
Accelerated Evolving Set Processes for Local
PageRank Computation

Binbin Huang 1 Luo Luo 1,2 Yanghua Xiao 3 Deqing Yang 1,3 Baojian Zhou 1,3∗
1 School of Data Science, Fudan University,

2 Shanghai Key Laboratory for Contemporary Applied Mathematics,
3 Shanghai Key Laboratory of Data Science, School of Computer Science, Fudan University

bbhuang24@m.fudan.edu.cn
luoluo,shawyh,yangdeqing,bjzhou@fudan.edu.cn

Abstract

This work proposes a novel framework based on nested evolving set processes to
accelerate Personalized PageRank (PPR) computation. At each stage of the pro-
cess, we employ a localized inexact proximal point iteration to solve a simplified
linear system. We show that the time complexity of such localized methods is up-
per bounded by min{Õ(R2/ϵ2), Õ(m)} to obtain an ϵ-approximation of the PPR
vector, where m denotes the number of edges in the graph and R is a constant
defined via nested evolving set processes. Furthermore, the algorithms induced
by our framework require solving only Õ(1/

√
α) such linear systems, where α

is the damping factor. When 1/ϵ2 ≪ m, this implies the existence of an algo-
rithm that computes an ϵ-approximation of the PPR vector with an overall time
complexity of Õ(R2/(

√
αϵ2)), independent of the underlying graph size. Our re-

sult resolves an open conjecture from existing literature [19, 52]. Experimental
results on real-world graphs validate the efficiency of our methods, demonstrating
significant convergence in the early stages.

1 Introduction

We study efficient local methods for computing the PPR vector π ∈ Rn, defined by(
I − (1− α)(I +AD−1)/2)

)
π = αes, (1)

where es ∈ Rn is the standard basis vector corresponding to the source node s ∈ V , and α ∈ (0, 1)
is the damping factor. Here, A ∈ Rn×n and D ∈ Rn×n are the adjacency and degree matrices
of an undirected graph G(V, E) with n = |V| nodes and m = |E| edges, respectively. The vector
π measures the importance of nodes in V from the perspective of the source node s, which is the
steady-state distribution of a lazy random walk on G. Specifically, given a precision parameter ϵ,
our goal is to design local algorithms that compute an ϵ-approximation π̂, i.e., one that satisfies
∥D−1(π̂ − π)∥∞ ≤ ϵ, while avoiding access to the entire graph.

Andersen et al. [4] proposed the first local method, called the Approximate Personalized PageRank
(APPR) algorithm, to approximate π, achieving a time complexity ofO(1/(αϵ)). To further charac-
terize the locality of π, Fountoulakis et al. [20] introduced a variational formulation of Eq. (1) and
applied a proximal gradient method to compute local estimates with a comparable time complexity
to APPR. Both methods critically rely on the monotonically decreasing ℓ1-norm of the residual (or
gradient) to ensure the time complexity remains locally bounded.

Note that Eq. (1) can be reformulated as a strongly-convex minimization problem with condition
number 1/α. It is natural to ask whether accelerated local methods can be designed with a time
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complexity that depends on 1/
√
α [19]. However, the main challenge lies in the fact that accelerated

methods [16, 39] typically involve momentum terms, which disrupt the key property, namely the
monotonically decreasing ℓ1-norm of the residual (or gradient), relied on by existing local algorithms
[4, 20]. As a result, standard accelerated methods may access up to n nodes per iteration, leading to
known upper bounds of Õ(m/

√
α) for solving Eq. (1). To preserve monotonicity, Martínez-Rubio

et al. [37] proposed a subspace-pursuit style algorithm that performs accelerated projected gradient
descent (APGD) in each iteration; however, the number of APGD calls required can still be as large
as O(|S∗|), where S∗ is the support of the optimal solution. Recently, Zhou et al. [52] introduced
a localized Chebyshev method inspired by the evolving set process [38]. However, the proposed
method is heuristic, and its convergence remains unknown, as the accelerated local bounds rely
heavily on the assumption that the gradient norm decreases at each iteration.

This work develops a locally Accelerated Evolving Set Process (AESP) framework that provably
runs Õ(1/

√
α) short evolving set processes instead of a single long one. Our AESP is based on

inexact accelerated proximal point iterations to accelerate APPR. Each stage guarantees a monotonic
decrease in the ℓ1-norm of the gradient by using local methods to solve a regularized PPR linear
system with a constant condition number. Hence, it converges faster than APPR in the early stages.

Let vol(St) and γt denote the average volume and the average ℓ1-norm of the gradient ratio of
the active nodes processed at the t-th round. We show that each evolving set process has a time
complexity of Õ(vol(St)/γt), and that AESP-induced algorithms have a total time complexity of
Õ(vol(St)/(

√
αγt)), matching the accelerated bound conjectured by Zhou et al. [52]. Additionally,

we prove that vol(St)/γt admits an upper bound of min{O(R2/ϵ2), 2m}, where R is a constant
defined via nested evolving set processes. As a result, the algorithms induced by AESP achieve a
time complexity bound that reflects a trade-off between the dependence on the condition number 1/α
and the per-round time complexity O(R2/ϵ2). The AESP framework is also well-suited for solving
the variational formulation of Eq. (1), as studied by Fountoulakis et al. [20], with the potential to
achieve an accelerated time complexity.

To summarize,

• We propose an Accelerated Evolving Set Process (AESP) framework, which computes an ϵ-
approximation for PPR using Õ(1/

√
α) short evolving set process. Our framework is built upon

the inexact proximal point algorithm, and naturally extends to solving the variational formulation
of Eq. (1). Furthermore, the algorithms induced by AESP are parameter-free.

• Our accelerated methods are guaranteed to converge without any additional assumptions.
We establish theoretical guarantees for the induced algorithms with the time complexity of
Õ(vol(St)/(

√
αγt)), which matches the accelerated bound conjectured in the existing literature.

This result improves upon existing Õ(vol(St)/(αγt)) from standard local methods. Furthermore,
we show that vol(St)/γt is bounded above by min{O(R2/ϵ2), 2m}, which implies that the over-
all time complexity Õ(R2/(

√
αϵ2) is independent of the underlying graph size when 1/ϵ2 ≪ m.

• Experimental results on large-scale graphs confirm the efficiency of our method. Unlike standard
local methods, AESP-based methods demonstrate a significant speed-up during the early stages.
Our code is publicly available for review and will be open-sourced upon publication.2

2 Preliminaries

Notations and definitions. Throughout this paper, we assume that the underlying simple graph
G(V, E) is undirected and connected, with n = |V| nodes and m = |E| edges. The adjacency
matrix of G is denoted by A = [auv], where auv = 1 if there exists an edge (u, v) ∈ E , and auv = 0
otherwise. The set of all neighbors of a node v is denoted byN (v). The degree matrix D is diagonal
and has each entry Dvv = dv = |N (v)|. For x ∈ Rn, the support of x, denoted by supp(x), is the
set of its nonzero indices: supp(x) := {v ∈ [n] : xv ̸= 0}. The volume of a node set S ⊆ V is
defined as the sum of all node degrees in S , i.e., vol(S) :=

∑
v∈S dv . Note vol(V) = 2m. For an

integer T , we denote [T ] := {1, 2, . . . , T}.

2For details on the importance of local PPR computation and related work, see Appendix B.

2



We say that a differentiable function g : Rn → R is µ-strongly convex if there exists a constant
µ > 0 such that ∀x,y ∈ Rn, g(y) ≥ g(x) + ⟨∇g(x),y − x⟩+ µ∥x− y∥22/2, where∇g(x) is the
gradient of g at x. We say g : Rn → R is L-smooth if there exists L > 0 such that ∀x,y ∈ Rn,
g(y) ≤ g(x) + ⟨∇g(x),y − x⟩ + L∥x − y∥22/2. The u-th entry of ∇g(x) is denoted as ∇ug(x).
When g is convex and given a smoothing parameter η, the proximal mapping of g at y is given by

proxg/η(y) = argmin
x∈Rn

{
g(x) +

η

2
∥x− y∥22

}
,where η > 0. (2)

With a slight abuse of notation, we define the D1/2-scaled gradient of g at x as ∇g1/2(x) :=
D1/2∇g(x), and the D−1/2-scaled gradient as ∇g−1/2(x) := D−1/2∇g(x).

2.1 Problem reformulations and properties

We solve the linear system in Eq. (1) by reformulating it as the following optimization problem

min
x∈Rn

{
f(x) ≜ 1

2
x⊤Qx− αx⊤D−1/2b

}
, (P1)

where Q ≜ 1+α
2 I − 1−α

2 D−1/2AD−1/2, with the eigenvalues satisfying λ(Q) ∈ [α, 1], and
b is a sparse vector. The function f is both µ-strongly convex and L-smooth, with µ = α and
L = 1. The optimal solution of (P1) is denoted by x∗

f := αQ−1D−1/2b. When b = es, it implies
π := D1/2x∗

f . We define the set of ϵ-approximation solutions to (P1) as

P(ϵ, α, b,G) ≜
{
x : ∥D−1/2(x− x∗

f )∥∞ ≤ ϵ
}
. (3)

Based on the above reformulation, we aim to design faster local methods that find x̂ ∈ P . To ensure
x̂ is sparse, prior works [20, 37] considered the following variational reformulation

min
x∈Rn

{
ψ(x) ≜ f(x) + ϵ̂α∥D1/2x∥1

}
. (P2)

Let x∗
ψ ≜ argminx∈Rn ψ(x) be the optimal solution of (P2). When ϵ̂ = ϵ, the first-order optimal

condition implies that x∗
ψ ∈ P(ϵ, α, es,G). The next two lemmas present properties of PPR vectors

and the optimal solutions of our reformulated problems.3

Lemma 2.1 (Properties of π). Define the PPR matrix Πα = α
(
1+α
2 I − 1−α

2 AD−1
)−1

. Let the
estimate-residual pair (p, r) for Eq. (1) satisfy r = es −Π−1

α p. Then,

• The PPR vector is given by π = Παes, which is a probability distribution, i.e., ∀i ∈ V , πi > 0
and ∥π∥1 = 1. For ϵ > 0, the stop condition ∥D−1r∥∞ < ϵ ensures ∥D−1(p− π)∥∞ < ϵ.

• The matrix αQ−1 is similar to the matrix Πα, i.e., αD1/2Q−1D−1/2 = Πα. Furthermore, the
ℓ1-norm of Πα satisfies ∥Πα∥1 = ∥D−1ΠαD∥∞ = 1.

Lemma 2.2 (Properties of x∗
f and x∗

ψ). Denote the gradient of f at x as∇f(x) := Qx−αD−1/2b

and optimal solution x∗
f = αQ−1D−1/2b satisfying π := D1/2x∗

f . Define p = D1/2x. Then,

• The stop condition ∥D−1/2∇f(x)∥∞ < αϵ implies ∥D−1(p− π)∥∞ < ϵ.

• The objective f is µ-strongly convex and L-smooth with two constants µ = α and L = 1. When
ϵ̂ = ϵ, then x∗

ψ ∈ P(ϵ, α, es,G) and the solution is sparse, i.e., | supp(x∗
ψ)| ≤ 1/ϵ̂.

2.2 Inexact accelerated proximal point framework

The inexact accelerated proximal point iteration is a well-known technique to improve the conver-
gence rate of ill-conditioned convex optimization problems. It approximately solves a sequence of
well-conditioned subproblems using linearly convergent first-order methods, thereby reducing the
overall computational cost (see Chapter 5 in [16]). Catalyst [34] is a representative example of

3Proofs of lemmas and theorems are postponed to the Appendix A.
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such methods. It employs a base algorithm to approximate the proximal operator, corresponding to
solving an auxiliary strongly convex optimization problem. Specifically, starting with initial points
y(0) = x(0), for t ≥ 1, Catalyst finds an approximate x(t) ≈ proxf/η(y

(t−1)) for solving (P1), and
x(t) ≈ proxψ/η(y

(t−1)) for solving (P2), where the prox operator is defined in Eq. (2). Given a
smoothing parameter η and an accuracy φ > 0, if x(t) is guaranteed in the set of φ-approximations
of the proximal operator proxf/η(y

(t−1)) denoted by H(φ) ≜ {z ∈ Rn : h(z)− h∗ ≤ φ} with
h(z) = f(z) + η

2∥x − z∥22 and h∗ is the minimum of h. Then, x(t) attains O(φ) precision by
updating y(t) = x(t)+βt(x

(t)−x(t−1)) where {βt}t≥0 are momentum weights. However, directly
applying this method still results in the standard accelerated time complexity of Õ(m/

√
α). The

next section shows how to significantly reduce this bound to a local one using the AESP framework.

3 Accelerated Evolving Set Processes

This section presents our main results. We first introduce the nested ESP and propose two local
inexact proximal operators. We then establish the accelerated convergence rate of AESP. Finally, we
discuss potential improvements to this rate and its connections to related problems.

3.1 Nested evolving set process

Iterations (t)

#
of

O
p

er
at

io
ns

APPR

Ours

Figure 1: The comparison of vol-
umes of ESP for APPR and Ours.

Our method generates estimates {x(t)}t≥1. At each outer-loop
iteration t, a local solver M maintains a sequence of active
sets {S(k)t }k≥0 over the inner-loop iterations k. Updates are
restricted to nodes within the active set, which is used to refine
the approximation z

(k)
t in the inner loop. The next set S(k+1)

t

is determined solely by S(k)t . We refer to this procedure as the
nested evolving set process, defined as follows.
Definition 3.1 (Nested evolving set process (ESP)). Given
the configuration θ ≜ (α, b,G), and a local method M, the
nested evolving set process at outer-loop iteration t gener-

ates a sequence of {S(k+1)
t , z

(k+1)
t }k≥0 according to the dynamic system (S(k+1)

t , z
(k+1)
t ) =

Φθ,M(S(k)t , z
(k)
t ), where S(k)t ⊆ V is efficiently maintained using a queue data structure, avoid-

ing accessing the entire graph. We say the process converges when S(Kt)
t = ∅ for some Kt. After

T outer-loop iterations, the generated sequences of active sets and estimation pairs are

(S(0)1 , z
(0)
1 ) → · · · → (S(K1)

1 = ∅, z(K1)
1 = x(1)), t = 1;

...
...

