̂
∗) + (ν0 + νAn)Dϕ(λ̂

∗, λ̂n)

+
1 + 0.5c1An

4
∥wn −wn−1∥22

≤ 1
2∥w∗ −w0∥22 + ν0Dϕ(λ̂

∗, λ̂0) +
40β2B

c1
ÔPTmAn.

Dropping the nonnegative terms that involve ∥wt −w∗∥22,
Dϕ(λ̂t, λ̂

∗), and ∥wn−wn−1∥22 from LHS of the inequal-
ity above and combining with the high-probability bound
ÔPTm ≤ 3(OPTm +ϵ) we establish in Lemma C.3, we
arrive at the first result of the main theorem in Equation (7).

Next, we derive the explicit convergence guarantees. From
(7), we can isolate the primal error:

∥wn −w∗∥22 ≤ 4D0

1 + 0.5c1An
+

160β2BAn
c1(1 + 0.5c1An)

ÔPTm

≤ 4D0

1 + 0.5c1An
+

320β2B

c21
ÔPTm.

The step-size schedule in Algorithm 1 is chosen so that for
the number of iterations n specified in the theorem, we have
An = Ω(c1(W

2 + K)/ϵ) = Ω(c1D0/ϵ). This makes the
first term O(ϵ). Substituting the bound on ÔPTm and tak-
ing the square root establishes the distance guarantee (9).
Finally, to bound the risk (10), we use the decomposition
ℓ(wn;x, y) ≤ 2ℓ(w∗;x, y) + 2(σ(wn · x)− σ(w∗ · x))2,
which follows by an application of Young’s inequality.
Taking the expectation over the worst-case population dis-
tribution p∗ then leads to

Ep∗ [ℓ(wn;x, y)]

≤ 2Ep∗ [ℓ(w∗;x, y)] + 2Ep∗ [(σ(wn · x)− σ(w∗ · x))2]
≤ 2OPTm

+ 2β2∥wn −w∗∥22 · max
i∈[K]

Ep[i]

[( wn −w∗

∥wn −w∗∥2
· x
)2]

≤ 2OPTm +2β2 · 2C2
3 (OPTm +ϵ) · 5B,

where the last line uses the previously established bound
(9) on ∥wn −w∗∥22 and the moment bound from Fact 2.1.
Rearranging terms yields the final result (10).

4 EXPERIMENTS

While our main contributions are theoretical, we pro-
vide illustrative experiments to demonstrate that our core
algorithmic idea—regularized dual-extrapolated reweight-
ing—can be applied to large-scale language model pre-
training. These results are not intended as comprehensive
empirical validation, but rather serve as a preliminary ex-
ploration of how our theoretically-motivated update rule
performs in practice.

Setup We isolate the impact of our reweighting al-
gorithm by integrating our primal-dual method with
KL-divergence regularization (PD-KL) directly into the
Sheared LLaMA framework (Xia et al., 2024). Start-
ing from the Sheared-LLaMA-1.3B model—a 1.3B
parameter version pruned from LLaMA2-7B (Xia et al.,
2024)—we continue pre-training on RedPajama (Together
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Figure 1: Compute-performance curve on Sheared-
LLaMA-1.3B. Y-axis is the unweighted overall accuracy
scores, X-axis is the number of tokens trained.

Computer, 2023). Our baseline is the dynamic batch load-
ing algorithm from Xia et al. (2024), where we replace
only its exponential ascent rule with our dual update (Al-
gorithm 1) that incorporates KL regularization and extrap-
olation. All other training parameters remain identical to
ensure fair comparison. More training details are included
in Appendix F.

Performance is evaluated on the same suite of 11 down-
stream tasks used in Xia et al. (2024, Table 2), under their
prescribed few-shot settings. We report unweighted aver-
age accuracy across tasks at multiple checkpoints. By de-
sign, this setup attributes any performance differences di-
rectly to the choice of on-the-fly domain reweighting strat-
egy. Results are presented from 16.8M to 92.4M tokens.

4.1 Main results

We compare our PD-KL algorithm against DoReMi (Xie
et al., 2023)—which is the training method used on the
Sheared LLaMA model in Xia et al. (2024). As shown
in Figure 1, our PD-KL algorithm demonstrates a consis-
tent performance improvement over the baseline dynamic
batch loading across the training trajectory. At most check-
points, PD-KL achieves a higher average downstream ac-
curacy varying from 0.04% to 0.96%. Moreover, at 33.6M
tokens our PD-KL model reaches 47.87% average accu-
racy. DoReMi requires at least 1.5x more training time to
achieve the same accuracy. This suggests that the principles
of regularization and dual-side extrapolation, motivated by
our theory, can offer practical benefits for training stabil-
ity and downstream generalization even in highly complex
models.

Per-task breakdown. For transparency, Table 1 lists ev-
ery task used in evaluation, its metric, and per-task scores
for both models. To remain faithful to the reference and
avoid choice-induced bias, we keep the same per-task met-
ric (e.g., acc vs. acc_norm) and the same shot setting as
in Xia et al. (2024), with one exception: following commu-
nity conventions in large language modeling, we evaluate

Table 1: Per-task results (%) at 92.4M tokens.

Bucket Task Metric DoReMi PD-KL

Commonsense & RC ARC-E acc_norm 50.00 49.83
Commonsense & RC ARC-C(25) acc_norm 29.95 30.38
Commonsense & RC HellaSwag(10) acc_norm 54.78 54.62
Commonsense & RC PICA acc 70.78 71.87
Commonsense & RC SciQ acc 85.00 85.90
Commonsense & RC WinoGrande acc 54.22 55.25
Commonsense & RC WSC acc 36.54 36.54

Continued & LM BoolQ(32) acc 56.39 63.64
Continued & LM LogicQA acc_norm 28.11 27.80
Continued & LM LAMBADA acc 48.61 50.63

World Knowledge TruthfulQA(5) acc 23.62 22.15

Unweighted Mean 48.91 49.87

ARC-E using acc_norm rather than acc.

5 CONCLUSION

We studied the problem of robustly learning a single neu-
ron in the group distributionally robust settings, where la-
bels can be arbitrary and the goal is to be competitive with
the “best-fit” model, as measured by the mean squared loss
on the worst case group reweighting. The dual updates of
our primal-dual approach can be seen as a novel group/do-
main reweighting. We hope that our work will encourage
more research in this area. Possible future work includes
extending either primal-dual updates or only dual updates
to popular applications of language model pretraining and
comparing whether it is competitive with current state-of-
the-art domain reweighting algorithms. On the more theo-
retical side, it would be interesting to strengthen the error
guarantee to a constant factor error in terms of OPT rather
than OPTm (for ν ≫ 0, since OPT = OPTm for ν = 0)
and to generalize the technical approach to other related
settings involving nonconvex risk minimization.
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Supplementary Material
Organization In Appendix A, we review additional related work. In Appendix B, we collect the definitions and standard
results in probability and optimization that we use throughout the paper. In Appendix C, we prove that, with high probabil-
ity, all the empirical expectations we need closely track their population counterparts. Finally, in Appendix E, we provide
the full proof of the gap upper bound, Proposition 3.4.

A Additional Related Work

Robustly Learning Neurons Generalized linear models (a.k.a. “single neurons”) have long been a cornerstone of statis-
tics and machine learning (Nelder and Wedderburn, 1972), and early algorithms such as the Isotron (Kalai and Sastry, 2009)
and Kakade-Shamir’s efficient GLM learner (Kakade et al., 2011) provided the first guarantees for learning a single neuron
in the presence of mild, structured label noise. More recent work has focused on ReLU activations under progressively
stronger noise models: for realizable or random additive noise, both gradient-based and spectral methods can recover or
approximate the true neuron (Soltanolkotabi, 2017; Kalan et al., 2019; Yehudai and Shamir, 2020); in the fully agnostic
setting, achieving purely additive error ϵ > 0 is intractable even for Gaussian inputs (Diakonikolas et al., 2020a; Goel et al.,
2020; Diakonikolas et al., 2022b), though constant-factor approximations are possible under log-concave or other struc-
tured marginals (Diakonikolas et al., 2020b; Diakonikolas et al., 2022a; Wang et al., 2023). Extensions to semi-random or
Massart-type noise require further specialized techniques (Diakonikolas et al., 2021a; Karmakar et al., 2021; Chen et al.,
2020; Diakonikolas et al., 2019) beyond the scope of the present work.

In this work, we consider the strictly harder regime where an adversary may not only corrupt labels within each of
K groups, but also shift the covariate distribution across groups. We formulate this as a Group DRO problem over
p[1], . . . ,p[K], seeking w that minimizes the worst-case weighted squared loss plus an f -divergence penalty on the group
weights.

Distributionally Robust Optimization Covariate shift and related distributional mismatches have been studied exten-
sively in the past—in covariate-shift correction (Shimodaira, 2000; Huang et al., 2006; Bickel et al., 2007), label-proportion
changes (Dwork et al., 2012; Xu et al., 2020), domain adaptation and transfer learning (Mansour et al., 2009; Pan and Yang,
2009; Ben-David et al., 2010; Patel et al., 2015; Tan et al., 2018), and classical DRO (Ben-Tal et al., 2009; Shapiro, 2017).

Recent machine-learning work has applied DRO to language modeling (Oren et al., 2019), class-imbalance (Xu et al.,
2020), group fairness (Hashimoto et al., 2018), and robust regression (Blanchet et al., 2021; Duchi and Namkoong, 2021;
Chen and Paschalidis, 2018). However, these methods typically assume convex, Lipschitz losses and structured label noise,
and they do not address nonconvex problems like learning a neuron with respect to the square loss. On the other hand, even
the work that did consider nonconvex loss functions like Qi et al. (2021) and Sinha et al. (2018) only considered general,
non-structured smooth loss functions, for which only convergence to stationary points can be guaranteed. In addition to
not exploring the structured nonconvexity of common learning tasks, for concrete learning tasks such as those considered
in our work, convergence to stationary points is known to be insufficient—even for the special case of learning a ReLU
neuron without any distributional ambiguity, stationary points of the squared loss may not lead to any formal learning
guarantees (Yehudai and Shamir, 2020).

Most closely related to our work in this context is Li et al. (2024), which explored the task of robustly learning a single
neuron in a related, but distinct distributionally robust optimization setting, where there is a single reference distribution
and each sample could be reweighted. The main body of the paper has already provided a comparison to Li et al. (2024)
both in terms of the results and the techniques, thus we omit repeating it here.

