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Abstract

Accelerated stochastic gradient descent (ASGD) is a workhorse in deep learning. While exist-
ing optimization theory can explain its faster convergence, they fall short in explaining its better
generalization. In this paper, we study the generalization of ASGD for overparameterized linear
regression. We establish an instance-dependent excess risk bound for ASGD within each eigen-
subspace of the data covariance matrix. Our analysis shows that (i) ASGD outperforms SGD in
the subspace of small eigenvalues, while in the subspace of large eigenvalues, its bias error decays
slower than SGD; and (ii) the variance error of ASGD is always larger than that of SGD. Our result
suggests that ASGD can outperform SGD when the difference between the initialization and the
true weight vector is mostly confined to the subspace of small eigenvalues.

1. Introduction

Momentum [12] is an important technique in optimization. In the context of convex and smooth
optimization, Nesterov’s momentum (accelerated gradient descent (AGD)) achieves the minimax
optimal convergence rate [13] and provably accelerates the vanilla GD method. Recent work by Liu
and Belkin [11] shows that stochastic gradient descent (SGD) can also be accelerated by momentum
in the overparameterized setting. However, the effect of momentum on the generalization perfor-
mance is less studied. It has been empirically shown that ASGD does not always outperform SGD
[16], but there has been little theoretical work justifying this observation. Notable exceptions are
Jain et al. [8] and [15], which provide excess risk bounds for accelerated SGD (ASGD) (a.k.a., SGD
with momentum) for least squares problems in the strongly convex [8] and convex settings [15], re-
spectively. However, both of their results are limited to the classical, finite-dimensional regime,
and cannot be applied when the number of parameters exceeds the number of samples. On the
other hand, a recent line of work completely characterizes the excess risk of SGD for least squares,
even in the overparameterized regime [2—4, 7, 17, 18]. In particular, Wu et al. [17], Zou et al. [18]
provide finite-sample and dimension-free excess risk bounds for SGD that are sharp for each least
squares instance. Given these results, it becomes imperative to thoroughly investigate whether the
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inclusion of momentum proves beneficial in terms of generalization, particularly in the context of
least squares problems.

Contributions. In this paper, we tackle the question by considering ASGD for (overparameter-
ized) linear regression problems and comparing its performance with SGD.

* Our main result provides an instance-dependent excess risk bound for ASGD that can be applied
in the overparameterized regime. Similar to the bounds for SGD in Wu et al. [17], Zou et al. [18],
our bound for ASGD is independent of the ambient dimension and comprehensively depends on
the spectrum of the data covariance matrix.

* Based on the excess risk bounds, we then compare the excess risk of ASGD and SGD. We find
that the variance error of ASGD is always no smaller than that of SGD. Moreover, the bias error
of ASGD is smaller than that of SGD along the small eigenvalue directions, but is larger than that
of SGD along the large eigenvalue directions, with respect to the spectrum of the data covariance
matrix. Thus momentum can help with generalization only if the main signals are aligned with
small eigenvalue directions of the data covariance matrix and if the noise is small.

Notation. In this paper, scalars are denoted by non-boldface letters. Vectors and matrices are
denoted by lower-case and upper-case boldface letters, respectively. Denote linear operators on
matrices by upper-case calligraphic letters. Denote the inner product of vectors by (u,v). For a
vector v, denote its j-th entry as (v);; For a matrix M, denote its ij-entry as (M);;. For a PSD
matrix M, define ||ul|3; = u" Mu. Denote the 2-norm of vector v as ||v||2 = V'v'v. Denote the
inner product of matrices A, B € R?%*2? a5 (A, B) = E?’?:l(A)ij(B)ij. The Kronecker product
of matrices is denoted by ®. The operation of a linear matrix operator on a matrix is denoted by o.

2. Preliminaries

Linear Regression and ASGD. The goal of linear regression is to minimize the following risk:

L(w) = 1/2-Ep e [(y — (W, %)%,

where x is an input feature vector belonging to a Hilbert space, y € R is the response, w € H
is the weight vector to be optimized, and D is an underlying unknown distribution of the data.

LetH = EXND‘X[XXT] be the second-order moment matrix of the distribution D. Let the eigen-

decomposition of the Hessian be H = Zle \iviv], where {\;}%_, are the eigenvalues of H
sorted in descending order with v;’s being the corresponding eigenvectors.

In the t-th iteration, a sample (x, ;) ~ D is observed. The stochastic gradient is calculated by
VL(w) = —(y — (W, x¢))x. 2.1)

We follow the classical ASGD scheme [13], which maintains three sequences wy, vy and uy. Let NV
be the number of samples observed, then for any 1 < ¢ < N, the update rules of wy, v;, u, are:

w1 =awi_g + (1 —a)vey, (2.2)
wi =u 1 — 6VL(uy), (2.3)
vi = fuq + (1 — B)vie1 — YV L(w1), 2.4
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where «, 3,7v,0 > 0 are hyperparameters. The v; sequence is initialized at wy € . In this
work, following Jain et al. [8] and Zou et al. [18], we consider ASGD with tail averaging. The
tail-averaged final output is W sy = N1 Zf+N ~! w,. With certain assumptions, L(w) admits

=s
a unique global optimum denoted by w* := argmin,, L(w). We focus on the overparameterized
setting, where d > N (or possibly countably infinite).

Assumptions. We introduce assumptions required in our analysis, following those of Wu et al.
[17], Zou et al. [18].

Assumption 2.1 (Regularity conditions) The second moment H exists, and tr(H) is finite. H is
strictly positive definite, i.e., H > 0. Thus, L(w) admits a unique global optimum w*. The second-
order moment of labels E[y?] is also finite. Let M = E(x,y)~p[X ® X ® X ® X| denote the fourth
moment of X, then M exists and is finite.

Assumption 2.2 (Fourth moment condition) Assume there exists a positive constant 1) > 0, such
that for any PSD matrix A, we have By p[xx' Axx '] < 1 tr(HA)H.

Specifically, when D is a Gaussian distribution, we have 1) = 3.
Assumption 2.3 (Noise condition) Assume that

% = B yonlVL(W) @ VL(W)] = Eqeyynlly — (w*,x))?xx ],
and 0 == |H™ 2 SH "2 ||3 exist and are finite.

3. Main Results
We now provide an excess risk upper bound for ASGD.
3.1. Risk Bound of ASGD in the High-Dimensional Setting

Parameter choice. We select hyperparameters of ASGD as follows: We first pick a non-negative
integer k. We then select parameters 9, -y, 3, « as follows, based on %:

1 1 ) 1
R s R IR e S

we first introduce three quantities which are cutoffs of the spectrum of H. The eigenvalues of A;
can be either complex or real, which depends on the range of \;. Define

k= max{i: N > (Vg —cd +/clqg—0))?/¢*},
kT = max{i: N > (/g — 6 —\/clg —9))?/¢*}.

3.2)

We also define % as k := max {i: i > (1 —=c)/d}. We can show that with our choice of parame-
ters, we have k¥ < k < kf (see Appendix G.1).

For integers 0 < k1 < ko, denote Hy, ., =
Now we present the main result:

ko o, T . \4d ——
impg1 Aivivy and Hy, oo == Zi:k1+1 Aiviv,; .
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Theorem 3.1 Under Assumptions 2.1, 2.2 and 2.3, with the parameter choice in (3.1), if N(1—c) >
2, the excess risk of tail-averaged iterate from ASGD satisfies:

E[L(Ws s4+nN)] — L(W*) < 2 - EffectiveVar + 2 - EffectiveBias. (3.3)
where the effective variance is bounded by

27k* 9k* 14
EffectiveVar < o*r + 18(s+ N)v Z )\2} yr [ + 36N~? Z )\3] . [||w0 W*||%0:E

2N k
i>k* i>k*
10 * (|12 2 * (12 * (|12
o=+ o~ R s N — |
and the effective bias is bounded by
o 8(cd/q)* 4s” )
EffectiveBias < V252 |lwo — w* H%_l + mc$||(I—5H)s/2(wo—W )H%_Ikizk'f
16¢° 100¢® N
+ vl B (w0 =Wl g = ) 2w — w) g
) o w1 ) |
—|[(I-——H — 18|{I— ——H —
+ N2(’y+5)2H< 2 (wo —w7) H! * 2 (wo —w7) Hjooo

with k* = max{k : \y > 1/((v+ 6)N)}, and

=(1—yD)7h L= 0t(E)/241/(20) +7 ) Ai/A.

i>K

Theorem 3.1 establishes the excess risk bound of ASGD under the overparameterized setting. To
our knowledge, this is the first instance-dependent bound of ASGD within each eigen-subspace of
H. Our excess bound includes both the variance term, which depends on the randomness coming
from the data distribution D, and the bias term, which includes “accelerated convergence” terms
brought by the ASGD.

Remark 3.2 The cutoffindex k* is referred to as the effective dimension, which can be much smaller
than the model dimensionality d, especially when the eigenvalues decay fast. We want to emphasize
that similar effective dimension has also appeared in the previous work which analyzes the con-
vergence of SGD under the overparameterized model setting [17, 18]. Nevertheless, the effective
dimension of SGD is ki = max{k : Ay > 1/(0N)}, which is smaller than that in ASGD. In
Section 4, we will provide a comparison of the risk bounds between SGD and ASGD.

4. Comparison between ASGD and SGD

In this section, we first introduce the SGD update, which is given by wpSP = wPGP —6§L(w§G1D ),

where § satisfies the requirement in (3.1). Analogous to ASGD, tail-averaged SGD is defined as
WD = N1 305N wHGD | The following theorem shows the existence of linear regression
instances where ASGD outperforms SGD (the proof is given in Appendix F.2):
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Theorem 4.1 (Informal) There exists a class of linear regression instances and corresponding
choice of parameter such that the excess risk bound of tail-averaged ASGD satisfies

E[L(Wesn)] — L(W") = O(0*(N™Y? + N72.0.9873%)),
and the excess risk bound of tail-averaged SGD satisfies
E[L(WS2 )] — L(w*) = Q(o*(N Y2 4 N72.0.996%)).

Theorem 4.1 is inspired by the following comparison of the effective variance and bias of SGD
and ASGD with the assumption that s = O(N). Under Assumptions 2.1, 2.2 and 2.3, Zou et al.
[18] prove that, effective variance and effective bias of SGD satisfy:

. kg
EffectiveVar < o2rggp - [SNGD + (s + N)o? Z M

1>kSqp

Wrsap 11 “IIf |12 ksap 2 2
+ N . [SHWO — W ||ID’k§GD + (S—l—N)HWO — W ||Hk§GD:oo] . T +N§ Z )‘i :

1>kdap

EffectiveBias < (I—6H)*(wo —w") + [[(IT—dH)*(wo — w")

1

[ [T
0:kSap SGD

where rsap = (1 — ¢4 tr(H)) ™! and k§qp = max {i: \; > 1/(6N)}.

Comparison of effective variance. Assuming that the initial variance wy — w* is bounded, the

effective variances of both ASGD and SGD are dominated by the terms with the o2 coefficient,

i.e., the real variance. Thus, ignoring o2, r and rsgp and constants, effective variance of ASGD in

the subspace of A; is O(min {1/N, Ny?A?}), compared to O(min {1/N, N§?A?}) for SGD. With

~ > ¢ according to the choice of parameters in (3.1), we conclude that the excess variance of ASGD

in every subspace is larger than that of SGD.

Comparison of effective bias. Effective bias of both SGD and ASGD decay exponentially in s

within each subspace. The decay rate of SGD is (1 — §\;)® in the subspace of \;. For ASGD,

1. When i < k%, the decay rate in the subspace of \; is (¢d/¢)°. By definition of k¥, we have
1 —0X\; < ¢d/q (see Appendix G.1 for detailed proof).

2. When k* < i < kT, the decay rate in the subspace of \; is [c(1 — 5)\i)]s/f. According to the

definition of %, when kt < i < %, we have 1 — d\; < /c(1 —6\;); When k < ¢ < kT, we have
1-— 5)\1 > C(l — (5)\Z)

3. When i > kf, the decay rate in the subspace of ); is (1 — (v +));/2)°. By the choice of
parameters (3.1), we have v > §,s0 1 — (v + d)\;/2 < 1 — ;.

Combining the three cases above, we conclude  gigenvalues of A ; (complex/real)

that the effective bias of ASGD decays faster than  Ad At Akt A1

that of SGD in eigen-subspaces of \; where ¢ > k, 1= @G+1A/2)"  (Veld—on)° (c5/q)°

while it decays slower than SGD in subspaces of )\; < /Acceleration===><=—=Slow down=——->
. ™ . .. . . Bias Contraction SGD: (1 — 6A;)°

where ¢ < k. This phenomenon is illustrated in Fig- Cutoff: As = (1 — ¢)/

ure 1. Therefore, ASGD can perform better than SGD
if wo — w™ is mostly refined to the eigen-subspaces

of \; where ¢ > k. Figure 1: Illustration of the eigenspectrum.
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5. Conclusion

In this work, we provide instance-dependent risk bounds for ASGD that are comprehensively de-
pendent on the spectrum of the data covariance matrix. We show that ASGD always exhibit higher
variance and higher bias along the large eigenvalues subspace than SGD. However, along the small
eigenvalues subspace, its bias error is smaller than that of SGD. These together suggest that ASGD
outperforms SGD only if the signals mostly align with the small eigenvalues subspaces of the data
covariance and that the noise is small.
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The organization of the appendix is as follows.

* In Appendix A, we discuss the related work.

* In Appendix B, we present empirical results on synthetic experiments to confirm our theoret-
ical findings.

* In Appendix C, we present the detailed preliminaries of our results.
* In Appendix D, we discuss the choice of hyperparameters mentioned in (3.1).
* In Appendix E, we extend our main results to the Stochastic Heavy Ball method.

* In Appendix F.1, we prove Theorem 3.1, which depends on two key lemmas: Lemma F.3 to
bound the variance term, and Lemma F.4 to bound the bias term.

* In Appendix F.2, we prove Theorem 4.1.

* In Appendix G, we provide the upper bounds for A, which is the population version of _Kt,
the update matrix of the noise 7;. The upper bound of A is crucial to our proof.

* In Appendix H, we provide the upper bounds for a group of linear operators, which are crucial
to our proof.

* In Appendix I, we provide the detailed proof of Lemma F.3.

* In Appendix J, we provide the detailed proof of Lemma F.4.

* In Appendix K, we prove Corollary K.1.

* In Appendix L, we provide the detailed proofs for the setting of standard basis.

* In Appendix M, we provide the proof of all remaining lemmas.

We note that, from a technical perspective, we extend the analysis of the stationary covariance
matrix in Jain et al. [8] to the overparameterized setting, where we remove all dimension-dependent
factors with a fine-grained analysis of the ASGD iterates. Our techniques might be of independent
interest for analyzing ASGD in other settings.
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Appendix A. Related Work

The generalization performances of SGD and ASGD applied to underparameterized linear regres-
sion have been studied in a line of works, based on the technique of bias-variance decomposition.
It is shown that for SGD with iterate averaging from the beginning, bias error has a convergence
rate of O(1/N?) and variance has a convergence rate of O(d/N), where N is the number of calls
of the stochastic oracle and d is the model dimension [3, 5, 6]. If the eigenvalue of the data covari-
ance matrix is bounded away from zero, then the convergence rate of the bias error can be further
improved with additional exponential shrinkage by taking tail averaging of the iterates [7].

For ASGD applied to linear regression, there are two cases: one with the assumption that the
eigenvalue spectrum of the data covariance matrix is bounded away from zero (strongly convex)
and the other without such assumption (general convex). For strongly convex linear regression, [8]
show an accelerated convergence rate for the bias error of ASGD with constant stepsize and tail
averaging, compared to that of tail-averaged SGD in [7]. We extend the use of linear operators and
the techniques for bounding the operator spectrum in [8].

Recently, the generalization of ASGD applied to general convex linear regression is studied
by [15]. Their result shows the acceleration of ASGD with time-varying parameters and weighted
iterate averaging, especially for large V. The case of general convex linear regression is closer to the
overparameterized setting where fast-decaying eigenspectrum is of special interest. However, their
result is not applicable to the overparameterized linear regression because of the dimensionality
dependence. Additionally, their result does not reveal the exponential bias decay of ASGD with
constant stepsize.

The generalization performance of overparameterized linear regression has been studied by a
line of works [1, 14]. For SGD applied to overparameterized linear regression, [18] replace the
model dimensionality d with the effective dimension defined in terms of the eigenspectrum. This
work manages to deal with any data covariance matrix, while prior works require certain assump-
tions [4]. Wu et al. [17] show a similar result for the last iterate of SGD with exponentially decaying
stepsize.

Appendix B. Experiments

In this section, we empirically verify that ASGD can outperform SGD when wy — w* is mainly
confined to the eigen-subspace of small eigenvalues.
Data model. Our experiments are based on the setting of overparameterized linear regression, where
the model dimenstion is d = 2000. The data covariance matrix H is diagonal with eigenvalues
N =i 2. Samples x; follow Gaussian distribution A/(0, H), so Assumption 2.2 holds with ¢ = 3.
The ground truth is w* = 0, and the labels y; follow the distribution A"(0, ?) where o2 = 0.01.
Hyperparameters of ASGD and SGD. We select parameters of ASGD so that it satisfies the re-
quirements in (3.1). We first let & = 5. According to (3.1), J satisfies § < 1/72, so we pick § = 0.1,
which is also the stepsize of SGD. We then let = 0.9875, so that (1 —¢)/6 = 2(1 — «)/d =
0.25 = Ay, which implies that k = 2. Finally, we select 3 = (1—a)/aandy = §/(yKB). We can
verify that the parameters satisfy all requirements in (3.1).

We fix the length of tail averaging as N = 500, and conduct experiments on different s where
s = 50,100,150, ...,500. In each experiment, we measure WZHNHWs:erN- For each s, we run
the experiment 10 times and take the average of the test results.
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We examine three different initializations: (a) wg = 10-e, representing the case where wg—w™
is mainly refined to the subspace of large eigenvalues, (b) wo = 10 - ea, representing the case where
wo — w™ is mainly refined to the subspace of A+, and (c) wg = 10 - egq, representing the case where
wo — W* is mainly refined to the subspace of small eigenvalues. Experiment results are shown
in Figure 2. We observe that ASGD indeed outperforms SGD in the scenario where wg — w* is
mostly refined to the subspace of small eigenvalues, and performs worse than SGD when wy — w*
is refined to the subspace of large eigenvalues. Additionally, the excess risks of SGD and ASGD
are similar when wo — w* aligns with the subspace corresponding to Az, which is also aligns with
the implication of Theorem 3.1.

0.040

— AsGD 0.05 —— ASGD 0.40 —— ASGD

sGD 6D
0.035 seo

0.030

0.025 o o
% ¥ 003 %030
# 0.020 o 8

i d &
0.015 0.02 0.25
0.010

0.01 020
0.005

0.000

100 200 300 400 500 100 200 300 400 500 100 200 300 400 500

(a) W = 10-61. (b) W = 10-82. (C‘) Wo = 10'620.

Figure 2: Comparison of excess risk of ASGD and SGD. The noise scale is 02 = 0.01. We run
each experiment 10 times and take the average of the excess risk in the 10 trials.

We now provide additional experiments that display the bias and variance errors separately with
different data covariance matrices H. Similar to the experiments provided earlier in this section, the
model dimension is set to be d = 2000, and the input x; follows Gaussian distribution (0, H). We
consider H with three types of spectrum: (i) A\, = k2, (ii) A\, = k log(k+1), and (iii) A\, = e~k/2,
The ground truth weight vector is w* = 0, and the label y; follows the distribution y; ~ A (0, 02)
where o = 0.2.