(S(0)T , z
(0)
T ) → · · · → (S(KT )

T = ∅, z(KT )
T = x(T )), t = T.

At each outer-loop t, we denote the time complexity of the local solverM by TM
t , which dominates

the total cost. The total time complexity T of the nested ESP framework is then dominated by

T ≜
T∑
t=1

TM
t := Kt · vol(St), where vol(St) ≜

1

Kt

Kt−1∑
k=0

vol(S(k)t ), (4)

with vol(St) representing the average volume of the local process at time t. Fig. 1 illustrates how the
number of operations evolves during the updates in APPR [4] and in our method under this process.

With this nested ESP, accelerated methods can be seamlessly incorporated to improve the efficiency
of local PPR computation. Specifically, given the problem configuration θ = (α, b,G), at each
outer-iteration t, we propose the following localized Catalyst-style updates

AESP x(t) =M(φt,y
(t−1), η, α, b,G), y(t) = x(t) + βt(x

(t) − x(t−1)), (5)

where the momentum weight βt = (αt−1 (1− αt−1))/(α
2
t−1 + αt), and αt is updated in (0, 1) by

solving the equation α2
t = (1− αt)α2

t−1 + α2
0αt with an initial α0 (see the Scheme 2.2.9 in [39]).
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For t ≥ 1, the local operator obtains x(t) ∈ Ht(φt), defined as

x(t) ∈ Ht(φt) ≜ {z ∈ Rn : ht(z)− h∗t ≤ φt} , (C1)

where h∗t is the minimal value of ht, which is the proximal operator objective at t-th iteration

ht(z) ≜ f(z) +
η

2
∥z − y(t−1)∥22. (6)

Thus, the minimizer x∗
t ≜ argminz∈Rn ht(z) is given by x∗

t := proxf/η(y
(t−1)) = (Q +

ηI)−1b(t−1) with b(t−1) = αD−1/2b+ ηy(t−1). To characterize the time complexity of the AESP
framework, it is convenient to define the following constant

R := max
{
∥∇h1/2t (z

(0)
t )∥1/∥∇h1/21 (z

(0)
1 )∥1 : ∀t ∈ [T ]

}
. (7)

The following lemma is key to controlling the time complexity of the local algorithmM.

Lemma 3.2. Let ht be defined in Eq. (6), and suppose that the initial point z(0)
t of t-th process

satisfies ∇ht(z(0)
t ) ̸= 0. If there exists a local algorithm M such that ∥∇h1/2t (z

(Kt)
t )∥1 <

∥∇h1/2t (z
(0)
t )∥1, then for a stopping condition ∥∇h−1/2

t (z
(k)
t )∥∞ < ϵt ofM with

ϵt ≜ max

{√
(µ+ η)φt

m
,

2(η + α)φt

∥∇h1/2t (z
(0)
t )∥1

}
, where φt > 0, (8)

the final solution z
(Kt)
t is guaranteed in the ball, i.e., z(Kt)

t ∈ Ht(φt) as defined in (C1).

Lemma 3.2 provides a way to find x(t) ∈ Ht(φt) under the condition thatM satisfies the monotonic-
ity property, ∥∇h1/2t (z

(Kt)
t )∥1 ≤ ∥∇h1/2t (z

(0)
t )∥1. The next subsection introduces two operators

that satisfy this monotonicity property while maintaining local time complexity.

3.2 Localized inexact proximal operators

This subsection introduces two localized inexact proximal operators with optimized step sizes, in-
cluding local gradient descent (LOCGD) and an optimized version of APPR (LOCAPPR), for com-
puting z

(Kt)
t ∈ Ht(φt).4 Given z

(0)
t ∈ Rn, the first local operator is iteratively defined as

LOCGD z
(k+1)
t = z

(k)
t −

2∇ht(z(k)
t ) ◦ 1Sk

t

1 + α+ 2η
, for k ≥ 0, (9)

where ◦ means element-wise multiplication. For each u ∈ Skt , then u-th entry of 1Sk
t

is 1,
otherwise it is 0. The active node set Skt is determined by the following activation condition
Skt = {u : |∇uh−1/2

t (z
(k)
t )| ≥ ϵt}. The stopping criterion for LOCGD is when SKt

t = ∅, which
is ∥∇h−1/2

t (z)∥∞ < ϵt as stated in Lemma 3.2. To analyze the convergence and time complexity
of LOCGD, we characterize the sequences {vol(Skt )}k≥0, and {∥∇h1/2t (z

(k)
t )∥1}k≥0 generated by

Φθ,LOCGD. To quantify the ratio of progress, we define the average ℓ1-norm of the gradient ratio as

γt ≜
1

Kt

Kt−1∑
k=0

γ(k)t ≜
∥∇h1/2t (z

(k)
t ) ◦ 1S(k)

t
∥1

∥∇h1/2t (z
(k)
t )∥1

 . (10)

When Skt = V , convergence is straightforward to observe, yielding γt = 1 and vol(St)/γt = 2m.
The quantity vol(St)/γt is a meaningful measure of time complexity as vol(St)/γt ≤ 2m. The
following theorem establishes the local convergence rate and time complexity of LOCGD.
Theorem 3.3 (Convergence of LOCGD). Let ht be defined in Eq. (6). LOCGD (Algorithm 3) is
used to minimize ht(z) and returns z(Kt)

t = LOCGD(φt,y
(t−1), η, α, b,G) ∈ Ht(φt). Recall the

D1/2-scaled gradient∇h1/2t (z
(k)
t ) := D1/2∇ht(z(k)

t ). For k ≥ 0, the scaled gradient satisfies∥∥∇h1/2t (z
(k+1)
t )

∥∥
1
≤
(
1− τγ(k)t

)∥∥∇h1/2t (z
(k)
t )
∥∥
1
,

4See implementation details of LOCGD (Algorithm 3) and LOCAPPR (Algorithm 4) in Appendix C.
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Algorithm 1 AESP(ϵ, α, b, η,G,M)

1: y(0) = x(0) = 0, c = 1− 0.9
√
µ/(µ+ η)

2: T is computed in Eq. (12)
3: for t = 1, 2, . . . , T do
4: φt = (L+ µ)∥b∥21ct/18
5: x(t) =M(φt,y

(t−1), η, α, b,G)
6: //M in LOCAPPR or LOCGD
7: if {v : ϵα

√
dv ≤ |∇vf(x(t))|} = ∅ then

8: break
9: y(t) = x(t) +

√
µ+η−√

µ√
µ+η+

√
µ

(
x(t) − x(t−1)

)
10: Return x̂ = x(t)

Algorithm 2 AESP-PPR(ϵ, α, s,G,M)

1: y(0) = x(0) = 0
2: T = ⌈ 10

9

√
1−α
α log

400(1−α2)

α2ϵ2
⌉

3: for t = 1, 2, . . . , T do
4: φt = 1+α

18 (1− 9
10

√
α

1−α )t

5: //M is LOCAPPR or LOCGD
6: x(t) =M(φt,y

(t−1), 1− 2α, α, b,G)
7: if {v : ϵα

√
dv ≤ |∇vf(x(t))|} = ∅ then

8: break
9: y(t) = x(t) +

√
1−α−

√
α√

1−α+
√
α
(x(t) − x(t−1))

10: Return π̂ = D1/2x(t)

where τ := 2(α+η)
1+α+2η and γ(k)t is the ratio defined in Eq. (10). Assume ϵt and stop condition are

defined in Eq. (8) of Lemma 3.2, then the run time T LOCGD
t , as defined in Eq. (4), is bounded by

T LOCGD
t ≤ min

{
vol(St)
τγt

log
C0
ht

CKt

ht

,
C0
ht
− CKt

ht

τϵt

}
,

where Ciht
= ∥∇h1/2t (z

(i)
t )∥1 denote constants. Furthermore, vol(St)/γt ≤ min

{
C0
ht
/ϵt, 2m

}
.

Since the Hessian of ht is Q + ηI and its eigenvalues λ(Q + ηI) ∈ [η + α, η + 1], the condition
number of the shifted linear system is (η + 1)/(η + α), which is smaller than 1/α. Hence, the time
complexity per round improves fromO(1/(αϵt)) toO(1/(τϵt)). In our later analysis, we show that
for α < 0.5 and η = 1− 2α, then τ = 2/3, meaning that each local process is independent of 1/α.

Following the same analysis as LOCGD, we introduce an optimized version of APPR with online
updates. For ui ∈ Skt = {u1, u2, . . . , u|Sk

t |}, the optimized APPR updates are

LOCAPPR z
(ki+1)
t = z

(ki)
t −

2∇ht(z(ki)
t ) ◦ 1{ui}

1 + α+ 2η
, (11)

where ki = k+(i−1)/|Skt | for i = 1, 2, . . . , |Skt |. The convergence analysis of LOCAPPR follows
a similar approach to that of LOCGD as stated in Theorem A.3 of the Appendix A.

3.3 Time complexity analysis and AESP-PPR

This subsection presents the overall time complexity of the AESP framework. First, we analyze the
number of outer-loop iterations required to achieve f(x(T )) − f(x∗

f ) ≤ µϵ2/2, which guarantees
∥D−1/2(x(t) − x∗

f )∥∞ ≤ ϵ. We derive the iteration complexity of AESP in the following lemma.

Lemma 3.4 (Outer-loop iteration complexity of AESP). If each iteration of AESP, presented in
Algorithm 1, finds x(t) := z

(Kt)
t usingM, satisfying ht(z

(Kt)
t ) − h∗t ≤ φt := (L + µ)∥b∥21(1 −

ρ)t/18, then the total number of iterations T required to ensure x̂ = AESP(ϵ, α, b, η,G,M) ∈
P(ϵ, α, b,G) as defined in Eq. (3), for solving (P1), satisfies the bound

T ≤ 1

ρ
log

(
4(L+ µ)∥b∥21
µϵ2(
√
q − ρ)2

)
, where ρ = 0.9

√
q and q =

µ

µ+ η
. (12)

Furthermore, φt has a lower bound φt ≥ µϵ2(
√
q − ρ)2/72 for all t ∈ [T ].

In a practical implementation, our AESP framework is an adaptation of the Catalyst acceleration
method applied to local methods, as presented in Algorithm 1. Specifically, Line 7 serves as an early
stopping condition since T represents the worst-case number of iterations required. This stopping
condition follows directly from Lemma 2.2, i.e., {v : ϵα

√
dv ≤ |∇vf(x(t))|} = ∅, which implies

∥∇f− 1
2 (x(t))∥∞ ≤ ϵα. Line 9 updates the sequence {βt}t≥1 using βt =

√
µ+η−√

µ√
µ+η+

√
µ

as αt =

α0 =
√
q. The computational cost of verifying this condition is dominated by TM

t . To minimize T ,
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the goal is to choose a suitable η to maximize 1/(τ(µ + η)). When α < 0.5, we find that setting
η = (L− 2µ), though not necessarily optimal, is sufficient for our purposes. Based on this analysis,
we now present the total time complexity for solving (P1) using AESP in the following theorem.
Theorem 3.5 (Time complexity of AESP). Let the simple graph G(V, E) be connected and undi-
rected, and let f(x) be defined in (P1). Assume the precision ϵ > 0 satisfies {i : |bi| ≥ ϵdi} ̸= ∅
and damping factor α < 1/2. Applying x̂ = AESP(ϵ, α, b, η,G,M) with η = L − 2µ and M
be either LOCGD or LOCAPPR, then AESP presented in Algorithm 1, finds a solution x̂ such that
∥D−1/2(x̂− x∗

f )∥∞ ≤ ϵ with the dominated time complexity T bounded by

T ≤
T∑
t=1

min

{
vol(St)
τγt

log
C0
ht

CKt

ht

,
C0
ht
− CKt

ht

τϵt

}
, with

vol(St)
γt

≤ min

{
C0
ht

ϵt
, 2m

}
,

where τ , ϵt, C0
ht

and CKt

ht
are defined in Theorem 3.3. Furthermore, q = µ/(L−µ) and the number

of outer iterations satisfies

T ≤ 10

9
√
q
log

(
400(L+ µ)∥b∥21

µϵ2q

)
= Õ

(
1√
α

)
.

Roughly speaking, Theorem 3.5 indicates that AESP solves Eq. (P1) in a time complexity of

T = Õ
(
vol(St)√
αγt

)
= Õ

(
1√
αϵT

)
= Õ

(
1√
αϵ2

)
,

where the last equality follows from ϵT = O(ϵ2). This result is particularly meaningful when
ϵ ≥ 1/

√
m. As argued in [19], in many real-world applications, it is typical that 1/ϵ≪ n. We now

finalize our algorithm and present AESP-PPR for solving Eq. (1) in the following theorem.
Theorem 3.6 (Time complexity of AESP-PPR). Let the simple graph G(V, E) be connected and
undirected, assuming α < 1/2. The PPR vector of s ∈ V is defined in Eq. (1), and the precision
ϵ ∈ (0, 1/ds). Suppose π̂ = AESP-PPR(ϵ, α, s,G,M) be returned by Algorithm 2. WhenM is
either LOCGD (Algorithm 3) or LOCAPPR (Algorithm 4), then π̂ satisfies ∥D−1(π̂ − π)∥∞ ≤ ϵ
and AESP-PPR has a dominated time complexity bounded by

T ≤ min

{
Õ
(
vol(STmax)√
αγTmax

)
, Õ

(
maxt C

0
ht√

αϵT

)}
= min

{
Õ
(
m√
α

)
, Õ
(
R2/ϵ2√

α

)}
, (13)

where Tmax := argmaxt∈[T ] vol(St)/γt and R is defined in Eq. (7).