Group DRO As a subclass of problems in Distributionally Robust Optimization, a line of work isolates distributional
shift that manifests through a finite set of semantic or demographic groups and asks the learner to minimize the worst-
case loss across those groups. Sagawa et al. (2020) first demonstrated its empirical effectiveness on over-parameterized
neural networks, showing dramatic accuracy gains for minority groups. Subsequent theoretical work established sharp
sample-complexity bounds under convex, unregularized losses (Haghtalab et al., 2022; Soma et al., 2022; Zhang et al.,
2023). There are also related explorations into minimax regret optimization (Agarwal and Zhang, 2022) and no-regret
dynamics (Wang et al., 2024). They provide algorithmic blueprints using iterative methods like online gradient descent
and stochastic optimization techniques, with established convergence guarantees and complexity bounds.

In the context of large-scale language model pretraining, DoReMi (Xie et al., 2023) has empirically demonstrated the
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effectiveness of dynamically adjusting mixture weights across domains. Building on this line of work, LLM-Shearing
(Xia et al., 2024) further explored structured pruning as a means to accelerate pretraining while maintaining competitive
performance of DoReMi.

Our setting addresses an even more aggressive setting, involving two robustness notions—agnostic label noise and adver-
sarial covariate shifts across K groups—by penalizing deviations from uniform group weights via an f -divergence in a
Group DRO formulation. This allows us to obtain the first provable, polynomial-time algorithm for learning a nonconvex
neuron model under both sources of adversarial perturbation.

B Supplementary Preliminaries

In the appendix, we recall that ϕ(λ̂) generically to represent a divergence between λ̂ and the uniform distribution, instan-
tiated as either KL(λ̂, λ̂0) or χ2(λ̂, λ̂0), where λ̂0 = 1

K1.

We state here several classical inequalities, and useful definitions and facts.

Fact B.1 (Young’s inequality). If a ≥ 0 and b ≥ 0 are nonnegative real numbers and if p > 1 and q > 1 are real numbers
such that 1

p +
1
q = 1, then ab ≤ ap

p + bq

q . Equality holds if and only if ap = bq .

Fact B.2 (Hoeffding’s Inequality). Let X1, X2, . . . , Xn be independent random variables such that ai ≤ Xi ≤ bi almost
surely for all i. Let X = 1

n

∑n
i=1Xi. Then, for any t > 0,

Pr
[
|X − E[X]| ≥ t

]
≤ 2 exp

(
− 2n2t2∑n

i=1(bi − ai)2

)
.

Definition B.3 (Total Variation Distance). Let P and Q be two probability distributions on a measurable space (Ω,F).
The total variation (TV) distance between P and Q is defined as

TV (P,Q) := sup
A∈F

|P (A)−Q(A)|,

which represents the largest difference in the probabilities that the two distributions assign to the same event. If P and Q
admit probability mass functions P (x) and Q(x), respectively, then the total variation distance admits the equivalent form:

TV (P,Q) =
1

2

∑
x∈Ω

|P (x)−Q(x)|.

Lemma B.4 (Pinsker’s Inequality). Let P and Q be two probability distributions on the same sample space. Then,

TV (P,Q) ≤
√

1

2
KL(P,Q),

where KL(P,Q) denotes the Kullback-Leibler divergence between P and Q.

A key consequence of our distributional assumption in Assumption 1.2 is a high-probability bound on the norm of the
covariates, as formalized below.

Lemma B.5. Let δ ∈ (0, 1). Under Assumption 1.2, with probability at least 1 − δ, we have that ∥x∥2 ≤ S
√
d for all

covariates x in a total of N samples from all groups, where S = B log(dN/δ).

Proof. Since each group has N/K independent samples, applying Assumption 1.2 gives for any one sample x
(j)
[i] and any

unit u,
Pr
[
|u · x(j)

[i] | ≥ S
]
≤ e−S/B .

Applying this inequality with u chosen as each of the standard basis vectors and then applying a union bound over d
coordinates leads to Pr[∥x(j)

[i] ∥2 ≥ S
√
d] ≤ d e−S/B . Another union bound over all N samples gives Pr[∃x : ∥x∥2 ≥

S
√
d] ≤ dN e−S/B . Setting S = B log(dN/δ) completes the argument.

We will also need the following “concentration-via-clipping” argument, which we will apply in Appendix C.
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Lemma B.6 (One-Dimensional Concentration via Clipping). LetZ be a real-valued random variable with mean µ = E[Z].
Assume Z satisfies the tail bound Pr(|Z| > t) ≤ 2 exp(−t1/τ/B) for all t ≥ t0, where t0 > 0 and τ ≥ 1 is a bounded
integer. Let Z1, . . . , Zn be n i.i.d. copies of Z.

For any error ϵ > 0, failure probability δ ∈ (0, 1), and sufficiently large n satisfying

n = Õ

(
max

(
B2τ

ϵ2
,
t20
ϵ2

)
log

(
1

δ

))
,

with probability at least 1− δ, we have: ∣∣∣∣∣ 1n
n∑
i=1

Zi − µ

∣∣∣∣∣ ≤ ϵ.

Proof. Let the clipping threshold be S ≥ t0, to be determined later, and define Zc := max(−S,min(Z, S)). We decom-
pose the total error using the triangle inequality:∣∣∣∣∣ 1n

n∑
i=1

Zi − µ

∣∣∣∣∣ ≤
∣∣∣∣∣ 1n

n∑
i=1

(Zi − Zi,c)

∣∣∣∣∣︸ ︷︷ ︸
(I) Clipping Error

+

∣∣∣∣∣ 1n
n∑
i=1

Zi,c − E[Zc]

∣∣∣∣∣︸ ︷︷ ︸
(II) Concentration Error

+ |E[Zc]− µ|︸ ︷︷ ︸
(III) Bias Error

.

We now bound each of these three terms.

Clipping term: The first term is non-zero only if at least one sample |Zi| > S. Let Eclip be this event. By a union bound
over the samples and the tail bound on Z:

Pr(Eclip) = Pr(∃i : |Zi| > S) ≤ n · Pr(|Z| > S) ≤ 2n exp(−S1/τ/B).

This means with probability 1− 2n exp(−S1/τ/B), we have
∣∣ 1
n

∑n
i=1(Zi − Zi,c)

∣∣ = 0.

Bias term: The bias |E[Zc]− µ| = |E[Zc − Z]| is bounded by the integral of the tail probability:

|E[Zc − Z]| ≤ E[|Z| · I(|Z| > S)] =

∫ ∞

S

Pr(|Z| > t)dt ≤
∫ ∞

S

2e−t
1/τ/Bdt,

where the first inequality follows from the natural coupling between Zc and Z assigning every point in Zc to the corre-
sponding unclipped point in Z. If the point is unclipped, this contributes 0, if the point is clipped, then this means |Z| > S
and it contributes |Z|−S < |Z|. The equality is the standard way to express expectations of nonnegative random variables
as tail integrals. The final inequality follows from the tail bound on |Z|.

We now further upper bound the right hand side above.

Let u = t1/τ/B, so t = (Bu)τ and dt = τB(Bu)τ−1du. The lower limit of integration becomes u0 = S1/τ/B.∫ ∞

u0

2e−uτB(Bu)τ−1du = 2τBτ
∫ ∞

u0

uτ−1e−udu.

For u0 ≥ τ − 1 (which will be satisfied by the choice of S later), we can bound
∫∞
u0
uτ−1e−udu ≤ cτu

τ−1
0 e−u0 for

some constant cτ < 2 depending on τ (by standard facts about exponential integrals). The bias is thus bounded by
2τBτ cτu

τ−1
0 e−u0 = 2τBτ cτ (S

1/τ/B)τ−1e−(S1/τ/B) = Θτ .

Concentration term: Finally, we bound the concentration term. The clipped variable Zc is bounded in [−S, S]. We can
apply Hoeffding’s inequality to its empirical mean. With probability at least 1− δ/2:∣∣∣∣∣ 1n

n∑
i=1

Zi,c − E[Zc]

∣∣∣∣∣ ≤
√

2S2 log(4/δ)

n
= S

√
2 log(4/δ)

n
.

Substituting S = (B log(4n/δ))τ , this deviation is bounded by (B log(4n/δ))τ
√

2 log(4/δ)
n .

Accounting for everything, we see that, with high probability, the deviation is at most the sum of the concentration and bias
errors. We need to choose the clipping threshold S and the sample size n to make this total error at most ϵ, while keeping
the failure probability at most δ.
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This requires satisfying the following conditions simultaneously:

S ≥ (B log(4n/δ))τ (16)

cτBS
(τ−1)/τe−S

1/τ/B ≤ ϵ/2 (17)

n ≥ 8S2

ϵ2
log(4/δ) (18)

S ≥ t0 (19)
S ≥ (τ − 1)τBτ (20)

where the first condition ensures the clipping event probability is at most δ/2, the second bounds the bias (where the
constants have been absorbed into cτ ), and the third bounds the concentration error of the clipped estimators. The second-
last condition is just to ensure that the tail bound applies, and the final condition corresponds to u0 ≥ τ − 1.

Choosing S: To satisfy all of these inequalities simultaneously, we define the clipping threshold S:

S := max

((
B log

(
CτB

τ

ϵ

))τ
, ((τ − 1) B log(4n/δ))

τ
, t0

)

for a sufficiently large constant Cτ . The first term in the max is chosen to satisfy the bias condition (17), and the second
term satisfies the clipping condition (16) as well as (20). We now explain how to derive the first term.

Let us define the variable X = S1/τ/B. The inequality can be rewritten in terms of X by substituting S1/τ = BX:

cτB(BX)τ−1e−X ≤ ϵ

2

cτB
τXτ−1e−X ≤ ϵ

2

To satisfy this, we need to find a sufficiently large X . For any τ ≥ 1, there exists a (constant) threshold X0(τ) such that
for all X ≥ X0(τ), the polynomial term Xτ−1 is bounded by an exponential, i.e., Xτ−1 ≤ eX/2. Assuming X is large
enough to meet this condition, our inequality becomes:

cτB
τeX/2e−X = cτB

τe−X/2 ≤ ϵ

2

Solving for X:

e−X/2 ≤ ϵ

2cτBτ

−X/2 ≤ log

(
ϵ

2cτBτ

)
= − log

(
2cτB

τ

ϵ

)
X ≥ 2 log

(
2cτB

τ

ϵ

)
This choice of X is consistent with the initial assumption that X is large (for small ϵ), as the logarithm will be large.
We can absorb the constant factors into a new constant Cτ and state that the condition is satisfied if X ≥ 2 log

(
Cτ

Bτ

ϵ

)
.

