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Abstract

Spectral optimizers such as Muon have recently shown strong empirical performance in large-scale
language model training, but the source and extent of their advantage remain poorly understood. We
study this question through the linear associative memory problem, a tractable model for factual
recall in transformer-based models. In particular, we go beyond orthogonal embeddings and consider
Gaussian inputs and outputs, which allows the number of stored associations to greatly exceed
the embedding dimension. Our main result sharply characterizes the recovery rates of one step of
Muon, SGD, and Newton’s method on the logistic regression loss under a power law frequency
distribution. We show that the storage capacity of Muon significantly exceeds that of SGD, and even
matches Newton’s method while only using first-order information. Moreover, Muon saturates at a
larger critical batch size. We further analyze the multi-step dynamics under a thresholded gradient
approximation and show that Muon achieves a substantially faster initial recovery rate than SGD,
while both methods eventually converge to the information-theoretic limit at comparable speeds.
Experiments on synthetic tasks validate the predicted scaling laws.

1. Introduction

Large language models (LLMs) with billions of parameters are typically trained using adaptive
first-order optimization algorithms. The workhorse of modern neural network optimization has long
been the Adam optimizer and its variants [23, 32]. However, there has been growing interest in
matrix-based or spectral optimizers [15, 20, 34, 51], which explicitly utilize the matrix structure
of neural network parameters. Among these methods, Muon [20] has shown strong empirical
performance in large-scale pretraining studies [31], even outperforming Adam at sufficiently large
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batch sizes [45, 55]. However, it remains unclear which aspects of modern language model training
make this update particularly effective.

To investigate this question, we analyze the dynamics of Muon versus stochastic gradient descent
(SGD) and Newton’s method on the task of learning linear associative memory. The associative
memory task, introduced in Cabannes et al. [5], Nichani et al. [37], provides a simple model of factual
recall in language models [1, 42], and captures the ability of transformer-based models to store factual
knowledge within the self-attention matrices. The goal is to store a collection of atomic associations
(i.e., facts), expressed as N pairs of input and output embeddings {(vi, ui)}i∈[N ] ⊂ Rd, using a
weight matrix W ∈ Rd×d so that ui ≈Wvi. We train W by casting this task as a multiclass logistic
regression problem with logits given by u⊤j Wvi and optimizing cross-entropy loss (Section 2).

Recent work has studied the benefit of spectral optimizers on related associative memory tasks [29,
54], but under an orthogonality assumption on the embeddings ui, vi. This requires the embedding
dimension d to be larger than the number of stored items N . In contrast, we study the regime in which
ui and vi are drawn i.i.d. from an isotropic Gaussian distribution, so that the number of stored items
can greatly exceed the embedding dimension (N ≫ d). This captures the ability of language models
to store items, or features, in superposition [10], where the total number of features is far greater than
the ambient dimension. Indeed, under this random-embedding model, it is information-theoretically
possible for W to store up to Θ̃(d2) items [37]. At the same time, removing orthogonality makes the
learning dynamics substantially more intricate [50] and they remain poorly understood.

Motivated by Zipf’s law, we assume that the ith item appears with power-law frequency pi ∼ i−α,
parallel to previous theoretical analyses on scaling laws [4, 26, 30, 36, 39, 41]. We also consider the
minibatch versions of SGD and Muon, where at each timestep a new batch of size B is sampled with
replacement. Under this setting, our main result sharply characterizes the one-step recovery of Muon,
showing that Muon outperforms SGD and stores significantly more items than in the orthogonal case.

Theorem 1.1 (Informal version of Theorems 3.1, 3.3, B.1) Let d be the embedding dimension
and B be the batch size, and suppose the ith item has power law frequency pi ∝ i−α for α > 1. One
step of Muon on the associative memory task recovers the top Θ̃(min{d1+

1
2α , B

1
α }) most frequent

items, matching the Newton update, while one step of SGD recovers Θ̃(min{d
1
2α , B

1
α }) items.

Surprisingly, Muon is even able to match Newton’s method – the gold standard of curvature-aware
optimization – using only first-order information, demonstrating the power of spectral preconditioning.
The theorem also implies that the critical batch size, beyond which increasing batch size does not
yield performance gains, is much larger for Muon compared to SGD. The capacity exponents and
batch size saturation predicted by our theory are empirically verified by our experiments (Figure 1).
Furthermore, we study the multi-step trajectories of Muon and SGD under a simplifying thresholded
gradient update, and show the following scaling laws for the recovery rate.

Theorem 1.2 (Informal version of Theorems 4.1, 4.2) Under the thresholded update, t steps of
Muon recover the top Θ̃(d2−(1− 1

2a
)t) items. In contrast, t steps of SGD recover the top dt items

where dt is given by the recursion dt+1 = Θ̃(d
1
2αdt) if dt ≲ d, and dt+1 = Θ̃(d

1
αd

1− 1
2α

t ) if dt ≳ d.

The main takeaways from our analysis are as follows.
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Figure 1: (a) Capacity achieved by one Muon and GD step on the population objective; Muon
improves storage capacity when frequency is power-law distributed with exponent α > 1. (b) Critical
batch size for the first Muon and SGD step (α = 1.5); Muon saturates at a much larger batch size.

(1) Muon improves storage efficiency. In the population regime B → ∞, one step of Muon is
able to recover the top d1+

1
2α items, matching Newton’s method, while one step of SGD only

recovers the top d
1
2α (see Figure 1a). Noticeably, a single step of Muon is able to store more

than d items, which is the maximal value when embeddings are constrained to be orthogonal. In
other words, Muon effectively stores more features than dimensions via superposition.

(2) The benefit of Muon comes at larger batch sizes. When the batch size B is small, Muon
and SGD both recover the top B

1
α items. However, the performance of SGD saturates at a

batch size of B ≍
√
d, while Muon saturates at the much larger batch size of B ≍ dα+

1
2

(see Figure 1b). This aligns with empirical observations that Muon significantly outperforms
non-spectral optimizers only at large batch sizes [55].

(3) Muon accelerates early in training. The SGD exponent initially scales linearly, requiring ⌈2α⌉
steps to reach dt ≳ d, while Muon exceeds this in a single step. However, once SGD enters
this regime, both updates exhibit the same exponential convergence rate to the optimal Θ̃(d2)
capacity. Thus, the main benefits of Muon (with appropriate batch size) appear earlier in training
when gradients are strongly anisotropic, explaining the short-term gains observed in [45].

The paper is organized as follows. In Section 2, we formally define the associative memory task.
An overview of related work is deferred to Appendix A. Section 3 contains our main result on the
scaling of one step of Muon, followed by our results on one step of SGD and Newton in Appendix B.
We provide an argument that Muon is the asymptotically optimal one-step update in Appendix C. In
Section 4, we extend our scaling analysis to multiple steps along the Muon and SGD trajectories.
Simulations verifying our predicted scaling laws and batch size analysis are provided in Appendix D.

2. Setting: Associative Memory

Linear associative memory. The goal of the associative memory task is to store a collection of
atomic associations, or facts. Let [N ] be the input and output vocabulary. A set of facts is defined by
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a bijection f∗ : [N ]→ [N ], where the input token i is mapped to the output token f∗(i). Each token
is assigned an embedding vector vi ∈ Rd and an unembedding vector ui ∈ Rd, sampled i.i.d. from
the distribution N (0, 1dId). Without loss of generality, we will assume that f∗(i) = i for all i ∈ [N ].
We consider training a linear associative memory model, given by a weight matrix W ∈ Rd×d, to
store the fact dataset as the following multi-class classification problem. The score prediction for the
unembedding token uj associated to vi is defined as

p̂W(j | i) :=
exp

(
u⊤j Wvi

)∑
k∈[N ] exp

(
u⊤kWvi

) , ∀j ∈ [N ].

Let p ∈ ∆N denote the vector of probabilities of each item in the dataset. The population cross-
entropy loss is then defined as

L(W) := Ei∼p[− log pW(i | i)] = −
∑
i∈[N ]

pi

(
u⊤i Wvi − log

∑
j∈[N ]

exp
(
u⊤j Wvi

))
. (1)

We assume that p follows a power law, pi ∼ i−α with exponent α > 1. This condition is motivated
by Zipf’s law in statistical linguistics [40]; such a power law source condition is common in prior
analyses of scaling laws [4, 6, 26, 29, 30, 36, 39, 41].

We also consider optimizing W via the minibatch variant of Muon and SGD. Let B be the batch size.
A minibatch B is defined as a collection of tokens B := {i1, . . . , iB}, where each token is sampled
i.i.d from p. The loss on a minibatch B is defined by Eq. (1) with pi replaced by qi :=

1
B

∑
j∈B 1{i=j},

the empirical frequencies of each token in the batch B.

Muon. The Muon optimizer [20] directly operates on weight matrices. Let G = −∇WL(W;B)
be the negative loss gradient and denote by G = USV⊤ its singular value decomposition (SVD).
The polar map is defined as polar(G) := UV⊤; if G is full rank, then polar(G) = G(G⊤G)−1/2.
The Muon update is W←W + η · polar(G) (we omit momentum in our treatment).

In practice, rather than computing the exact SVD, one instead approximates polar(G) via a constant
number of Newton–Schulz iterations. Let φ(z) be a quadratic or higher-order polynomial. A single
Newton–Schulz iteration computes the mapping G 7→ Gφ(G⊤G) = USφ(S2)V⊤. The output of
multiple steps of Newton–Schulz is thus of the form Uh(S)V⊤, where h(z) is the function obtained
by composing z 7→ zφ(z2) with itself multiple times. φ is typically chosen so that h(z) ≈ 1.
This motivates a broad class of spectral optimizers: given a function h : R≥0 → R≥0 satisfying
h(0) = 0, one can define the spectral map h(G) = Uh(S)V⊤ and update the weight matrix as
W ←W + ηh(G). Within this scheme, gradient descent corresponds to h(z) = z, while exact
Muon corresponds to h(z) = sign(z).

For technical convenience, we will focus on a stabilized approximation to Muon: hλ(z) = z√
z2+λ2

for a hyperparameter λ, which as we will see determines the ‘resolution’ of the singular spectrum.
The limit λ → 0+ recovers the exact polar map. Given schedules {ηt}t≥0, {λt}t≥0, the Muon
updates {Wt}t≥0 are defined by

Wt+1 = Wt + ηtGt(G
⊤
t Gt + λ2

t Id)
−1/2, Gt := −∇WL(Wt;Bt) (2)

initialized at W0 = 0d×d. We also denote the estimated scores by p̂t = p̂Wt .
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3. One Step of Muon, SGD, and Newton

We say that the weight matrix W ∈ Rd×d recovers or stores item i if argmaxj∈[N ] p̂(j | i) = i, i.e.,
the diagonal or signal logit (j = i) dominates all off-diagonal or interaction logits (j ̸= i):

u⊤i Wvi > max
j ̸=i

u⊤j Wvi. (3)

Our main result sharply characterizes the set of recovered items after one Muon update.

Theorem 3.1 (one-step recovery of Muon) Let ui, vi for i ∈ [N ] be i.i.d. N (0, 1dId) vectors.
Let G0 = −∇WL(W0;B) be the negative gradient at initialization of the empirical loss on a
minibatch B of size B, or the population loss (equivalently B = ∞). Suppose N = poly(d),
N ≳ d2α+2 and set λ ≍ max

{
(log d)2α+2

dα , (log d)
2

B

}
. Then with high probability, the one-step Muon

update WMuon
1 ∝ hλ(G0) recovers all items up to

i ≲ min
{
i⋆, B

1
α (log d)−

1
α

}
, i⋆ ≍ d1+

1
2α (log d)−2− 5

α . (4)

This bound is tight (up to log factors) in the sense that for items i≫ i⋆, the signal and interaction
terms in Eq. (3) will be of the same order, so recovery cannot be guaranteed; moreover, items
i≫ B1/α have vanishing probability to even be observed in the minibatch B, and hence will only be
learned sporadically. From this, we see that the critical batch size, beyond which increasing B no
longer yields capacity gain, is

B⋆
Muon = Θ̃((i⋆)α) = Θ̃(dα+

1
2 ),

and this allows us to recover Θ̃(d1+
1
2α ) items. In Appendix C, we show that this capacity obtained

by the Muon update is asymptotically optimal. As a corollary, we also obtain the following guarantee
for the loss decrease after one step.

Corollary 3.2 Taking the learning rate η ≍ (log d)−4
√
d in the setting of Theorem 3.1, the one-step

update WMuon
1 = ηhλ(G0) achieves loss L(WMuon

1 ) ≤ Õ
(
max

{
d

1
2α

+ 1
2
−α, B

1
α
−1
})

.

The proof of Theorem 3.1 is developed in Appendices E, F; a sketch is provided in Appendix B.2.
The analysis reveals that λ effectively acts as a scale of resolution for the singular spectrum.

Stochastic gradient descent and Newton’s method. In contrast with Theorem 3.1, we prove a
tight bound on the number of recovered items for vanilla SGD on the same objective.

Theorem 3.3 (one-step recovery of SGD) In the setting of Theorem 3.1 and N ≳ d, with high
probability, the number of items recovered by the one-step SGD update WSGD

1 = ηG0 is

Θ̃
(
min

{
d

1
2α , B

1
α

})
.

In particular, the critical batch size for SGD is B⋆
SGD = Θ̃(

√
d), which is much smaller compared to

B⋆
Muon = Θ̃(dα+

1
2 ). In Appendix B.1, we further show that one step of Newton’s method achieves

the same capacity as in Theorem 3.1, up to log factors. In other words, Muon can match Newton for
the linear associative memory task without accessing any second-order information.

5



SHARP CAPACITY SCALING OF SPECTRAL OPTIMIZERS IN LEARNING ASSOCIATIVE MEMORY

4. Multiple steps of Muon and SGD

We now turn our attention to the entire update trajectory of Muon and SGD. To study the macroscopic
scaling behavior of these processes, we will adopt a simplifying heuristic. At step t, suppose all
items i = 1, · · · , dt have been recovered with p̂t(i | i) ≈ 1. We presume all items i > dt have not
been recovered at all, i.e. p̂t(i | i)≪ 1, and approximate the current gradient as

Gt ≈
∑
i∈[N ]

q
(t)
i (1− p̂t(i | i))uiv⊤i ≈

∑
i>dt

q
(t)
i uiv

⊤
i =: Ḡt (5)

where q(t) is the frequency vector of the tth minibatch. This can be viewed as a deflation process:
starting from all items G0 ≈

∑
i∈[N ] qiuiv

⊤
i , already-recovered items are continually removed from

the gradient after each update. Under this simplification, we derive the following sharp scaling law.

Theorem 4.1 (multi-step recovery of Muon) Let d0 = 0, T ∈ N and

dt = Θ̃
(
min{d2−(1− 1

2α
)t , B

1
α }
)
, λt = Θ̃

(
d−αt+1

√
d
)
, η ≍ (log d)−4

√
d.

Then for sufficiently large d, the iterates {Wt}t≥0 defined as W0 = 0, Wt+1 = Wt + ηhλt(Ḡt)

recover all items i = 1, · · · , dt at all steps t ≤ T , and moreover L(Wt) ≤ Õ(d1−αt ).

Thus for sufficiently large B, the recovery exponent 2− (1− 1
2α)

t converges exponentially to the
information-theoretic maximum 2 with a fixed learning rate. In comparison, for multiple steps of
SGD, we show a strictly suboptimal scaling law for any learning rate schedule.

Theorem 4.2 (multi-step recovery of SGD) Let T ∈ N and {ηt}t≥0 be any learning rate schedule.
Suppose the SGD iterates W0 = 0, Wt+1 = Wt + ηtḠt recover all items i = 1, · · · , dt with
constant probability at all steps t ≤ T . Then it must hold, with equality when ηt = Θ̃(dαt+1), that

dt+1 ≲

{
min{d

1
2αdt, B

1
α } dt ≲ d,

min{d
1
αd

1− 1
2α

t , B
1
α } dt ≳ d.

In words, for the first ⌈2α⌉ steps, the recovery exponent of SGD increases linearly until dt ≳ d;
note that Muon already achieves this with a single update. After this point, however, the recursion
matches that of Muon. Hence Muon accelerates recovery earlier in training, but the convergence
behavior for large t is comparable to that of SGD. This aligns with the empirical observations in [45],
where preconditioned optimizers such as Muon and SOAP [51] are found to outperform AdamW on
shorter runs, but the gap narrows over longer horizons. See Appendix H.1 for further discussion.

5. Conclusion

In this work, we study the storage capacities of Muon, SGD, and Newton’s method in a linear
associative memory model with random embeddings and power-law item frequencies. We sharply
characterize the one-step recovery rate of each optimizer and show that Muon recovers substantially
more items than SGD, even matching the Newton update. This gap also implies a much larger
critical batch size for Muon compared to SGD, helping explain why its advantage is most visible in
large-batch training. We further show that Muon’s gains are concentrated early in training, whereas
over longer horizons its recovery dynamics become comparable to those of SGD.
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Appendix A. Additional Related Work

Associative memory and factual recall. Associative memory has a long history in neural compu-
tation [17, 25, 56]. Recent work has shown that transformer weights can be viewed as associative
memories storing input-output mappings between pairs of concepts [3, 5, 12, 19]. This perspective is
especially useful for modeling factual recall [1], where such mechanisms encode factual knowledge
directly in the weights of a transformer [13, 35, 37].

Our most relevant points of comparison are Li et al. [29], Wang et al. [54], which analyze Muon
on similar associative memory tasks. Their analysis assumes that the embeddings {ui}i∈[N ] and
{vi}i∈[N ] are pairwise orthogonal, greatly simplifying the study of the polar map. However, this
assumption also limits the model capacity to at most N ≤ d stored associations. By contrast,
because W has d2 parameters, the information-theoretically optimal capacity is Θ̃(d2) [37], which
requires storing embeddings in superposition. In this regime, we show that a single Muon step
already recovers Θ̃

(
d1+

1
2α

)
items, far beyond what is possible under orthogonality. We further

derive scaling laws for the multi-step Muon and SGD dynamics, and show that both updates indeed
approach the optimal capacity.

Theoretical analyses of Muon. A number of recent works have sought to rigorously characterize
the benefits of Muon and other matrix-based optimizers over SGD. One line of work derives
convergence guarantees using tools from convex optimization and online learning. Chen et al.
[7], Kim and Oh [21], Shen et al. [46] prove convergence guarantees for Muon that depend on
smoothness in the spectral norm or the spectral norm of the weight matrix itself. Jiang et al. [18]
derive regret bounds and corresponding non-convex optimization rates. Beyond Muon, Xie et al. [57]
develop a framework for analyzing convergence rates of a broad class of matrix preconditioners on
smooth convex problems, while Lau et al. [28] adopt a structure-aware preconditioning perspective
to introduce a new family of matrix-based optimizers.

A second line of work studies the loss reduction after a single descent step. Davis and Drusvyatskiy
[8] show that Muon achieves a larger one-step loss reduction than SGD when the gradient rank
exceeds the activation rank. Su [47] introduces an “isotropic curvature model” based on a single
optimization step and show that Muon is optimal in certain regimes. However, Gonon et al. [14]
demonstrate that such single-step arguments can fail to predict full end-to-end convergence rates.

Finally, other works compare Muon and SGD on specific problem classes. Fan et al. [11] show that,
for separable classification, Muon converges to the solution maximizing the spectral-norm margin.
For matrix-valued linear regression, Wang et al. [53] characterize the risk of Muon on isotropic data,
while Vasudeva et al. [48] show faster convergence than SGD under imbalanced covariates. Ma et al.
[33] further show that, in matrix factorization, Muon attains a convergence rate faster than SGD and
independent of the condition number.

Adaptivity to heavy-tailed data. Our results show that Muon is particularly effective when the
fact distribution is power-law distributed with heavy tail. Similar advantages have also been observed
for other adaptive optimizers. Kunstner et al. [27], Yadav et al. [58] show that Adam and its limiting
variant SignSGD outperform SGD when the class distribution follows a power law. Kunstner and
Bach [26] further prove that SignSGD outperforms SGD for learning a bigram model, while Kim
et al. [22] derive scaling laws for SignSGD in the power-law random features model.
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Appendix B. One Step of Muon, SGD, and Newton: continued

B.1. One-step recovery of Newton

To put the capacity gain of Muon into perspective, we now show that for the first optimization step,
Muon in fact matches the capacity of Newton’s method for linear associative memory. The Newton
update is defined as the direction towards the minimizer of the local quadratic approximation to L:

W←W + η · [∇2
WL(W;B)]−1G.

Theorem B.1 (one-step recovery of Newton) Denote the Hessian of the loss at initialization as
H = ∇2

WL(W0;B). In the setting of Theorem 3.1, if B = Ω̃(dα) and η = Θ̃(1/
√
d), the one-step

Newton update WNewton
1 = ηH−1[G0] achieves the same recovery rate Eq. (4) and loss decrease

(Corollary 3.2) of Muon, up to log factors.

This result is particularly surprising because Newton’s method is often considered the gold standard
of local second-order or curvature-aware optimization. Many popular preconditioned optimizers –
such as Gauss-Newton, Adagrad [9], K-FAC [34], and Shampoo [15] – can be viewed as tractable
approximations which avoid the cost of computing and inverting the full Hessian. Theorem B.1
shows that Muon can match Newton without accessing any second-order information, even though
the updates are structurally different.

To gain intuition on this comparison, we explicitly write down the Newton update and compare with
Muon (taking λ = 0 for simplicity):

WNewton
1 ∝

(
1
N

∑
i uiu

⊤
i − ūū⊤︸ ︷︷ ︸

=:Σu

)−1
G0

(∑
i qiviv

⊤
i︸ ︷︷ ︸

=:Mv

)−1
vs. WMuon

1 ∝ G0(G
⊤
0 G0)

−1/2.

(6)

The Hessian admits a Kronecker factorization H = Mv ⊗ Σu at initialization, thus the Newton
update is equivalent to the K-FAC update with preconditioning on both sides, while Muon is only
preconditioned on the right. In particular, the left preconditioner Σu is the (unweighted) empirical
covariance matrix, which has the effect of whitening the unembedding vectors ui. We note that
the batch size condition B ≳ dα is necessary for the Hessian to be well-conditioned (Lemma G.3).
Regarding the proof, we analyze the Newton step by applying the add-back-in argument to each
spike in G0,Mv. Compared to Muon, the analysis is relatively straightforward as we can directly
apply the Sherman–Morrison formula to M−1

v to compute the change in logits.

Handling anisotropic embeddings. While Muon matches Newton’s method in our isotropic
Gaussian setting, an important limitation appears for anisotropic data. Suppose the unembedding
and embedding vectors follow ui ∼ N (0,Ξu) and vi ∼ N (0,Ξv) with general covariance matrices
Ξu,Ξv. It is apparent from Eq. (6) that the logits u⊤j W

Newton
1 vi (and thus the estimated likelihoods)

of the Newton update are invariant under the transformations ui 7→ Ξ
−1/2
u ui and vi 7→ Ξ

−1/2
v vi,

and therefore achieve the same recovery rate as in Theorem B.1. By contrast, the polar map is not
invariant under these transformations, so Muon cannot in general be expected to retain the same rate.
This is consistent with the experiments in Figure 6: when ui and vi have identity covariance, Muon
achieves capacity comparable to Newton’s method, but the gap widens as the unembedding vectors
become more anisotropic.
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B.2. Proof sketch of Theorem 3.1

First, we make some basic observations. From Eq. (61), the gradient of the cross-entropy loss L(W)
at initialization is roughly G0 ≈

∑
i piuiv

⊤
i . If the embeddings ui, vi were orthogonal, Muon would

then output WMuon
1 ∝ hλ(G0) ≈

∑
i uiv

⊤
i which already classifies all items correctly; however

this constrains the number of items N ≤ d, far less than the information-theoretic optimum Θ̃(d2).
In our non-orthogonal setting, N can be much larger, but we must now account for the correlations
between embeddings.