The time complexity derived in Eq. (13) is significant when ϵ ≥ 1/
√
m. Compared to ASPR [37],

which requires | supp(x∗
ψ)| iterations of APGD, our approach only needs O(1/

√
α) local evolving

set processes. In contrast to LOCCH [52], which imposes a strong assumption on the D1/2-scaled
gradient reduction, our method provides a provable stopping criterion and only requires a mild
assumption on the bounded level set of the D1/2-scaled gradient during AESP-PPR updates.

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

# of Operations ×108

−10

−8

−6

−4

lo
g
‖D

−1
(π̂
−
π

)‖ ∞

0 10 20 30 40 50 60

Running Times (s)

−10

−8

−6

−4
z

(0)
t = x(t−1)

z
(0)
t = y(t−1)

z
(0)
t = 0

Figure 2: Convergence of log ∥D−1(π̂ − π)∥∞ for
AESP-LOCAPPR with three different initializations
for z(0)

t as a function of total operations and running
times on the com-dblp graph.

Initialization of z(0)
t . We consider three

possible initialization strategies for z
(0)
t :

1) A cold start with z
(0)
t = 0; 2) Using

the previous estimate z
(0)
t = x(t−1); and

3) Momentum-based initialization, i.e.,
z
(0)
t = y(t−1). Among these, we find

that the momentum-based strategy yields
the best overall performance. This choice
is well-motivated, since ∇h1/2t (y(t−1)) =
−(αb − Π−1

α D1/2y(t−1)), which corre-
sponds to the negative residual of Eq. (1)
when treating D1/2y(t−1) as an estimate.

Notably, D1/2y(t−1) → π as t → ∞, justifying this initialization. Fig. 2 empirically supports this
analysis, showing that it requires the fewest outer-loop iterations.
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Figure 3: C0
ht
/ϵt, vol(St)/γt and R of AESP-LOCAPPR

on 19 graphs (in ascending order of n) when z
(0)
t = y(t−1).

The assumption on the constant R.
A limitation of our theoretical analy-
sis is that the constant R is not uni-
versally bounded across all configu-
rations θ = (α, b,G). In particu-
lar, we are unable to express R solely
in terms of graph size or input pa-
rameters. Nevertheless, empirical re-
sults (see Fig. 3) consistently show
that R remains a small constant and
is largely insensitive to the graph size
and the condition number, suggesting
that this limitation has minimal prac-
tical impact. To further upper bound
R, two possible strategies can be con-
sidered: The first is to add a simplex
constraint ∆ := {x : ∥D1/2x∥1 =

1,x ∈ Rn+} to (P1) since ∥D1/2x(t)∥1 remains bounded, the quantity ∥∇h1/2t (z
(0)
t )∥1 can also be

kept bounded. The projection onto ∆ can be solved inO(| supp(x(t))| log n) time [18]. The second
strategy is to adopt an adaptive restart scheme [16, 41], which can ensure that ∥∇h1/2t (z

(0)
t )∥1 ≤

∥∇h1/21 (z
(0)
1 )∥ throughout the iterations. This may lead to R ≤ 1 during adaptive updates.

3.4 Discussions and related problems

Adaptive strategy for estimating ϵt. Since φT = O(ϵ2), our conservative estimation of et suggests
that 1/ϵT = O(1/ϵ2). Hence, the time complexity in Eq. (13) remains unsatisfactory when ϵ ∈
[1/
√
m, 1/m]. Naturally, one may ask whether the final bound in our time complexity analysis is

optimal. We observed that the bound in Lemma 3.2 provides a pessimistic estimation of the objective
error. A more careful error estimate can potentially refine this analysis. Specifically, let x(Kt)

t be
the output of either LOCGD or LOCAPPR. Then, by Corollary A.7, we have

ht(z
(Kt)
t )− ht(x∗

t ) ≤
∥∥∇h1/2t (z

(0)
t )
∥∥2
1

(1− α)

Kt−1∏
k=0

(
1− 2γ

(k)
t /3

)2
. (14)

Inspired by Eq. (14), and observing that γ(k)t can be computed in vol(S(k)t ) time per iteration, one
can propose an adaptive adjustment for ϵt as follows: We progressively try different precision levels
from ϵ1t =

√
(1− α)φt/2, ϵ2t =

√
(1− α)φt/22, . . ., to ϵst =

√
(1− α)φt/m, and at each time,

verify whether ∥∇ht(x̂)∥2 ≤
√
2(1− α)φt is satisfied. This may potentially reduce the runtime,

thereby lowering the time complexity per process.

AESP for the variational form of PPR. Our AESP framework naturally extends to solving (P2),
where each outer iteration solves the following inexact proximal operator: x(t) ≈ proxψ/η(y

(t−1)).
We can employ ISTA or greedy coordinate descent to design local operators within the AESP frame-
work. However, whether these standard methods can be effectively localized remains unclear. A
previous study by Fountoulakis et al. [20] suggested that the monotonicity of the D1/2-scaled gra-
dient of ISTA depends on the non-negativity of the initial z(0)

t , which it may not be true during the
updates. It remains an open question whether one can achieve a time complexity of Õ(R2/(

√
αϵ̂2))

without imposing strict non-negativity constraints.

Application to other related problems. Our results or framework can also be applied to other
related problems. For example, in the thesis of Lofgren [35] (Section 3.3, Corollary 1), the author
proposed a bidirectional PPR algorithm for undirected graphs with a relative error guarantee. If our
techniques can be incorporated, then their expected runtime could potentially improve from

O
(√
m/(αϵ)

) improves to−−−−−−→ O
(√
m/(
√
αϵ)
)
.

Additionally, our approach could benefit other problems of single-source PPR estimation, as high-
lighted in a recent survey by Yang et al. [50], which shows that many PPR-related computation
methods have a time complexity proportional to 1/α.
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Figure 4: Performance of estimation error reduction, log ∥D−1(π̂ − π)∥∞, as a function of op-
erations T , on the graph ogb-mag240m, ogbn-papers100M, com-friendster and wiki-en21 with
α = 0.01 and ϵ = 10−6 where the graph can scale up to n = 244M and m = 1.728B.

4 Experiments

We conduct experiments on computing PPR for a single source node. We evaluate local methods on
real-world graphs to address the following two questions: 1) Does AESP accelerate standard local
methods? 2) How do our proposed approaches compare in efficiency with existing local acceleration
methods? Additional experimental results are provided in the Appendix C. Our code is publicly
available at https://github.com/Rick7117/aesp-local-pagerank.

AESP achieves early-stage acceleration and overall efficiency. We begin by conducting experi-
ments on four large-scale real-world graphs, with the number of nodes ranging from 6 million to
240 million. We implement two AESP-PPR variants: AESP-LOCGD (where M = LOCGD) and
AESP-LOCAPPR (whereM = LOCAPPR). For comparison, we consider three baselines: 1) APPR
[4], 2) APPR-opt (APPR with the optimal step size 2/(1 + α)), and 3) LOCGD (with the optimal
step size 2/(1 + α)). Fig. 4 presents our experimental results on four real-world graphs. Among all
methods, AESP-LOCAPPR is the most efficient due to its online per-coordinate updates. Interest-
ingly, by solving shifted linear systems, AESP-based methods achieve much faster convergence in
the early stages than the baselines.
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S
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Running Time (s)
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7.5

10.0
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∑

t,k vol(S (k)
t ))

APPR / AESP-LocAPPR

LocGD / AESP-LocGD

Figure 5: Speedup of AESP-based methods over standard lo-
cal solvers (LOCAPPR, LOCGD) as a function of α, on the
com-dblp graph with ϵ = 0.1/n and α ∈ (10−3, 10−1).

AESP accelerates standard local
methods when α is small. We
further validate whether AESP ef-
fectively accelerates standard lo-
cal methods such as LOCGD and
APPR. We fix the precision at ϵ =
10−7 and vary α from 10−3 to
10−1, selecting 50 source nodes
s for each α at random. Com-
pared to non-accelerated methods,
both AESP-LOCGD and AESP-
LOCAPPR significantly reduce the
number of operations and running times required , particularly when α is small.

5 Conclusions and Discussions

In this paper, we propose the Accelerated Evolving Set Process (AESP) framework, which lever-
ages an accelerated inexact proximal operator approach to improve the efficiency of Personalized
PageRank (PPR) computation. Our methods provably run in Õ(1/

√
α) iterations, each performing

a short evolving set process. We establish a time complexity of Õ(vol(St)/(
√
αγt)), and under a

mild assumption on the bounded ratio of ℓ1-norm-scaled gradients, we show that O(vol(St)/γt) is
upper-bounded by min{O(R2/ϵ2),m}. This result demonstrates that our approach is sublinear in
time when ϵ > 1/

√
m, significantly improving over standard methods. Our algorithms not only

advance local PPR computation but also offer a general-purpose framework that may benefit a wide
range of problems, including positive definite linear systems and related tasks in graph analysis.

Despite these advantages, when ϵ < 1/
√
m, the local bounds degrade to Õ(m/

√
α). A limitation

of our theoretical analysis is that the constant R is not universally bounded across all configurations

9
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θ = (α, b,G). A key open question remains whether the 1/ϵ2 dependence in our complexity bound
can be further reduced to match the conjectured Õ(1/(

√
αϵ)) from existing literature [19], and

whether the dependence on the constant R can be entirely eliminated.
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A Missing Proofs

In this section, we first summarize all notations in Table 1 for clarity, followed by the presentation
of all missing proofs.

Table 1: Notations

Description
G(V, E) An undirected and connected simple graph with n = |V| nodes and m = |E| edges.
α The damping factor α which lies in the interval (0, 1).
A The adjacency matrix of G.
D The diagonal degree matrix of G.
Πα The PPR matrix defined as Πα = α

(
1+α
2 I − 1−α

2 AD−1
)−1

.
Q The symmetric matrix Q = 1+α

2 I − 1−α
2 D−1/2AD−1/2.

Q̃ The shifted matrix of Q, i.e., Q̃ = Q+ ηI .
supp(x) The set of nonzero indices of x ∈ Rn, i.e., supp(x) := {v : xv ̸= 0}.
vol(S) The volume of S ⊆ V is the sum of all degrees in S , that is, vol(S) =

∑
v∈S dv .

S(k+1)
t The set of active nodes at outer-loop iteration t and inner-loop iteration k.
Kt The maximum number of iterations of the inner loop at outer-loop iteration t.
vol(St) The average volume of t-th local process: vol(St) ≜ 1

Kt

∑Kt−1
k=0 vol(S(k)t ).

γ
(k)
t Active ratio at outer-iteration t and inner-loop iteration k defined in Eq. (10).
γt Average active ratio of t-th local process defined in Eq. (10).
es The standard basis vector es where the s-th element is 1, and all other elements are 0.
π The PPR vector π = Παes.
p The ϵ-approximate PPR vector s.t. ∥D−1(p− π)∥∞ ≤ ϵ.
b A sparse vector in Eq. (P1).
b(t) b(t) = αD−1/2b+ ηy(t).
r Residual of ϵ-approximate PPV satisfying r = es −Π−1

α p.
∇f1/2(x) D1/2-scaled gradient of f at x, ∇f1/2(x) = D1/2∇f(x).
∇f−1/2(x) D−1/2-scaled gradient of f at x, ∇f−1/2(x) = D−1/2∇f(x).
f Quadratic function defined in Eq. (P1).
ht Proximal operator objective at t-th iteration defined in Eq. (6).
µ,L Two constants with µ

2 ∥x− y∥22 ≤ f(y)− f(x)− ⟨∇f(x),y − x⟩ ≤ L
2 ∥x− y∥22.

η Smoothing parameter for Eq. (2).
q q = µ/(µ+ η).
ρ ρ = 0.9

√
q

φt Inner-loop stop criteria of ht(x̂)− h∗t ≤ φt.
ϵt Inner-loop stop criteria of ∥D−1/2∇ht(ẑ)∥∞ ≤ ϵt.
proxg/η(y) The proximal point of y, i.e., proxg/η(y) = argminx∈Rn

{
g(x) + η

2∥x− y∥22
}

.
Ciht

Ciht
= ∥D1/2∇ht(z(i)

t )∥1.
TM
t Time complexity ofM, which is characterized by TM

t = Kt · vol(St).
T Total time complexity.

A.1 Proofs of Lemmas 2.1 and 2.2

Lemma 2.1 (Properties of π). Define the PPR matrix Πα = α
(
1+α
2 I − 1−α

2 AD−1
)−1

. Let the
estimate-residual pair (p, r) for Eq. (1) satisfy r = es −Π−1

α p. Then,

• The PPR vector is given by π = Παes, which is a probability distribution, i.e., ∀i ∈ V , πi > 0
and ∥π∥1 = 1. For ϵ > 0, the stop condition ∥D−1r∥∞ < ϵ ensures ∥D−1(p− π)∥∞ < ϵ.
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• The matrix αQ−1 is similar to the matrix Πα, i.e., αD1/2Q−1D−1/2 = Πα. Furthermore, the
ℓ1-norm of Πα satisfies ∥Πα∥1 = ∥D−1ΠαD∥∞ = 1.

Proof. The PPR vector is a probability distribution and is given by π = Παes, which follows
directly from the definition in Eq. (1). To verify the stopping condition, note that the residual satisfies
Παr = π − p, that is,

D−1ΠαDD−1r = D−1(π − p).

To meet the stop condition ∥D−1(p− π)∥∞ ≤ ϵ, we note

∥D−1(p− π)∥∞ = ∥D−1ΠαD ·D−1r∥∞
≤ ∥D−1ΠαD∥∞ · ∥D−1r∥∞
= ∥D−1r∥∞ ≤ ϵ,

where the second inequality is due to ∥D−1ΠαD∥∞ = ∥Πα∥1 = 1. To verify the second item,
note that

∥D−1ΠαD∥∞ =

∥∥∥∥∥α
(
1 + α

2
I − 1− α

2
D−1A

)−1
∥∥∥∥∥
∞

=

∥∥∥∥∥∥α
((

1 + α

2
I − 1− α

2
D−1A

)−1
)⊤
∥∥∥∥∥∥
1

= ∥Πα∥1 = 1.