Substituting back X = S1/τ/B, we get:
S1/τ

B
≥ 2 log

(
Cτ

Bτ

ϵ

)
This gives the required lower bound on S:

S ≥
(
2B log

(
Cτ

Bτ

ϵ

))τ
This demonstrates that a choice of S satisfying S = Õ((B log(B/ϵ))τ ) is sufficient to control the bias term.

Solving for n: Substituting this choice of S into the concentration condition (18) yields a lower bound on n. This gives
three requirements on n, corresponding to which term in the max defining S is dominant.
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1. If S is determined by the bias term (the first term), then n must satisfy: n ≥ 8 log(4/δ)
ϵ2

(
B log

(
CτB

τ

ϵ

))2τ
. This

contributes to n = Õ
(
B2τ

ϵ2 log
(
1
δ

))
in the stated sample complexity.

2. If S is determined by the clipping probability term (the second term), we get a recursive condition on n:

n ≥ 8 log(4/δ)

ϵ2
(B log(4n/δ))2τ .

This is a recursive inequality of the form n ≥ K log2τ (n) where K = 8B2τ log(4/δ)
ϵ2 ; by the standard technique for

solving such recursive inequalities this is satisfied by all n ≥ max((2τe)2τ , 2K log2τ (2K)) = Θ(K log2τ (K)), and
so it suffices that:

n = Õ
(
K log2τ (K)

)
= Õ

(
B2τ

ϵ2
log2τ

(
B2τ

ϵ2

))
.

Since the Õ notation absorbs polylogarithmic factors, this simplifies to n = Õ
(
B2τ

ϵ2 log( 1δ )
)

.

3. If S is determined by the threshold term t0 (the third term), then S = t0 and we need: n ≥ 8 log(4/δ)
ϵ2 t20. This

contributes n = O
(
t20
ϵ2 log(1/δ)

)
to the sample complexity.

The total sample complexity is the maximum of these three requirements, giving us the sample complexity stated in the
lemma.

C Uniform Convergence and Population Approximation

In Section 3 we carried out our main convergence analysis under the empirical distributions p̂[i]. Here we show that,
with high probability, all required empirical expectations closely match their population counterparts under each true
distribution p[i]. Our approach combines Lemma B.6 with a standard net argument after clipping the functions involved,
to obtain convergence uniformly over the weight domain B(W ), and then applies this result to the sharpness and moment
bounds as well as to control the difference between the empirical and population optima.

Lemma C.1 (Uniform Concentration for Heavy-Tailed Variables). Let h : B(W ) × Rd → R be a function. Assume x
satisfies Assumption 1.2 with parameter Bx, and for any w ∈ B(W ), the random variable Zw = h(w;x) satisfies the
tail bound Pr(|Zw| > t) ≤ 2 exp(−t1/τ/Bh) for all t ≥ t0, where t0 = Õ(WBxβ) may depend on problem parameters,
τ ≥ 1 is a bounded integer and Bh ≥ Bx.

Let a(x) be the Lipschitz constant of h(w;x) with respect to w ∈ B(W ), and suppose that a(x) ≤ aSx whenever
∥x∥2 ≤

√
dSx, for Sx = Õ(Bx) chosen according to Lemma B.5 and aSx

= Õ(d2B4
x) as required in Lemma C.2 below.

Then, for sufficiently large N such that

N = Õ

(
K · t

2
0 +B2τ

h

ϵ2

(
d log

dWBx
ϵ

+ log
K

δ

))
,

with probability at least 1− δ, for every group i ∈ [K] and all w ∈ B(W ):∣∣Ep̂[i]
[h(w;x)]− Ep[i]

[h(w;x)]
∣∣ ≤ ϵ.

Proof. We will follow a clipping argument similar to that in Lemma B.6. We define a clipping threshold for the data
norm, Sx = Bx log(3dN

2/δ). Let Ex be the event ∥x∥2 ≤
√
dSx. We decompose h into a “clipped” part and a “tail”

part—hc(w;x) := h(w;x) · I[Ex] and ht(w;x) := h(w;x) · I[¬Ex], so that h = hc + ht. The total deviation can then
be bounded using the triangle inequality:

|Ep̂[i]
[h]− Ep[i]

[h]| ≤ |Ep̂[i]
[hc]− Ep[i]

[hc]|︸ ︷︷ ︸
(I)

+ |Ep̂[i]
[ht]|︸ ︷︷ ︸

(II)

+ |Ep[i]
[ht]|︸ ︷︷ ︸

(III)

.

We will show that (I) is uniformly bounded by ϵ and that (II) and (III) are each uniformly bounded by ϵ/3 with high
probability.
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Bounding the Tail Contribution (Terms II and III) By Lemma B.5, with probability at least 1−δ/(3N), all covariates
x in the total sample of size N satisfy ∥x∥2 ≤

√
dSx, where Sx = Bx log(3dN

2/δ). On this high-probability event, the
indicator I[∥xj∥2 >

√
dSx] is zero for all samples xj . Consequently, for any group i, the empirical expectation of the tail

part is zero:

Ep̂[i]
[ht] =

K

N

N/K∑
j=1

h(w;xij)I[∥xij∥2 >
√
dSx] = 0.

Since this does not depend on w or i, Term (II) is zero for all w and all groups i ∈ [K] simultaneously.

For Term (III), we bound the population mean of the tail part for all w, |Ep[i]
[ht]|, using the Cauchy-Schwarz inequality:

|Ep[i]
[ht]| ≤ Ep[i]

[
|h(w;x)| · I[∥x∥2 >

√
dSx]

]
≤
√
Ep[i]

[h(w;x)2] ·
√
Pr(∥x∥2 >

√
dSx)

≤
√
Ep[i]

[h(w;x)2] ·
√
δ/(3N).

The second inequality is the bound on the data probability, which is bounded by δ/(3N) by our choice of Sx. The first
term is the square root of the second moment of h(w;x). We can bound this moment using its tail parameters. Using the
tail integral formula, E[Z2] =

∫∞
0

Pr(|Z| >
√
u)du, we split the integral at u = t20:

Ep[i]
[h(w;x)2] ≤

∫ t20

0

1du+

∫ ∞

t20

2 exp(−u1/(2τ)/Bh)du = t20 + 4τB2τ
h Γ(2τ, t

1/τ
0 /Bh) ≤ Õ(t20 +B2τ

h ),

where the final inequality is a consequence standard upper bounds on the Γ function. Thus, we have |Ep[i]
[ht]| ≤√

Õ(t20 +B2τ
h )
√
δ/(3N). To ensure this is less than ϵ/3, it suffices to choose a sufficiently large N = Õ(t20 +B2τ

h ) δ/ϵ2.

Uniform Concentration of the Clipped Part (Term I) Let aSx > sup∥x∥2≤
√
dSx

a(x) be a deterministic upper bound

on a(x). For any x where I[Ex] = 1, we have ∥x∥2 ≤
√
dSx, and therefore |hc(w1;x)−hc(w2;x)| ≤ a(x)∥w1−w2∥2 ≤

aSx∥w1 −w2∥2.

Since their random variable Zw,c = hc(w;x) is a clipped version of Zw = h(w;x), its tails are at least as light. We
follow the standard net argument for hc. Let N be an r-net over B(W ) with |N| ≤ (3W/r)d. We want to achieve
|Ep̂[i]

[hc] − Ep[i]
[hc]| ≤ ϵ/3 for all points in the net and all groups. Using Lemma B.6 with accuracy ϵ/3 and failure

probability δ′ = δ/3
K|N| , further, substituting r = ϵ/6aSx

, the required sample size N = nK satisfies:

N = Õ

(
K ·max

(
B2τ
h

ϵ2
,
t20
ϵ2

)(
d log

WaSx

ϵ
+ log

K

δ

))
.

Plugging in bound on aSx from the lemma statement, we recover the stated sample complexity. With this sample size, with
probability at least 1− δ/3, we have |Ep̂[i]

[hc(w
′)]− Ep[i]

[hc(w
′)]| ≤ ϵ/3 for all w′ ∈ N.

Extending to the continuum via the triangle inequality and the Lipschitz constant aSx , for any w ∈ B(W ):

|Ep̂[i]
[hc]− Ep[i]

[hc]| ≤ |Ep̂[i]
[hc(w)]− Ep̂[i]

[hc(w
′)]|+ ϵ/3 + |Ep[i]

[hc(w
′)]− Ep[i]

[hc(w)]| ≤ 2aSx
r + ϵ/3.

We have three events we need to hold: the empirical tail is zero, the population tail is small, and the clipped part concen-
trates. By a union bound, all three hold with probability at least 1− δ. On this combined event, we have:

|Ep̂[i]
[h]− Ep[i]

[h]| ≤ (2aSx
r + ϵ/3) + 0 + ϵ/3 ≤ 2aSx

r + (2ϵ/3) ≤ ϵ.

While the stated inequalities for Sx and N lead to a recursive bound on N—the inequality for N has a log log(N) term on
the RHS due to Sx scaling logarithmically with N—using standard techniques like the one from the end of Lemma B.6,
we can obtain an explicit bound on N , at a poly-log cost absorbed by the Õ notation.
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Lemma C.2 (Empirical Sharpness and Moment Bounds with Heavy Tails). Under Assumptions 1.2 and 1.3, let the number
of samples

N = Õβ,B

(
KW 4

ϵ2

(
d log

dW

ϵ
+ log

K

δ

))
be sufficiently large. Then with probability at least 1−δ, for every group i ∈ [K], every w ∈ B(3∥w∗∥) with ∥w−w∗∥ ≥√
ϵ, and every unit vector u, the following hold:

Ex∼p̂[i]

[
(σ(w · x)− σ(w∗ · x))(w · x−w∗ · x)

]
≥ c0

2 ∥w −w∗∥22,
Ex∼p̂[i]

[
(u · x)τ

]
≤ 6B, for τ = 2, 4.

Proof. The proof consists of applying the uniform concentration result for heavy-tailed variables (Lemma C.1) to three
different functions. We will analyze the sample complexity for each and take the maximum to get the final result.

1. Sharpness Bound. Let h1(w;x) = (σ(w ·x)− σ(w∗ ·x))(w ·x−w∗ ·x). By Assumption 1.3, its true expectation
is lower bounded: Ep[i]

[h1(w;x)] ≥ c0∥w−w∗∥22. We want to show that with high probability, the empirical expectation
is close to this value.

The function class {h1(w; ·) : w ∈ B(W )} is defined over the parameter ball w ∈ B(W ). Let ∆w := w − w∗, and
assume ∥∆w∥2 ≤ 2W for all w under consideration. Consider the random variable Zw = h1(w;x). Its tail behavior can
be bounded as follows:

Since σ is β-Lipschitz, we have |σ(w · x)− σ(w∗ · x)| ≤ β|∆w · x|. This implies:

|Zw| = |h1(w;x)| ≤ β(∆w · x)2 = β∥∆w∥22(u · x)2 ≤ 4βW 2(u · x)2,

where u = ∆w/∥∆w∥2.