Hyperparameters. We select the same hyperparameters of ASGD and SGD as the choice earlier
in this section, i.e., » =3,k = 5,0 = 0.1, « = 0.9875, § = (1 — a)/a and v = 0/ (YK [). We fix
N = 500 and conduct experiments on different s where s = 50, 100, . . ., 500.

In each experiment, we measure both the bias error (W‘s’lgi N)THWIS’fgi  and the variance error
(W n N)THWZ,'f‘g - For each s, we run the experiment 10 times, and take the average of the test
results. We examine two initializations: (a) wg = 10 - e, which is the case where wg — w* is
mainly refined to the subspace of large eigenvalues, and (b) wg = 10 - eqg, which is the case where
wo — w* is mainly refined to the subspace of small eigenvalues.

The experimental results are shown in Figures 3, 4 and 5. In all experiments, the variance error
of ASGD is larger than that of SGD. However, the bias error of ASGD decays faster than that of

SGD when wg — w* is mainly refined to the subspace of small eigenvalues.

10
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—— ASGD bias
SGD bias

—— ASGD var

—— SGD var

—— ASGD bias
SGD bias

—— ASGD var

—— SGD var

Excess risk
Excess risk

\/\/\/’\
107 4
1073 /\_/\/\/\
100 200 300 400 500 100 200 300 400 500
(@) wo = 10 - ey. (b) wo = 10 - eqo.

Figure 3: Comparison of bias error and variance error of ASGD and SGD. The spectrum of H is
AL = k2.

—— ASGD bias 10° 4 —— ASGD bias
SGD bias SGD bias
—— ASGD var —— ASGD var
10-1 —— SGD var —— SGD var

Excess risk

Excess risk
=
15)
L
.

(a) Wqo — 10-61. (b) Wo = 10'810.

Figure 4: Comparison of bias error and variance error of ASGD and SGD. The spectrum of H is
A\ = klog(k +1).

Appendix C. Preliminary

. . . wy — w*
We first introduce some notations. Define the centered ASGD iterate as n; = [ut W*} . Define
. —
+N-1

=s

the tail averaged centered ASGD iterate as 1, o, y == IV DI 7. The excess risk is then

B~ L) = 5 ([ o] Elaai @ Tain]).

Denote the noise in each sample as €, == y; — (W*, x¢). By (2.1), the stochastic gradient at u;_;
can be expressed as

A~

VL(lltfl) = —(Et + <W*,Xt> — <ut,1,xt>)xt = XtX;r(ut,1 — W*) — €+X¢. (Cl)

11
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Figure 5: Comparison of bias error and variance error of ASGD and SGD. The specturm of H is
AL = e_k/ 2,

By substituting (C.1) into (2.3) and (2.4) and eliminating v; using (2.2), we have

o ~ [o I-oxix/) |0 axy
M= A1+ G, where Ay = [—cI (1+)I—gxex/ |’ o= q-ext]’

and ¢ = a1l — ), q = ad + (1 — a)~. Denote the expectation of A as

~ 0 I1-0H
A =E[A] = [—CI (1+o)I— qH] ’

where H = E, p|, [xx "] is the second-order moment matrix of the distribution D, which is also the
Hessian of L(w). Similar to Jain et al. [8], we assume that H is diagonal, then A is block diagonal
0 1 -0\
—c l+c—q)\
analyzing the eigenvalues of A;, since the spectral norm of A; determines the decay rate of the bias
error in the subspace of ;.

with each block being A; = ] . In this work, we are particularly interested in

Following the technique used extensively in previous works [4, 8, 10, 17, 18], we decompose the

centered iterate 7); into the bias sequence 7P and the variance sequence 7", defined recursively

as
P = AP, mb® = no; (C2)
me =A™+ & i =0. (C3)
The tail averaged iterate is then 7., vy = ﬁg"g; N T M5y s Where
_ | SN | SHN-1
NN =y DL M M= D mt (C4)
t=s t=s

The excess risk can be decomposed into bias and variance:

_ N 1/(H O _ _ . .
E[L(ws:s-i—N)] - L(W ) = 5 < I:O 0:| 7E[ns:5+N ® 775:5+N]> < 2 -Bias +2- Varlance,

12
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. 1/[H o L . ) 1//H O _ s
pins = 5 (| o] By 0] Variance = 5 ([ 0] Bty e m ).

Define the covariance matrices B; := E[nP'® @ 0] and C; = E[n}* ® n}*]. The recursive
forms of B; and C; then satisfy

B; =BoB; 1, Bo=10®no; (C5)
C,=BoC;_1+3%, Cy=0. (C.6)
Appendix D. Parameter Choice
D.1. Derivation of Parameter Choice

Following the optimization literature [12], we first fix the relationship between « and 5 as

1
o= 75 (D.1)
‘We then fix
§ = YKPy, (D.2)

following [8]. We remark that introducing x prevents the effect of fourth moment from blowing up
(see proof of Lemma H.5). Furthermore, we require vy > ¢ to enforce acceleration. Then, from the
requirement ¥l < 1, we require

Sptr(H) 1 oy
T3t ;Az<1.

Therefore, it suffices to take

1

P — e —
0= 20tr(H) | T 23N

(D.3)
Combining (D.1), (D.2) and (D.3), we derive the choice of parameters in (3.1).

We remark that we get rid of dimension dependency by merit of the term ¢y/4 - >
Without this term, < should be chosen as the model dimension d (as in Jain et al. [8]).

Ai.

>k

D.2. Discussion of Parameters

In the parameter choice (3.1), k is a free parameter. In this section, we discuss how the choice of
 affects the excess risk bound. Suppose that both equalities are attained in (D.3). We focus the
impact of x on (i) eigenvalue cutoff k, and (ii) bias decay rate.

Note that 1
")/ =
2¢ Zi>’,§ >\1 ’
S0 y increases as k increases. Furthermore,
0
YRy
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80 /3 decreases as k increases. We also have
1-p
= X 1 —_ = e
(1-8) 1+8

SO c increases as k increases.

k is defined as k = max{k : A\, > (1 — ¢)/d}, so k increases as & increases; The bias decay
rate in the subspace of the smallest eigenvalues (i.e., i > k') is 1 — (7 4+ §)\;/2, so the decay rate
accelerates for larger %. However, for the subspace of \; where kT < i < k¥, the bias decay rate is
[c(1 — 6X;)]*/?, so the decay rate slows down for larger 7.

Combining all the above, we conclude that the choice of k is subject to the eigenvalue spectrum
of the data covariance matrix. Additionally, choosing a small k¥ will make the algorithm perform
more like SGD.

Appendix E. Implication for Stochastic Heavy Ball Method

In this section, we extend the results we obtained for ASGD to By taking § = 0 in (2.3) and
eliminating v; and u; using (2.2) and (2.4), we get

w1 =wr — (1 —a)y- @L(wt) +a(l=p) - (W —wi1),

which is exactly the form of the stochastic heavy ball (SHB) update. Therefore, the excess risk
bound we presented in Theorem 3.1 can be directly applied to SHB.

As there are three free parameters but only two combinations (1 — a))y and (1 — ) are used,
we enforce that 8 = (1 — )/« and define ¢ = a(1 — ) and ¢ = (1 — «)7, similar to ASGD.
By (3.2) and the definition of k: we have k¥ =k = 0. Therefore, the following corollary gives the
excess risk bound of SHB:

Corollary E.1 Consider stochastic heavy ball (SHB) method, given by the update rule
Wit = Wi — qVL(wp) + (Wi — Wi 1),

where the hyperparameters satisfy ¢ € (0,1 — 2/N] and g = (1 — ¢)7y/2 with

e (0 gm)

Define rsup = (1 — ¢ytr(H)/4)7, k* := max{k : A, > 1/(yN)}, and define k' as in (3.2).
Then we have the following upper bound for the excess risk:

E[L(Ws.s+n)] — L(w") < 2 - EffectiveVar + 2 - EffectiveBias,

where effective variance is bounded by

EffectiveVar < o’reup [227]]:7 wTSHB — + 36N~y 2 Z )\2]
i>k* i>k*
10 2 * |12 * (12
[ - w4 2w a4 M- Wl

14
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and effective bias is bounded by

100 \ lIwo—wli
(1-02) N2

(1-23) o)

Remark E.2 In the eigen-subspace of \;, the exponential decay rate of effective bias of SHB is
max(c®, (1 —~\;)?%), which is never faster than that of SGD. This happens because for SHB, ~ has
to be smaller than that of ASGD to control the effect of stochastic gradient. We can thus demonstrate
that ASGD is superior to SHB in terms of the exponitial decay rate of the bias error, which extends
a similar result given by Kidambi et al. [9] to the instance-dependent case.

EffectiveBias < ¢® - <452 +

2 2

18
+ N242

H S
—|—18H<I— 72> (wg —w")

-1
Hot g Hirioo

Appendix F. Proof of Main Results
In this section we prove Theorems 3.1 and 4.1.
F.1. Proof of Theorem 3.1

We start with the basic bias-variance decomposition lemma.

Lemma F.1 (Bias-variance decomposition, Jain et al. [8]) The excess risk can be decomposed
into bias and variance as

— «w 1 //H 0 _ — . .
E[L(Ws:s+N)] - L(W ) = 5 < |:0 O:| aE[nszs+N ® ns:s+N]> < 2 Bias + 2 - Variance, (Fl)

where
. 1//H O — bias —bias
sias = 3 ([0 o] Bty e )

. 1//H O _ _
Variance := 3 < [0 0] JEms v ® n;?8r+N]> :

This indicates that the generalization error could be bounded respectively by analyzing the bias and
variance. We then further decompose bias and variance.

Lemma F.2 Bias and Variance can be decomposed as

. 1//H O . 1//H O
Varlance:2<[0 0},M1+M2>, Blas:2<[0 0],M3+M4>,

where

N-1

1 K
Ml :]\ﬂ[kZ_OA CS

N—1 T
Z A’f] , (F.2)
k=0

15
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| - N—t—1 T
M, :—N—Z [ Z Csit —BoCypin) [ > A’“] : (F.3)
t=1 L k=0 k=0
1 - N-1 T
— k k
Mg.—NQIZA ZA] , (F.4)
k=0 k=0
-1 [N—t—1 N N—t—1
Ngz[z A| (B~ oo [z Ak] s
t=1
Proof The proof largely follows Zou et al. [18]. From the definitions of 5?4, we have the following
[ 1as‘ nblaS] _ E[ AtT[blas ’ nbms] Aﬁ??i, (F6)
and for n"mance we have
E[m™|m®] = E[Am®, + Glm™y] = Am™,. (F7)

Then, regarding the term E[n% \ ® 773%, y], we have

EMgsin @ Ngsin]

1 s+N-—1 s+N—-1 s+N—1
=37 2 (E[n,:var@mvar] > Emen™+ Y E[nf“®n%ar]>
t=s k=t+1 k=t+1
1 s+N—-1 s+N—-1 s+N—-1
= < Yoo+ > AFYC+ D Ct(A’f—t)T]
t=s k=t+1 k=t+1

N—1 T
> o
k=0

B N—t—1 T
Cort —BoCypy1) [ Z Ak] ;

1 N-1
=37 [Z AF

Nl[Ntl

> AR

where the second equality holds by applying (F.7) k — ¢ times, and the last inequality holds due
to Lemma M.4. The decomposition of bias into M3 and M, can be proven in exactly the same
manner. |

t=1

From Lemma F.2, we can further bound the variance and bias terms as follows.
We have the following bound for variance, whose detailed proof can be found in Appendix I.

Lemma K3 Under Assumptions 2.1, 2.2 and 2.3, with our choice of parameters as in (3.1), we
have

Variance < o*r 27K 18(8 TN q - 65 Z )‘2]

2N * (1—1c¢)?
1>k*

where k* = max{k : A\, > 2N (q—¢cd)/(1 —¢)}.

16
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The following lemma provides an upper bound for the bias error, whose detailed proof can be
found in Appendix J.

Lemma F.4 Under Assumptions 2.1, 2.2 and 2.3, and with our choice of parameters as in (3.1),

we have
Yr | 9k*  36N(q 9
Bias < Effective Bias + NI vt 1—o2 Z Aj —||w0 -w ||I
i>k*
10 W 1—c N ¥
T elwo =Wl + gl — WL, .+ Als + N)flwo —w H%Ik*m] :
where
op o 8(ed/a)* 4s? '
Effective Bias < WHWO - w HH 3 + mCS||(I — SH)* 2 (wo — w )H%Ikijm

16¢ s 100¢® s .

+ NT(SQ”(I—CSH) /2(W -w )|| WH(I—M{) /2(W0 - W )||%{mT
9(1 — ¢)? qg—cd . \° NE
2N2(q — cd)? (I_ l—cH (wo —w7) H-!
kg
2
—|—18H<I— CdH) (wg —w™)
1—c Hyx .o

Substituting Lemma F.3 and Lemma F.4 into (F.1) in Lemma F.1 yields our final result presented
in Theorem 3.1.

F.2. Proof of Theorem 4.1

We consider the linear regression instance where the samples x; follow the Gaussian distribution
N(0,H) where \; = i~2, s0 ¢ = 3 in Assumption 2.2. The hyperparameters of ASGD are chosen
as0 =0.1,a =0.9875, = (1 —a)/a, k = 5,7 =/(¢¥rB) = 79/150 and N = 500. Finally,
we require (wo — w*); = 0 fori > 8.

We now present a formal expression of Theorem 4.1:

Theorem F.5 (Restatement of Theorem 4.1) When applied to the aforementioned class of prob-
lem instances and initialization such that |wo — w*||3; = O(0?), the excess risk of SGD satisfies

E[L(FL )] — L(w*) = Q(o*(N~Y2 4 N72.0.996°)),
and the excess risk of ASGD satisfies
E[L(Wessn)] — L(w*) = O(c2(N~Y2 4 N72.0.9873%)).

Proof We first recall the excess risk lower bound for SGD given by Theorem 5.2 of Zou et al. [18]:

2 kX
BILWR)] - Lw) 2 s B0 4 (s a2 3 ]
1>kggp

Variance

17



RISK BOUNDS OF ACCELERATED SGD FOR OVERPARAMETERIZED LINEAR REGRESSION

1 . 1
+ qoosee 10— ) (Wo = w)llggs + 455

EffectiveBias

(T = A H)* (wo — W) I,

Asc=2a—1and ¢ = ad + (1 — a)~, we have ¢ = 0.975 and ¢ = 79/750. By definition of
k: E*, kT in (3.2), we have R
k=0k=2 kI =6,

For the EffectiveBias term, note that all coefficients are absolute constants, so it suffices to consider
the exponential decay rate in the eigen-subspace of A\;. For SGD, the exponential decay rate is
(1 —3dX;) = 0.996°, and for ASGD, the exponential decay rate is (1 — (y + J)A;/2)® = 0.9873%.

|
Appendix G. Properties of A;
G.1. Segmentation of Eigen-subspaces
Recall that A; is defined as
_ 10 1—0N
Ai = [—c 1+c— q)\i] G.D
so the eigenvalues of A; are
o — l+c—qhi V(I +c—g\)? - 40(1—(5)\1-)’ G.2)
2 2
1 —q\; 1 —q\i)? —4dc(1 =N
o = “2 VAR q’)2 ol = 0A) (G.3)

From (G.2) and (G.3), we see that whether A; has complex or real eigenvalues depends on whether
the following holds:
(1+c—q\i)* —4c(1 —6)\) <O0. (G.4)

Directly solving (G.4), we have

\/q—cé—\/c q <\ <(\/q—05+\/6(q—5))2/q2-
Define the eigenvalue cutoffs as
kT = max{i: N > (/g — 6 —/elqg — 0))?/¢%}, (G.5)
k= max{i: N > (\/q —cd ++/c(qg—9)?/d*}, (G.6)

and we note that

(T~ - JT :1—c.m—m: (1=
9 Vg—cd+Je(g—96) (Vg—cd+/c(g—9))?

<¢ﬁ+ =0 1-c Va-d+\/ela—9) _ (1- 0
’ ¢ Vi@ ela D) (Vi@ Jela )

18
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Thus, if 1 < k¥ or i > kT, then A, has real eigenvalues; If k< < kT, then A; has complex
eigenvalues. We also define two other important eigenvalue cutoffs

k:=max{i: \ > (1—c)/8} (G.7)
and )
—c
k" = max{i TN > 2N(q—c5)}
We have the following lemma concerning the cutoff of eigenvalues:
Lemma G.1 Let k' and k* be defined in (G.5) and (G.6). Then we have

e Foralli > k', we have
1—c¢ < 1—c

Ai < ;
S 5

o Foralli < k* we have

Proof Foralli > kf, according to (G.5), we have

)\‘<1—c Va—cd—Je(g—9 c_l-c
T g \/q—c+(5) q_é’

where the second inequality holds because Yazeb=y/elazd) < 1, and the last inequality holds be-
Vag—cd+y/c(q—9)
cause g > 0.

For all i > k%, we have

)\471—0>1—c Vg —cd++/c(q (5) 1—c¢
’ b0 T g Jg—cd—Jclg—9 o

=(1—-c)\c(q— (q+9) - \/(q 0)(g — /e
=(1—c)\/e(qg—90)- 3q(vg =8 — \/e(q - 9))
(1 —¢)y/c(qg—9)

“[(g+0) — (¢ — cd)]
5q(vg—c8 — \Je(q—20
(- <q—6> =0
a(\/g=c6 — \Jelqg—0
where the first inequality holds due to (G.6), and the second inequality holds because ¢ — § <
c(q — cd). [

~

With Lemma G.1, we immediately know that k+ < k < EkT. If we also assume that N (1—c) > 2,

then ) )
l—c < (1—-¢) - (1—c¢)

2N(q—cd) ~ 4(q—cd) = (Vg—cd ++/c(q—0))?’
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where the inequality holds because ¢(q — &) < ¢ — 6. We thus have k* > k.

We then provide bounds for the spectral norm of A;. The bounds are accurate in the sense that

when x1, x> are real, the upper bound of 1 — x9 is at most the multiply of a constant of its lower
bound.

Lemma G.2 Let x1 and x2 be defined in (G.2) and (G.3). Then we have

e Ifi < k%, then x1, T are real, T is an increasing function in \;, and

6 — +/c(qg—6)(q — cd) <2y < co
q T

. Ifki < i < kT, then x1, T9 are complex, and
’1‘1| = ‘.’L’Q‘ = C(l — (5)\1),
e Ifk > Kk, then x1,xo are real, and

1_\/q—05(\/q105+ c(q—é)))\igmgl_ql—cé
—c —c

Ai

Proof If i < k%, then by definition of xo, we have

i +c—1—/(1+c—qh\)?—4c(l-0N)
2
2¢(qg — o)\
Qi +e—14+ /(1T +c—qh)?—4de(1—0N)
~ 2c¢(q —9) 1

4 1— Ll 1 _ 1=c . Va—cotyelg-9) 1 _ l=c . Va—cd—yc(g-9)
ani i g—cd—/c(q—0) Wi g—cd++/c(q—0)

C— T2 =

Note that the denominator is decreasing as a function of (1 — ¢)/(q\;), so we have

1_1—c+ (1_1—c's/q—c5+ c(q—5)> (1_1—0.\/(1—70—\/0@—5))
qAi qNi g —cd —\/c(q—6) qNi g —cd+/c(qg—6)
<1-041=2;

we also have

qAi qNi  \q—cd — /(g —9) qNi g —cd+/c(qg— )
s Va—cd—yelg=9)  2yeclg-9)
T Va—cad+y/elg=9)  Vg—cd+\/elg—9)

1_1—c+ (1_1—6.\/q—05+ c(q—6)> (1_1—cix/q—c —\/c(q—5)>

20



RISK BOUNDS OF ACCELERATED SGD FOR OVERPARAMETERIZED LINEAR REGRESSION

Therefore, we have

x2<c_2c(q—6) <

2q q’
nd
’ 2y > e 2¢(q —9) Vg—co+ clq—96) c6 —+/c(qg—6)(q — cf)
B q 2y/c(q—9)

q
If k¥ < i < kT, then we have

1T = C(l — 5)\1),
where x1 = Tg. Thus, |z1]| = |x2| = /(1 — 0\;).