Let us now focus on each signal term u⊤i hλ(G0)vi. The main contribution comes from the aligned
rank-one spike piuiv

⊤
i in the gradient G0. We quantify this through an add-back-in argument:

starting from the leave-one-out component G−i =
∑

j ̸=i pjujv
⊤
j , we analyze how quickly the logit

grows as the uiv
⊤
i spike coefficient increases from 0 to pi. At the same time, a large fraction of the

singular values of G0 lie below d−α. The map hλ amplifies these by a factor of λ−1 ∼ dα, which also
boosts the logit growth rate by the same factor, allowing us to recover items with lower frequencies pi.
Thus, λ effectively acts as a scale of resolution for the singular spectrum; the implications of this is
discussed in Appendix C.

Sketch of proof. To start, we approximate the gradient as a sum of independent rank-one terms:

−∇WL(W0;B) =
∑

qi(ui − ū)v⊤i ≈
∑

qiuiv
⊤
i =: G

and set γij := u⊤j hλ(G)vi (omitting η). We analyze the signal and interaction logits separately.

Lower bounding signal logits (Appendix E). Denote the leave-one-out gradient G−i := G −
qiuiv

⊤
i , so that u⊤i hλ(G−i)vi is random with size Õ(1/

√
d). We study how the ith logit behaves as

we gradually add the uiv
⊤
i term back in via the auxiliary function

ϕ(q) = u⊤i hλ(G−i + quiv
⊤
i )vi, q ≥ 0. (7)

By definition, γij = ϕ(qi), which we analyze via Taylor expansion. The slope ϕ′(0) can be computed
explicitly via the Daleckii–Krein formula (Proposition E.1), which computes the Fréchet derivative
of a matrix function along a specified perturbation direction. Let G−i = ASB⊤ be the SVD with
singular values S = diag(s1, · · · , sd) in decreasing order and a = A⊤ui, b = B⊤vi. Then ϕ′(0) is
given as the sum of nonnegative terms

1

4

∑
k ̸=ℓ

hλ(sk) + hλ(sℓ)

sk + sℓ
(akbℓ − aℓbk)

2 +
hλ(sk)− hλ(sℓ)

sk − sℓ
(akbℓ + aℓbk)

2 +
∑
k

h′λ(sk)a
2
kb

2
k.

We focus on the first term. As a, b are i.i.d. Gaussian conditioned on G−i, (akbℓ − aℓbk)
2 ≈ 1/d2.

Since z 7→ hλ(z)/z = 1/
√
z2 + λ2 is decreasing, the sum is dominated by small singular values.

We then show that the ‘bulk’ singular value sd/2 = Õ(d−α) w.h.p. Hence choosing λ at the same

scale ensures ϕ′(0) ≳ 1/
√
s2d/2 + λ2 ≳ λ−1. Moreover, we can prove that ϕ is nondecreasing and

|ϕ′′(0)| ≲ λ−2. Taylor expanding ϕ around zero and optimizing the radius yields the lower bound

γii = ϕ(qi) ≳ min
{qi
λ
, 1
}
−
√

log d

d
.
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Upper bounding interaction logits (Appendix F). The interaction logits turn out to be much
more challenging to control. A naive approach is to use that hλ is λ−1-Lipschitz w.r.t. operator norm
(Proposition F.9), so (uj , vj) 7→ γij = u⊤j hλ(G−j + qjujv

⊤
j )vi is a Lipschitz mapping of Gaussians

and so exhibits good concentration. This argument works when either qi or qj ≪ λ, but fails to
bound ‘large’ interactions where both i, j ≤ r for a threshold r ≈ d. For these terms, we first invoke
a block resolvent integral representation amenable to series expansion, then develop a nonasymptotic
perturbative analysis reminiscent of moment methods in random matrix theory. A technical overview
is provided in Appendix F.1 for the interested reader. In the end, we show:

|γij | ≲
(log d)3√

d
∀j ̸= i.

We have thus proved that γii > maxj ̸=i γij if qi/λ ≳ 1/
√
d (ignoring log factors). In the population

regime, from pi ≍ i−α we conclude that all items i ≲ d1+
1
2α are recovered w.h.p. In the minibatch

setting, we incur an additional information-theoretic threshold: items i≫ B1/α, that is pi ≪ 1/B,
are unlikely to be observed in the minibatch at all, and thus will not be learned.
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Appendix C. Optimality of Muon

A natural follow-up question to Theorem 3.1 is: is the d1+
1
2α one-step recovery rate optimal among

first-order methods for the linear associative memory task, or can it be improved by choosing a
different estimator h(G0) of W? For example, our analysis used λ ∼ d−α while the limit λ → 0
recovers the exact polar map; can choosing a sharper resolution improve our results?

In this section, we give a negative answer to this question by providing a heuristic argument for the
one-step optimality of our stabilized variant of Muon; this intuitively aligns with the fact that Muon
already matches the recovery rate of Newton’s method (Theorem B.1). We first show that any Bayes
optimal gradient-based estimator must be spectrally equivariant, that is for the SVD of the gradient
G0 = USV⊤, it holds that h(G0) = Uh(S)V⊤ and h(S) is diagonal.

Proposition C.1 Let Spec(d) denote the set of bi-orthogonally equivariant measurable maps
h : Rd×d → Rd×d such that sup∥h∥F < ∞, that is, h(UXV⊤) = Uh(X)V⊤ for all X ∈ Rd×d
and U,V ∈ O(d). The Bayes optimal update rule w.r.t. L is in Spec(d), that is, for the Bayes risk
R(h) := E(ui,vi)i∈[N ],B[L(h(G0))] it holds that

inf
h:sup∥h∥F<∞

R(h) = inf
h∈Spec(d)

R(h).

This is essentially a corollary of the Hunt–Stein theorem on minimax tests of invariant statistical
problems. Any bi-orthogonal conjugate hU,V(X) := U⊤h(UXV⊤)V of h will have the same
Bayes risk due to rotation invariance. Then the estimator h̄ ∈ Spec(d) constructed by averaging hU,V

over Haar measure U,V ∼ O(d)×O(d) satisfiesR(h̄) ≤ R(h) due to convexity of L.

We remark that h ∈ Spec(d) does not preclude nonseparable maps where each diagonal entry h(S)ii
can depend on the entire spectrum S. Nonetheless, such maps are in general difficult to implement
as they require computing the full SVD, which Muon (with Newton–Schulz iterations) is designed
to avoid. Thus, we restrict our attention to separable maps h(S) = diag(h(si)) for a scalar-valued
function h. Since the inputs to h are bounded by ∥G0∥op = O(1) w.h.p., we can always rescale h to
have bounded outputs. We also assume a mild monotonicity property:

Assumption C.2 h : R≥0 → [0, 1] is C1 and h(z)/z is nonincreasing.

1

iteration
1
2
3
4
5

Intuitively, this means that smaller singular values are blown up by a
larger multiplicative factor. Note that we do not require h itself to be
monotonic. For example, the classical cubic Newton–Schulz iteration
h(z) = 3

2z −
1
2z

3 [2] satisfies this assumption, as well as its higher-
order iterates on the interval of convergence (see right figure) — see
Appendix B.1 for details.

We now show that any h satisfying Assumption C.2 cannot improve the signal γii. As in Eq. (7), we
compute the strength of the signal via a first-order approximation of the auxiliary map ϕ, and the
slope is given via the singular values of the leave-one-out gradient G−i =

∑
j ̸=i qiuiv

⊤
i as

ϕ′(0) ≍ 1

d2

∑
k,ℓ

h(sk) + h(sℓ)

sk + sℓ
+

h(sk)− h(sℓ)

sk − sℓ
+

1

d2

∑
k

h′(sk) ≲
1

d

∑
k

h(sk)

sk
,
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where the inequality follows from h(sk)+h(sℓ)
sk+sℓ

≤ h(sk)
sk

+ h(sℓ)
sℓ

, h(sk)−h(sℓ)sk−sℓ ≤ min{h(sk)sk
, h(sℓ)sℓ

} and

h′(sk) ≤ h(sk)
sk

under Assumption C.2. That is, the signal strength is roughly determined by how
much the average singular value is blown up by h. If h is Lipschitz, this is uniformly bounded
by ∥h∥Lip; however, even without Lipschitz control, this is fundamentally limited by the average
scale of the singular spectrum as we prove below.

Lemma C.3 Let s1 ≥ · · · ≥ sd be the singular values of the leave-one-out gradient G−i. It holds
w.h.p. that sd ≳ d−α−1(log d)−1 and

∑d
k=1 s

−1
k ≲ dα+1(log d)2.

As such, we must have ϕ′(0) ≲ dα regardless of the choice of h, therefore the signal γii = ϕ(qi) is
upper bounded (ignoring higher-order terms) as ϕ(0) + ϕ′(0)qi ≲ 1√

d
+ qid

α. In contrast, the noise

and interaction terms ϕ(0) and γij are generally of size Θ̃(1/
√
d). As a consequence, we indeed

require qi ≫ d−α−
1
2 , equivalently i≪ d1+

1
2α in the population regime to ensure recovery, matching

the rate obtained in Theorem 3.1.

For example, Lemma C.3 implies that taking the resolution as λ ≪ d−α−1 instead of λ ∼ d−α in
Theorem 3.1 essentially gives the exact polar map h(z) ≈ sign(z), as this scale will never be ‘seen’
by the singular values. Nonetheless, even in this regime the average blowup of the singular values
is of order dα, and so we will not see any improvement from using the polar map. In fact, from
this argument we expect roughly the same recovery rate, which is indeed what we observe in our
experiments in Appendix D.

C.1. Proof of Proposition C.1

We first show that Spec(d) is equal to the set of (bounded) spectral estimators h which maps an
SVD X = ASB⊤ to h(X) = Ah(S)B⊤ where h(S) is diagonal. Clearly, any such estimator is
bi-orthogonally invariant: for any U,V ∈ O(d),

h(UXV⊤) = h(UASB⊤V⊤) = UAh(S)B⊤V⊤ = Uh(X)V⊤.

Conversely, let h ∈ Spec(d). Since h(X) = Ah(S)B⊤ by equivariance, it suffices to show that the
matrix h(S) is diagonal. Let D = diag(±1, . . . ,±1) ∈ O(d) be any diagonal sign matrix. Since
DSD = S, equivariance yields

h(S) = h(DSD) = Dh(S)D.

Looking at each entry, this implies for i ̸= j that h(S)ij = (Dh(S)D)ij = DiiDjjh(S)ij . Choosing
D with Dii = 1 and Djj = −1 forces h(S)ij = 0 as desired.

We proceed to prove minimax optimality of Spec(d). Let νd denote the normalized Haar measure on
O(d) and let (U,V) ∼ νd ⊗ νd. Given any measurable h, define its conjugation

hU,V(X) := U⊤h(UXV⊤)V,

and also define its bi-orthogonal symmetrization

h̄(X) := EU,V[hU,V(X)] = EU,V[U⊤h(UXV⊤)V].
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The map h̄ is well-defined since h is measurable and ∥h∥F is finite. Moreover for any A,B ∈ O(d),

h̄(AXB⊤) = EU,V[U⊤h(UAXB⊤V⊤)V]

= AEU,V[(UA)⊤h(UAXB⊤V⊤)VB]B⊤ = Ah̄(X)B⊤,

hence h̄ ∈ Spec(d).

Now for any U,V ∈ O(d), the loss L(W;B) = L(W; (ui, vi)i∈[N ],B) is invariant to the simulta-
neous change of basis

u′i = U⊤ui, v′i = V⊤vi, W′ = U⊤WV

since the values of all logits u⊤j Wvi remain unchanged. Denoting the corresponding transformed
gradient as G′

0 =
∑

i qi(u
′
i − ū′)(v′i)

⊤ = U⊤G0V, this implies

R(h) = E
[
L(h(G0); (ui, vi)i∈[N ],B)

]
= E

[
L(U⊤h(G0)V; (U⊤ui,V

⊤vi)i∈[N ],B)
]

= E
[
L(hU,V(G′

0); (u
′
i, v

′
i)i∈[N ],B)

]
= R(hU,V).

For the last inequality, we have used that (ui, vi)i∈[N ]
d
= (u′i, v

′
i)i∈[N ] due to isotropy of the Gaussian

distribution. Also note that the map W 7→ L(W) is convex due to convexity of log-sum-exp. Taking
expectations over (U,V) ∼ νd ⊗ νd and applying Jensen’s inequality yields

R(h) = EU,V[R(hU,V)] = EU,V

[
E
[
L(hU,V(G0))

]]
≥ E

[
L(EU,V[hU,V(G0)])

]
= R(h̄).

Therefore, the infimum must be attained by a spectral estimator.

C.2. Proof of Lemma C.3

We present the proof for the full uncentered gradient G =
∑

i∈[N ] piuiv
⊤
i ; the leave-one-out case

follows similarly. As in the proof of Lemma E.7, we have

G
d
=

1√
d
M1/2Z, where Zkℓ ∼ N (0, 1) i.i.d.

where M is the weighted covariance matrix of ui from Eq. (21). We first upper bound the sum of
inverse singular values of G, i.e., the nuclear norm of G−1. By submultiplicativity,

∥G−1∥∗ =
√
d∥Z−1M−1/2∥∗ ≤

√
d∥Z−1∥∗∥M−1/2∥op. (8)

We now bound each term. For ∥M−1/2∥op, we have that for a sufficiently large constant C [49,
Theorem 4.6.1],

M ⪰
Cd∑
i=d

p2iuiu
⊤
i ⪰ (Cd)−2α

Cd∑
i=d

uiu
⊤
i ⪰ (Cd)−2α ·Θ(1)Id
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and so ∥M−1/2∥op ≲ dα with probability 1− e−Ω(d).

To bound ∥Z−1∥∗, we require more precise control on the singular spectrum of Z. Denote the d× k
matrix consisting of the first k columns of Z as Z1:k. By the Courant–Fisher theorem,

sk(Z)
2 = λk(Z

⊤Z) = max
dimE=k

min
x∈E,∥x∥=1

x⊤Z⊤Zx ≥ min
∥x∥=1

∥Z1:kx∥22 = smin(Z1:k)
2

so that sk(Z) ≥ smin(Z1:k) for all k = 1, · · · , d. Moreover by Theorem 1.1 of Rudelson and
Vershynin [43], we have for all t > 0,

Pr
(
smin(Z1:k) ≤ t(

√
d−
√
k − 1)

)
≤ (Ct)d−k+1 + e−Ω(d)

for some constant C. Taking t = (log d)−1 and union bounding,

Pr

(
smin(Z1:k) ≤

√
d−
√
k − 1

log d
: ∀k

)
≤

d∑
k=1

(
C

log d

)d−k+1

+ e−Ω(d) ≲
1

log d
.

This further implies

sk(Z) ≥ smin(Z1:k) ≥
√
d−
√
k − 1

log d
≥ d− k + 1

2
√
d log d

for all k, hence

∥Z−1∥∗ =
d∑

k=1

1

sk(Z)
≤ 2
√
d log d

d∑
k=1

1

d− k + 1
≲
√
d(log d)2.

We conclude from Eq. (8) that

∥G−1∥∗ ≲
√
d ·
√
d(log d)2 · dα = dα+1(log d)2.

Finally, for the minimum singular value, since M,Z have full rank almost surely, we can lower
bound

smin(G) =
1√
d

min
∥x∥=1

∥M1/2Zx∥

≥ 1√
d

min
∥x∥=1

∥∥∥∥M1/2 Zx

∥Zx∥

∥∥∥∥ min
∥x∥=1

∥Zx∥

=
1√
d
λmin(M

1/2)smin(Z)

≳
1

dα+1 log d
,

as was to be shown.
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C.3. Properties of the Cubic Newton–Schulz Iteration

Lemma C.4 Let h(z) = 3
2z −

1
2z

3 be the cubic Newton–Schulz map and let h(k) denote its k-fold
iterate. Then the map z 7→ h(k)(z)/z is nonincreasing and limk→∞ h(k)(z) = 1 = sign(z) for all
z ∈ (0,

√
3).

In other words, the line segment connecting the origin and the point (z, h(k)(z)) on the graph of h(k)

becomes flatter as z increases, which is clear from visual inspection.

Proof Since h maps [0,
√
3] onto [0, 1], it holds that 0 ≤ h(k) ≤ 1 on [0,

√
3] for all k ∈ N. We

prove by induction that h(k)(z)/z is nonincreasing on [0,
√
3], equivalently(

h(k)(z)

z

)′

=
z(h(k))′(z)− h(k)(z)

z2
≤ 0 ⇔ z(h(k))′(z) ≤ h(k)(z). (9)

For k = 1, the claim is clear. Assume Eq. (9) holds for k ∈ N, then

z(h(k+1))′(z) = zh′(h(k)(z))(h(k))′(z) =
3

2

(
1− h(k)(z)2

)
z(h(k))′(z) ≤ 3

2

(
1− h(k)(z)2

)
h(k)(z).

Thus,

h(k+1)(z) = h(h(k)(z)) =

(
3

2
− 1

2
h(k)(z)2

)
h(k)(z) ≥ z(h(k+1))′(z).

This proves the first claim. For the pointwise limit, note that the first iterate h(z) ∈ [0, 1] for any
z ∈ (0,

√
3) and also x ≤ h(x) ≤ 1 for all x ∈ [0, 1], so the sequence of iterates {h(k)(z)}k≥1 is

monotone increasing. Hence it must converge to a positive fixed point of h, the only solution being 1.
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Appendix D. Experiments

D.1. Linear associative memory

We quantify the benefits of Muon over SGD in synthetic experimental settings. First, we consider the
linear associative memory model introduced in Section 2. For convenience, in the Muon update we
keep the regularization hyperparameter fixed to λt ≡ 0 and compute the exact polar update.

First gradient step. Figure 2 shows the storage capacity scaling of the memory matrix W after
a single population Muon or GD step. We fix the vocabulary size at N = 100,000 and vary both
the power law exponent α and the embedding dimension d. Muon (Figure 2b) indeed achieves a
dramatically larger storage capacity than GD (Figure 2a). Moreover, the fitted scaling exponents
(bottom right) agree with our theoretical predictions in the population limit: Muon stores d1+

1
2α

items (Theorem 3.1), whereas GD stores only d
1
2α items (Theorem 3.3).

In Figure 3, we study the empirical loss or minibatch setting to probe the critical batch size. We
fix N = 100,000 and α = 1.5, and vary the batch size B. At small batch sizes (up to roughly
B ≈ 100), both Muon and GD are bottlenecked by the information-theoretic rate B

1
α . As the batch

size increases, however, the capacity of SGD quickly plateaus, whereas Muon continues to benefit
from larger batches. This is consistent with the empirical observation that Muon’s computational
gains are accompanied by a much larger critical batch size [55].
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(a) Gradient descent (population).
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(b) Muon (population).

Figure 2: Capacity scaling after one population Muon and GD step. We set N = 100, 000 and vary d, α.
Each experiment is repeated 16 times. For each α, we fit the dimension exponents of the mean capacity dCα

(dashed lines), and then find the best fit of exponents Cα in the form of Cα = c1 +
c2
α (solid lines). Observe

that Muon achieves much higher storage than GD, and the exponents are consistent with Theorems 3.1, 3.3.

Multiple gradient steps. In Figure 4, we examine the multi-step capacity scaling of population
Muon to test the predictions of Theorem 4.1 (which assumes the deflation heuristic). We fix
N = 250,000, vary d and α, and run Muon with λt = 0 on the population cross-entropy objective
for T steps using a fixed learning rate η ≍

√
d. After each step, we measure the storage capacity

and fit a power law to extract its scaling exponent in d. As shown in Figures 4a, 4b, 4c, the capacity
increases with the number of training steps. Moreover, Figure 4d shows that, after sufficiently
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(a) Gradient descent (minibatch).
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(b) Muon (minibatch).

Figure 3: Capacity scaling after one Muon and SGD step on empirical loss. We set N = 100,000, α = 1.5,
and vary the minibatch size B. Each experiment is repeated 16 times. The dashed red line indicates the
information-theoretic rate, and the horizontal dashed lines in Figure 3b correspond to the d1+

1
2α ceiling; the

predicted critical batch sizes are given by their intersections. Observe that Muon offers capacity gain over
SGD only at sufficiently large B, and the empirical critical batch sizes match well with our predictions.
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Figure 4: Capacity after T Muon steps on the population cross-entropy loss. We set N = 250,000, η = 2
√
d.

Figures 4a, 4b, 4c report the capacity at T = 2, 3, 4, respectively (see Figure 2b for T = 1); Figure 4d presents
the capacity at large T : we run Muon for up to 500 steps and early stop when the capacity improvement
over 10 steps drops below 0.5%. Figure 4e compares the fitted dimension exponents against predictions of
Theorem 4.1; observe that the exponents agree except at small α and large T .
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(b) Capacity of multi-step Muon (minibatch).

Figure 5: Capacity scaling of multi-step Muon and GD. We set N = 100, 000, α = 1.5. (a) Population
update: for GD we implement an increasing learning rate schedule (see Theorem 4.2) with η1 = 0.01

√
d; for

Muon we use a fixed step size η =
√
d. Observe that the benefit of Muon is most visible in the “early phase”

of training (the initial plateau of GD in the first 3 steps is due to small η1 chosen for numerical stability). (b)
Capacity of minibatch Muon vs. total sample size B × T ; for each batch size B, we run minibatch Muon for
T = 20 steps with η =

√
d. Dashed red line indicates the information-theoretic rate (BT )1/α.

many steps, the weight matrix approaches the optimal Θ̃(d2) capacity [37]. Figure 4e compares the
fitted capacity exponents for all (T, α) pairs against the predictions of Theorem 4.1. We find good
overall agreement, with larger deviations at smaller α and larger T where non-asymptotic effects are
expected to be more pronounced. Overall, these results suggest that the heuristic approximation we
introduced in Eq. (5) captures the scaling behavior of the training dynamics reasonably well.

In Figure 5, we further compare the multi-step capacity scaling of GD and Muon with N = 100,000
and α = 1.5. Figure 5a compares their performance in minimizing the population cross-entropy
loss. Muon attains much higher capacity than GD in the first few steps. On the other hand, with the
increasing learning rate schedule from Theorem 4.2, GD catches up later in training, and both methods
eventually reach the optimal d2 capacity (we however note that this increasing ηt schedule for GD is
numerically unstable, especially when α is large). These results suggest Muon’s acceleration is most
significant early in training, matching the predictions in Theorems 4.1 and 4.2.

Figure 5b shows minibatch Muon up to T = 20 steps with batch sizes B ∈ {211, . . . , 216}. For batch
sizes below the critical threshold, the capacity stays close to the information-theoretic limit (BT )1/α,
i.e., the number of items that can be observed after T steps with batch size B. For larger batch sizes
(darker curves), the capacity saturates and sample efficiency worsens.

Comparison with Newton’s method. Figure 6 compares the storage efficiency of Muon and
Newton’s update in the population setting. As argued in Appendix B.1, Muon should match Newton’s
method when the embedding and unembedding vectors are isotropic. To vary the anisotropy of
the associative memory model, we consider ui ∼ N (0, 1dId), vi ∼ N (0,Ξv), where the covariance
matrix Ξv has eigenvalues λi(Ξv) ≍ i−κ, κ ≥ 0. We observe that in the isotropic case (κ = 0),
Muon matches the storage capacity of one Newton step; but as the data become more anisotropic, the
gap between the two methods grows, and only Newton’s method retains the d1+

1
2α capacity.
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Figure 6: Capacity scaling after one (population) Muon and Newton step in the anisotropic setting: we
choose ui ∼ N (0, 1

dId), vi ∼ N (0,Ξv), where Ξv is a trace-normalized diagonal matrix with λi(Ξv) ≍ i−κ,
κ ≥ 0. We set N = 100, 000 and vary d, α. For Newton’s method we add a ridge regularization λ = 10−8 for
numerical stability when the preconditioner is rank-deficient. Observe that when κ = 0 (isotropic, Figure 6a),
Muon and Newton both achieve d1+

1
2α capacity, but as κ increases (Figures 6b, 6c), the performance of Muon

worsens while the Newton update remains invariant.