By Assumption 1.2, the random variable (u · x)2 has a tail bound Pr((u · x)2 > t) ≤ 2 exp(−t1/2/B). The tail bound
for Zw is therefore:

Pr(|Zw| > t) ≤ Pr
(
(u · x)2 > t/(4βW 2)

)
≤ 2 exp

(
− (t/(4βW 2))1/2

B

)
= 2 exp

(
− t1/2

2B
√
βW 2

)
.

This shows that Zw has a heavy tail with shape parameter τh1 = 2 and an effective scale parameter Bh1 = 2
√
βWB.

To apply Lemma C.1, we also need the effective Lipschitz constant of the function class, which we denote by a1. To find
the Lipschitz constant of h1(w;x) with respect to w, we bound its gradient’s norm:

∥∇wh1(w;x)∥2 = ∥σ′(w · x)x(w · x−w∗ · x) + (σ(w · x)− σ(w∗ · x))x∥2
≤ |σ′(w · x)| · ∥x∥2 · |∆w · x|+ |σ(w · x)− σ(w∗ · x)| · ∥x∥2
≤ β∥x∥2 · (∥∆w∥2∥x∥2) + (β∥∆w∥2∥x∥2) · ∥x∥2
≤ 4βW∥x∥22.

This gives a random Lipschitz constant a1(x) = 4βW∥x∥22. Note that a1(x) ≤ 4βWS2d ≤ Õ(βdWB2) if ∥x∥22 ≤ dS2
x

for Sx = Õ(B).

Since we consider ∥w −w∗∥2 ≥ ϵ, we can now use Lemma C.1 with a target additive error c04 ϵ (i.e. replace ϵ in C.2 with
c0ϵ/4), and a net radius r = c0ϵ

8a1
. The required number of samples N1 is dominated by the heavy-tailed term in the sample

complexity bound, which must use the parameters specific to h1: Setting t0 = 0 in Lemma C.1, we start with the given
sample complexity:

N1 = Õ

(
K · (Bh1

)2τh1

(c0ϵ/4)2

(
log

K

δ
+ d log

dWB

ϵ

))
Substituting the parameters τh1

= 2, Bh1
= 2

√
βWB, we proceed with the calculation:

N1 = Õ

(
K · (2

√
βWB)2·2

(c0ϵ/4)2

(
log

K

δ
+ d log

dWB

ϵ

))
= Õ

(
K · 64β

2W 4B4

c20ϵ
2

(
d log

dWB

ϵ
+ log

K

δ

))
.
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Absorbing the numerical constants and the logarithmic factors into the Õ notation, we arrive at the simplified expression
for the sample complexity:

N1 = Õ

(
Kβ2W 4B4

ϵ2

(
d log

dWB

ϵ
+ log

K

δ

))
.

With this sample size, with probability at least 1− δ/2, for all w ∈ B(W ) with ∥w −w∗∥2 ≥
√
ϵ:

Ep̂[i]
[h1(w;x)] ≥ Ep[i]

[h1(w;x)]− (2a1r + t) ≥ c0∥w −w∗∥22 −
(
c0ϵ
4 + c0ϵ

4

)
≥ c0

2
∥w −w∗∥22.

2. Moment Bounds. Let h2(u;x) = (u ·x)4 and h3(u;x) = (u ·x)2. These are defined over the space of unit vectors,
u ∈ Sd−1. By Assumption 1.2, the population means are bounded, Ep[i]

[hj ] ≤ 5B, and their tails are given by:

Pr(h2(u;x) > t) ≤ 2 exp(−t1/4/B) (τ2 = 4, B2 = B)

Pr(h3(u;x) > t) ≤ 2 exp(−t1/2/B) (τ3 = 2, B3 = B)

To apply Lemma C.1, we first need upper bounds on the Lipschitz constants for h2 and h3 in the appropriate bounded
region.

Lipschitz Constants: The gradients are ∇uh2(u;x) = 4(u · x)3x and ∇uh3(u;x) = 2(u · x)x. Their norms are
bounded by random variables:

∥∇uh2(u;x)∥2 ≤ 4∥x∥42, and ∥∇uh3(u;x)∥2 ≤ 2∥x∥22.

Similar to getting the upper bound for a1(w), we have a2(x) = Õ(d2B4) and a3(x) = Õ(dB2) if ∥w∥22 ≤ dS2
x.

Sample Complexity and Concentration: We apply Lemma C.1 with a target deviation of ϵ = B/2 and net radii rj =
ϵ/(2aj) = B/(4aj) for j = 2, 3. For the functions h2 and h3, the tail bounds hold for all t ≥ 0, so we can take t0 = 0.
The domain for u is the unit sphere, so we take W = 1.

For h2(u;x) = (u · x)4, we have tail parameters τ2 = 4 and B2 = B. Since the Lipschitz constant is upper bounded by
a2 = Θ̃(d2B4) whenever ∥x∥22 ≤ dS2

x, the sample complexity N2 is given by the formula from Lemma C.1:

N2 = Õ

(
K · B2·4

(B/2)2

(
d log

4a2
B

+ log
K

δ

))
= Õ

(
KB6

(
d+ log

K

δ

))
,

where we absorbed the polylogarithmic factors in B and d into the Õ notation. For h3(u;x) = (u · x)2, we have tail
parameters τ3 = 2 and B3 = B. The Lipschitz constant is upper bounded by a3 = Θ̃(dB2) whenever ∥x∥22 ≤ dS2

x. The
sample complexity N3 is similarly calculated to be:

N3 = Õ

(
KB2

(
d+ log

K

δ

))
.

The sample complexity for the moment bounds is dominated by N2. With this many samples, with probability at least
1− δ/2, we have for all unit vectors u:

Ep̂[i]
[h2(u;x)] ≤ Ep[i]

[h2(u;x)] + (2a2r2 + ϵ) ≤ 5B +

(
2a2

ϵ

2a2
+ ϵ

)
= 5B + 2ϵ.

With our choice of ϵ = B/2, the total bound is 5B+2(B/2) = 6B. A similar analysis for h3 also gives us a bound of 6B
for that case. By combining the three sample complexity bounds and omitting the dependence on β and B, we obtain the
overall sample complexity in the lemma statement.

Lemma C.3 (Empirical vs. Population Optima, Heavy-Tailed Version). Under Assumptions 1.2 and 1.3, and in the setting
of Fact 2.3, let the number of samples be

N = Õβ,B

(
KW 4

ϵ2
log

(
1

δ

))
Then with probability at least 1− δ, it holds that ÔPTm ≤ OPTm +ϵ.
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Proof. The proof proceeds in three steps: first, we derive the tail properties of the loss function; second, we apply a
concentration inequality with a union bound; and third, we use a property of the maximum function to conclude.

Recall that Fact 2.3 bounds |y| ≤M with M = CMWBβ log(βBW/ϵ) for a large enough constant CM .

Tail Bound of the Loss Function. Let the loss be the random variable Z = l(w∗;x, y) = (σ(w∗ · x)− y)2. We know
σ is β-Lipschitz continuous, σ(0) = 0, and y is bounded by M . To find the tail bound for Z, we first establish an upper
bound on its value:

Z = (σ(w∗ · x)− y)2 ≤ 2(σ(w∗ · x)2 + y2) ≤ 2(β2(w∗ · x)2 +M2).

The term (w∗ · x)2 can be written as ∥w∗∥22(u · x)2 ≤ W 2(u · x)2, where u = w∗
∥w∗∥2

is a unit vector. This gives
Z ≤ 2(W 2β2(u · x)2 +M2). We can now bound the tail probability of Z for any t > 2M2:

Pr(Z > t) ≤ Pr(2(W 2β2(u · x)2 +M2) > t) = Pr

(
(u · x)2 > t/2−M2

(βW )2

)
.

From Assumption 1.2, the variable (u · x)2 has a sub-exponential tail with τ = 2 and parameter B. Let t′ = (t/2 −
M2)/(βW )2. The tail bound is Pr((u · x)2 > t′) ≤ 2 exp(−(t′)1/2/B). Substituting t′ back gives:

Pr(Z > t) ≤ 2 exp

(
−
√
t/2−M2

βWB

)
.

To establish a clean sub-exponential form of the type exp(−t1/2/Bl), we consider the tail for t ≥ 4M2. For this range of
t, we have t/2 −M2 ≥ t/2 − t/4 = t/4. Therefore,

√
t/2−M2 ≥

√
t/4 =

√
t/2. Substituting this into the exponent

gives:

Pr(Z > t) ≤ 2 exp

(
−

√
t/2

βWB

)
= 2 exp

(
− t1/2

2βWB

)
.

This bound holds for all t ≥ 4M2 = Θ̃(β2W 2B2). This is a valid sub-exponential tail with exponent τl = 2 and an
effective tail parameter Bl = 2WBβ.

Concentration and Union Bound over Groups. Recall that ÔPTm = maxi∈[K] Ep̂[i]
[l(w∗;x, y)] and OPTm =

maxi∈[K] Ep[i]
[l(w∗;x, y)]. Also, let ℓ∗ = [l∗[1], . . . , l

∗
[K]], where l∗[i] = Ep[i]

(l(w∗;x, y)), for all i ∈ [K], and we de-

fine ℓ̂∗, l̂∗[i] for the empirical case similarly. To ensure the empirical loss l̂∗[i] concentrates around the true loss l∗[i] for all
K groups simultaneously, we apply Lemma B.6 combined with a union bound. We require the deviation for each group
to be at most ϵ. To achieve a total failure probability of at most δ, we set the per-group failure probability to δ′ = δ/K.
Lemma B.6 states that for τl = 2 and t0 = Θ̃(β2W 2B2), the number of samples per group, n = N/K, must satisfy:

n = Õ

(
B2τl
l + β4W 4B4

ϵ2

(
log

Bl
ϵ

)2τl

log

(
1

δ

))
= Õ

(
β4W 4B4

ϵ2
log

(
1

δ

))
.

Consequently, the total number of samples N = nK must satisfy the bound stated in the lemma. With the sample size N ,
the union bound guarantees that with probability at least 1−δ, we have |l̂∗[i]− l

∗
[i]| ≤ ϵ for all i ∈ [K], i.e., ∥ℓ̂∗−ℓ∗∥∞ ≤ ϵ.

Finally, note that a, b ∈ RK , |maxi ai −maxj bj | ≤ ∥a− b∥∞, we have:

|ÔPTm −OPTm | = |max
i
l̂∗[i] −max

j
l∗[j]| ≤ ∥ℓ̂∗ − ℓ∗∥∞ ≤ ϵ.

