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Abstract

Spectral optimizers such as Muon have recently shown strong empirical performance in large-scale
language model training, but the source and extent of their advantage remain poorly understood. We
study this question through the linear associative memory problem, a tractable model for factual
recall in transformer-based models. In particular, we go beyond orthogonal embeddings and consider
Gaussian inputs and outputs, which allows the number of stored associations to greatly exceed
the embedding dimension. Our main result sharply characterizes the recovery rates of one step of
Muon, SGD, and Newton’s method on the logistic regression loss under a power law frequency
distribution. We show that the storage capacity of Muon significantly exceeds that of SGD, and even
matches Newton’s method while only using first-order information. Moreover, Muon saturates at a
larger critical batch size. We further analyze the multi-step dynamics under a thresholded gradient
approximation and show that Muon achieves a substantially faster initial recovery rate than SGD,
while both methods eventually converge to the information-theoretic limit at comparable speeds.
Experiments on synthetic tasks validate the predicted scaling laws.

1. Introduction

Large language models (LLMs) with billions of parameters are typically trained using adaptive
first-order optimization algorithms. The workhorse of modern neural network optimization has long
been the Adam optimizer and its variants [23, 32]. However, there has been growing interest in
matrix-based or spectral optimizers [15, 20, 34, 51], which explicitly utilize the matrix structure
of neural network parameters. Among these methods, Muon [20] has shown strong empirical
performance in large-scale pretraining studies [31], even outperforming Adam at sufficiently large
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batch sizes [45, 55]. However, it remains unclear which aspects of modern language model training
make this update particularly effective.

To investigate this question, we analyze the dynamics of Muon versus stochastic gradient descent
(SGD) and Newton’s method on the task of learning linear associative memory. The associative
memory task, introduced in Cabannes et al. [5], Nichani et al. [37], provides a simple model of factual
recall in language models [1, 42], and captures the ability of transformer-based models to store factual
knowledge within the self-attention matrices. The goal is to store a collection of atomic associations
(i.e., facts), expressed as N pairs of input and output embeddings { (v, u;) }ie(n) C R?, using a
weight matrix W € R4 5o that u; ~ Wuv;. We train W by casting this task as a multiclass logistic
regression problem with logits given by ujTin and optimizing cross-entropy loss (Section 2).

Recent work has studied the benefit of spectral optimizers on related associative memory tasks [29,
54], but under an orthogonality assumption on the embeddings u;, v;. This requires the embedding
dimension d to be larger than the number of stored items /N. In contrast, we study the regime in which
u; and v; are drawn i.i.d. from an isotropic Gaussian distribution, so that the number of stored items
can greatly exceed the embedding dimension (N >> d). This captures the ability of language models
to store items, or features, in superposition [10], where the total number of features is far greater than
the ambient dimension. Indeed, under this random-embedding model, it is information-theoretically
possible for W to store up to (:)(dQ) items [37]. At the same time, removing orthogonality makes the
learning dynamics substantially more intricate [50] and they remain poorly understood.

Motivated by Zipf’s law, we assume that the ith item appears with power-law frequency p; ~ ¢~ ¢,

parallel to previous theoretical analyses on scaling laws [4, 26, 30, 36, 39, 41]. We also consider the
minibatch versions of SGD and Muon, where at each timestep a new batch of size B is sampled with
replacement. Under this setting, our main result sharply characterizes the one-step recovery of Muon,
showing that Muon outperforms SGD and stores significantly more items than in the orthogonal case.

Theorem 1.1 (Informal version of Theorems 3.1, 3.3, B.1) Let d be the embedding dimension

and B be the batch size, and suppose the ith item has power law frequency p; < i~ for « > 1. One
~ 1 1

step of Muon on the associative memory task recovers the top ©(min{d'*2a , Ba}) most frequent

items, matching the Newton update, while one step of SGD recovers @(min{di  Ba }) items.

Surprisingly, Muon is even able to match Newton’s method — the gold standard of curvature-aware
optimization — using only first-order information, demonstrating the power of spectral preconditioning.
The theorem also implies that the critical batch size, beyond which increasing batch size does not
yield performance gains, is much larger for Muon compared to SGD. The capacity exponents and
batch size saturation predicted by our theory are empirically verified by our experiments (Figure 1).
Furthermore, we study the multi-step trajectories of Muon and SGD under a simplifying thresholded
gradient update, and show the following scaling laws for the recovery rate.

Theorem 1.2 (Informal version of Theorems 4.1, 4.2) Under the thresholded update, t steps of
Muon recover the top @(d%(l*i)t) items. In contrast, t steps of SGD recover the top d; items

~ ~ _1
where d; is given by the recursion d;y1 = @(di di)ifdy < d, and diyy = @(dé dz 22 ifdy 2 d.

The main takeaways from our analysis are as follows.
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(a) Capacity scaling with embedding dimension d. (b) Capacity scaling with minibatch size B.

Figure 1: (a) Capacity achieved by one Muon and GD step on the population objective; Muon
improves storage capacity when frequency is power-law distributed with exponent o > 1. (b) Critical
batch size for the first Muon and SGD step (o« = 1.5); Muon saturates at a much larger batch size.

(1) Muon improves storage efficiency. In the population regime B — oo, one step of Muon is
able to recover the top d'*2a items, matching Newton’s method, while one step of SGD only
recovers the top d2a (see Figure 1a). Noticeably, a single step of Muon is able to store more
than d items, which is the maximal value when embeddings are constrained to be orthogonal. In
other words, Muon effectively stores more features than dimensions via superposition.

(2) The benefit of Muon comes at larger batch sizes. When the batch size B is small, Muon
and SGD both recover the top B % items. However, the performance of SGD saturates at a
batch size of B < \/&, while Muon saturates at the much larger batch size of B =< da+%
(see Figure 1b). This aligns with empirical observations that Muon significantly outperforms
non-spectral optimizers only at large batch sizes [55].

(3) Muon accelerates early in training. The SGD exponent initially scales linearly, requiring [2c]
steps to reach d; 2 d, while Muon exceeds this in a single step. However, once SGD enters
this regime, both updates exhibit the same exponential convergence rate to the optimal é(dZ)
capacity. Thus, the main benefits of Muon (with appropriate batch size) appear earlier in training
when gradients are strongly anisotropic, explaining the short-term gains observed in [45].

The paper is organized as follows. In Section 2, we formally define the associative memory task.
An overview of related work is deferred to Appendix A. Section 3 contains our main result on the
scaling of one step of Muon, followed by our results on one step of SGD and Newton in Appendix B.
We provide an argument that Muon is the asymptotically optimal one-step update in Appendix C. In
Section 4, we extend our scaling analysis to multiple steps along the Muon and SGD trajectories.
Simulations verifying our predicted scaling laws and batch size analysis are provided in Appendix D.

2. Setting: Associative Memory

Linear associative memory. The goal of the associative memory task is to store a collection of
atomic associations, or facts. Let [N] be the input and output vocabulary. A set of facts is defined by
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a bijection f* : [N] — [N], where the input token 7 is mapped to the output token f*(7). Each token
is assigned an embedding vector v; € R? and an unembedding vector u; € R?, sampled i.i.d. from
the distribution A/ (0, éId). Without loss of generality, we will assume that f*(¢) = i for all i € [N].
We consider training a linear associative memory model, given by a weight matrix W € R%*9, to
store the fact dataset as the following multi-class classification problem. The score prediction for the
unembedding token u; associated to v; is defined as

i exp (u;—WvZ)
pwiglo) = ZkE[N] exp(quUi)7

Let p € A" denote the vector of probabilities of each item in the dataset. The population cross-
entropy loss is then defined as

Vj € [N].

L(W) :=E;,[—logpw(i | i)] = — Z Di (uIWvZ — log Z exp (u]TWvZ)> (1)

i€[N] JE[N]

We assume that p follows a power law, p; ~ 7~ with exponent o > 1. This condition is motivated
by Zipf’s law in statistical linguistics [40]; such a power law source condition is common in prior
analyses of scaling laws [4, 6, 26, 29, 30, 36, 39, 41].

We also consider optimizing W via the minibatch variant of Muon and SGD. Let B be the batch size.
A minibatch B is defined as a collection of tokens B := {i1, ..., ip}, where each token is sampled
i.i.d from p. The loss on a minibatch B is defined by Eq. (1) with p; replaced by ¢; := % ZjeB sy
the empirical frequencies of each token in the batch 5.

Muon. The Muon optimizer [20] directly operates on weight matrices. Let G = —Vw L(W; B)
be the negative loss gradient and denote by G = USV ! its singular value decomposition (SVD).
The polar map is defined as polar(G) := UV '; if G is full rank, then polar(G) = G(GTG)~1/2,
The Muon update is W < W + 7 - polar(G) (we omit momentum in our treatment).

In practice, rather than computing the exact SVD, one instead approximates polar(G) via a constant
number of Newton—Schulz iterations. Let ¢(z) be a quadratic or higher-order polynomial. A single
Newton—Schulz iteration computes the mapping G — G¢(G ' G) = USp(S?)V '. The output of
multiple steps of Newton—Schulz is thus of the form Uh(S)V T, where k(%) is the function obtained
by composing z +— zp(22) with itself multiple times. ¢ is typically chosen so that h(z) = 1.
This motivates a broad class of spectral optimizers: given a function h : R>g — R satisfying
h(0) = 0, one can define the spectral map h(G) = Uh(S)V ' and update the weight matrix as
W «— W + nh(G). Within this scheme, gradient descent corresponds to h(z) = z, while exact
Muon corresponds to h(z) = sign(z).

z
. . . . . 22+)\2
for a hyperparameter A\, which as we will see determines the ‘resolution’ of the singular spectrum.

The limit A — 0T recovers the exact polar map. Given schedules {n;};>0, {\¢}+>0, the Muon
updates {W};>¢ are defined by

For technical convenience, we will focus on a stabilized approximation to Muon: hy(z) =

Wit = Wi+ 3:Gy(G/) Gy + A1) 72, Gy = —VwL(Wy;By) )

initialized at W = Og4x4. We also denote the estimated scores by p: = pw,.
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3. One Step of Muon, SGD, and Newton

We say that the weight matrix W € R4*? recovers or stores item i if arg max;en P(J | 1) = i, ie.,
the diagonal or signal logit (j = i) dominates all off-diagonal or interaction logits (j # 7):
uiTin > m;zx uJTWUZ 3)
77

Our main result sharply characterizes the set of recovered items after one Muon update.

Theorem 3.1 (one-step recovery of Muon) Let u;,v; for i € [N] be i.i.d. N(0, éId) vectors.
Let Gy = —VwL(Wy; B) be the negative gradient at initialization of the empirical loss on a
minibatch B of size B, or the population loss (equivalently B = o0). Suppose N = poly(d),

N > d?**2 and set A < max { (log ill)jaﬁ, (lO%d)z } Then with high probability, the one-step Muon

update WU oc hy (Gyg) recovers all items up to

i < min {i*, B%(logd)—é} , it = d e (logd) " a. @)

This bound is tight (up to log factors) in the sense that for items ¢ > ¢*, the signal and interaction
terms in Eq. (3) will be of the same order, so recovery cannot be guaranteed; moreover, items
i > B/ have vanishing probability to even be observed in the minibatch B, and hence will only be
learned sporadically. From this, we see that the critical batch size, beyond which increasing B no
longer yields capacity gain, is

Biuon = O((*)%) = ©(d**3),

and this allows us to recover @)(d”i) items. In Appendix C, we show that this capacity obtained
by the Muon update is asymptotically optimal. As a corollary, we also obtain the following guarantee
for the loss decrease after one step.

Corollary 3.2 Taking the learning rate ) < (log d)~*\/d in the setting of Theorem 3.1, the one-step
update WY = nhy(Gy) achieves loss L(W}™") < O(max {di*'%_a, Bé_l}),

The proof of Theorem 3.1 is developed in Appendices E, F; a sketch is provided in Appendix B.2.
The analysis reveals that \ effectively acts as a scale of resolution for the singular spectrum.

Stochastic gradient descent and Newton’s method. In contrast with Theorem 3.1, we prove a
tight bound on the number of recovered items for vanilla SGD on the same objective.

Theorem 3.3 (one-step recovery of SGD) In the setting of Theorem 3.1 and N 2 d, with high
probability, the number of items recovered by the one-step SGD update W%GD =nGg is

é(min {di,Bé})

In particular, the critical batch size for SGD is B, = é(ﬁ), which is much smaller compared to
Biruon = (:)(da+% ). In Appendix B.1, we further show that one step of Newton’s method achieves
the same capacity as in Theorem 3.1, up to log factors. In other words, Muon can match Newton for
the linear associative memory task without accessing any second-order information.
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4. Multiple steps of Muon and SGD

We now turn our attention to the entire update trajectory of Muon and SGD. To study the macroscopic
scaling behavior of these processes, we will adopt a simplifying heuristic. At step ¢, suppose all

itemsi =1, -- ,d; have been recovered with p;(i | i) ~ 1. We presume all items ¢ > d; have not
been recovered at all, i.e. p.(i | i) < 1, and approximate the current gradient as
t Al s t ~
G ~ Z qz( )(1 —pe(i | ) uw, ~ Z qz( )uiviT =: Gy 5)
1€[N] 1>dy

where ¢(*) is the frequency vector of the ¢th minibatch. This can be viewed as a deflation process:
starting from all items G ~ Zie[ N qiuiv; , already-recovered items are continually removed from
the gradient after each update. Under this simplification, we derive the following sharp scaling law.

Theorem 4.1 (multi-step recovery of Muon) Letdy =0, T € N and
d = O (min{d> 1750, Ba}), A =8(d3Vd), 7= (logd) 'V,

Then for sufficiently large d, the iterates {W}i>o defined as Wo = 0, W1 = W, + nhy, (Gy)
recover all items i = 1,- - -, dy at all steps t < T, and moreover L(Wy) < O(d} ).

Thus for sufficiently large B, the recovery exponent 2 — (1 — %)t converges exponentially to the
information-theoretic maximum 2 with a fixed learning rate. In comparison, for multiple steps of
SGD, we show a strictly suboptimal scaling law for any learning rate schedule.

Theorem 4.2 (multi-step recovery of SGD) LetT" € Nand {nt}t>0 be any learning rate schedule.
Suppose the SGD iterates Wo = 0, Wiy = Wy + 1n.Gy recover all items i = 1,--- ,dy with
constant probability at all steps t < T'. Then it must hold, with equality when 1, = ©(dg, ), that

min{dz=d,, B} dy < d,
diy1 S T I
min{dad, **,Ba} d; 2 d.

In words, for the first [2«| steps, the recovery exponent of SGD increases linearly until d; 2 d;
note that Muon already achieves this with a single update. After this point, however, the recursion
matches that of Muon. Hence Muon accelerates recovery earlier in training, but the convergence
behavior for large ¢ is comparable to that of SGD. This aligns with the empirical observations in [45],
where preconditioned optimizers such as Muon and SOAP [51] are found to outperform AdamW on
shorter runs, but the gap narrows over longer horizons. See Appendix H.1 for further discussion.

5. Conclusion

In this work, we study the storage capacities of Muon, SGD, and Newton’s method in a linear
associative memory model with random embeddings and power-law item frequencies. We sharply
characterize the one-step recovery rate of each optimizer and show that Muon recovers substantially
more items than SGD, even matching the Newton update. This gap also implies a much larger
critical batch size for Muon compared to SGD, helping explain why its advantage is most visible in
large-batch training. We further show that Muon’s gains are concentrated early in training, whereas
over longer horizons its recovery dynamics become comparable to those of SGD.
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Appendix A. Additional Related Work

Associative memory and factual recall. Associative memory has a long history in neural compu-
tation [17, 25, 56]. Recent work has shown that transformer weights can be viewed as associative
memories storing input-output mappings between pairs of concepts [3, 5, 12, 19]. This perspective is
especially useful for modeling factual recall [1], where such mechanisms encode factual knowledge
directly in the weights of a transformer [13, 35, 37].

Our most relevant points of comparison are Li et al. [29], Wang et al. [54], which analyze Muon
on similar associative memory tasks. Their analysis assumes that the embeddings {ui}ie[ ~) and
{vi}ie[n) are pairwise orthogonal, greatly simplifying the study of the polar map. However, this
assumption also limits the model capacity to at most N < d stored associations. By contrast,
because W has d? parameters, the information-theoretically optimal capacity is (:)(d2) [37], which
requires storing embeddings in superposition. In this regime, we show that a single Muon step

already recovers 5) <d1+ﬁ> items, far beyond what is possible under orthogonality. We further

derive scaling laws for the multi-step Muon and SGD dynamics, and show that both updates indeed
approach the optimal capacity.