D.2. In-context recall with transformers

We next consider a simple associative recall task that can be solved by a two-layer transformer via
the induction head mechanism [38]. An induction head is a circuit composed of two attention heads
that enables the model to copy a bigram from context, for example by predicting b after observing
[. . . ,a, b, . . . ,a]. As shown by Bietti et al. [3], this mechanism can be implemented using a small
number of associative memory matrices, making it a natural testbed for understanding how our
perspective may extend to richer architectures such as multilayer transformers.

Data distribution. To study how optimizers interact with heavy-tailed data, we consider a variant
of the synthetic model from Bietti et al. [3] in which selected tokens follow power-law distributions.
Specifically, we introduce two disjoint vocabularies Q and V , each of size N , together with three
power-law distributions: the trigger distribution p(t), supported on Q; the output distribution p(o),
supported on V; and the noise distribution p(n), also supported on V but potentially with a different
frequency ordering from p(o). Each sequence is generated by first sampling K triggers q1, . . . , qK ∈
Q from p(t) without replacement, and K outputs o1, . . . , oK ∈ V from p(o) with replacement. The
resulting bigrams (qk, ok) are then inserted into M random positions in a sequence of length T . All
remaining positions are filled with noise tokens nj ∈ V sampled from p(n). For instance, when
K = 1, M = 2, and T = 8, a sequence takes the form

[n1, q1, o1, n2, n3, q1, o1, n4].

In this example, the second occurrence of o1 is perfectly predictable from the preceding context, and
we train the two-layer transformer using cross-entropy loss only on such predictable output tokens.
In all experiments, we set T = 24 and K = M = 2. For simplicity, we take p(n) to be uniform
over V , while p(t) and p(o) follow power laws with exponents αt and αo.

Architecture and optimizers. We use a two-layer transformer with single-head attention, Pre-
LayerNorm, and basic RMS normalization, optionally augmented with feed-forward layers using
a ReLU MLP. We compare Muon, SGD, and AdamW [32], all trained with a constant step size
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and weight decay 0.01. For SGD and Muon, we use momentum 0.9, while for AdamW we set
(β1, β2) = (0.9, 0.99). In the Muon implementation, we apply AdamW to the embedding and
unembedding layers, and use 5 Newton-Schulz iterations for the remaining layers.

Evaluation metrics. To assess the capacity and robustness of these optimizers to different power
laws, we evaluate using out-of-distribution (OOD) accuracy on the next-token predictions for the
second output tokens, on a batch of out-of-distribution data generated with uniform p(t), p(o). This
relates to capacity in the sense that it measures what fraction of the N ×N pairs (q, o) the model is
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Figure 7: ID (left two) and OOD (right two) accuracy on the in-context recall task as a function of model dimen-
sion, for Muon, AdamW, and SGD, with batch size 256 at iterations 128 and 1024. For each (dim, optimizer)
pair, the learning rate and batch size are chosen to maximize accuracy.
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Figure 8: OOD and memory recall accuracy as a function of batch size B, for Muon, AdamW, and SGD
(columns left to right), with different curves per model dimension, at iteration 1024. For Figure 8b, we use a
two-layer transformer with no feed-forward layers to avoid redundancies between the value matrix and the
subsequent MLP layer. For each (B, dim) pair, the learning rate is chosen to maximize accuracy.
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able to recall in-context, even though the triggers and outputs seen during training are power-law
distributed. We also evaluate the memory recall accuracy for the value matrix at the second layer,
denoted W

(2)
V , which is expected to map input token embeddings ev to output token embeddings uv

for all v ∈ V , as described in Bietti et al. [3]. Concretely, we compute

R(W
(2)
V ) = 1

|V|
∑

v∈V 1{argmaxv′∈V u⊤v′W
(2)
V ev = v}.

Results. Figure 7 reports the in-distribution (ID) and OOD accuracy of the three optimizers as
the model dimension varies. Muon consistently outperforms SGD and AdamW across dimensions,
training iterations, and both evaluation metrics. In Figures 8a and 8b, we vary the batch size while
fixing the number of training steps, and measure the resulting OOD accuracy and the recall accuracy
of the value matrix, respectively. We again observe that Muon has the best performance; however,
Muon attains near-perfect accuracy at a smaller batch size compared to SGD and AdamW, thus
saturating more quickly. This discrepancy with our theoretical analysis of the critical batch size is
likely due to the different task and optimizer setups, so that the information-theoretic rate is not the
main bottleneck. We leave a quantitative investigation of this gap to future work.

Finally, Figure 9 examines how model performance changes with the power-law exponents of the
output and trigger distributions, αo and αt, while all other distributions are kept uniform. Larger
values of α correspond to faster decay in item frequencies and therefore make learning more difficult.
However, our discussion of signal amplification suggests that Muon should be more robust to this
effect. Consistent with this intuition, we observe that Muon and AdamW perform similarly when
α = 0, but as α increases, Muon remains remarkably robust whereas AdamW degrades much more
sharply. This behavior also qualitatively aligns with our one-step analysis: as α grows larger, Muon
still retains Ω(d) capacity, but the SGD recovery rate will collapse to zero.
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(b) Varying trigger distribution exponent αt, with αo = 0.

Figure 9: OOD accuracy as a function of model dimension for Muon, AdamW, and SGD (columns left to
right), with batch size 256 at iteration 512. Each curve corresponds to a different power-law exponent for (a)
the output distribution α0; (b) the trigger distribution αt, with α = 0 being the uniform distribution and larger
α concentrating probability mass on fewer tokens (where we expect adaptive optimizers to be beneficial). For
each (dim, α) pair, the learning rate is chosen to maximize OOD accuracy.
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Appendix E. Proof of Theorem 3.1

The negative gradient at initialization is straightforwardly computed as

G0 = −∇WL(W0;B) =
∑
i∈[N ]

qi(ui − ū)v⊤i

where ū = 1
N

∑
i∈[N ] ui is a centering term. It will suffice to study the uncentered gradient G and

logits γij , given as

γij := u⊤j hλ(G)vi, G :=
∑
i∈[N ]

qiuiv
⊤
i .

In Sections E.1-E.3, we lower bound the signal terms γii. In Section F, we upper bound the magnitude
of the interaction terms γij for i ̸= j. Finally in Section E.4, we conclude the proof of Theorem 3.1.

E.1. Fréchet derivative computations

In this subsection, we work with general smooth nondecreasing functions h : R≥0 → R≥0. Let the
leave-one-out gradient be G−i := G− qiuiv

⊤
i and define the function

ϕ(q) = u⊤i h(G−i + quiv
⊤
i )vi, q ≥ 0.

We aim to control the signal γii = ϕ(qi) via Taylor expansion. We will utilize the Daleckii–Krein
formula for the Fréchet derivative of matrix functions.

Proposition E.1 (Daleckii–Krein formula) Let M, E be real symmetric matrices and f be a
(2d− 1)-times continuously differentiable function. Denote by Df(M)[E] the Fréchet derivative
of f w.r.t. M in the E direction. Let M = PΛP⊤ be the eigendecomposition of M with Λ =
diag(λ1, · · · , λd). Let f (1) be the first divided difference of f ,

f (1)(x, y) =

{
f(x)−f(y)

x−y x ̸= y,

f ′(x) x = y,

and set Tij := f (1)(λi, λj) for 1 ≤ i, j ≤ d. Then

P⊤Df(M)[E]P = (P⊤EP) ◦T.

Furthermore, let D2f(M)[E,E] be the second Fréchet derivative of f w.r.t. M in the E,E directions.
Let f (2) be the second divided difference of f ,

f (2)(x, y, z) =

{
f (1)(x,z)−f (1)(y,z)

x−y x ̸= y,

∂xf
(1)(x, z) x = y.

Then

(P⊤D2f(M)[E,E]P)ij =
d∑

k=1

f (2)(λi, λj , λk)(P
⊤EP)ik(P

⊤EP)jk.
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Proof We only prove the formula when f is a polynomial for illustrative purposes; the full proof is
given in Theorem 3.11 and Corollary 3.12 of Higham [16]. By linearity, it suffices to consider the
case where f(z) = zn, n ∈ N is a monomial. The Fréchet derivative of f in the E direction is

Df(M)(E) =

n∑
k=1

Mk−1EMn−k (10)

and the first divided difference is

Tij = f (1)(λi, λj) =

n∑
k=1

λk−1
i λn−kj .

Therefore we directly check that

(P⊤Df(M)(E)P)ij =

n∑
k=1

e⊤i Λ
k−1P⊤EPΛn−kej

=
n∑
k=1

λk−1
i (P⊤EP)ijλ

n−k
j = (P⊤EP ◦T)ij .

For the second derivative, differentiating Eq. (10) again gives

D2f(M)[E,E] = 2
∑

1≤ℓ<k≤n
Mℓ−1EMk−ℓ−1EMn−k

and

f (2)(x, y, z) =
f (1)(x, z)− f (1)(y, z)

x− y
=

∑
1≤ℓ<k≤n

xℓ−1yk−ℓ−1zn−k.

Hence

(P⊤D2f(M)[E,E]P)ij = 2
∑

1≤ℓ<k≤n
e⊤i Λ

ℓ−1P⊤EPΛk−ℓ−1P⊤EPΛn−kej

= 2
d∑

m=1

∑
1≤ℓ<k≤n

λℓ−1
i λk−ℓ−1

m λn−kj (P⊤EP)im(P
⊤EP)mj

= 2

d∑
m=1

f (2)(λi, λm, λj)(P
⊤EP)im(P

⊤EP)mj

= 2
d∑

m=1

f (2)(λi, λj , λm)(P
⊤EP)im(P

⊤EP)jm,

where in the last step we used the symmetry of f (2) and E.

The following two lemmas use the Daleckii–Krein formula to compute the first and second derivatives
of ϕ.
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Lemma E.2 Let the SVD of the leave-one-out matrix be G−i = ASB⊤ with singular values
S = diag(s1, . . . , sd) in decreasing order and denote a = A⊤ui, b = B⊤vi. Then it holds that
ϕ′(q) ≥ 0 for all q and

ϕ′(0) =
1

4

∑
k ̸=ℓ

(
h(sk) + h(sℓ)

sk + sℓ
(akbℓ − aℓbk)

2 +
h(sk)− h(sℓ)

sk − sℓ
(akbℓ + aℓbk)

2

)
+
∑
k

h′(sk)a
2
kb

2
k.

Note that if sk = sℓ, the ratio h(sk)−h(sℓ)
sk−sℓ is to be interpreted as the first divided difference

h(1)(sk, sk) = h′(sk); if sk = sℓ = 0, h(sk)+h(sℓ)sk+sℓ
is to be interpreted as the continuous limit h′(0).

Proof For notational convenience, we define u = ui, v = vi and

G0 = G−i, Gq = G0 + quv⊤,

so that ϕ(q) = u⊤h(Gq)v. Let the auxiliary function ξ(z) = h(
√
z)/
√
z for z > 0; for our stabilized

version of Muon, ξ(z) = 1/
√
z + λ2. We also define the SVD of Gq and related quantities

Gq = AqSqB
⊤
q ,

Yq = h(Gq) = Aqh(Sq)B
⊤
q ,

Tq = G⊤
q Gq,

Rq = ξ(Tq) = Bqh(Sq)S
−1
q B⊤

q .

Finally, we redefine a = A⊤
q u, b = B⊤

q v, here dependent on q.

First, observe that Yq = GqRq. Using dot notation, differentiating w.r.t. the variable q yields
Ġq = uv⊤ and

Ẏq = ĠqRq +GqṘq = uv⊤Rq +GqṘq.

Therefore

ϕ′(q) = u⊤Ẏqv

= ∥u∥22 · v
⊤Rqv + u⊤GqṘqv

= ∥a∥22 · b
⊤ξ(S2

q)b+ a⊤SqB
⊤
q ṘqBqb. (11)

Next, we have Ṙq = Dξ(Tq)[Ṫq] where

Ṫq = Ġ⊤
q Gq +G⊤

q Ġq = vu⊤Gq +G⊤
q uv

⊤

and so

B⊤
q ṪqBq = Sqab

⊤ + ba⊤Sq.
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Since Tq is diagonalized as Tq = BqS
2
qB

⊤
q , we compute via the Daleckii–Krein formula (Proposi-

tion E.1),

(B⊤
q ṘqBq)kℓ = (B⊤

q ṪqBq)kℓ · ξ(1)(s2k, s2ℓ ) = (skakbℓ + sℓaℓbk)ξ
(1)(s2k, s

2
ℓ )

where Sq = diag(s1, · · · , sd). We may assume all sk are distinct; the general case follows from
continuity. Plugging into (11), we obtain:

ϕ′(q)

= ∥a∥22
∑
ℓ

b2ℓξ(s
2
ℓ ) +

∑
k,ℓ

aksk(B
⊤
q ṘqBq)kℓbℓ

= ∥a∥22
∑
ℓ

b2ℓξ(s
2
ℓ ) +

∑
k,ℓ

akskbℓ(skakbℓ + sℓaℓbk)ξ
(1)(s2k, s

2
ℓ )

= ∥a∥22
∑
ℓ

b2ℓξ(s
2
ℓ ) + 2

∑
k

a2kb
2
ks

2
kξ

′(s2k) +
∑
k ̸=ℓ

akskbℓ(skakbℓ + sℓaℓbk)
ξ(s2k)− ξ(s2ℓ )

s2k − s2ℓ

=
∑
k,ℓ

a2kb
2
ℓ

h(sℓ)

sℓ
+
∑
k ̸=ℓ

akskbℓ(skakbℓ + sℓaℓbk)
h(sk)sℓ − h(sℓ)sk
sksℓ(s

2
k − s2ℓ )

+
∑
k

a2kb
2
ks

2
k

(
h′(sk)

s2k
− h(sk)

s3k

)
=
∑
k ̸=ℓ

a2kb
2
ℓ

(
h(sℓ)

sℓ
+

h(sk)sksℓ − h(sℓ)s
2
k

sℓ(s
2
k − s2ℓ )

)
+ akaℓbkbℓ

(
h(sk)sℓ − h(sℓ)sk

s2k − s2ℓ

)
+
∑
k

a2kb
2
kh

′(sk)

=
∑
k ̸=ℓ

a2kb
2
ℓ

(
h(sk)sk − h(sℓ)sℓ

s2k − s2ℓ

)
+ aℓbkbℓ

(
h(sk)sℓ − h(sℓ)sk

s2k − s2ℓ

)
+
∑
k

a2kb
2
kh

′(sk)

=
1

2

∑
k ̸=ℓ

(a2kb
2
ℓ + a2ℓb

2
k)

(
h(sk)− h(sℓ)

sk − sℓ
+

h(sk) + h(sℓ)

sk + sℓ

)

+
1

2

∑
k ̸=ℓ

(akaℓbkbℓ + aℓakbℓbk)

(
h(sk)− h(sℓ)

sk − sℓ
− h(sk) + h(sℓ)

sk + sℓ

)
+
∑
k

a2kb
2
kh

′(sk)

=
1

4

∑
k ̸=ℓ

(akbℓ − aℓbk)
2h(sk) + h(sℓ)

sk + sℓ
+ (akbℓ + aℓbk)

2h(sk)− h(sℓ)

sk − sℓ

+
∑
k

a2kb
2
kh

′(sk).

We conclude that since h is increasing, ϕ′(q) ≥ 0, and moreover taking q = 0 gives the desired
formula for ϕ′(0).
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Lemma E.3 For h(z) = hλ(z) =
z√

z2+λ2
, it holds that supq∈[0,1] |ϕ′′(q)| ≲ λ−2 with probability

1− e−Ω(d).

Proof [Proof of Lemma E.3] Recall the definitions of Gq,Aq,Sq,Bq,Yq,Tq,Rq, a, b, ξ from the
proof of Lemma E.2. Differentiating Yq twice with respect to q, we obtain

Ÿq = 2ĠqṘq +GqR̈q

= 2ub⊤B⊤
q Ṙq +AqSqB

⊤
q R̈q (12)

since Ġq = uv⊤ and G̈q = 0. The derivatives of Rq are given as

Ṙq = Dξ(Tq)[Ṫq], (13)

R̈q = Dξ(Tq)[T̈q] +D2ξ(Tq)[Ṫq, Ṫq]. (14)

For Eq. (13), we showed in the proof of Lemma E.2 that

(B⊤
q ṪqBq)ij = siaibj + sjajbi,

(B⊤
q ṘqBq)ij = (siaibj + sjajbi) · ξ(1)(s2i , s2j ).

For the first term in Eq. (14), differentiating Tq = G⊤
q Gq twice gives

T̈q = G̈⊤
q Gq + 2Ġ⊤

q Ġq +G⊤
q G̈q = 2Ġ⊤

q Ġq = 2∥u∥22vv
⊤

and so B⊤
q T̈qBq = 2∥a∥22bb⊤. Therefore by the Daleckii–Krein formula,(
B⊤
q Dξ(Tq)[T̈q]Bq

)
ij
= (B⊤

q T̈qBq)ij · ξ(1)(s2i , s2j ) = 2∥a∥22bibj · ξ
(1)(s2i , s

2
j ).

For the second term in Eq. (14), again by the Daleckii–Krein formula and using the explicit form of
B⊤
q ṪqBq, (

B⊤
q D

2ξ(Tq)[Ṫq, Ṫq]Bq

)
ij

= 2

d∑
k=1

ξ(2)(s2i , s
2
j , s

2
k)(B

⊤
q ṪqBq)ik(B

⊤
q ṪqBq)jk

= 2
d∑

k=1

ξ(2)(s2i , s
2
j , s

2
k)(siaibk + skakbi)(sjajbk + skakbj).

Plugging into Eq. (14) and Eq. (12) yields

ϕ′′(q) = 6∥a∥22
d∑

j,k=1

skakbkb
2
j · ξ(1)(s2k, s2j )

+ 2
d∑

j,k,ℓ=1

skakbj(skakbℓ + sℓaℓbk)(sjajbℓ + sℓaℓbj) · ξ(2)(s2k, s2j , s2ℓ ).
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We proceed to bound ∥Ÿq∥op. We will use that

d∑
k=1

a2k = ∥a∥
2
2 = ∥u∥

2
2,

d∑
k=1

b2k = ∥b∥
2
2 = ∥v∥

2
2,

d∑
k=1

|akbk| ≤ ∥a∥2∥b∥2

are all Θ(1) uniformly over q with probability 1− e−Ω(d).

Right-multiplying Eq. (12) by Bq, we have

∥Ÿq∥op = ∥ŸqBq∥op
≤ 2∥ub⊤B⊤

q ṘqBq∥op + ∥AqSqB
⊤
q R̈qBq∥op

≲ ∥B⊤
q ṘqBq∥op + ∥SqB⊤

q R̈qBq∥op
≤ ∥B⊤

q ṘqBq∥F + ∥SqB⊤
q R̈qBq∥F.

For the first term,

∥B⊤
q ṘqBq∥2F ≤

∑
i,j

(siaibj + sjajbi)
2 · ξ(1)(s2i , s2j )2

≤ 4
(
sup
i,j

si

∣∣∣ξ(1)(s2i , s2j )∣∣∣)2∑
i,j

a2i b
2
j

≲
(
sup
i,j

si

∣∣∣ξ(1)(s2i , s2j )∣∣∣)2.
For the second term, decompose R̈q as in Eq. (14). First,∣∣∣∣si(B⊤

q Dξ(Tq)[T̈q]Bq

)
ij

∣∣∣∣ ≲ ( sup
i,j

si

∣∣∣ξ(1)(s2i , s2j )∣∣∣)|bibj |.
Next, we have from the triangle inequality,∣∣∣∣si(B⊤

q D
2ξ(Tq)[Ṫq, Ṫq]Bq

)
ij

∣∣∣∣
≲

d∑
k=1

∣∣∣ξ(2)(s2i , s2j , s2k)∣∣∣ · |si(siaibk + skakbi)(sjajbk + skakbj)|

≤
(
sup
i,j,k

s2i sj

∣∣∣ξ(2)(s2i , s2j , s2k)∣∣∣)|aiaj | d∑
k=1

b2k

+
(
sup
i,j,k

s2i sk

∣∣∣ξ(2)(s2i , s2j , s2k)∣∣∣)|aibj | d∑
k=1

|akbk|

+
(
sup
i,j,k

sisjsk

∣∣∣ξ(2)(s2i , s2j , s2k)∣∣∣)|ajbi| d∑
k=1

|akbk|

+
(
sup
i,j,k

sis
2
k

∣∣∣ξ(2)(s2i , s2j , s2k)∣∣∣)|bibj | d∑
k=1

a2k
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≲
(
sup
i,j,k

si(si + sk)(sj + sk)
∣∣∣ξ(2)(s2i , s2j , s2k)∣∣∣)(|aiaj |+ |aibj |+ |biaj |+ |bibj |).

Squaring and summing over i, j gives

∥SqB⊤
q R̈qBq∥F ≲ sup

i,j
si

∣∣∣ξ(1)(s2i , s2j )∣∣∣+ sup
i,j,k

si(si + sk)(sj + sk)
∣∣∣ξ(2)(s2i , s2j , s2k)∣∣∣.

Altogether, we have

∥Ÿq∥op ≲ sup
i,j

si

∣∣∣ξ(1)(s2i , s2j )∣∣∣+ sup
i,j,k

si(si + sk)(sj + sk)
∣∣∣ξ(2)(s2i , s2j , s2k)∣∣∣.

Finally, we evaluate this bound with our choice of hλ(z) = z√
z2+λ2

, which corresponds to ξ(z) =
1√
z+λ2

. Computing the first divided difference directly gives

ξ(1)(x, y) =
ξ(x)− ξ(y)

x− y
= − 1
√
x+ λ2

√
y + λ2(

√
x+ λ2 +

√
y + λ2)

,

which is valid when x = y by continuity, and plugging in s2i , s
2
j yields∣∣∣siξ(1)(s2i , s2j )∣∣∣ = 1√

s2i + λ2
√
s2j + λ2

× si√
s2i + λ2 +

√
s2j + λ2

≤ λ−2

for all i, j. Also, for the second divided difference, we obtain

ξ(2)(x, y, z)

=
ξ1(x, z)− ξ(1)(y, z)

x− y

=

√
x+ λ2 +

√
y + λ2 +

√
z + λ2

(
√
x+ λ2 +

√
y + λ2)(

√
x+ λ2 +

√
z + λ2)(

√
y + λ2 +

√
z + λ2)

× 1
√
x+ λ2

√
y + λ2

√
z + λ2

.

It follows that for all i, j, k,

si(si + sk)(sj + sk)
∣∣∣ξ(2)(s2i , s2j , s2k)∣∣∣

≤ si√
s2i + λ2

si + sk√
s2i + λ2 +

√
s2k + λ2

sj + sk√
s2j + λ2 +

√
s2k + λ2

×

√
s2i + λ2 +

√
s2j + λ2 +

√
s2k + λ2√

s2j + λ2
√
s2k + λ2(

√
s2i + λ2 +

√
s2j + λ2)

≤ 1√
s2j + λ2

√
s2k + λ2

+
1√

s2j + λ2(
√
s2i + λ2 +

√
s2j + λ2)
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≤ 3

2
λ−2.

Therefore for this choice of ξ, we conclude that ∥Ÿq∥op ≲ λ−2 and thus∣∣ϕ′′(q)
∣∣ = |u⊤Ÿqv| ≲ λ−2

for all q ∈ [0, 1].

E.2. Minibatch concentration

Here, we collect concentration inequalities for the minibatch frequencies q which will be needed in
later sections.

Lemma E.4 Define the weighted covariance matrix

M :=
∑
j∈[N ]

q2juju
⊤
j .

It holds with probability 1−O(d−M ) over sampling of q that

λd/2(M) ≲

{
d−2α(log d)2 B ≳ dα,

0 B ≲ dα.

Hereafter, we use M to denote any sufficiently large constant exponent that allows for union bounding
over (say) N2 = poly(d) items, and often omit the qualifying high probability statements.