If i > k', then we have

. L—c+qhi — /(14 c—q\)? —de(1—0N)
2
2(q — i
g — )X . (G.8)
1—c+gX\i+ /(14 c—qh\)? —4de(1—0N)
Note that

ai <l_c+q/\z‘+V(1+C—in)2—4c(1—5>\i)> _gp o 20—gltc—ah)

\/(1 +c— q)\i)Q — 46(1 — 5)\1)

—4c(q — 0)(q — cd)
V4= qh)? —4e(1 — ) {g/ (1 +c— gh)2 — 4e(1 — 0N) + [(1 + ¢)g — 2¢6 — 2\i]}
We also note that

g/ (L+c—q\)2 —4c(1 — M) + [(1 4 ¢)q — 2¢6 — ¢ \i]
> (14 ¢)qg—2¢6 — ¢* N

> (1+c)qg —2¢6 — (/e(g — 6) — \/e(q — 0))?
=2\/c(q—0)(q — c0) >0,

where the first inequality holds because /(1 + ¢ — gA;)2 — 4c(1 — d);) > 0, the second inequality
holds because due to (G.5). Therefore, we have

0 2
O\ (1—c+q)\,~+\/(1+c—q)\i) —46(1—6)\i)) <0,

s01—c+q\i+/(1+c—qh)?—4c(l —6)) is a function decreasing in \;. We thus have

l—c4+ghi+ V([0 4+c—qgh)2—4e(1—0N) <1—c++/(1+¢)?2—4c=2(1-c),

and

L—c4qhi+ V(1 +c—q\)2 —de(1 —0N)

>1_c+(1_0)\/ﬁ—m: 2(1 —¢)\v/q —cd |
> VI-DB+JA4—0) va-B+/dq-0)
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Therefore, we have

vy <1 20g—ch)Ni . g 05)\“
21— ¢) 1
and
20 —co)N . Vg—cd(Vg—cd+\/elg—9))
9 >1— =1- N

- _2(1—g)vq—cs _ 1—c
Vi i/ca D)

G.2. Characterization of A¥

Before we prove the upper bound for variance and bias, we first characterize the property of Af for
k> 1andi € [1,d], i.e., each block of matrix A corresponding to each eigenvalue \; of H.

Lemma G.3 Let A; be defined as in (G.1), write Af as

_[(ANDn (AP
Al = [(Af)ﬂ (Af)m] '

Let the eigenvalues of A; be x1 and x5 as defined in (G.2) and (G.3). Then, for any integer k > 1,
we have

k—1 k—1
i — T
AR = —c(1 = o)) 2 L
(A ( i) p—
k k
Ty — X
Af)ip = (1—6))2—1
(Ai)z = ( Z)ﬂcz—:m’
k k
Ty — T
ARy = —c22 1
(A2 = —e "=
k+1 k41
(AF)yy =211
o — 1

0 0 1 1 1 1
o — I Ty — I Ty — I
—c(1—-0M)2—"L =0, (1-6\)2—L=1-6), —c2"1=_c
To — X To — X To — X
We also have
af —af

=zx1+z9=14+c—q\;.
Tro — I

Therefore, Lemma G.3 holds for £ = 1. Suppose that the lemma holds for k. Note that Af“ =
A; - A¥, so by induction hypothesis, we have

"
(A5 = (1= 6N)(AF)ar = —c(1 — o) 22—,
Tr9 — X1
LEL ke
(AF) 1 = (1= 0XN)(AF)p2 = (1 — ) 2—1—
Tr9 — I1
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(AFH )51 = —e(AF)11 + (1++ ¢~ A (AF)on

k=1 k-1 k_ ok
x - T
=21 —0)\) =2 L c(1+c—qr)2—1
T2 — X1 T2 — I
acg_l — wlf_l a:’; — a?’f
=c 1Ty ——— —c(v1 + 22) ——
Tg — X1 Ty — 21

k1l k1
e RS

)

Tro — T
(A§+1)22 = —C(A?)IQ + (1 +c— q)‘l)(A'f)22
P k+1 K+l
Ty — T Ty — %
= (1= 0N 2= (Tge—gr) 22— 1
To — X1 2 — 21
ok k+1 k+1
Ty —T Lo —T
= —wy - 2L+ (11 + @) - E——
To — X1 T2 —I1

k42 k+2
Lo — — g
To— 1z

where we used the property that z; + z9 = 1 + ¢ — g\; and z129 = ¢(1 — §\;). Therefore, Lemma
G.3 holds for k + 1, and induction is completed. |

Appendix H. Linear Operators and Effect of Fourth Moment

H.1. Properties of Linear Operators

In this section, we introduce linear operators on matrices as well as their properties. We first give
the following definitions of linear operators:

I=10I, M=Exox®x®x], M=H@H,

- - ~ (H.1)
B = E[At®At], B=A®A.
Kt can be defined as the sum of deterministic component V' and stochastic component \A/'Q:
V. — 0 I vV, — 0 —0xix; (H.2)
V7= (1401 2700 —gxex| | '
Define
S 0 —fH

then A = V; 4+ V. We are also interested in linear operators E[\Afg ® {72] and Vo ® V.
We introduce the concept of PSD operators:

Definition H.1 (PSD operator) An operator O defined on symmetric matrices is called a PSD op-
erator if M = 0 implies O o M > 0.

The following lemma summarizes some basic properties of the linear operators.

Lemma H.2 The operators defined in (H.1) have the following properties:
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(a) M, ./W and M — ./W are PSD operators.
(b) For any PSD matrix M € R2#*2d_ ot

M — [Mll M12:| ’

H4
My Moo (H4

where M1, M2, Mo1 and Mgy are d-by-d blocks. We then have

-~ ~ 8% dq
E[Vy® Vo] oM = 50 | © (M o Mys),
5% oq ~
(V2®V2)OM: 5q q2 ®(MOM22).

Thus, E [\A/'g & \72] and Vo ® Vo are both PSD operators.
(¢) Band BB are both PSD operators.
(d) B — B= E[Vz ® Vg] — Vo ® Vs is a PSD operator.
Proof The proof follows those of Jain et al. [8], Zou et al. [18], and Wu et al. [17].
(a) For any PSD matrix M, we have
MoM =E[xx Mxx'] =E[(x'Mx)xx'] > 0,
where the inequality holds because xMx > 0and xx' > 0. Furthermore,
MoM = HMH *- 0,
where the inequality holds because M > 0 and H is symmetric. Lastly,
(M — M) oM = E[xx Mxx'] — HMH = E[(xx| — H)M(xx' — H)] = 0,
where the inequality holds because M = 0 and xx " — H is symmetric.

(b) Note that Moo > 0 because M > 0. We thus have

E[V,® Vo] oM =E [\721\/1\7;}

_E |:|:0 —(5th::| |:M11 M12:| [ 0 0 :|:|
0 —qxtxtT My Moy —6thtT —qxtxtT

) [[52xtx;M22thtT 5qxtxtTM22xtxtT”

5qxtxz—M22xtX;r q2xtx;rl\/l22xtx;r
R
= |:5q qg:| QRE [XtX;rMQQXtX:}
82 6
— |:5q qg:| X (M o Mgg) >0,
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2
where the last inequality holds because Moy = 0, M is a PSD operator and [gq gg} = 0.

In a similar way,

(Vo ® Vy)oM = VoMV,

[0 —6H]| [My; M| [ O 0
- _0 —qH M21 M22 —o0H —qH
o _52HM22H 5qHM22H
5gHM»H  ¢*HMyH
[ 52
_ 0 6(2] ® HMaH
109 q
(62 g

= ® (M oMayy) = 0,
5q qg] (MoMayg) =

— 2
where the inequality holds because Moo = 0, M is a PSD operator, and [gq gg] > 0.

(c) We have L B
BoM =E[A;MA/], BoM=AMA",

so0 both B and B are PSD operators.
(d) Note that Kt =V + \Afg, and A =V; + Vs, s0
(B—B)oM = (E[(V1+ V) ® (V1 + V)] = (V1 4+ V2) @ (Vi + V3)) o M
= (E[{fz X {\/2] —Vo® Vz) oM

5% 6 ~
= |:(5q qg:| X ((M — M) o Mgg) > 0,

where the second inequality holds because because E[V; ® \A/'z] =V; ® Vs and IE[\A/'Q ®
V1| = V5 ® Vy, the third inequality follows from part (b), and the inequality holds because

. 2
My, = 0, M — M is a PSD operator, and [gq 23} > 0.

H.2. Analysis of Fourth Moment

In this section, we study the difference of operators B and B (due to the fourth moment) when they
are operated on PSD matrix M. Specifically, we are interested in bounding the inner product

< [ 0 0} t—1

Dy B oM>. (H.5)
0 H =
The following lemma is the starting point of the analysis of fourth moment:
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Lemma H.3 For any PSD matrix M, we have
(B—B)oM =< E[?Q@i}g] oM,

where

~ ~ 2
E[V2®V2]OM5¢<B I‘H M> [gq ‘;3] ® H.

Proof By Lemma H.2(d), we have

(B—B)oM = (E[Vg@?g]—V2®V2>oMjE[\A/'Q@\A/g}oM,

where the inequality holds due to Lemma H.2(b).

Let My, be the matrix that contains the last d rows and d columns of M. By definition of \72
in (H.2), we have

S - 5% iq
E[V2®V2] oM = [5(1 q2] ® (M o M)
2
=< ¢ tr(HMag) - Bq gg} QH

00 5% dq
~o(fo w20 [ Hem
where first eqaulity holds due to Lemma H.2(b), and the inequality holds due to Assumption 2.2. H

The operators (Z — B)~" and (Z — B) ™! are of special interest in the analysis of fourth moment.
We first show the existence (Z — B) L.

Lemma H.4 With the parameters in (3.1), ( — B)~! exists and is a PSD operator.

Proof
It suffices to show that the property holds for any rank-one matrix xx ' . We have

(ZT-B)loxx")= iz’s‘k o(xx") = iAk(xxT)(Ak)T = i(Akx)(Akx)T.
k=0 k=0 k=0

Thus, the ij-entry of (Z — B) ™! o (xx ") is

|(A"x)q] - |(AFx)]00.

WE

3 (Akx)i(Ak); <

k=0

B
Il

0

The series converges because all eigenvalues of A, i.e., eigenvalues of all A;, have magnitudes
strictly smaller than 1. |

We then define operator 7 as

T=T-Vi0V,-V,@Ve—-Vo@V; =T — B+ Vy® V. (H.6)
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Since Z — B is invertible and (Z — B)~! is a PSD operator, T is also invertible, and 7! is a PSD
operator. We can thus define matrix U as

_ 52 5q} >
U=7"1o H H.7
T ([5(] ¢ ® (H.7)

The following lemma charanterizes a key property of U:

Lemma H.5 (Modified from Jain et al. [8]) With the choice of parameters in (3.1), the inner prod-
uct < [g I(-)I} ,U> is upper bounded by l, where

o~

_ ou(H + 7 Z A (H.8)

2
z>/-c

Specifically for SHB where § = 0, we have
0 0 qtr(H)
U) < .
<[0 H} >_2(1—C)

Proof Denote U; € R?*2 as the i-th block of the block-diagonal matrix U. By Equation (56) of
Jain et al. [8], we have
(14+c—coNi)(q—cd) + 2cqgdN; & (1+c)(g—9)

(Ui)2z = 2(1 =2+ cXi(q + ¢9)) =3t 2(1 =2+ ceXi(qg+cd))’ H9)

On the one hand, (Uj,)a2 is bounded by

5 (1+¢)(qg—9) 6§ (I+)(g—9)
Voo < — BT
<é+w:é q_5-1_67
S5 2(1+ c)o); 2 1—c 20N\
(5 y—90 1) 2045 v B _é 1
RN ET s W 3+ 2 N 2 2R o

where the first inequality holds because d\; < 1, and the second inequality holds because ¢ > 6,
and the third inequality holds because v — § < 7 and a8 < . On the other hand, (U; )92 can also
be bounded by

§ (I+c)g—6) 6 q—6 6
(Ui < 5 + 20—c2) 2 20-¢ 2

2

|
([e%Y
l\')\O'z
»lk\Q

(H.11)

where the first inequality holds because 1 — ¢? + (¢ — ¢6)\; > 1 — ¢2, and the second inequality
holds because (v — §)/4 < /4. Thus, we have

0 0 d d 1 Ao ot
<[0 H} > Z)\z i)22 < 5 Z)\H—Zzw Z’Y r2 21/} VZ)\“

=1 =1 =1 >R >R
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where the inequality holds due to (H.10) for ¢ < k and (H.11) for ¢ > &.
Specifically for SHB, we have

(1+c)q < (1+cg ¢

2((1 =) 4+ cqghi) — 2(1—¢?)  2(1—¢)’

(Ui)o2 =

where the inequality holds because 2((1 — ¢2) + cgA;) > 2(1 — ¢?). We thus have

<B 31] > ZA R

The following lemma charaterizes (Z — B) ! in terms of 7 and V:

Lemma H.6 The operator (I — B)~! can be written in the form of geometric series

o0

=Y (T'E[Va® Va))F o T

k=0
Proof According to the definition of 15,
B=E [;&t ® ;&t:| =E [(Vl +Vo)® (Vi + {72)]

:V1®V1+V1®V2+V2®V1+]E|:i\72®{\/2i|a

<>

where the last equality holds because E[V3] = V5. We thus have

@B = (T-ENVe V)

/N

T [I TRV, ® \72]} }71

Il
—

~ —~ —1
T- T*E[w@vz]] T

—

(TﬁlE[\Afz ® \AfQ])k o T 1,

e

i

0

where the last inequality holds due to geometric series of linear operators. |

We now show that (Z — B)~! exists and is a PSD operator.

Lemma H.7 With the parameters in (3.1), for any PSD matrix M, (T — B)~! o M exists and is a
PSD matrix. Moreover, if we define Q := T~ o M, then we have

(T-B)'oM=Q+ ¢W<[g EI]’Q>'U’
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Proof With Lemma H.6, we have
(Z—-B)'oM= Z B[V, ® Vi) 0 Q.

Note that by Lemma H.3

5% dq

B2 Voo ([0 pl @) |7 o

and by definition of U in (H.7), we have
—1 X7 X7 _<
TEV 0 Voo =0 () pl.Q
Then, applying Lemma H.5 and the definition of U recursively, we have for all £ > 1,
—IR T, o T\ E kik—1 /(0 O
(TTEV2 @ Vo) o Q M1 ([ 1].Q (H.12)

Summing (H.12), considering the special case of k = 0, we have

kik—1 T Y 00
aoptemzary () gl v—as g (f) gle)v
Therefore, (Z — B)~! exists and is a PSD operator. [ |

The following result shows that the inner product (H.5) is different by only a constant if all B
operators are replaced with B.

Lemma H.8 For any PSD matrix M € R?¢*24_define the partial sum

t—1
= Z B* o M.
k=0
Then we have

Rt<§6k M+1_¢W<[ } ZB"’oM>

{: ;},Rt>gr<[g g]zgm>

Proof By definition of R;, we have

and

where r = (1 — 1)~}

R;=(Z-B) '(Z-B)oM

29



RISK BOUNDS OF ACCELERATED SGD FOR OVERPARAMETERIZED LINEAR REGRESSION

< (Z-B) Y Z-B)YoM
t—1

=(IZ-B) N Z-B)Y BoM, (H.13)
k=0

where the inequality holds because B < B. Note that by definition of B, we have
IT-B=T—-(Vi+V)®(Vi+Va)<ZT-V,0V, -V, @Vy-Vy0V, =T, (Hl14)
where the inequality holds because Vo ® V3 is a PSD operator. R; can thus be further bounded as

t—1
R, <(Z-B)'To (Z B*o M)

k=0
t—1 t—1
~ P 0 0 Sk
< k :
_k:ZOB oM+1_W<[O H],kZOB oM ) - U,

where the first inequality holds due to (H.14), and the second inequality holds due to Lemma H.6.

0} , we have

Therefore, taking inner product with [8 H

AN
T
o O
T o

C
11

= o

SN

>

o

<
\/

+
[
[ESS
\S‘:\‘
—
o O
T o

SN

>

o)

<
\/

k=0 k=0
= # 00 i BF oM
S 1—wl\ [0 HJ’ ’
k=0
where the second inequality holds due to Lemma H.5. |

Appendix I. Variance Upper Bound
I.1. Proof of Lemma F.3

In this subsection, we prove Lemma F.3. We need the following lemmas. The first lemma charac-
terizes the recursive formula of C;:

Lemma 1.1 (Section E.2 of Jain et al. [8]) Define
% =E[¢ @ ¢, (L1)
then the covariance matrix C, satisfies

Ct:BOCt_1+§.
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Combining Lemma 1.1 with Lemma M.3, we immediate know that C,; is an increasing sequence
with

t—1
=> B'ox. 1.2)
The following lemmas provide upper bounds for M; and My, respectively:
Lemma 1.2 With the choice of parameters as in (3.1), we have

H 0 o [9K*  B36N(q—c6)? — .
<
<[0 0]’M1>_UT[N+ (1—c)? 2|

i>k*

Lemma 1.3 With the choice of parameters as in (3.1), we have

H O 5 | 18k*  36s(q — cd)? 9
<
([} O],M2>_M[N )

i>k*

We now prove Lemma F.3.
Proof [Proof of Lemma F.3] By Lemma F.2,

1
Variance < — < [ ] M, + M2>

00

o’r | 9k* 36Nq—0(5 9
<7
< [N+ SN+

Lo 18k*  36s(q — ¢6)?
2[ N T <fq_c>2) ZA?]

i>k* i>k*
27k*  18(s+ N)( q —cd)?
2 2
= Aj

7 [ oN T 1—c? 2.

i>k*
where the second inequality holds due to Lemma 1.2 and Lemma 1.3. |
We remark that due to Lemma M.1, we have qf_cf = VTJ”S < ~. Additionally, the constants in

this proof are smaller than those given in Theorem 3.1. Therefore, the variance bound in Theorem
3.1 can be fully covered by the result provided in this proof.

I.2. Proof of Lemma 1.3
We start with an upper bound for s

Lemma L4 Let S be defined in (1.1). Then

R 2
3 < o2 [gq 23} ® H.

Proof By definition of S in (I.1), we have

- - 6% edxx] g -Exx) ] [0% dq
= E[Ct & Ct] - E |:|:5q . E?thz q2 ) E?thgr = 5q q2 & 2 (13)
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By Assumption 2.3, we have 02 = |[H™/2XH /2|, so H'/?ZH~ /2 < ¢I, and

> < o’H.
Combining (I.3) with (I.4), we complete the proof.

We then provide an upper bound for the limiting matrix C.

Lemma L.5 Ler C, be defined as

Co=(Z-B)lon=) Bo3,
k=0

Then

where [ is defined in (H.8).