Theoretical analyses of Muon. A number of recent works have sought to rigorously characterize
the benefits of Muon and other matrix-based optimizers over SGD. One line of work derives
convergence guarantees using tools from convex optimization and online learning. Chen et al.
[7], Kim and Oh [21], Shen et al. [46] prove convergence guarantees for Muon that depend on
smoothness in the spectral norm or the spectral norm of the weight matrix itself. Jiang et al. [18]
derive regret bounds and corresponding non-convex optimization rates. Beyond Muon, Xie et al. [57]
develop a framework for analyzing convergence rates of a broad class of matrix preconditioners on
smooth convex problems, while Lau et al. [28] adopt a structure-aware preconditioning perspective
to introduce a new family of matrix-based optimizers.

A second line of work studies the loss reduction after a single descent step. Davis and Drusvyatskiy
[8] show that Muon achieves a larger one-step loss reduction than SGD when the gradient rank
exceeds the activation rank. Su [47] introduces an “isotropic curvature model” based on a single
optimization step and show that Muon is optimal in certain regimes. However, Gonon et al. [14]
demonstrate that such single-step arguments can fail to predict full end-to-end convergence rates.

Finally, other works compare Muon and SGD on specific problem classes. Fan et al. [11] show that,
for separable classification, Muon converges to the solution maximizing the spectral-norm margin.
For matrix-valued linear regression, Wang et al. [53] characterize the risk of Muon on isotropic data,
while Vasudeva et al. [48] show faster convergence than SGD under imbalanced covariates. Ma et al.
[33] further show that, in matrix factorization, Muon attains a convergence rate faster than SGD and
independent of the condition number.

Adaptivity to heavy-tailed data. Our results show that Muon is particularly effective when the
fact distribution is power-law distributed with heavy tail. Similar advantages have also been observed
for other adaptive optimizers. Kunstner et al. [27], Yadav et al. [58] show that Adam and its limiting
variant SignSGD outperform SGD when the class distribution follows a power law. Kunstner and
Bach [26] further prove that SignSGD outperforms SGD for learning a bigram model, while Kim
et al. [22] derive scaling laws for SignSGD in the power-law random features model.
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Appendix B. One Step of Muon, SGD, and Newton: continued
B.1. One-step recovery of Newton

To put the capacity gain of Muon into perspective, we now show that for the first optimization step,
Muon in fact matches the capacity of Newton’s method for linear associative memory. The Newton
update is defined as the direction towards the minimizer of the local quadratic approximation to L:

W« W 415 - [ViyL(W;B)'G.

Theorem B.1 (one-step recovery of Newton) Denote the Hessian of the loss at initialization as
H = V2, L(Wo; B). In the setting of Theorem 3.1, if B = Q(d“) and n = ©(1/V/d), the one-step
Newton update Wll\IBWton = nH 1 [Gy] achieves the same recovery rate Eq. (4) and loss decrease
(Corollary 3.2) of Muon, up to log factors.

This result is particularly surprising because Newton’s method is often considered the gold standard
of local second-order or curvature-aware optimization. Many popular preconditioned optimizers —
such as Gauss-Newton, Adagrad [9], K-FAC [34], and Shampoo [15] — can be viewed as tractable
approximations which avoid the cost of computing and inverting the full Hessian. Theorem B.1
shows that Muon can match Newton without accessing any second-order information, even though
the updates are structurally different.

To gain intuition on this comparison, we explicitly write down the Newton update and compare with
Muon (taking A = 0 for simplicity):

-1 —1
Wll\Iewton x ( % zz uzu;r _ ’l]’l]T) Go ( Zl iniUZ‘T ) VS. Wll\/Iuon o Go(GS—Go)_l/?.
——

::Eu =M,

(6)

The Hessian admits a Kronecker factorization H = M, ® X, at initialization, thus the Newton
update is equivalent to the K-FAC update with preconditioning on both sides, while Muon is only
preconditioned on the right. In particular, the left preconditioner 32, is the (unweighted) empirical
covariance matrix, which has the effect of whitening the unembedding vectors u;. We note that
the batch size condition B 2 d“ is necessary for the Hessian to be well-conditioned (Lemma G.3).
Regarding the proof, we analyze the Newton step by applying the add-back-in argument to each
spike in Gg, M,,. Compared to Muon, the analysis is relatively straightforward as we can directly
apply the Sherman—-Morrison formula to M, ! to compute the change in logits.

Handling anisotropic embeddings. While Muon matches Newton’s method in our isotropic
Gaussian setting, an important limitation appears for anisotropic data. Suppose the unembedding
and embedding vectors follow u; ~ N (0, E,) and v; ~ N (0, E,) with general covariance matrices

=, 2. It is apparent from Eq. (6) that the logits ujTWIfeWtonvi (and thus the estimated likelihoods)

. . . ——1/2 _—1/2
of the Newton update are invariant under the transformations u; — =, / u; and v; — Zy, / Vi,

and therefore achieve the same recovery rate as in Theorem B.1. By contrast, the polar map is not
invariant under these transformations, so Muon cannot in general be expected to retain the same rate.
This is consistent with the experiments in Figure 6: when u; and v; have identity covariance, Muon
achieves capacity comparable to Newton’s method, but the gap widens as the unembedding vectors
become more anisotropic.
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B.2. Proof sketch of Theorem 3.1

First, we make some basic observations. From Eq. (61), the gradient of the cross-entropy loss L(W)
at initialization is roughly Go ~ ), piu,v; T If the embeddings u;, v; were orthogonal, Muon would
then output W™ oc by (Gg) =~ . u;v; which already classifies all items correctly; however
this constrains the number of items N < d, far less than the information-theoretic optimum (:)(d2).
In our non-orthogonal setting, N can be much larger, but we must now account for the correlations
between embeddings.

Let us now focus on each signal term uT h(Go)v;. The main contribution comes from the aligned
rank-one spike p;u;v; T in the gradient Go. We quantify this through an add-back-in argument:
starting from the leave -one-out component G_; = > i P JT, we analyze how quickly the logit
grows as the u;v; T spike coefficient increases from 0 to p;. At the same time, a large fraction of the
singular values 0f Gy lie below d~. The map h), amplifies these by a factor of \™! ~ d®, which also
boosts the logit growth rate by the same factor, allowing us to recover items with lower frequencies p;.
Thus, A effectively acts as a scale of resolution for the singular spectrum; the implications of this is
discussed in Appendix C.

Sketch of proof. To start, we approximate the gradient as a sum of independent rank-one terms:
—VwL(Wy; B qu u; ZT R quw? =G
and set y;; := Th A(G)v; (omitting 7). We analyze the signal and interaction logits separately.

Lower bounding signal logits (Appendix E). Denote the leave-one-out gradient G_; := G —
giuiv;’, so that u] hy(G_;)v; is random with size O(1/+/d). We study how the ith logit behaves as
we gradually add the uiviT term back in via the auxiliary function

d(q) = uj hr(G_i + quivy vs, q > 0. )

By definition, v;; = ¢(g;), which we analyze via Taylor expansion. The slope ¢/(0) can be computed
explicitly via the Daleckii—Krein formula (Proposition E.1), which computes the Fréchet derivative
of a matrix function along a specified perturbation direction. Let G_; = ASB be the SVD with
singular values S = diag(sy, - - - ,s4) in decreasing order and a = A Tw;, b = BT v;. Then ¢/(0) is
given as the sum of nonnegative terms

EZ ha(sk) + ha(se) (arby — agbe)? + ha(sk) — ha(se)

b + agb)® + Y R 2b7.
Py o5, kbt achy) > hA(s)aibi

kL k

We focus on the first term. As a, b are i.i.d. Gaussian conditioned on G _;, (apby — aeby)? ~ 1/d>.
Since z > hx(2)/z = 1/v/2? + A2 is decreasing, the sum is dominated by small singular values.
We then show that the ‘bulk’ singular value 54/ = O(d™%) w.h.p. Hence choosing \ at the same
scale ensures ¢/ (0) > 1/+/ s> a2t A2 > A~!. Moreover, we can prove that ¢ is nondecreasing and
|¢"(0)] < A2 Taylor expandmg ) around zero and optimizing the radius yields the lower bound

logd

%z':(b(qz‘)Zmin{%,l}_ :

16



SHARP CAPACITY SCALING OF SPECTRAL OPTIMIZERS IN LEARNING ASSOCIATIVE MEMORY

Upper bounding interaction logits (Appendix F). The interaction logits turn out to be much
more challenging to control. A naive approach is to use that hy is A~!-Lipschitz w.r.t. operator norm
(Proposition F.9), so (uj,v;) — vij = ujTh)\(G_j + qjujva)Uz- is a Lipschitz mapping of Gaussians
and so exhibits good concentration. This argument works when either ¢; or g; < A, but fails to
bound ‘large’ interactions where both 4, j < r for a threshold r = d. For these terms, we first invoke
a block resolvent integral representation amenable to series expansion, then develop a nonasymptotic
perturbative analysis reminiscent of moment methods in random matrix theory. A technical overview
is provided in Appendix F.1 for the interested reader. In the end, we show:

log d)3 ..
%'jlﬁ(\%) Vj # .

We have thus proved that v;; > max;; v, if ¢;/\ > 1/v/d (ignoring log factors). In the population
regime, from p; < i~% we conclude that all items 7 < d'*3e are recovered w.h.p. In the minibatch
setting, we incur an additional information-theoretic threshold: items i > B/, that is p; < 1 /B,
are unlikely to be observed in the minibatch at all, and thus will not be learned.
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Appendix C. Optimality of Muon

A natural follow-up question to Theorem 3.1 is: is the dtse one-step recovery rate optimal among
first-order methods for the linear associative memory task, or can it be improved by choosing a
different estimator h(Go) of W? For example, our analysis used A ~ d~® while the limit A — 0
recovers the exact polar map; can choosing a sharper resolution improve our results?

In this section, we give a negative answer to this question by providing a heuristic argument for the
one-step optimality of our stabilized variant of Muon; this intuitively aligns with the fact that Muon
already matches the recovery rate of Newton’s method (Theorem B.1). We first show that any Bayes
optimal gradient-based estimator must be spectrally equivariant, that is for the SVD of the gradient
Go = USV', it holds that h(G() = Uh(S)V T and h(S) is diagonal.

Proposition C.1 Let Spec(d) denote the set of bi-orthogonally equivariant measurable maps
h : R¥*4 5 RIX sych that sup||h||p < oo, that is, (UXVT) = Uh(X)V for all X € R4
and U,V € O(d). The Bayes optimal update rule w.r.t. L is in Spec(d), that is, for the Bayes risk
R(h) = Eu, v s[L(h(Gy))] it holds that

i€[N]>»

inf  R(h)= inf R(h).
h:sup||h||p<oo heSpec(d)

This is essentially a corollary of the Hunt-Stein theorem on minimax tests of invariant statistical
problems. Any bi-orthogonal conjugate KUV (X) := UTh(UXV ")V of h will have the same
Bayes risk due to rotation invariance. Then the estimator i € Spec(d) constructed by averaging hY-V
over Haar measure U,V ~ O(d) x O(d) satisfies R(h) < R(h) due to convexity of L.

We remark that h € Spec(d) does not preclude nonseparable maps where each diagonal entry h(S);;
can depend on the entire spectrum S. Nonetheless, such maps are in general difficult to implement
as they require computing the full SVD, which Muon (with Newton—Schulz iterations) is designed
to avoid. Thus, we restrict our attention to separable maps h(S) = diag(h(s;)) for a scalar-valued
function h. Since the inputs to h are bounded by ||Go|lop = O(1) w.h.p., we can always rescale i to
have bounded outputs. We also assume a mild monotonicity property:

Assumption C.2 h:R>q — [0,1] is C' and h(z)/z is nonincreasing.

Intuitively, this means that smaller singular values are blown up by a 14
larger multiplicative factor. Note that we do not require h itself to be
monotonic. For example the classical cubic Newton—Schulz iteration
h(z) = 3z — 323 [2] satisfies this assumption, as well as its higher-
order iterates on the interval of convergence (see right figure) — see

Appendix B.1 for details.

iteration
_—1
—_—2
— 3
4
5

We now show that any A satisfying Assumption C.2 cannot improve the signal v;;. As in Eq. (7), we
compute the strength of the signal via a first-order approximation of the auxiliary map ¢, and the
slope is given via the singular values of the leave-one-out gradient G_; = ) ot qiuiviT as

h(sk) +h(se) | h(sk) —h(se) 1 oy < L hlse)
d2z st -, +d2zk:h(sk)wdzk: P

Sk
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h(sk)+h(se) < hisk) | h(Se)’ h(sk)—h(s¢) < min{M, h(se)} and
SktSe Sk Se Sk—S¢ Sk Se

R (sk) < %:) under Assumption C.2. That is, the signal strength is roughly determined by how

much the average singular value is blown up by h. If h is Lipschitz, this is uniformly bounded

by ||h||Lip; however, even without Lipschitz control, this is fundamentally limited by the average

scale of the singular spectrum as we prove below.

where the inequality follows from

Lemma C.3 Let sy > --- > sq be the singular values of the leave-one-out gradient G _;. It holds
w.h.p. that sq 2 d=*""(logd) " and >"0_, s;. < d*F(log d)2.

As such, we must have ¢/(0) < d* regardless of the choice of h, therefore the signal v;; = ¢(g;) is
upper bounded (ignoring higher-order terms) as ¢(0) + ¢'(0)g; < ﬁ + q;d®. In contrast, the noise

and interaction terms ¢(0) and +;; are generally of size ©(1/+/d). As a consequence, we indeed
require g; > d_a_%, equivalently ¢ < d'*2s in the population regime to ensure recovery, matching
the rate obtained in Theorem 3.1.

For example, Lemma C.3 implies that taking the resolution as A < d—®~! instead of A ~ d~% in
Theorem 3.1 essentially gives the exact polar map h(z) ~ sign(z), as this scale will never be ‘seen’
by the singular values. Nonetheless, even in this regime the average blowup of the singular values
is of order d, and so we will not see any improvement from using the polar map. In fact, from
this argument we expect roughly the same recovery rate, which is indeed what we observe in our
experiments in Appendix D.

C.1. Proof of Proposition C.1

We first show that Spec(d) is equal to the set of (bounded) spectral estimators A which maps an
SVD X = ASBT to h(X) = Ah(S)BT where h(S) is diagonal. Clearly, any such estimator is
bi-orthogonally invariant: for any U,V € O(d),

R(UXVT) = h(UASB'V") = UALS)B' VT = Ur(X)V'.

Conversely, let h € Spec(d). Since h(X) = Ah(S)BT by equivariance, it suffices to show that the
matrix h(S) is diagonal. Let D = diag(+1,...,+1) € O(d) be any diagonal sign matrix. Since
DSD = S, equivariance yields

h(S) = h(DSD) = DA(S)D.

Looking at each entry, this implies for i # j that h(S);; = (Dh(S)D);; = DyD;;h(S);;. Choosing
D with D;; = 1 and D;; = —1 forces h(S);; = 0 as desired.

We proceed to prove minimax optimality of Spec(d). Let v, denote the normalized Haar measure on
O(d) and let (U, V) ~ v4 ® v4. Given any measurable h, define its conjugation

RUV(X) :=UTh(UXVT)V,

and also define its bi-orthogonal symmetrization

h(X) :=Eyv[hYV(X)] = Eyv[U R(UXV")V].
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The map h is well-defined since h is measurable and ||h||r is finite. Moreover for any A, B € O(d),
WMAXB") = Eyv[U h(UAXB'V)V]
= AEyv[(UA)TA(UAXB'V')VBB' = AR(X)B',
hence h € Spec(d).

Now for any U, V € O(d), the loss L(W; B) = L(W; (u;, v;)ic[n], B) is invariant to the simulta-
neous change of basis

w,=U"u, vi=V'y, W=U WV

7

since the values of all logits ujTin remain unchanged. Denoting the corresponding transformed
gradient as G) = >, ¢;(u} — @) (v))T = UT GV, this implies
E [L(h(Go)S (us, Ui)ie[N]vB)]
E [L(UTh(Go)V; (U, VTUi)iE[N}7B)]
=E [L(AYV(Go); (uf, v))ieiv, B))
R(

For the last inequality, we have used that (u;, v;);e[n] < (u5, v;)ien] due to isotropy of the Gaussian
distribution. Also note that the map W — L(W) is convex due to convexity of log-sum-exp. Taking
expectations over (U, V) ~ 14 ® v4 and applying Jensen’s inequality yields
R(h) = Euv[R(h"Y)] = Euyv [E [L(A7Y(Go))]]
> E [L(Eu,v[h"Y(Go)])] = R(h).