Proof Let N be the number of examples satisfying i ≥ d
4 in a minibatch of size B. N is distributed

as Bin(B, ρ) where ρ =
∑

i≥d/4 pi ≍ d1−α. From the multiplicative Chernoff bound, it holds that
for all ϵ > 0,

Pr (N ≥ (1 + ϵ)Bρ) ≤ exp

(
−ϵ2Bρ

2 + ϵ

)
.

If B ≲ dα so that Bρ ≤ d
8 , by taking ϵ = d

4Bρ − 1 we have

Pr

(
N ≥ d

4

)
≤ exp

(
− (d− 4Bρ)2

4(d+ 4Bρ)

)
≤ e−Ω(d).

Hence with high probability, N < d
4 so that the total number of nonzero qi is less than d

2 . It follows
that rank(M) < d

2 and so λd/2(M) = 0.

Now suppose B ≳ dα. Choose a positive integer K ≍ 1
dB

1/α and define the sets Ik := {(k − 1)d+
d
2 , · · · , kd+

d
2 − 1} for k ≥ 1. Consider the decomposition

M =

d/2−1∑
i=1

q2i uiu
⊤
i︸ ︷︷ ︸

=:M0

+
∑
k∈[K]

∑
i∈Ik

q2i uiu
⊤
i︸ ︷︷ ︸

=:Mk

+

N∑
i=(K+1/2)d

q2i uiu
⊤
i︸ ︷︷ ︸

=:Mtail

.
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Since rank(M0) <
d
2 , we have λd/2(M0) = 0. By Weyl’s inequality,

λd/2(M) ≤ λd/2(M0) +

∥∥∥∥∥∥
∑
k∈[K]

Mk +Mtail

∥∥∥∥∥∥
op

≤
∑
k∈[K]

∥Mk∥op + ∥Mtail∥op. (15)

We first control the bulk sum. Since |Ik| ≤ d, it follows from Vershynin [49, Theorem 4.6.1] that∥∥∥∥∥∥
∑
i∈Ik

uiu
⊤
i

∥∥∥∥∥∥
op

= O(1) =⇒ ∥Mk∥op ≲ max
i∈Ik

q2i

with probability 1 − e−Ω(d). To bound this quantity, set p̄k := maxi∈Ik pj ≍ (k − 1
2)

−αd−α and
note that pi ≥ 3−αp̄k for all i ∈ Ik. By the Chernoff bound for Bqi ∼ Bin(B, pi),

Pr (qi ≥ (1 + ϵ)pi) ≤ exp

(
−Bpiϵ

2

2 + ϵ

)
(16)

and so union bounding over i ∈ Ik, we have

Pr

(
max
i∈Ik

qi ≥ (1 + ϵ)p̄k

)
≤ d exp

(
−3−αBp̄kϵ

2

2 + ϵ

)
≲

1

dM

by taking ϵ ≳ log d
Bp̄k
∨
√

log d
Bp̄k

. Hence for all k ∈ [K] we have

max
i∈Ik

qi ≲ (1 + ϵ)p̄k ≲ p̄k +
log d

B
.

For the tail sum, we exploit the sparsity of the frequencies qi. Define the set of indices

Itail :=

{
i :

(
K +

1

2

)
d ≤ i ≤ N, qi > 0

}
.

Ntail := |Itail| is distributed as Bin(B, ρtail) where ρtail =
∑

i≥(K+1/2)d pi ≍ B(1−α)/α, so that
Ntail ≍ Bρtail ≍ B1/α with probability 1 − e−Ω(d). Moreover for each i ∈ Itail, it holds that
pi ≲ (Kd)−α ≍ 1/B and so

Pr (Bqi ≥ r) ≤
(
B

r

)
pri ≤

(
eBpi
r

)r
= d−ω(1)

by taking r ≍ log d, hence qi ≲
log d
B . It follows from Vershynin [49, Remark 4.7.3] that

∥Mtail∥op ≤ max
i∈Itail

q2i ·

∥∥∥∥∥∥
∑
i∈Itail

uiu
⊤
i

∥∥∥∥∥∥
op

≲

(
log d

B

)2Ntail

d

(
1 +

√
d

Ntail
+

d

Ntail

)
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≲

(
log d

B

)2B1/α

d

since B ≳ dα. We conclude from Eq. (15):

λd/2(M) ≲
∑
k∈[K]

(
p̄k +

log d

B

)2

+

(
log d

B

)2B1/α

d
≲ d−2α(log d)2,

where we have used that
∑

k≥1 p̄
2
k ≍

∑
k≥1(kd)

−2α ≍ d−2α.

Lemma E.5 (concentration of tail frequencies) Let B be a randomly sampled minibatch with
empirical frequencies q. Let r be any integer and denote q>r = (qr+1, · · · , qN ). Then it holds with
probability 1−O(d−M ) that

∥q>r∥∞ ≲ r−α +
log d

B

and

∥q>r∥2 ≲

r1/2−α log d B ≳ rα,√
r1−α

B
log d B ≲ rα.

Proof We first control ∥q>r∥∞. Let the index i > r so that pi ≲ r−α. Recalling the Chernoff bound
Eq. (16) for Bqi ∼ Bin(B, pi), we may choose

ϵ ≳ 1 +
log d

Bpi

such that

Pr (qi ≥ (1 + ϵ)pi) ≤ exp

(
−Bpiϵ

2

2 + ϵ

)
≤ exp

(
−Bpiϵ

3

)
≤ 1

dM
,

which implies

qi ≲

(
1 +

log d

Bpi

)
pi ≲ r−α +

log d

B

for all r < i ≤ N .

For ∥q>r∥2, we repeat the analysis from the proof of Lemma E.4. If B ≳ rα, thresholding at B1/α

gives qi ≲ pi +
log d
B for items with r < i ≤ B1/α, and qi ≲

log d
B for the Ntail ≍ B1/α items with

i > B1/α. Combining, we obtain

∥q>r∥22 ≲
B1/α∑
i=r+1

(
pi +

log d

B

)2

+Ntail

(
log d

B

)2
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≲ r1−2α +B1/α−2(log d)2

≲ r1−2α(log d)2.

Finally, if B ≲ rα, we may treat all items i > r as in the tail, so that Ntail ∼ Bin(B, ρtail) with
ρtail =

∑
i>r pi ≍ r1−α and Ntail ≍ Bρtail ≍ Br1−α. Hence

∥q>r∥22 ≲ Ntail

(
log d

B

)2

≲
r1−α

B
(log d)2,

as was to be shown.

As a corollary, we prove the following lemma which will be used in Section F.

Lemma E.6 Let r ≍ d
(log d)2

. There exists

λ ≍ max

{
(log d)2α+2

dα
,
(log d)2

B

}
(17)

such that the event

Eq : max

{
∥q>r∥∞,

∥q>r∥2√
d

}
≤ λ

√
r

d
(18)

satisfies Pr(Eq) ≥ 1−O(d−M ).

Proof By Lemma E.5, we have that when B ≳ rα,

max

{
∥q>r∥∞,

∥q>r∥2√
d

}
≲ r−α +

log d

B
+

√
r

d
· r−α log d ≲ d−α(log d)2α+1

and when B ≲ rα,

max

{
∥q>r∥∞,

∥q>r∥2√
d

}
≲ r−α +

log d

B
+

√
r1−α

Bd
log d ≲

log d

B
.

Therefore by choosing λ as in Eq. (17) with an appropriate proportionality constant, we can ensure
that Eq occurs with probability 1−O(d−M ).

E.3. Lower bounding the signal

We now consider the stabilized sign map hλ(z) =
z√

z2+λ2
. Recall from Lemma E.2 that

ϕ′(0) =
1

4

∑
k ̸=ℓ

(
hλ(sk) + hλ(sℓ)

sk + sℓ
(akbℓ − aℓbk)

2 +
hλ(sk)− hλ(sℓ)

sk − sℓ
(akbℓ + aℓbk)

2

)
+
∑
k

h′λ(sk)a
2
kb

2
k.
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Since hλ(sk)−hλ(sℓ)
sk−sℓ is always positive by the mean value theorem and hλ(z)/z is decreasing, we

may lower bound ϕ′(0) as

ϕ′(0) ≥ 1

4

∑
k ̸=ℓ

hλ(sk) + hλ(sℓ)

sk + sℓ
(akbℓ − aℓbk)

2

≥ 1

2

∑
d/2≤k<ℓ

hλ(sk) + hλ(sℓ)

sk + sℓ
(akbℓ − aℓbk)

2

≥
hλ(sd/2)

2sd/2

∑
d/2≤k<ℓ

(akbℓ − aℓbk)
2. (19)

Note that a, b are Gaussian conditioned on G−i. Let a′, b′ be the vectors consisting of the last d2
coordinates of a, b, respectively. It holds that a′, b′ ∼ N (0, 1dId/2) and∑

d/2≤k<ℓ

(akbℓ − aℓbk)
2 =

∥∥a′∥∥2∥∥b′∥∥2 − ⟨a′, b′⟩2. (20)

Standard concentration bounds give ∥a′∥2, ∥b′∥2 = Θ(1) while ⟨a′, b′⟩2 ≲ log d
d with probability

1−O(d−M ), hence Eq. (20) is lower bounded by a constant.

It thus suffices to control the ‘bulk’ singular value sd/2. By the lemma below, this can be reduced to
controlling the bulk eigenvalues of the weighted covariance matrix

M :=
∑
j∈[N ]

q2juju
⊤
j . (21)

Lemma E.7 It holds that sk(G−i) ≲ λk(M)1/2 for all i, k with probability 1− e−Ω(d).

Proof Let M−i :=
∑

j ̸=i q
2
juju

⊤
j . The kth column of G−i is

∑
j ̸=i qjujvjk, which for each k is an

i.i.d. sample from N (0, 1dM−i) conditioned on u1, · · · , uN . Therefore

G−i
d
=

1√
d
M

1/2
−i Z, where Zkℓ ∼ N (0, 1) i.i.d. (22)

It holds that [44, Eq. 2.3]

Pr
(
∥Z∥op ≤ 3

√
d
)
≥ 1− 2e−d/2

and thus

sk(G−i) ≤
1√
d
sk

(
M

1/2
−i

)
∥Z∥op ≲ λk(M−i)

1/2 ≤ λk(M)1/2

since λk(·) respects Loewner order.
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Then by Lemma E.4, we have λd/2(M) ≲ d−2α(log d)2 and so sd/2(G−i) ≲ d−α log d ≲ λ. We
conclude from Eq. (19),

ϕ′(0) ≥
hλ(sd/2)

2sd/2

∑
k<l≤d/2

(akbl + albk)
2 ≳

1√
s2d/2 + λ2

≳
1

λ
.

We have also shown that supq∈[0,1] |ϕ′′(q)| ≲ λ−2 in Lemma E.3. In addition, since ui, vi are
independent of G−i and ∥hλ(G−i)∥op ≤ 1 from Proposition F.9, a standard concentration bound for
subexponential sums [49, Lemma 2.8.6 and Corollary 2.9.2] gives that with probability 1−O(d−M ),

|ϕ(0)| =
∣∣∣u⊤i hλ(G−i)vi

∣∣∣ ≲√ log d

d
.

Since ϕ is increasing by Lemma E.2, we can therefore Taylor expand ϕ to obtain

ϕ(q) ≥ ϕ(t) ≥ ϕ(0) + tϕ′(0)− 1

2
t2 sup

0≤s≤t
|ϕ′′(s)| ≳ ϕ(0) +

t

λ
− t2

λ2
.

Finally, taking the supremum over t ∈ [0, q] gives

γii = ϕ(qi) ≳ min
{qi
λ
, 1
}
−O

(√
log d

d

)
. (23)

E.4. Putting things together

In Section F, we analyze the interaction terms and show that under Eq (Proposition F.1),

|γij | ≲
(log d)3√

d
, ∀i ̸= j.

Combining with Eq. (23), the uncentered logit gap is thus lower bounded as

γii −max
j ̸=i

γij ≳ min
{qi
λ
, 1
}
−O

(
(log d)3√

d

)
.

We now show that centering does not affect the computation. The mean vector is distributed as
ū ∼ N (0, 1

NdId) so that ∥ū∥2 ≲ 1/
√
N , and moreover ∥ui∥2, ∥vi∥2 ≲ 1 for all i ∈ [N ] with

probability 1− e−Ω(d). It follows that

∥G0 −G∥op ≤
∑
i∈[N ]

qi∥ū∥2∥vi∥2 ≲
1√
N

. (24)

By Proposition F.9, for all i, j,

|u⊤j hλ(G0)vi − u⊤j hλ(G)vi| ≲ ∥hλ(G0)− hλ(G)∥op

≤ 1

λ
∥G0 −G∥op ≲

dα√
N

≲
1√
d
.
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Thus we also have

u⊤i hλ(G0)vi −max
j ̸=i

u⊤j hλ(G0)vi ≳ min
{qi
λ
, 1
}
−O

(
(log d)3√

d

)
.

We conclude that item i will be recovered (regardless of the scaling η) if

qi ≳
(log d)3√

d
λ ≍ max

{
(log d)2α+5

dα+1/2
,
(log d)5

B
√
d

}
.

In the population regime (B =∞), taking qi = pi ≍ i−α, we hence recover all items up to

i ≤ i⋆ ≍ d1+
1
2α (log d)−2− 5

α .

If qi are obtained from a minibatch of size B, we have from the Chernoff lower bound that
Pr
(
qi ≤ 1

2pi
)
≤ exp

(
−1

2Bpi
)
≤ d−M for i such that pi ≳ B−1 log d, which also ensures

qi ≥
pi
2

≳ max

{
(log d)2α+5

dα+1/2
,
(log d)5

B
√
d

}
for all i ≲ i⋆. Therefore with probability 1−O(d−M ), we recover all items up to

i ≲ min

{
i⋆,

(
B

log d

)1/α
}
. (25)

E.5. Proof of Corollary 3.2

Let p̂1 := p̂W1 be the predicted score under W1. By choosing η ≍ (log d)−4
√
d, we can guarantee

a logit gap of

u⊤i W1vi −max
j ̸=i

u⊤j W1vi ≳ η

(
min

{qi
λ
, 1
}
− (log d)3√

d

)
≳ (log d)2

for all items i satisfying Eq. (25) (up to an additional polylog factor), which implies that p̂1(i | i) =
1− d−ω(1). We denote these items as i ≤ i′. For all other items, it holds that

u⊤i W1vi −max
j ̸=i

u⊤j W1vi ≳ η

(
−(log d)3√

d

)
≳ − 1

log d
,

and so p̂1(i | i) ≥ 1−o(1)
N and p̂1(j | i) ≤ 1+o(1)

N for all j ̸= i. It follows that

L(W1) = Ei∼p[− log p̂1(i | i)] ≲ d−ω(1) +
∑
i>i′

pi logN

≲ d−ω(1) + (i′)1−α log d

= Õ
(
max

{
d

1
2
+ 1

2α
−α, B

1
α
−1
})

.
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Appendix F. Analysis of Interaction Terms

F.1. Overview

In this section, we show the following result for the interaction terms.

Proposition F.1 Fix a threshold r ≍ d
(log d)2

. Under the event

Eq : max

{
∥q>r∥∞,

∥q>r∥2√
d

}
≤ λ

√
r

d
,

it holds with probability 1− d−ω(1) that for all pairs i ̸= j of distinct indices,

|γij | ≲
(log d)3√

d
.

We have verified Eq occurs with high probability by a judicious choice of λ in Lemma E.6, and
assume this for fixed q throughout the section. When either qi or qj ≪ λ, the interaction terms can
be bounded by a simple operator Lipschitz concentration argument, which we provide in Section F.8.
The main challenge arises when controlling the leading r × r block, where any operator norm bound
fails to capture the correct scale. The analysis for these ‘large’ interactions requires a much more
involved perturbative approach, and will be developed throughout Sections F.2-F.7. For the readers’
convenience, we provide a sketch of the argument here.

Gather the top r ≍ d
(log d)2

items into U = [u1 · · · ur], V = [v1 · · · vr] and Q = diag(q1, · · · , qr).
We need to bound the off-diagonal entries of K := U⊤hλ(G)V, where the gradient G is split into

G = UQV⊤ + Z, Z :=
N∑

ℓ=r+1

qℓuℓv
⊤
ℓ .

In the limiting regime r/d→ 0, we can ensure that the Gram matrices Gu = U⊤U, Gv = V⊤V
are approximately identity (Section F.2). Utilizing equivariance of hλ and isotropicity of the tail Z
given U,V, we rewrite K in this near-orthonormal basis as

K
d
=
[
G

1/2
u 0

]
hλ

([
G

1/2
u QG

1/2
v

0

]
+ Z

)[
G

1/2
v

0

]
,

which is a perturbation of the top r × r block of hλ(Q). We then invoke the resolvent representation
X−1/2 = 1

π

∫∞
0 s−1/2(X + sId)

−1 ds to get rid of the inverse square root in hλ, and expand all
fractional powers and inverses in terms of the error matrices Eu = Gu − Ir, Ev = Gv − Ir and
Z̃ = λ−1Z (Section F.3). This yields the expression (omitting series truncations, which are controlled
in Section F.4)

K =
1

π

∫ ∞

0
s−1/2

[
Ir 0

]
HD−1/2

s

∑
k≥0

(
D−1/2
s ∆D−1/2

s

)k
D−1/2
s

[
Ir
0

]
ds, (26)
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where Ds =
[
Q2

0

]
+ (λ2 + s)Id is diagonal dependent on s and H,∆ are perturbations, e.g., the

expansion for H is

H =

[
Q+EuQ

0

]
+ λ

∑
k,ℓ≥0

(1
2

k

)(
−1

2

ℓ

)[
Eu

0

]k
Z̃

[
Ev

0

]ℓ
.

We further expand Eq. (26) entrywise over all summed factors in H,∆ (recorded as symbols µ, ν)
and also over all valid index paths ι, into products Tµ,ν

ι of entries of Eu,Ev, Z̃. Integrating out s
in the coefficients gives the complete expansion Kij =

∑
θµ,νι Tµ,ν

ι . Along the way, we prove two
crucial results: (1) all integrated coefficients |θµ,νι | ≤ 1 (Section F.5); and (2) every pair of monomials
Tµ,ν
ι ,Tµ′,ν′

ι′ are nonnegatively correlated (Section F.6). This lets us strip away all coefficients to
construct an isotropic perturbation K̂ij :=

∑
Tµ,ν
ι which upper bounds Kij :

E[K2
ij ] =

∑
θµ,νι θµ

′,ν′

ι′ E[Tµ,ν
ι Tµ′,ν′

ι′ ] ≤
∑

E[Tµ,ν
ι Tµ′,ν′

ι′ ] = E[K̂2
ij ].

This new object K̂ is essentially equivalent to removing all scalar coefficients of H,∆ and factors
of Ds in the computation of Eq. (26). Importantly, unlike K, the off-diagonal entries of K̂ are now
distributionally invariant. Furthermore, its higher moments can be controlled (after sorting by degree)
using standard moment methods, i.e., Gaussian hypercontractivity and decay estimates for Eu,Ev, Z̃
(Section F.7). This finally yields the desired upper bound

|γij | = |Kij | ≲
(log d)3√

d
.

F.2. Setup and norm estimates

We use the notation

U =
[
u1 · · · ur

]
,V =

[
v1 · · · vr

]
∈ Rd×r, Q = diag(q1, · · · , qr)

and K := U⊤hλ(G)V, so that

G =
N∑
ℓ=1

qℓuℓv
⊤
ℓ = UQV⊤ +

N∑
ℓ=r+1

qℓuℓv
⊤
ℓ︸ ︷︷ ︸

=:Z

.

Our goal is to prove Proposition F.1 for the case i, j ≤ r, which corresponds to bounding the
off-diagonal entries of K. Set

Gu = U⊤U, Eu = Gu − Ir,

Gv = V⊤V, Ev = Gv − Ir.

We require the following decay estimates.

Lemma F.2 (decay estimate for Eu,Ev) There exists a constant C > 0 such that

Pr

(
∥Eu∥op > Cmax

{√
r + t√
d

,

(√
r + t√
d

)2
})
≤ 2e−t

2
, ∀t ≥ 0
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and similarly for Ev. In particular, it holds with probability 1− e−Ω(r) that

∥Eu∥op, ∥Ev∥op ≲

√
r

d
.

Proof See Theorem 4.6.1 of Vershynin [49].

Lemma F.3 (decay estimate for Z) Denote q>r = (qr+1, · · · , qN ) ∈ [0, 1]N−r. There exist con-
stants C, t0 > 0 such that

Pr

(
∥Z∥op > max

{
∥q>r∥∞,

∥q>r∥2√
d

}
t

)
≤ eCd(t0−t), ∀t ≥ t0.

In particular, it holds with probability 1− e−Ω(d) that

∥Z∥op ≲ max

{
∥q>r∥∞,

∥q>r∥2√
d

}
.

Proof For fixed vectors x, y ∈ Sd−1,
√
dx⊤ui and

√
dy⊤vi are each N (0, 1) so that ξi :=

d(x⊤ui)(v
⊤
i y) is subexponential with ∥ξi∥ψ1 = O(1). Then

x⊤Zy =

N∑
i=r+1

qi(x
⊤ui)(v

⊤
i y) =

1

d

N∑
i=r+1

qiξi

satisfies

Pr
(
|x⊤Zy| ≥ τ

)
≤ 2 exp

(
−Cmin

{
d2τ2

∥q>r∥22
,

dτ

∥q>r∥∞

})

by the subexponential Bernstein inequality. Taking

τ = max

{
∥q>r∥∞,

∥q>r∥2√
d

}
t

for some t > 0, it follows that Pr
(
|x⊤Zy| ≥ t

)
≤ 2e−Cd(t∧t

2). Now choose a 1/4-netM of Sd−1

with size |M| ≤ 9d. It holds that

∥Z∥op = sup
x,y∈Sd−1

|x⊤Zy| ≤ sup
x,y∈M

|x⊤Zy|+ 1

2
∥Z∥op

and so union bounding overM,

Pr

(
∥Z∥op > max

{
∥q>r∥∞,

∥q>r∥2√
d

}
t

)
≤ 2 · 9d · e−Cd(t∧t2) ≤ eCd(t0−t)

for constants C, t0. The last claim follows by taking t = 2t0.
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Now define the decay factor ρ as

ρ ≍
√

r

d
≍ 1

log d
(27)

and the event Eop as

Eop : max

{
∥Eu∥op, ∥Ev∥op,

∥Z∥op
λ

}
≤ ρ. (28)

From Lemma F.2 and Lemma F.3, under the event Eq, we can choose the proportionality constant in
Eq. (27) so that Pr(Eop) ≥ 1−e−Ω(r). We note that the truncated series expansions in Section F.3-F.4
are valid conditional on Eop, however once we algebraically reduce to the appropriate quantities, we
do not condition on Eop for the moment computations in Section F.5-F.7.

Under Eop, we also have the following bounds:

Lemma F.4 (series expansion for Gu,Gv) Under the event Eop, it holds for all K ≥ 0,

∥∥∥G1/2
u − Ḡ1/2

u

∥∥∥
op
≤ ρK+1, Ḡu :=

(
K∑
k=0

(1
2

k

)
Eku

)2

,

∥∥∥G−1/2
v − Ḡ−1/2

v

∥∥∥
op
≤ ρK+1, Ḡv :=

(
K∑
k=0

(1
2

k

)
Ekv

)−2

,

∥∥G−1
v − Ǧ−1

v

∥∥
op
≤ ρK+1, Ǧv :=

(
K∑
k=0

(−Ev)k
)−1

.

Proof Note that for all k ≥ 0,∣∣∣∣(1
2

k

)∣∣∣∣ = (2k − 3)!!

(2k)!!
≤ 1,

∣∣∣∣(−1
2

k

)∣∣∣∣ = (2k − 1)!!