This implies ÔPTm ≤ OPTm +ϵ, completing the proof.

D Proof of Gap Lower Bound

In this section, we adapt techniques from Li et al. (2024) to establish Lemma 3.2, restated below for convenience.

Lemma 3.2 (Gap Lower Bound). Under Assumptions 1.2 and 1.3, if the per-group sample size N/K is sufficiently large
(see Lemma C.2), for all w ∈ B(3∥w∗∥2) and all λ̂ ∈ ∆K , we have Gap(w, λ̂) ≥ − 12β2B

c1
ÔPTm + c1

2 ∥w −w∗∥22 +
νDϕ(λ̂

∗, λ̂).
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Proof. We split the primal-dual gap into the primal gap and the dual gap: Gap(w, λ̂) =
[
L(w, λ̂∗) − L(w∗, λ̂

∗)
]
+[

L(w∗, λ̂
∗)− L(w∗, λ̂)

]
. We expand the primal gap as

L(w, λ̂∗)− L(w∗, λ̂
∗) =

K∑
i=1

λ̂∗[i]E(x,y)∼p̂[i]
[(σ(w · x)− y)2 − (σ(w∗ · x)− y)2]

=

K∑
i=1

λ̂∗[i]Ep̂[i]
[((σ(w · x)− σ(w∗ · x))2]− 2

K∑
i=1

λ̂∗[i]Ep̂[i]
[(σ(w∗ · x)− y)(σ(w · x)− σ(w∗ · x))].

We now bound both of the above terms. For the first term, Equation (5) implies,

K∑
i=1

λ̂∗[i]Ep̂[i]
[((σ(w · x)− σ(w∗ · x))2] ≥

K∑
i=1

λ̂∗[i]c1∥w −w∗∥22 = c1∥w −w∗∥22. (21)

For the second term, by the Cauchy-Schwarz inequality, we have

K∑
i=1

λ̂∗[i]Ep̂[i]
[(σ(w∗ · x)− y)(σ(w · x)− σ(w∗ · x))]

≤
K∑
i=1

λ̂∗[i]

√
Ep̂[i]

[(σ(w∗ · x)− y)2]Ep̂[i]
[(σ(w · x)− σ(w∗ · x))2]

≤
K∑
i=1

λ̂∗[i]

√
Ep̂[i]

[(σ(w∗ · x)− y)2]β
√
6B∥w −w∗∥2 ≤

√
ÔPTmβ

√
6B∥w −w∗∥2, (22)

where the second inequality follows from Equation (5) and the last inequality applies Jensen’s inequality to the concave
function

√
· and then uses the definition of ÔPTm.

Combining Equation (21) and Equation (22), the primal gap is bounded below by

−2β
√
6B∥w −w∗∥2

√
ÔPTm + c1∥w −w∗∥22≥ −12β2B

c1
ÔPTm +

c1
2
∥w −w∗∥22, (23)

where we use Young’s inequality (Fact B.1): 2β
√
6B∥w−w∗∥2

√
ÔPTm ≤ 4β26B

2c1
ÔPTm + c1

2 ∥w−w∗∥22. For the dual
gap, we have

L(w∗, λ̂
∗)− L(w∗, λ̂) = −L(w∗, λ̂)− (−L(w∗, λ̂

∗))

= ∇λ̂(−L(w∗, λ̂
∗)) · (λ̂− λ̂∗) +D−L(w∗,·)(λ̂, λ̂

∗) ≥ νDϕ(λ̂
∗, λ̂), (24)

where the second equality and the last inequality follow from Facts 2.4 and 2.5. Combining Equation (23) and Equation (24)
completes the proof.

E Proof of Gap Upper Bound

In this section we prove Proposition 3.4, which shows that the cumulative primal-dual gap
∑n
t=1 atGap(wt, λ̂t) can be

controlled by telescoping the contributions from the primal updates in w, the dual updates in λ̂, and a small residual term
that is absorbed by our choice of step sizes. The argument proceeds in three steps:

1. Per-iteration decomposition We combine Lemmas E.1 and E.2 (an upper bound on atL(wt, λ̂
∗) and a lower bound

on atL(w∗, λ̂t), respectively) to bound from above each atGap(wt, λ̂t) by a sum of differences in squared distances,
Bregman divergences, and a residual error Et. Most of the technical work is devoted to proving Lemma E.2.

2. Telescoping Sum Summing the per-iteration bounds from t = 1 to n causes most distance and divergence terms to
telescope, leaving only boundary terms at t = 0 and t = n, plus one remaining inner product −an

∑K
i=1(λ̂n[i] −

λ̂n−1[i])Ep̂[i]
[⟨v(wn−1;x, y),w∗ −wn⟩].
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3. Residual Control We bound that final inner product via Young’s inequality and our step-size choice, absorbing it
back into the telescoped Bregman and distance terms.

Before we carry out these steps in detail, we first state the two necessary bounds on atL(wt, λ̂
∗) and atL(w∗, λ̂t) that are

required per-iteration decomposition. We defer their proofs to Appendices E.1 and E.2.

Lemma E.1 (Upper Bound for atL(wt, λ̂
∗)). In each iteration t, let

λ̂t = argmax
λ̂∈∆K

{
atL(wt, λ̂) − (ν0 + νAt−1)Dϕ(λ̂, λ̂t−1)

}
.

Then for all t ≥ 1,

atL(wt, λ̂
∗) ≤ atL(wt, λ̂t) − (ν0 + νAt−1)Dϕ(λ̂t, λ̂t−1) − (ν0 + νAt)Dϕ(λ̂

∗, λ̂t)

+ (ν0 + νAt−1)Dϕ(λ̂
∗, λ̂t−1).

Lemma E.2 (Lower Bound for atL(w∗, λ̂t)). Under Assumptions 1.2 and 1.3, if the per-group sample size N/K is
sufficiently large (see Lemma C.2), where wt is the sequence of iterates in Algorithm 1, we have for each t ≥ 1:

atL(w∗, λ̂t) ≥ atL(wt, λ̂t)−
1 + 0.5c1At−1

2
∥w∗ −wt−1∥22 +

1 + 0.5c1At
2

∥w∗ −wt∥22

− at−1

K∑
i=1

(λ̂t−1[i] − λ̂t−2[i])Ep̂[i]
[⟨v(wt−2;x, y),w∗ −wt−1⟩]

+ at

K∑
i=1

(λ̂t[i] − λ̂t−1[i])Ep̂[i]
[⟨v(wt−1;x, y),w∗ −wt⟩]

− 1 + 0.5c1At−1

4
∥wt−2 −wt−1∥22 +

1 + 0.5c1At
4

∥wt−1 −wt∥22

− (ν0 + νAt−2)Dϕ(λ̂t−1, λ̂t−2)−
28β2BÔPTmat

c1
.

For ease of recall, we restate here the quantities defined in Algorithm 1 and Equation (6):

C3 := 31β
√
B/c1,

C4 := 27c1 + 2163β4B2/c1,

CW :=

√
6β2 + c2MB log2

(βBW
ϵ

)
,

C ′
W := 2

√
3CWβWB,

at = min
{(

1 +
c1
8C4

)t−1 1

4C4
,max

{(
1 +

√
c1ν

4
√
2C ′

W

)t−1
√
ν0

4C ′
W

,
c1ν0

(4
√
2C ′

W )2
t
}}

,

An =

n∑
t=0

at.

We now carry out these steps in detail, and prove our main upper bound on the gap.

Proposition 3.4 (Gap Upper Bound). Let the sequences {at}, {At}, {wt}, and {λ̂t} be generated by Algorithm 1, where,
by convention, a−1 = a0 = A−1 = A0 = 0, w−1 = w0 = 0, and λ̂−1 = λ̂0 = 1

K1. Under Assumptions 1.2 and 1.3, if
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the per-group sample size N/K is sufficiently large (see Lemma C.2), then for any n ≥ 1:

n∑
t=1

atGap(wt, λ̂t)

≤ 1

2
∥w∗ −w0∥22 −

1 + 0.5c1An
4

∥w∗ −wn∥22

+ ν0Dϕ(λ̂
∗, λ̂0)−

1 + 0.5c1An
4

∥wn −wn−1∥22

− (ν0 + νAn)Dϕ(λ̂
∗, λ̂n) +

28β2B

c1
AnÔPTm.

Proof. 1. Per-iteration bound. Recall

atGap(wt, λ̂t) = at L(wt, λ̂
∗) − at L(w∗, λ̂t).

Combining Lemmas E.1 and E.2 gives, for each t,

atGap(wt, λ̂t) ≤ 1 + 0.5c1At−1

2
∥w∗ −wt−1∥22 −

1 + 0.5c1At
2

∥w∗ −wt∥22

+ at−1

K∑
i=1

(λ̂t−1[i] − λ̂t−2[i])Ep̂[i]
[⟨v(wt−2;x, y),w∗ −wt−1⟩]

− at

K∑
i=1

(λ̂t[i] − λ̂t−1[i])Ep̂[i]
[⟨v(wt−1;x, y),w∗ −wt⟩]

+ (ν0 + νAt−2)Dϕ(λ̂t−1, λ̂t−2)− (ν0 + νAt−1)Dϕ(λ̂t, λ̂t−1)

+
1 + 0.5c1At−1

4
∥wt−1 −wt−2∥22 −

1 + 0.5c1At
4

∥wt −wt−1∥22

+ (ν0 + νAt−1)Dϕ(λ̂
∗, λ̂t−1)− (ν0 + νAt)Dϕ(λ̂

∗, λ̂t)

+
28β2BÔPTmat

c1
.

2. Telescoping over t = 1, . . . , n. Summing the above inequalities from t = 1 to n causes all intermediate distance
and divergence terms to cancel, leaving only the boundary terms at t = 0 and t = n, plus the term −an

∑K
i=1(λ̂n[i] −

λ̂n−1[i])Ep̂[i]
[⟨v(wn−1;x, y),w∗ −wn⟩]. Concretely, one obtains

n∑
t=1

atGap(wt, λ̂t) ≤ 1

2
∥w∗ −w0∥22 −

1 + 0.5c1An
2

∥w∗ −wn∥22

− an

K∑
i=1

(λ̂n[i] − λ̂n−1[i])Ep̂[i]
[⟨v(wn−1;x, y),w∗ −wn⟩]

− (ν0 + νAn−1)Dϕ(λ̂n, λ̂n−1) + ν0Dϕ(λ̂
∗, λ̂0)− (ν0 + νAn)Dϕ(λ̂

∗, λ̂n)

− 1 + 0.5c1An
4

∥wn −wn−1∥22 +
28β2B ÔPTAn

c1
.