Therefore, the infimum must be attained by a spectral estimator.

C.2. Proof of Lemma C.3

We present the proof for the full uncentered gradient G = ), €[N] piuiv; ; the leave-one-out case
follows similarly. As in the proof of Lemma E.7, we have

1
Vd

where M is the weighted covariance matrix of u; from Eq. (21). We first upper bound the sum of
inverse singular values of G, i.e., the nuclear norm of G~!. By submultiplicativity,

G2L —_M'2Z, where Zy ~N(0,1) iid.

G~ = VA ZT M2 < VAl Z7H LM fop ®)

We now bound each term. For HM_l/ 2

Theorem 4.6.1],

|lop» we have that for a sufficiently large constant C' [49,

Cd Cd
M =) plu) = (Cd)>* Y wu = (Cd) > - ©(1)I,
i=d i=d
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and so |[M~Y/2||,, < d* with probability 1 — ¢,

To bound ||Z~!||., we require more precise control on the singular spectrum of Z. Denote the d x k
matrix consisting of the first k£ columns of Z as Z.;.. By the Courant-Fisher theorem,

7Z)2 = \(Z'Z) = i 12772 > min ||Z1.x2|2 = s (Z1.1)>
Sk( ) k( ) dirril%ikxeéﬂgl\\:lx x*”ﬁg” 1.kaH2 Smm( l.k)

so that sx(Z) > Smin(Z1.x) forall k = 1,--- ,d. Moreover by Theorem 1.1 of Rudelson and
Vershynin [43], we have for all ¢ > 0,

Pr<smin(Z1:k) <(Vd-Vk— 1)) < (Ctydk+t 4 o)

for some constant C. Taking ¢ = (log d)~! and union bounding,

_ — d d—k+1
k=1

log d logd logd’

This further implies

\/&—\/k—1>d—k+1

sk(Z) > smin(Z1.1) >

logd ~ 2V/dlogd
for all k, hence
L S 0 )
1Z7H|. = ; @) S NZzlogd; TR S Vd(log d)?.

We conclude from Eq. (8) that

1G7Y, < Vd - Vd(logd)? - d* = d*+'(log d)?.

~

Finally, for the minimum singular value, since M, Z have full rank almost surely, we can lower
bound

1
Smin(G) = — min M/27y
) \/&umn:lH ”

1 Z|

> 1 min ‘ min ||Zx||
~ Vd Jzli=1 Iz =1

1
= — Amin M1/2 Smin(Z

i (M50 (2)

> L
~ dotllogd’

as was to be shown.
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C.3. Properties of the Cubic Newton—Schulz Iteration

Lemma C4 Let h(z) = 3z — 523 be the cubic Newton-Schulz map and let h¥) denote its k-fold
iterate. Then the map z — h¥)(2)/z is nonincreasing and limy,_, o h\¥)(2) = 1 = sign(z) for all

z € (0,V3).

In other words, the line segment connecting the origin and the point (z, h(¥)(z)) on the graph of h(*)
becomes flatter as z increases, which is clear from visual inspection.

Proof Since h maps [0, v/3] onto [0, 1], it holds that 0 < A(*) < 1 on [0,/3] for all k € N. We
prove by induction that 2(*) (z) /2 is nonincreasing on [0, v/3], equivalently

z 22 -

For k = 1, the claim is clear. Assume Eq. (9) holds for k € N, then

(A (2) = 2B (b () (WD) (2) = 5 (1= B0 2P () < 5 (1= b (2)2) A,
Thus,
WD) = W) = (§ = GOEP ) 2 ) ),

This proves the first claim. For the pointwise limit, note that the first iterate h(z) € [0, 1] for any
z € (0,v/3) and also z < h(z) < 1 forall z € [0, 1], so the sequence of iterates {h(¥)(2)}r> is
monotone increasing. Hence it must converge to a positive fixed point of &, the only solution being 1.
|
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Appendix D. Experiments
D.1. Linear associative memory

We quantify the benefits of Muon over SGD in synthetic experimental settings. First, we consider the
linear associative memory model introduced in Section 2. For convenience, in the Muon update we
keep the regularization hyperparameter fixed to A\; = 0 and compute the exact polar update.

First gradient step. Figure 2 shows the storage capacity scaling of the memory matrix W after
a single population Muon or GD step. We fix the vocabulary size at N = 100,000 and vary both
the power law exponent « and the embedding dimension d. Muon (Figure 2b) indeed achieves a
dramatically larger storage capacity than GD (Figure 2a). Moreover, the fitted scaling exponents
(bottom right) agree with our theoretical predictions in the population limit: Muon stores At 2a
items (Theorem 3.1), whereas GD stores only d3s items (Theorem 3.3).

In Figure 3, we study the empirical loss or minibatch setting to probe the critical batch size. We
fix N = 100,000 and o« = 1.5, and vary the batch size B. At small batch sizes (up to roughly
B = 100), both Muon and GD are bottlenecked by the information-theoretic rate B#. As the batch
size increases, however, the capacity of SGD quickly plateaus, whereas Muon continues to benefit
from larger batches. This is consistent with the empirical observation that Muon’s computational
gains are accompanied by a much larger critical batch size [55].

a=125 é® a=250
102

[]
[]
[]
]
®

104

Capacity
Capacity

,_\
A
-
)
o

—— Fitted capacity ~ g®08+0%3/« # —— Fitted capacity ~ d1:02+049/

256 512 1024 2048 4096 256 512 1024 2048 4096
Dimension d Dimension d

(a) Gradient descent (population). (b) Muon (population).

Figure 2: Capacity scaling after one population Muon and GD step. We set N = 100, 000 and vary d, c.
Each experiment is repeated 16 times. For each o, we fit the dimension exponents of the mean capacity d“*
(dashed lines), and then find the best fit of exponents C,, in the form of C, = ¢; + 2 (solid lines). Observe
that Muon achieves much higher storage than GD, and the exponents are consistent with Theorems 3.1, 3.3.

Multiple gradient steps. In Figure 4, we examine the multi-step capacity scaling of population
Muon to test the predictions of Theorem 4.1 (which assumes the deflation heuristic). We fix
N = 250,000, vary d and «, and run Muon with A\; = 0 on the population cross-entropy objective
for T steps using a fixed learning rate n =< v/d. After each step, we measure the storage capacity
and fit a power law to extract its scaling exponent in d. As shown in Figures 4a, 4b, 4c, the capacity
increases with the number of training steps. Moreover, Figure 4d shows that, after sufficiently
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(a) Gradient descent (minibatch).
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(b) Muon (minibatch).

Figure 3: Capacity scaling after one Muon and SGD step on empirical loss. We set N = 100,000, o = 1.5,
and vary the minibatch size B. Each experiment is repeated 16 times. The dashed red line indicates the
information-theoretic rate, and the horizontal dashed lines in Figure 3b correspond to the ditee ceiling; the
predicted critical batch sizes are given by their intersections. Observe that Muon offers capacity gain over
SGD only at sufficiently large B, and the empirical critical batch sizes match well with our predictions.
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(d) Capacity near convergence.
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(e) Capacity scaling exponent across 7.

Figure 4: Capacity after 7 Muon steps on the population cross-entropy loss. We set N = 250,000, 1 = 2v/d.
Figures 4a, 4b, 4c report the capacity at T' = 2, 3, 4, respectively (see Figure 2b for 7' = 1); Figure 4d presents
the capacity at large 7: we run Muon for up to 500 steps and early stop when the capacity improvement
over 10 steps drops below 0.5%. Figure 4e compares the fitted dimension exponents against predictions of
Theorem 4.1; observe that the exponents agree except at small « and large 7.
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Figure 5: Capacity scaling of multi-step Muon and GD. We set N = 100,000, « = 1.5. (a) Population
update: for GD we implement an increasing learning rate schedule (see Theorem 4.2) with 1; = 0.01+/d; for
Muon we use a fixed step size 77 = \/d. Observe that the benefit of Muon is most visible in the “early phase”
of training (the initial plateau of GD in the first 3 steps is due to small n; chosen for numerical stability). (b)
Capacity of minibatch Muon vs. total sample size B x T'; for each batch size B, we run minibatch Muon for
T = 20 steps with 7 = v/d. Dashed red line indicates the information-theoretic rate (BT)'/®.

many steps, the weight matrix approaches the optimal é(dZ) capacity [37]. Figure 4e compares the
fitted capacity exponents for all (7', «v) pairs against the predictions of Theorem 4.1. We find good
overall agreement, with larger deviations at smaller « and larger T where non-asymptotic effects are
expected to be more pronounced. Overall, these results suggest that the heuristic approximation we
introduced in Eq. (5) captures the scaling behavior of the training dynamics reasonably well.

In Figure 5, we further compare the multi-step capacity scaling of GD and Muon with N = 100,000
and o = 1.5. Figure 5a compares their performance in minimizing the population cross-entropy
loss. Muon attains much higher capacity than GD in the first few steps. On the other hand, with the
increasing learning rate schedule from Theorem 4.2, GD catches up later in training, and both methods
eventually reach the optimal d? capacity (we however note that this increasing 7; schedule for GD is
numerically unstable, especially when « is large). These results suggest Muon’s acceleration is most
significant early in training, matching the predictions in Theorems 4.1 and 4.2.

Figure 5b shows minibatch Muon up to 7' = 20 steps with batch sizes B € {2!% ..., 26} For batch
sizes below the critical threshold, the capacity stays close to the information-theoretic limit (BT)/,
i.e., the number of items that can be observed after T" steps with batch size B. For larger batch sizes
(darker curves), the capacity saturates and sample efficiency worsens.

Comparison with Newton’s method. Figure 6 compares the storage efficiency of Muon and
Newton’s update in the population setting. As argued in Appendix B.1, Muon should match Newton’s
method when the embedding and unembedding vectors are isotropic. To vary the anisotropy of
the associative memory model, we consider u; ~ N (0, éId), v; ~ N(0,E,), where the covariance
matrix 2, has eigenvalues \;(Z,) < i~", k > 0. We observe that in the isotropic case (x = 0),
Muon matches the storage capacity of one Newton step; but as the data become more anisotropic, the
gap between the two methods grows, and only Newton’s method retains the d' e capacity.
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(a) Muon vs. Newton (x = 0). (b) Muon vs. Newton (xk = 1).  (c¢) Muon vs. Newton (k = 1.5).

Figure 6: Capacity scaling after one (population) Muon and Newton step in the anisotropic setting: we

choose u; ~ N(0, éld), v; ~ N(0,E,), where B, is a trace-normalized diagonal matrix with \;(E,) < i™",

k > 0. We set N = 100,000 and vary d, o. For Newton’s method we add a ridge regularization A = 108 for
numerical stability when the preconditioner is rank-deficient. Observe that when x = 0 (isotropic, Figure 6a),
Muon and Newton both achieve d* 2« capacity, but as « increases (Figures 6b, 6¢), the performance of Muon
worsens while the Newton update remains invariant.

D.2. In-context recall with transformers

We next consider a simple associative recall task that can be solved by a two-layer transformer via
the induction head mechanism [38]. An induction head is a circuit composed of two attention heads
that enables the model to copy a bigram from context, for example by predicting b after observing
[...,a,b,... a]. As shown by Bietti et al. [3], this mechanism can be implemented using a small
number of associative memory matrices, making it a natural testbed for understanding how our
perspective may extend to richer architectures such as multilayer transformers.

Data distribution. To study how optimizers interact with heavy-tailed data, we consider a variant
of the synthetic model from Bietti et al. [3] in which selected tokens follow power-law distributions.
Specifically, we introduce two disjoint vocabularies Q and V, each of size IV, together with three
power-law distributions: the trigger distribution p(*), supported on Q; the outpur distribution p(©),
supported on V; and the noise distribution p(™, also supported on V but potentially with a different
frequency ordering from p(°). Each sequence is generated by first sampling K triggers q1, . . ., gx €
Q from p*) without replacement, and K outputs o1, ..., 0x € V from p(®) with replacement. The
resulting bigrams (g, o) are then inserted into M random positions in a sequence of length 7". All
remaining positions are filled with noise tokens n; € V sampled from p(™. For instance, when
K =1,M =2,and T = 8§, a sequence takes the form

[n1,q1,01,M2,1n3, 1,01, N4).

In this example, the second occurrence of o; is perfectly predictable from the preceding context, and
we train the two-layer transformer using cross-entropy loss only on such predictable output tokens.
In all experiments, we set 7 = 24 and K = M = 2. For simplicity, we take p(™ to be uniform
over V, while p*) and p(®) follow power laws with exponents o4 and a.

Architecture and optimizers. We use a two-layer transformer with single-head attention, Pre-

LayerNorm, and basic RMS normalization, optionally augmented with feed-forward layers using
a ReLU MLP. We compare Muon, SGD, and AdamW [32], all trained with a constant step size
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and weight decay 0.01. For SGD and Muon, we use momentum 0.9, while for AdamW we set
(61,B82) = (0.9,0.99). In the Muon implementation, we apply AdamW to the embedding and
unembedding layers, and use 5 Newton-Schulz iterations for the remaining layers.

Evaluation metrics. To assess the capacity and robustness of these optimizers to different power
laws, we evaluate using out-of-distribution (OOD) accuracy on the next-token predictions for the
second output tokens, on a batch of out-of-distribution data generated with uniform p(*), p(®). This
relates to capacity in the sense that it measures what fraction of the N x N pairs (g, o) the model is

ID accuracy (step 128) ID accuracy (step 1024) OOD accuracy (step 128) OOD accuracy (step 1024)
1.0 ] p—

2] W 1 1 1
5
S 04l ) ] ]
g0
—e— SGD
029 —e— Adamw 1 1 1
Muon .=.:‘:t:3:8;.
0.0 4 1 1 1
T T T T T T T T T T T T
25 27 29 25 27 29 25 27 29 25 27 29
Model dimension Model dimension Model dimension Model dimension

Figure 7: ID (left two) and OOD (right two) accuracy on the in-context recall task as a function of model dimen-
sion, for Muon, AdamW, and SGD, with batch size 256 at iterations 128 and 1024. For each (dim, optimizer)
pair, the learning rate and batch size are chosen to maximize accuracy.

Muon AdamW SGD

Test accuracy (OOD)
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v v v T v v v v v T v v T v v T v v
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(a) OOD accuracy against B (a, = 1.5).
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1.01 —e— d=16
/./ —o— d=32
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< 061 / —o— d=256
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(b) Memory recall accuracy R(W?,) against B.

Figure 8: OOD and memory recall accuracy as a function of batch size B, for Muon, AdamW, and SGD
(columns left to right), with different curves per model dimension, at iteration 1024. For Figure 8b, we use a
two-layer transformer with no feed-forward layers to avoid redundancies between the value matrix and the
subsequent MLP layer. For each (B, dim) pair, the learning rate is chosen to maximize accuracy.
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able to recall in-context, even though the triggers and outputs seen during training are power-law
distributed. We also evaluate the memory recall accuracy for the value matrix at the second layer,
denoted WE/Q ), which is expected to map input token embeddings e, to output token embeddings u,,

for all v € V, as described in Bietti et al. [3]. Concretely, we compute

R(Wg)) = ﬁ Z’UGV 1{a‘rg maX,ey u;r’wg/?)ev - U}‘

Results. Figure 7 reports the in-distribution (ID) and OOD accuracy of the three optimizers as
the model dimension varies. Muon consistently outperforms SGD and AdamW across dimensions,
training iterations, and both evaluation metrics. In Figures 8a and 8b, we vary the batch size while
fixing the number of training steps, and measure the resulting OOD accuracy and the recall accuracy
of the value matrix, respectively. We again observe that Muon has the best performance; however,
Muon attains near-perfect accuracy at a smaller batch size compared to SGD and AdamW, thus
saturating more quickly. This discrepancy with our theoretical analysis of the critical batch size is
likely due to the different task and optimizer setups, so that the information-theoretic rate is not the
main bottleneck. We leave a quantitative investigation of this gap to future work.