Proof By definition of C.,, we have

dq

S

Pl o?
~< 52 . — .
<0 (U+1—1/Jl U = U,

Co = (T—B) oS <o2T-B) "o ({52
Y

1.4

{.5)

53] ® H)
q

where the first inequality holds due to Lemma H.6, and the second inequality holds due to Lemma

H.5. Therefore, the inner product is bounded by

(o i o) =7 (o 2] v) =

where the second inequality holds due to Lemma H.5.

o2l

11—l

We now prove Lemma [.3. For the matrix M, we have the following upper bound:

| NoLNotmro B L [N=t-1 T
MFWZ > AP _(B—B)oCsH,lJrZJ] > Ak]
t=1 L k=0 J k=0
N—-1 [N—-t—1 ]

I A
|-
i

][0 B o) [ o

L k=0 J k=0
N—1[N—t-1 7 - N—t—1 T

1 k 0 O 2 52 5(] k

5WH kz_o A _<¢<[0 H},Cm>+a>[5q 2| ©H 2 A

32




RISK BOUNDS OF ACCELERATED SGD FOR OVERPARAMETERIZED LINEAR REGRESSION

N—t—1 T
>

N Yl 5\ [8% 4
SE[E ) e[
9 N-1[N-t-1 52 5 Nt !

:?vgtllz ]([&1 qq]®H> kz_o 4

1.6)

where the first equality holds due to Lemma I.1, the first inequality holds due to Lemma 1.4 and
Lemma H.3, the second inequality holds because C, is increasing, and the third inequality holds
due to Lemma L.5. As A is block diagonal and H is diagonal, plugging (1.6) into the inner product,

we have

{ERIEOE S b Do 1

o2r A= . 36N2(q—cd)? 9
< A2 9" + (1-— 0)2 Z Ai
t=0 >k*
9k* 36N (q
_ 2 2
=o“r [ N + — (1—02 Z bY ]
i>k*

where the second inequality holds due to Corollary M.7.
L.3. Proof of Lemma 1.2

The following lemma provides an upper bound on C; by its update rule.

Lemma 1.6 For anyt > 0, C; can be upper bounded by
C; = 027‘ZBk o ([5 5q} ®H>
— 5 ¢
Proof By the recursive formula (C.6), we have the following,

C,=BoCi1+3=BoCi1+(B-B)oCi1+3%

00 52 6 5% 6
%Boct 1—|—¢<|: ] C— 1> |: qq:|®H—|— |: qg:|®H

oq oq
~ 00 5% dq 8% g
<goc o[ Sle) [F M en s [ 4o
~ a2l [6%2 6q 5 [62 6q
< .
SBeCt g {&1 QQ}®H+J qu q2}®H

~ 2
=BoCi_i +0°r [6 5q] ® H,
dq q
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where the first inequality holds due to Lemma H.3 and Lemma 1.4, the second inequality holds due
to holds because C; is increasing, and the last inequality holds due to Lemma 1.5. Applying (1.7)

recursively, we have for all ¢ > 0,

We are now ready to prove Lemma 1.2. With Lemma 1.6, we have

M;

PN

As A is block-diagonal

(o

1 N—-1
k
Ne [ZA
k=0

5 s—1

Q
d

2

=

0
9 s—1

Q
4

2
J=0

2

Cs

N—1 T

zAk]

k=0
N—-1 . 2
o o

k=0

N—1 T
> o
k=0

N-1
(1.8)

]

k=0

N-1 T
Z Aj+k]

k=0

and H is diagonal, plugging (I.8) into the inner product, we have

oM

2
1.9)

2 d s—1 /N-1 ' 5
Fas (s ])
N 1=1 7j=0 \k=0 1

o’r 36sN?(q — cd)?
— |18Nk* A7
e [ ’ (1—-0)? gl; Z

* _ 2
_ [18k: | 36s(q — ) 5 A?] |

1

<

2
N (1 C) i>k*

where the second inequality holds due to Corollary M.6.

Appendix J. Bias Upper Bound

J.1. Proof of Lemma F.4

In this subsection, we prove Lemma F.4. We first need the following lemma for By:

Lemma J.1 With B, as defined in (C.5), we have

and

> — /[0 0
BtjstoBo+wZ<[0 H],Bt1k>-

B; = BoB;_1,

t—1
k=0
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We also have the following lemma for the partial sum of By:

Lemma J.2 Let B, defined in (C.5). Then we have

t—1
0 0 14 10 .
0<[0 H},Bk>9[5|wa— I

(]

1-c¢c 2 9
m”wo —wig, . +4tlwo —wig,,

We are now ready prove Lemma F.4.
with

Proof [Proof of Lemma F.4] By Lemma F.2, it suffices to bound the inner produce of 0 0

M; and M, separately. For M3, by Lemma J.1, we have

L v N-1 T
_ k k
My~ s | 4 B
L k=0 k=0
L[y N—1 T
k+s k+s
< | T ]
L k=0 k=0
1

N-1 T
> A"“‘”] . d.
k=0

wsallo ameeg (5o (5 2 em)
We also note that

By = (e e T e e ] = 1] o= wowo—w
J.2)

H is diagonal and A is block diagonal, so plugging (J.1) and (J.2) into the inner product, we have

([5 3 om) = oo (B []),

SR N ()

t= k=0
K
By Corollary M.9, we have
T N-1 , 2
: U 2 k+
Effective Bias := oN? Z Aiw; (Z Al L])
=1 k=0 1
8(cd/q)** 5” \
< g Iwo—w HH 1+ mcSH(I—éH)S/Q(WO - w)llf,, .
160 100c®

+ 3 I - 5H)S/2(w =W+ gl T OH) (o = W)l
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9(1 —c)? q—cd_\° 2
e o [ . H —wt
* 2N2(q — ¢0)? < l1-c¢ (wo —w7) H-
ke
—cd 2
—|—18H<I— H) (wo —w")
- ¢ Hpx oo

K can be bounded as

t=0 i=1 1
s—1
0 .  36(q—cd)?N? 5 0 0
<
= N2 9%k (1—c)2 Z)‘Z Z 0 H Bsoi
i>k* t=0
s—1
1/) * 36(q C(S)QNQ 2 0 0
-~ N2 ok (1—c)2 ZA%' Z 0 H By
i>k* t=0
Yr | 9k* 36N (q 9
< - _
< | S 5 ]| S - IR
i>k*
10 w* l1—c¢ " "
el =Wl + o s wo = wUllL,, .+ dsllwo —w \%Ik*m], (J.4)

where the first inequality holds due to Corollary M.6, and the second inequality holds due to Lemma
J.2.

For M4, we have

My =

D | 2 A

N-1 [N t—1

N—t—1 T
(B—B)oByy_1) [ > Ak]

1

N?

t=1 = k=0

N N—t-1 9 N—t-1

S (B e[S (G dem B oo
t=1 k=0

where the first equality holds beause B o B, 1 = B+, and the inequality holds due to Lemma
H.3. H is diagonal and A is block-diagonal, so plugging (J.5) into the inner product, we have

(1 o= (B &) £(E 1)

k=0

9k* 36N (q— cd)? 5
N (1—c)? Z A
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where the second inequality holds due to Corollary M.7. Note that
N-1 s+N—-1
0 0 0 0
> (o g )= 2 (o 5] 2

14 10
sr [(SHWO Wi+ T—ollwo— Wi,

1—c
+ m\\wO —wlf, +4(s 4+ N)llwo — w*\%k*m] , 4.7

where the first inequality holds because B; > 0, and the second inequality holds due to Lemma J.2.
Plugging (J.7) into (J.6), combining the result with (J.4), we have

. 1//H O
s ([0 9] )

Wr lgk* 36N (q

< Effective Bi — A
ective 1as+2N N +— 1—c ;:*
7

[IIWO - wIf

o lwo - wel, ~ Wl +dsllwo —w ||?1k*m]
Yyr | 9k* 36N (¢ — c<5 10
+ ﬁ N + Z )\2 fHWO w ||I 2 + T”WO - HHz &t
i>k*

1—c . .
+ m\\wO —wif, | FA4(s+ N)lwo —w ,%k*m]

Uyr 36N q—C(5
< Effective Bias + — N N + Z A —Hwo -w HI
i>k*
10 N l1-c N N
Tl = Willkg, oo Wi, 4G+ N)llwo - wE,. |

where the second inequality holds because 4s||wo — w*[|f;, < 4(s+ N)[lwo —w*[f, . W

We remark that due to Lemma M.1, we have % = %5 < ~v. Additionally, the constants in

this proof are smaller than those given in Theorem 3.1. Therefore, the bias bound in Theorem 3.1
can be fully covered by the result provided in this proof.

J.2. Proof of Lemma J.1
The recursive formula B, = B o B;_ is proven in Section B.2 of Jain et al. [8]. We further have

B;=BoB; 1 =BoB; 1+ (B-B)oB;
~ 0 0 52 6
jBoBt_1+¢<[0 H:|7Bt—1>'|:5q qg]®H
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t—1
it 0 0 sk 0% Oq
=B OB0+¢Z<[O H]ka>'B O[éq 7 ®H

t—1
= 3 0 0 sk [0% 0
= BtOBo—i-T/) <|:O H:| 7Bt—1—l€> 'Bko [5(] qg:| ®Ha
k=

where the first inequality holds due to Lemma H.3, and the second inequality holds by recursively
applying the bound.

J.3. Proof of Lemma J.2
Note that B, = B! o By by (C.5). By Lemma H.8, we have
t—1 t—1 t—1
0 0 0 O _ 0 0 k AT
kZ—O<|:O H] ,Bk> grkz_o<[0 H] B oB0> _Tkz—o<[0 H] JAFB(AR)T) . (1.8)

H is a diagonal matrix, and A is a block-diagonal matrix with each block being A;, so (J.8) can be
further bounded by

k=0 7 k=
14 10
<r [5|W0 ~wif + T alwo - Wi,
+ 2 lwo — W, dtfwo — w2
_65 0 Ika* 0 Hk*oo )

where the second inequality holds due to Corollary M.11.
Appendix K. Implication in the Classical Setting

In this subsection, we show that Theorem 3.1 implies the excess risk bound in the strongly convex
setting and can recover a similar result as Jain et al. [8].

We remark that our result is consistent with the acceleration of bias decay presented in Jain
et al. [8]. Without instance-specific analysis, the exponential decay rate of bias is determined by the
decay rate in subspace of the smallest eigenvalue. As the effective bias of ASGD decays faster than
that of SGD in the eigen-subspace of small eigenvalues, the worst-case decay rate of the bias error
of ASGD enjoys acceleration compared to SGD.

The hyperparameters of ASGD are chosen to be

_ 1 _ |2 s w1
"= nm) T \upa P\ 2w T xR KD

where i = )y is the smallest eigenvalue of H. We remark that the parameter choice in (K.1) is
different from the choice under the overparameterized setting given in (3.1) because x is chosen
as the model dimension d, and the upper bound of ~y in (3.1), which is 1/(2¢ Y. ~ );), becomes
vacuous. Instead, we require v = 23/ to guarantee that no eigenvalue falls in the region of small
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eigenvalues such that A; has real eigenvalues (i.e., when i > k', see the rest of this section for
detailed proof). The following corollary provides the excess risk bound in the strongly convex
setting:

Corollary K.1 Under Assumptions 2.1, 2.2 and 2.3, and with the parameter choice in (K.1), the
excess risk of tail-averaged iterate from ASGD in the classical regime satisfies:

- . 100 I3 N
muwwﬁm—Lm>s3@§mpﬁngﬁuww—uwn
Effective Bias
2 2
1008¢d[L(W0> L) 4 3602d N 1280%d

N23 N N23

Effective Variance

Denote # = tr(H)/u, then § = ©(1/VkR). Assuming that L(wq) — L(w*) = O(c?), then the
bound given in Corollary K.1 fully recovers the excess risk upper bound given in Theorem 1 of [8]
in terms of exponential decay rate, leading-order variance and lower-order variance. Moreover, the
coefficient of effective bias is O(x#/N?), which significantly improves upon O(x'3/4%%/%d/N?)
given in [8]. It is worth noting that Liu and Belkin [11] proved O(1) coefficient for effective
bias of ASGD. Our result can also recover the constant coefficient when N (1 — ¢) > 2, because
1 —c=2aB < 2Band 1/(N%3%) < 1. The difference in this coefficient between the bound in
Liu and Belkin [11] and ours is mainly due to slightly different treatments of terms in the form of
N1 Zfi_ol(l — )%, which is not essential.

We now prove the result in the classical setting. Before we prove the theorem, we first note that
with the parameter choice in (K.1) and k = d,

potr(H) 1 1

Lmwl=1-"——=—"3=7
so r = 4. We also note that with vy = 23, we have
(1-c)? _ (1-c)? L=
(Vg — 3 +/clg—=0)2  (14c)g—2c5+2\/c(q—0)(q—cd) ~— (1+¢c)g—2c6
B (2(1 — @))? _ 20— _20-a) 28 _
 2a(ad+(1—a)y) —22a—-1)0 (1—-a)f4+ay - ay  ~ —

where the first equality holds because 21/c(q — §)(g — ¢d) > 0, the second equality holds because
¢=2a—1and ¢ = ad + (1 — )7, and the second inequality holds because (1 — )0 > 0. That is
to say, there is no eigenvalue in the region of i > kf.

The main idea of the proof is similar to that of Theorem 3.1. We decompose the excess risk
into variance and bias, and then characterize M, My, M3 and M,. The following lemmas provide

upper bounds for the inner product of [Ig g} with M, My, M3 and My.

Lemma K.2 (Modified from Lemma 1.2) With M, defined in (F.2), we have
H 0 12802d
M) < ———.
<% J’1>—Nm=@
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Lemma K.3 (Modified from Lemma 1.3) With M defined in (F.3), we have

H 0 902rd  3602d
< —
<{0 0]’M2>— N N

Lemma K.4 With M3 defined in (F.4), we have

H 0 100 (1-¢)s Lo 50dyd i
< - wo — T lwg — ,
<[0 0] ,M3> S N2 o2 exp( ) > |lwo — w HH+N2(1—C)||WO W ||

Lemma K.5 With My defined in (E.5), we have

H O 5044pd w2
VI < ——|Wpg — W .

With the lemmas above, we can prove the upper bound of excess risk in the classical setting.

Theorem K.6 (Restatement of Corollary K.1) Under Assumptions 2.1, 2.2 and 2.3, with the pa-
rameter choice in (K.1), we have

_ . 100 (I1-0c)s 12
BIL (o)~ L) < e g ep (052 ) - o -
3602d N 128 N 1008%d Iwo — w2
N " N21-c¢) N2(1-¢)"° H
Proof By Lemma F.1 and Lemma F.2, we have
_ X H O
E[L(WS;S+N)] — L(w") < <[0 0:| , M +M2+M3+M4> . (K.2)

Substituting the results of Lemma K.2, Lemma K.3, Lemma K.4 and Lemma K.5 into (K.2), we get
the desired result. |

We remark that due to Lemma M. 1, we have 1 — ¢ > 5. Additionally, the constants in Theorem K.6
are smaller than those in Corollary K.1. Therefore, Theorem K.6 can fully recover Corollary K.1.
K.1. Variance Upper Bound

The proof for Lemma K.3 is straightforward given Lemma 1.3 and the fact that there is no eigenvalue
in the region of i > kT. Below we provide the proof for Lemma K.2.

Proof [Proof of Lemma K.2] According to (1.9) in the proof of Lemma 1.2, we have

2

H o 0'27" d 2871 N—-1 o 5
<{0 0],M1>SNZZAiz > A M . (K.3)
i=1  j=0 \k=0 1

Similar to the proof of Corollary M.6, we have

(a) When i < k¥,

sol/N-1 s 2 4
() <o

=0 \ k=0 1
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(b) By (M.24) and (M.26), when k* < i < kT,

(K.3) can thus be bounded by
H 0 40% & 57\
g 2 jtk
([ J )< T2 (0 [])
1

402 9 4 9 32
S Nt YN

where first inequality holds because » = 4 and due to (K.3), and the last inequality holds because
the coefficient 16 < 128. |

K.2. Bias Upper Bound

We first provide a list of lemmas modified by considering only eigenvalues \; with i < kT:

Lemma K.7 (Modified from Corollary M.6) Let A; be defined in (G.1). Then for all j > 0,

d S 2
>N (ZA?““H) < 9d.
=1 k=0 4

1

Lemma K.7 follows directly from the corresponding results in the overparameterized regime, and
we do not provide the proof here.

Lemma K.8 (Modified from Corollary M.9) Let A; be defined in (G.1). Then we have

d = 1\ 100 (1-c)s
E w2 E stk _ . — w2
2 Aiw; ( A’ [J ) 1 =02 exp < 5 ) lwo — W™ |51

k=0

IN

Proof By Lemma M.8,

(a) Forall i < k¥, we have

where the second inequality holds because (¢d/q)? < ¢ < \/c.
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(b) Forall k¥ < i < k, we have

28[6(1 — 5)\1)]8/2 + %[C(l - 5AZ)]S/2

; %
Jj=

(1 —N)P/% = [e(1 —6M\))P72 4

s—1
<23 Je(1 = A 4 el - o))
0

=2 T el oA sl - 29
[e(1 =M/ — [e(1 = SN/ 4 .

<2 N /4 + O\ [e(1 = 03)] .
o1 — \s/4 c(1 = NE

_8[e(1 — 6X) 5&4[ (L= _ ke = g (K4)

where the first inequality holds because [¢(1 — 6A;)]*/? < [e(1 — 6A;)]5+9)/4, the second
inequality holds because 1 — [¢(1 — dA;)]/* > 1 — (1 — 0A\)Y* > 6);/4, and the last
inequality holds because [c(1 — 6);)]*/? > 0. We thus have

N—1 2 2
(Z Ar ED < (2sle1 - 012 + S le1 - on)?)
k=0 1 '

64

S 64 S
§W[C(l—5)\z)] /2< C/2

=922

Y

where the first inequality holds due to Lemma M.8, the second inequality holds due to (K.4),
and the last inequality holds because ¢(1 — d\;) < c.

(©) Fork < i < k', we have

10

—C

[e(1 = 6M:)]%/?

2sle(1 — 0X)]*? + :

s—1
< 223[0(1 _ 5Ai)](s+j)/4 4 110 [C(l o 5)\2)]3/2
]:

— C

[e(1 = 0X)]*/* = [e(1 = 0X)]/? 10

=2 + [e(1 — 6);)]*/

1—[e(1—dN)]H/4 1-c¢
(1 = SANA — (1 — 5\, )]5/2
oSO 0
SOOI Z NI 10 g g )

where the first inequality holds because [c(1 — 6);)]*/2 < [e(1 — 6);)]*+7)/4, the second
inequality holds because 1 — [¢(1 — 6A;)]Y/* > 1 — /4 > (1 — ¢) /4, and the last inequality
holds because [¢(1 — 6A;)]*/? < [¢(1 — 6A;)]*/%. We thus have

2

(ZE;: AsTE [ﬂ) < <23[c(1 o)+ 11706[6(1 - 5)\i)]5/2>2

1
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100 100 )
ST-op (LR

where the first inequality holds due to Lemma M.8, the second inequality holds due to (K.5),
and the last inequality holds because ¢(1 — d);) < ¢

[e(1 —6M)]¥2 <

Concluding all the above,

2

(gl

k=0
4 64 100
s/2 . 5/2 . . .5/2

<Z)\w 5232 St + Z Niw? 62)\2 +Z)‘l w; 1= o2 c

i<kt kt<i<k i>k
<wa%i7sm ZAw S Ak 100 2
- T (1—¢) it (1—c)?

i<kt kt<i<k i>k

100¢%/2 & 100¢°/2
< ——— A 2 = —
- (1 _ 6)2 Zz; w; = (1 — C) ||W0 w ||H

100 1—-c¢)s .
S(l_c)QeXp<_( 2) )HWO_WH%-D

where the second inequality holds because 6\; > 1 — ¢ for i < %, the third inequality holds
because the coefficients 4, 64, 100 are bounded by 100, and the last inequality holds because ¢*/2 <
exp(—(1 —¢)s/2). [ |

Lemma K.9 With B, defined in (C.5), we have
t—1
00 56
,;OQO ] B < 12 fwo

Proof By Lemma J.2, taking = 4, we have

t—1 40
> (s }Bk>_M SowterZ, 3wl
=0 kt<i<kt
40 )
<X e 2 A
~ ik T € pri<kt
56
< T lwo — .

where the first inequality holds because 6\; > 1 — ¢ for ¢ < k*, and the second inequality holds
because the coefficients 40, 50 can be bounded by 56. |

We are now ready to bound the inner product of [I(_]I 8} with M3 and M.
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Proof [Proof of Lemma K.4] Similar to the proof of Lemma F.4, we have

Lo ol )

L& N-1 . 2
§ 12 E ' Jj+k
= N? i—1 i (k() . [1]>

1
—1
V< 00
+N2 0 H 7B5717t
t=0

s—1
100 (1—-c¢)s 112 1) 00
< — . _ - :
= N2(1— o2 P ( 2 ) Iwo =willis + 372 Z\|0 H Byt ) -9d
100 (1—-0¢)s w2 Npd 56 w12
< grregrew (-1 ) -l 3 T2 -l
100 (1—c¢)s w2 5044)d 2
:mexp <— 5 > . HWO_W HH—‘rmHWO—W HH?

where the second inequality holds due to Lemma K.8 and Lemma K.7, and the third inequality holds

due to Lemma K.9.