3. Bounding the final residual. It remains only to absorb the term −an
∑K
i=1(λ̂n[i]− λ̂n−1[i])Ep̂[i]

[⟨v(wn−1;x, y),w∗−
wn⟩]. By Young’s inequality and our choice of α1 and step size at in Algorithm 1, we can show that (see the derivation of



Guyang Cao, Shuyao Li, Sushrut Karmalkar, Jelena Diakonikolas

Equation (33) in the proof of Lemma E.2 for the complete argument)

− an

K∑
i=1

(λ̂n[i] − λ̂n−1[i])Ep̂[i]
[⟨v(wn−1;x, y),w∗ −wn⟩]

≤ 4
√
3CWβWBan(

α1

2
2Dϕ(λ̂n, λ̂n−1) +

1

2α1
∥w∗ −wn∥22)

≤ (ν0 + νAn−1)Dϕ(λ̂n, λ̂n−1) +
1 + 0.5c1An

4
∥w∗ −wn∥22, (25)

substituting this back into the telescoped sum completes the proof.

E.1 Proof of Lemma E.1

We now prove the upper bound on atL(wt, λ̂
∗).

Lemma E.1 (Upper Bound for atL(wt, λ̂
∗)). In each iteration t, let

λ̂t = argmax
λ̂∈∆K

{
atL(wt, λ̂) − (ν0 + νAt−1)Dϕ(λ̂, λ̂t−1)

}
.

Then for all t ≥ 1,

atL(wt, λ̂
∗) ≤ atL(wt, λ̂t) − (ν0 + νAt−1)Dϕ(λ̂t, λ̂t−1) − (ν0 + νAt)Dϕ(λ̂

∗, λ̂t)

+ (ν0 + νAt−1)Dϕ(λ̂
∗, λ̂t−1).

Proof. We begin by introducing the quantity

h(λ̂) := at L(wt, λ̂) − (ν0 + νAt−1)Dϕ(λ̂, λ̂t−1).

Then observe that
atL(wt, λ̂

∗) = h(λ̂∗) + (ν0 + νAt−1)Dϕ(λ̂
∗, λ̂t−1),

since we have simply added and subtracted the same Bregman term.

By construction, h(λ̂) is the sum of a linear function in λ̂ and a −(ν0 + νAt−1)-strongly concave term, so h itself is
strongly concave. Hence its maximizer is exactly

λ̂t = argmax
λ̂∈∆K

h(λ̂).

We now apply the standard Bregman-divergence expansion around this maximizer:

h(λ̂∗) = h(λ̂t) +
〈
∇h(λ̂t), λ̂∗ − λ̂t

〉
+Dh(λ̂

∗, λ̂t).

Since λ̂t maximizes h, by Fact 2.4, the linear term is nonpositive, and we have

h(λ̂∗) ≤ h(λ̂t) +Dh(λ̂
∗, λ̂t)

= atL(wt, λ̂t)− (ν0 + νAt−1)Dϕ(λ̂t, λ̂t−1)− (ν0 + νAt)Dϕ(λ̂
∗, λ̂t),

where in the last step we used Fact 2.5 to replace Dh(λ̂
∗, λ̂t) by the appropriate shift in the Bregman divergence Dϕ.

Putting these pieces together gives

atL(wt, λ̂
∗) ≤ atL(wt, λ̂t) − (ν0 + νAt−1)Dϕ(λ̂t, λ̂t−1) − (ν0 + νAt)Dϕ(λ̂

∗, λ̂t)

+ (ν0 + νAt−1)Dϕ(λ̂
∗, λ̂t−1).

as claimed. Notice that the last two terms telescope when summed over t, and the negative term involving Dϕ(λ̂t, λ̂t−1)
can be used to absorb error contributions in the overall gap analysis.
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E.2 Proof of Lemma E.2

In this section, we prove the lower bound on atL(w∗, λ̂t). This is the most challenging part of the convergence analysis
that motivates and analyzes the extrapolation of the dual variable (Line 4), determines the convergence rate (Claim E.4),
and proves the key linearization lemma (Lemma 3.5) that underlies the definition of the surrogate gradient in Line 3. Note
that in the analysis below we assume the labels are bounded by M when we expand the definition of v(w;x, y), which is
w.l.o.g. due to Fact 2.3 and can be ensured by the appropriate pre-processing of samples, as discussed in Section 2.

Lemma E.2 (Lower Bound for atL(w∗, λ̂t)). Under Assumptions 1.2 and 1.3, if the per-group sample size N/K is
sufficiently large (see Lemma C.2), where wt is the sequence of iterates in Algorithm 1, we have for each t ≥ 1:

atL(w∗, λ̂t) ≥ atL(wt, λ̂t)−
1 + 0.5c1At−1

2
∥w∗ −wt−1∥22 +

1 + 0.5c1At
2

∥w∗ −wt∥22

− at−1

K∑
i=1

(λ̂t−1[i] − λ̂t−2[i])Ep̂[i]
[⟨v(wt−2;x, y),w∗ −wt−1⟩]

+ at

K∑
i=1

(λ̂t[i] − λ̂t−1[i])Ep̂[i]
[⟨v(wt−1;x, y),w∗ −wt⟩]

− 1 + 0.5c1At−1

4
∥wt−2 −wt−1∥22 +

1 + 0.5c1At
4

∥wt−1 −wt∥22

− (ν0 + νAt−2)Dϕ(λ̂t−1, λ̂t−2)−
28β2BÔPTmat

c1
.

Proof. Since L(w∗, λ̂t) =
∑K
i=1 λ̂t[i]Ep̂[i]

[(σ(w∗ · x)− y)2]− νdf (λ̂t, λ̂0), we first expand the square

(σ(w∗ · x)− y)2 = ((σ(wt−1 · x)− y) + (σ(w∗ · x)− σ(wt−1 · x)))2

= (σ(wt−1 · x)− y)2 + (σ(w∗ · x)− σ(wt−1 · x))2

+ 2(σ(wt−1 · x)− y)(σ(w∗ · x)− σ(wt−1 · x)) (26)

and obtain

L(w∗, λ̂t) =

K∑
i=1

λ̂t[i]Ep̂[i]
[2(σ(wt−1 · x)− y)(σ(w∗ · x)− σ(wt−1 · x))]− νdf (λ̂t, λ̂0)

+

K∑
i=1

λ̂t[i]Ep̂[i]
[(σ(wt−1 · x)− y)2] +

K∑
i=1

λ̂t[i]Ep̂[i]
[(σ(w∗ · x)− σ(wt−1 · x))2].

We use Lemma 2.2 to bound below the last term, use Lemma 3.5 to bound below the first term, and get

L(w∗, λ̂t) ≥
K∑
i=1

λ̂t[i]Ep̂[i]
[⟨v(wt−1;x, y),w∗ −wt−1⟩]− νdf (λ̂t, λ̂0)−

24β2BÔPTm

c1

+

K∑
i=1

λ̂t[i]Ep̂[i]
[(σ(wt−1 · x)− y)2] + c1∥w∗ −wt−1∥22 −

c1
4
∥w∗ −wt−1∥22.

Recall that the extrapolated group weights at (t− 1)-th iteration are λ̄t−1 := λ̂t−1 +
at−1

at
(λ̂t−1 − λ̂t−2), thus

L(w∗, λ̂t) ≥
K∑
i=1

(λ̂t[i] − λ̄t−1[i])Ep̂[i]
[⟨v(wt−1;x, y),w∗ −wt−1⟩]− νdf (λ̂t, λ̂0)

+

K∑
i=1

λ̂t[i]Ep̂[i]
[(σ(wt−1 · x)− y)2] +

3

4
c1∥w∗ −wt−1∥22 −

24β2BÔPTm

c1

+

K∑
i=1

λ̄t−1[i]Ep̂[i]
[⟨v(wt−1;x, y),w∗ −wt−1⟩]. (27)
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Now we observe that the last term in (27) is a linearization term defining the primal update. This allows us to
carry out a similar proof as for the primal gap upper bound in Lemma E.1, and avoid an implicit dependency issue
by choosing v(wt−1;x, y) instead of v(wt;x, y) to define ψ(w), since v(wt;x, y) depends on wt. Let ψ(w) =

at
∑K
i=1 λ̄t−1[i]Ep̂[i]

[⟨v(wt−1;x, y),w⟩] + 1+0.5c1At

2 ∥w −wt−1∥22, then wt = argminw∈B(W ) ψ(w) is the update rule
for wt. Since ψ(w) is (1 + 0.5c1At−1)-strongly convex in w, we have

at

K∑
i=1

λ̄t−1[i]Ep̂[i]
[⟨v(wt−1;x, y),w∗ −wt−1⟩]

≥ at

K∑
i=1

λ̄t−1[i]Ep̂[i]
[⟨v(wt−1;x, y),wt −wt−1⟩]

+
1 + 0.5c1At

2
∥wt −wt−1∥22 −

1 + 0.5c1At−1

2
∥w∗ −wt−1∥22

+
1 + 0.5c1At

2
∥w∗ −wt∥22 −

c1at
4

∥w∗ −wt−1∥22. (28)

Multiplying both sides by at and plugging Equation (28) into the last term in RHS in Equation (27), we get

atL(w∗, λ̂t) ≥ at

K∑
i=1

(λ̂t[i] − λ̄t−1[i])Ep̂[i]
[⟨v(wt−1;x, y),w∗ −wt−1⟩]− νatdf (λ̂t, λ̂0)− at

24β2BÔPTm

c1

+ at

K∑
i=1

λ̂t[i]Ep̂[i]
[(σ(wt−1 · x)− y)2] +

3

4
c1at∥w∗ −wt−1∥22

+ at

K∑
i=1

λ̄t−1[i]Ep̂[i]
[⟨v(wt−1;x, y),wt −wt−1⟩]

+
1 + 0.5c1At

2
∥wt −wt−1∥22 −

1 + 0.5c1At−1

2
∥w∗ −wt−1∥22

+
1 + 0.5c1At

2
∥w∗ −wt∥22 −

c1at
4

∥w∗ −wt−1∥22.