Lemma 2.2 (Properties of x∗
f and x∗

ψ). Denote the gradient of f at x as∇f(x) := Qx−αD−1/2b

and optimal solution x∗
f = αQ−1D−1/2b satisfying π := D1/2x∗

f . Define p = D1/2x. Then,

• The stop condition ∥D−1/2∇f(x)∥∞ < αϵ implies ∥D−1(p− π)∥∞ < ϵ.

• The objective f is µ-strongly convex and L-smooth with two constants µ = α and L = 1. When
ϵ̂ = ϵ, then x∗

ψ ∈ P(ϵ, α, es,G) and the solution is sparse, i.e., | supp(x∗
ψ)| ≤ 1/ϵ̂.

Proof. For item 1, note x∗
f = αQ−1D−1/2b = D−1/2ΠαD

1/2D−1/2es = D−1/2π. Hence,
π = D1/2x∗

f . With∇f(x) = Qx− αD−1/2b, we have

∥D−1 (p− π) ∥∞ = ∥D−1/2(x− x∗
f )∥∞

= ∥D−1/2(Q−1∇f(x))∥∞
= ∥D−1/2Q−1D1/2D−1/2∇f(x)∥∞

=
1

α
∥D−1ΠαDD−1/2∇f(x)∥∞

≤ 1

α
∥D−1ΠαD∥∞ · ∥D−1/2∇f(x)∥∞

=
1

α
∥D−1/2∇f(x)∥∞ < ϵ.

For item 2, the Hessian of f is Hf = Q and the eigenvalues of λ(AD−1) satisfy λ(AD−1) ∈
(−1, 1], so λ(Q) ∈ [α, 1]. When ϵ̂ = ϵ, then x∗

ψ ∈ P(ϵ, α, es,G), which follows from the result of
Fountoulakis et al. [20].

The following lemma provides useful results that will be useful in our later proofs.
Lemma A.1 (Gradient Descent for (µ,L)-convex f [17, 48]). Let f be µ-strongly convex and L-
smooth. Consider the gradient descent update

x(t+1) = x(t) − 2

µ+ L
∇f(x(t))

Then, the following properties hold

14



• Bounds on initial function error, µ2 ∥x
(0) − x∗∥22 ≤ f(x(0))− f(x∗) ≤ L

2 ∥x
(0) − x∗∥22.

• Gradient norm bounds on initial gradient,

1

2L
∥∇f(x(0))−∇f(x∗)∥22 ≤ f(x(0))− f(x∗) ≤ 1

2µ
∥∇f(x(0))−∇f(x∗)∥22.

• Per-iteration reduction in function error, f(x(t+1))− f∗ ≤
(
L−µ
L+µ

)2
(f(x(t))− f∗).

• Per-iteration reduction in estimation error, ∥x(t+1) − x∗∥22 ≤
(
L−µ
L+µ

)2
∥x(t) − x∗∥22.

A.2 The proof of Lemma 3.2

Lemma 3.2. Let ht be defined in Eq. (6), and suppose that the initial point z(0)
t of t-th process

satisfies ∇ht(z(0)
t ) ̸= 0. If there exists a local algorithm M such that ∥∇h1/2t (z

(Kt)
t )∥1 <

∥∇h1/2t (z
(0)
t )∥1, then for a stopping condition ∥∇h−1/2

t (z
(k)
t )∥∞ < ϵt ofM with

ϵt ≜ max

{√
(µ+ η)φt

m
,

2(η + α)φt

∥∇h1/2t (z
(0)
t )∥1

}
, where φt > 0,

the final solution z
(Kt)
t is guaranteed in the ball, i.e., z(Kt)

t ∈ Ht(φt) as defined in (C1).

Proof. The proximal objective ht defined in Eq. (6) at t-th iteration can be expanded as

ht(z) =
1

2
z⊤
(
1 + α+ 2η

2
I − 1− α

2
D−1/2AD−1/2

)
z−z⊤

(
αD−1/2b+ ηy(t−1)

)
+
η

2
∥y(t−1)∥22.

(15)
Let Q̃ = 1+α+2η

2 I − 1−α
2 D−1/2AD−1/2 and b(t−1) = αD−1/2b+ ηy(t−1), then

Q̃z = b(t−1), Q̃ ≜ 1 + α+ 2η

2
I − 1− α

2
D−1/2AD−1/2, b(t−1) = αD−1/2b+ ηy(t−1).

(16)
We know the optimal solution x∗

t = Q̃−1b(t−1). Note that the objective error can be rewritten as

ht(z)− ht(x∗
t ) =

1

2
z⊤Q̃z − z⊤b(t−1) −

(
1

2
x∗
t
⊤Q̃x∗

t − x∗
t
⊤b(t−1)

)
=

1

2
z⊤Q̃z − z⊤b(t−1) −

(
1

2
x∗
t
⊤Q̃x∗

t − x∗
t
⊤Q̃x∗

t

)
=

1

2
z⊤Q̃z − z⊤b(t−1) +

1

2
x∗
t
⊤Q̃x∗

t

=
1

2
z⊤Q̃z − 1

2
z⊤Q̃x∗

t −
1

2
x∗
t
⊤Q̃z +

1

2
x∗
t
⊤Q̃x∗

t

=
1

2
(z − x∗

t )
⊤Q̃(z − x∗

t ).

Since z
(Kt)
t − x∗

t = Q̃−1∇ht(z(Kt)
t ), we show ht(z

(Kt)
t ) − h∗t can be rewritten in terms of

∇ht(z(Kt)
t )

ht(z
(Kt)
t )− ht(x∗

t ) =
1

2
(z

(Kt)
t − x∗

t )
⊤Q̃(z

(Kt)
t − x∗

t )

=
1

2
∇ht(z(Kt)

t )⊤Q̃−1Q̃Q̃−1∇ht(z(Kt)
t )

=
1

2
∇ht(z(Kt)

t )⊤Q̃−1∇ht(z(Kt)
t )

=
1

2(η + α)
∇ht(z(Kt)

t )⊤D−1/2Π η+α
1+η

D1/2∇ht(z(Kt)
t )
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=
1

2(η + α)
(D−1/2∇ht(z(Kt)

t ))⊤Π η+α
1+η

D1/2∇ht(z(Kt)
t ),

where the fourth equality is due to the identity D−1/2Π η+α
1+η

D1/2 = (η + α)Q̃−1. By Hölder’s
inequality, we have

ht(z
(Kt)
t )− ht(x∗

t ) ≤
1

2(η + α)
∥D−1/2∇ht(z(Kt)

t )∥∞ · ∥Π η+α
1+η

D1/2∇ht(z(Kt)
t )∥1

≤ 1

2(η + α)
∥D−1/2∇ht(z(Kt)

t )∥∞ · ∥D1/2∇ht(z(Kt)
t )∥1

≤ 1

2(η + α)
∥D−1/2∇ht(z(Kt)

t )∥∞ · ∥D1/2∇ht(z(0)
t )∥1 ≤ φt,

where the last inequality gives the second part of ϵt. On the other hand, we know

ht(z
(Kt)
t )− ht(x∗

t ) ≤
1

2(η + α)
∥D−1/2∇ht(z(Kt)

t )∥∞ · ∥D1/2∇ht(z(Kt)
t )∥1

≤ 1

2(η + α)
∥D−1/2∇ht(z(Kt)

t )∥∞ · ∥DD−1/2∇ht(z(Kt)
t )∥1

≤ 1

2(η + α)
vol(supp(∇ht(z(Kt)

t )))∥D−1/2∇ht(z(Kt)
t )∥2∞

≤ m

η + α
∥D−1/2∇ht(z(Kt)

t )∥2∞ ≤ φt,

which gives the first part of ϵt.

Remark A.2. Choosing a starting point z(0)
t is straightforward. For example, if z

(0)
t = 0, then

∇ht(z(0)
t ) = b(t−1). Consequently, the following stopping condition is sufficient:

∥D−1/2∇ht(z(Kt)
t )∥∞ ≤ ϵt := max

{√
(µ+ η)φt

m
,

2(η + α)φt
∥D1/2b(t−1)∥1

}
.

A.3 Proofs of Theorems 3.3 and A.3

At each iteration t of the AESP framework in Algorithm 1, we solve the inexact proximal opera-
tor x(t) ≈ proxf/η(y

(t−1)), as defined in (2), where f is given in (P1). The following theorem
establishes the convergence properties of LOCGD.

Theorem 3.3 (Convergence of LOCGD). Let ht be defined in Eq. (6). LOCGD (Algorithm 3) is
used to minimize ht(z) and returns z(Kt)

t = LOCGD(φt,y
(t−1), η, α, b,G) ∈ Ht(φt). Recall the

D1/2-scaled gradient∇h1/2t (z
(k)
t ) := D1/2∇ht(z(k)

t ). For k ≥ 0, the scaled gradient satisfies∥∥∇h1/2t (z
(k+1)
t )

∥∥
1
≤
(
1− τγ(k)t

)∥∥∇h1/2t (z
(k)
t )
∥∥
1
,

where τ := 2(α+η)
1+α+2η and γ(k)t is the ratio defined in Eq. (10). Assume ϵt and stop condition are

defined in Eq. (8) of Lemma 3.2, then the run time T LOCGD
t , as defined in Eq. (4), is bounded by

T LOCGD
t ≤ min

{
vol(St)
τγt

log
C0
ht

CKt

ht

,
C0
ht
− CKt

ht

τϵt

}
,

where Ciht
= ∥∇h1/2t (z

(i)
t )∥1 denote constants. Furthermore, vol(St)/γt ≤ min

{
C0
ht
/ϵt, 2m

}
.

Proof. Recall that ht(z) is defined in Eq. (15). Minimizing ht(z) is equivalent to solving the linear
system Q̃z = b(t−1), as defined in Eq. (16). Using the iteration of local gradient descent in Eq. (9),
and noting that ht(z) is (µ+ η)-strongly convex and (L+ η)-smooth, the optimal step size is given
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by 2/(µ+ L+ 2η), as established in Lemma A.1. The updated gradient at iteration (t+ 1) is then
computed as follows.

∇ht(z(k+1)
t ) = Q̃z

(k+1)
t − b(t−1)

= Q̃

(
z
(k)
t −

2

1 + α+ 2η
∇ht(z(k)

t ) ◦ 1S(k)
t

)
− b(t−1)

= ∇ht(z(k)
t )− 2

1 + α+ 2η
Q̃∇ht(z(k)

t ) ◦ 1S(k)
t
.

For simplicity, recall that we denote the normalized gradient ∇h1/2t (z
(k)
t ) = D1/2∇ht(z(k)

t ), then
we continue to have∥∥∥∇h1/2t (z

(k+1)
t )

∥∥∥
1
=

∥∥∥∥∇h1/2t (z
(k)
t )−

(
I − 1− α

1 + α+ 2η
AD−1

)
∇h1/2t (z

(k)
t ) ◦ 1S(k)

t

∥∥∥∥
1

≤ ∥∇h1/2t (z
(k)
t )−∇h1/2t (z

(k)
t ) ◦ 1S(k)

t
∥1 +

∥∥∥∥ 1− α
1 + α+ 2η

AD−1∇h1/2t (z
(k)
t ) ◦ 1S(k)

t

∥∥∥∥
1

≤ ∥∇h1/2t (z
(k)
t )∥1 − ∥∇h1/2t (z

(k)
t ) ◦ 1S(k)

t
∥1 +

1− α
1 + α+ 2η

∥∇h1/2t (z
(k)
t ) ◦ 1S(k)

t
∥1

= ∥∇h1/2t (z
(k)
t )∥1 −

2α+ 2η

1 + α+ 2η
∥∇h1/2t (z

(k)
t ) ◦ 1S(k)

t
∥1. (17)

Therefore, associated with the gradient reduction ratio defined in Eq. (10), we obtain

∥∇h1/2t (z
(k+1)
t )∥1 ≤

(
1− 2(α+ η)

1 + α+ 2η
γ
(k)
t

)
∥∇h1/2t (z

(k)
t )∥1.

For any K ≥ 1, the above per-iteration reduction gives us

∥D1/2∇ht(z(K)
t )∥1 ≤

K−1∏
k=0

(
1− 2(α+ η)

1 + α+ 2η
γ
(k)
t

)
∥D1/2∇ht(z(0)

t )∥1.

Specifically, let Kt be the total number of iterations of LOCGD called from Local-Catalyst at t-th
iteration using the precision ϵt. Denote that γ̄t = 1

Kt

∑Kt−1
k=0 γ

(k)
t , we can obtain an upper bound of

Kt as the following

log
∥D1/2∇ht(z(Kt)

t )∥1
∥D1/2∇ht(z(0)

t )∥1
≤
Kt−1∑
k=0

log

(
1− 2(α+ η)

1 + α+ 2η
γ
(k)
t

)
≤ −

Kt−1∑
k=0

2(α+ η)

1 + α+ 2η
γ
(k)
t .

The above inequality implies Kt ≤ 1+α+2η
2(α+η)γ̄t

log
∥D1/2∇ht(z

(0)
t )∥1

∥D1/2∇ht(z
(Kt)
t )∥1

. Therefore, we have the time

complexity as

Kt−1∑
k=0

vol(S(k)t ) = Kt · vol(St) ≤
(1 + α+ 2η)vol(St)

2(α+ η)γt
log
∥D1/2∇ht(z(0)

t )∥1
∥D1/2∇ht(z(Kt)

t )∥1
.

On the other hand, from inequality of inequality (17), we know that

2α+ 2η

1 + α+ 2η
· ϵt · vol(S(k)t ) ≤ 2α+ 2η

1 + α+ 2η
∥∇h1/2t (z

(k)
t ) ◦ 1S(k)

t
∥1

≤ ∥∇h1/2t (z
(k)
t )∥1 − ∥∇h1/2t (z

(k+1)
t )∥1.