Finally, Figure 9 examines how model performance changes with the power-law exponents of the
output and trigger distributions, «, and oy, while all other distributions are kept uniform. Larger
values of « correspond to faster decay in item frequencies and therefore make learning more difficult.
However, our discussion of signal amplification suggests that Muon should be more robust to this
effect. Consistent with this intuition, we observe that Muon and AdamW perform similarly when
a = 0, but as « increases, Muon remains remarkably robust whereas AdamW degrades much more
sharply. This behavior also qualitatively aligns with our one-step analysis: as « grows larger, Muon
still retains (d) capacity, but the SGD recovery rate will collapse to zero.
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Figure 9: OOD accuracy as a function of model dimension for Muon, AdamW, and SGD (columns left to
right), with batch size 256 at iteration 512. Each curve corresponds to a different power-law exponent for (a)
the output distribution avg; (b) the trigger distribution oy, with o = 0 being the uniform distribution and larger
« concentrating probability mass on fewer tokens (where we expect adaptive optimizers to be beneficial). For
each (dim, «) pair, the learning rate is chosen to maximize OOD accuracy.
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Appendix E. Proof of Theorem 3.1
The negative gradient at initialization is straightforwardly computed as

Gy = —VwL(Wo,B) = Z qi(ui — ’L_L)’UZT
1€[N]

where 4 = % Zie[ N] Ui is a centering term. It will suffice to study the uncentered gradient G and
logits ;;, given as
Yij ‘= U]Th)\( 'Um Z %uz
i€[N]
In Sections E.1-E.3, we lower bound the signal terms -;;. In Section F, we upper bound the magnitude
of the interaction terms ~y;; for 7 # j. Finally in Section E.4, we conclude the proof of Theorem 3.1.
E.1. Fréchet derivative computations

In this subsection, we work with general smooth nondecreasing functions i : R>o — R>q. Let the
leave-one-out gradient be G_; := G — ql-ul-viT and define the function

o(q) = u W(G_; + quv )vi, q>0.
We aim to control the signal ;; = ¢(q;) via Taylor expansion. We will utilize the Daleckii—Krein

formula for the Fréchet derivative of matrix functions.

Proposition E.1 (Daleckii—Krein formula) Let M, E be real symmetric matrices and f be a
(2d — 1)-times continuously differentiable function. Denote by D f(M)|[E] the Fréchet derivative
of f w.rt. M in the E direction. Let M = PAPT be the eigendecomposition of M with A =
diag(A1,- -+, Ag). Let fV) be the first divided difference of f,

(@)= f(y)
@y =] wv TV
f(@) T =y,
and set T';j := f(l)()\i,/\j)forl <i,7 <d. Then

P'Df(M)[EJP = (P'EP)oT.

Furthermore, let D? f(M)[E, E| be the second Fréchet derivative of f w.r.t. M in the E, E directions.
Let {3 be the second divided difference of f,

10w gy,

F@(2,y,2) = { -

D(z, 2) x=uy.

Then

d
(PTD2f(M)[E => P A Ae) (PTEP) 4 (PTEP) 4.
k=1
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Proof We only prove the formula when f is a polynomial for illustrative purposes; the full proof is
given in Theorem 3.11 and Corollary 3.12 of Higham [16]. By linearity, it suffices to consider the
case where f(z) = 2", n € N is a monomial. The Fréchet derivative of f in the E direction is

Df(M)(E) = En: MFIEMMF (10)
k=1

and the first divided difference is

Tij = fP (N A) =D AFIarr,
k=1

Therefore we directly check that

(PTDFM)(E)P); = 3 el A IPTEPA" Fe;

k=1
n

Z "PTEP);;\F = (PTEP o T),;.
k=

For the second derivative, differentiating Eq. (10) again gives

D*f(M)[E,E|=2 > M 'EM"“'EM"F

1<t<k<n
and
1 1
FO (g, 2) = FO (2, 2) = fD(y,2) _ S atlyhetolnek
-y
1<U<k<n
Hence
(PTD?f(M)[E,EP);; =2 Y ¢ A'PTEPAFIPTEPA™ *e;
1<t<k<n
d
=23 Y ATTINTE(PTEP) (P TEP),y,
m=11<¢<k<n
d
=2 fONi, A, A)) (P TEP) 5, (P TEP),
m=1
d
=2 Z f(2)()‘i> Aj> )‘m)(PTEP)im(PTEP)jM»
where in the last step we used the symmetry of f(2) and E. |

The following two lemmas use the Daleckii—Krein formula to compute the first and second derivatives

of ¢.
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Lemma E.2 Let the SVD of the leave-one-out matrix be G_; = ASB with singular values
S = diag(si, ..., sq) in decreasing order and denote a = ATw;, b = BT, Then it holds that
¢'(q) > 0 for all q and

¢'(0) = . Z (h<8k)+ ilst) (axbe — agby)? + Mesk) — hlse) (arbe + aebk)2>

4 ey Sk + Sy Sk — Sy
+ Z R (sy)azbs.
k
Note that if s, = sy, the ratio w is to be interpreted as the first divided difference
RO (s, s1.) = B (sp); if s, = s¢ = 0, % is to be interpreted as the continuous limit 4’ (0).

Proof For notational convenience, we define u = u;, v = v; and
Go=G_;, Gy=Go+qu"
0 — Y—i, qg = &0 T quu -,

so that ¢(q) = u" h(Gg)v. Let the auxiliary function £(2) = h(y/z)/+/z for z > 0; for our stabilized
version of Muon, {(z) = 1/vz + A?. We also define the SVD of G, and related quantities

G, =A.S,B,,
Y, = h(Gq) = Aqh(Sq)B;;,
T, = G, Gy,

Ry =¢(Ty) = th(sq)sq_quT'

Finally, we redefine a = Agu7 b= BqTU, here dependent on q.

First, observe that Y, = G,R,. Using dot notation, differentiating w.r.t. the variable ¢ yields
G, =uv' and

Y, = G,R, + G,R, = uwv' R, + GR,.
Therefore

¢ (q) = uTYqv
= |lull3 - v " Ryv + u' G Ry

= |lall3 - b &(87)b+ a'S;By RyByb. (11
Next, we have R,, = D¢(T,)[T,] where
Tq = GJGq + G;Gq = vuTGq + G;—uv—r
and so

B, T,B, = Ssab" +ba'S,.
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Since T is diagonalized as Ty = qungT, we compute via the Daleckii—Krein formula (Proposi-
tion E.1),

(B RyBy)ke = (B TyBy)ke - £ (s7, 57) = (skarbe + searby )6 (57, 57)

where S, = diag(sy,- -, sq). We may assume all s; are distinct; the general case follows from
continuity. Plugging into (11), we obtain:
¢'(q)
—WHZM@ )+ ) arsk(B) RyBy)kebe
k¢
= Ha||2 Z bgf Sg + Z akskbg srapby + Sgagbk>f( )(Sz, S%)
k¢
§(si) —&(s
Nl SR + 2 3 R ) + Y ausube(snande + siac) SEE = )
¢ k k£l k ¢

h(Sk)Sg — h(Sg)Sk
SkSg(Sz — s%)

9,2h(se)
— a )
; k£l

W(sk)  h(sk)
+ Y dngst (M - 1
k k

Sk
h h —h 2 h —h
_ Z@%lﬁ( (50 , (Sk)5k82e 2(86)%) n CLkCLgbkbg< (Sk)sg 2(5£)3k>
it Se se(sy — 57) 5, — 55
+ ) abih/ (sk)
k
_ Z azb% <h(8k)8§ — h2(85)84) T agbkbg (h(sk)s§ — h2(84)8k>
S§7— 8 s$7— 8
ke k 0 k J4

+ Zaib%’ sk)
- Z Q202 + o203 <h(8k) — h(se) | hlsk) +h(85)>

S — S S S
k# k ¢ Kkt Se

+ % > (arasbibe + agarbedy,) <h(sk) —h(se)  h(sk) + h(se)>

k#¢ Sk — Sy Sk -+ Sp
+ > aRbEh (se)
k
4 Z(ak‘b@ - aﬂbks)zw + (agbe + aebk)zw
Sk + S¢ Sk — 8¢
kA
+ " afbih (si).
k

We conclude that since h is increasing, ¢'(q) > 0, and moreover taking ¢ = 0 gives the desired
formula for ¢/ (0). [ |
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Lemma E.3 For h(z) = hy(z) =
1 — e d),

\/W’ it holds that supge(o 11 19" (9)| S A\~2 with probability

Proof [Proof of Lemma E.3] Recall the definitions of G4, A, S;, By, Y4, Ty, Ry, a, b, from the
proof of Lemma E.2. Differentiating Y, twice with respect to ¢, we obtain

Y, =2G,R, + G/R,
=2ub' B, R, + A,S;B, R, (12)
since G, = uv| and G, = 0. The derivatives of R, are given as
R, = D{(T,)[T,), (13)
Ry = DE(Ty)[Ty] + D*(Ty)[Tg, Ty). (14)
For Eq. (13), we showed in the proof of Lemma E.2 that
(B;—Tqu)ij = s,;aibj + sjajbi,
(By RgBy)ij = (siaib; + sja;bi) - €V (s, 7).
For the first term in Eq. (14), differentiating T, = GqTGq twice gives
T, =G, G, +2G, G, + G/ G, =2G, G, = 2|jul 500"
and so B;’i‘qu = 2||a|2bb". Therefore by the Daleckii—Krein formula,

(BqTDf(Tq)[Tq]Bq>ij = (BgTqu)ij : §(1)(32 S ) = 2HaH2b ibj 5 ( 2)

i) i+ 5j
For the second term in Eq. (14), again by the Daleckii—Krein formula and using the explicit form of

B, T,B,,

(B(ID%(T(;) [Tqv Tq]Bq)Z.j
d
=23 (s}, 53, 57)(By TyBq)in(By TyBy)jn

— §(2)(s, 55, 51) (siaibg + sparbi) (sjajby, + spagb;).

Plugging into Eq. (14) and Eq. (12) yields

¢" () = 6]lall3 Z skarbiby - € (s7, 53)
7,k=1
d

+2 Z skarb;(sparby + seaeby)(sjabe + spagb;) - 5(2)(8i, 532, sf)
k=1
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We proceed to bound || Y y||op. We will use that

U

d
> _ai = lallz = Jlull3, Zb =[lbl3 = llol3, D laxbel < llall,[1Bll,

k=1

are all ©(1) uniformly over g with probability 1 — e~ (%),
Right-multiplying Eq. (12) by B,, we have
HYCIHOP = ”YquHop
< 2HUbTB;—RquHOp + ||AquB;—Rqu”op
S ||B;Rqu”0p + HSquTRquHop
< ”BqTRquHF + HSquTRquHF-

For the first term,

1B RyBy[lE < (siaib; + sja;bi)® - €1 (s7, 57)
12

<4(sups)£(1) CRACH D Zagb2

V(2. ))”

S ( sup §;
7‘7

For the second term, decompose f{q as in Eq. (14). First,

Si (B;DS(TQ)[T(J]Bq> .

)

S ( sup $;
i.J

§M (52,53 ) bty

Next, we have from the triangle inequality,

8 (B;—ng(Tq)[Tqa Tq]Bq>

ij

N

d
Z ‘f 1, ], )‘ . \si(siaibk -+ skakbi)(sjajbk + skakbj)]
k=1

< (sugS?Sj‘i( (s, 57 5> 8 D|azaa|zbk
7‘7.]7

+ (sup st €@ (52, 57,5 \)|azb|21akbk\

1,3,k

+ (sl}psisjsk‘ﬁ( (sz,sj,sk D|a]b |Z |akbi|

1,5,k

+ (sups sk‘f@)(sz, 52,5 D|bb |Zak

1,7,k
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< (Sui)Si(SiJrSk)(SﬁSk ‘5 57,85, )D(lai%H\aibj|+|biaj|+|bibj|)'
Z7‘77

Squaring and summing over %, j gives

I84BIR Byl < sup sl € (57, 53)| + sup i+ 50 (55 + ) |62 67, 57)|
7,7 1,75

Altogether, we have

5(1)(512, J)‘—FSUESz(Sz‘FSk (sj + sk) ‘5 Z, j,si)‘.
7]

||?q||0p S Sup s;
Z7J

Finally, we evaluate this bound with our choice of h)(z) = \/ﬁ, which corresponds to £(z) =

\/;7. Computing the first divided difference directly gives
€0 (p y)zf(x)—ﬁ(y) _ 1
’ -y VI + 22y + XV + N+ y+A2)]

which is valid when x = y by continuity, and plugging in 31 ) S5 2 yields

Z7 ]‘
NE +/\2\/s +/\2 \/ 87+ A2+ s 2422

for all 4, 5. Also, for the second divided difference, we obtain

s €M <272

¢?(x,y, 2)
_ 51(1'7 Z) B 5(1)(3/7 Z)
= r—y

Vi+ X+ y+ X+ Ve + N

(Ve Ryt ) (Ve 24V )yt N+ Ve 1)
1

X .
Vo + A2y + A2Vz + A2

It follows that for all ¢, 7, k,
(Sz+5k)(5]+sk ‘5 87,)83275%;)‘

S; S; + Sk 8; + sk

- \/3 +)\2\/s + A2 4 /52 —|—)\2\/5 +)\2+\/3k+/\2

VAT Vs A2 Vs + N2
X
\/3§+)\2\/s%+)\2(\/53+>\2+ s34+ A2%)

1 1

< +
VS ARV HN VR[22 V)
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< A2

| W

Therefore for this choice of &, we conclude that || Y, [lop < A~ and thus
6" ()] = Ju" Yqu| S A2

forall ¢ € [0, 1]. [ |

E.2. Minibatch concentration

Here, we collect concentration inequalities for the minibatch frequencies g which will be needed in
later sections.

Lemma E.4 Define the weighted covariance matrix
-
M := Z q?ujuj .
j€[N]

It holds with probability 1 — O(d~M) over sampling of q that

diQO‘(log d)2 B Z d*
)\ M < ~ )
a2(M) < {0 B < d,

Hereafter, we use M to denote any sufficiently large constant exponent that allows for union bounding
over (say) N2 = poly(d) items, and often omit the qualifying high probability statements.

Proof Let IV be the number of examples satisfying 7 > % in a minibatch of size B. N is distributed
as Bin(B, p) where p =3 .-, 4 Di X d'~®. From the multiplicative Chernoff bound, it holds that
forall e > 0, -

e2Bp
Pr(N >(1 Bp) < — .
(V> (1+98p) < oxp (-5 17

If B < d“ sothat Bp < %, by taking e = 4%;0 — 1 we have

d (1= 4B0*\ _ o)
> — ) < —— 7 | < .
PT<N— 4) —eXp( A(d+4Bp)) =€

Hence with high probability, N < % so that the total number of nonzero g; is less than %. It follows
that rank(M) < % and s0 \g/2(M) = 0.

Now suppose B = d*. Choose a positive integer K =< éBl/ @ and define the sets I, := {(k — 1)d +

%, e kd + % — 1} for k > 1. Consider the decomposition
d/2—1 N
M = Z qizuiuiT—l— Z Zq?uzu:—i- Z qfuzu;r
i=1 ke[K] i€l i=(K+1/2)d
=:Mo =M =:Myail
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Since rank(Mj) < %, we have \;/5(Mjg) = 0. By Weyl’s inequality,

Aip(M) < Agp(Mo) + || D M+ M| < > Mgl + [Meaitll gy (15)

ke[K] op ke[K]

We first control the bulk sum. Since |I;| < d, it follows from Vershynin [49, Theorem 4.6.1] that

|| =001) = Mg, < me}xqf

icl, op k
with probability 1 — ¢4 To bound this quantity, set pj, := max;cy, pj =< (k — %)_o‘d_a
note that p; > 37%py, for all i € I;. By the Chernoff bound for Bg; ~ Bin(B, p;),

Bpié?
Pr(gi = (1+€)pi) < exp <— 2p+€6 > (16)

and so union bounding over ¢ € [, we have

30‘Bﬁke2> < 1

Pr <maxqZ > (1+ e)ﬁk> < dexp (— oy 7
€

i€l

by taking € 2 1;%3 v log . Hence for all k£ € [K] we have

logd
1 <p .
Igéa}?qzw( +€)pr S Pr + 7

For the tail sum, we exploit the sparsity of the frequencies ¢;. Define the set of indices

1
Ita11::{i:<K+2)d§i§N, qi>0}.

Niail := |Ltaq| is distributed as Bin(B, ptai1) Where piai = Ziz(K+1/2)dpi = BU-a)/a g4 that
Niail <X Bpan < BY/a with probability 1 — e~ Moreover for each i € Iii1, it holds that
pi S(Kd)™ =< 1/B and so

B Bpi\"
Pr(Bg; >r) < < )p: < <e p ) =g«
r

r

by taking r» < log d, hence q; < logd. It follows from Vershynin [49, Remark 4.7.3] that

[Mtailll o, < max Qz Z Ui U

ZEItall op

2
< <logd> Niail |+ d N d
B d Niait  Niail
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2 pl/a
< logd\ B/
~ B d

since B 2 d*. We conclude from Eq. (15):

_logd\?  [logd\*BY~ _ )
< < @
Ad/z(M)NkGE[K] <pk+ 5 ) +< 5 ) g Sd " (logd),

where we have used that 3 ;- pr < D k>t (kd)=2* < d—2, [

Lemma E.5 (concentration of tail frequencies) Let B be a randomly sampled minibatch with
empirical frequencies q. Let r be any integer and denote q~, = (qr+1,- - ,qn ). Then it holds with
probability 1 — O(d—M) that

logd

lasrlloo S 770 + 22

and

rl/2—a logd B 2 r?,
HQ>TH2 ,S rl—a
B

logd B < re.