Recalling that, by definition, L(wt, λ̂t) =
∑K
i=1 λ̂t[i]Ep̂[i]

[(σ(wt · x)− y)2], we further have:

atL(w∗, λ̂t) ≥ atL(wt, λ̂t) + at

K∑
i=1

(λ̂t[i] − λ̄t−1[i])Ep̂[i]
[⟨v(wt−1;x, y),w∗ −wt−1⟩]

+ at

K∑
i=1

λ̂t[i]Ep̂[i]
[(σ(wt−1 · x)− y)2 − (σ(wt · x)− y)2]

+ at

K∑
i=1

λ̄t−1[i]Ep̂[i]
[⟨v(wt−1;x, y),wt −wt−1⟩]

+
1 + 0.5c1At

2
∥wt −wt−1∥22 −

1 + 0.5c1At−1

2
∥w∗ −wt−1∥22

+
1 + 0.5c1At

2
∥w∗ −wt∥22 +

c1at
2

∥w∗ −wt−1∥22 − at
24β2BÔPTm

c1
. (29)

Now we need to deal with the second, the third, and the fourth term in RHS of Equation (29). For the second term, we
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carry out the following decomposition

at

K∑
i=1

(λ̂t[i] − λ̄t−1[i])Ep̂[i]
[⟨v(wt−1;x, y),w∗ −wt−1⟩]

= at

K∑
i=1

(λ̂t[i] − λ̂t−1[i])Ep̂[i]
[⟨v(wt−1;x, y),w∗ −wt−1⟩]

− at−1

K∑
i=1

(λ̂t−1[i] − λ̂t−2[i])Ep̂[i]
[⟨v(wt−2;x, y),w∗ −wt−2⟩]

+ at−1

K∑
i=1

(λ̂t−1[i] − λ̂t−2[i])Ep̂[i]
[⟨v(wt−2;x, y)− v(wt−1;x, y),w∗ −wt−1⟩]

+ at−1

K∑
i=1

(λ̂t−1[i] − λ̂t−2[i])Ep̂[i]
[⟨v(wt−2;x, y),wt−1 −wt−2⟩], (30)

where the last equality follows the definition of λ̄t−1. Since the first two terms telescope, we only need to focus on
bounding the last two terms in Equation (30). For the second to last term in Equation (30), we have

− at−1

K∑
i=1

(λ̂t−1[i] − λ̂t−2[i])Ep̂[i]
[⟨v(wt−2;x, y)− v(wt−1;x, y),w∗ −wt−1⟩]

≤ 2at−1 max
i∈[K]

|Ep̂[i]
[2β(σ(wt−2 · x)− σ(wt−1 · x))(w∗ · x−wt−1 · x)]|

≤ 4at−1β
√

6β2B∥wt−2 −wt−1∥22 · 6B∥w∗ −wt−1∥22

≤ 24 · 36β4B2at−1

c1
∥wt−2 −wt−1∥22 +

c1at
6

∥w∗ −wt−1∥22, (31)

where in the first inequality, we applied the definition of v(w;x, y) and Hölder’s inequality with the fact that∑K
i=1 |λ̂t−1[i] − λ̂t−2[i]| ≤ 2. The second inequality follows from Lemma 2.2 and Cauchy-Schwarz inequality, the third

follows from Young’s inequality and the fact that at−1 ≤ at for all t ≥ 1.
For the last term in Equation (30), by Cauchy-Schwarz inequality and Lemma 2.2, we have

− at−1

K∑
i=1

(λ̂t−1[i] − λ̂t−2[i])Ep̂[i]
[⟨v(wt−2;x, y),wt−1 −wt−2⟩]

≤ 2βat−1 max
i∈[K]

|Ep̂[i]
[(σ(wt−2 · x)− y)(wt−1 · x−wt−2 · x)]|

K∑
i=1

|λ̂t−1[i] − λ̂t−2[i]|

≤ 2βat−1 max
i∈[K]

√
Ep̂[i]

[(σ(wt−2 · x)− y)2] · 6B∥wt−1 −wt−2∥22
K∑
i=1

|λ̂t−1[i] − λ̂t−2[i]|. (32)

Moreover, following again from Lemma 2.2 and Fact 2.3, for all groups i ∈ [K] and any w ∈ B(3∥w∗∥2),

Ep̂[i]
[(σ(w · x)− y)2] ≤ 2(Ep̂[i]

[(σ(w · x))2] + Ep̂[i]
[y2])

= 2
(
6β2W 2B + C2

MW
2B2 log2(

βBW

ϵ
)
)
.
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Plugging this bound into (32) above, and recalling that CW =
√
6β2 + C2

MB log2(βBWϵ ), we get

− at−1

K∑
i=1

(λ̂t−1[i] − λ̂t−2[i])Ep̂[i]
[⟨v(wt−2;x, y),wt−1 −wt−2⟩]

≤ 2at−1β

√
2W 2B

(
6β2 + C2

MB log2(
βBW

ϵ
)
)√

6B∥wt−1 −wt−2∥2
K∑
i=1

|λ̂t−1[i] − λ̂t−2[i]|

≤ 4
√
3at−1CWβWB∥wt−1 −wt−2∥2

K∑
i=1

|λ̂t−1[i] − λ̂t−2[i]|

≤ 4
√
3CWβWBat−1(

α1

2
2Dϕ(λ̂t−1, λ̂t−2) +

1

2α1
∥wt−1 −wt−2∥22), (33)

where we apply Young’s inequality (Fact B.1) and Claim E.3 (see below) for the last inequality.

To bound the third term on the RHS of Equation (29), we first use a similar method as in Equation (26) to expand the
difference of the square terms in the expectation to get:

at

K∑
i=1

λ̂t[i]Ep̂[i]
[(σ(wt · x)− y)2 − (σ(wt−1 · x)− y)2]

≤ at max
i∈[K]

Ep̂[i]
[(σ(wt · x)− σ(wt−1 · x))2]

+ at max
i∈[K]

|Ep̂[i]
[2(σ(wt−1 · x)− y)(σ(wt · x)− σ(wt−1 · x))]|

≤ 6atβ
2B∥wt −wt−1∥22 + 2atβ max

i∈[K]
|Ep̂[i]

[(σ(wt−1 · x)− y)(wt · x−wt−1 · x))]|, (34)

where the second inequality follows from Lemma 2.2 and Lipschitzness of σ(·). We split the second term in RHS above
and apply the definition of ÔPTm together with the Cauchy-Schwarz inequality, respectively, for all groups i ∈ [K],

|Ep̂[i]
[(σ(wt−1 · x)− y)(wt · x−wt−1 · x))]|

≤ |Ep̂[i]
[(σ(w∗ · x)− y)(wt · x−wt−1 · x)]|+ |Ep̂[i]

[(σ(wt−1 · x)− σ(w∗ · x))(wt · x−wt−1 · x))]|

≤
√
ÔPTm · 6B∥wt −wt−1∥22 +

√
6β2B∥wt−1 −w∗∥22 · 6B∥wt −wt−1∥22.

Combining with Equation (34) and applying Young’s inequality (Fact B.1), we have

at

K∑
i=1

λ̂t[i]Ep̂[i]
[(σ(wt · x)− y)2 − (σ(wt−1 · x)− y)2]

≤ 6β2Bat∥wt −wt−1∥22 + 12atβ
2B
(36β2B

2c1
∥wt −wt−1∥22 +

c1
2 · 36β2B

∥wt−1 −w∗∥22
)

+ 2at

( c1
2β2B

6β2B∥wt −wt−1∥22 +
β2B

2c1
ÔPTm

)
. (35)
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Now we bound the fourth term in Equation (29). Noting that
∑K
i=1 |λ̄t−1[i]| ≤ 3 since at−1 ≤ at for any t ≥ 0, we have

− at

K∑
i=1

λ̄t−1[i]Ep̂[i]
[⟨v(wt−1;x, y),wt −wt−1⟩]

≤ 6βat max
i∈[K]

|Ep̂[i]
[(σ(wt−1 · x)− σ(w∗ · x))(wt · x−wt−1 · x)|

+ 6βat max
i∈[K]

|Ep̂[i]
[(σ(w∗ · x)− y)(wt · x−wt−1 · x)|

≤ 6βat

√
6β2B∥wt−1 −w∗∥22 · 6B∥wt −wt−1∥22 + 6βat

√
ÔPTm · 6B∥wt −wt−1∥22

≤ 36β2Bat

( c1
2 · 108β2B

∥wt−1 −w∗∥22 +
108β2B

2c1
∥wt −wt−1∥22

)
+ 6βat

(βB
2c1

ÔPTm +
6Bc1
2βB

∥wt −wt−1∥22
)
. (36)

We again here used the definition of v(w;x, y), a similar method as in Equation (26) to split terms, and used Hölder’s
inequality to get the first inequality, then applied Cauchy-Schwarz inequality in the second inequality, and used Young’s
inequality (Fact B.1) in the third.

It remains to choose the appropriate α1 and argue that the step sizes at satisfy 4
√
3CWβBWat−1 ≤ ν0 + νAt−2,

2
√
3CW βWBat−1

α1
+ 36·24β4B2at−1

c1
≤ 1+0.5c1At−1

4 , and (24c1 + 6β2B + 36·60β4B2

c1
)at ≤ 1+0.5c1At

4 , where the first in-

equality is to construct a term to telescope with −(ν0 + νAt−1)Dϕ(λ̂t, λ̂t−1) in Lemma E.1, the second and the third
inequality are to construct telescoping terms ∥wt − wt−1∥22 and ∥wt−1 − wt−2∥22. We use Claim E.4 below to find and
justify an appropriate choice of α1 and at. Combining Equation (30), Equation (31), Equation (33), Equation (35) and
Equation (36) together and then substituting them back into Equation (29), we get

atL(w∗, λ̂t) ≥ atL(wt, λ̂t)−
1 + 0.5c1At−1

2
∥w∗ −wt−1∥22 +

1 + 0.5c1At
2

∥w∗ −wt∥22

− at−1

K∑
i=1

(λ̂t−1[i] − λ̂t−2[i])Ep̂[i]
[⟨v(wt−2;x, y),w∗ −wt−1⟩]

+ at

K∑
i=1

(λ̂t[i] − λ̂t−1[i])Ep̂[i]
[⟨v(wt−1;x, y),w∗ −wt⟩]

− 1 + 0.5c1At−1

4
∥wt−2 −wt−1∥22 +

1 + 0.5c1At
4

∥wt−1 −wt∥22

− (ν0 + νAt−2)Dϕ(λ̂t−1, λ̂t−2)−
28β2BÔPTmat

c1
,

which completes our proof.

Claim E.3 (TV via χ2/KL on the simplex). For λ̂0 = 1
K and any t1, t2 ≥ 0, s.t. λ̂t1 , λ̂t2 ∈ ∆K ,

(∑K
i=1 |λ̂t1[i] −

λ̂t2[i]|
)2 ≤ 2Dϕ(λ̂t1 , λ̂t2), where ϕ = KL(·, λ̂0) or ϕ = χ2(·, λ̂0).