Proof [Proof of Lemma K.5] Similar to the proof of Lemma F.4, we have

(R EDEE S St{HHESNS ) )

=1 1
< %§<[8 I(-)I} aBs+N—t—1>
s+N—
S R(HMEY
< STl = Wl = el — w

where the second inequality holds due to Lemma K.7, the second inequality holds because B; > 0,

and the last inequality holds due to Lemma K.9.

Appendix L. Proof for the One-hot Distribution Setting

The choice of parameters is as follows:

1

€(0,1), 6 € (0,9], B€(0,1), a= 1+

We now present the excess risk bound:
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Theorem L.1 Under Assumptions 2.1, 2.3 and 2.2, with the parameter choice of (L.1), assuming
N (1 — ¢) > 2, we have the following upper bound for the excess risk:

E[L(Ws.s+n)] — L(w") < 2 - EffectiveVar + 2 - EffectiveBias,

where effective variance is bounded by

126
EffectiveVar < o d [ [wo — w ||H—1
i>k*
90 |2 18 |2 2 \72 *|2

and effective bias is bounded in the same way as Theorem 3.1.

The constant r is formally defined as

1
r= ) (L.2)
1 — maxi<;<q(U;)22
Note that 5
qg—c g
) <t = <!
(Ui)ze < 21 —c) — 2
so the upper bound of r is given by
1
< .
"E152
The proof of Theorem L.1 depends on the following lemmas:
Lemma L.2 (Modified from Lemma 1.2) Let r be defined in (L.2). Then we have
H O 9 | 18k*  36s(q 9
<
<[0 0]’M1>—‘”[ N 1—c ZA
P>k
Lemma L.3 (Modified from Lemma 1.3) Let r be defined in (L.2). Then we have
H o 9 |9k 36N(¢q— 05 9
<|:0 0:|,M2>§0'7"[N+ ZA
i>k*
Lemma L.4 Let r be defined in (L.2). Then we have
H O r [126 9 90 w12 9(1 —¢) w12
([ 0] M) < g | 550 Iwo = will s + 20w = w4 0 =
36(q — cd)?N?s

) ioj + EffectiveBias,

(1o

where EffectiveBias is the same as one in Theorem 3.1.
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Lemma L.5 Let r be defined in (L.2). Then we have

<[I(_)I g} M4> ]52 [126’“’0 - H of + ﬂHWO B *H%Ekf + 9651—_0? Iwo = W*‘@I;Tl;k
B |
Proof [Proof of Theorem L.1] Note that the excess risk is
<[Ig g] ,M1+M2+M3+M4>,
so the upper bound can be obtained by combining Lemmas L..2, L..3, L.4 and L.5. |

Notations. In this section, for any matrix M € R2d%2d_ denote

My, M12:| 2dx2d
M= eR ,
|:M21 Moo

where M;; € Rdxd,
L.1. Analysis of Fourth Moment
In this setting, for any matrix M € R?#*2¢_ we have

52
oq

52

E[{}Q X {72] oM = [(5(]

) 0 .
qq] (H ® M22) [ qg:| (124 dlag()\l(Mgg)H, ey )\d(Mgg)dd).

Lemma L.6 (Modified from Lemma H.7) For any PSD matrix M € R?¥*2? define Q .= T ' o
M. Then

(I—B)—loM=Q+diag( (Qz2)u1 Uy, ... (Q”)ddUd)

1—(Uq)22 "1—(Ug)a2
Proof By Lemma H.6, we have

(Z-B)toM=> (T 'E[V22 Vy))Fo Q.
k=0

Note that )
N S 0% 6 .
BV2 e Valo Q=[5 2] & ding(n(Qun. .. dlQualas)

so by definition of T,

T E[Va @ Vo] 0 Q = diag((Q22)11 U1, . - ., (Q22)aaUa).-

We can similarly prove that for all k£ > 1,
(TTE[V2 @ Va])* 0 Q = diag((Q22)11(U1)k; Ut ..., (Qa2)11(Ug)sy ' U).
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Summing the above, we have

(Z—-B)"'oM=Q + diag ( Q2)u - (Qula Ud> .

1—(Uy)22 by o (Ug)22

Lemma L.7 (Modified from Lemma H.8) For any PSD matrix M € R?¥*24_ define the partial
sum
t—1
= Z BF o M.
k=0
Then we have

t—1 t—1 ~k ~k
Sk ((B* o M)a2)11 ((B* o M)22) 44
R; =< g BY oM + kg Odlag (1 = (U)o Uy,..., (U (U)o U; .

and

BV 674 5[52 Zq]® i <A1((l§koM)2z)11 Ad«z?’foM)zz)dd)_

0q 1—(Uy)e 7777 1—(Uga

Proof Similar to the proof of Lemma H.8, we have

§BkoMj (Z-B)'To (tz_igkol\/[>

k=0 k=0

where the equality holds due to Lemma L.6. We thus have

E[V2® Va] o (ZB'%M) qu 2 } ®

t—1
Z diag (Al((gk o M)22)11, e ,)\d((Ek (e] M)Qg)dd>
k=0

k=0
U (Ui Aa(Ud)2e
_ [52 5Q} © dia A ((B* o M)g)11 Ad((B* 0 M)22)aa
0q ¢ 1-=(Up)ae 77 1-(Uga '
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L.2. Variance Upper Bound

We now provide the proof of Lemma L.3.
Proof [Proof of Lemma L.3] Note that

Co=(T-B) oS =<o2T—B) "o ([52 ‘(ﬂ ®H>

dq
9 . (U1)22 (Ug)22 )]
U+ diag [ ——Y2 _yy, . 242 g
[ & <1 —(Up)e 1 (Ug)z *
U U
= odia < L . d > ,
s\1- (U1)a2 1 —(Uqg)2z

where the second equality holds due to Lemma L.6. We thus have

o 5% 4q . A (U1)22 Ai(Uq)22
E[Vy® Va] o Cyo < 2[ ]@dla ( . L.3
\E 2 7 16q ¢ S\1- (U1)22 1—(Ug)22 (.3)

Therefore, M can be bounded by

| Nl [Nt N—t—1 T
M; = N2 [ Z Ak] [<B B)oCsit—1+ X% Z Ak]
t=1 L k=0 k=0
| NelpNoteno 1 [Nt T
e > A*| |E[V2© V3]0 Cy + 2} > A’f]
t=1 L k=0 1 k=0
N-1[N—-t-1 7 N—t—1
1 5 9 : A1 (U1)22 Ai(Ug)22
< AF 2[ q}@(d ( . +H
2 79 ; - kZ:O | _0' 5q qz 1ag 1— (Ul)2 1= (U ;
9 N-1 [N—t—1 7 rreo N—t—1 T
o 0 dq A1 Ad
= AF [ }@dlag< )] Ak
' = L kzo It dq ¢ 1= (Uy)22 1 —(Ug)22 kzo
T
R 11782 64 N—t—1 )
= 3 d. A H5q q}@’H] > Af (L4)
t=1 L k=0 k=0

where the first inequality holds because B — B = E[\Afg ® \72] — Vs ® Vy < ]E[{}Q ® \72]
and Bs+;—1 = Cso, the second inequality holds due to (L.3), and the last inequality holds due

to definition of . The inner product of M and [EI g] can thus be bounded by

(1 gon)s s <Z BD:

where the second inequality holds by deduction similar to that of Lemma 1.3. |

.
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Lemma L.8 (Modified from Lemma 1.6) For anyt > 0, C; can be upper bounded by
t—1
~ 52 6
< 52 k q )
C; <o rkgoB o ([5(1 qQ} ®H>
Proof By the iteration formula C; = Bo C;_1 + S, we have

Ct:goct—1+(8—g)oct—1+§
jgo Ciq +E[{72®{72]oct—1+§]

_ N R 2
<BoCy_1+E[Vy®Vy]oCu + 02 [gq g§}®H

~ 52 &q . A1 Ad
<BoC;_ —1—02[ }@dla ( Y

= 5q ¢ & 1—(Uy)a 1—(Ug)22

~ 2

<BoCi_1+ a’r F 53] ® H,
dq ¢

where the first inequality holds because B — B < IE[\A/Q ® \72], the second inequality holds because
C;_1 =% C4 and Lemma L4, the third inequality holds due to (L.3), and the last inequality holds
due to the definition of r. Iterating the inequality above, we have

= ([6% 5
C = J2rkz::06ko ([5q QQ} ®H> .
|

As the bound for C, is exactly the same as the bound given in Lemma 1.6, we can prove the Lemma
L.2 in exactly the same way as Lemma 1.2.

L.3. Bias Upper Bound
Lemma L.9 (Modified from Lemma J.1) For anyt > 0, B; can be upper bounded by

t—1

> 5 52 4q
B, <B'oBg+ Y B ([ ]@H@B )
+ 2B 0By kZ:O °\lsg ¢ ( (Bi—1-k)22)

Proof By the iterative formula B, = B o B;_1, we have
B, =BoB;;+(B-B)oB;,

< BoBy_1 +E[V,® V] oBy_y

8% g

] ® (HO (Bi-1)22)
<BoBg + gﬁk o ([gz ‘;3] ®HO (Btlk)22>> ;

where the first inequality holds because B — B < E[\A/Q ® \A/’Q], and the second inequality holds by
iteratively applying the previous inequality. |
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Lemma L.10 We have

Proof Note that

S (B = 3 (B0 Bo),),
t=0 —0
s—1 R ’ ) )
= por ((Bt ° BO) 22)1'1' — ((?_ (113;1))2222) (Ui)2z
w% sl ! 2

IN

s—1 1 2
ENCIH)E
t=0 2

where the first inequality holds due to Lemma L.7, and the second inequality holds due to the
definition of 7. u

Proof [Proof of Lemma L.4] By the bound for B, we have

N—1 N—1
> Al > Ak
k=0 k=0

T

1
Bs = ﬁ BO

N—1 T
Ak—i—s]

1 N—-1
— k

1 s—1 [N—1 52 5 N_1 T
TNz [Z Al ([5 g} ®HO (Bs1t)22)> [Z Ak+t] ,
t=0 Lk=0 7 4 k=0

. .. |H 0].
so its inner product with o ol

{HEDE TR0 )

Effective Bias

2

1

2

sS—

L 1 N-1 5
+ N2 Z A Z((Bs—l—t)22)ii <Z ARt [q})
i=1 0 k=0

t= = 1

K

The Effective Bias is the same as the standard case. K can be bounded by

k* s—1 d t—1
1 9 36(q — c6)?>N?
K< — A Bs_1-t)22)ii - ~5 A? Bs1-t)2)i- —F7——5—
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1 [ . 36(q — c0)2N2AZ A
= W 922 s—1— t 22 i T Z <q(1 — )C)Q ! Z((Bs—l—t)QZ)ii
L =1 t=0 i=k* 41 t=0
r 126w? 90w? 9(1 — c)w? 36(q — c6)?>N2s\?w?
< — L it % 4 i g
T N2 | 4= O\ +AZ lfc+ Z (g — o)\ +Z (1—c)?
i<k k<i<kt kT <i<k* i>k*
r [ 126 9(1 —c)
=33 [5||W0 - *Hil_l + 17||W0 - wrL - |lwo —w HH_fl
0:k kT:k*
36(q — cd)?N2s .12
(1—c)? [lwo —w HHi* )

where the first inequality holds due to Corollary M.7, and the second inequality holds due to Lemma

L.10.

Proof [Proof of Lemma L.5] For My, we have

i
;
T

M, =

2|
i
N
%

F
;
)

A
2|
i
)
>

=
L
B
d
L

2~

~

Il
—_
T
o

I
o
L

N—t—1 T
(B - B )oBgti—1) [Z Ak]

N—t—1 ]T

(E[V>® Vo] o By [Z A*

3 A <[§2 (ﬂ (HO (Bosi 22> [NilAk] ,

where the inequality holds because B — B < E[\Afg ® \A/'Q} The inner produce of M, and [I(_)I g]

is thus bounded by
H O
e fo )

t=1

1 2N1 N—t—1 )
SJ\TZ:ZZ Bsyi-1)22)i (ZAz

k=

)

k* N—-1 d N—1
1 36(q — c6)2N2\2
< 2 9 ' ((Bsgt—1)22)ii + | Z 1= oe Z((BSH_l)Qz)M
L =1 t=1 Z:k*+1 t—1
T k* s+N—1 d sEN_1
1 36(q — c6)?N2\?
S W 9 ((Bt>22)ii + ' Z (1 _ 0)2 Z ((Bt)22>ii
L =1 t=0 i=k*+1 t=0
r 126 90 w 9(1 _ C) .
< [ Bliwo = il + 2 bwo = Wl + S D o - el
36(q—c5)N(s+N) .12
+ (1 _ 6)2 ” 0— W ”HQ* )
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where the second inequality holds due to Corollary M.7, the second inequality holds due to Corol-

lary M.7, the third inequality holds because Zi\:ll((BsH_QzQ)u‘ < Zfiévfl((Bt)gg)ii, and the

last inequality holds due to Lemma L.10. |

Appendix M. Auxiliary Lemmas

The following lemma summarizes properties of auxiliary parameters ¢ and c in relation to model
parameters «, 3,y and 4.

Lemma M.1 We have the following properties regarding q and c:
(a) We have ¢ = 2a — 1, and 0 < ¢ < 1. Moreover, 5 <1 —c =2af < 20.

(b) We have § < q < (1 + ¢)0. Thus, ¢ — 6 < ¢(q — ¢9).

(c) We have
q—cd y+d q—06 =9
l—-¢c 27 1—¢c 27
Thus,
5< 170 o
1—c

Proof We first recall that c = a(1 — ) and ¢ = @ + (1 — ).

(a) Substituting 5 = (1 — )/« into the definition of ¢, we have

Note that 5 € (0,1),soa = 1/(145) € (1/2,1). Therefore, c = 2a—1 € (0, 1). Moreover,
l—c=1-a(l-p)=1—-a+af>(1—a)f+ab =3,
where the equality holds because 5 < 1. We also have
1—c=2(1—-a)=2ap <25,
where the inequality holds because av < 1.

(b) we have
g—o=ad+(1l—a)yy—0=>1—-a)(y—=9) >0, (M.1)

where the inequality holds because v > ¢ and o € (0, 1). We also have

q—(1+c)(5:046—|—(1—04)'y—204(5:(1—@)7—@5:a(6'y—5):a<1§g—5> <0,

where the third equality holds because 1 — o = a3, the fourth equality holds because S =
d/(¥K7), and the last inequality holds because )k > 1. We thus have

(q—0)—clg—cd)=(1-0)g— (1+c)] <0.
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(c) We have
g—cd=ad+(1—a)y—2a—1)0 = (1 —a)(y+9). (M.2)
Combining (M.1) and (M.2) with the fact that 1 — ¢ = 2(1 — «), we have

q—cd y+d q—0 - (5
l—¢ 27 1—¢ 2

Note that § < ~, so

Lemma M.2 Let x1, x2 be defined in (G.2) and (G.3). Then we have

(a) (1—z1)(1—x2) = (g — cO)Ni.
(b) (¢ —m1)(c—x2) = c(g — O) A
() (14 20)(1+22) = 2(1+ ¢) — (g + )i
(d) (c6 — qx1)(cd — qr2) = c(g — 6)(q — ¢d).

Proof In the proof, we will use the properties 1 + 2 = 1 + ¢ — g)\; and 122 = ¢(1 — J\;)
extensively, which follows from Veda’s Theorem.

(a) We have

(I—z)(l—22)=1—(r1+22) —mx2a =1— (1 +c—q\) —c(1 —d\;) = (g — cH)A.
(b) We have

(c—x1)(c—x0) = A —c(x1+x2) + 120 = A —c(14+c—qhi) +e(1—6)\) = c(g— ).
(c) We have

(I+z1)Q+ax2) =1+ (z14+22) + 122 =1+ (1 4+ c—ql;) + (1 —dN\;)
=2(1+¢)— (g+ o).