Proof We first control ||¢~, || . Let the index ¢ > r so that p; < r~*. Recalling the Chernoff bound
Eq. (16) for Bg; ~ Bin(B, p;), we may choose

logd
ez 1+
Bp;

such that

Bp;€? Bp; 1
Pr(g; > (14 €)pi) < exp (_ 2pe ) < oxp (_ pe) <L
€

which implies

forallr <i < N.

For ||¢>||,, e repeat the analysis from the proof of Lemma E.4. If B > 7, thresholding at B/
logd lo

gives ¢; < p; + —p~ foritems with r < i < BYe and ¢ < gd for the Niny =< BY* items with

i > B/« Combining, we obtain

Bl/a

25 S (et B0) ¢ v (1224)
q>rila S bi B tail B

i=r+1
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S T1_2a + Bl/oc—Z(log d)2
< rli72%(log d)2.

Finally, if B < r“, we may treat all items ¢ > 7 as in the tail, so that Ni,; ~ Bin(B, ptain) with
Prail = Doy Pi =< 117 and Niail < Bpiail < Br!~®. Hence

logd\* _ ri=®
i1 N (“57) 5 5" toxa?,

as was to be shown. |
As a corollary, we prove the following lemma which will be used in Section F.

LemmaE.6 Letr =< —% . There exists

(log d)*
(logd)***? (logd)®
A= 17
max { o - (17)
such that the event
lg>rll r
Eq <M/ = 18
o max{ ol 12702 L <0y 7 (13)
satisfies Pr(£,) > 1 — O(d~M).
Proof By Lemma E.5, we have that when B 2 r?,
Hq>7“ H2 —« log d r —« — 2a+1
>r ’ 3
max < [|gsr|l 7a S+ B + i logd < d“(logd)
and when B < r?,
llg>r|l —a , logd ri-e logd
max{”q>r||oo, \/%2 Sr%+ 5 + Bd logd < 5
Therefore by choosing A as in Eq. (17) with an appropriate proportionality constant, we can ensure
that £, occurs with probability 1 — O(d—M). [ |

E.3. Lower bounding the signal

We now consider the stabilized sign map h)y(z) = \/2217)\2 Recall from Lemma E.2 that
1 h +h h —h
#(0) = : 3 ( A(sk) + ha(se) (axby — agby)? + A(8k) — ha(se) (axby + aebk)2>
Sk + Sy Sk — S¢
k0
+ Z R\ (sg)azbs.
k
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ha(sk)=hx(se)

Since =y

is always positive by the mean value theorem and hy(z)/z is decreasing, we
may lower bound ¢'(0) as

5(0) > }Z PACsk) +PA(S0) (b b2

4 oy, Sk + Sy
1 hx(sg) + hy(s
> = Z Al :) T S/\( ) (akbe — agby)?
d/2<k<{ k ¢
ha(say2)
> 27/2 D (arbe — agby)?. (19)
5d/2 4 a<ker

Note that a, b are Gaussian conditioned on G _;. Let a’, b’ be the vectors consisting of the last %
coordinates of a, b, respectively. It holds that a’, b’ ~ N(0, 11, /2) and

Z (akbg — agbk)Q = HQIH2H1)/H2 — <CLl,b/>2. (20)
d/2<k<t

Standard concentration bounds give ||a’||?, [|t'||* = ©(1) while (a’,¥')2 < % with probability
1 — O(d=™), hence Eq. (20) is lower bounded by a constant.

It thus suffices to control the ‘bulk” singular value s;/. By the lemma below, this can be reduced to
controlling the bulk eigenvalues of the weighted covariance matrix

M = Z q?uju;-r. 21D
JE[N]

Lemma E.7 It holds that s;,(G_;) < M\e(M)Y?2 for all i, k with probability 1 — e=(4),

Proof Let M_; := Zj# q]zuju;r. The kth column of G _; is Zj# q;ujv;j, which for each & is an

i.i.d. sample from N (0, éM,i) conditioned on uq, - - - , un. Therefore
a 1 ..
G, < ﬁml_/fz, where  Zg, ~ N(0,1) iid. (22)

It holds that [44, Eq. 2.3]

Pr (|1Zl,, < 3Vd) > 1 - 2¢7%2

and thus
1
si(G—i) < —=sk (Ml_/f) 1Z]|op S Me(M_i)M/2 < X (M)
Vd
since A (-) respects Loewner order. [ |
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Then by Lemma E.4, we have \g/2(M) < d~>*(log d)? and 50 54/5(G_;) < d"“logd < A. We
conclude from Eq. (19),

¢'(0) = Ioara) Y (b +aby)’ Z .

25412\ Ay Vs + A

We have also shown that sup,c(o 1) [¢” ()] < A2 in Lemma E.3. In addition, since u;,v; are
independent of G_; and ||h)(G_;)||op < 1 from Proposition F.9, a standard concentration bound for
subexponential sums [49, Lemma 2.8.6 and Corollary 2.9.2] gives that with probability 1 — O(d~M),

2

> =

logd

16(0)] = |u] hr(G_i)vi| < =c.

Since ¢ is increasing by Lemma E.2, we can therefore Taylor expand ¢ to obtain

1 t t2
6l0) = 6(t) = 6(0) +16/(0) — 312 sup [¢"()| 2 6(0) + & — .
2 o<s<t A A
Finally, taking the supremum over ¢ € [0, ¢ gives
Yii = QS(Q) 2 min {& 1} -0 logd (23)
2 1) ~ /\) d .

E.4. Putting things together
In Section F, we analyze the interaction terms and show that under &, (Proposition F.1),
log d)?
Vd
Combining with Eq. (23), the uncentered logit gap is thus lower bounded as
. [ (log d)®
 —maxy 2 min {21} - 0 .
PYZZ 1:];173&3( ’774] ~ min { )\ ( \/&

We now show that centering does not affect the computation. The mean vector is distributed as
u ~ N(0, 5514) so that [|af2 < 1/V/N, and moreover [|u;l|a, |vill2 < 1 forall i € [N] with

Vi # .

~ ~

probability 1 — e~ It follows that

1
1Go = Gllop < Y aillllzl[villa S —.
1E€[N] \/N

(24)
By Proposition F.9, for all 4, j,
|uj hA(Go)vi — uj ha(G)vi| S |ha(Go) — ha(G)llop

1 d® 1
< 2 IGy — <& <
= )\HGO GHOP ~ \/N ~ \/&
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Thus we also have

3
T o T s i [ % 4\ o (ogd)
u; ha(Go)v; rglilxuj ha(Go)v; = mln{ Y\ } O( i )

We conclude that item ¢ will be recovered (regardless of the scaling ) if

3 2a+5 5
o> LDy {(logd)  (logd) }
Vd de+1/2 7 BVd

In the population regime (B = o0), taking ¢; = p; < i~ %, we hence recover all items up to

i <i* = d"Tea (logd) 2 a.

If ¢; are obtained from a minibatch of size B, we have from the Chernoff lower bound that
Pr (qi < %pz) < exp(—%sz-) < d=M for i such that p; > B~'log d, which also ensures
{ (logd)***® (log d)® }

Di
. 7>
%= B R VR

=5~

for all i < i*. Therefore with probability 1 — O(d~™), we recover all items up to

1/a
i < min {i*, <lo§d> } : (25)

E.5. Proof of Corollary 3.2

Let p1 := pw, be the predicted score under W;. By choosing 1 =< (log d)~*V/d, we can guarantee
a logit gap of

. (logd)3 2
. ;- . ;> L - > (loo d
u; Wiv I?a;xu] W v N77<m1n{)\ } v 2 (logd)

for all items ¢ satisfying Eq. (25) (up to an additional polylog factor), which implies that p; (i | i) =
1 — d=“1), We denote these items as i < ¢'. For all other items, it holds that

T T (log d)® 1

. i — ! i> — > _ ,
Wi Wi 20 =80 ) 2 -
1—0(1) 1+0(1)

and so py (i | i) > —x— and p1(j | i) < —5— forall j # 4. It follows that

L(W1) = Einpl—logpi (i | )] S a7 + Y " pilog N
>4/
<dM 4+ () logd

= 6(max {d%+i*a, Béfl})
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Appendix F. Analysis of Interaction Terms
F.1. Overview

In this section, we show the following result for the interaction terms.

Proposition F.1 Fix a threshold r < ﬁ. Under the event
g d)

q>r r
£y s max { oo 22 <0 7

it holds with probability 1 — d~“Y) that for all pairs i # j of distinct indices,

] < (logd)?"
71 ~ \/g

We have verified &, occurs with high probability by a judicious choice of A in Lemma E.6, and
assume this for fixed ¢ throughout the section. When either ¢; or g; < A, the interaction terms can
be bounded by a simple operator Lipschitz concentration argument, which we provide in Section F.8.
The main challenge arises when controlling the leading r x r block, where any operator norm bound
fails to capture the correct scale. The analysis for these ‘large’ interactions requires a much more
involved perturbative approach, and will be developed throughout Sections F.2-F.7. For the readers’
convenience, we provide a sketch of the argument here.

Gather the top 7 < ﬁ itemsintoU = [ug --- u,], V=1[v1 --- v] and Q = diag(q1, -+ ,qr)-
We need to bound the off-diagonal entries of K := U hy(G)V, where the gradient G is split into

N
G=UQV'+Z Z:i= > quu,.
l=r+1

In the limiting regime r/d — 0, we can ensure that the Gram matrices G, = U'u,G,=V'V
are approximately identity (Section F.2). Utilizing equivariance of h) and isotropicity of the tail Z
given U, V, we rewrite K in this near-orthonormal basis as

+ z)

KL [Gl? o]n ( [G%/QQGW
which is a perturbation of the top 7 x r block of h)(Q). We then invoke the resolvent representation
X~V2 = L > s71/2(X + sI;)~!ds to get rid of the inverse square root in hy, and expand all
fractional powers and inverses in terms of the error matrices E, = G, — I, E, = G, — I, and
7 = \~'Z (Section F.3). This yields the expression (omitting series truncations, which are controlled
in Section F.4)

K:l/ s7/2 I, 0JHD;'/?)"

™
0 £>0

G1/2]

0 0

k
(D;WAD;V?) D12 m ds, (26)
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where D = [QQ 0} + (A? 4 5)I is diagonal dependent on s and H, A are perturbations, e.g., the
expansion for H is

[ g O o)

k,0>0

We further expand Eq. (26) entrywise over all summed factors in H, A (recorded as symbols i, /)
and also over all valid index paths ¢, into products T%"" of entries of E,, E,, Z. Integrating out s
in the coefficients gives the complete expansion K;; = > 6;"YT!"". Along the way, we prove two
crucial results: (1) all integrated coefficients |9/"”| < 1 (Section F.5); and (2) every pair of monomials

! /
T{"", T!,"" are nonnegatively correlated (Section F.6). This lets us strip away all coefficients to
construct an isotropic perturbation K;; := >~ T’,"" which upper bounds K;;:

EIK3] = Y 000l BITe Tl < 3 BITATH Y] - ERY).

This new object K is essentially equivalent to removing all scalar coefficients of H, A and factors
of Dy in the computation of Eq. (26). Importantly, unlike K, the off-diagonal entries of K are now
distributionally invariant. Furthermore, its higher moments can be controlled (after sorting by degree)
using standard moment methods, i.e., Gaussian hypercontractivity and decay estimates for E,,, E,,, y/
(Section F.7). This finally yields the desired upper bound

(log d)3
i

1vij] = 1Kij| S

F.2. Setup and norm estimates

‘We use the notation
U=[u - u,V=[v - v e R Q= diag(qi, - ,q)

and K := U hy(G)V, so that

N N
G = Z qruv, =UQV'T + Z Qeugvy .
=1 (=r+1
N———
=7

Our goal is to prove Proposition F.1 for the case ¢, j < r, which corresponds to bounding the
oft-diagonal entries of K. Set

G,=U'U, E,=G,-1L,
G,=V'V, E,=G,—1I,.

We require the following decay estimates.

Lemma F.2 (decay estimate for E,,, E,)) There exists a constant C > 0 such that

2
Pr (HEu”0p>CmaX{\/f/gt,<\/f/gt> }) <27, Wt>0
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and similarly for B,. In particular, it holds with probability 1 — e=*") that

g
Bl 1Bol S /5

Proof See Theorem 4.6.1 of Vershynin [49]. |

Lemma F.3 (decay estimate for Z) Denote g, = (¢-11, -+ ,qn) € [0,1]N~". There exist con-
stants C, tg > 0 such that

Pr <|Z||Op > max{||q>r]|oo, ”q\>/27”2 } t) < eCdto=t) -yt > ¢,

In particular, it holds with probability 1 — e~ that

lg>rl
HZHOP gmaX{Hq>7"Hoo7 \/% .

Proof For fixed vectors z,y € S? ', v/dzTu; and Vdy v; are each N'(0,1) so that & :=
d(z"u;)(v] y) is subexponential with ||&;||,, = O(1). Then

N N
1
o2y =) gz u)(wly) =< > ab
i=r+1 i=r+1

satisfies

d*7? d
Pr <|xTZy| > T) < 2exp | —C'min T 55 T
lgsrlly " lg>rll

by the subexponential Bernstein inequality. Taking

q
T = max{”qw\oo, 2>l } t

Vd

for some ¢ > 0, it follows that Pr(|z T Zy| > t) < 2e~CditA) Now choose a 1/4-net M of S7-1
with size |[M| < 99, Tt holds that

1
1Zlly, = sup |0 Zy| < sup |x"Zy|+ S |Z],
z,yeSd—1 z,yeM

and so union bounding over M,

Pr <”Z‘op > max {HQN"”ooa ‘|Q\>/g‘2 } t> <9.99. o~ Cd(tAt?) < eCll(to—t)

for constants C| tg. The last claim follows by taking ¢ = 2¢¢. |
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Now define the decay factor p as

r 1
=4 /== 27
P=\A ™ Togd @7
and the event &, as
. 121,
op - IMax HEuHop7 HEv”opﬂ Y < p- (28)

From Lemma F.2 and Lemma F.3, under the event £,, we can choose the proportionality constant in
Eq. (27) so that Pr(&p) > 1— e~") . We note that the truncated series expansions in Section F.3-F.4
are valid conditional on &, however once we algebraically reduce to the appropriate quantities, we
do not condition on &, for the moment computations in Section F.5-F.7.

Under &, we also have the following bounds:

Lemma F.4 (series expansion for G, G,) Under the event &y, it holds for all K > 0,

K 1 2
<pft, Gy = (Z (Z) Eﬁ) :
op k=0

K /1
op S pK+1a GU = <Z (Z) Eﬁ) ’

k=0

K —1
G =G|, <™ F Gy (Z(—Em) .

k=0

HGl/z _ QL2

HG;1/2 _ (_};1/2

Proof Note that for all £ > 0,

‘(l%)‘:@(kz;)?')”g '@%)':WSL 29)

Then by Higham [16, Theorem 4.8],

K /1
1+ B3 (1)t

k=0

op

1
< < 2 > max HEﬁﬂ'l(IT—1—15Eu)_K_1/2

< pK—i—l,
K+ 1) o<i<1

op

and similarly for the two expansions involving E,,. |
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F.3. Block resolvent integral representation

Set O, = UG;1/2, 0, = VGU_I/2 so that OIO7 =1, fory € {u,v}, and let P, € R%*4 be an
orthonormal completion of O,. Also define

c. |G qal” ] |
0

We omit all non-diagonal zero blocks for brevity. Conditioned on U, V, it holds that P, ZP,] 4 Z,
and so

K=U"h)(G)V
=Uh(UQVT +Z)V
= G120, (ouG;/QQG}/?oI + z) 0,G1/?

1/2 1/2
d 1/2 G2
£]al? ofme+2)|%

= [l o] (c+2)((C+2)"(C+2)+ L)

—1/2 G%/2
R

We invoke the following resolvent integral representation

1 o0
X~1/2 = / sTVHX + sTg) " ds.

T Jo
Applying to X = (C + Z) " (C + Z) + A1, we have

[ 1/2
K= 1/ 5—1/2 |:G1]j/2 O] (C + Z)(X + SId)—l [Gv
™ Jo 0

ds

™

oo —1/2
= 1/ 5‘1/2<[GuQ 0] + [G}/z 0] v/ [G” D (30)
™ Jo Id—?"