(2k)!!
≤ 1. (29)

Then by Higham [16, Theorem 4.8],∥∥∥∥∥(Ir +Eu)
1/2 −

K∑
k=0

(1
2

k

)
Eku

∥∥∥∥∥
op

≤
( 1

2

K + 1

)
max
0≤t≤1

∥∥∥EK+1
u (Ir + tEu)

−K−1/2
∥∥∥
op
≤ ρK+1,

and similarly for the two expansions involving Ev.
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F.3. Block resolvent integral representation

Set Ou = UG
−1/2
u , Ov = VG

−1/2
v so that O⊤

γOγ = Ir for γ ∈ {u, v}, and let Pγ ∈ Rd×d be an
orthonormal completion of Oγ . Also define

C :=

[
G

1/2
u QG

1/2
v

0

]
.

We omit all non-diagonal zero blocks for brevity. Conditioned on U,V, it holds that PuZP
⊤
v

d
= Z,

and so

K = U⊤hλ(G)V

= U⊤hλ(UQV⊤ + Z)V

= G1/2
u O⊤

u hλ

(
OuG

1/2
u QG1/2

v O⊤
v + Z

)
OvG

1/2
v

= G1/2
u O⊤

u hλ

(
Pu

[
G

1/2
u QG

1/2
v

0

]
P⊤
v + Z

)
OvG

1/2
v

d
=
[
G

1/2
u 0

]
hλ(C+ Z)

[
G

1/2
v

0

]

=
[
G

1/2
u 0

]
(C+ Z)

(
(C+ Z)⊤(C+ Z) + λ2Id

)−1/2
[
G

1/2
v

0

]
.

We invoke the following resolvent integral representation

X−1/2 =
1

π

∫ ∞

0
s−1/2(X+ sId)

−1 ds.

Applying to X = (C+ Z)⊤(C+ Z) + λ2Id, we have

K =
1

π

∫ ∞

0
s−1/2

[
G

1/2
u 0

]
(C+ Z)(X+ sId)

−1

[
G

1/2
v

0

]
ds

=
1

π

∫ ∞

0
s−1/2

([
GuQG

1/2
v 0

]
+
[
G

1/2
u 0

]
Z
)
(X+ sId)

−1

[
G

1/2
v

0

]
ds

=
1

π

∫ ∞

0
s−1/2

([
GuQ 0

]
+
[
G

1/2
u 0

]
Z

[
G

−1/2
v

Id−r

])
(30)

×

([
G

−1/2
v

Id−r

]
(X+ sId)

[
G

−1/2
v

Id−r

])−1 [
Ir
0

]
ds. (31)

Let us further define βs :=
√
λ2 + s, Z̃ := λ−1Z and denote the zero-padded matrix

JAK :=
[
A

0

]
∈ Rd×d, A ∈ Rr×r.

48



SHARP CAPACITY SCALING OF SPECTRAL OPTIMIZERS IN LEARNING ASSOCIATIVE MEMORY

Note that JAKk = JAkK for k ≥ 1 but JAK0 = Id ̸= JA0K.

Expanding Eq. (30) via Lemma F.4, we have

[
GuQ 0

]
+
[
G

1/2
u 0

]
Z

[
G

−1/2
v

Id−r

]

=
[
Ir 0

]([Q+EuQ
0

]
+

[
G

1/2
u

Id−r

]
Z

[
G

−1/2
v

Id−r

])
=
[
Ir 0

]
(H+Rh),

where

H :=

[
Q+EuQ

0

]
+

[
Ḡ

1/2
u

Id−r

]
Z

[
Ḡ

−1/2
v

Id−r

]

= JQK + JEuQK + λ
K∑

k,ℓ=0

(1
2

k

)(
−1

2

ℓ

)
JEuKkZ̃JEvKℓ (32)

and Rh is the error term due to applying the series truncation in Lemma F.4. We control truncation
errors in Lemma F.6 below. Next, from[

G
−1/2
v

Id−r

]
C⊤ = JQG1/2

u K = JQK

[
G

1/2
u

Id−r

]
,

the term in the inverse can be expressed as[
G

−1/2
v

Id−r

]
(X+ sId)

[
G

−1/2
v

Id−r

]

=

[
G

−1/2
v

Id−r

]
(C⊤C+C⊤Z+ Z⊤C+ Z⊤Z+ β2

sId)

[
G

−1/2
v

Id−r

]

=

[
QGuQ

0

]
+ JQK

[
G

1/2
u

Id−r

]
Z

[
G

−1/2
v

Id−r

]

+

[
G

−1/2
v

Id−r

]
Z⊤

[
G

1/2
u

Id−r

]
JQK

+

[
G

−1/2
v

Id−r

]
Z⊤Z

[
G

−1/2
v

Id−r

]
+ β2

s

[
G−1
v

Id−r

]

= JQ2K + β2
sId + JQEuQK + β2

s

K∑
k=1

J−EvKk

+

K∑
k,ℓ=0

(1
2

k

)(
−1

2

ℓ

)(
JQKJEuKkZJEvKℓ + JEvKℓZ⊤JEuKkJQK

)
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+
K∑

k,ℓ=0

(
−1

2

k

)(
−1

2

ℓ

)
JEvKkZ⊤ZJEvKℓ

+Rδ,s,

where the error Rδ,s (here dependent on s) is also controlled in Lemma F.6. Hence,[
G

−1/2
v

Id−r

]
(X+ sId)

[
G

−1/2
v

Id−r

]
= Ds +∆+Rδ,s

where

Ds = diag(d1,s, · · · , dd,s) := JQ2K + β2
sId

is diagonal positive-definite and

∆ := JQEuQK + β2
s

K∑
k=1

J−EvKk

+ λ

K∑
k,ℓ=0

(1
2

k

)(
−1

2

ℓ

)(
JQKJEuKkZ̃JEvKℓ + JEvKℓZ̃⊤JEuKkJQK

)

+ λ2
K∑

k,ℓ=0

(
−1

2

k

)(
−1

2

ℓ

)
JEvKkZ̃⊤Z̃JEvKℓ. (33)

Plugging back into Eq. (31), we obtain the expression

K =
1

π

∫ ∞

0
s−1/2

[
Ir 0

]
(H+Rh)(Ds +∆+Rδ,s)

−1

[
Ir
0

]
ds.

Compare to the quantity obtained by ignoring the truncation errors Rh,Rδ,s and expanding the
inverse using the (again truncated) Neumann series:

K̃ =
1

π

∫ ∞

0
s−1/2

[
Ir 0

]
HD−1/2

s

K∑
k=0

(
−D−1/2

s ∆D−1/2
s

)k
D−1/2
s︸ ︷︷ ︸

=:Ψs(H,∆)

[
Ir
0

]
ds. (34)

We justify this expansion in Lemma F.5 and show ∥K− K̃∥op = d−ω(1) in Lemma F.6. Hence it
suffices to bound the off-diagonal entries of K̃.

F.4. Truncation error bounds

Here, we show that the errors from truncating the series for G1/2
u ,G

−1/2
v ,G−1

v and the Neumann
series in Eq. (34) are ignorable.

Lemma F.5 (Neumann series stability) Under the event Eop, there exists a constant C such that
for every s ≥ 0, ∥∥∥D−1/2

s ∆D−1/2
s

∥∥∥
op
≤ Cρ.
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Proof Define the diagonal matrices

As := (Q2 + β2
sIr)

−1/2Q, Bs := βs(Q
2 + β2

sIr)
−1/2

so that ∥As∥op, ∥Bs∥op ≤ 1. We bound each of the four terms in (33) separately. For the first term,∥∥∥D−1/2
s JQEuQKD−1/2

s

∥∥∥
op

= ∥AsEuAs∥op ≤ ρ.

For the second term, noting that the sum starts from k = 1,∥∥∥∥∥D−1/2
s

(
β2
s

K∑
k=1

J−EvKk
)
D−1/2
s

∥∥∥∥∥
op

≤
K∑
k=1

∥BsEvBs∥kop ≤
K∑
k=1

ρk ≤ ρ

1− ρ
.

For the third term, we have∥∥∥D−1/2
s JQKJEuKk

∥∥∥
op

=
∥∥∥AsE

k
u

∥∥∥
op
≤ ρk,∥∥∥JEvKℓD−1/2

s

∥∥∥
op

= β−1
s

∥∥∥JEvKℓBs

∥∥∥
op
≤ β−1

s ρℓ.

Then noting that λ ≤ βs,∥∥∥∥∥∥D−1/2
s

λ
K∑

k,ℓ=0

(1
2

k

)(
−1

2

ℓ

)
JQKJEuKkZ̃JEvKℓ

D−1/2
s

∥∥∥∥∥∥
op

≤ λ

K∑
k,ℓ=0

∥∥∥D−1/2
s JQKJEuKkZ̃JEvKℓD−1/2

s

∥∥∥
op

≤ λβ−1
s

K∑
k,ℓ=0

ρk+ℓ+1 ≤ ρ

(1− ρ)2

and similarly for the transposed term. Finally for the fourth term,∥∥∥∥∥∥D−1/2
s

λ2
K∑

k,ℓ=0

(
−1

2

k

)(
−1

2

ℓ

)
JEvKkZ̃⊤Z̃JEvKℓ

D−1/2
s

∥∥∥∥∥∥
op

≤ λ2
K∑

k,ℓ=0

∥∥∥D−1/2
s JEvKkZ̃⊤Z̃JEvKℓD−1/2

s

∥∥∥
op

≤ λ2β−2
s

K∑
k,ℓ=0

ρk+ℓ+2 ≤ ρ2

(1− ρ)2
.

Combining the errors concludes the proof.
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Lemma F.6 (truncation error bound) Suppose the decay factor satisfies ρ ≲ 1
log d and the trunca-

tion threshold K ≳ log d. Under the event Eop, it holds that

∥K− K̃∥op = d−ω(1).

Proof First we control the errors Rh,Rδ,s. For Rh, we have that

Rh =

[
G

1/2
u

Id−r

]
Z

[
G

−1/2
v

Id−r

]
−

[
Ḡ

1/2
u

Id−r

]
Z

[
Ḡ

−1/2
v

Id−r

]

=

[
G

1/2
u

Id−r

]
ZJG−1/2

v − Ḡ−1/2
v K + JG1/2

u − Ḡ1/2
u KZ

[
Ḡ

−1/2
v

Id−r

]
.

Then by Lemma F.4,

∥Rh∥op ≤
∥∥∥G1/2

u Z
∥∥∥
op

∥∥∥G−1/2
v − Ḡ−1/2

v

∥∥∥
op

+
∥∥∥G1/2

u − Ḡ1/2
u

∥∥∥
op

∥∥∥ZḠ−1/2
v

∥∥∥
op

≤
(
2
√

1 + ρ+ ρK+1
)
λρ · ρK+1 = d−ω(1).

For Rδ,s, we have that

Rδ,s = β2
s JG

−1
v − Ǧ−1

v K

+ JQK

([
G

1/2
u

Id−r

]
Z

[
G

−1/2
v

Id−r

]
−

[
Ḡ

1/2
u

Id−r

]
Z

[
Ḡ

−1/2
v

Id−r

])

+

([
G

−1/2
v

Id−r

]
Z⊤

[
G

1/2
u

Id−r

]
−

[
Ḡ

−1/2
v

Id−r

]
Z⊤

[
Ḡ

1/2
u

Id−r

])
JQK

+

[
G

−1/2
v

Id−r

]
Z⊤Z

[
G

−1/2
v

Id−r

]
−

[
Ḡ

−1/2
v

Id−r

]
Z⊤Z

[
Ḡ

−1/2
v

Id−r

]

and we can similarly bound, using that ∥Q∥op ≤ 1 and λ = poly(d−1),

∥Rδ,s∥op = β2
s · d−ω(1).

It follows that ∥∥∥D−1/2
s Rδ,sD

−1/2
s

∥∥∥
op

= d−ω(1) (35)

uniformly over s. Now define

N1 =
(
Id +D−1/2

s ∆D−1/2
s +D−1/2

s Rδ,sD
−1/2
s

)−1
,

N2 =
(
Id +D−1/2

s ∆D−1/2
s

)−1
,

N3 =
K∑
k=0

(
−D−1/2

s ∆D−1/2
s

)k
.
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We have that ∥N1∥op, ∥N2∥op = 1 + o(1) due to Lemma F.5 and Eq. (35). Moreover,

∥N1 −N2∥op =
∥∥N2(N

−1
2 −N−1

1 )N1

∥∥
op

≲
∥∥∥D−1/2

s Rδ,sD
−1/2
s

∥∥∥
op

= d−ω(1)

and by the Neumann series,

∥N2 −N3∥op ≤
∞∑

k=K+1

(Cρ)k = d−ω(1).

Thus from

K =
1

π

∫ ∞

0
s−1/2

[
Ir 0

]
(H+Rh)D

−1/2
s N1D

−1/2
s

[
Ir
0

]
ds,

K̃ =
1

π

∫ ∞

0
s−1/2

[
Ir 0

]
HD−1/2

s N3D
−1/2
s

[
Ir
0

]
ds,

and ∥H∥op ≲ 1, it follows that

∥K− K̃∥op

≤ 1

π

∫ ∞

0
s−1/2

∥∥∥(H+Rh)D
−1/2
s N1D

−1/2
s −HD−1/2

s N3D
−1/2
s

∥∥∥
op

ds

≤ 1

π

∫ ∞

0
s−1/2

∥∥∥RhD
−1/2
s N1D

−1/2
s

∥∥∥
op

ds

+
1

π

∫ ∞

0
s−1/2

∥∥∥HD−1/2
s (N1 −N3)D

−1/2
s

∥∥∥
op

ds

≤ 1

π

∫ ∞

0
s−1/2β−2

s ds ·
(
∥Rh∥op∥N1∥op + ∥H∥op∥N1 −N3∥op

)
= λ−1d−ω(1) = d−ω(1),

as was to be shown.

F.5. Complete perturbative expansion

We will now fully multiply out Ψs(H,∆) in Eq. (34) by plugging in Eq. (32) and Eq. (33) into each
instance of H,∆ and further expanding all matrix products entrywise. Since there are many different
types of terms, we will keep track of all terms and coefficients by introducing symbols µ ∈ Sµ and
ν ∈ Sν for H and ∆, respectively.

For the rest of the section, we set

q̃ = (q̃1, · · · , q̃d) := (q1, · · · , qr, 0, · · · , 0)

so that JQK = diag(q̃). We will also denote by Im the set of length m index sequences or paths
ι = (i1, · · · , im) ∈ [d]m, and by Imij the set of augmented paths ι = (i0, · · · , im+1) ∈ [d]m+2 with
the restriction that i0 = i and im+1 = j.
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For H, let

Sµ := {1, 2} ∪
{
(3, k, ℓ, ι) : 0 ≤ k, ℓ ≤ K, ι ∈ Ik+ℓ

}
.

From Eq. (32), we can decompose

Hij =
∑
µ∈Sµ

aµijH
µ
ij (36)

where

(1) µ = 1: (a1ij ,H
1
ij) = (q̃j , JIrKij)

(2) µ = 2: (a2ij ,H
2
ij) = (q̃j , JEuKij)

(3) µ = (3, k, ℓ, ι): recalling ι = (i1, · · · , ik+ℓ) ∈ [d]k+ℓ,

(aµij ,H
µ
ij) =

((1
2

k

)(
−1

2

ℓ

)
λ,

k∏
m=1

JEuKim−1imZ̃ikik+1

ℓ∏
m=1

JEvKik+mik+m+1

)
,

here with the convention that i0 = i, im+1 = j depending on the pair (i, j) being expanded.

For ∆, let

Sν := {1} ∪
{
(2, k, ι) : 1 ≤ k ≤ K, ι ∈ Ik−1

}
∪
{
(3, k, ℓ, ι) : 0 ≤ k, ℓ ≤ K, ι ∈ Ik+ℓ

}
∪
{
(4, k, ℓ, ι) : 0 ≤ k, ℓ ≤ K, ι ∈ Ik+ℓ

}
∪
{
(5, k, ℓ, ι) : 0 ≤ k, ℓ ≤ K, ι ∈ Ik+ℓ+1

}
.

From Eq. (33), we can decompose ∆ij with coefficients in the following bilinear form:

∆ij =
∑
ν∈Sν

bνi∆
ν
ijc

ν
j (37)

where

(1) ν = 1:

(b1i , c
1
j ,∆

1
ij) = (q̃i, q̃j , JEuKij)

(2) ν = (2, k, ι):

(bνi , c
ν
j ,∆

ν
ij) =

(
(−1)kβs, βs,

k∏
m=1

JEuKim−1im

)
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(3) ν = (3, k, ℓ, ι):

(bνi , c
ν
j ,∆

ν
ij) =

((1
2

k

)
q̃i,

(
−1

2

ℓ

)
λ,

k∏
m=1

JEuKim−1imZ̃ikik+1

ℓ∏
m=1

JEvKik+mik+m+1

)

(4) ν = (4, k, ℓ, ι):

(bνi , c
ν
j ,∆

ν
ij) =

((
−1

2

ℓ

)
λ,

(1
2

k

)
q̃j ,

ℓ∏
m=1

JEvKim−1imZ̃iℓ+1iℓ

k∏
m=1

JEuKiℓ+miℓ+m+1

)

(5) ν = (5, k, ℓ, ι):

(bνi , c
ν
j ,∆

ν
ij) =

((
−1

2

k

)
λ,

(
−1

2

ℓ

)
λ,

k∏
m=1

JEvKim−1imZ̃ik+1ikZ̃ik+1ik+2

ℓ+1∏
m=2

JEvKik+mik+m+1

)
.

Observe that every Hµ
ij and ∆ν

ij are purely products of entries of JEuK, JEvK or Z̃, without any
numerical coefficients.

Returning to Eq. (34), fix a pair of indices i, j ∈ [r], so that

K̃ij =
1

π

∫ ∞

0
s−1/2Ψs(H,∆)ij ds. (38)

By expanding each power
(
−D

−1/2
s ∆D

−1/2
s

)k along paths ι ∈ Ikij and plugging in Eq. (36) and
Eq. (37), we obtain

Ψs(H,∆)ij =
K∑
k=0

[
HD−1/2

s

(
−D−1/2

s ∆D−1/2
s

)k
D−1/2
s

]
ij

=
K∑
k=0

(−1)k
∑
ι∈Ik

ij

Hi0i1√
di1,s

(
k∏
ℓ=1

∆iℓiℓ+1√
diℓ,sdiℓ+1,s

)
1√

dik+1,s

=
K∑
k=0

(−1)k
∑
ι∈Ik

ij

∑
µ∈Sµ

aµi0i1H
µ
i0i1√

di1,s

 k∏
ℓ=1

∑
νℓ∈Sν

bνℓiℓ ∆
νℓ
iℓiℓ+1

cνℓiℓ+1√
diℓ,sdiℓ+1,s

 1√
dik+1,s

=
K∑
k=0

(−1)k
∑
ι∈Ik

ij

∑
µ∈Sµ

∑
ν∈Sk

ν

ζµ,νι,s T
µ,ν
ι , (39)

where we have defined for each µ ∈ Sµ and ν = (ν1, · · · , νk) ∈ Skν (k being implicit),

ζµ,νι,s :=
aµi0i1√
di1,s

(
k∏
ℓ=1

bνℓiℓ c
νℓ
iℓ+1√

diℓ,sdiℓ+1,s

)
1√

dik+1,s
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and

Tµ,ν
ι := Hµ

i0i1

k∏
ℓ=1

∆νℓ
iℓiℓ+1

.

Note that Tµ,ν
ι is also a product of a number of entries of JEuK, JEvK or Z̃. We denote this number

by the degree nµ,νι ; the degree of Tµ,ν
ι as a polynomial of Gaussians uij , vij is 2nµ,νι (however, this

polynomial is nonhomogeneous due to the presence of the −Ir terms in Eu,Ev). From the definition
of H,∆, we can check that

0 ≤ nµ,νι ≤ (2K + 1) +K(2K + 2) ≤ CK2. (40)

The coefficients ζµ,νι,s further satisfy the following uniform bound.

Lemma F.7 For all ι ∈ Ik and symbols µ ∈ Sµ, ν ∈ Skν , there exists an index m = m(ι, µ, ν) ∈
{1, · · · , k + 1} such that for all s ≥ 0,

|ζµ,νι,s | ≤
q̃im ∨ λ

dim,s
.

Proof Denote the projection of the symbols µ and ν to the integer-valued first coordinate as
π(µ) ∈ {1, 2, 3} and π(ν) ∈ {1, 2, 3, 4, 5}, respectively.

First suppose k = 0. When π(µ) ∈ {1, 2}, we have aµij = q̃j . When π(µ) = 3, we have |aµij | ≤ λ.
Hence

|ζµ,νι,s | =
|aµij |
dj,s
≤ q̃j ∨ λ

q̃2j + β2
s

.

Now let k ≥ 1. We first claim that for all i, j and all symbols µ ∈ Sµ, ν, ν ′ ∈ Sν , it holds that
|aµijbνj | ≤ dj,s and |bνj cν

′
j | ≤ dj,s. Indeed, for each i, j,

aµij ∈ {q̃j} ∪
{(1

2

k

)(
−1

2

ℓ

)
λ : k, ℓ ≤ K

}
,

bνj , c
ν′
j ∈ {q̃j , βs,−βs} ∪

{(1
2

k

)
q̃j : k ≤ K

}
∪
{(
−1

2

ℓ

)
λ : ℓ ≤ K

}
.

By Eq. (29) and λ ≤
√
λ2 + s = βs, we have

|aµijb
ν
j |, |bνj cν

′
j | ≤ (q̃j ∨ βs)

2 ≤ q̃2j + β2
s = dj,s (41)

as claimed. Now rewrite

ζµ,νι,s =
aµi0i1√
di1,s

(
k∏
ℓ=1

bνℓiℓ c
νℓ
iℓ+1√

diℓ,sdiℓ+1,s

)
1√

dik+1,s

=
aµi0i1b

ν1
i1

di1,s

(
k∏
ℓ=2

c
νℓ−1

iℓ
bνℓiℓ

diℓ,s

)
cνkik+1

dik+1,s

to consolidate the denominators. We divide into the following cases.
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(1) π(νk) ̸= 2: we have

cνkik+1
= cνkj ∈

{(1
2

k

)
q̃j : k ≤ K

}
∪
{(
−1

2

ℓ

)
λ : ℓ ≤ K

}
so that |cνkj | ≤ q̃j ∨ λ. Thus by Eq. (41),

|ζµ,νι,s | =
|aµi0i1b

ν1
i1
|

di1,s

k∏
ℓ=2

|cνℓ−1

iℓ
bνℓiℓ |

diℓ,s
·
|cνkj |
dj,s

≤
|cνkj |
dj,s

≤ q̃j ∨ λ

dj,s
.

(2) π(νk) = 2 and π(ν1) /∈ {1, 3}: we have cνkj = βs and |bν1i1 | ≤ βs, as well as |aµi0i1 | ≤ q̃i1 ∨ λ
regardless of µ. Then

|ζµ,νι,s | ≤
|aµi0i1 |
di1,s

·
|bν1i1 c

νk
j |

dj,s
≤ q̃i1 ∨ λ

di1,s
· β

2
s

dj,s
≤ q̃i1 ∨ λ

di1,s
.

(3) π(νk) = 2 and π(ν1) ∈ {1, 3}: let m ∈ {2, · · · , k} be the smallest index such that π(νm) /∈
{1, 3}, so cνkj = βs and |bνmim | ≤ βs. Since π(νm−1) ∈ {1, 3}, we also have either |cνm−1

im
| ≤ q̃im

or |cνm−1

im
| ≤ λ. Then

|ζµ,νι,s | ≤
|cνm−1

im
|

dim,s
·
|bνmim cνkj |
dj,s

≤ q̃im ∨ λ

dim,s
· β

2
s

dj,s
≤ q̃im ∨ λ

dim,s
.

This concludes the proof of the lemma.

F.6. Positive path correlation and graded recombination

Substituting Eq. (39) and integrating out s in Eq. (38) thus gives

K̃ij =

K∑
k=0

(−1)k
∑
ι∈Ik

ij

∑
µ∈Sµ

∑
ν∈Sk

ν

θµ,νι Tµ,ν
ι (42)

where the coefficients are given as

θµ,νι =
1

π

∫ ∞

0
s−1/2ζµ,νι,s ds.