Proof. Case 1: ϕ = KL(·, λ̂0). By Pinsker’s inequality (Lemma B.4),

(

K∑
i=1

|λ̂t1[i] − λ̂t2[i]|)
2 = ∥λ̂t1 − λ̂t2∥21 ≤

(
2TV (λ̂t1 , λ̂t2)

)2 ≤ 2KL(λ̂t1 , λ̂t2) = 2DKL(·,λ̂0)
(λ̂t1 , λ̂t2),

so altogether

(

K∑
i=1

|λ̂t1[i] − λ̂t2[i]|)
2 ≤ 2Dϕ(λ̂t1 , λ̂t2).

Case 2: ϕ = χ2(·, λ̂0). Alternatively, divide and multiply each coordinate by λ̂0[i] and use Jensen’s inequality,

(

K∑
i=1

|(λ̂t1[i] − λ̂t2[i])|)
2 = (

K∑
i=1

|
λ̂t1[i] − λ̂t2[i]

λ̂0[i]
| λ̂0[i])2 ≤

K∑
i=1

( λ̂t1[i] − λ̂t2[i]

λ̂0[i]

)2
λ̂0[i] = Dχ2(·,λ̂0)

(λ̂t1 , λ̂t2).
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Since Dχ2 ≤ 2Dχ2 trivially, this completes the bound (
∑K
i=1 |λ̂t[i] − λ̂t2[i]|)2 ≤ 2Dϕ(λ̂t1 , λ̂t2).

Claim E.4 (Convergence Rate). For all t ≥ 0, let at be defined as in Line 2, then it holds that 4
√
3CWβBWat−1 ≤

ν0 + νAt−2, 2
√
3CW βWBat−1

α1
+ 36·24β4B2at−1

c1
≤ 1+0.5c1At−1

4 , and (24c1 +6β2B+ 36·60β4B2

c1
)at ≤ 1+0.5c1At

4 . Note that
the choice of at also makes the last inequality of Equation (25) hold.

Proof. By Young’s inequality (Fact B.1), 6β2B ≤ 3c1 + 3β2B4/c1, which means that to make the third inequality hold,
it suffices that

(27c1 +
2163β4B2

c1
)at ≤

1 + 0.5c1At
4

.

Let C4 = 27c1 + 2163β4B2/c1, it suffices to enforce

at ≤ (1 +
c1
8C4

)t−1 1

4C4
. (37)

For the second inequality to hold, it suffices to enforce the two inequalities below:

2
√
3CWβWBat

α1
≤ 1 + 0.5c1At

8
,

864β4B2

c1
at ≤

1 + 0.5c1At
8

,

where the second one holds if the first inequality listed in the proof holds. Therefore, to satisfy both the first and the second
inequalities in the statement of the lemma, let C ′

W = 2
√
3CWβWB, it suffices:

2C ′
Wα1at ≤ ν0 + νAt−1,

C ′
Wat
α1

≤ 1 + 0.5c1At
8

.

For each iteration t, we choose α1 = 2
√
(ν0 + νAt−1)/(2 + c1At) and it suffices:

at ≤
1

4
√
2C ′

W

√
(ν0 + νAt−1)(2 + c1At). (38)

Using At−1 ≤ At again, it suffices that a1 ≤ √
ν0/(4C

′
W ) and at ≤

√
c1νAt−1/(4

√
2C ′

W ) for t ≥ 2, which means

at ≤ (1 +

√
c1ν

4
√
2C ′

W

)t−1

√
ν0

4C ′
W

,

Note that when ν = 0, to satisfy Equation (38), it also suffices a2t ≤ ν0c1At/(4
√
2C ′

W )2, which means it suffices to have
at ≤ ν0c1t/(4

√
2C ′

W )2. Therefore, together with Equation (37), it suffices

at = min
{(

1 +
c1
8C4

)t−1 1

4C4
,max

{(
1 +

√
c1ν

4
√
2C ′

W

)t−1
√
ν0

4C ′
W

,
c1ν0

(4
√
2C ′

W )2
t
}}

, An =

n∑
t=0

at.

The analysis above provides a valid choice for at that satisfies the conditions of the claim, which concludes the proof.

E.3 Proof of Lemma 3.3

Finally, we inductively establish the boundedness of the iterates that is necessary for the sharpness results (Fact 2.1 and
Lemma 2.2).

Lemma 3.3. For all iterations t ≥ 0 of Algorithm 1, the iterates satisfy ∥wt∥2 ≤ 3∥w∗∥2.

Proof. We prove this lemma by induction on t. When t = 0, it is trivial that 0 = w0 ∈ B(3∥w∗∥). Now assume
∥wt∥ ≤ 3∥w∗∥ holds for all 0 ≤ t ≤ n, we would like to prove ∥wn+1∥ ≤ 3∥w∗∥ also holds. We apply Lemma 3.2 and
Proposition 3.4 to sandwich the quantity

∑n+1
t=1 atGap(wt, λ̂t). Note that we only have ∥wn∥ ≤ 3∥w∗∥, which means
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that we can only add the term an+1Gap(wn+1, λ̂n+1) to the lower bound in Lemma 3.2. However, we can directly apply
Proposition 3.4 for the (n+ 1)-th iteration since it only requires ∥wn∥ ≤ 3∥w∗∥. Therefore, we get the inequality below:

− 12β2B

c1
ÔPTmAn +

n∑
t=1

at
c1
2
∥wt −w∗∥22 +

n∑
t=1

νatDϕ(λ̂
∗, λ̂t) + an+1Gap(wn+1, λ̂n+1)

≤
n+1∑
t=1

atGap(wt, λ̂t)

≤1

2
∥w∗ −w0∥22 + ν0Dϕ(λ̂

∗, λ̂0)−
1 + 0.5c1An+1

4
∥w∗ −wk+1∥22 − (ν0 + νAn+1)Dϕ(λ̂

∗, λ̂n+1)

+
28β2BÔPTmAn+1

c1
. (39)

Also, similar to Lemma 3.2 (see the proof of Lemma 3.2 in Appendix D), we split an+1Gap(wn+1, λ̂n+1) into two terms
and get

an+1Gap(wn+1, λ̂n+1) = [L(wn+1, λ̂
∗)− L(w∗, λ̂

∗)] + [L(w∗, λ̂
∗)− L(w∗, λ̂n+1)]

=

K∑
i=1

λ̂∗[i]Ep̂[i]
[((σ(wn+1 · x)− y)2 − (σ(w∗ · x)− y)2)] + νDϕ(λ̂

∗, λ̂n+1)

≥ −ÔPTm,

where we lower bound the first term as −ÔPTm and simply ignore the second term due to the nonnegativity of Bregman
divergence. Since

∑n
i=1 at

c1
2 ∥wt − w∗∥22 and

∑n
t=1 νatDϕ(λ̂

∗, λ̂t)in LHS of Equation (39) are nonnegative, −(ν0 +

νAn+1)Dϕ(λ̂
∗, λ̂n+1) and (1+ 0.5c1An+1)∥wn+1 −wn∥22/4 in RHS are nonpositive, we can ignore them. Plugging the

inequality above into Equation (39) and rearranging the terms, we get

2 + c1An+1

8
∥w∗ −wn+1∥22

≤ 1

2
∥w∗ −w0∥22 + ν0Dϕ(λ̂

∗, λ̂0) +
(40β2B

c1
An + (1 +

28β2B

c1
)an+1

)
ÔPTm.

Let both sides be divided by (2+c1An+1)/8, for the first two terms in RHS, we use 2+c1An+1 ≥ 2, for the third term, we
use 2+c1An+1 ≥ c1An, and for the last term, following the choice of at, we have an+1

2+c1An+1
≤ an+1

c1An
≤ max{ 1

n ,
1

8C4
} ≤ 1.

Therefore, the inequality above becomes

∥w∗ −wn+1∥22 ≤ 2∥w∗ −w0∥22 + 4ν0Dϕ(λ̂
∗, λ̂0) +

(544β2B

c21
+

1

min{n8 , C4}
)
ÔPTm.

Since 1
min{n

8 ,C4} is at most of constant order, the coefficient of ÔPTm is also a constant. Choosing ν0 = ϵ
4K , following the

similar logic of claim E.2 in Li et al. (2024), we can assume without loss of generality that
(
544β2B
c21

+ 1
min{n

8 ,C4}
)
ÔPTm+

ϵ ≤ ∥w∗∥22, otherwise we can compare the empirical risk of the output from our algorithm and of ŵ = 0 and output the
solution with the lower risk to obtain an O(OPT) + ϵ solution.

Now we complete the induction step showing ∥w∗ −wn+1∥22 ≤ 3∥w∗∥22, which means ∥wn+1∥2 ≤ (1 +
√
3)∥w∗∥2 ≤

3∥w∗∥2, and we finish the proof.

F Supplementary Details of Experiments

F.1 Existing Assets Used

We used the publicly available RedPajama dataset (Together Computer, 2023), which is released under a combination
of open licenses consistent with the licenses of the original data sources (e.g., CC-BY for Wikipedia). We followed the
official RedPajama license statement. Since the data from the book domain is no longer publicly available, we instead
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downloaded approximately 160GB of raw data from the remaining six domains, using normalized weights based on the
original dataset’s initial proportions.

For the code, we built on the code base of Xia et al. (2024) (see Xia et al. (Sheared LLaMA: Accelerating Lan-
guage Model Pre-training)), adding our implementation of the primal–dual methods below and modifying the function
update_proportion in the dynamic_loading_callback.py file accordingly.

PD-KL updates
elif self.update_type == "pd-kl":

new_lambdas = torch.log(new_lambdas + 1e-6) + eta * diff
new_lambdas = torch.nn.functional.softmax(new_lambdas, dim=0)
updated_domain_weights = \

new_lambdas + extrapolation_factor * (new_lambdas - torch.tensor(current_lambdas))
# extrapolation

updated_domain_weights = (1-c) * updated_domain_weights + c / self.n_domains

F.2 Additional Experiment Details

We largely followed the pipelines and instructions provided in the aforementioned code base. For data preparation and
model setup, we used virtual machines on Google Cloud Platform (GCP): a VM with 8 vCPUs and 64GB memory for
tokenization and data sampling, and a VM with a single NVIDIA A100 80GB GPU for converting checkpoints into
HuggingFace format and running model evaluations. For training, we employed 4 NVIDIA A100 80GB GPUs on the
high-performance computing clusters of the Center for High Throughput Computing (CHTC) at UW-Madison, equipped
with 32 CPUs and 256GB memory. We followed all training parameters from Xia et al. (2024), except that we set the
evaluation interval to 8.4M tokens instead of 16.8M tokens, i.e., twice as frequent as in their setup.
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