—1/2 -1/2 -1
><<[GU L (X + s1g) [Gu . D [Ig]ds. (31)

Let us further define B, := VA2 + s, Z = \~17Z and denote the zero-padded matrix

) : /OO 5_1/2([GUQG11/2 0} T [G}/Q 0} Z) (X + SId)—l [Ggﬂl ds
0

[A] := [A 0} e R4 A eR™".
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Note that [A]* = [A¥] for k > 1 but [A]? = I; # [A"].
Expanding Eq. (30) via Lemma F.4, we have

-1/2
[G.Q 0] + [G}/ 2 o} /4 [G” ]
Id—r

= [I. 0] ([QJFEuQ 0] +

=[I. 0] (H+Ry),

G2
Id—r

where

(;1/2

H o [Q+EUQ

=—1/2
+ z |G
0 Idfr Idfr

—iarsmar 2 > () () maramy @

k,0=0

and Ry, is the error term due to applying the series truncation in Lemma F.4. We control truncation
errors in Lemma F.6 below. Next, from

[Gl/Q

1/2
c’ = [QG?] = [Q] [G“ ] ,
Ly |

the term in the inverse can be expressed as

-1/2 —-1/2
Lo [ XSl T
d—r d—r
G—1/2 G—1/2
= | ; (C'"C+C"Z+Z2"C+Z"Z+p4,) |~ ;
d—r d—r
QG.Q G./? G,'?
_ Z
[ O] +>H(2H Id—T Id—r
G;l/Q G}/Q
+ I, ] z! [ |
G—1/2 - G—1/2 ) G-L
v Z Z v v
* Li—, I, 5 [ Id—J

K
= [Q%] + 821y + [QE.Q] + 82> [-E,]*

k=1

e

k=0
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+ i (]f) (—f) [E.]"Z" Z[E.]'

k=0
+’I{&m

where the error R  (here dependent on s) is also controlled in Lemma F.6. Hence,

[G1/2 —1/2

(X + sLy) | & —D,+A +Rs,
Idfr Idfr

where

D, = diag(dys, - ,das) = [Q?] + 5214

is diagonal positive-definite and

A :=[QE.Q] + 5 ) [-E.J*

k=1
K o/1\ /_1 5 .
X (D7) (UErzm) + 212 E5.11)
k,0=0
2 < -3 -3 kT ¢
2 2
+A Z<k><£>[[Ev]]Z Z[E,]". (33)
k=0
Plugging back into Eq. (31), we obtain the expression
K=" / sV2 L, 0] (H+Ry)(Ds+ A+ Rgy) ! [IO] ds.
™ Jo

Compare to the quantity obtained by ignoring the truncation errors Ry, Rs s and expanding the
inverse using the (again truncated) Neumann series:

K
A B Eae ~1)2 =12 am-1/2) =172 [Ir
K = /0 s7V/2[1, 0] HD; Z( D;/2AD; )DS Jlds e

™
k=0

=W, (H,A)

We justify this expansion in Lemma F.5 and show |[K — K|lop = d~“® in Lemma F.6. Hence it
suffices to bound the off-diagonal entries of K.

F.4. Truncation error bounds

Here, we show that the errors from truncating the series for qu/ 2, G, Y 2, G, ! and the Neumann
series in Eq. (34) are ignorable.

Lemma F.5 (Neumann series stability) Under the event &y, there exists a constant C' such that
for every s > 0,

HDS—I/QADS—I/Q

(o)

< Cp.
p
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Proof Define the diagonal matrices

A, = (Q+B2,)712Q, B, = 4,(Q7 + 521,) 12

so that || Asl|,,, [|Bsll,, < 1. We bound each of the four terms in (33) separately. For the first term,

op?

[p;21QE.QIp; 2| < IAEALlL, <

For the second term, noting that the sum starts from k& = 1,

' D/ (62 f}ﬂ—ﬂ;}]’“) D'/
k=1

For the third term, we have

K K
k k P
<Y IBEB[5, <> 0 < T
op k=1 k=1

D2 [QlE.*

027 - 5|,

Jaz
op

k
<p
op

< Bt
op
Then noting that A < 3,
1/2 ~ (B (-L k& ¢ 1/2
D-12( A 2) (2 E.JFZ[E.]’ | D;
2 (7)) e |,

k,0=0
op

<3'Y" o reie 2D
k=0

K
- p
S )\Bs 1 Z pk+£+1 S (1 = )2
k=0 P

and similarly for the transposed term. Finally for the fourth term,
1/2 | 2 Y k7T ‘ 1/2
D2 (A Y < ,j) ( ;) [E.JFZ" Z[E,]" | DY

k=0
op

K
< 22 Z HD;UQHEU]]kZTZ[[EU]]eD;UzH
k=0 op

K 2
2,9-2 k042 P

< A0 § p++§ﬁ-
k(=0 P

Combining the errors concludes the proof. |
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1
logd

Lemma F.6 (truncation error bound) Suppose the decay factor satisfies p < and the trunca-

tion threshold K 2 logd. Under the event Eops 1t holds that

IK — Klop = d .

Proof First we control the errors Ry, R ;. For Ry, we have that

1/2 ~1/2 =1/2 =—1/2
R, _ |Gt 2 |G. lef 2 |Go
| P Ly | Li»r

1/2 ~—1/2
[Gu/ ] Z[[G‘”Q _ G—I/QH + [[G1/2 . GI/Q]]Z [Gv / ] .
v v u u Id_r

| P

Then by Lemma F.4,

IRillop < ||G122|| |Gyt -G 2G, '

+ HG}/Q—G}/Q
op

op

< (2 s, +p+pK+1))\p,pK+1 — g

For R s, we have that

op op

Rs, = B[G, ' — G,']

G1/2 G—1/2 G1/2 G—I/Q
u 7 v . u VA v
* [[Qﬂ ( [ Id—r] [ Id—r Id—r Id—r
—-1/2 1/2 ~—1/2 ~1/2
+ Gv ZT Gu _ Gv ZT Gu [[Q]]
Id—r Id—r Id—r

GEI/Q ZTZ G;l/Q B GJI/Q ZTZ G;UQ
Id—r Id—r Id—r Id—r

and we can similarly bound, using that || Q||op < 1 and A = poly(d—1),

Id—r

+

IR sllop = 82 - d .
It follows that

HDS_I/2R6,SD_1/2 — g (35)

S

op

uniformly over s. Now define
-1
N1 — (Id + DS—1/2ADS—1/2 + Ds_l/QR(;,st_l/2> 7

-1
N, = (Id+D;1/2AD;1/2) ,

K

_ _p-12ap-1/2\"
N kzzo( D /2AD] )
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We have that ||N1]|op, [|N2|lop = 1+ o(1) due to Lemma F.5 and Eq. (35). Moreover,

INy = Nally, = [No(N7! = NTONy |, < HD;1/2R5,SD;1/2 _ e
op
and by the Neumann series,
IN2 = Nsllo, < > (Cp)F=d .
k=K+1
Thus from
1 o0
0
1 [
K = / s~1/2[1, 0] HD;'/*N;D,1/? H ds,
™ Jo 0
and [|HJ|,, < 1, it follows that
K~ Klop
1 oo
< / 8_1/2H(H +Ry,)DIY2N;DIV2 — HDIV2NSDI V2| ds
™ Jo op
< 1/ s’l/QHRhD;WNlD;W ds
™ Jo op
n 1/ s*WHHD;l/Q(Nl ~Ny)D7Y2| ds
™ Jo op
1 [> _ _
<o [ s (IRl N+ L N = Nl )
— )\—ld—w(l) _ d—w(l)’
as was to be shown. |

F.5. Complete perturbative expansion

We will now fully multiply out ¥,(H, A) in Eq. (34) by plugging in Eq. (32) and Eq. (33) into each
instance of H, A and further expanding all matrix products entrywise. Since there are many different
types of terms, we will keep track of all terms and coefficients by introducing symbols i € S,, and
v e S, for H and A, respectively.

For the rest of the section, we set
q: ((jl?"' 7@(1) = ((Jh"' 7(]7"707"' 10)

so that [Q] = diag(g). We will also denote by Z™ the set of length m index sequences or paths
v = (i1, ,im) € [d]™, and by I} the set of augmented paths ¢ = (ig, "+ ,im+1) € [d]™+2 with
the restriction that g = ¢ and 4,,11 = j.
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For H, let
S, = {1,2}U {(3,]€,€,L> 0<k (<K, eIW}.
From Eq. (32), we can decompose

Z al/HY, (36)

HES,

where

(D) p= 1 (aj;, Hy) = (g5, [L]35)
2) p=2:(af}, H) = (35, [Eulyy)

(3) p=(3,k,£,0): recalling v = (i1, ,irse) € [d]FF,

1 1 k ~ V4
(GZ"HZ') = <<l§:> < €2>>‘7 H [[Eu]]imflimziki}wrl H [[Ev]]ik+mik+m+1>v
m=1 m=1

here with the convention that ig = i, i,,+1 = j depending on the pair (4, j) being expanded.
For A, let

S, ={1}UJ(2,k,):1<k<K, 1eIt 1}

{(

u{(s,ku 0<k (<K, Lezw}

u{(4ku 0<k (<K, Lezk“}
(

{ Bk, 00): 0 <k (<K, LezW“}.

From Eq. (33), we can decompose A;; with coefficients in the following bilinear form:

Ajj= Y bIAY 37
IIESU
where
(1) v=1:
(bzlﬂcijl ) (QZaQJ’ [[EU]]Z])
(2) v=(2,k,0):

k
(b7, c gV7 A ) = <(_1)k657587 H [[EUHimlim>
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3) v=(3,k,L,1):

(bl/ 14 All

7 ]7

/
N
T NI

\_/
/—\
M\»—A

>)\ H [[EU]]Zm 10m Zklk+1 H [[E'U]]Zk+m7/k+m+l>

4) v=(4,k, L)

k

_1
(b’lL/7 ‘]V7AV) = (( €2> < >qj7 H HEU]]Zm 10m ZI+17/Z H u]]i€+m,i€+m+1>

(5) v=(5k,L,0):

_1 1 ol
(b;/a ]V7AV) = (( k2>)‘ < ) H [[Ev]]lm 1im ”Lk+1lk 2k+1lk+2 H [[Evﬂlk+m2k+m+1>

Observe that every Hj; and A7; are purely products of entries of [E,], [E,] or Z, without
numerical coefficients.

Returning to Eq. (34), fix a pair of indices i, j € [r], so that

- 1 [
K = / s7V2W (H, A);; ds.
0

™

By expanding each power ( — D, 2AD; Y 2) along paths + € T, and plugging in Eq. (36)
Eq. (37), we obtain

K
k
U (H,A);j = Z [HD;”Q (—Dgl/QADgl/Q) Ds_1/2:|

k=0 ij
K k

=S s e (o= ) o
k=0 LEIk l1,3 —1 \/dw de+1, \/dik+175
K YAV Ve 1

— 1011 Z011 Lete41 te1
Seup 3 et (7] 57 M) L
k=0 LeI,Z ,LLES 1 {=11,ES, £yST+1,S k+1>
K

=2 DY > D A
k=0 LEIZ HES, UGS’;

where we have defined foreach € S, and v = (vq,--- , %) € Sk (k being implicit),

“w k Ve Vo
Wy . ai0i1 H e 41 1
LS T
V di175 —1 \/dig,sdiml,s \/dik+1»3
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and
k
TR = 111 Z
= Hioil H Aiéiéﬂ'
=1

Note that T4"" is also a product of a number of entries of [E, [, [E,] or Z. We denote this number
by the degree n,""; the degree of T}"" as a polynomial of Gaussians u;;, v;; is 2n,"” (however, this
polynomial is nonhomogeneous due to the presence of the —I,. terms in E,,, E,). From the definition
of H, A, we can check that

0<n < (2K +1)+ K(2K +2) < CK>. (40)

The coefficients (/'3 further satisfy the following uniform bound.

Lemma F.7 For all . € TF and symbols p € NSRS Sk, there exists an index m = m(v, p,v) €
{1,k + 1} such that for all s > 0,
Gin VA
WV < m .
|<L,S | — dim7s
Proof Denote the projection of the symbols p and v to the integer-valued first coordinate as
m(p) € {1,2,3} and w(v) € {1,2,3,4, 5}, respectively.

First suppose k = 0. When 7(u) € {1,2}, we have aj; = ¢;. When 7(u) = 3, we have |aj;| < \.
Hence
qj vV A

C“?V §~7'
= S T

Now let & > 1. We first claim that for all 7, j and all symbols ;1 € S, v,/ € S,, it holds that
lat:b?| < dj s and |b;fc;fl| < d; 5. Indeed, for each i, 7,

(]
1 1
all € {qg}u{(;) (_;>>\ : k,égK},
1 1
b, € {qj,ﬁs,—ﬁs}u{@)qj k< K} U{<_€2>)\:£§K}.

By Eq. (29) and A < VA% + s = f3,, we have
lalsbs ], [BYey | < (3 V B2 < @)+ B2 = dj s @1

as claimed. Now rewrite

Iz k Ve Ve
Y _ @iy H Lo 41 1
L7S - . . - .
V d’LhS /=1 \/d2578d12+1,8 \/dszrl,s

o 1 k Vo—13Vp Vk
_ aioilbil C’L'g b’i[ Czk+1
d

dil,s =9 dig,s

Tgt1,S

to consolidate the denominators. We divide into the following cases.
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(1) 7(vg) # 2: we have

1 1

I 215, . -3 .

so that |¢*| < g; v \. Thus by Eq. (41),
k v _
ey B I 1

diy s =2 dw,s dJ,s B dj,s T djs

uk’ uk’

(2) m(v,) =2and 7(v1) ¢ {1,3}: we have c = Bs and [b]'| < B, as well as |az ol < i VA
regardless of i. Then

v ~ ~
ol PR _ @ v B2 @ VA

‘ /Lﬂ/’ 1021

diy s djs = diys  djs T digs

Q) m(vg) =2 and w(v1) € {1,3}: letm € {2,--- ,k} be the smallest index such that 7(v,,) ¢
{1,3}, so c = fs and [b;™| < fBs. Since 7r(1/m 1) € {1, 3}, we also have either |¢;" | < G,
or [¢;" | § A. Then

iy < 1D BT G VA BY i VA
- dZ'rruS djvs B dimas djvs N dimas
This concludes the proof of the lemma. |

F.6. Positive path correlation and graded recombination

Substituting Eq. (39) and integrating out s in Eq. (38) thus gives

K, = Z Z Z i N (42)

k= 0 LEIk HES, veSE

where the coefficients are given as
1 o
o1 = / sTY2¢mY gs,
™ Jo ’

Importantly, 0" are uniformly bounded: by Lemma F.7, there exists an index m such that

o 7. G
e < [ B s e 2oy
™ Jo dim,s qz2m + )\2
With Eq. (40) in mind, we further introduce a gradation in Eq. (42) according to degree; this is
necessary to correctly apply Gaussian hypercontractivity later.

CK?

K
= Kijm, Kijm =2 _(“DF YY" N 01w T, (43)
n=0 k=0

LEIZ ﬂES,u ueS,’j

We now present a key insight which allows us to remove the coefficients #!"” when computing
moments of Kj;.,.
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Lemma F.8 (positive path correlation) Let k, k' > 0. It holds for all paths v € TF, /' € TF and
symbols pi, i’ € Sy, v € Sk e S,'f, that

E [T%qu”,u’} >0,

where the expectation is taken over all uy,--- ,uy and vy, -+ ,UN.