Importantly, θµ,νι are uniformly bounded: by Lemma F.7, there exists an index m such that

|θµ,νι | ≤
1

π

∫ ∞

0
s−1/2 · q̃im ∨ λ

dim,s
ds =

q̃im ∨ λ√
q̃2im + λ2

≤ 1.

With Eq. (40) in mind, we further introduce a gradation in Eq. (42) according to degree; this is
necessary to correctly apply Gaussian hypercontractivity later.

K̃ij =

CK2∑
n=0

Kij:n, Kij:n :=

K∑
k=0

(−1)k
∑
ι∈Ik

ij

∑
µ∈Sµ

∑
ν∈Sk

ν

θµ,νι 1{nµ,ν
ι =n}T

µ,ν
ι . (43)

We now present a key insight which allows us to remove the coefficients θµ,νι when computing
moments of Kij:n.
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Lemma F.8 (positive path correlation) Let k, k′ ≥ 0. It holds for all paths ι ∈ Ik, ι′ ∈ Ik′ and
symbols µ, µ′ ∈ Sµ, ν ∈ Skν , ν ′ ∈ Sk′ν that

E
[
Tµ,ν
ι Tµ′,ν′

ι′

]
≥ 0,

where the expectation is taken over all u1, · · · , uN and v1, · · · , vN .

Proof Tµ,ν
ι ,Tµ′,ν′

ι′ are products of indices of JEuK, JEvK or Z̃, so we may write

Tµ,ν
ι Tµ′,ν′

ι′ =
∏
(i,j)

JEuKij
∏
(i,j)

JEvKij
∏
(i,j)

Z̃ij (44)

where the products range over multisets of index pairs. We can remove the double brackets by
restricting to (i, j) ∈ [r] × [r] for Eu,Ev, otherwise the product will be identically zero. Further
expand each entry as

(Eu)ij = u⊤i uj − δij =

d∑
ℓ=1

(
uiℓujℓ −

δij
d

)
,

(Ev)ij = v⊤i vj − δij =
d∑
ℓ=1

(
viℓvjℓ −

δij
d

)
,

Z̃ij = λ−1
N∑

ℓ=r+1

qℓuℓivℓj ,

then Eq. (44) decomposes into a sum of terms with positive coefficients of the form∏
γ

(
u2γ −

1

d

)∏
γ

(
v2γ −

1

d

)∏
γ

uγ
∏
γ

vγ

where γ ∈ [N ] × [d] denote index pairs. Rescale ũγ =
√
duγ so that ũγ is i.i.d. N (0, 1), then by

symmetry it suffices to show

Y =
∏
γ∈A

(ũ2γ − 1)
∏
γ∈B

ũγ

has nonnegative expectation for arbitrary multisets A,B. Denote multiset union by ⊔. By Isserlis’
theorem,

E[Y] =
∑
m≥0

(−1)m
∑
A′⊆A

|A\A′|=m

E

 ∏
γ∈A′⊔A′⊔B

ũγ


=
∑
m≥0

(−1)m
∑
A′⊆A

|A\A′|=m

P(A′ ⊔ A′ ⊔ B) (45)
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where P(C) counts the number of ways to partition C into pairs of equal index pairs. Then by
inclusion–exclusion, Eq. (45) exactly counts the number of ways to partition A ⊔A ⊔ B into pairs
which do not contain any of the (γ, γ) pairs arising from each of the ũ2γ − 1 factors, as fixing m such
pairs in A ⊔A yields a subset of ‘free’ index pairs A′ ⊔ A′ where |A \ A′| = m. Hence E[Y] is a
count and thus nonnegative.

To utilize this result, define the ‘coefficientless’ recombined version K̂ of K̃ and its gradation K̂:n

analogously to Eq. (43),

K̂ :=
CK2∑
n=0

K̂:n, [K̂:n]ij = K̂ij:n :=
K∑
k=0

∑
ι∈Ik

ij

∑
µ∈Sµ

∑
ν∈Sk

ν

1{nµ,ν
ι =n}T

µ,ν
ι .

Then we can bound using Lemma F.8 and |θµ,νι |, |θµ
′,ν′

ι′ | ≤ 1,

E
[
K2
ij:n

]
=
∑
k,ι,µ,ν

∑
k′,ι′,µ′,ν′

(−1)k+k′θµ,νι θµ
′,ν′

ι′ 1{nµ,ν
ι =n}1{nµ′,ν′

ι′ =n} E
[
Tµ,ν
ι Tµ′,ν′

ι′

]
≤
∑
k,ι,µ,ν

∑
k′,ι′,µ′,ν′

1{nµ,ν
ι =n}1{nµ′,ν′

ι′ =n} E
[
Tµ,ν
ι Tµ′,ν′

ι′

]
= E

[
K̂2
ij:n

]
. (46)

Furthermore, define the ‘coefficientless’ versions of H,∆ as

Ĥ := JIrK + JEuK +
K∑

k,ℓ=0

JEuKkZ̃JEvKℓ, (47)

∆̂ := JEuK +
K∑
k=1

JEvKk +
K∑

k,ℓ=0

(JEuKkZ̃JEvKℓ + JEvKℓZ̃⊤JEuKk)

+
K∑

k,ℓ=0

JEvKkZ̃⊤Z̃JEvKℓ. (48)

These correspond to removing precisely the coefficients aµij (resp. bνi , c
ν
j ) in the entrywise decompo-

sitions Eq. (36), Eq. (37), yielding the relations

Ĥij =
∑
µ∈Sµ

Hµ
ij , ∆̂ij =

∑
ν∈Sν

∆ν
ij

and

K̂ij =
∑
k,ι,µ,ν

Tµ,ν
ι =

∑
k,ι,µ,ν

Hµ
i0i1

k∏
ℓ=1

∆νℓ
iℓiℓ+1

=

[
K∑
k=0

Ĥ∆̂k

]
ij

.

Thus we obtain the recombined expression

K̂ =

K∑
k=0

Ĥ∆̂k. (49)
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Since an n-fold product of matrices expands entrywise into a sum of n-fold products of entries,
K̂:n is precisely the grading of K̂ according to (polynomial) degree. In particular, we may express
K̂:n = Fn(JEuK, JEvK, Z̃) for some homogeneous matrix polynomial Fn of degree n.

Next, let Π be any r × r permutation matrix and let

Π+ :=

[
Π

Id−r

]
.

By symmetry, (U,V)
d
= (UΠ,VΠ) and independently

(ur+1, · · · , uN , vr+1, · · · , vN )
d
= (Π⊤

+ur+1, · · · ,Π⊤
+uN ,Π

⊤
+vr+1, · · · ,Π⊤

+vN ),

which implies(
JEuK, JEvK, Z̃

)
d
=
(
JΠ⊤U⊤UΠ− IrK, JΠ⊤V⊤VΠ− IrK,Π⊤

+Z̃Π+

)
=
(
Π⊤

+JEuKΠ+,Π
⊤
+JEvKΠ+,Π

⊤
+Z̃Π+

)
.

Then for each n it holds that

K̂:n = Fn

(
JEuK, JEvK, Z̃

)
d
= Fn

(
Π⊤

+JEuKΠ+,Π
⊤
+JEvKΠ+,Π

⊤
+Z̃Π+

)
= Π⊤

+Fn

(
JEuK, JEvK, Z̃

)
Π+

= Π⊤
+K̂:nΠ+

since Fn is a matrix polynomial, therefore K̂:n is also distributionally invariant under the permutation
Π+. In particular, the second moment of K̂ij:n is equal for any pair of distinct indices i, j ≤ r, and
so

E
[
K̂2
ij:n

]
=

1

r(r − 1)
E

 ∑
i,j≤r,i̸=j

K̂2
ij:n


≤ 1

r(r − 1)
E
[
∥K̂:n∥2F

]
≤ d

r(r − 1)
E
[
∥K̂:n∥2op

]
. (50)

F.7. Graded tail bounds and hypercontractivity

We proceed to bound each K̂:n. We remark that we only need to control products up to at most
polylogarithmic degree since n ≤ CK2 ≲ (log d)2, otherwise the expectation would suffer superex-
ponential blowup in d. In addition, K̂:0 = JIrK is diagonal (as is K:0) and does not affect Eq. (50),
so we only consider n ≥ 1.

Expanding all products in Eq. (49), the number of summed monomials in the expression K̂:n =
Fn(JEuK, JEvK, Z̃) can be upper bounded as follows. Each monomial is an n-fold product of
JEuK, JEvK, Z̃ which we write as a length n sequence; there are at most 3n possible sequences. This
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is further partitioned into k+1 consecutive subsequences which simultaneously determine the power
k ≥ 0 of ∆̂, and which factor of Ĥ or ∆̂ each subsequence originated from. Since all terms in
Eq. (47) are distinct, and all terms in Eq. (48) are also distinct, this information uniquely specifies
each term in K̂:n. As a partition can be specified by choosing a subset of points in the sequence as
break points, the total number of such partitioned sequences is at most 3n × 2n = 6n.

The discussion thus far implies that

∥K̂:n∥op ≤ 6nmax
{
∥Eu∥op, ∥Ev∥op, ∥Z̃∥op

}n
and so

E
[
∥K̂:n∥2op

]
≤ 62n

(
E
[
∥Eu∥2nop

]
+ E

[
∥Ev∥2nop

]
+ E

[
∥Z̃∥2nop

])
. (51)

We now bound each moment in turn.

For Eu and Ev, recall from Lemma F.2 that

Pr

(
∥Eu∥op > Cmax

{√
r + t√
d

,

(√
r + t√
d

)2
})
≤ 2e−t

2
.

Applying the tail integral formula and integrating by parts, we have that

E
[
∥Eu∥2nop

]
=

∫ ∞

0
2ns2n−1 Pr

(
∥Eu∥op > s

)
ds

≤
(
C

√
r

d

)2n

+

∫ √
d−

√
r

0
2n

(
C

√
r + t√
d

)2n−1

2e−t
2 · C√

d
dt

+

∫ ∞

√
d−

√
r
2n

(
C

(√
r + t√
d

)2
)2n−1

2e−t
2 · C√

d
dt.

The second term is bounded, using the inequality (a+ b)n ≤ 2n−1(an + bn), as

4nC√
d

∫ √
d−

√
r

0

(
C

√
r + t√
d

)2n−1

e−t
2
dt

≤ 22nnC√
d

(
C

√
r

d

)2n−1 ∫ ∞

0
e−t

2
dt+

22nnC√
d

∫ ∞

0

(
Ct√
d

)2n−1

e−t
2
dt

≲
22nnC√

d

(
C

√
r

d

)2n−1

+
22nnC√

d

(
C√
d

)2n−1

Γ(n)

≲

(
2C

√
r

d

)2n−1

,

where we have used that Γ(n) ≲ nn−1/2 ≪
√
r
2n−1 and n ≲ (log d)2.

Similarly, the third term is bounded as

4nC√
d

∫ ∞

√
d−

√
r

(
C

(√
r + t√
d

)2
)2n−1

e−t
2
dt
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≲
24nnC√

d

(
C

√
r

d

)4n−2

+
24nnC√

d

(
C√
d

)4n−2

Γ

(
2n+

1

2

)
≲

(
2C

√
r

d

)4n−2

.

We thus have

E
[
∥Eu∥2nop

]
= E

[
∥Ev∥2nop

]
≲

(
2C

√
r

d

)2n−1

.

For Z̃, we have from Lemma F.3 and Eq. (18) that

Pr

(
∥Z̃∥op > t

√
r

d

)
≤ eCd(t0−t), ∀t ≥ t0

for constants C, t0. Then, substituting s = Cd(t− t0),

E
[
∥Z̃∥2nop

]
≤
(
t0

√
r

d

)2n

+ 2n
(r
d

)n ∫ ∞

t0

t2n−1eCd(t0−t) dt

≤
(
t0

√
r

d

)2n

+
22n−1nrn

Cdn+1

∫ ∞

0

(( s

Cd

)2n−1
+ t2n−1

0

)
e−s ds

=

(
t0

√
r

d

)2n

+
22n−1nrn

Cdn+1

(
Γ(2n)

(Cd)2n−1
+ t2n−1

0

)
≲

(
2t0

√
r

d

)2n

.

Recalling that ρ ≍
√
r/d, we have shown that Eq. (51) is bounded as (Cρ)2n−1 for some constant

C. Combining Eq. (46) and Eq. (50), it follows that

E
[
K2
ij:n

]
≤ E

[
K̂2
ij:n

]
≤ d

r(r − 1)
E
[
∥K̂:n∥2op

]
≲

d

r2
(Cρ)2n−1.

Now fix an integer L ≍ log d such that CρL ≤ 1
2 . Observe that each Kij:n is a multilinear

polynomial of degree at most 2n in the entries ukℓ, vkℓ, thus by Gaussian hypercontractivity,

E
[
KL
ij:n

]1/L ≤ (L− 1)n E
[
K2
ij:n

]1/2
≲

√
dL

r
(CρL)n−1/2 =:

t√
L
.

By Markov’s inequality,

Pr(|Kij:n| > t) ≤ t−L E
[
KL
ij:n

]
≲ L−L/2 = d−ω(1).

Therefore, union bounding over all 1 ≤ i, j ≤ d with i ̸= j and n ≲ (log d)2, we conclude:

|K̃ij | ≤
CK2∑
n=1

|Kij:n| ≲
CK2∑
n=1

L
√
d

r
(CρL)n−1/2 ≲

(log d)3√
d

and hence

|Kij | ≲
(log d)3√

d
(52)

with probability 1− d−ω(1).
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F.8. Lipschitz concentration for tail logits

We now bound the magnitude of the interactions γij when either qi or qj ≪ λ, which is true when
max{i, j} > r under Eq. Here, we only provide the argument for when qj is small. We first show
that hλ is λ−1-Lipschitz w.r.t. operator norm.

Proposition F.9 (operator Lipschitz bound) For λ > 0, hλ(z) = z√
z2+λ2

and arbitrary A,B ∈
Rd×d, it holds that ∥hλ(A)∥op ≤ 1 and

∥hλ(A)− hλ(B)∥op ≤ λ−1∥A−B∥op. (53)

We remark that in general, matrix functions do not inherit the Lipschitz constant of the underlying
scalar function in operator norm (although this is true in Frobenius norm; see Kittaneh [24]). For this
particular result, we rely on a uniform integral representation of hλ.

Proof The first claim ∥hλ(A)∥op ≤ 1 holds since the range of hλ is contained in [−1, 1]. We now
prove the main claim. We first show Eq. (53) for symmetric A,B; note that since hλ is odd, hλ is
equal to the usual functional calculus when applied to symmetric matrices. Consider the integral
representation

hλ(t) =
2

π

∫ ∞

0

t

t2 + δ2s
ds, δs :=

√
λ2 + s2.

For a real symmetric matrix A, define the map

hλ,R(A) :=
2

π

∫ R

0
A
(
A2 + δ2sId

)−1
ds

so that hλ,R(A)→ hλ(A) as R→∞. Note that

(A+ iδsId)
−1 = (A− iδsId)

(
A2 + δ2sId

)−1
,

(A− iδsId)
−1 = (A+ iδsId)

(
A2 + δ2sId

)−1
,

so we may express

hλ,R(A) =
1

π

∫ R

0
(A+ iδsId)

−1 + (A− iδsId)
−1 ds.

Denoting the spectrum of A by σ(A), it holds that∥∥∥(A± iδsId)
−1
∥∥∥
op

= max
µ∈σ(A)

1

|µ± iδs|
= max

µ∈σ(A)

1√
µ2 + δ2s

≤ 1

δs
.

Hence for all real symmetric A,B,∥∥∥(A± iδsId)
−1 − (B± iδsId)

−1
∥∥∥
op

=
∥∥∥(A± iδsId)

−1(B−A)(B± iδsId)
−1
∥∥∥
op
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≤ 1

δ2s
∥A−B∥op

and so

∥hλ,R(A)− hλ,R(B)∥op ≤
1

π

∫ R

0

2

λ2 + s2
∥A−B∥op ds ≤

1

λ
∥A−B∥op.

Eq. (53) follows by taking R→∞.

Now for general A,B, define the symmetric dilations

Ã :=

[
0 A

A⊤ 0

]
∈ R2d×2d, B̃ :=

[
0 B
B⊤ 0

]
∈ R2d×2d.

Let the SVD of A be A = UΣV⊤ and define the 2d× 2d orthogonal matrix

O :=
1√
2

[
U U
V −V

]
.

Then by a simple computation, Ã can be diagonalized as

Ã = O

[
Σ 0
0 −Σ

]
O⊤

so that

hλ(Ã) = O

[
hλ(Σ) 0

0 −hλ(Σ)

]
O⊤ =

[
0 hλ(A)

hλ(A)⊤ 0

]
.

Since operator norm is preserved under dilation, we conclude:

∥hλ(A)− hλ(B)∥op = ∥hλ(Ã)− hλ(B̃)∥op ≤
1

λ
∥Ã− B̃∥op =

1

λ
∥A−B∥op.

We now show that (a truncated version of) each logit is a centered Lipschitz function of the pair
(uj , vj).

Lemma F.10 Let u, v ∼ N (0, Id/d) i.i.d. Define the maps

F : (Rd)2 → R, F (u, v) := u⊤hλ(G−j + qjuv
⊤)vi,

ι : Rd → Rd, ι(u) =
u

1 ∨ 1
2∥u∥2

.

Then the map (u, v) 7→ F (ι(u), ι(v)) is centered and (2 + 16λ−1qj)-Lipschitz.
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Proof Since (u, v)
d
= (−u,−v) and

F (ι(−u), ι(−v)) = F (−ι(u),−ι(v)) = −F (ι(u), ι(v)),

we have E[F (ι(u), ι(v))] = 0 by symmetry. Also note that ι is a projection to an L2-ball and thus
1-Lipschitz. For (u, v), (u′, v′) ∈ (Rd)2, let

H := hλ(G−j + qjι(u)ι(v)
⊤), H ′ := hλ(G−j + qjι(u

′)ι(v′)⊤).

Then by Proposition F.9 and ∥ι(u)∥2 ≤ 2,∣∣F (ι(u), ι(v))− F (ι(u′), ι(v′))
∣∣

≤
∥∥ι(u)− ι(u′)

∥∥
2
∥H∥op∥ι(vi)∥2 +

∥∥ι(u′)∥∥
2

∥∥H −H ′∥∥
op
∥ι(vi)∥2

≤ 2
∥∥u− u′

∥∥
2
+

4qj
λ

∥∥∥ι(u)ι(v)⊤ − ι(u′)ι(v′)⊤
∥∥∥
op

≤
(
2 +

8qj
λ

)∥∥u− u′
∥∥
2
+

8qj
λ

∥∥v − v′
∥∥
2

≤
(
2 +

16qj
λ

)∥∥(u, v)− (u′, v′)
∥∥
2
.

This proves the assertion.

By Lemma F.10 and concentration of Lipschitz functions of Gaussians [52, Theorem 2.26], it follows
that

Pr (|F (ι(u), ι(v))| ≥ t) ≤ 2 exp

(
− dt2

2(2 + 16λ−1qj)2

)
where the extra d factor comes from the variance scaling of u, v. Moreover we have ∥uk∥2, ∥vk∥2 ≤ 2
for all k ∈ [N ] with probability 1− e−Ω(d), so that ι(uj) = uj , ι(vj) = vj and

|γij | = |F (uj , vj)| ≲
(
1 +

qj
λ

)√ log d

d
. (54)

Under Eq, we further have qj ≤ ∥q>r∥∞ < λ, hence |γij | ≲
√

log d
d if j > r. A similar argument

applies when i > r. We remark that while Eq. (54) holds for all i, j ∈ [N ], we still need the more
involved argument for the leading block since our guarantee for the signal in Eq. (23) is upper
bounded by Õ(1).
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Appendix G. Proofs for SGD and Newton

G.1. Proof of Theorem 3.3

In this subsection, we prove Theorem 3.3 and also show that for any choice of learning rate η, the
loss is lower bounded as

L(WSGD
1 ) ≥ Ω̃

(
max

{
d

1
2α

− 1
2 , B

1
α
−1
})

.

Item i is recovered by the SGD update WSGD
1 = ηG0 iff

u⊤i G0vi > max
j ̸=i

u⊤j G0vi. (55)

The lower bound amounts to comparing the signal and noise magnitudes of the top d
1
2α items. For

the upper bound, we will show that items i ≳ d
1
2α are unlikely to be recovered due to the large

random noise from the top Θ(log d) competitors.

First note that

max
i ̸=j

{
|⟨ui, uj⟩|, |∥ui∥22 − 1|, |⟨vi, vj⟩|, |∥vi∥22 − 1|

}
≲

√
log d

d
(56)

with probability 1−O(d−M ), due to the usual concentration bounds. The difference between the
centered and uncentered logits can then be bounded as follows:

Lemma G.1 It holds with probability 1−O(d−M ) that

max
i,j∈[N ]

|u⊤j (G0 −G)vi| ≲
√
log d

d
.

This improves upon the uniform control in Eq. (24) as we can explicitly use the inner product
structure of the logits in the SGD case.

Proof Let ū−i := 1
N

∑
j ̸=i uj , then ū−i ∼ N (0, N−1

N2d
Id) and so |⟨ui, ū−i⟩| ≲

√
log d
Nd for all i ∈ [N ]

with probability 1−O(d−M ). Hence,

|u⊤j (G0 −G)vi| =

∣∣∣∣∣∣
∑
k∈[N ]

−qk⟨ui, ū⟩⟨vk, vi⟩

∣∣∣∣∣∣
≤
∑
k∈[N ]

qk|⟨ui, ū−i⟩||⟨vk, vi⟩|+
1

N

∑
k∈[N ]

qk∥ui∥22|⟨vk, vi⟩| ≲
√

log d

Nd
+

1

N
.

The result follows by noting that N ≳ d.

Furthermore, we have from Eq. (56)

|u⊤i Gvi − qi| =

∣∣∣∣∣∣qi(∥ui∥22∥vi∥22 − 1
)
+
∑
k ̸=i

qk⟨ui, uk⟩⟨vi, vk⟩

∣∣∣∣∣∣
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≲ qi

√
log d

d
+

log d

d

∑
k ̸=i

qk ≲
log d

d

and

|u⊤j Gvi − qj⟨vi, vj⟩|

=

∣∣∣∣∣∣qi⟨ui, uj⟩∥vi∥22 + qj
(
∥uj∥22 − 1

)
⟨vi, vj⟩+

∑
k ̸=i,j

qk⟨uj , uk⟩⟨vi, vk⟩

∣∣∣∣∣∣
≲ qi

√
log d

d
+ qj

log d

d
+

log d

d

∑
k ̸=i

qk ≲
log d

d
.

Combining these bounds, we see that Eq. (55) is implied by

qi ≳

√
log d

d
> max

j ̸=i
qj⟨vi, vj⟩+O

(
log d

d

)
(57)

where the second bound follows from qj ≤ 1 and Eq. (56). By the Chernoff bound, for items
satisfying pi ≳

log d
B it holds w.h.p. that qi ≍ pi:

Pr
(
|qi − pi| ≥

pi
2

)
≤ 2 exp

(
−Bpi

3

)
≲

1

dM
, (58)

so the first inequality in Eq. (57) holds if

pi ≳

√
log d

d
and pi ≳

log d

B
.

Therefore items i ≲ min{d
1
2α (log d)−

1
2α , B

1
α (log d)−

1
α } are always recovered, proving the lower

bound.