The total runtime can also be bounded as

T LOCGD
t =

Kt−1∑
k=0

vol(S(k)t ) ≤ 1 + α+ 2η

2(α+ η)ϵt

Kt−1∑
k=0

(
∥∇h1/2t (z

(k)
t )∥1 − ∥∇h1/2t (z

(k+1)
t )∥1

)
=

1 + α+ 2η

2(α+ η)ϵt

(
∥∇h1/2t (z

(0)
t )∥1 − ∥∇h1/2t (z

(Kt)
t )∥1

)
.
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Combining the two bounds above, we establish the first part of the theorem. To verify that the ratio
serves as a lower bound for ∥∇h1/2t (z

(0)
t )∥1/ϵt, note that for any ui ∈ S(k)t , we have∇ht(z(k)

t )ui >

ϵt
√
dui

. This further leads to

ϵt vol(S(k)t ) = ϵt

|S(k)
t |∑
i=1

dui
<

|S(k)
t |∑
i=1

∣∣√dui
∇ui

ht(z
(k)
t )
∣∣ = γk∥D1/2∇ht(z(k)

t )∥1.

Since ∥D1/2∇ht(z(0)
t )∥1 ≥ ∥D1/2∇ht(z(1)

t )∥1 ≥ · · · ≥ ∥D1/2∇ht(z(Kt)
t )∥1, this leads to

ϵt
1

Kt

Kt−1∑
k=0

vol(S(k)t ) ≤ 1

Kt

Kt−1∑
k=0

γ
(k)
t ∥D1/2∇ht(z(k)

t )∥1 ≤
1

Kt

Kt−1∑
k=0

γ
(k)
t ∥D1/2∇ht(z(0)

t )∥1

⇒ vol(St)
γt

<
∥D1/2∇ht(z(0)

t )∥1
ϵt

.

On the other hand, vol(St)
γt

≤ 2m. To see this, by Eq. (10), note for each iteration k,

γ
(k)
t ≜

∥∇h1/2t (z
(k)
t ) ◦ 1S(k)

t
∥1

∥∇h1/2t (z
(k)
t )∥1

For u ∈ S(k)t , we have |∇uh1/2t (z
(k)
t )| ≥ ϵtdu and for v ∈ V\S(k)t , we have |∇vh1/2t (z

(k)
t )| ≥ ϵtdv ,

which means

|∇uh1/2t (z
(k)
t )|

du
≥ ϵt ≥

|∇vh1/2t (z
(k)
t )|

dv

⇒
∥∇h1/2t (z

(k)
t ) ◦ 1S(k)

t
∥1

vol(S(k)t )
≥ ϵt ≥

∥∇h1/2t (z
(k)
t ) ◦ 1V\S(k)

t
∥1

vol(V\ vol(S(k)t ))
.

Given a, b, c, d > 0 and a
b >

c
d , we have a

b >
a+c
b+d . Then,

∥∇h1/2t (z
(k)
t ) ◦ 1S(k)

t
∥1

vol(S(k)t )
≥
∥∇h1/2t (z

(k)
t ) ◦ 1V\S(k)

t
∥1 + ∥∇h1/2t (z

(k)
t ) ◦ 1S(k)

t
∥1

vol(V\ vol(S(k)t )) + vol(S(k)t )

=
∥∇h1/2t (z

(k)
t )∥1

vol(V)
=
∥∇h1/2t (z

(k)
t )∥1

2m

⇒ vol(St)
γt

≤ 2m.

Hence, we prove two upper bounds of vol(St)
γt

.

The following theorem establishes the convergence and time complexity of LOCAPPR. We first
define a similar active node ratio for LOCAPPR as the following

γt ≜
1

Kt

Kt−1∑
k=0

|S(k)
t |∑
i=1

{
γ
(ki)
t ≜

∥∇h1/2t (z
(ki)
t ) ◦ 1{ui}∥1

∥∇h1/2t (z
(ki)
t )∥1

}
, (18)

where ki = k + (i− 1)/|S(k)t | for i = 1, 2, . . . , |S(k)t |.
Theorem A.3 (The convergence and time complexity of LOCAPPR). Let ht be defined in Eq. (6).
The LOCAPPR algorithm, implemented as in Algorithm 4, is used to minimize ht(z). Recall the
D1/2-scaled gradient∇h1/2t (z

(k)
t ) := D1/2∇ht(z(k)

t ). For k ≥ 0, the scaled gradient satisfies the
following reduction property:

∥∥∇h1/2t (z
(k+1)
t )

∥∥
1
≤

1− τ
|S(k)

t |∑
i=1

γ
(ki)
t

∥∥∇h1/2t (z
(k)
t )
∥∥
1
,

18



where the constant τ := 2(α+η)
1+α+2η and γ(ki)t is the active node ratio defined in Eq. (18). Assume the

precision ϵt and stop condition is defined in (8) of Lemma 3.2 , then the returned satisfies

z
(Kt)
t = LOCAPPR(φt, η,y

(t−1), α, b,G) ∈ Ht(φt).

The time complexity T LOCAPPR
t , as defined in Eq. (4), is bounded by

T LOCAPPR
t ≤ min

{
vol(St)
τγt

log
C0
ht

CKt

ht

,
C0
ht
− CKt

ht

τϵt

}
,

where Ciht
= ∥∇h1/2t (z

(i)
t )∥1 denote constants at iteration t. Furthermore, vol(St)/γt has the

following upper bound
vol(St)
γt

≤ min

{
C0
ht

ϵt
, 2m

}
.

Proof. Recall that ui ∈ S(k)t = {u1, . . . , u|St|} and ki = k+ (i− 1)/|S(k)t | for i = 1, 2, . . . , |S(k)t |.
The LOCSOR algorithm in Algorithm 4 updates as follows: z

(ki+1)
t = z

(ki)
t − 2∇ht(z(ki)

t ) ◦
1{ui}/(1 + α+ 2η). Then, the gradient is updated as

∇ht(z(ki+1)
t ) = Q̃z

(ki+1)
t − b(t−1) = Q̃

(
z
(ki)
t −

2∇ht(z(ki)
t ) ◦ 1{ui}

1 + α+ 2η

)
− b(t−1)

= ∇ht(z(ki)
t )−

2Q̃∇ht(z(ki)
t ) ◦ 1{ui}

1 + α+ 2η
.

Then, for all i = 1, 2, . . . , |S(k)t |, following similar steps as in the proof of Theorem 3.3, we have∥∥∥∇h1/2t (z
(ki+1)
t )

∥∥∥
1
=

∥∥∥∥∇h1/2t (z
(ki)
t )−

(
I − 1− α

1 + α+ 2η
AD−1

)
∇h1/2t (z

(ki)
t ) ◦ 1{ui}

∥∥∥∥
1

≤ ∥∇h1/2t (z
(ki)
t )−∇h1/2t (z

(ki)
t ) ◦ 1{ui}∥1 +

∥∥∥∥ 1− α
1 + α+ 2η

AD−1∇h1/2t (z
(ki)
t ) ◦ 1{ui}

∥∥∥∥
1

≤ ∥∇h1/2t (z
(ki)
t )∥1 − ∥∇h1/2t (z

(ki)
t ) ◦ 1{ui}∥1 +

1− α
1 + α+ 2η

∥∇h1/2t (z
(ki)
t ) ◦ 1{ui}∥1

= ∥∇h1/2t (z
(ki)
t )∥1 −

2α+ 2η

1 + α+ 2η
∥∇h1/2t (z

(ki)
t ) ◦ 1{ui}∥1. (19)

Recall the definition of gradient reduction ratio for active nodes is in 18. Summing over the above
equations over ui, we have∥∥∥∇h1/2t (z

(ki+1)
t )

∥∥∥
1
≤ ∥∇h1/2t (z

(ki)
t )∥1 −

2α+ 2η

1 + α+ 2η
∥∇h1/2t (z

(ki)
t ) ◦ 1{ui}∥1

=

(
1− 2(α+ η)γ

(ki)
t

1 + α+ 2η

)
∥∇h1/2t (z

(ki)
t )∥1.

For any k ≥ 1, the above per-iteration reduction gives us

∥∇h1/2t (z
(Kt)
t )∥1 ≤

Kt∏
k=0

|S(k)
t |∏
i=1

(
1− 2(α+ η)

1 + α+ 2η
γ
(ki)
t

)
∥∇h1/2t (z

(0)
t )∥1.

Denote that γ̄t = 1
Kt

∑Kt−1
k=0

∑|S(k)
t |

i=1 γ
(ki)
t , we can obtain an upper bound of Kt as the following

log
∥∇h1/2t (z

(Kt)
t )∥1

∥∇h1/2t (z
(0)
t )∥1

≤
Kt−1∑
k=0

|S(k)
t |∑
i=1

log

(
1− 2(α+ η)

1 + α+ 2η
γ
(ki)
t

)
≤ −

Kt−1∑
k=0

|S(k)
t |∑
i=1

2(α+ η)γ
(ki)
t

1 + α+ 2η
.

19



The above inequality implies Kt ≤ 1+α+2η
2(α+η)γ̄t

log
∥∇h1/2

t (z
(0)
t )∥1

∥∇h1/2
t (z

(Kt)
t )∥1

. Therefore, we have the time

complexity as

Kt−1∑
k=0

vol(S(k)t ) = Kt · vol(St) ≤
(1 + α+ 2η)vol(St)

2(α+ η)γt
log
∥∇h1/2t (z

(0)
t )∥1

∥∇h1/2t (z
(Kt)
t )∥1

.

To check the ratio is a upper bound of ∥∇ht(z(0)
t )∥1/ϵt, note that ∇ht(z(k)

t )ui > ϵt
√
dui for

ui ∈ S(k)t ,

ϵt vol(S(k)t ) = ϵt

|S(k)
t |∑
i=1

dui
<

|S(k)
t |∑
i=1

∣∣√dui
∇ui

ht(z
(k)
t )
∣∣ = ∥∇h1/2t (z

(k)
t )∥1.

Since ∥∇h1/2t (z
(0)
t )∥1 ≥ ∥∇h1/2t (z

(1)
t )∥1 ≥ · · · ≥ ∥∇h1/2t (z

(Kt)
t )∥1, this leads to

ϵt
1

Kt

Kt−1∑
k=0

vol(S(k)t ) ≤ 1

Kt

Kt−1∑
k=0

γ
(ki)
t ∥∇h1/2t (z

(k)
t )∥1 ≤

1

Kt

Kt−1∑
k=0

γ
(ki)
t ∥∇h1/2t (z

(0)
t )∥1,

where the above implies that vol(St)
γt

<
|∇h1/2

t (z
(0)
t )|1

ϵt
. The other upper bound follows a similar

argument as in Theorem 3.3. Moreover, from the inequality in (17), we obtain that

2α+ 2η

1 + α+ 2η
· ϵt · vol(S(k)t ) ≤ 2α+ 2η

1 + α+ 2η

|S(k)
t |∑
i=1

∥∇h1/2t (z
(ki)
t ) ◦ 1{ui}∥1

≤ ∥∇h1/2t (z
(k)
t )∥1 − ∥∇h1/2t (z

(k+1)
t )∥1.

The total runtime can also be bounded as

T LOCAPPR
t =

Kt−1∑
k=0

vol(S(k)t ) ≤ 1 + α+ 2η

2(α+ η)ϵt

Kt−1∑
k=0

(
∥∇h1/2t (z

(k)
t )∥1 − ∥∇h1/2t (z

(k+1)
t )∥1

)
=

1 + α+ 2η

2(α+ η)ϵt

(
∥∇h1/2t (z

(0)
t )∥1 − ∥∇h1/2t (z

(Kt)
t )∥1

)
.

Combining the two bounds above, we prove the theorem.

A.4 Proof of Lemma 3.4

Before we prove Lemma 3.4, we introduce the following two lemmas from Lin et al. [34] are pre-
sented for completeness. Lemma A.5 characterizes the error accumulation of {φt}t≥0 in Catalyst.
For completeness, we include the full proof following the argument of Lin et al. [34].
Lemma A.4 (Inequality of non-negative sequences). Consider a increasing sequence {St}t≥0 and
two non-negative sequences {at}t≥0 and {ut}t≥0 such that for all t, u2t ≤ St +

∑t
i=1 aiui. Then,

St +

t∑
i=1

aiui ≤

(√
St +

t∑
i=1

ai

)2

.

Lemma A.5 (Convergence of Catalyst, Theorem 3 in Lin et al. [34]). Consider the sequences
{x(t)}t≥0 and {y(t)}t≥0 produced by Algorithm 1 for solving (P1), assuming that x(t) ∈ H (φt)
defined in (C1) for all t ≥ 1, Then,

f(x(t))− f∗ ≤ At−1

√(1− α0)
(
f
(
x(0)

)
− f∗

)
+
γ0
2

∥∥x∗ − x(0)
∥∥2 + 3

t∑
j=1

√
φj
Aj−1

2

,

(20)
whereα0 =

√
q, γ0 = (η+µ)α0 (α0 − q) andAt =

∏t
j=1 (1− αj) withA0 = 1 and q = µ/(µ+η).

20



Proof. Let us define the function ht(x) = f(x) + η
2∥x − y(t−1)∥22. We show there exists an

approximate sufficient descent condition for ht. Since the solution of the proximal operator defined
in (2) is p(y(t−1)), the unique minimizer of ht, i.e., p(y(t−1)) = proxht/η(y

(t−1)). The strong
convexity of ht yields: for any t ≥ 1, for all x ∈ Rn and any θt > 0,

ht(x)
¬
≥ h∗t +

η + µ

2
∥x− p(y(t−1))∥22

­
≥ h∗t +

η + µ

2
(1− θt) ∥x− x(t)∥22 +

η + µ

2
(1− 1/θt) ∥x(t) − p(y(t−1))∥22

®
≥ ht(x

(t))− φt +
η + µ

2
(1− θt) ∥x− x(t)∥22 +

η + µ

2
(1− 1/θt) ∥x(t) − p(y(t−1))∥22,

where ¬ uses the (µ+ η)-strong convexity of ht. For ­, note for all x,y, z ∈ Rn and θ > 0,

∥x− y∥22 ≥ (1− θ)∥x− z∥22 + (1− 1/θ) ∥z − y∥22
To see this, ∥x− y∥22 = ∥x− z + z − y∥22 = ∥x− z∥22 + ∥z − y∥22 + 2⟨x− z, z − y⟩

2⟨x− z, z − y⟩ = ∥
√
θ(x− z) + (z − y)/

√
θ∥22 − θ∥x− z∥22 − ∥z − y∥22/θ

≥ −θ∥x− z∥22 − ∥z − y∥22/θ.