Proof T/"", Tﬁ‘,/’”/ are products of indices of [E,], [E,] or Z, so we may write
T T = [[IEi; [[E5 [] Zis (44)
(4.5) (4.4) (4.4)

where the products range over multisets of index pairs. We can remove the double brackets by
restricting to (¢, j) € [r] x [r] for E,, E,, otherwise the product will be identically zero. Further
expand each entry as

d
5i;
(Bu)ij =u uj — 0ij = Y _ (uzzuje - d]>’
=1
d i
(Ev)ij = v v —0ij = » <ije - Z;>,
=1

N
7 —1
Zij =2 quugveg,
l=r+1

then Eq. (44) decomposes into a sum of terms with positive coefficients of the form
2 1 o 1
I(CEICE i
v gl v

where v € [N] x [d] denote index pairs. Rescale i, = v/du, so that i is i.i.d. A'(0, 1), then by
symmetry it suffices to show

Y=[[@-]]#%

yeA yEB

has nonnegative expectation for arbitrary multisets .A, 3. Denote multiset union by LI. By Isserlis’
theorem,

E[Y]=> (-)™ > E I @

m>0 A'CA yEA'LUA'LB
|A\A"|=m
=3 > PAUAUB) (45)
m>0 A'CA
|A\A"|=m
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where P(C) counts the number of ways to partition C into pairs of equal index pairs. Then by
inclusion—exclusion, Eq. (45) exactly counts the number of ways to partition .A LI A LI B into pairs
which do not contain any of the (v, ) pairs arising from each of the &% — 1 factors, as fixing m such
pairs in A LI A yields a subset of ‘free’ index pairs A’ LI A’ where | A\ A’'| = m. Hence E[Y] is a
count and thus nonnegative. |

To utilize this result, define the ‘coefficientless’ recombined version K of K and its gradation K:n
analogously to Eq. (43),

CK? K
K=Y Koo Ky =K =33 3 3 1 T,
n=0 k=0 EIZ- HES, veSE

Then we can bound using Lemma F.8 and |0.""|, \Qﬁ/’l’,] <1

>

k+k R ' v y 787 w v
U ’I’L Z Z 9 0 1{71’;’ :n}l{nu,/’ul :n} E |:TL TL/
SN TR N ANTUR 7 ¢

S DD DS TS P E [T

ky,p,v k' ! v
—E [Kfj n} . (46)

Furthermore, define the ‘coefficientless’ versions of H, A as

H:=[L] + [E.] + ) [EJ'Z[E.]", (47)

k,6=0

K K
A =[E]+ Y [B]F + D ([EJFZ[E] + [E]'ZT[E])

k=1 k,0=0
K ~ ~
+ ) [EJ'ZZ[E,]" (48)
ke =0

These correspond to removing precisely the coefficients a’ ; (resp. by
sitions Eq. (36), Eq. (37), yielding the relations

Hj;j= > HY A=) Al

7€) in the entrywise decompo-

,LLES‘U, veSy
and
k
Ko — BV k
SEPILTED o | PUE ) SLEY
k7LnU'7V k7['nu'l/ =1 Zj
Thus we obtain the recombined expression
K
= Z HAF. (49)
k=0
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Since an n-fold product of matrices expands entrywise into a sum of n-fold products of entries,
K., is precisely the grading of K according to (polynomial) degree. In particular, we may express
K., = F,([E.], [Ev], Z) for some homogeneous matrix polynomial F,, of degree n.

Next, let I be any r X r permutation matrix and let

By symmetry, (U, V) 4 (UII, VII) and independently
d
(’U'?"-‘rla S UNS Upg 1yt 7UN) = (HIU‘T-FM T 7]:[1qu HIUT+17 T aHIUN)v
which implies

(ﬂEu]], [E.]. Z) 4 (ﬂl‘ITUTUH L] [ VTVII- L], HIZH+)

(MI[e. 0, I [E, I, T ZIL, ).

Then for each n it holds that

K., =F, ([[Eu]], [[Evﬂv Z)

iy, (HI[[EU]]H+, 11| [E,]IL. HIZH+)
=T1[F, ([E.], [E.], 2)T1,

=TI K,,IT,

since F,, is a matrix polynomial, therefore K., is also distributionally invariant under the permutation
IL, . In particular, the second moment of K;;.,, is equal for any pair of distinct indices 4, j < r, and

SO
. 1 R
E [ngn} = WE Z Klzj:"
i,j<ryi]
1 . d -
< o B IKnlE] < Ty B [IRalz] (50)

F.7. Graded tail bounds and hypercontractivity

We proceed to bound each K.,. We remark that we only need to control products up to at most
polylogarithmic degree since n < CK? < (log d)?, otherwise the expectation would suffer superex-
ponential blowup in d. In addition, K;o = [I,] is diagonal (as is K.q) and does not affect Eq. (50),
so we only consider n > 1.

Expanding all products in Eq. (49), the number of summed monomials in the expression K., =
F.([Eu]; [Ev]; Z) can be upper bounded as follows. Each monomial is an n-fold product of
[Ev.], [Ev], Z which we write as a length n sequence; there are at most 3" possible sequences. This
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is further partitioned into k 4 1 consecutive subsequences which simultaneously determine the power
k > 0 of A, and which factor of H or A each subsequence originated from. Since all terms in
Eq. (47) are distinct, and all terms in Eq. (48) are also distinct, this information uniquely specifies
each term in K.,,. As a partition can be specified by choosing a subset of points in the sequence as
break points, the total number of such partitioned sequences is at most 3™ x 2" = 6.

The discussion thus far implies that
A~ ~ n
1Knllop < 6" masx { [ Eullops | o lop: |2 op |

and so
E|IRnlZ,] <62 (E[IE)2] +E [IEI2] +E [1Z1%])- 51)

‘We now bound each moment in turn.

For E,, and E,,, recall from Lemma F.2 that

N AV A 2
Pr <||Eu||0p>CmaX{ 7 ,< Nz ) }) <27

Applying the tail integral formula and integrating by parts, we have that

E (B2 :/0 2052 Pr (|[Bu ] > ) ds
2n Vd—/r Jr 2n—1
T r+t 2 C
<|C4/= +/ 2n<C ) 2V . —dt
( \/;> 0 Vd Vid

+/ 2n C(\/;—HE) 26_t2'£dt.
Va—/F Vid Vid

The second term is bounded, using the inequality (a + b)™ < 2"~ !(a™ + b"), as

anC [ViVT < Oﬁ+t>2"—1e_t2 My
vd Jo Vd

22"71(]( \/?)2"‘1 /oo e 220 /oo (Ct>2”_1 e
<= “(c,/= e dt+ = —= eV dt
v d 0 vd Jo \Vd

2n 2n—1 2n 2n—1
2 nC(C\/7> +2 nC(C’> r(n)

Vd d vd \Vd

r 2n—1
< _
<(ofi)

where we have used that I'(n) < n" /2 <« /7" ! and n < (logd)2.

AN

Similarly, the third term is bounded as

Gl CF)) e
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<24"nC o fr 4n_2+24”nC C 4”_2F 2n+1
~oVd d Vvd \Vd 2

()"
E|[B.l5p] = E [IB2] < (20\/;>

For Z, we have from Lemma F.3 and Eq. (18) that

P (Zln > /1) < 1070, vtz 14

for constants C, to. Then, substituting s = Cd(t — tg),
" r\n [
E[ 7 zn} < (4T 5 (f) / (2n—1,Cd(to—1) g4
H ’0p = (0\/;) + 2n d i e
2n
r 22n—lppn oo s \2n—1
< (1oyf7)" ot (2 ) g
(0\/?) + Cdnit /0 (Cd + 1 e “ds
_ (4 \/? 2n+ 22n=lppn /1 T(2n) 421
"3 Cdrtt \ (Cdyzn=1 770
o 2n
< | 2toy/=] -
< (y3)

Recalling that p < /7 /d, we have shown that Eq. (51) is bounded as (Cp)?"~! for some constant
C. Combining Eq. (46) and Eq. (50), it follows that

A

We thus have

2 -2 d o 2 d 2n—1
E (K] SE[KE] < o m B[R] S (G
1

Now fix an integer L =< logd such that CpL < 5. Observe that each K;;., is a multilinear

polynomial of degree at most 2n in the entries ugy, Vg, thus by Gaussian hypercontractivity,
/2 oV dL t
r

E[KE,]Y < (@-1rE[KE,]Y? < Nin

ijin ijin (CpL)n_l/Q =
By Markov’s inequality,

Pr(|Kijn| > t) <t 'E [KE

YR

| SLL2 = g,

Therefore, union bounding over all 1 < i, j < d withi # j and n < (log d)?, we conclude:

CK? CK?
~ LVd _ (log d)?
K| < Kijn| S ——(CpL)"? < ==+
and hence
log d)3
K| < 108 (52)

Vd
with probability 1 — d—<(1).
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F.8. Lipschitz concentration for tail logits

We now bound the magnitude of the interactions ;; when either ¢; or ¢; < A, which is true when
max{i, j} > r under £;. Here, we only provide the argument for when ¢; is small. We first show
that hy is A~!-Lipschitz w.r.t. operator norm.

Proposition F.9 (operator Lipschitz bound) For A > 0, hy(z) = \/Z;iki)\Q and arbitrary A, B €
R4 it holds that |hA(A)|lop < 1 and
1hA(A) = hA(B)[lop < A7 A = Bllop- (53)

We remark that in general, matrix functions do not inherit the Lipschitz constant of the underlying
scalar function in operator norm (although this is true in Frobenius norm; see Kittaneh [24]). For this
particular result, we rely on a uniform integral representation of h ).

Proof The first claim ||hy(A)||op < 1 holds since the range of h) is contained in [—1, 1]. We now
prove the main claim. We first show Eq. (53) for symmetric A, B; note that since h) is odd, h) is
equal to the usual functional calculus when applied to symmetric matrices. Consider the integral
representation

2 (> t
ha(t) = / ds, 0s:= VA2 +s2.
0

i t2 462
For a real symmetric matrix A, define the map

2 R 2 2 —1
har(A) ::/ A(A%+521,) " ds
0

s

so that by r(A) — hx(A) as R — oco. Note that

(A +16.1) 7" = (A —i6.14) (A% 4 621,) ",

(A — 16,17 = (A +16.14) (A% 4+ 621,) ",

SO We may express
1 f : -1 . —1
h)\,R(A) = p (A + l(SSId) + (A — 1651d) ds.
0
Denoting the spectrum of A by o(A), it holds that
1 1

= max ———— = max ———
op  peo(A) |:U' + 1(55| nEo(A) \//m

Hence for all real symmetric A, B,

H(A +i0,1,) "

1
< =
<7

H (A+i0,1) " — (B +id,I;) "

op

- H(A +i6,I;) " (B — A)(B £ i0,I;) "

op
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1
S%HA_BHop
and so
1 [R2 1
I (A) = Pra(Blp <~ | 5T IA = Bllopds < {IA Bl

Eq. (53) follows by taking R — oo.

Now for general A, B, define the symmetric dilations

A -— 0 A 2dx2d D . 0 B 2dx2d
A._[AT O]ER ., Bi=|gr | eR*H

Let the SVD of A be A = UXV ' and define the 2d x 2d orthogonal matrix

ol Y

Then by a simple computation, A can be diagonalized as

L A= 0T AT
A_O[O _2}0

so that

R R L O

Since operator norm is preserved under dilation, we conclude:

. N 1.+ = 1
1hA(A) = ha(B)llop = [[hr(A) = ha(B)lop < IIA = Bllop = 1 [IA = Bllop.

We now show that (a truncated version of) each logit is a centered Lipschitz function of the pair

(uj,v5).

Lemma F.10 Let u,v ~ N(0,1;/d) i.i.d. Define the maps
F: (RN 5 R, F(u,v):=u hy(G_j+ qguv v,
L:RT S RY u(u) = L
LV gllully

Then the map (u,v) — F(u(u),t(v)) is centered and (2 + 16\~ q;)-Lipschitz.
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Proof Since (u,v) 4 (—u,—v) and

F((=u),l(=v)) = F(=u(u), =t(v)) = =F(u(u), ¢(v)),

we have E[F(:(u), t(v))] = 0 by symmetry. Also note that ¢ is a projection to an L?-ball and thus
1-Lipschitz. For (u,v), (u/,v") € (R%)2, let

H:=h)(G_j + qit(u)e(v)"), H :=hy\(G_; + gje(u () ").
Then by Proposition F.9 and ||¢(u)]|, < 2,

|F(u(w),0(v)) = F(u(u), o(v)]
< [Jeu) = () || | Hllop lewi) 1y + () ||| H = H'[|  lle(wi)l

<2 —||, + %HL(U)L(U)T — (" )e(v") T

op
8q; 8¢;
< (24 %) Ju = wlly+ o -,
< (2+ 52 )l - @)y
This proves the assertion. n

By Lemma F.10 and concentration of Lipschitz functions of Gaussians [52, Theorem 2.26], it follows
that

2
Pr (|F(u(w), 1(v))] > 1) < 2exp (—2(2 - fgkw)

where the extra d factor comes from the variance scaling of u, v. Moreover we have ||ug||o, [|vk ||y < 2
for all k € [N] with probability 1 — e~ so that t(u;) = u;, ¢(v;) = v; and

@) logd

gl = [F Gz vl S (142 )4/ = (54)

Under &,, we further have ¢; < [|g>r[oo < A, hence |yi;| < /8% if j > r. A similar argument

applies when i > r. We remark that while Eq. (54) holds for all 4, j € [IN], we still need the more
involved argument for the leading block since our guarantee for the signal in Eq. (23) is upper
bounded by O(1).
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Appendix G. Proofs for SGD and Newton
G.1. Proof of Theorem 3.3

In this subsection, we prove Theorem 3.3 and also show that for any choice of learning rate 7, the
loss is lower bounded as

L(WSCED) > ﬁ(max {di*%,Bi”}).

Item i is recovered by the SGD update WfGD = nGy iff

u;—Govi > r;lzc ujTGovi. (55)

The lower bound amounts to comparing the signal and noise magnitudes of the top d2s items. For
1

the upper bound, we will show that items ¢ = d2a« are unlikely to be recovered due to the large

random noise from the top ©(log d) competitors.

First note that

logd
d

I?%X{Kuzaug% [uill3 = 1, (v, vi) s Hllvallz = 11} S (56)

with probability 1 — O(d=), due to the usual concentration bounds. The difference between the
centered and uncentered logits can then be bounded as follows:

Lemma G.1 It holds with probability 1 — O(d—™M) that

T Vlogd
'(Go— G| < .
Jmac [ (Go = Ghuil 5 —

This improves upon the uniform control in Eq. (24) as we can explicitly use the inner product
structure of the logits in the SGD case.

Proof Let i := 4 Y. ;uj, then iy ~ N'(0, ¥5314) and so |(ui, @)| S /%4 foralli € [N]
with probability 1 — O(d—™). Hence,

uf (Go — G)vi| = Z — i (wi, @) vk, vi)

kE[N]
_ 1 logd 1
<3 gl a) [ (vg, 1) + % > aelluill3l vk, vi)] S NI TN
k€E[N] ke[N]
The result follows by noting that N' > d. |

Furthermore, we have from Eq. (56)

lu) Gy — qi| = | (lwall3llvill3 — 1)+ qr (i, uge) (vi, vg)
ki
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logd logd logd
Sa\ o+t D S —
ki

and

[uj Gvi = g;(vi, v)))|

= Jqi(us, ug) vill3 + a5 (g3 — 1) v vp) + D arluy, ug) (03, v)
k#i,j
logd logd = logd logd
< a; . <
~ i d + q; d + d k%éi ak S d

Combining these bounds, we see that Eq. (55) is implied by

logd logd
a2/ 7 >I§,12<qj<vz-,vj>+0< d> (57)

where the second bound follows from ¢; < 1 and Eq. (56). By the Chernoff bound, for items
satisfying p; 2> logd it holds w.h.p. that ¢; < p;:

~

; B 1
Pr(le —pil = 2) gzexp< f) < o (58)
so the first inequality in Eq. (57) holds if

log d log d
pi 2/ 2; and p; 2 g

Therefore items i < min{di (log d)_i ,B o (log d)_é} are always recovered, proving the lower
bound.

Conversely, Eq. (55) implies

logd
¢i > max q;(v;, v;) — O( o8 > (59)
J#i d

First suppose that B > V/d(log d)*+! and p; > '%8%. For each j < Llogd, it holds that p; > d—°(1)
so that the Chernoff bound Eq. (58) holds for index j as well. Then 5 < d~3a1i so that i 2 Vdp;
and so ¢; 2 V/dg;. We also have that qj > 5pj 2 d° (1) Thus Eq. (59) further implies

(03, v;) < <q2+0<logd>) v

d

for some constant C' (independent of L). If p; < , we instead use

B eBp; \™ 1
Pr(quZm)§<m)p;ﬂ§( m > SdTW
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log d

for sufficiently large m =< logd, so ¢; <

~

and ¢; 2 pj 2 (Llogd)™“ again implies

1 log d C
)< =TT o 2
<U2)U]> ~ qj mll’l{B,d} —= \/& (60)

Now since v/d(v;, v;) is i.i.d. distributed as N(0, ||v;]|3) conditioned on v; and |jv;||2 > 2, this
probability can be bounded as

<— < < et —
Pr <jSHlelig<gd<v“v]> \/g> < Pr(N(0,1) < 20) S o

by taking L (and thus B in Eq. (60)) sufficiently large. By a union bound, we conclude that no items
12 dza log d can be recovered.