Conversely, Eq. (55) implies

qi > max
j ̸=i

qj⟨vi, vj⟩ −O

(
log d

d

)
. (59)

First suppose that B ≳
√
d(log d)α+1 and pi ≳

log d
B . For each j ≤ L log d, it holds that pj ≥ d−o(1)

so that the Chernoff bound Eq. (58) holds for index j as well. Then j ≤ d−
1
2α i so that pj ≳

√
dpi

and so qj ≳
√
dqi. We also have that qj ≥ 1

2pj ≳ d−o(1). Thus Eq. (59) further implies

⟨vi, vj⟩ ≤
1

qj

(
qi +O

(
log d

d

))
≤ C√

d

for some constant C (independent of L). If pi ≲ log d
B , we instead use

Pr (Bqi ≥ m) ≤
(
B

m

)
pmi ≤

(
eBpi
m

)m
≲

1

dM
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for sufficiently large m ≍ log d, so qi ≲
log d
B and qj ≳ pj ≳ (L log d)−a again implies

⟨vi, vj⟩ ≲
1

qj
· log d

min{B, d}
≤ C√

d
. (60)

Now since
√
d⟨vi, vj⟩ is i.i.d. distributed as N (0, ∥vi∥22) conditioned on vi and ∥vi∥2 ≥ 1

2 , this
probability can be bounded as

Pr

(
max

j≤L log d
⟨vi, vj⟩ ≤

C√
d

)
≤ Pr(N (0, 1) ≤ 2C)L log d ≲

1

dM

by taking L (and thus B in Eq. (60)) sufficiently large. By a union bound, we conclude that no items
i ≳ d

1
2α log d can be recovered.

Finally, if B ≲
√
d(log d)α+1, repeating the analysis for Lemma E.5 shows that we sample at

most O(B1/α) items such that i > B1/α. Aside from these items, qi = 0 and so Eq. (59) implies
⟨vi, vj⟩ ≤ d−1+o(1), hence the same conclusion as above holds.

We have thus shown that items

i > i⋆SGD ≍ min
{
d

1
2α (log d)1+

1
α , B

1
α

}
are not recovered with high probability. It follows that p̂1(i | i) ≤ 1

2 for these items, and hence the
cross-entropy loss is lower bounded as

L(WSGD
1 ) = Ei∼p[− log pW(i | i)] ≥

∑
i>i⋆SGD

pi log 2 ≥ Ω̃
(
max

{
d

1
2α

− 1
2 , B

1
α
−1
})

,

as was to be shown.

G.2. Proof of Theorem B.1

The Hessian of the cross-entropy loss L(W;B) at initialization is computed as follows.

Lemma G.2 (Hessian at initialization) Define

Σu :=
1

N

N∑
i=1

uiu
⊤
i − ūū⊤, Mv :=

N∑
i=1

qiviv
⊤
i .

Then the HessianH = ∇2
WL(W0;B) of L at initialization is Mv ⊗Σu, that isH[∆] = Σu∆Mv

for every ∆ ∈ Rd×d.

Proof The negative gradient at some W is

−∇WL(W;B) =
∑
i∈[N ]

qi

(
ui −

∑
j∈[N ]

uj p̂W(j | i)

)
v⊤i . (61)
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We differentiate Eq. (61) in the direction ∆. Using that the Jacobian of the softmax map σ is
Dσ = diag σ − σσ⊤,

Dp̂W(j | i)[∆] =
∑
k∈[N ]

p̂W(j | i)(δjk − p̂W(k | i))u⊤k∆vi

and so

∇2
WL(W;B)[∆] =

∑
i∈[N ]

qi
∑

j,k∈[N ]

uj p̂W(j | i)(δjk − p̂W(k | i))u⊤k∆viv
⊤
i .

Since all logits are uniform at initialization, we obtain

∇2
WL(W0;B)[∆] =

∑
i∈[N ]

qi
∑

j,k∈[N ]

uj

(
δjk
N
− 1

N2

)
u⊤k∆viv

⊤
i = Σu∆Mv.

The Kronecker factorization follows from the identity vec(A∆B) = (B⊤ ⊗A) vec(∆).

The following lemma shows that B ≳ dα is needed for Mv to be invertible, so that the inverse
Hessian is well-behaved.

Lemma G.3 The number of distinct items observed in a minibatch B of size B is Θ(B1/α) w.h.p.

Proof Let DB :=
∑

i≥1 1{Ni≥1} denote the number of distinct items in B, where Ni is the number
of occurrences of item i. Then

E[DB] =
∑
i≥1

Pr(Ni ≥ 1) =
∑
i≥1

(1− (1− pi)
B).

We split the sum at the threshold i⋆ ≍ B1/α. For i ≲ i⋆ we have Bpi ≳ 1, so 1 − (1 − pi)
B ≍ 1.

For i ≳ i⋆ we have Bpi ≲ 1, so 1− (1− qi)
B ≍ Bi−α. Therefore

E[DB] ≍ i⋆ +Bi1−α⋆ ≍ B1/α.

Moreover, the indicators 1{Ni≥1} are negatively correlated, so Var(DB) ≤ E[DB] ≍ B1/α. Indeed
for i ̸= j,

Cov(1{Ni≥1}, 1{Nj≥1})

= Pr(Ni, Nj ≥ 1)− Pr(Ni ≥ 1)Pr(Nj ≥ 1)1B

= 1− (1− pi)
B − (1− pj)

B + (1− pi − pj)
B − (1− (1− pi)

B)(1− (1− pj)
B)

= (1− pi − pj)
B − (1− pi)

B(1− pj)
B ≤ 0.

Hence by Chebyshev’s inequality, for any ϵ > 0,

Pr
(
|DB − E[DB]| ≥ ϵB1/α

)
≲ B−1/α → 0,

and thus DB = Θ(B1/α) w.h.p.

We will also make use of the Hanson-Wright inequality in the following sections:
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Lemma G.4 (Hanson-Wright inequality) Let A ∈ Rd×d be fixed and u ∼ N (0, 1dId). There
exists a universal constant c such that for all t > 0,

Pr
(∣∣∣u⊤Au− E[u⊤Au]

∣∣∣ > t
)
≲ 2 exp

(
−cmin

{
d2t2

∥A∥2F
,

dt

∥A∥op

})
.

Proof See Vershynin [49, Theorem 6.2.2].

We now proceed to the proof of Theorem B.1. Let

G =
∑
i∈[N ]

qiuiv
⊤
i , M = Mv =

∑
i∈[N ]

qiviv
⊤
i

and let G−i,M−i be the leave-one-out variants: G = G−i + qiuiv
⊤
i and M = M−i + qiviv

⊤
i . By

Lemma G.2, the Newton update is (setting η = 1/d for ease of analysis)

WNewton
1 =

1

d
H−1[G0] =

1

d
Σ−1
u G0M

−1.

For some sufficiently large constant C, taking B ≳ (Cd)α log d, it holds that qi ≍ pi for all i ≤ Cd
and so by [49, Theorem 4.6.1]

M ⪰ (Cd)−α
Cd∑
j=1

vjv
⊤
j ⪰ Θ(d−α) · Id, (62)

so that ∥M−1∥op ≲ dα. We also have ∥ū∥2 ≲ 1/
√
N and∥∥∥∥Σu −

1

d
Id

∥∥∥∥
op

≲
1√
Nd

+ ∥ū∥22 ≲
1√
Nd

with probability 1− e−Ω(d) by concentration of sample covariance [49, Remark 4.7.3], as well as
∥G0 −G∥op ≲ 1/

√
N from Eq. (24). It follows that∥∥∥∥GM−1 − 1

d
Σ−1
u G0M

−1

∥∥∥∥
op

≤ ∥G−G0∥op∥M−1∥op +
∥∥∥∥Id − 1

d
Σ−1
u

∥∥∥∥
op

∥G0M
−1∥op

≲
dα√
N

+

√
d

N
· dα ≲

1√
d
,

hence it will suffice to consider the update GM−1.

Now instead of the auxiliary map ϕ (Eq. (7)), our analysis for the Newton update directly uses the
Sherman–Morrison formula to analyze the effect of adding the ith term back into both G,M on the
logits. Indeed, for all i, j ∈ [N ], notice that

γij = u⊤j GM−1vi
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= u⊤j (G−i + qiuiv
⊤
i )

(
M−1

−i −
qiM

−1
−i viv

⊤
i M

−1
−i

1 + qiv⊤i M
−1
−i vi

)
vi

= u⊤j (G−i + qiuiv
⊤
i )

(
1−

qiv
⊤
i M

−1
−i vi

1 + qiv⊤i M
−1
−i vi

)
M−1

−i vi

=
u⊤j G−iM

−1
−i vi + qi⟨ui, uj⟩v⊤i M

−1
−i vi

1 + qiv⊤i M
−1
−i vi

.

Then the logit gap for all j ̸= i may be expressed as

γii − γij =
qiv

⊤
i M

−1
−i vi

1 + qiv⊤i M
−1
−i vi

(∥ui∥22 − ⟨ui, uj⟩)︸ ︷︷ ︸
=:(A)

+
(ui − uj)

⊤G−iM
−1
−i vi

1 + qiv⊤i M
−1
−i vi︸ ︷︷ ︸

=:(B)

.

We analyze both terms in turn.

Signal term (A). By the same argument as in Eq. (62), we have for the leave-one-out matrix
M−i ⪰ Θ(d−α) ·Id and ∥M−1

−i ∥op ≲ dα. On the other hand, by the same argument as in Lemma E.4,
it holds that λd/2(M−i) ≲ d−α. We thus have the tight characterization

E[v⊤i M−1
−i vi] =

1

d
Tr
(
M−1

−i
)
≍ dα.

It also holds that ∥M−1
−i ∥F ≲ d

1
2 ∥M−1

−i ∥op ≲ dα+
1
2 , thus by the Hanson–Wright inequality∣∣∣v⊤i M−1

−i vi − E[v⊤i M−1
−i vi]

∣∣∣ ≲ √log d
d
∥M−1

−i ∥F +
log d

d
∥M−1

−i ∥op = o(dα),

we have that v⊤i M
−1
−i vi ≍ dα w.h.p. Moreover, ∥ui∥22 − ⟨ui, uj⟩ = Θ(1) w.h.p., hence (A) is lower

bounded as

qiv
⊤
i M

−1
−i vi

1 + qiv⊤i M
−1
−i vi

(∥ui∥22 − ⟨ui, uj⟩) ≳
qid

α

1 + qidα
.

Noise term (B). Let the leave-two-out gradient be G−i,−j :=
∑

k ̸=i,j qkukv
⊤
k , with the convention

that G−i,−i = G−i ∀i. To control the two terms in the numerator of (B), we bound

δij := u⊤j G−i,−jM
−1
−i vi, ∀i, j ∈ [N ].

Conditioned on all variables except uj , this is distributed as δij ∼ N (0, σ2
ij) where

σ2
ij =

1

d
v⊤i M−1

−iG
⊤
−i,−jG−i,−jM

−1
−i︸ ︷︷ ︸

=:Xij

vi.

We invoke the Gaussian representation from Eq. (22) (note the reversed order since we condition on
the embedding instead of the unembedding vectors):

G−i,−j
d
=

1√
d
ZN

1/2
−i,−j , N−i,−j =

∑
k ̸=i,j

q2kvkv
⊤
k
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where Z has i.i.d. standard Gaussian entries. Then ∥Z∥op = Θ(
√
d) w.h.p., so that

G⊤
−i,−jG−i,−j

d
=

1

d
N

1/2
−i,−jZ

⊤ZN
1/2
−i,−j ⪯ Θ(1) ·N−i,−j .

Still conditioning on all v1, · · · , vN except vi, it follows that

E[v⊤i Xijvi] =
Tr(Xij)

d
≲

1

d
Tr
(
M−1

−iN−i,−jM
−1
−i
)
=

1

d

∑
k ̸=i,j

q2kv
⊤
k M

−2
−i vk.

We now do a leave-two-out argument for M−i. For each k ̸= i, let M−i,−k = M−i − qkvkv
⊤
k .

Again by the Sherman–Morrison formula,

M−1
−i = M−1

−i,−k −
qkM

−1
−i,−kvkv

⊤
k M

−1
−i,−k

1 + qkv
⊤
k M

−1
−i,−kvk

.

Then we can directly compute

v⊤k M
−2
−i vk

= v⊤k

(
M−1

−i,−k −
qkM

−1
−i,−kvkv

⊤
k M

−1
−i,−k

1 + qkv
⊤
k M

−1
−i,−kvk

)2

vk

= v⊤k M
−2
−i,−kvk −

2qkv
⊤
k M

−1
−i,−kvkv

⊤
k M

−2
−i,−kvk

1 + qkv
⊤
k M

−1
−i,−kvk

+
q2kv

⊤
k M

−1
−i,−kvkv

⊤
k M

−2
−i,−kvkv

⊤
k M

−1
−i,−kvk

(1 + qkv
⊤
k M

−1
−i,−kvk)

2

=
v⊤k M

−2
−i,−kvk − qkv

⊤
k M

−1
−i,−kvkv

⊤
k M

−2
−i,−kvk

1 + qkv
⊤
k M

−1
−i,−kvk

+
q2k(v

⊤
k M

−1
−i,−kvk)

2v⊤k M
−2
−i,−kvk

(1 + qkv
⊤
k M

−1
−i,−kvk)

2

=
v⊤k M

−2
−i,−kvk

(1 + qkv
⊤
k M

−1
−i,−kvk)

2
.

Moreover, M−2
−i,−k ⪯ O(d2α) · Id and v⊤k M

−1
−i,−kvk ≍ dα by the same argument as in the leave-one-

out case above. Therefore,

E[v⊤i Xijvi] =
1

d

∑
k ̸=i,j

q2kv
⊤
k M

−2
−i,−kvk

(1 + qkv
⊤
k M

−1
−i,−kvk)

2

≲
1

d

∑
k ̸=i

q2kd
2α

(1 + qkdα)2

≲ 1 +
1

d

∑
k>d

q2kd
2α ≲ (log d)2.

Here, we have used that ∥q>d∥2 ≲ d1/2−α log d due to Lemma E.5 and B ≳ dα. It also immediately
follows that ∥Xij∥op ≤ ∥Xij∥F ≤ Tr(Xij) ≲ d(log d)2. Hence by the Hanson–Wright inequality,

σ2
ij =

1

d
v⊤i Xijvi ≲

E[v⊤i Xijvi]

d
+

√
log d

d2
∥Xij∥F +

log d

d2
∥Xij∥op ≲

(log d)3

d
.
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It follows from concentration of Gaussian maxima (w.r.t. j) and union bounding (w.r.t. i) that

sup
i,j
|δij | ≲

√
log d · sup

i,j
σij ≲

(log d)2√
d

with probability 1−O(d−M ). This directly bounds uiG−iM
−1
−i vi = δii, while

u⊤j G−iM
−1
−i vi = u⊤j (G−i,−j + qjujv

⊤
j )M

−1
−i vi = δij + qj∥uj∥22 v⊤j M−1

−i vi.

For the second term, a final Sherman–Morrison expansion gives

v⊤j M
−1
−i vi = v⊤j

(
M−1

−i,−j −
qjM

−1
−i,−jvjv

⊤
j M

−1
−i,−j

1 + qjv⊤j M
−1
−i,−jvj

)
vi

=
v⊤j M

−1
−i,−jvi

1 + qjv⊤j M
−1
−i,−jvj

≲
dα

1 + qjdα

√
log d

d
,

where we have again used v⊤j M
−1
−i,−jvj ≍ dα and ∥M−1

−i,−j∥op ≲ dα. Putting things together, we
may bound (B) as∣∣∣∣∣(ui − uj)

⊤G−iM
−1
−i vi

1 + qiv⊤i M
−1
−i vi

∣∣∣∣∣ ≲ 1

1 + qidα

(
|δii|+ |δij |+

qjd
α

1 + qjdα

√
log d

d

)
≲

1

1 + qidα
(log d)2√

d
.

We have thus shown the logit gap is lower bounded as

γii − γij ≳
1

1 + qidα

(
qid

α −O

(
(log d)2√

d

))
≳ min{qidα, 1} −O

(
(log d)2√

d

)
,

and so item i is recovered if qi ≳ Θ̃(d−α−1/2). The rest of the proof follows similarly to Section E.4
and Corollary 3.2; note that here we must take η = Θ̃(1/

√
d) rather than Θ̃(

√
d) since we began by

scaling down the step size by 1/d.
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Appendix H. Proofs for Multiple Steps

H.1. Further Discussion

We give a brief intuition for the multi-step scaling separation. In the non-orthogonal setting, each item
i > dt to be recovered must compete with noise from the top individual unclassified items j ∼ dt
with large frequencies, as well as the aggregate fluctuation from the bulk of the unclassified items,
which leads to the two thresholds in Theorem 4.2. Hence, Muon can be interpreted as effectively
removing the first threshold by amplifying the bulk (but not top) singular directions. Once dt > d, the
gradient becomes relatively more isotropic and so the effect of orthogonalization is less pronounced;
the second threshold becomes the limiting factor for both optimizers.

Remark H.1 We emphasize that the approximation in Eq. (5) is heuristic. Under exact Muon
dynamics after t steps, items with indices i ≥ d̄t := dt polylog(d) have nearly uniform logits, but
for items in the intermediate range dt ≤ i ≤ d̄t, the predicted scores p̂t(i | i) can take any value
between 1

N and 1. These scores also depend in a complicated way on all embeddings {uj , vj}j∈[N ],
preventing a direct extension of the proof of Theorem 3.1. One way to bypass this is to assume gaps in
the power-law spectrum as in Li et al. [29], but we do not take this route. Instead, we leave the precise
end-to-end guarantee as a conjecture below and empirically validate predictions of Theorem 4.1 in
Figure 4 (on the exact Muon iterates). From Theorem B.1, we also conjecture that Muon continues to
match Newton’s method throughout training, suggesting an intrinsic curvature-aware property.

Conjecture H.2 The recovery and convergence rates of Theorem 4.1 also hold for the exact Muon
iterates Wt+1 = Wt + ηhλt(Gt). Moreover, Muon matches Newton’s method throughout training.

H.2. Auxiliary Results

We first collect some necessary concentration inequalities.

Lemma H.3 Let A ∈ RN×m be fixed and let Z ∈ Rd×N have i.i.d. standard Gaussian entries.
Then for every t ≥ 0,

Pr
(
∥ZA∥op ≥ ∥A∥F + (

√
d+ t)∥A∥op

)
≤ 2e−ct

2

for some universal constant c.

Proof Let T := Sm−1 × Sd−1 and define the Gaussian processes

Xu,v := ⟨ZAu, v⟩, Yu,v := ⟨g,Au⟩+ ∥A∥op⟨h, v⟩,

where g ∼ N (0, IN ) and h ∼ N (0, Id) are independent, so that

∥ZA∥op = sup
(u,v)∈T

Xu,v. (63)

We compare the increments of X,Y . For (u, v), (w, z) ∈ T ,

E
[
(Xu,v −Xw,z)

2
]
= E

[
⟨Z, v(Au)⊤ − z(Aw)⊤⟩2F

]
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= ∥v(Au)⊤ − z(Aw)⊤∥2F
= ∥Au∥22 + ∥Aw∥22 − 2⟨Au,Aw⟩⟨v, z⟩.

On the other hand,

E
[
(Yu,v − Yw,z)

2
]
= ∥A(u− w)∥22 + ∥A∥

2
op∥v − z∥22

= ∥Au∥22 + ∥Aw∥22 − 2⟨Au,Aw⟩+ 2∥A∥2op(1− ⟨v, z⟩).

Therefore,

E
[
(Yu,v − Yw,z)

2
]
− E

[
(Xu,v −Xw,z)

2
]
= 2(1− ⟨v, z⟩)

(
∥A∥2op − ⟨Au,Aw⟩

)
≥ 0.

Hence by the Sudakov–Fernique inequality and Eq. (63), we obtain

E[∥ZA∥op] = E

[
sup

(u,v)∈T
Xu,v

]
≤ E

[
sup

(u,v)∈T
Yu,v

]
.

Since g, h are independent, the right-hand side is further bounded as

E

[
sup

(u,v)∈T
Yu,v

]
= E

[
sup

u∈Sm−1

⟨g,Au⟩
]
+ ∥A∥op E

[
sup

v∈Sd−1

⟨h, v⟩

]
= E∥A⊤g∥2 + ∥A∥op E ∥h∥2
≤ ∥A∥F +

√
d∥A∥op.

Now for the tail estimate, the map Z 7→ ∥ZA∥op is ∥A∥op-Lipschitz with respect to the Frobenius
norm, thus by Gaussian concentration we have

Pr (∥ZA∥op ≥ E[∥ZA∥op] + t∥A∥op) ≤ 2e−ct
2
.

Combining this with the expectation bound yields the claimed bound.

Lemma H.4 Let A ∈ Rd×d be fixed and u, v ∼ N (0, 1dId) i.i.d. Then with probability 1−O(d−M ),

|u⊤Av| ≲
√
log d

d
∥A∥F +

log d

d
∥A∥op.

Proof By rotational invariance, we may assume A = diag(σ1, · · · , σd) with σ1, · · · , σd ≥ 0. Then
u⊤Av =

∑
i σiuivi and duivi is subexponential with ∥duivi∥ψ1 = O(1). By the subexponential

Bernstein inequality,

Pr
(
|u⊤Av| ≥ τ

)
≤ 2 exp

(
−Cmin

{
d2τ2∑
i σ

2
i

,
dτ

maxi σi

})
from which the statement follows.
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Lemma H.5 Let M =
∑N

i=1 qiuiu
⊤
i where ui ∼ N (0, 1dId) i.i.d. and qi ≥ 0. Then with probability

1−O(d−M ),

∥M∥op ≲
∥q∥1
d

+ ∥q∥∞, ∥M∥F ≲
∥q∥1√

d
+ ∥q∥2.

Proof Let Q := diag(q1, . . . , qN ) and Z =
√
d
[
u1 · · · uN

]
∈ Rd×N so that Z has i.i.d. standard

Gaussian entries and M = 1
dZQZ⊤. By Lemma H.3, it follows w.h.p. that

∥ZQ1/2∥op ≤ ∥Q1/2∥F + 2
√
d∥Q1/2∥op =

√
∥q∥1 + 2

√
d∥q∥∞,

and hence ∥M∥op = 1
d∥ZQ

1/2∥2op ≲ 1
d∥q∥1 + ∥q∥∞.

For the second assertion, define f(Z) = ∥ZQZ⊤∥1/2F = ∥ZQ1/2∥S4 where ∥·∥S4
is the Schatten

4-norm. It holds that E[f(Z)4] = d∥q∥21 + d(d+ 2)∥q∥22 and moreover f is ∥q∥1/2∞ -Lipschitz:

|f(Z)− f(Z′)| ≤ ∥(Z− Z′)Q1/2∥S4 ≤ ∥(Z− Z′)Q1/2∥F ≤ ∥q∥1/2∞ ∥Z− Z′∥F.

It follows from Lipschitz concentration that

f(Z)2 ≲ E[f(Z)4]1/2 + ∥q∥∞(log d)2 ≤
√
d∥q∥1 + d∥q∥2,

and the statement follows.

We will make use of the following concentration phenomenon for Gaussian maxima.

Lemma H.6 (superconcentration of Gaussian maxima) Let Z1, · · · , Zn be i.i.d standard Gaus-
sian. There exists a constant C > 0 such that

Pr

(
max
i∈[n]

Zi ≤
√
2 log n− C log logn√

log n

)
= n−ω(1).

Proof The Gaussian cumulative distribution function satisfies

Pr(Z ≤ a) ≤ 1− a

a2 + 1

1√
2π

exp

(
−a2

2

)
, ∀a > 0.

Let

an =
√
2 log n− C log log n√

2 log n

so that a2n ≤ 2 log n− 2C log logn+ 1 for sufficiently large n. It follows that

Pr

(
max
i∈[n]

Zi ≤ an

)
≤
(
1− an

a2n + 1

1√
2π

exp

(
−a2n

2

))n
≤
(
1− 1

2
√
2πan

exp

(
− log n+ C log logn− 1

2

))n
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≤
(
1− eC log logn

4n
√
πe log n

)n
≤ exp

(
−(log n)C−0.5

4
√
πe

)
= n−ω(1)

for C > 1.5, where we have used 1− z ≤ e−z for the last inequality.