The ® uses ht(x(t))− h∗t ≤ φt. Moreover, when θt ≥ 1, the last term is positive and we have

ht(x) ≥ ht(x(t))− φt +
η + µ

2
(1− θt) ∥x− x(t)∥22.

If instead θt ≤ 1, the coefficient 1
θt
− 1 ≥ 0 and we have

−η + µ

2
(1/θt − 1) ∥x(t) − p(y(t−1))∥22 ≥ − (1/θt − 1)

(
ht(x

(t))− h∗t
)
≥ − (1/θt − 1)φt

In this case, we have

ht(x) ≥ ht(x(t))− φt
θt

+
η + µ

2
(1− θt) ∥x− x(t)∥22.

As a result, we have for all values of θt > 0,

ht(x) ≥ ht(x(t)) +
η + µ

2
(1− θt) ∥x− x(t)∥22 −

φt
min {1, θt}

.

After expanding the expression of ht, we then obtain the approximate descent condition.

f(x(t))+
η

2
∥x(t)−y(t−1)∥22+

η + µ

2
(1−θt)∥x−x(t)∥22 ≤ f(x)+

η

2
∥x−y(t−1)∥22+

φt

min {1, θt}
. (21)

Let us introduce a sequence (St)t≥0 that will act as a Lyapunov function, with

St = (1− αt) (f(x(t))− f∗) + αt
ητt
2
∥x∗ − v(t)∥22,

where x∗ is a minimizer of f, {v(t)}t≥0 is a sequence defined by v(0) = x(0) and

v(t) = x(t) +
1− αt−1

αt−1
(x(t) − x(t−1)) for t ≥ 1

and {τt}t≥0 is an auxiliary quantity defined by τt = αt−q
1−q . The way we introduce these variables

allows us to write the following relationship,

y(t) = τtv
(t) + (1− τt)x(t), for all t ≥ 0,

which follows from a simple calculation. Then by setting z(t) = αt−1x
∗ + (1− αt−1)x

(t−1), the
following relations hold for all t ≥ 1 by µ-strongly convexity of f .

f(z(t)) ≤ αt−1f
∗ + (1− αt−1) f(x

(t−1))− µαt−1 (1− αt−1)

2
∥x∗ − x(t−1)∥22

z(t) − x(t) = αt−1(x
∗ − v(t))

21



and also the following one (by expanding out z(t) = αt−1x
∗ + (1− αt−1)x

(t−1)).

∥z(t) − y(t−1)∥22 = ∥(αt−1 − τt−1)(x
∗ − x(t−1)) + τt−1(x

∗ − v(t−1))∥22
= α2

t−1∥(1− τt−1/αt−1)(x
∗ − x(t−1)) +

τt−1

αt−1
(x∗ − v(t−1))∥22

≤ α2
t−1(1− τt−1/αt−1)∥x∗ − x(t−1)∥22 + α2

t−1

τt−1

αt−1
∥x∗ − v(t−1)∥22

= αt−1 (αt−1 − τt−1) ∥x∗ − x(t−1)∥22 + αt−1τt−1∥x∗ − v(t−1)∥22,
where we used the convexity of the norm and the fact that τt ≤ αt. Using the previous relations in
Eq. (21) with x = z(t) = αt−1x

∗ + (1− αt−1)x
(t−1), gives for all t ≥ 1,

f(x(t)) +
η

2
∥x(t) − y(t−1)∥22 +

η + µ

2
(1− θt)α2

t−1∥x∗ − v(t)∥22

≤ αt−1f
∗ + (1− αt−1) f(x

(t−1))− µ

2
αt−1 (1− αt−1) ∥x∗ − x(t−1)∥22

+
ηαt−1 (αt−1 − τt−1)

2
∥x∗ − x(t−1)∥22 +

ηαt−1τt−1

2
∥x∗ − v(t−1)∥22 +

φt
min {1, θt}

Remark that for all t ≥ 1, αt−1 − τt−1 = αt−1 − αt−1−q
1−q = q(1−αt−1)

1−q = µ
η (1− αt−1), and the

quadratic terms x∗ − x(t−1) cancel each other. Then, after noticing that for all t ≥ 1,

τtαt =
α2
t − qαt
1− q

=
(η + µ) (1− αt)α2

t−1

η
( by the updates of αt),

which gives f(x(t))− f∗ + η+µ
2 α2

t−1∥x∗ − v(t)∥22 = St

1−αt
. We are left, for all t ≥ 1, with

1

1− αt
St ≤ St−1 +

φt
min {1, θt}

− η

2
∥x(t) − y(t−1)∥22 +

(η + µ)α2
t−1θt

2
∥x∗ − v(t)∥22 (22)

Using the fact that 1
min{1,θt} ≤ 1 + 1

θt
, we immediately derive from equation (22) that

St
1− αt

≤ St−1 + φt +
φt
θt
− η

2
∥x(t) − y(t−1)∥22 +

(η + µ)α2
t−1θt

2
∥x∗ − v(t)∥22.

We obtain the following by minimizing the right-hand side of the above w.r.t θt.

St
1− αt

≤ St−1 + φt +
√

2φt(µ+ η)αt−1∥x∗ − v(t)∥,

and after unrolling the recursion,

St
At
≤ S0 +

t∑
j=1

φj
Aj−1

+

t∑
j=1

√
2φj(µ+ η)αj−1

∥∥x∗ − v(j)
∥∥

Aj−1

We may define uj =
√

(µ+ η)αj−1

∥∥x∗ − v(j)
∥∥ /√2Aj−1 and aj = 2

√
φj/
√
Aj−1. Note

St/At = St/(At−1(1−αt)) where St/(1−αt) = f(x(t))−f∗+ η+µ
2 α2

t−1∥x∗−v(t)∥22. Therefore,
we have u2t ≤ St

At
.

u2t ≤ S0 +

t∑
j=1

φj
Aj−1

+

t∑
j=1

ajuj for all t ≥ 1.

This allows us to apply Lemma A.4 (Let S′
t = S0 +

∑t
j=1

φj

Aj−1
, then we have u2t ≤ S′

t +∑t
j=1 ajuj ≤ (

√
S′
t +
∑t
j=1 aj)

2 meanwhile S′
t +
∑t
j=1 ajuj ≥ St/At ), which yields

St
At
≤

√√√√S0 +

t∑
j=1

φj
Aj−1

+ 2

t∑
j=1

√
φj
Aj−1

2

≤

√S0 + 3

t∑
j=1

√
φj
Aj−1

2

,

which provides us the desired result given that f(x(t))− f∗ ≤ St

1−αt
and that v(0) = x(0).
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We now simplify the above theorem for our quadratic problem (P1). In particular, we prove a variant
of Proposition 5 from Lin et al. [34], replacing f(x(0))− f(x∗) with its upper bound L∥b∥21/2.

Corollary A.6. Let {x(t)}t≥0 and {y(t)}t≥0 be generated by Algorithm 1, assuming that x(t) ∈
H (φt) for all t ≥ 1 where local methods find z

(Kt)
t such that

ht(z
(Kt)
t )− h∗t ≤ φt :=

(L+ µ)∥b∥21(1− ρ)t

18
.

Let the objective f be defined in (P1) and assume x(0) = 0. where γ0 = µ(1 − √q) and At =

(1−√q)t with A0 = 1 and q = µ/(µ+η) and α0 =
√
q. , then the final solution x(t) is guaranteed

f(x(t))− f∗ ≤ 2(L+ µ)∥b∥21
(
√
q − ρ)2

(1− ρ)t+1. (23)

Proof. We first show the following inequality

∥D−1/2(x(t) − x∗
f )∥∞ ≤

√
2(1−√q)t−1

µ

√(1−√q)
(
L+ µ

2

)
∥b∥21 + 3

t∑
j=1

√
φj
Aj−1

 ,

(24)
By the definition of f in (P1), we know x∗

f = αQ−1D−1/2b. Since x(0) = 0 and f is L-smooth, it
implies

f(x(0))− f(x∗
f ) ≤

L

2
∥x(0) − x∗

f∥22 =
L

2
∥αQ−1D−1/2b∥22 =

L

2
∥D−1/2Παb∥22 ≤

L

2
∥b∥21,

where the second equality due to the identity Πα = αD1/2Q−1D−1/2 and the last inequality
is from the fact that ∥Πα∥1 = 1 and ∥x∥2 ≤ ∥x∥1. When α0 =

√
q, q = µ

µ+η , then γ0 =

(η + µ)α0(α0 − q) = µ(1−√q), then it indicates√
(1− α0)

(
f
(
x(0)

)
− f∗

)
+
γ0
2
∥x∗

f − x(0)∥22 ≤

√
(1−√q)

(
L+ µ

2

)
∥x(0) − x∗

f∥22

≤

√
(1−√q)

(
L+ µ

2

)
∥b∥21.

Since At−1 = (1−√q)t−1, one can simplify Eq. (20) of Lemma A.5 as the following

f(x(t))− f(x∗
f ) ≤ (1−√q)t−1

√(1−√q)
(
L+ µ

2

)
∥b∥21 + 3

t∑
j=1

√
φj
Aj−1

2

.

Let φt = (L+ µ)∥b∥21(1− ρ)t/18, then

3

√
φj
Aj−1

=

√
9φj

(1−√q)j−1
=

√
L+µ
2 ∥b∥

2
1(1− ρ)j

(1−√q)j−1
=

√
(1−√q)L+µ2 ∥b∥

2
1(1− ρ)j

(1−√q)j
.

Follow the same steps as shown in Proposition 5 of Lin et al. [34], the right-hand side of Eq. (24) is√
(1−√q)

(
L+ µ

2

)
∥b∥21 + 3

t∑
j=1

√
φj
Aj−1

=

√
(1−√q)

(
L+ µ

2

)
∥b∥21

1 +

t∑
j=1

(√
1− ρ
1−√q

)j
≤

√
(1−√q)

(
L+ µ

2

)
∥b∥21

ζt+1

ζ − 1
, where ζ =

√
1− ρ
1−√q

.

This leads to

f(x(t))− f∗ ≤ (1−√q)t−1

(√
(1−√q)

(
L+ µ

2

)
∥b∥21

ζt+1

ζ − 1

)2
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≤ (1−√q)t
(
L+ µ

2

)
∥b∥21

(
ζt+1

ζ − 1

)2

=
L+ µ

2
∥b∥21

(
ζ

ζ − 1

)2

((1−√q)ζ2)t

=
L+ µ

2
∥b∥21

( √
1− ρ

√
1− ρ−

√
1−√q

)2

(1− ρ)t

=
L+ µ

2
∥b∥21

(
1

√
1− ρ−

√
1−√q

)2

(1− ρ)t+1

≤ L+ µ

2
∥b∥21

4

(
√
q − ρ)2

(1− ρ)t+1 =
2(L+ µ)∥b∥21
(
√
q − ρ)2

(1− ρ)t+1,

where the last inequality uses the fact that
√
1− ρ −

√
1−√q ≥

√
q−ρ
2 . Since f is µ-strongly

convex, then

∥D−1/2(x(t) − x∗
f )∥∞ ≤ ∥x(t) − x∗

f∥2 ≤
√

2

µ
(f(x(t))− f(x∗

f )),

which leads us to have the upper bound in Eq. (24). Then, we have the following inequality

∥D−1/2(x(t) − x∗
f )∥∞ ≤

2
√
(L+ µ)∥b∥1√
µ(
√
q − ρ)

(1− ρ)
t+1
2

The above theorem implies that if ht(x(t)) − h∗t ≤ φt :=
(L+µ)∥b∥2

1(1−ρ)
t

18 , then the function value

error satisfies f(x(t)) − f∗ :=
2(L+µ)∥b∥2

1

(
√
q−ρ)2 (1 − ρ)t+1 = 36φt(1−ρ)

(
√
q−ρ)2 . Based on Corollary A.6, we

establish the total iteration complexity for AESP as presented in the following lemma.
Lemma 3.4 (Outer-loop iteration complexity of AESP). If each iteration of AESP, presented in
Algorithm 1, finds x(t) := z

(Kt)
t usingM, satisfying ht(z

(Kt)
t ) − h∗t ≤ φt := (L + µ)∥b∥21(1 −

ρ)t/18, then the total number of iterations T required to ensure x̂ = AESP(ϵ, α, b, η,G,M) ∈
P(ϵ, α, b,G) as defined in Eq. (3), for solving (P1), satisfies the bound

T ≤ 1

ρ
log

(
4(L+ µ)∥b∥21
µϵ2(
√
q − ρ)2

)
, where ρ = 0.9

√
q and q =

µ

µ+ η
.

Furthermore, φt has a lower bound φt ≥ µϵ2(
√
q − ρ)2/72 for all t ∈ [T ].

Proof. As f is µ-strongly convex, then µ
2 ∥D

−1/2(x(t)−x∗)∥2∞ ≤
µ
2 ∥x

(t)−x∗∥22 ≤ f(x(t))− f∗.

It is enough to find a minimal integer T such that f(x(T )) − f∗ ≤ µϵ2

2 . That is, f(x(T )) − f∗ ≤
2(L+µ)∥b∥2

1

(
√
q−ρ)2 (1− ρ)T+1 ≤ µϵ2/2. We have

2(L+ µ)(1− ρ)T+1∥b∥21
(
√
q − ρ)2

≤ µϵ2

2

⇒ (1− ρ)T+1 ≤
µϵ2(
√
q − ρ)2

4(L+ µ)∥b∥21
⇒ T ≤ 1

ρ
log

(
4(L+ µ)∥b∥21
µϵ2(
√
q − ρ)2

)
.

The minimal T satisfies the above inequality means (1− ρ)T has the following lower bound

(1− ρ)T ≥
µϵ2(
√
q − ρ)2

4(L+ µ)∥b∥21
.