(d) We have

(c6 — qz1)(cd — qua) = ¢*6% — coq(x1 + x2) + ¢*x120
=262 — chq(1 + ¢ — qhi) + ¢ - (1 = 6N\)
= c(q —6)(q — ¢d)
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Lemma M.3 For a given PSD matrix M, we define the following sequence of matrices recursively:
Ry =0, and

Rt+1 = B o Rt + M, t Z 0. (M3)
Then for allt > 0, we have
t—1
Ry =) B"oM. (M.4)
k=0

Thus, R, is an increasing sequence:

Ro <R; < < R. (M.5)

Proof We prove (M.4) by induction. When ¢ = 0, (M.4) holds trivially. Suppose that (M.4) holds
for ¢. By the recursive formula M.3, we have

t—1 t t
Rt+1:BoRt+M:Bo<ZB’“oM>+M: BFoM+M=> B'oM,

where the second equality holds due to the induction hypothesis. Thus, (M.4) holds for ¢ + 1.
By (M.4), note that

t t—1
Ry —Ri=>» BroM-> B oM=B0oM=0,
k=0 k=0

where the inequality holds due to Lemma H.2(c). Therefore, R; =< Ry 1. |

Lemma M.4 Let {M;};>1 be a sequence of PSD matrices and s, N be positive integers. Then

s+N—1 [s+N—-1 s+N-—1
S W
t=s k=t+1 k=t+1

T

N-1

D A
k=0

N—t—1 N N—t—1 T
> A’“] (Mg s —BoMis 1) [ > A’“] .

k=0 k=0

N—1 N-1
S UEDS
k=0 t=1

Proof Fort=s,s4+1,...,s+ N — 2, we have

sHN—t—1 s+N—t—1 T s+N—t—2 s+N—t—2 T
> A Mt[ > A’f] - > A (AMtAT)[ > A’f]

=0 k=0 =0 k=0
s+N—t—1 s+N—t—1
= > AMAHT - ) AM(AR)T
4,k=0 gk=1
s+N—t—1 s+N—t—1

= Z AIM,; + M, + Z (AT)F
j=1 k=1

54



RISK BOUNDS OF ACCELERATED SGD FOR OVERPARAMETERIZED LINEAR REGRESSION

s+N—-1 s+N-1
= Y AFM M+ ) (AT
k=t+1 k=t+1

Take the sum over ¢, and we have

s+N—1 [s+N-—1 s+N-—1
SN SRCCVREVE SR N
t=s k=t+1 k=t+1

s+N—2 [s+N—t—1 s+N—t—1 T
ST o8 D SIFY LU SV

t=s k=0 k=0
StN—2 [s+N—t—2 SEN—t—2 L
- > A’“] (AMtAT)[ > A’f]
t=s L k=0 k=0
N-1 N-1 T s4N-1 [s+N—t-1 IN—t-1 T
:[ZAk M[ AR+ > [ Z Ak]Mt[ > Ak]
k=0 k=0 t=s+1 k=0
s+N—1 [s+N—t—1 s+N—t—1 T
- > A’“] (AMt_lAT)[ > Ak]
t=s+1 L k=0 k=0
N-1 T 'N-1 7" stN-1[s+N—t—1 Ms+N—t—1 T
= D AF| M D AR+ ) [ > A’f] (Mt—EoMt,l) Z Ak]
k=0 | Lk=0 | t=s+1 k=0
N—1 T N-1 7" N—t—1 _ TN—t—1
=Y AR M, [ AF Z > Ak] (Mysy —BoMay1) | Y Ak] :
k=0 | Lk=0 | t=1 | k=0 L k=0

where the second equality holds due to change of index, the third equality holds due to the definition
of 13, and the fourth equality holds also due to change of index. |

Lemma M.5 With A; defined in (G.1), let x1 and o be the eigenvalues of A; defined in (G.2) and
(G.3). Then

o Foralli < k* we have

t—1
—i(cé/q)j < (ZAf+k BD < %(05/q

k=0 1

e Forallkt < i< E we have

(& H]))=

. Forallk < i<kt we have

(& 1)

[e(1 = 60)P/% + 8j[c(1 — )]V D72

E’\w

A 1— A
Ai[ (1= N2 + =5 jfe(1 = 83,))0 72

1
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e Foralli > k', we have

Proof Note that

gAz*’“ D= @i-ara- a2 < - a1

_ 1 {(AD A+ (A1 — (AT — (A,
- : t b (M.6)
Ai [(AD1+ (A2 — (A7) — (A e
Combining Lemma G.3 with (M.6), we have
T 1 . . , :
(Z AT [ D = (AD1 + (A2 — (A7) — (AT )10)
s al), N
1 J _ J J _J Jj+t J+t Jg+t g+t
)\i Tr9 — X1 Tro9 — 1 Tro9 — T1 Tro9 — X1
_ 1 (1—0N —z1)2h(1 — b)) — (1 — 6\ — z2)2d (1 — xﬁ) (M)
i T2 — 1
For i < k¥, note that x120 = ¢(1 = 4dX\;) and x2 < ¢ by Lemma G.2, so we have
1-— (5)\Z S T S xI9 S C. (MS)
Thus, the upper bound of (M.7) is given by
Z ATt ﬂ 1 =0+ — Daf(1 = ah) + (SXi+ a2 — Dal(1 - af)
— ' - Ai T2 — T1
J t t
bl To — 1 t
=L (N + 2 — 1 1-
o ]
) 1—at Sa7 (1 — at) S
< L (0N —1 Li@a—ah)| =2 U< 1 M9
< S onrm - ni=0 e -ap| - IS < T )

where the first inequality holds because d\; + 1 — 1 > 0 and x2 > 1, and the second inequality
holds due to Lemma M.12. Note that

1 o 1— xT9 _ 1— T2
l—21 (I—x9)(1—2x1) (g—co)N
cd—+/c(g—6)(g—cd)
1 - 1 c(g—9) 2
< d =—11 — | < M.1
=T o qAZ-< RECY RN (M-10)
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where the second equality holds by Lemma M.2(a), the first inequality holds due to Lemma G.2,
and the second inequality holds because ¢(q — §) < g — ¢ and ¢ > 6. Note that 1 < z2 < ¢d/q,
so (M.9) can be further bounded by

-1 6 5 | ) |
(kZ:OAﬁ M) < T4 (/) < - (ed/g),

1

where the second inequality holds due to (M.10).
The lower bound of (M.7) is given by

<§ AJtE [5]) 1 =N+ — Dad (1 — zb) 4+ (0 + 22 — 1) (1 — b)
Cole
1

/\i X9 — I

k=0
1-— xé ‘ —((5)\1 + 1 — 1).%']2 + ((D\Z + 9 — 1)1']1
i T2 — 1

, (M.11)

where the first inequality holds because 0\; + x1 — 1 > 0 and x1 < xo. If j > 1, then

—(6Xi + 21 — 1)ad, + (6X; + 29 — 1))
T2 — I

-1 j—1
J _ le

X

= —(5)\1 +x1 — 1):132 2 + (1 — 5)\1)1‘{71

Tro9 — X1
(cd/q)"
cd/q— x1
- C(S/Q*{L‘l (05/(])

= —(1-0\)——22

> —(5)\2 +x1 — 1)%2 .

j—1
C(S/q — 1 (C(S/Q)] ) (Mlz)

where the inequality holds due to Lemma M.12, and the last equality holds because z1x2 = ¢(1 —
dAi). Note that
c— T (c —x2)(cd/q — x2) _ (1 — 6)\;)(c — 22)(ed/q — x2)
cd/q— (¢6/q = w1)(cd/q — x2) c(qg = 9)(q = cd)
< q> s (Vg —cd+ c(q—é))2 . 6_05—\/c(q—5)(q—c5)
~ clg—9)(g = cd) ¢ q
Velg — 0)(q — cd)

(1 —=246X) =(1=06N)-

q
_ (0= \[elg=8)(g—c5))? <1 (g - 5))
cq q—cod
252
g%agz@, (M.13)
cq q

where the second equality holds due to Lemma M.2(d), the first inequality holds due to (G.6) and
Lemma G.2, the second inequality holds because ¢§ — /c(q — 6)(q — ¢d) < ¢6 and ¢(q — ) <
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q — ¢6, and the last inequality holds because § < q. Therefore, substituting (M.12) and (M.13) into
(M.11), we have

t—1 t
1

k=0

where the second inequality holds because 1 — 2, < 1. If j = 0, then

1—ab —(6Ni+a1—1)+ 0Ni+x2—1) 1-—ab >0
i To — X1 N Nio ’
so the upper bound holds trivially.
For k* < i < k', the upper bound of (M.7) is given by

SAJ*’“ m 11— —@)a(1 - ah) — (1— A — a2)a] (1 — o)
—= 'l doA Ty — 11
_ 1 |a3(1 —ah) +af(1 —af)
Ai 2
N <1 gy, +xg> a1 —af) — 2] (1 - at)
2 Tro — I
_ 1@ -at) rrf—al) 1o (25—
Ai 2 2

'[x%—xj ' (1—x’i)+(1—w§)_m§—x’i.xg—l—x{

o — I1 2 Tro — T 2

J ot J ot o _ .
< |zt — 5] + Jan [[1 w1|+|1 c— (20 — g)A

- 2>\i 2/\i
[ N Tt G T N 1) I
To — X1 2 Ty — X1 2 ’ '

where the second equality holds because 1 + 2 = 1 + ¢ — ¢);, and the inequality holds due to
triangle inequality. Note that |1 — z%| = |1 — 2| < 1 + |z}| < 2 because |zf| < 1. We can thus
bound (M.14) as

(E~1),

]| + |z} |1 —c— (26 — )\
N 9 2

J J

wh—al| [ah—at| [afl+ 2]

2

IN

T2 — X1 T2 — X1

2 : 1—c— (26 —q)N , . e

< Lle(l - AP + 1-c 2&‘5 JLy [2; [e(1 — M)/ 4 t[e(1 — 67U/
== (20— g\ -

= | ()\ DAl | [e(1 — §);)] 0D/
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" {f = _2(? “OAL eqr - M)](”W} Je(1 = ox)P7?, (M.15)

where the second inequality holds due to Lemma M.13. For k¥ < i < %, we have
1—c— (25 — q))\i < 5/\1 — (2(5 — q))\i = (q - 5))\, < 5)\1',

where the first inequality holds because 1 — ¢ < dJ;, and the second inequality holds because
g < (14 ¢)d < 26. We also have

1—c— (25 — q))\i Z (q — 25))\1 Z (5 — 25))\1 = —5)\1',

where the first inequality holds because 1 — ¢ > 0, and the second inequality holds because g > 6.
Therefore,

|1 —c— (26 —q)\i| <N (M.16)
(M.15) can thus be bounded by
— k[0 . 2 5 2 .
(Z ATTE [q]) < Sjle(1 — AUV 4 <x +3 5x> Je(1 = 6x)]i7?
k=0 1 7 i

= 5jle(1 — AN 4 2 fe(1 — AP,

7

where the inequality holds due to (M.16) and Lemma M.14. For k<i < kT, we have

(-aa-9) _,

l—c—(20—qQ)hi>1—c—(1—-¢)(20—q)/6 = 5 >0,

where the first inequality holds because \; < (1 — ¢)/d, and the second inequality holds because
q > 6. We also have
l—c—(20 —g)Ni <1-—c¢,

where the inequality holds because 20 — ¢ > 25 — (1 + ¢)d = (1 — ¢)d > 0. Therefore,
1—c— (20— q)N| <1—c. (M.17)

(M.15) can thus be bounded as

t—1
; 0 1-c¢ , 2 1-c 2 ,
E AJTE < Cile(1 — SA)E-1)/2 il ) e(1 = 52172

= el = ATV 4 o1 — A,

where the inequality holds due to (M.17) and Lemma M.14.
For i > kT, note that

1—5)\i—$22(1—5)\i)—<1—q1_06)\i> :q_5>\i>07

—c l1—c —
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where the first inequality holds due to Lemma G.2, and the second inequality holds because ¢ > 9.
The upper bound of (M.7) is thus given by

—1 . )
(tz AT [ﬂ) _ 1 (A —ohi—a)ab(l—ab) - (1 - 6N — aa)af(L —ab)
i = )\l
1

o q T2 — 1
1-— xg P ;
= 1— 0N — 2144 M.18
y [( i wg)xz —, T (M.18)
where the inequality holds due to x; < xo. If j > 1,
P ; p gt i1
(1—6X — mﬁ +ad=(1—0xN— x2)x1ﬁ + (1= 6\)z)
i—1
g—cod \’ (1 —=0X; —x2)x1
= <1_ 1—cAi) ey, M)
T M T
<1 gt )jl (1—0X\) (1 - qf_cf)\i) — (1 —6N)
- 1—c”™ 129N —xy
L—e™) 1420 1-49N —a
where the inequality holds due to Lemma M.12. Note that
1-6. —U=o"
1—06MN (Va—cd++/c(q—0))?
1— q—c5)\, T 1 q—cd | (1—c)?
et 1= (Va=cdtv/e(a=0))?
1 —cd)/(q —9))? 141)2 4
U+ Vela—cd/@=0)?  _  (1+1) LI

T U Ad-)q-0)P-(L-¢ (Q+12—(1-0c 3+c

where the first inequality holds due to (G.6), and the second inequality holds because ¢ — & <
¢(q — ¢6). We also note that

1—(]1;_086)\1‘—6_ l_ql;_ccé)\i_c
s = L —— 2 A
1-— q].—cc >\’L — T 1— ql—_cf )\1 . (I+4c qu) \/(1+; q)‘l)2 4c(1-6X;)
_ PR = (1—c)?
. l-e- =N . L (Vi3 +/e(1-9))2
— 1—c— (1+c)q72c5)\' — l—ec— (A+c)g—2¢s (1—c)?
B = Ve t/caD)?
-9
PN Ul P S (M.20)
q— cd

where the first inequality holds because /(1 + ¢ — g\;)2 — 4c(1 — d);) > 0, the second inequality
holds due to (G.6), and the third inequality holds because ¢ — § < ¢(q — ¢d). Combining (M.19)
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and (M.20), we have

— 5\ 1-99)\ —¢
Y = 2 AR (CRC I .
1-=2N 1-95N —n 3+c

where the second inequality holds because ¢ < 1. where the second inequality holds because
To>1— 2(11__005 A; due to Lemma G.2. Combining (M.18) with (M.21), we have

t—1 ) _ 7
(Saf]) <2 (-5 0
k=0 4 e
—c5 \ g—cd \'
1-— i 1—(1-2 i ,
< 1-c¢ A > [ ( 1-c¢ A > ]
where the second inequality holds due to Lemma G.2. If j = 0, then by (M.18)
t—1 t
e [6 1 —at 1 qg—cd
AR < < 1-(1-2 A
(Z ? |:q:|>1 AZ —)\Z 1—c¢ ’

k=0
where the second inequality holds due to Lemma G.2. Thus, the upper bound also holds for j = 0.
The lower bound of (M.7) is given by

>

IA
e

t—1 , :
. 1 J(1 —2t) — 27 (1 = gt .
(ZAi*’“ ﬂ) 1 lu_m_@)%( 2) —aj(1 - af) x%(l_l,g)]

q Ai Ty — X1
k=0 1

1 (1 —ah) —ah(1—af) =,

> 1_ _ J(1 — t

=5V [ I\ — x2) pag— + 25 (1 — x4)
J t ¢

) _ RS AR ot

=% [ (I—=06N x2)$2—951 + (1 xQ)]

>x—% 1—5)\—1’)1_x§+(1—:nt)

DY 2 1—x9 2
53; (1—:U2)

where the first inequality holds because z; < x2, the second inequality holds due to Lemma M.12,
and the third inequality holds because 0 < xo < 1. |

The following corollaries follow from Lemma M.5.
Corollary M.6 With A; defined in (G.1), assuming that N(1 — ¢) > 2, we have

d s—1 —
;ﬁZ(ZAMH) < ISNK* + 365N12_qc_c‘5 Sz

= 1 i>k*

Proof By Lemma M.5, we have
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(a) Fori < kt,

s—1 - 2 s—1 s—1
i 4 4 VI g
Z ZA]"F §*22(05/Q)2]§72 07:72 —
A& 4 AZ 4 A 1—c
J=0 1 v j=0 v =0 v
4
<Gaw (M.22)
2N
>~ 77

where the second inequality holds because (c6/q)? < ¢?* < ¢, the third inequality holds
because 1 — ¢* < 1, and the last inequality holds due to the assumption that N (1 — ¢) > 2.

(b) For kt < i <k,

%[c(l — NP2 4 8le(1 — 5A)) G2
l 3 j/j2—1
il2 I 4 t 2
g)\—z[ (1 = X)P/2 + 28]¢(1 — o))/ ; (1 —6X)]Y
B 2 oLl = )P — [e(1 = oN)P/?
= le(l = NP2 + 20 e
< i[ (1—ox)P/2 + g5lcl — 5/\1‘)]]/;)\:/[20(1 — 6\
_ Ale(1 - 5)\1')]”4): [e(1 — 5)‘i>]j/2 )\i[ (1—6\; )]j/zl7 (M.23)

where the first inequality holds because [c(1 — d);)][7/4~1/2 < [¢(1 — 6))]¥/? for all t <
j/2 — 1, the second inequality holds because 1 — y/c(1 —0A;) > 1 — /1 =3\ > 0)\;/2,
and the last inequality holds because [¢(1 — d);)]?/? > 0. We thus have

s—1 /N-1 2
> (Z AJTE [ D < Z < (1= M)/ + 3j[e(1 — M-)](j—l)ﬂ)
=0 \ k=0

16 16 1 [e(1— o))/
< — 1—-90)\ S —
=N Z[C( W=7z (1= oN)

]:
16 1 16 1 32
SN oo SN T-ar (-on M
16N
< —
= AZQ M

where the first inequality holds due to Lemma M.5, the second inequality holds due to (M.23),
the third inequality holds because 1 — [c(1 — 8);)]*/? < 1, the fourth inequality holds because
1—+/c(l1=0X;) >1—+/c>(1—c)/2, and the last inequality holds due to the assumption
that N(1 —¢) > 2.
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(c) Fork < i < ki,

i[c(l — A4 T jle(1 = BA)) 02
< 2t - anp’+ 2D - P 1~ n)
~ gy s 229 [l 61&)1]‘/41: [i(jmwm
< Slel1 =B+ 2<1§ ¢)  [e(1 - Mff}ﬁc/(; 2
_ A= ‘”")]j/t LY i i[c(l —on)P/, (M.25)

where the first inequality holds because [c(1 — 6);)][7/4=1/2 < [¢(1 — 6))]¥/? for all t <
j/2 — 1, the second inequality holds because 1 — y/c(1 — 6\;) > 1 — /c > (1 — ¢)/2, and
the last inequality holds because [¢(1 — §);)]?/2 > 0. Due to the same deduction as that in
part (b), we have

s 2

-1 —
itk 32
] R
J=0 1
16N
Y

(d) For kt < i < k*,

7=0
9(1 —c¢) q—cd N2 q—cd \°
a1 (o) | [ (-]
91 —c¢)
(q—cé)/\é3
9(1—¢) 2N(q—cd) 18N
(g—co)X2 1-c A7
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2j
where the second inequality holds because (1 - ql__cf A,—) < (1 - Ca)\ ) the third in-

N
equality holds because 1 — (1 - 2q1:Cf )\¢> <land1— (1 - qfff )\i> < 1, and the last

inequality holds because A; > m due to definition of £*.

(e) Fori > k*,

~1 /N-1 2 s 2 24
‘ ) 9 q—co q—cé J

> E:A?J”“ <> S|1- 1-9247% /\z 1— 27\

J=0<k0 ! [J)l_.zox\?[ < 1—c 1—c

9 q—cé 2 363N2 —05)2
<—=-(2N g 1=

N 2j
where the second inequality holds because 1— (1 -2 qf_cf /\i) < 2N qf_cf \; and (1 - qf_cf /\i> <
1.

Concluding all the above, we have

B (5]

j=0 \ k=0
16N 18N 36sN2(q — cb)?
<M N PER A7 A7
> + 2 + 2 +2 o
i<kt Z ki<i<kt Z kt<i<k* i>k*
363N2 (g —cd)?
= 2Nkt +1 f_ gt « _ gt 2
+ 16N (k' — kY + 18N (k* — k1) + o >N
i>k*
36sN2(q — 05
< 18NEK* +
< 1 op >N
P>k
where the second inequality holds because all coefficients 2, 16, 18 are bounded by 18. |

Corollary M.7 With A; defined in (G.1), we have for all j > 0,

d N—1 k(s
2 7+ * 2
S (S]] co s B s

i>k*

Proof By Lemma M.5, we have
(a) Fori < kt,

N-1 s 2 4 4
§ : A j+k 27
( g |:q:|> = )\22 (05/ ) = )‘127

k=0 1

where the second inequality holds because ¢d/q < 1
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(b) For ki < i <k,

/\E[c(l — NP2+ jle(1 — 62T/

)

j—1

< el = AP 45 Y fe1 — on)]
t t=0
3 (1 — x))I2
Zle(1 = ox)]2+6-
AZ[ d P 1—+/c(1—6)\)
3 — [e(1 = 6X))P/?
2ol — /2

< Az[ c(1— NP2 +6- 5372

2+ (X -0\ 3

= ;Y < N (M.27)

where the first inequality holds because [c(1 — 6);)]U~1/2 < [¢(1 — 6))]/? fort < j — 1,
the second inequality holds because 1 — y/c(1 — 0A;) > 1 —+/1 — 0\; > 0);/2, and the last
inequality holds because [¢(1 — d);)]?/? < 1. Therefore,

No1o s 2 3 . ‘ 2
(Z Atk M) < <X[c(1 — A2 + Sjle(1 — 5&)](“)/2) <1
k=0 1 v i

where the first inequality hold due to Lemma M.5, and the second inequality holds due to
(M.27).