H.3. Proof of Theorem 4.1

The logits γt,ij for i, j ∈ [N ] at step t are given as (denoting ht = hλt for brevity)

γt,ij := u⊤j Wtvi = η
t−1∑
s=0

u⊤j hs(Ḡs)vi, Ḡs =
∑
i>ds

q
(s)
i uiv

⊤
i .

We choose λ0 = λ as in Theorem 3.1 and

dt ≍ min

{
d2−(1− 1

2α
)t

(log d)14
,

(
B

log d

) 1
α

}
, λt ≍ d

1
2
−α

t d−
1
2 log d, ∀t ≥ 1. (64)

Note that we have made no attempt to optimize the log factors.

We first analyze the dynamics of the signal logits. Fix an item i satisfying i ≲ B
1
α (log d)−

1
α and

dτ−1 < i ≤ dτ for some 1 ≤ τ ≤ T ; when τ = 1, the argument in Section E.3 directly applies, so
we assume τ ≥ 2. In particular, this implies B ≳ dατ−1 log d. Let the leave-one-out gradient at step t

be Ḡt,−i := Ḡt − q
(t)
i uiv

⊤
i and define the function

ϕt(q) = u⊤i ht(Ḡt,−i + quiv
⊤
i )vi, q ≥ 0

so that γt,ii = ϕt(q
(t)
i ). Repeating the argument in Lemma E.2, we may express ϕ′

t(0) in terms of
the SVD of Ḡt,−i via the Daleckii–Krein formula,

ϕ′
t(0) ≍

1

d2

∑
k ̸=ℓ

h(sk(Ḡt,−i)) + h(sℓ(Ḡt,−i))

sk(Ḡt,−i) + sℓ(Ḡt,−i)
+

h(sk(Ḡt,−i))− h(sℓ(Ḡt,−i))

sk(Ḡt,−i)− sℓ(Ḡt,−i)

+
1

d2

∑
k

h′(sk(Ḡt,−i)).

Since ht(z)/z ≤ λ−1
t for all z > 0, we immediately obtain the upper bound ϕ′

t(0) ≲ λ−1
t . For the

lower bound, as in Lemma E.7, we control the singular values of Ḡt,−i using the eigenvalues of the
corresponding weighted covariance matrix:

sk(Ḡt,−i) ≲ λk(Mt)
1/2, Mt :=

∑
j>dt

(q
(t)
j )2ujv

⊤
j .

When t = 0, the bulk eigenvalue satisfies λd/2(M0) ≲ d−2α(log d)2 ≲ λ2
0 by Lemma E.4. When

t ≥ 1, we instead use the following uniform bound.
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Lemma H.7 For all 1 ≤ t ≤ T , it holds with probability 1−O(d−M ) over sampling of q(t) that

∥Mt∥op ≲ max

{
d1−2α
t ,

d1−αt

B

}
(log d)2

d
.

Proof First suppose B ≳ dαt . Choose a positive integer K ≍ 1
dB

1/α and define the sets Ik :=
{dt + (k − 1)d+ 1, · · · , dt + kd} for k ≥ 1. Consider the decomposition

Mt =
∑
k∈[K]

∑
i∈Ik

(q
(t)
i )2uiu

⊤
i︸ ︷︷ ︸

=:Mt,k

+
∑

i>dt+Kd

(q
(t)
i )2uiu

⊤
i︸ ︷︷ ︸

=:Mt,tail

. (65)

As in Lemma E.4, we have that

∥Mt,k∥op ≲ max
i∈Ik

(q
(t)
i )2 ≲ max

i∈Ik
p2i +

(
log d

B

)2

, ∥Mt,tail∥op ≲

(
log d

B

)2B1/α

d
.

Therefore from B ≳ dαt ,

∥Mt∥op ≲
∑
k∈[K]

(dt + kd)−2α +

(
log d

B

)2B1/α

d

≲ d−2α

(
dt
d

)1−2α

+

(
log d

dαt

)2dt
d

≲ d1−2α
t

(log d)2

d
.

Now suppose B ≲ dαt . The number of items Nt satisfying i > dt in a minibatch of size B is
distributed as Bin(B, ρt) where ρt =

∑
i>dt

pi ≍ d1−αt , so that Nt ≍ Bρt ≍ Bd1−αt . We thus set
K = 0 in Eq. (65) and bound using pi ≲ d−αt ≲ 1/B,

∥Mt∥op ≤ ∥Mt,tail∥op ≲

(
log d

B

)2Nt

d
≲

(log d)2

d

d1−αt

B
.

Combining both cases gives the desired bound.

For t ≤ τ − 1, since B ≳ dατ−1 log d ≥ dαt , it follows that ∥Mt∥op ≲ d1−2α
t d−1 log d ≲ λ2

t and so

ϕ′
t(0) ≳

h(sd/2(Ḡt,−i))

sd/2(Ḡt,−i)
≳

1

sd/2(Ḡt,−i) + λt
≍ 1

λt
.

Moreover ϕ′
t(q) ≥ 0 and |ϕ′′

t (q)| ≲ λ−2
t hold identically as in Lemma E.2 and Lemma E.3. Expand-

ing ϕt around zero, we obtain for all t ≤ τ − 1,

u⊤i ht(Ḡt)vi = Θ

(
q
(t)
i

λt

)
+O

(
(q

(t)
i )2

λ2
t

+

√
log d

d

)
. (66)

Since pi ≳
log d
B , a Chernoff bound gives q(t)i ≍ pi ≲ d−ατ−1. Thus for t ≤ τ − 1,

q
(t)
i

λt
≲

d−ατ−1

λτ−1
≍ 1

log d

√
d

dτ−1
= o(1) (67)
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from Eq. (64), so the second-order term is always dominated by the first. On the other hand, when
t ≥ τ the embeddings ui, vi do not appear in Ḡt at all, hence only the noise term shows up in
Eq. (66). It follows that for t ≥ τ ,

γt,ii ≥ η · u⊤i hτ−1(Ḡτ−1)vi −
t−1∑

s=0,s ̸=τ−1

η · |u⊤i hs(Ḡs)vi|

≳
ηq

(τ−1)
i

λτ−1
−
τ−2∑
s=0

ηq
(s)
i

λs
− ηt

√
log d

d

≳ ηpi

(
1

λτ−1
−
τ−2∑
s=0

1

λs

)
− o(1)

≳
ηd−ατ
λτ−1

− o(1)

≍
√
d

(log d)4

(
d2−(1− 1

2α
)τ

(log d)14

)−α(
d2−(1− 1

2α
)τ−1

(log d)14

)α− 1
2
√
d

log d
− o(1)

= (log d)2 − o(1).

It remains to bound the interaction logits. For the first gradient step, we have shown in Proposition F.1
that u⊤j h0(Ḡ0)vi is Õ(1/

√
d) w.h.p. The interaction terms after the first step are much simpler to

control; the Lipschitz concentration argument in Section F.8 will suffice. We only consider the case
j < i by symmetry. Fix τ such that dτ−1 < j ≤ dτ . By the same argument as Lemma F.10, the map

(u, v) 7→ ι(u)⊤ht

(
Ḡt,−j + q

(t)
j ι(u)ι(v)⊤

)
vi

for t ≤ τ − 1 has zero mean and Lipschitz constant O(1 + λ−1
t q

(t)
j ) = O(1) by Eq. (67), therefore

u⊤j ht(Ḡt)vi concentrates as Õ(1/
√
d). Moreover when t ≥ τ , Ḡt is independent of uj so the same

order concentration holds. Hence for all t ≤ T ,

|γt,ij | ≤ η

t−1∑
s=0

|u⊤j hs(Ḡs)vi| ≲ η
(log d)3√

d
+ ηt

√
log d

d
= o(1).

Together, we have for all t ≥ τ that

p̂t(i | i) =
eγt,ii∑
j e

γt,ij
≥ e(log d)

2

e(log d)2 +Neo(1)
≥ 1− d−ω(1), (68)

and so item i is recovered at all steps t ≥ τ . We remark that by considering t < τ and choosing i >
dτ−1 polylog(d), essentially the same argument shows instead that |γt,ii| = o(1), hence the item
will have near-uniform logits.

Finally for the loss guarantee, it similarly follows that γt,ii ≥ −o(1) for all t, i so that no item will
be significantly misclassified at any point during training: p̂t(i | i) ≳ 1/N . Thus,

L(Wt) = Ei∼p[− log p̂t(i | i)] ≲ d−ω(1) +
∑
i>dt

pi logN = Õ(d1−αt ).
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H.4. Proof of Theorem 4.2

With learning rate schedule {ηt}t≥0, the logits at step t are given as

γt,ij := u⊤j Wtvi =
t−1∑
s=0

ηs · u⊤j Ḡsvi =
t−1∑
s=0

∑
k>ds

ηsq
(s)
k ⟨uj , uk⟩⟨vi, vk⟩.

We first prove the lower bound. As usual, we assume the high-probability event Eq. (56) when
needed. Define the sequence d0 = 1 and

dt+1 :=

{
min{d

1
2αdt(log d)

− 5
α , B

1
α (log d)−

1
α } dt < d,

min{d
1
αd

1− 1
2α

t (log d)−
5
α , B

1
α (log d)−

1
α } dt > d,

(69)

and set ηt ≍ dαt+1(log d)
2. It is straightforward to check for both cases of Eq. (69) that(

dt+1

dt

)α
≲

√
d

(log d)5
, dαt+1d

1
2
−α

t ≲
d

(log d)5
. (70)

Fix an item dτ−1 < i ≤ dτ so that B ≳ dατ−1 log d, and fix j ̸= i with dτ ′−1 < j ≤ dτ ′ . We control
the bulk of the gradient as follows.

Lemma H.8 It holds for all i, j and t ≤ τ − 1 that∥∥∥∥∥∥
∑

k>dt,k ̸=i,j
q
(t)
k ukv

⊤
k

∥∥∥∥∥∥
F

≲ d
1
2
−α

t log d.

Proof As in Section F.2, gather all appearing terms into matrices

U =
[
udt+1 · · · uN

]
,V =

[
vdt+1 · · · vN

]
∈ Rd×Θ(N), Q = diag

(
q
(t)
dt+1, · · · , q

(t)
N

)
.

Since
√
dU has i.i.d. standard Gaussian entries, by Lemma H.3,

∥UQV⊤∥F ≤
√
d ∥UQV⊤∥op ≲ ∥QV⊤∥F +

√
d ∥QV⊤∥op ≲

√
d ∥QV⊤∥op.

Applying Lemma H.3 again to
√
dV gives

∥QV⊤∥op ≲
1√
d
∥Q∥F + ∥Q∥op ≤

∥q(t)>dt∥2√
d

+ ∥q(t)>dt∥∞.

Since B ≳ dατ−1 log d ≥ dαt log d, we have that ∥q>dt∥2 ≲ d
1
2
−α

t log d and ∥q>dt∥∞ ≤ d−αt w.h.p.
by Lemma E.5. Plugging in above gives the desired result.

Combining Lemma H.4 and Lemma H.8, we have that∣∣∣∣∣∣
∑

k>dt,k ̸=i,j
q
(t)
k ⟨uj , uk⟩⟨vi, vk⟩

∣∣∣∣∣∣ ≲ log d

d

∥∥∥∥∥∥
∑

k>dt,k ̸=i,j
q
(t)
k ukv

⊤
k

∥∥∥∥∥∥
F

≲
(log d)2

d
d

1
2
−α

t . (71)
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Now we bound the interaction logits at step τ as

γτ,ij

=
τ−1∑
t=0

ηtq
(t)
i ⟨ui, uj⟩∥vi∥

2
2 +

τ∧τ ′−1∑
t=0

ηtq
(t)
j ∥uj∥

2
2⟨vi, vj⟩+

τ−1∑
t=0

ηt
∑

k>dt,k ̸=i,j
q
(t)
k ⟨uj , uk⟩⟨vi, vk⟩

≲

√
log d

d

τ−1∑
t=0

ηtq
(t)
i +

√
log d

d

τ∧τ ′−1∑
t=0

ηtq
(t)
j +

(log d)2

d

τ−1∑
t=0

ηtd
1
2
−α

t

≲ ητ−1

√
log d

d

(
pi +

log d

B

)
+ ητ∧τ ′−1

√
log d

d

(
pj +

log d

B

)
+

(log d)2

d

τ−1∑
t=0

ηtd
1
2
−α

t

≲ (log d)2
√

log d

d

(
dατ
dατ−1

+
dατ ′

dατ ′−1

)
+

(log d)4

d

τ−1∑
t=0

dαt+1d
1
2
−α

t

≲
1

log d
,

where we have used Eq. (71), the usual Chernoff bounds with B ≳ dατ−1 log d, and Eq. (70) for the
last inequality. Next, for the signal logit,

γτ,ii =

τ−1∑
t=0

ηtq
(t)
i ∥ui∥

2
2∥vi∥22 +

τ−1∑
t=0

ηt
∑

k>dt,k ̸=i
q
(t)
k ⟨ui, uk⟩⟨vi, vk⟩

≳ ητ−1q
(τ−1)
i −O

(
1

log d

)
≳ (log d)2,

where we have again used Eq. (71) with i = j and ητ−1q
(τ−1)
i ≳ dατ (log d)

2pi ≳ (log d)2. Therefore
item i is recovered as in Eq. (68).

We now prove the upper bound. Let {ηt}t≥0 ⊂ R≥0 be any learning rate schedule and suppose
T = o(

√
log d). We will recursively show that the largest item recovered by Wt+1 must satisfy

w.h.p.

dτ+1 ≲

{
min{d

1
2αdτ (T log d)

1
α , (TB)

1
α } dτ ≲ d(log d)−4,

min{d
1
αd

1− 1
2α

τ (T log d)
1
α , (TB)

1
α } dτ ≳ d(log d)−4.

(72)

Case I: dτ ≲ d(log d)−4 and B ≳ d
1
2dατ log d. The argument for this regime is a slightly more

involved version of Theorem 3.3. Consider a fixed item i ≍ d
1
2αdτ so that i ≲ B

1
α (log d)−

1
α and

competitors j with dτ < j ≤ 2dτ . Then q
(t)
j /q

(t)
i ≍ pj/pi ≍

√
d for all t ≤ τ and

γτ+1,ij − γτ+1,ii

=

τ∑
t=0

ηtq
(t)
i ⟨ui, uj⟩∥vi∥

2
2 +

τ∑
t=0

ηtq
(t)
j ∥uj∥

2
2⟨vi, vj⟩+

τ∑
t=0

ηt
∑

k>dt,k ̸=i,j
q
(t)
k ⟨uj , uk⟩⟨vi, vk⟩

−
τ∑
t=0

ηtq
(t)
i ∥ui∥

2
2∥vi∥22 −

τ∑
t=0

ηt
∑

k>dt,k ̸=i
q
(t)
k ⟨ui, uk⟩⟨vi, vk⟩
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=

τ∑
t=0

ηt

q
(t)
j ⟨uj − ui, uj⟩⟨vi, vj⟩+ q

(t)
i ⟨ui, uj − ui⟩∥vi∥22 +

∑
k>dτ ,k ̸=i,j

q
(t)
k ⟨uj − ui, uk⟩⟨vi, vk⟩


+ (uj − ui)

⊤
τ∑
t=0

ηt
∑

dt<k≤dτ

q
(t)
k ⟨vi, vk⟩uk︸ ︷︷ ︸

=:w

. (73)

Here, we have separated into terms involving items k > dτ (including the signal and competitor
items i, j), which can be controlled stepwise, and terms involving items k ≤ dτ arising from previous
gradients, which we control as a group. Let us first examine the terms in the brackets. We have that∣∣∣q(t)j ⟨−ui, uj⟩⟨vi, vj⟩+ q

(t)
i ⟨ui, uj − ui⟩∥vi∥22

∣∣∣ ≲ log d

d
pj + pi ≲ d−

1
2d−ατ

and also by Eq. (71) ∣∣∣∣∣∣
∑

k>dτ ,k ̸=i,j
q
(t)
k ⟨uj − ui, uk⟩⟨vi, vk⟩

∣∣∣∣∣∣ ≲ (log d)2

d
d

1
2
−α

τ ,

which is dominated by the previous upper bound under dτ ≲ d(log d)−4. Hence we may choose
C = Θ(1) so that ⟨vi, vj⟩ ≥ C/

√
d implies for all t ≤ τ ,

q
(t)
j ⟨uj − ui, uj⟩⟨vi, vj⟩+ q

(t)
i ⟨ui, uj − ui⟩∥vi∥22 +

∑
k>dτ ,k ̸=i,j

q
(t)
k ⟨uj − ui, uk⟩⟨vi, vk⟩

≳
Cq

(t)
j√
d
−Θ(d−

1
2d−ατ ) > 0.

Then conditioned on vi satisfying ∥vi∥ = Θ(1), ⟨vi, vj⟩ ≥ C/
√
d holds with constant probability

independently for each dτ < j ≤ 2dτ , so the set J of such items j has size Θ(dτ ) w.h.p.

Now conditioning on variables v1, · · · , vN and u1, · · · , udτ (and thus w and J ), the scalars u⊤i w
and u⊤j w for j ∈ J are i.i.d. Gaussian, hence the largest among them is not u⊤i w with probability
1−Θ(d−1

τ ). It follows from Eq. (73) that

max
j ̸=i

γτ+1,ij − γτ+1,ii > max
j∈J

(uj − ui)
⊤w > 0

and thus item i cannot be recovered with probability 1−Θ(d−1
τ ), showing that dτ+1 ≲ d

1
2αdτ .

Case II: dτ ≳ d(log d)−4 and B ≳ dd
α− 1

2
τ log d. Fix an item i ≍ d

1
αd

1− 1
2α

τ with i ≲ B
1
α (log d)−

1
α ,

noting that i≫ d, and a competitor j ∈ J = {i+ 1, · · · , i+
√
d}. Decompose

γτ+1,ij − γτ+1,ii

= (uj − ui)
⊤

τ∑
t=0

ηt

 ∑
dt<k≤dτ

q
(t)
k ⟨vi, vk⟩uk +

∑
k>dτ ,k /∈J∪{i}

q
(t)
k ⟨vi, vk⟩uk


︸ ︷︷ ︸

=:w

(74)
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+

τ∑
t=0

ηt
∑
k∈J

q
(t)
k ⟨uj − ui, uk⟩⟨vi, vk⟩+

τ∑
t=0

ηtq
(t)
i ⟨uj − ui, ui⟩∥vi∥22. (75)

The competing fluctuations will come from Eq. (74). Rewrite

w =
∑
k≤dτ

∑
t:dt<k

ηtq
(t)
k ⟨vi, vk⟩uk +

∑
k>dτ ,k /∈J∪{i}

τ∑
t=0

ηtq
(t)
k ⟨vi, vk⟩uk.

In particular, w is isotropic Gaussian conditioned on all {vi}i∈[N ], so ∥w∥22 concentrates as

E
[
∥w∥22 | {vi}i∈[N ]

]
= v⊤i

∑
k≤dτ

∑
t:dt<k

η2t (q
(t)
k )2vkv

⊤
k +

∑
k>dτ ,k /∈J∪{i}

τ∑
t=0

η2t (q
(t)
k )2vkv

⊤
k

vi

=
τ∑
t=0

η2t · v⊤i

 ∑
k>dt,k /∈J∪{i}

(q
(t)
k )2vkv

⊤
k


︸ ︷︷ ︸

=:Ωt

vi.

Denote by q̃(t) ∈ RN−dt−d−1 the vector consisting of all (q(t)k )2 with k > dt, k /∈ J ∪ {i} for each
t ≤ τ . The number of items k > i+

√
d in the minibatch is O(Bi−α) by the Chernoff bound. We

have that

∥q̃(t)∥1 =
∑

k>dt,k /∈J∪{i}

(q
(t)
k )2 =

∑
k>dt,k /∈J∪{i}

p2k ±O

(
Bi−α

(
log d

B

)2
)
≍ d1−2α

t ,

∥q̃(t)∥2 ≲
∑

dt<k<i

p4k +
∑

k>i+
√
d

(q
(t)
k )4 ≲ d1−4α

t +Bi−α
(
log d

B

)4

≲ d1−4α
t +

d2−4α
τ log d

d4
≲ d1−4α

t ,

∥q̃(t)∥∞ ≤ max
k>dt,k /∈J∪{i}

p2k +

(
log d

B

)2

≲ d−2α
t .

Then Tr(Ωt) ≍ ∥q̃(t)∥1 and by the Hanson-Wright inequality and Lemma H.5, we have w.h.p.∣∣∣∣v⊤i Ωtvi −
Tr(Ωt)

d

∣∣∣∣ ≲ √log dd
∥Ωt∥F +

log d

d
∥Ωt∥op

≲

√
log d

d

(
d1−2α
t√
d

+ d1−4α
t

)
+

log d

d

(
d1−2α
t

d
+ d−2α

t

)
= o

(
d1−2α
t

d

)
.

Defining η̄t := max0≤s≤t ηs, noting that pi ≍ d−1d
1
2
−α

τ , we thus have

∥w∥22 ≍ E
[
∥w∥22 | {vi}i∈[N ]

]
≍

τ∑
t=0

η2t · v⊤i Ωtvi ≳
τ∑
t=0

η2t ·
d1−2α
t

d
≳ dη̄2τp

2
i .

Also, for Eq. (75), noting that items k ∈ J also satisfy k ≲ B
1
α (log d)−

1
α so that q(t)k ≍ pi, we may

directly bound∣∣∣∣∣
τ∑
t=0

ηt
∑
k∈J

q
(t)
k ⟨uj − ui, uk⟩⟨vi, vk⟩

∣∣∣∣∣ ≲
τ∑
t=0

ηtpi

(√
log d

d
+ |J | log d

d

)
≲

log d√
d
τ η̄τpi
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and ∣∣∣∣∣
τ∑
t=0

ηtq
(t)
i ⟨uj − ui, ui⟩∥vi∥22

∣∣∣∣∣ ≲ τ η̄τpi.

Defining the i.i.d. standard Gaussian variables Zk :=
√
du⊤k

w
∥w∥2

for k ∈ J ∪ {i}, we have thus
shown that

γτ+1,ij − γτ+1,ii ≥ ⟨uj − ui, w⟩ −O(τ η̄τpi) ≥
∥w∥2√

d
(Zj − Zi −O(T )).

If item i was recovered at step τ + 1, it follows that Zi ≥ Zj − O(T ) for all j ∈ J . On the other
hand, by Gaussian superconcentration (Lemma H.6) it holds that maxj∈J Zj =

√
2 log |J |+ o(1).

By Mill’s inequality, supposing T = o(
√
log d),

Pr
(
Zi ≥

√
2 log |J | −O(T )

)
≲

e
− 1

2

(√
2 log |J |−O(T )

)2√
2 log |J |

≲
e
O
(
T
√

log |J |
)

|J |
√
log |J |

=
o(poly(d))√

d
.

Hence item i cannot be recovered with constant probability among competitors J (in fact, super-
concentration is not needed to show an o(1) bound for each step τ , but we elect to demonstrate the
stronger near-uniform bound).

Case III: batch size threshold. Items i ≍ (TB)
1
α have a constant probability of not being sampled

in any minibatch, q(0)i = · · · = q
(T )
i = 0 so that Wτ+1 is independent of ui, vi. Fixing (log d)2 such

items and comparing to item 1, it holds that γτ+1,i1 − γτ+1,ii = (ui − u1)
⊤Wτ+1vi has probability

1
2 of being positive independently for each i, and so at least one of these items will not be recovered
w.h.p.

Therefore, if dτ ≳ d(log d)−4 but B ≲ dd
α− 1

2
τ log d, then dτ+1 ≲ (TB)

1
α ≲ d

1
2αdτ (T log d)

1
α ; and

if dτ ≳ d(log d)−4 but B ≲ dd
α− 1

2
τ log d, then dτ+1 ≲ (TB)

1
α ≲ d

1
αd

1− 1
2α

τ (T log d)
1
α . Combining

with the previous cases concludes Eq. (72).
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