Applying Corollary A.5, we know that ht(z
(Kt)
t ) − h∗t ≤ φt :=

1
18 (L + µ)∥b∥21(1 − ρ)t, then φT

is guaranteed lower bounded as

72φT := 4(L+ µ)∥b∥21(1− ρ)T ≥ µϵ2(
√
q − ρ)2 ⇒ φT ≥

µϵ2(
√
q − ρ)2

72
.
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A.5 Proof of Theorem 3.5

Theorem 3.5 (Time complexity of AESP). Let the simple graph G(V, E) be connected and undi-
rected, and let f(x) be defined in (P1). Assume the precision ϵ > 0 satisfies {i : |bi| ≥ ϵdi} ̸= ∅
and damping factor α < 1/2. Applying x̂ = AESP(ϵ, α, b, η,G,M) with η = L − 2µ and M
be either LOCGD or LOCAPPR, then AESP presented in Algorithm 1, finds a solution x̂ such that
∥D−1/2(x̂− x∗

f )∥∞ ≤ ϵ with the dominated time complexity T bounded by

T ≤
T∑
t=1

min

{
vol(St)
τγt

log
C0
ht

CKt

ht

,
C0
ht
− CKt

ht

τϵt

}
, with

vol(St)
γt

≤ min

{
C0
ht

ϵt
, 2m

}
,

where τ , ϵt, C0
ht

and CKt

ht
are defined in Theorem 3.3. Furthermore, q = µ/(L−µ) and the number

of outer iterations satisfies

T ≤ 10

9
√
q
log

(
400(L+ µ)∥b∥21

µϵ2q

)
= Õ

(
1√
α

)
.

Proof. By the definition of total time complexity T in Eq. (4), we have T =
∑T
t=1 T LOCGD

t or
T =

∑T
t=1 T LOCAPPR

t . Hence, the overall time complexity directly follows from Theorem 3.3 and
Theorem A.3. The upper bound on the total iteration complexity T is from Lemma 3.4. When
α = µ < 0.5, we have q =

√
α/(1− α), leading to an iteration complexity of T = Õ(1/

√
α).

A.6 Proof of Theorem 3.6

The following theorem establishes the time complexity of AESP-PPR (Algorithm 2).
Theorem 3.6 (Time complexity of AESP-PPR). Let the simple graph G(V, E) be connected and
undirected, assuming α < 1/2. The PPR vector of s ∈ V is defined in Eq. (1), and the precision
ϵ ∈ (0, 1/ds). Suppose π̂ = AESP-PPR(ϵ, α, s,G,M) be returned by Algorithm 2. WhenM is
either LOCGD (Algorithm 3) or LOCAPPR (Algorithm 4), then π̂ satisfies ∥D−1(π̂ − π)∥∞ ≤ ϵ
and AESP-PPR has a dominated time complexity bounded by

T ≤ min

{
Õ
(
vol(STmax)√
αγTmax

)
, Õ

(
maxt C

0
ht√

αϵT

)}
= min

{
Õ
(
m√
α

)
, Õ
(
R2/ϵ2√

α

)}
, (25)

where Tmax := argmaxt∈[T ] vol(St)/γt and R is defined in Eq. (7).

Proof. We first analyze the total iteration complexity T required in Algorithm 2. For the PPR
problem defined in (1), when α < 0.5, b = es, µ = α, L = 1, η = 1− 2α, q =

√
α/(1− α), and

ρ = 0.9
√
q, we seek to determine t such that (1− ρ)t+1 ≤ α2ϵ2/(400(1− α2)). Since ρ = 0.9

√
q,

the total iteration complexity simplifies to

T ≤ 1

ρ
log

(
4(L+ µ)∥b∥21
µϵ2(
√
q − ρ)2

)
≤
⌈
1

ρ
log

(
400(1− α2)

α2ϵ2

)⌉
=

⌈
10

9

√
1− α
α

log

(
400(1− α2)

α2ϵ2

)⌉
.

For t ∈ [T ], φt := L+µ
18 ∥b∥

2
1(1 − ρ)t and we know that 2(L+µ)∥b∥2

1

(
√
q−ρ)2 (1 − ρ)t+1 ≤ µϵ2

2 , then φt =

L+µ
18 ∥b∥

2
1(1 − ρ)t ≤ (

√
q − ρ)2µϵ2/(72(1 − ρ)). As ϵt = max{

√
(η+α)φt

m , 2(η+α)φt

∥∇h1/2
t (z

(0)
t )∥1

} from

Lemma 3.2, then for t ∈ [T ], we have

ϵt ≥
2(η + α)φt

∥∇h1/2t (z
(0)
t )∥1

≥ 2(η + α)φT

∥∇h1/2t (z
(0)
t )∥1

=
(η + α)(

√
q − ρ)2µϵ2

36(1− ρ)∥∇h1/2t (z
(0)
t )∥1

=
α2ϵ2

3600(1− 0.9
√
q)∥∇h1/2t (z

(0)
t )∥1

,

where the first equality follows from Lemma 3.4, which states that φT ≥ µϵ2(
√
q−ρ)2

72 .
By the bounded level set assumption for the scaled gradient, we have ∥∇h1/2t (z

(0)
t )∥1 ≤
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R∥∇h1/21 (z
(0)
1 )∥1 = R∥∇h1/21 (0)∥1 = R∥αes∥1 = αR where we assume that z(0)

1 = 0. This
leads to

maxt C
0
ht

ϵT
≤

3600(1− 0.9
√
q)∥∇h1/2t (z

(0)
t )∥1 ·maxt C

0
ht

α2ϵ2

≤
3600(1− 0.9

√
q)R2α2

α2ϵ2
= O

(
R2

ϵ2

)
Note that Tmax := argmaxt∈[T ] vol(St)/γt and that vol(St)

γt
≤ min

{
CTmax

ϵTmax
, 2m

}
. By combining

the two bounds above, we complete the proof of the theorem.

A.7 Proof of Corollary A.7

Corollary A.7. Let x(Kt)
t be the output of either LOCGD or LOCAPPR, as defined in Algorithm 3

and Algorithm 4, respectively. Define the objective error as et(z
(Kt)
t ) := ht(z

(Kt)
t )−ht(x∗

t ). Then,
the following bound holds

et(z
(Kt)
t ) ≤ 1

(1− α)
·
Kt−1∏
k=0

(
1− 2γ

(k)
t

3

)2

∥∇h1/2t (z
(0)
t )∥21.

Proof. Recall Q̃ = 1+α+2η
2 I − 1−α

2 D−1/2AD−1/2, and the target linear system to solve is Q̃z =

b(t−1). Note that

Π η+α
1+η

:=
η + α

1 + η

(
1 + η+α

1+η

2
I −

1− η+α
1+η

2
AD−1

)−1

=
η + α

1 + η

(
1 + α+ 2η

2(1 + η)
I − 1− α

2(1 + η)
AD−1

)−1

= (η + α)

(
1 + α+ 2η

2
I − 1− α

2
AD−1

)−1

.

Hence, D−1/2Π η+α
1+η

D1/2 = (η + α)Q̃−1. Recall x∗
t = Q̃−1b(t−1). Let (ẑ, r̂) be estimate and

residual pair, then ẑ − x∗
t = −Q̃−1r̂ = Q̃−1∇ht(ẑ). Since ht is L + η-strongly smooth, then for

any z ∈ Rn, it implies ht(z) − ht(x∗
t ) ≤

η+L
2 ∥z − x∗

t ∥22. Let z(Kt)
t be the estimate returned by

APPR or LOCGD, then we have

ht(z
(Kt)
t )− ht(x∗

t ) ≤
η + L

2
∥z(Kt)
t − x∗

t ∥22

=
η + L

2
∥Q̃−1∇ht(z(Kt)

t )∥21

=
(η + L)

2(η + α)2
∥D−1/2Π η+α

1+η
D1/2∇ht(z(Kt)

t )∥21

≤ (η + L)

2(η + α)2
∥D1/2∇ht(z(Kt)

t )∥21,

where the last inequality is from the fact that for any ν > 0, ∥D−1/2Πν∥1 ≤ 1. From previous
analysis we know that ∥D1/2∇ht(z(Kt)

t )∥1 ≤
∏Kt−1
k=0 (1 − 2(α+η)

1+α+2ηγ
(k)
t )∥D1/2∇ht(z(0)

t )∥1. We
have a final upper-bound

ht(z
(Kt)
t )− ht(x∗

t ) ≤
(η + L)

2(η + α)2
·
Kt−1∏
k=0

(
1− 2(α+ η)

1 + α+ 2η
γ
(k)
t

)2

∥∇h1/2t (z
(0)
t )∥21.

We derive the bound under the condition that η = 1− 2α.
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B Related Work

Personalized PageRank. Personalized PageRank (PPR), initially introduced as a variant of Googles
PageRank [12], was further studied in [25, 27]. A key property of PPR is that its important entries
are concentrated near the source node, allowing for effective retrieval of relevant information even
at a lower precision ϵ. These important entries follow the power-law distribution [7, 23]. Computing
ϵ-approximate PPR vectors is fundamental for analyzing large-scale graph-structured data, with
applications in local clustering [4, 5, 36, 44], modeling diffusion processes [7, 14, 21], and training
node embeddings or graph neural networks [10, 15, 22, 29]. Further discussions on PPR-related
problems can be found in [11, 26, 28, 49, 50].

There exist well-established iterative methods for computing PPR, particularly those based on solv-
ing linear systems [24, 43, 51]. Among these, the Conjugate Gradient Method (CGM) and the Cheby-
shev method [16] are commonly employed for solving the symmetrized form of Eq. (1). These
approaches typically achieve a time complexity of Õ(m/

√
α), where m is the number of edges.

Further improvements have been made through symmetric diagonally dominant solvers [31, 45]
and Anikin et al. [6] proposed an algorithm for the PageRank problem with a runtime complexity
dependent on |V|. However, we focus on local methods that avoid accessing the entire graph.

Local algorithms and accelerations. Unlike standard solvers, local solvers [3, 4, 9, 30, 42] exploit
that the big entries of π are concentrated in a small part of the graph. Specifically, Andersen et al.
[4] proposed the Approximate Personalized PageRank (APPR) algorithm, achieving a time com-
plexity of O(1/(αϵ)). To further characterize the locality of π, Fountoulakis et al. [20] introduced
a variational formulation of (1) and applied a proximal gradient method to compute local estimates
with time complexity of Õ(1/((α+ µ2)ϵ)), where µ > 0 is a local conductance constant associated
with G. Both methods critically depend on the monotonic reduction of the residual or gradient to
ensure convergence. The equivalence between APPR and other methods such as Gauss-Seidel and
coordinate descent has been considered [32, 40, 46, 47] but does not focus on local analysis.

The question of whether an algorithm with time complexity Õ(1/(
√
αϵ)) can be achieved using

methods such as FISTA [8], linear coupling [2], or other methods [1, 13] was raised in Fountoulakis
and Yang [19]. However, the difficulty is that algorithms such as FISTA violate the monotonicity
property where the volume accessed of per-iteration cannot be bounded properly. The work of Zhou
et al. [52] proposes a locally evolving set process for localizing standard iterative methods for solving
large-scale linear systems. However, their accelerated convergence rate framework strongly assumes
that the residual has a geometric reduction rate, which could not be true in real-world settings. The
work of Martínez-Rubio et al. [37] employs a nested APGD method, achieving a time complexity of
Õ(|S∗|ṽol(S∗)/

√
α+ |S∗| vol(S∗)) where |S∗| = | supp(x∗

ψ)| (with x∗
ψ being the optimal solution

of Eq. (P2)) and ṽol (S∗) denoting the number of edges in the induced subgraph from S∗. The
factor |S∗| appears in the bound due to the worst-case number of calls required for applying APGD.
In contrast, our proposed framework introduces a novel local strategy that provably runs in 1/

√
α

outer-loop iterations. Furthermore, we incorporate the Catalyst framework [33, 34], which ensures
that each iteration maintains locality, allowing the overall time complexity to be locally bounded.

C Implementation Details and More Experimental Results

Algorithm 3 and Algorithm 4 present LOCGD and LOCAPPR respectively. They iteratively update
the active node set in a queue data structureQ, ensuring a localized and efficient computation of the
PPR estimate.

C.1 Datasets and Preprocessing

In our main experiments, we evaluate the proposed method on a medium-scale graph com-dblp
and four large-scale graphs ogb-mag240m, ogbn-papers100M, com-friendster, and wiki-en21. To
further investigate the effectiveness and acceleration performance of our approach on different sizes
of graphs, we conducted additional experiments on more graphs. we treat all 19 graphs as undirected
with unit weights. We remove self-loops and keep the largest connected component when the graph
is disconnected. Table 2 presents the key statistics of these datasets, including the number of nodes
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Algorithm 3 LOCGD(φt,y
(t−1), η, α, b,G)

1: Initialize: z ← y(t−1)

2: if ∥∇h1/2t (z
(0)
t )∥1 = 0 then

3: Return z

4: ϵt = max
{√

(µ+η)φt

m , 2(η+α)φt

∥∇h1/2
t (z

(0)
t )∥1

}
5: Q ← {u : ϵt

√
du ≤ |∇uht(z)|}

6: k = 0
7: while Q ̸= ∅ do
8: S(k)t = []
9: while Q ̸= ∅ do

10: u← Q. dequeue()
11: S(k)t . append ((u,∇uht(z)))
12: zu ← zu − 2

1+α+2η∇uht(z)
13: ∇ht(z)u ← 0
14: for (u,∇uht(z)) ∈ St do
15: for v ∈ N (u) do
16: ∇vht(z) ← ∇vht(z) +

1−α
1+α+2η

∇uht(z)√
dudv

17: if |∇vht(z)| ≥ ϵt
√
dv and v /∈ Q

then
18: Q. enqueue(v)
19: k ← k + 1
20: Return x(t) ← z.