(©) Fork < i < kf,

(1= B/ 4+ 2 jle(1 - ax) D2
< el - AP+ C jzl[cu —oN)]7
v v t=0
i[ (1= X/ + 1; - 11__[0(10(_1 (S_A(;)ff
< St - ogpre 4 10 Lo L= DR
_ 2+ [c(l/\—ié)\i)]j/Z - ;5 (M.28)

where the first inequality holds because [¢(1 — 6X;)]U~1/2 < [¢(1 — 6)\)]H/2 fort < j — 1,
the second inequality holds because 1 — y/c(1 —d)\;) > 1 — y/c > (1 — ¢)/2, and the last
inequality holds because [¢(1 — 6);)]?/? < 1. Therefore

iy S\ /3 1—¢ 2 9
Jtk < (2ol — x/2 2 7€ i — saG-D2) <
<§ A [qD1 < (Ai [ = NP2 + == - jle(1 = 0\)] ) <%

k=0 v

where the first inequality holds due to Lemma M.5, and the second inequality holds due to
(M.28).
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(d) Fori > k*, we have

N-1 2 r N
j ) 9 q—cé

> At = (1-22—20N

( Z [J)l A ( 21—cAO

k=0

IN

q—cé 2
1-c¢

(1_

- N—2
<2 1—(1—2q_66)\i>
1—c¢

. [ 9 36N2%(q— cb)?
<ming 5, —7 5
; (1—-c¢)
where the second inequality holds because 1 — qfff Ai < 1, and the last inequality holds
<land1— (1 —7)N <rN forallr € (0,1).

because 1 — (1 — )V

Combining all the above, we have
d N-1 5 2
-+
2 (z v fl)

1
DI 2+ 3o 2+ S 2+Z>\2 86N (g — <d)*

— 2
i<kt Z kf<i<kt Z kt<i<k* ’ i>k* (1 C)
36N2( q —¢cd)?
YTE: b gt £t
+9(kT — kY + 9(k* — kT) + 0o > A
i>k*
36N2
< 9k + 22
- 1 —¢)? ;;

where the first inequality holds because the bound % is applied for kT < i < k*, while the upper
bound % is applied for ¢ > k*, and the second inequality holds because coefficient 4,9

can be bounded by 9. |

Lemma M.8 With A; defined as in (G.1), let x1 and x5 be the eigenvalues of A; defined in (G.2)
and (G.3). Then

o Foralli < k* we have

e < (Sar [l

o Forallkt <i< ?{:\, we have

()

1
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« Forallk < i < kt, we have

(&),

e Foralli > k', we have

o= (T f) =k |- (- (- =)

Proof Note that

St ] ot [t o1

L | (et (g = M) ((Adn — (AL0) + (1= 0 (ADn — (A )
(q—co)Xi |(1—c+(g—30)X)((AD)a — (Ai“)m) + (1 —c)((A])a2 — (AZH)M)-
(M.29)

Combine (M.29) with Lemma G.3, and we have
t—1 . )
. 1 J(1 — o) — J(1 — gt
Sart ) = L e gy ATl m ) nanl m )
k—0 ' 1 1 (¢ — o)A T — 1

ol — 'a:g(l—xé)—xj(l—xﬁ)
+(1—¢)(1—6N) wQ_xi ]

_ 1 [(1—¢)(1—6N) — (1 — e+ (g — )Nz (1 — zb)
(g — o)\ T — T2

0= =0N) = (1= c+ (g = §)M\)zala] (1 — 2}) } . (M30)

o — I1
For i < k%, note that
(1 — C)(l — (5)\1) — (1 —c—+ (q — 5)/\1).%'1 = —(1 — C)(.’El + o\ — 1) — (q — 5)/\le <0

due to (M.8) and ¢ — § > 0. The upper bound of (M.30) is thus given by

<§ AJTE H) < ! { (1= ) (1= 6X) = (1= c+ (g = &)M)a]o] (1 — ab)
2A ) =

q— o)\ T1 — T2

A= 0(1=0x) — (1 —c+ (g — HNi)xalal (1 — ab) }

_ m{u C et (g— M) —ab)
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+[(1—c+(g—0)N)x1 — (1 —c)(1—dN)] - & : ol }
i) X1

.',UJ t
< @—M{“ et (g— BN - 2h)

(Q—C(S))\Z 1_:1;1 1—1'1
2 J
< 5y (ed/a)’,

where the first inequality holds because z2 > x1, the second inequality holds due to Lemma M.12,
and the last inequality holds because 1 < xo < ¢d/q, 1 — a:ﬁ < 1 and (M.10). The lower bound of
(M.30) is given by

(ti AT H) . 1 {—[(1 — e+ (g — 0w — (1— &)1 — SA)]ah(1 — 2b)

=0 ) = (g—cdNi Ty —

T2 — X1

[(1— ¢+ (g — O)A)xa2 — (1 — e)(1 — 6]} (1 — ab) }

t
1_352

- (q_cmi{a —o)(1 =6\l !

j—1 _ -1
[ —ct(g— Az — (1= )1 = oAz - 21 (M31)
Tro9 — X1
where the inequality holds because x7 < xo. If 5 > 1, then
1 j—1

(1= )1 =Nl = [(1— e+ (g — O)N)a1 — (1 — ) (1 — 6N ]za - i it U

L (=a(- W@({/ (1_— cH@=ON)Tzs (5yoint
co/q — a1
_ (=0 =)z = (L—c+(g=OA) - e(L=0N) o i
_ Y (cd/q)
R e e S L M32)

where the ineuqality holds because (1 — ¢)(1 — 5)\i)x{71 > 0 and due to Lemma M.12. Note that

(1 —c)(c—z2) +clg— )\
cd/q— x1

(1-¢) —1+C+q)\i_\/(1+§_q/\i)2_4c(1_5)\i) +e(q — &)\

65/(] - 1+c—q)\i—\/(1+02—q>\1-)2—4c(1—6/\i)

(1—=0N)

=(1-0N\)
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(1-— c)fl%ﬂ)‘i +c(g— 0\

— (1 — )2
o (1 - 6\) [(14c¢)g—2c0]Xi — (1 —¢)
cd/q— S R

<(1—0N\) Q2N — (14 ¢)g — 2¢d]

ol Wa=cd+e(g=0)*| [ +c)a— 2] Wamedt fela0l (1 — )2
- ¢ (Vg —cd++/clqg—9))? = [(1 4 ¢)g — 2¢d]
_ (ed— /el —0)(g — ¢0))* (Vg — cd + \/clg — 9))?
cq?
< (cd)? - 4(;] —cd) < 4e(q — 05)’ w3
cq q

where the first inequality holds because /(1 + ¢ — gA;)2 — 4c(1 — d);) > 0, the second inequality
holds due to (G.6), the third inequality holds because c¢d — \/c(q — §)(q — ¢d) < ¢ and ¢(q — ) <
q — ¢d, and the last inequality holds because 6 < ¢q. Combining (M.33) with (M.32) and (M.31), we

have 1
— ik |1 1—a2b  de(q— ) . 4 :
A].J“k{] > — Z_. cd/q) > ——(cd/q),
(;;o )T (g q 0Tzl

where the second inequality holds because 1 — x4 < 1.
For kt < i < kf,1ie., A; has complex eigenvalues x1, x2, we have

(&)=

k=0

(1—c)(1 —or)x) (1 — ab)

j—1 —1 —1
(g —wp ) —ay) —wy (ap— 1)

H(1 =) (1 =0X) = (1 = c+ (g = )Xi)za] - 21 -

o2 — X1
1
< (= 90— 00 = (1=t (= )A)aal [
J=1 _ -1 ¢ ¢
R U N i-1, | @ — @ (1—0)(1—5)\1-)‘ i1 4t

(M.34)

where the inequality holds due to triangle inequality. Note that

[(1=c)(1=6X) — (1 —c+ (g —6)Ni)z2l
= VI = )1 = 6x) — (1 —c+ (g — 6)X)z2][(1 — ) (1 — 6A;) — (L —c+ (¢ — 6)Ao)a],

where

(A=) (1 =6X) = (L —c+ (g —)N)za][(1 — ¢)(1 = X)) — (L — ¢+ (g — §)Ai)z]
(1= 2(1— 522 — (1= &) (1 — A1 — c+ (g — )\ (w1 + a2)
+(1—c+(g—0)N)? z120
= (1=¢?(1=0X)> = (1= )1 = 6X)(1 = c+ (g — O)A) (1 + ¢ — g\i)
+ (1 —c+(g—HN)*-c(1—3N)
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(1—06X)(g—6)(q — o)\
< (1 —6X\)(q — ed)*N2,

where the inequality holds because ¢ — 6 < ¢(q — ¢d). Therefore,
(1 =c)(1=0X) = (1 —c+ (g —8)N)w2| < (¢ —cd)Aiv/e(l —N). (M.35)
(M.34) can thus be further bounded by

(&[]

1

J—1 j—1 t ¢

xy,  —x 1 |2h—=x 20 —c)(1=¥d0N) | i1
< Vel =6N) - || - |2 | 2—1— -1 12227 AP
< Vel >|:v1|[ |2 | 2D

¢ 21—¢) [1—=06N , ;
S{ [e(1 —6M)]% + (q—cé)/\i” . —1—2(]—1)}'[6(1—5)\1')] 2, (M.36)

where the first inequality holds because |1 — z4| < 2 and due to (M.33), and the second inequality
holds due to Lemma G.2 and Lemma M.13.

Forkt < i < 75, we can further bound (M.36) as

t—1
gk 2\/75/\ 2(0—¢)  [1=0A\ F D) Te(1 = sa P72
‘@A wl [ e 22 ”]“1 20)

2 2 )
< | =4+ = ; — 8S)\.)19/2
[5A+M 1+2]] e(1— )]

= 2j[e(1 - ox)P? +

4 :
SN2
6)\1 [C(l 6>\1)] )

where the first inequality holds due to Lemma M.14, and the second inequality holds because
c(1=0X)<1,(1—-¢)/(q—cd) <1/5,1—0\;<candj—1<j.
For k < i < kT, note that

1-c¢c [1 =0\
(g — o)\ c

_ o l-e (Wa—eb+ c(q—5>>2_\/1_ 3(1 - c)?
~ V(g — o) (1—c)? (Vg —cd++/clqg—9))?
_ (Va—=ed +/e(g=0))(Va =3 + /clg — c5))
Ve(l = o)(q — cd)
_ U+ oVag=c8-2y/c(g—cd)
= Vel o)(g—cd)

IN

M.37
T (M.37)
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where the first inequality holds due to (G.5), the second inequality holds because ¢ — § < ¢(q — ¢d),
and the third inequality holds because ¢ < 1. Therefore, (M.36) can be further bounded by

t—1
i+k |1 QM 2(1—c¢) 1— 8\ . 1 eyl
| <k§=:0 A [1] ) 1| : [ 1-c " (g —co)N; ﬁ 2 1)] [e(1 = 6A:)]

= 2jle(1 = NP2 + T [e(1 - AP,

where the first inequality holds due to Lemma M.12, and the second inequality holds because
c(l—=06X) <1,7—1< janddueto (M.37).
For j =0andt > 1, we have

t—1 ol
(= [1),
1 [(1=c)(d =0N) = (1 —c+ (g = )N)x1](1 — b)
(g — o)\ To — X1

(1 —c)(1 = 6XA) — (L — ¢+ (g = §)Ai)xo] (1 — =)

T2 —I

o
(g — )N

(I—c+(@=—0)N)—(1—-c)(1— (5)\2‘)3:?1

|
(L= (1= 63) — (1= e+ (g = A arfas - T2

1 N
< [TErY [(1 — )+ (g = 0)Ai+ (1 —¢)(1 = 8\) |zt

Sl gt
0= = ) = (1= et (g = D)ol foal |22 ]

< 1—c¢ g—0 (1—c)(1=08N)
“(g—chHN  q—cd (g —co)\;
+ (1= 0N) - (t—1)[e(1 — ox)) =272, (M.38)

[e(1 — 6))] /2

where the first inequality holds due to triangle inequality, and the second inequality holds due to
Lemma M.13. When kt < i < E, (M.38) can be further bounded by

(&1)),

l1-c¢c g—96 (1—=0o)@—=0N) c(1=06N)
“(g—chH)Ni  qg—cd (g — o)\ Y
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c t=-c 4 tme 1
“(g—co)N (q—co)N; O\
U SO T s

where the first inequality holds due to Lemma M. 14, the second inequality holds because (¢ —
cd)/(1 —¢) > 9,1 —6)\ < 1land ¢ < 1, and the last inequality holds because Lff > § and

I
dX\; < 1. When k < i < kT, (M.38) can be further bounded by

(1)),

< l1—c¢c g—06 (I—c)(1—=0XN) (1 —=06N)
“(g—cd)Ni  qg—cb (q — o)\ l1—c

1-c L1y 1-c¢ n 1
(g — o)\ (g—co)N; 1—c

21 —c) (Vg—cd++/c(q—9))? 1 1
S(q—a?)' (1—c)? Tt

2
2 c(q —90) 2
-~ |1
1—c ( + q—c&) +1—c

2 2 10
< (14124 — =
1—c (+)+1—c 1—¢’

<

where the first inequality holds due to Lemma M.12, the second inequality holds because ¢ — § <
qg—cd, 1 —9A < 1andc < 1, the third inequality holds due to (G.5), and the last inequality holds
because ¢(q — §) < q — ¢d. Therefore, the upper bounds hold for j = 0.

For i > kT, note that

(1 — C)(l — 5)\1) — (1 —Cc+ (q— 5))\1)1‘2
> (1= (1= 0\) = (L= c+ (g — )N (1— 4= A)

1-c¢
_la=d)la= <) ‘?ch_ D2 >0, (M.39)

where the first inequality holds due to Lemma G.2, and the second inequality holds because g—cd >
q — 0 > 0. We thus have

<§Aq’+k [1}) < 1 {[(1_0)(1_5/\i)_(1_C+(q_5))\i)$1]l‘g(l—xt2)

1 1_ (g —co)N T1— T2

k=0

1= (= 0n) — (1= e+ (g — §) Aol (1 — ) }
Tro — T

t
1—x5

- (q—&f)M{(l —)(1 = o))"
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Jj—1 _ J-1
(1= )1 —6A) — (1= c+ (g — O)A)ag]wy - 22— 1 } (M.40)
Tro — T
where the inequality holds due to (M.39) and z; < xo. If 7 > 1, (M.40) is further bounded by
o
(1= ) (1= 0A)ad 4+ (1= )L — A) — (L — e+ (g — Az - 22— 1
T2 — X1
_ J—1 _ 5N — (1 — _ .
<(1-4 05)\i (1= o)1 — M) + (I—c)(1—=06N) _(1 c+ (g —0)\i)x2 .
l-c 1-— qlicf)\i—lbl

(1 — C)(l — 5)\Z)IL‘1 — (1 —Cc+ (q — 5))\1) . C(l — (5)\1)
(1 =e)(1—=0N
[( (1 - 53) + S ]
—ed ) 1-6N (- 1 — 28]\
= <]_ - ql _CC )\z> : 1_ qfc5>\ ( C)l _ [( C;;\‘C)_qx c ] ) (M41)
1—c l—c ¢ 1

where the inequality holds due to Lemma M.12 and Lemma G.2. We already have

1-6\ 4
1 — 4=Cdy SEH—C
T 1M

by (M.19). We also have

(1—-c)?—=[(1+c)q— 200]N; (1—1¢)? = [(1 4 c)qg — 20\
1— _cC(S)\ — 1 B qf_cf)‘i B (1+c—q)\z-)—\/(1+(2:—q)\7;)2—4c(1—5)\,-)
(10 (l—c)2 — (1 4+ ¢)g — 2¢o]\;
(1—¢)2 = [(14c)g—2c8]Ni + (1 — &) /(1 + ¢ — ghi)? — 4e(1 — 5)\)
<2(1-e¢),

where the inequality holds because (1 — ¢)/(1 + ¢ — g)\;)2 — 4c(1 — 6A;) > 0. We thus have

1-6N (11— c)? —[(1+4+c)qg— 206])\ 4
=D ), 1- 998N —xy S31c

2l —¢) < 2(1 S o) <3(1—c), (M42)

where the second inequality holds because ¢ > 0, and the last inequality holds because 8/3 < 3.
Combining (M.42) with (M.40) and (M.41), we have

(S []) = o (-2

3(1—c¢) g—cs. \’ g—c5 \'
< 1— i 1—(1-2 i ,
_(q—cd))\i< 1—0)\> 1- c)\

73




RISK BOUNDS OF ACCELERATED SGD FOR OVERPARAMETERIZED LINEAR REGRESSION

where the second inequality holds due to Lemma G.2. For j = 0, we have

0_ ,.0

(1= )1 = 8%) = (1 =+ (g = OA)wal 2L 4 (1= (g~ 9)Ai)a
(10

Sloet@=dhisl-erl0-0) s

(1o la= )+ (g = ed) +2/clg — 0)(q — cd)
(g —08) + (¢ — ¢6) +2¢/c(q — 6)(g — ¢d)
(q—9)+(¢g—90)/c+2(q—9)
clg—90)+(qg—19)/c+2(qg—9)

! 2 2} <301—0),

<1-¢

-0

T+¢ (+o

where the first inequality holds due to (G.6), the second inequality holds because ¢—cd > (¢—9)/c,
and the last inequality holds because ¢ > 0. Therefore, the upper bound also holds for 5 = 0.
The lower bound of (M.30) is given by

t—1 i 1 1 1—c)(1—=6)\)—(1—c )zl (1 — ot
<k§0Ai+k [1]>12( {[( )( ) ( +(q ) ) 1} 2( 2)

q—co)N; T1 — T2

[(1—¢)(1—6N) — (1 — e+ (g — O)N)aa]ad(1 — zl) }

T2 — I

_ (q_xczm{a et (g —8)A)(1—ab)

(1= )1 = 6\) — (1 — e+ (g — 6)Ai)wa] vh — o }

T2 — 21

> {0t - on0 - )

— [(1 - C)(l — 5)\,) — (1 —cCc+ (q — 5))\Z)$2]1 — xé}
_ ab(1—ab)

>0,
1—.%2

where the first inequality holds due to (M.39) and 1 < z2, the second inequality holds due to
Lemma M.12, and the third inequality holds because 0 < xo < 1. |

The following corollary follows from Lemma M.8.

Corollary M.9 With A, defined in (G.1), we have

d N-1 1
Aw? Af*"“”)

16 s * s s *
< 5 (€d/q)*|[wo —w ”?{—;i +85%¢"|(T - 6H)*?(wo — w*) iy
0:k

2

kgt
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32 200

24 s _ s/2 w2 e _ s/2 w12
g T ) P wo =Wl 4 g I ) (wo — W)l
_ )2 - ¥ 2
9(1—¢) 14 C(SH (wo — w*)
-ap [\ 1= o
kg
—cd \° 2
+ 362 (I—q H) (wo — w*)
1_C Hk*oo

Proof By Lemma M.8, we have

(a) Fori < k%, we have

N-1
1 16
s+k 2s
(kZZO A; M) < S ebla)™

(b) Forkf <i< E, we have
N-1 1 2 4 2
(Z AtE M) < <2S[c(1 — O+ sl - 5)\i)}5/2>
k=0 1 i
32

< 8s%[c(1 — 6N\)])* + I3V

[e(1 = o),
where the inequality holds due to Cauchy-Schwarz inequality.
(©) For k < i < k', we have

(Nz_l A [ﬂ)j = (28[0(1 — X)) + %[C(l - 6)\i)]5/2)2

k=0

20011 — o),

S 882[6(1 — (5)\1)]5 + W[ (

where the inequality holds due to Cauchy-Schwarz inequality.

(d) Fori > k', we have
N-1 2 2 N2 2s
(Z A H) < o 562))\2 [1 - (1 -2 CdAi) ] (1 ] C(SA’)
— . (g —cd)?X; —c —c
_ 9(1 —¢)? 9 q—co \*
< 2T Y gen2h (1 - N
_mm{(q—cé)z)\?’36 .

where the second inequality holds because 1 — (1 — 7)Y < land 1 — (1 — )Y < rN hold
forall r € (0,1).

Concluding all the above, we have

2

d N-1 1
2 s+k
;)\iwi (Z At [J)l

k=0
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S 32 S
<Z)\w 52)\2 (c6/q)* + Z \w? ( [e(1—dX\)]° + 52)\2[0(1—5)\1-)] )
i<kt kt<i<k ’
200 B
+ Y Aaw] < [e(1—6X\)])° + (1_0)2[0(1—5)\,-)]>
Te<i<kt
—c)? q—co, 2 2 2 q—co, 2
+ Y Al q_cé)w (1 1_6/\Z> +ZAM 36N (1 S— X\
kt<i<k* i>k*
1 S S S *
=5 (cé/q)2 |lwo — w H2 H + 85%¢*||(I — 6H) /2(wo—w )H%ﬂkizkT
32 s 200 s s .
+ 55 ¢ ll(I-0H) P(wo —w )HH A R (T — 6H)**(wo — w)llfr,_,
2
9(1 — ¢)? I_q—C5H (wo — W)
(g —cd)? l1-c H-L
Etig*
—cd_\° 2
+ 36N? <I— qH> (wo —w") ;
1—-c Hyo

where the first inuequality holds because the upper bound = a( 5)2’) ¥ is applied for kT < i < k* and

36NN ? is applied for i > k*. |

Lemma M.10 With A; defined in (G.1), let x1 and x5 be the eigenvalues of A; as defined in (G.2)
and (G.3). Then

e Foralli < k% we have

o Forallkt <i< E, we have

. Forallk < i<kt we have

o Foralli> k', we have

t—1 2 2
<Ai,f [1}) < _1-c 1 — (1261_66)\Z.> )
— 1), 7 (g —co)N; 1-c
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Proof Note that

k k+1 k+1

k _
<A;c H) — (AF)) + (AF)gp = —c2 =21 T2 T
1 9 T9 — T To — X1

— : (M.43)

where the second equality holds due to Lemma G.3. Summing up the square of (M.43) yields

S (at[)]) -5 [t s ety

k=0 2 k=0 T2 — o1
-1 —1 1
_ ¢ (xg — c)zac%k g ¢ (xg —¢)(x1 — ¢ (:Ulacg tz T —c)? 2k
= (w2 —x1)° — (g — 1)? = (x2—x1)?
e -ad) - - Ol - @) <z1 e RO N,
T (1 32 — )2 1 — — )2 1— 22 —2  (M4d
(1 —z3) (22 — 1) (1 — z122) (22 — 1) (1 —a7)(z2 — 1)
Denote
A (562—02)2’ B (xl—c)(562—6)7 O = (gpl_?Q’
1-— x5 1-— 12 1—=x

1
then we have

A—-B (22 —c)(1—cx) B—-C  (z1—c¢)(1—cx)
zo—xz1  (1—23)(1—m22)” @2—21 (1 —2)(1—2129)’
A-2B+C  (1+A)1 4+ za2) — 2c(z1 + x2)
(z2—21)?  (1-2f)(1—a3)(1—z1z2)

For all i < k¥, (M.44) is bounded by

2 _ _ t ot N 2
k=0 2

(g — 1) T9 — T T9 — T1 T9 — I
c(_ady. AT2BHC,  O=B of —(mm)
(z2 — x1)? T2 — X1 SU% —X1x2
A—2B+C  215(C - B) 1
— (xg—mx1)? T9— 21 1 — z79
_ (14 c2)(1 + z129) — 2¢(x1 +22)  272(c — 21)(1 — cx1) (M.45)
(1 —2)(1 —a3)(1 — z122) (1 —27)(1 = z129)? '

where the first inequality holds because C' (xQ zi) > 0, and the second inequality holds because
due to Lemma M.12. Note that

(14 ) (1 + z222) — 2¢(x1 + 22)
(1 =21 - 23)
(1+0¢)? (1—0c)? (1+c? (1—¢)?

T ta(tm) T2 —a)(—m) = 2 T 2(g—c)n
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1 2 — — —cd 5

L+ (Va—o - Velg + 40 _2 (M.46)
2 2(q — ¢d) 2 2(q—co) 2

where the first inequality holds because 1 + x2 > 1 4 x; > 1, the second inequality holds due to

(G.6), and the last inequality holds because /g — cd — y/c(q — ) < /q — cd. We also have

(c —x1)(1 — cxq)xo

(c—x1)(c—ma)ra (g —0)\; - x2

< — = —
1 —:c% < (6= c— X9 c— T2
cd—+/c(q—0)(qg—cd)
g —0h " ela =)~ /ela—0)(a <)
T el 6><q cd) V=8 4 \/clqg—0) ‘
q

\e(g—190)-6 0N

< clg=9) A= 20 (M.47)
Velg =0) ++/clg =)

where the first inequality holds because 1 —cx; < 1— .fL‘% (due to the fact that 1 < x9 < ¢d/q < ¢),

the second inequality holds due to Lemma G.2, and the last inequality holds because /q — cé >
c(q—6)and ¢ — \/c(q — 0)(q — cd) < ¢§ < 5. We finally have

1-— 1T — 1-— C(l — 5)\z) > 5)\1 (M.48)

Substituting (M.46), (M.47) and (M.48) into (M.45), we have

i(Ak[D gg 51 "'(5;1-)2:257&‘

For k¥ < i < k', (M.44) can be bounded as

()

= (1= (z122)") -

A-2B+C A+C (xé—x’i)Q C—A a3t -}
. +2( .

($2 —.1‘1)2 B 2 Tr9 — X1 T2 —$1) Tro9 — T1
A-2B+C A+C| |zt -2t 1 |C-4 x3t — x2t
§|1—($1$2)t" - | | . 2 1 = . 2 1
(.%‘2 — xl) 2 Tro9 — X1 2 Tro9 — X1 9 — X1
A—2B+C| |A+C| _ 1 |[C-A B
(L — D22 L 2Tl — S))]2-1)/2
[ P o - e 5 | C2 22t o
2
_ 1 . (1 tc )(1 + 33‘1.%‘2) — 22('1:1 + $2) |A + C| . (t[(l _ 5)\i)](t_1)/2)2
1—([)11’2 (1*1‘1)(1*1’2) 2

2¢(1 + x129) — (1 + ) (21 + 22) .
2(1 - 2f)(1 — 23)

2t[e(1 — 6N -D/2, (M.49)

where the first inequality holds due to triangle inequality, and the second inequality holds because
0<1— (mlajg)t < 1 and due to Lemma M.13. We now bound the coefficients. Note that

1-0? _ (-0 _(g=cd+Velg—9)* _ (Va—cd+Vag—cd)? _

(1 —21)(1 —x9) (q—cé))\ q—co = q—cd
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where the first inequality holds due to (G.5), and the second inequality holds because c¢(q¢ — d) <
q — c¢6. We also note that

(1+c)? _ (1+c)? - (1+c)?
(1+z1)(1+x2) 2(1+¢c)—(g+cd)Xi ~ 2(1+c¢)— (1 +2c)d\
(1+¢)? LA+,
T 21+e)—(1+4+2¢) = 1 '

where the first equality holds due to Lemma M.2(c), the first inequality holds because ¢ < (1 + ¢)d,
the second inequality holds because 6 \; < 1, and the last inequality holds because ¢ < 1. We thus
have

(14 ) (1 + z129) — 2¢(21 + 22) 1 (14 c)? (1-¢)?
(1—af)(1 —a3) 2 ‘(1 o) (12 T A=) —agy| =% M0
2¢(1 + m122) — (1 + A) (w1 +x2)| 1 (14 )2 (102
(1 —a})(1 —a3) T2 ‘ (+a00+m) (=200 ta| =2 ™MD

We then bound |A + C|/2. Note that

A+C 1 [(m —c)? N (22 — 0)2] _ (w1 - ¢)?(1 — 23) + (z2 — ¢)*(1 — 2%)
2 2| 1—a? 1 — 23 2(1 —22)(1 — 23)
2¢2 — 2¢(x1 + x2) + (1 — ) (23 + 23) + 2cm129(21 + 72) — 22323
2(g—cO)XNi- 2(1 +¢) — (g + o)A
(14— —2(1—)[(1+c+ g — (1 +2c)8) N + [(1 — )g? + 2c¢25q — 2¢262|\?
B 2(q — cd)Ai - [2(1 4 ¢) — (¢ + cO)Ai] .

(M.52)

For k' < i < E, we aim to bound the denominator of (M.52) by )\ZZ multiplied by a constant. Denote
the denominator divided by A? as

(L+0)(1—0)* 21— )l(L+c+c)q—c(l+20)3]

d(Ni) = 32 — N +[(1 = )¢ + 2c25q — 2c26?),
then

87? =2(1-¢) [MO_C)Q —[A+c+c*)g—c(1+ 20)5]}

oL ;

c)(1—c)?
<2(1-¢) [W - [(1+c+02)q—c(1+2c)(5]}

=201 —c)1+c+P)(g—0) <0,

where the second inequality holds due to (G.7), and the last inequality holds because g > 9, so ¢ is
a decreasing function in 1/)\;. We thus have

(i) = ¢((1 —c¢)/9)
c)(1—c)? —C ctcf)g—c ¢
_ (1(1+_)£)12/52) e +(1+_ c))/qa UE2D) 11— )+ 2csg - 2627)
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=(1+c)(g—9)[(1—c)g— (1 +c¢)d]
(1+¢)(qg—0)[(1—=¢)d = (1+¢)d] = —2¢6(1 4 ¢)(q —9)

>
> _45(q - 65)7

where the first inequality holds because \; > (1 — ¢)/J, the second inequality holds because ¢ > d,
and the last inequality holds because ¢ < 1 and ¢ — § < ¢ — ¢d. We also note that 2(1 + ¢) — (¢ +
co)Ni > 1,80 (A4 C)/2 < 25);. We also have

Vq—c c(q—6))?
S(\) < o <( d 5+q2 l=9) ) ,
21+¢)—(g+ed)Ni>2(1+¢)— (g+cd) - ( q_65+q2 C(q_é))g,
so the upper bound of A%C is
A+C _ (ela=8)+/la=0)a—ch)? )y
2 T 1 (6 —/clg—0)(g—cD)?/a®> (Va—cd+\/c(qg—0))>
_ (g =)+ Vela =D~ 9 A
T 1= (ed—ela—0)a—cd))/a (Va—cd+/clg—9))?
q-clg—0)Ai

(q—cd) + /elg = 0)(g — cd)
- 25(q — cO)

=20\,
q—co

where the second inequality holds because (cd — /c(q — §)(g — ¢6))/q < 1, and the last inequality
holds because ¢(q — &) < ¢ —¢d, ¢ < (1+¢)§ < 26 and \/c(q — 6)(q — ¢§) > 0. Therefore,

|A+ C|
2

< 26\, (M.53)

where the second inequality holds because 2(1 + ¢) — (g + ¢6)A; > 1. For k < i < kf, we aim to
bound the denominator of (M.52) as A; multiplied by a constant. Denote the denominator devided
by A; as

(1+¢)(1—¢)?

p(Ni) = Y

2(1—¢)[(1+c+c*)g —c(1+2¢)8] 4+ [(1 — ) g* + 2¢%6q — 2252\,
then the lower bound of ©();) is given by

e(N) > —2(1 = )[(1 + ¢+ c*)g — c(1 + 2¢)d]
= —2(1 = o)[(1 +¢)(q — ¢8) + ¢*(q — 0)]
—2(1 = ¢)(1 + ¢+ ¢*)(g — ¢d),

v

where the first inequality holds because W > 0and [(1 — c?)q? + 2c25q — 2¢262)\; > 0,
and the second inequality holds because and ¢ — § < g — ¢d. Note that the maximum of ¢()\;) is
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(1—c)?
(Va—cb++/c(q5))?
(1+c)(1—e¢)?
(1—-¢)/d

+ [(1 = &) g? + 2¢%6q — 26°67] - 1-c
=1 =)l +c)(g=9)[(1—-c)g/d — (1+¢)]
<(1-90+)(g=9)[(1-c)(1+c) = (1+c)
=—c(l-c)(1+¢)(g—96) <0,

attained at either % or . For the former, we have

o((1—2¢)/0) = —2(1 —o)[(1+c+ g —c(1+2¢)d]

where the first inequality holds because ¢ < (1 + ¢)d, and the second inequality holds because
q < 4. For the latter,

\(Va—a+ Jelg o)
o5y (l1=9) - Velg = 8)(g = ¢d))® g+ ed+\/elg —0)(g — cf)
2

=2(q — q q—05—\/c(q—6)(q_c(5)
=2(1-c)e(g —9)- V= 4+ cd+/e(g—9)(g — cd)
Vq—cd 4 /c(q—0) q
Jatedtg—cd

<231 —¢)(g—cd)-1 2¢3(1 — ¢)(q — o),

q
where the inequality holds because ¢ — ¢ < ¢(q — ¢d) and ¢(q — §) < g — ¢d. We finally have
2(1+¢) = (g+ e >2(1+¢) — (1 +20)60 > 2(1+¢) — (1 4+2¢)(1 —¢) = 1 + ¢+ 2¢%,

where the first inequality holds because ¢ < (1 + ¢)d, and the second inequality holds because
0A; <1 — ¢ (due to definition of k). Therefore,

|A+C| l+c+c? c?
———— < max ,
2 14+c+2c2"14c+ 2c?

} (I—-¢)<(1—0), (M.54)

where the second inequality holds because 1 + ¢+ c¢? < 1+ c+2c? and ¢? < 1+ ¢ + 2¢2.
Therefore, when k¥ < i < k, 1 — x129 > 0\, SO (M.49) can be further bounded by

t—1 2

> (Af 1 <24 260 - (t[e(1 — oX)] /%)% 4 L. 2t[c(1 — ;)] 1D/

prd 1), = o\ 2
4 4 2 14

< P =
VA v S W

where the first inequality holAds due to (M.50), (M.51) and (M.53), and the second inequality holds
due to Lemma M.14. When k < i < kf, 1 — 2129 > 1 — ¢, so (M.49) is further bounded by

t—1 2
<Af” BD <5 4 (-0 (it - 529 -D/2)2 4 % L2 2t[e(1 — o)/
k=0 2 -
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4 4 2 10
< +(1—c)~(1_c)2+ =

“1l-c l—c 1-¢
where the first inequality holds due to (M.50), (M.51), and the second inequality holds due to
Lemma M.14.

For all i > kf, (M.44) can by bounded as

t—1 2 _ _ 2% _ t t_ et \2
Z(Af[ﬂ> :(1—x%t)-A 2B—|—C_2B C 3 — (z122) _C<x2 a:1>
k=0 2

(332 — xl)Q ro — I ro — I

A-2B+C

(14 c2)(1 + z122) — 2¢(x1 + 22)
= (1-ad)
(g —21)?

(1— (1~ ad)(1 — z122)
(M.55)

<(1-23)-

where the inequality holds because negative terms are dropped. Note that

1-¢? _ (A-0¢7

(1 —z)(I—22)  (g— A’

and

(L+0? _ (1+0)

(1 _ -ep
(I+21)(1+2x2) = (1+¢)?

(Va—cd ++/clg—08))2N; — (g —co)N’

where the first inequality holds because ¢ < z1 < x9, the second inequality holds due to (G.5), and
the last inequality holds because \/c(q — d) > 0. We thus have

=1<

(1+ )14 z1@2) — 2c(a1 + 22) (1+c¢)? (1—-c¢)?
(1—a?)(1—13) T2+ et ae) | 20 —a)(1—a2)
(1-¢)? (1-¢? (-0
= 2(qg—co)Ni  2(g—coN; (g —coN (M.36)
We also have
l—zize=1—cH+cdN; >1—c, M.57)

where the inequality holds because cd\; > 0. Substituting (M.56) and (M.57) into (M.55), we have

ti (Af EDQ < (1—22). v 1—_050)& < 1—_056)& [1 _ (1 _2q1__cj)‘i>2t] |

k=0 2

where the second inequality holds due to Lemma G.2. |

The following lemma follows from Lemma M.8.

Corollary M.11 With A; defined in (G.1), we have

d t—1 2
1 14 10
St 3 (A[)]) = Fiwo - wlk g -l
i=1 k=0 2

1—c¢
b o —welR, .+ dllwo — Wl
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Proof By Lemma M.8, specifically for kT < i < k*, we have

t—1

D

k=0

2 1—c

~ (qg—co)N

)

where the inequality holds because 1 — (1

)

2

t—1

D

k=0

2

2

(-

2q co

—cd
1—c

2t
)\i> <
] (
2t
A) < 1:Fori > k*,

1—c¢

1-c

q—co)N\;’

(g —co)Ni

<(q—05 [ (1 1—0 i>2t]§(q—65)/\i'4t

1—c

2t
where the inequality holds because 1 — <1 2= C‘S)\ ) < 475%. Therefore,

3t S ),

SZ)\iw? 25)\ + Z \w?

4 , 10

i<kt k1<@<k k<i<kt
+ Y Awi— 65 -+ > Nw? -4t
kT <i<k* i>k*
12 14 12 10
*5||W0 -wit , + KHWO -wili, + 1fHWO -

1—c 9 9
i>k*
14 ) 10 )
< 5 lwo = wili o+ 7 llwo = w'llr
1 C *112 *112

where the second inequality holds because 7/2 < 14.

Lemma M.12 Forany 0 < x1,22 < 0 < 1 (1 # 22) and integer t > 0, we have

t
x2*

t t
T 0
L <

t
— ]

xTro —

xr1

09—331'

Proof The lemma holds trivially for t = 0. For ¢ > 1, we have

372—951

where the inequality holds because x5 < 6.

Z:}:lxél k<z:n LR =
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Lemma M.13 Suppose x1, x5 are complex eigenvalues of A; for k¥ < i < kt. Then for anyt > 0,

t t
D271 < el — o))/,

Tro — T
Proof We have

t t
Lo — X7

t—1
g xlgazﬁ_l_k
k=0

where the inequality holds due to triangle inequality, and the second equality holds due to Lemma
G.2. |

t—1
< Z ]ajg\ . |x§—l—k| — t[c(l _ 5)\1,)](%1)/2’
k=0

T2 — X1

Lemma M.14 For anyt > 0, we have

t[e(1 — 5>\¢)](t_1)/2 < min{éi 2 } .

Proof Note that

t—1 t—1 o _ . t/2
t[C(l - 5)\0](1&—1)/2 _ Z[C(l o 6)\0](16—1)/2 < [C(l o 5)‘2>]k/2 _ 1 [C(l (5)\2)]
k=0 k=0 1—+/e(1 = 6N)
1 1 2
< < < —

Tl Je(l—0N)  1—yVI—0x 0N

where the first inequality holds because ¢(1 — 0);) < 1, the second inequality holds because 1 —
[e(1 — 5)\i)]t/ 2 < 1, the third inequality holds because ¢ < 1, and the last inequality holds because
1 —+/1—=08)\; > 6)\;/2. Similarly we have

1 1 2

tle(1 — ox)] /2 < < < ,
e ) T1—\Je(1=6)) 1—yc  1-c

where the second inequality holds because 1 — 6)\; < ¢, and the last inequality holds because

1—e>(1-c)/2 m
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