Algorithm 4 LOCAPPR(φt,y
(t−1), η, α, b,G)

1: Initialize: z ← y(t−1)

2: if ∥∇h1/2t (z
(0)
t )∥1 = 0 then

3: Return z

4: ϵt ← max
{√

(µ+η)φt

m , 2(η+α)φt

∥∇h1/2
t (z

(0)
t )∥1

}
5: Q ← {u : ϵt

√
du ≤ |∇uht(z)|}

6: while Q ̸= ∅ do
7: u← Q.dequeue()
8: if |∇uht(z)| < ϵt

√
du then

9: continue
10: δ ← ∇uht(z)
11: zu ← zu − 2δ

1+α+2η

12: for v ∈ N (u) do
13: ∇vht(z) ← ∇vht(z) + 1−α

1+α+2η ·
δ√

du
√
dv

14: if |∇vht(z)| ≥ ϵt
√
dv and v /∈ Q

then
15: Q.enqueue(v)
16: if |∇uht(z)| ≥ ϵt

√
du and u /∈ Q

then
17: Q.enqueue(u)
18: Return x(t) ← z

(n) and edges (m). The largest graph in our extended experiments contains up to 200 million nodes
and 1 billion edges, as shown in Table 2.

C.2 Problem Settings and Baseline Methods

For solving Equation (P1) and (P2) on 19 graphs, we randomly select 5 source nodes s from each
graph. The damping factor α and convergence threshold ϵ were fixed at α = 0.1 and ϵ = 1× 10−6

throughout all experiments unless otherwise specified. To compare with AESP-LOCAPPR and
AESP-LOCGD, we primarily consider LOCGD, APPR, LOCCH, FISTA, and ASPR methods as
baselines. All our methods are implemented in Python with numba acceleration tools. Both ASPR
and FISTA use a precision of ϵ̃ = 0.1 and the parameter ϵ̂ = ϵ/(1 + ϵ̃) as suggested in [20].

C.3 Additional experimental results

Comparison of baseline methods. Fig. 6 compares the convergence behaviors of AESP-
LOCAPPR and ASPR for the com-dblp graph, with parameters α = 0.01 and ϵ = 0.1/n. As evi-
denced by the early-stage iterations in the subplots, AESP-LOCAPPR achieves significantly faster
convergence compared to ASPR. Although ASPR guarantees monotonic decrease in the ℓ1-norm
of gradients, this property comes at the expense of requiring increasingly iterative points, which
consequently reduces computational efficiency.

Fig. 7 demonstrates the superior convergence behavior of AESP-LOCAPPR, AESP-LOCGD com-
pared to baseline methods (LOCCH, and FISTA) on the com-dblp graph, with parameters α = 0.01
and ϵ = 0.1/n. AESP-LOCAPPR and AESP-LOCGD has rapid error reduction within the first
1× 107 operations.

Fig. 8 presents results on the estimation error reduction for 4 datasets: wiki-talk, ogbn-arxiv, com-
youtube, and com-dblp. The acceleration effect of the AESP method is particularly evident in the
initial stages.

Full results of 19 graphs. Fig. 9 demonstrates the performance comparison of our proposed algo-
rithm against baseline methods (APPR, APPR Opt, and LocGD) across 19 graphs of varying scales,

28



Table 2: Dataset Statistics

Notations Dataset Name n m

G1 as-skitter 1694616 11094209
G2 cit-patent 3764117 16511740
G3 com-dblp 317080 1049866
G4 com-friendster 65608366 1806067135
G5 com-lj 3997962 34681189
G6 com-orkut 3072441 117185083
G7 com-youtube 1134890 2987624
G8 ogb-mag240m 244160499 1728364232
G9 ogbl-ppa 576039 21231776
G10 ogbn-arxiv 169343 1157799
G11 ogbn-mag 1939743 21091072
G12 ogbn-papers100M 111059433 1615685450
G13 ogbn-products 2385902 61806303
G14 ogbn-proteins 132534 39561252
G15 soc-lj1 4843953 42845684
G16 soc-pokec 1632803 22301964
G17 sx-stackoverflow 2584164 28183518
G18 wiki-en21 6216199 160823797
G19 wiki-talk 2388953 4656682
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Figure 6: Comparison of of AESP-LOCAPPR
versus ASPR, log ∥D−1(π̂−π)∥∞ over the op-
erations on the com-dblp graph with α = 0.01
and ϵ = 0.1/n (Insets Show Early-stage Itera-
tion Details)
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Figure 7: Comparison of log ∥D−1(π̂ − π)∥∞
over the operations on the com-dblp graph with
α = 0.01 and ϵ = 0.1/n, illustrating the perfor-
mance of AESP-LOCAPPR, AESP-LOCGD,
LOCCH, and FISTA.

while Table 3 and 4 present the corresponding operation counts and running times across different
graphs. The results clearly show that AESP-based methods (AESP-LOCAPPR and AESP-LOCGD)
achieve significantly faster error reduction during initial iterations, highlighting their superior con-
vergence properties, while maintaining robust performance across all graph scales from small to
extremely large graphs, which substantiates the algorithmic robustness.

Table 4 reveals that our algorithm exhibits suboptimal performance on certain graphs, which can be
attributed to the computational overhead introduced by the iterative parameter initialization process
(particularly for φt and ϵt in inner-loops). While this initialization overhead marginally increases
runtime in some cases, it crucially enables the superior convergence rates. What’s more, this trade-
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Table 3: Operations Needed for five local solvers on 19 graphs datasets.

Graph APPR APPR Opt LocGD AESP-LocGD AESP-LocAPPR

as-skitter 3.06e+06 1.39e+06 1.94e+06 1.26e+06 1.00e+06
cit-patent 3.86e+06 1.81e+06 2.62e+06 1.45e+06 1.27e+06
com-dblp 6.07e+06 3.18e+06 4.66e+06 1.63e+06 1.43e+06
com-friendster 8.35e+05 3.20e+05 3.87e+05 6.65e+05 6.57e+05
com-lj 1.73e+06 7.14e+05 9.69e+05 8.18e+05 7.70e+05
com-orkut 1.32e+06 5.72e+05 7.06e+05 8.29e+05 8.19e+05
com-youtube 2.27e+06 1.33e+06 1.60e+06 1.27e+06 1.09e+06
ogb-mag240m 1.92e+06 8.46e+05 9.86e+05 7.54e+05 7.01e+05
ogbl-ppa 8.19e+05 4.36e+05 4.53e+05 7.45e+05 7.33e+05
ogbn-arxiv 1.20e+07 5.47e+06 8.99e+06 2.59e+06 2.25e+06
ogbn-mag 9.23e+05 3.89e+05 4.45e+05 6.65e+05 6.33e+05
ogbn-papers100M 1.18e+06 5.05e+05 5.86e+05 8.38e+05 7.98e+05
ogbn-products 2.00e+06 9.73e+05 1.30e+06 9.11e+05 8.89e+05
ogbn-proteins 7.55e+05 7.73e+05 7.60e+05 9.20e+05 9.20e+05
soc-lj1 2.45e+06 1.09e+06 1.53e+06 1.03e+06 9.51e+05
soc-pokec 1.58e+06 7.13e+05 7.98e+05 9.38e+05 8.95e+05
sx-stackoverflow 9.08e+05 3.47e+05 4.39e+05 5.18e+05 4.88e+05
wiki-en21 7.19e+05 2.18e+05 2.27e+05 5.47e+05 5.36e+05
wiki-talk 1.39e+06 7.76e+05 9.83e+05 6.79e+05 5.42e+05
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Figure 8: Performance comparison of five local solvers across four graphs: wiki-talk, ogbn-arxiv,
com-youtube, and com-dblp (with parameters α = 0.01 and ϵ = 0.1/n).

off between initialization overhead and convergence acceleration becomes increasingly favorable as
the graph size grows.

Initialization of z(0)
t . Fig. 2 presents a comprehensive comparison of different initialization strate-

gies for the inner-loop optimization in AESP-LocAPPR, where we identify z
(0)
t = y(t−1) as the rec-

ommended choice based on empirical evidence. This supplementary investigation further evaluates
the performance of AESP-LOCAPPR and AESP-LOCGD under varying initialization approaches
(y(t−1) versus momentum-free x(t−1) versus zero-initialization) with fixed parameters α = 0.01
and ϵ = 0.1/n. Fig. 10 demonstrating that the proposed y(t−1) initialization yields significantly
superior convergence characteristics compared to both the x(t−1)-based and cold-start alternatives.
While all three initialization strategies (y(t−1), x(t−1) and zero-initialization) exhibit comparable
performance during the initial iterations, the y(t−1)-based approach establishes substantial superior-
ity in later optimization stages.
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Table 4: Running times

Graph APPR APPR Opt LocGD AESP-LocGD AESP-LocAPPR

as-skitter 6.90e-01 3.18e-01 4.24e-01 5.62e+00 5.63e+00
cit-patent 5.05e-01 2.50e-01 9.97e-02 6.08e-02 1.87e-01
com-dblp 6.38e-01 3.28e-01 7.74e-02 2.32e-02 1.41e-01
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Figure 9: Comparison of five local solvers over 19 graphs
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Figure 10: Comparison of AESP-LOCAPPR and AESP-LOCGD with three initializations on the
graph com-dblp (with parameters α = 0.01 and ϵ = 0.1/n).
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NeurIPS Paper Checklist
1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?
Answer: [Yes]
Justification: The main claims made in the abstract and introduction accurately reflect our
contributions and scope. We propose a novel framework based on nested evolving set pro-
cesses and employ inexact proximal point iterations to accelerate Personalized PageRank
(PPR) computation.
Guidelines:

• The answer NA means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these
goals are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: We discussed several limitations of our proposed work in the last section.
Guidelines:

• The answer NA means that the paper has no limitation while the answer No means
that the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate "Limitations" section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The au-
thors should reflect on how these assumptions might be violated in practice and what
the implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the ap-
proach. For example, a facial recognition algorithm may perform poorly when image
resolution is low or images are taken in low lighting. Or a speech-to-text system might
not be used reliably to provide closed captions for online lectures because it fails to
handle technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to ad-
dress problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]
Justification: The paper thoroughly presents theoretical results, including the full set of
assumptions necessary for each theorem and lemma. Each proof is detailed and follows
logically from the stated assumptions, ensuring correctness.
Guidelines:

• The answer NA means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theo-

rems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a
short proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be comple-
mented by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclu-
sions of the paper (regardless of whether the code and data are provided or not)?
Answer: [Yes]
Justification: We provide comprehensive details on the experimental setup, including de-
scriptions of the datasets used, parameter settings, and the specific algorithms applied. We
also provided our code for review and will make it public upon publication.
Guidelines:

• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps
taken to make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture
fully might suffice, or if the contribution is a specific model and empirical evaluation,
it may be necessary to either make it possible for others to replicate the model with
the same dataset, or provide access to the model. In general. releasing code and data
is often one good way to accomplish this, but reproducibility can also be provided via
detailed instructions for how to replicate the results, access to a hosted model (e.g., in
the case of a large language model), releasing of a model checkpoint, or other means
that are appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all sub-
missions to provide some reasonable avenue for reproducibility, which may depend
on the nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear

how to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to re-
produce the model (e.g., with an open-source dataset or instructions for how to
construct the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case au-
thors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
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some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We provide open access to the data and code, along with instructions in the
supplemental material.

Guidelines:

• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/

public/guides/CodeSubmissionPolicy) for more details.
• While we encourage the release of code and data, we understand that this might not

be possible, so No is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We follow the existing experimental setup and provide detailed information
on the training and testing settings used for AESP-LocAPPR and AESP-LocGD.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of

detail that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.

7. Experiment statistical significance
Question: Does the paper report error bars suitably and correctly defined or other appropri-
ate information about the statistical significance of the experiments?

Answer: [Yes]

Justification: The paper reports error bars and other relevant information about the statisti-
cal significance of the experiments. We use 50 randomly sampled nodes and plot the mean
of the results.

Guidelines:

• The answer NA means that the paper does not include experiments.
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• The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should prefer-

ably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of
Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?
Answer: [Yes]
Justification: The experiments were conducted using Python 3.10 with CuPy and Numba
libraries on a server with 96 cores, 503GiB of memory, and four NVIDIA RTX A6000
GPUs with 28GB each.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments
that didn’t make it into the paper).

9. Code of ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?
Answer: [Yes]
Justification: The research adheres to all aspects of the NeurIPS Code of Ethics.
Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a

deviation from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consid-

eration due to laws or regulations in their jurisdiction).
10. Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
Answer: [Yes]
Justification: There are no broader societal impacts, as it focuses on technical contributions.
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Guidelines:

• The answer NA means that there is no societal impact of the work performed.
• If the authors answer NA or No, they should explain why their work has no societal

impact or why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact spe-
cific groups), privacy considerations, and security considerations.

• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitiga-
tion strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [Yes]

Justification: The paper does not involve data or models with a high risk for misuse.

Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by re-
quiring that users adhere to usage guidelines or restrictions to access the model or
implementing safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: The paper does not involve licenses for existing assets.

Guidelines:

• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
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• For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

• If assets are released, the license, copyright information, and terms of use in the pack-
age should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the li-
cense of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets
Question: Are new assets introduced in the paper well documented and is the documenta-
tion provided alongside the assets?

Answer: [Yes]

Justification: The paper does not involve new assets.

Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can
either create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
Question: For crowdsourcing experiments and research with human subjects, does the pa-
per include the full text of instructions given to participants and screenshots, if applicable,
as well as details about compensation (if any)?

Answer: [Yes]

Justification: The paper does not involve crowdsourcing and research with human subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

• Including this information in the supplemental material is fine, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should
be included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, cura-
tion, or other labor should be paid at least the minimum wage in the country of the
data collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [Yes]

Justification: The paper does not involve institutional review board (IRB) approvals or
equivalent for research with human subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.
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• Depending on the country in which research is conducted, IRB approval (or equiva-
lent) may be required for any human subjects research. If you obtained IRB approval,
you should clearly state this in the paper.

• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity
(if applicable), such as the institution conducting the review.

16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.
Answer: [Yes]
Justification: The paper does not describe the usage of LLMs as an important, original, or
non-standard component of the core methods in this research.
Guidelines:

• The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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