Finally, if B < \/&(log d)®*!, repeating the analysis for Lemma E.5 shows that we sample at
most O(B'/®) items such that i > B/®. Aside from these items, ¢; = 0 and so Eq. (59) implies
(vi,v5) < d=1*°(1) hence the same conclusion as above holds.

‘We have thus shown that items
o ) 1 141 51
Z>ZSGDxm1n{d2a(logd) a,Ba}

are not recovered with high probability. It follows that p; (i | i) < % for these items, and hence the
cross-entropy loss is lower bounded as

LOWSSP) = Eirp—logpw (i | )] = Y pilog2 > O(max {az—5, Bt }),

Z>7’SGD

as was to be shown.

G.2. Proof of Theorem B.1

The Hessian of the cross-entropy loss L(W; BB) at initialization is computed as follows.

Lemma G.2 (Hessian at initialization) Define

1N N
T  —=T o T
= — E uu; — U, M, = E qiviv; .
N < ,
=1 =1

Then the Hessian H = Vi, L(Wo; B) of L at initialization is M, ® X, that is H[A] = £, AM,,
for every A € R**4,

Proof The negative gradient at some W is

~VwL(W:B)= ) 4 (u ~ > whpw(ili ) ;- 1)

1€[N] JE[N]
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We differentiate Eq. (61) in the direction A. Using that the Jacobian of the softmax map o is

Do =diago — oo ',
Dpw (i | DAl = > pw(i | )(d, — pw (k| ))uy Av;
k€[N]
and so
VwL(WiB)[A] = > g Y wpw(i | )6 — pw (k| 1))y Avyy, .

1€[N]  j,k€[N]
Since all logits are uniform at initialization, we obtain
1
VivL(Wo; B) Z qi Z uj < N N2 > uy Aviv; = X, AM,,.
i€[N]  j,k€[N]

The Kronecker factorization follows from the identity vec(AAB) = (BT ® A) vec(A). [

The following lemma shows that B 2> d“ is needed for M, to be invertible, so that the inverse
Hessian is well-behaved.

Lemma G.3 The number of distinct items observed in a minibatch B of size B is ©(BY®) w.h.p.

Proof Let D := ), 1{n,>1) denote the number of distinct items in 53, where N; is the number
of occurrences of item ¢. Then

Dgl =) Pr(N; >1)=> (1—(1-p)”).

i>1 i>1

We split the sum at the threshold i, =< B'/®. Fori < i, we have Bp; > 1,501 — (1 —p;)? < 1.
For i > i, we have Bp; < 1,501 — (1 — ¢;)? =< Bi~. Therefore

~

E[Dg] = i, + Bil™® =< BY/?,

Moreover, the indicators 1y, >1y are negatively correlated, so Var(Dp) < E[Dpg] < B'/®_ Indeed
for i # 7,

Cov(1{n,>1}: Ln;>1})
= Pr(N;,N; > 1) — Pr(N; > 1) Pr(N; > 1)
=1-(1=p)’ =1 =p)°+ (1 =pi—p)" = (1= 1 =p)")(1~ (1 -p)")
=(1-pi—p)’ - (1-p)°1—p)¥ <o
Hence by Chebyshev’s inequality, for any ¢ > 0,
Pr <|D3 — E[Dg]| > eBl/a) SBVY50,

and thus Dy = ©(BY/) w.h.p. |
We will also make use of the Hanson-Wright inequality in the following sections:
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Lemma G.4 (Hanson-Wright inequality) Let A ¢ R¥*? be fixed and u ~ N(0, éId). There
exists a universal constant c such that for all t > 0,

d?t? dt
Pr )uTAu—E[uTAu]‘ >t SZexp(—cmin{,})-
( ) JANZ [[Alop

Proof See Vershynin [49, Theorem 6.2.2]. |

We now proceed to the proof of Theorem B.1. Let

G= Z qiuiv; | M=M, = Z qiviv;
1€[N] 1€[N]

and let G_;, M _; be the leave-one-out variants: G = G_; + qiuiv; andM =M_,; + qiviv:. By
Lemma G.2, the Newton update is (setting 7 = 1/d for ease of analysis)

L, | -1

g?‘[ [GO] = EEH G()M .

For some sufficiently large constant C, taking B 2 (Cd)*log d, it holds that ¢; < p; for all i < Cd
and so by [49, Theorem 4.6.1]

Newton __
W; =

Cd
M = (Cd)™™ > vv] =O(d™*) -1y, (62)
j=1

so that [M ™! ||op < d®. We also have |||z < 1/v/N and

_ 1
S =+l s =

1 1
H o~ VNd N

S8

with probability 1 — e ¥d) by concentration of sample covariance [49, Remark 4.7.3], as well as
|Go — Gllop < 1/V/N from Eq. (24). It follows that

1
HGM1 - -z 1GoMm!
d op
_ 1 _
< HG - GOHOpHM 1||0p + [|1a — gzul HGoM 1||0p
op

(o3
S df + i . d¢ S L’
VN VN Vd
hence it will suffice to consider the update GM .

Now instead of the auxiliary map ¢ (Eq. (7)), our analysis for the Newton update directly uses the
Sherman—Morrison formula to analyze the effect of adding the ith term back into both G, M on the
logits. Indeed, for all 4, j € [IV], notice that

Yij = ujTGMilvi
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Moo M!
_ (G + qzu% )(M_Zl ql —1 7t —1 v;

1+ qu;—M:gvi

Tag—1
v, M~ v,
:“JT(Gi+qz‘uiU¢T)<1 . 4>M_z‘lvi

14 qv .TM_l U4
TG M v; +%<Uuu]> JMC] U,L
B 1+ gv M~} v;
Then the logit gap for all j # 7 may be expressed as
= = ﬁ\f‘}f’ (o) + ) Gy
L g M- L+ giv; M—jv;

=:(A) =:(B)
We analyze both terms in turn.
Signal term (A). By the same argument as in Eq. (62), we have for the leave-one-out matrix

M_; = 0(d=*)-Ijand |[M~}|op < d®. On the other hand, by the same argument as in Lemma E.4,
it holds that \j/o(M_;) < d~ 0‘. We thus have the tight characterization

Efv, M~}v;] = éTr(Mj) = d°.

It also holds that | M~} ||p < > M~ Hlop S d°*3 thus by the Hanson—Wright inequality

T

log log d

v MZjv; — Efo] MZjui]| S IMZ; [[p + =M [lop = o(d®),
we have that v M~ lv; < d* w.h.p. Moreover, HuZH% — (uj, uj) = O(1) w.h.p., hence (A) is lower

bounded as

qiv;—M_lvi q;d®

u i, uj)) 2 )
1+ qivTM*}vl (el = (s, ) 1+ qid™

Noise term (B). Let the leave-two-out gradientbe G_; _; := > £ij qkukvl;r, with the convention
that G_; _; = G_; Vi. To control the two terms in the numerator of (B), we bound

57;]' = ’LL;-FG_@_]'M:%Ui; Vi, j € [N]

Conditioned on all variables except u;, this is distributed as d;; ~ N (0, afj) where

1 -
o = v MGl ;G M7} ;.

=:X;

We invoke the Gaussian representation from Eq. (22) (note the reversed order since we condition on
the embedding instead of the unembedding vectors):

d 1/2
G_i7 —j = ﬁZN / —js N_rL —j = Z quk’l)k.
k#i,j
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where Z has i.i.d. standard Gaussian entries. Then ||Z||op = ©(v/d) w.h.p., so that

T d 1 172 o Tongl/2
Gl ;G £ NV ZTZNYE < e(1) N ;.

d
Still conditioning on all vy, - - - , v except v;, it follows that
Tr(X;; 1 _
m@xmp:</ﬂgdﬂmlwﬂﬂm }:%@M 2.

k#w

We now do a leave-two-out argument for M_;. Foreach k # 7, let M_; _;, = M_; — qukv;.
Again by the Sherman—Morrison formula,

-1 T -1
qu—z’,—kvkvk M—i,—k

M tl=M"1! -
‘ R T gl MI]

Then we can directly compute

Tnr—2
vy MZ vy,

-1 Tag—1 2
= v,;r M-l - wM_; —k KOk Mfi . Vg
—h—k 1+ quk M KUk

1
2quk MZ; kvkvk M KUk quk M~ KUKV M _ UKV M Kk

B MQkk_ 1+quM v (1+ M1 )?
k i,—k"k qKVy _ 1Yk
M Uk — QkYy, M_l kvkv;—M_?’_kvk qz(v;—M_;_kvk) TM™ 2 KUk
- 1+ qv, M~} KUk (1+ QkU;M:}’,kUk)
v,;rM:L_kvk

1+ Qvf M} jvp)?

Moreover, M _ 2 B O(d*>*) -1; and v;—M Uk < d by the same argument as in the leave-one-
out case above Therefore

2 TM—Z
Elv] Xijvi] = L ok T — e 2

d 2 (14 qrog MZ;_or)
<1 qpd* ~
~ [e%

d o (1 + qid )

1

g1+dg;ﬁfaga%dﬂ

Here, we have used that ||g>g4|[2 < d'/?2~*log d due to Lemma E.5 and B > d®. It also immediately
follows that ||X;;lop < [|Xijllr < Tr(X;;) < d(logd)?. Hence by the Hanson—Wright inequality,

E[v," X;;v;] \/log (logd)?

logd
F IXijlle + =5 I Xijllop S =—

1 T
g;,; = gvi Xijvi 5
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It follows from concentration of Gaussian maxima (w.r.t. j) and union bounding (w.r.t. ¢) that

log d)?
sup 65| S vlogd-supoj; S (log d)
ij ij Vd

with probability 1 — O(d~™). This directly bounds uiG_iM:}vi = ¢4, while

TG iM_ Uz—u (sz —j T qju; ])M Uz—5%J+CIJ||UJ||2U M~

For the second term, a final Sherman—Morrison expansion gives

-1 oT 1
Tag—1. _ T —1 @M= _jujv Moy
Ch MZ~,v; = v M~ i T T V;
’ L+ qgjv; M

—1 —j/U]
UTM_I v

_ J —J
1+gqjv TM_l1 _jv
«
< d log d7
~ 1+ gd> d
where we have again used vaM ! _;vj < d*and [MZ; _.|lop < d“. Putting things together, we
may bound (B) as

(ui - Uj)TG,iM:Z-l’Ul
1+ qwi—erUi

1 q;d” logd 1 (logd)?
dii| + |6 S .
N1+Qida<‘ [+ J’+1+ jd> Vo d >N1+Qida Vd

We have thus shown the logit gap is lower bounded as

1 (log d)? ) (log d)?
LA > LAY > < —
i = Vi < T o <qzd O< Nz 2 min{¢;d*,1} — O i)

and so item ¢ is recovered if ¢; 2 @(d_o‘ 1/2). The rest of the proof follows similarly to Section E.4

~

and Corollary 3.2; note that here we must take 17 = ©(1/+/d) rather than ©(v/d) since we began by
scaling down the step size by 1/d.
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Appendix H. Proofs for Multiple Steps
H.1. Further Discussion

We give a brief intuition for the multi-step scaling separation. In the non-orthogonal setting, each item
1 > dy to be recovered must compete with noise from the top individual unclassified items j ~ d;
with large frequencies, as well as the aggregate fluctuation from the bulk of the unclassified items,
which leads to the two thresholds in Theorem 4.2. Hence, Muon can be interpreted as effectively
removing the first threshold by amplifying the bulk (but not top) singular directions. Once d; > d, the
gradient becomes relatively more isotropic and so the effect of orthogonalization is less pronounced;
the second threshold becomes the limiting factor for both optimizers.

Remark H.1 We emphasize that the approximation in Eq. (5) is heuristic. Under exact Muon
dynamics after t steps, items with indices i > d; := d; polylog(d) have nearly uniform logits, but
for items in the intermediate range d; < i < dy, the predicted scores py(i | i) can take any value
between % and 1. These scores also depend in a complicated way on all embeddings {u;, v;} JEIN]
preventing a direct extension of the proof of Theorem 3.1. One way to bypass this is to assume gaps in
the power-law spectrum as in Li et al. [29], but we do not take this route. Instead, we leave the precise
end-to-end guarantee as a conjecture below and empirically validate predictions of Theorem 4.1 in
Figure 4 (on the exact Muon iterates). From Theorem B. 1, we also conjecture that Muon continues to
match Newton’s method throughout training, suggesting an intrinsic curvature-aware property.

Conjecture H.2 The recovery and convergence rates of Theorem 4.1 also hold for the exact Muon
iterates W11 = Wy + nhy, (G¢). Moreover, Muon matches Newton’s method throughout training.

H.2. Auxiliary Results

We first collect some necessary concentration inequalities.

Lemma H.3 Let A € RNX™ pe fixed and let Z. € RN have i.i.d. standard Gaussian entries.
Then for every t > 0,

—ct?
Pr (HZAHop > [|A|lp + (Vd + t)||A||Op) < 2

for some universal constant c.

Proof Let 7 := S™ ! x S%~! and define the Gaussian processes
Xu,v = <ZAU7U>7 Yu,v = <97Au> + ||A||op<ha U>7
where g ~ N (0,Iy) and h ~ N(0,1,) are independent, so that

|ZAl,, = sup Xyp. (63)
(u,v)ET

We compare the increments of X, Y. For (u,v), (w,2) € T,

E[(Xup = Xu)?] = E[(Z,0(Aw) " — 2(Aw) ")
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= [lo(Aw)" — 2(Aw) " |F
= || Aully + [ Awl — 2(Au, Aw)(v, 2).

On the other hand,

2 2 2
E [(Yuo — Yur)?] = A~ w)ll2 + |AIZ, v — 23
— [ Aul} + [Aw]? - 2(Au, Aw) + 2] AJ2,(1 - (v,2)).

Therefore,
E (Yo = Yaoe)*] = B [(Xu — Xu2)?) =201 = (0,2) (JAIZ, — (A, Aw)) > 0.

Hence by the Sudakov-Fernique inequality and Eq. (63), we obtain

E[HZAHOP]:IE sup Xy,| <E| sup Y,
(u,0)eT (u,v)ET

Since g, h are independent, the right-hand side is further bounded as

E| sup Y.,
(u,v)eT

=FE [ sup (g,AUﬁ + [[Aflop E

ueSm—1

sup (h, U>]

veSd—1
=E|ATglla+ [|Allop E [,
< [|Allr + V[ Allop.

Now for the tail estimate, the map Z +— [|ZA/[op is || A[|,,-Lipschitz with respect to the Frobenius
norm, thus by Gaussian concentration we have

—et?
Pr([|ZAllop > E[|ZAlop] + tl|Allop) < 267

Combining this with the expectation bound yields the claimed bound. |

Lemma H4 Let A € R4 be fixed and u, v ~ N (0, $14) i.i.d. Then with probability 1 —O(d~),

Viogd logd
" A S YRS Al + 25 Allop.
d d
Proof By rotational invariance, we may assume A = diag(oy,--- ,04) with oy, -+ ,04 > 0. Then

u' Av = 3. oyu;v; and du;v; is subexponential with ||du;v; |y, = O(1). By the subexponential
Bernstein inequality,

d?72 d
Pr (‘UTA’U’ > 7') < 2exp (—Cmin {T T})

27
>, 07 max; o;

from which the statement follows. [ |
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Lemma H.5 LetM = Zfil qzuzuzT where u; ~ N (0, éId) i.i.d. and q; > 0. Then with probability
1—0(d=M),

gl gl
IMllop S =7~ + llallee,  [IMlr < == +llall2-

Proof Let Q := diag(q1,...,qn) and Z = \/d [ul e uN] € RN g0 that Z has i.i.d. standard
Gaussian entries and M = éZQZT. By Lemma H.3, it follows w.h.p. that

1ZQ"2[lop < 1Q2]lr + 2V Q2 lop = Vallt + 2v/d]lall
and hence [ M, = Z1ZQ"|3, < Zllall; + llall -
For the second assertion, define f(Z) = ||ZQZTH117/2 = |ZQ"/?||s, where Il s, is the Schatten
4-norm. Tt holds that E[f(Z)*] = d||q||? + d(d + 2)||¢||5 and moreover f is Hq||C1X/JQ—Lipschitz:

1£(2) = F(Z)] < (2 - 2)Q"||s, < [(Z - 2)Q"°||r < |lgllL*1Z — Z'|[r.
It follows from Lipschitz concentration that
F(Z)? SEF(Z)'] + lall o (log ) < Vdllglly + dllgll,

and the statement follows. |
We will make use of the following concentration phenomenon for Gaussian maxima.

Lemma H.6 (superconcentration of Gaussian maxima) Let 71, - , Z, be i.i.d standard Gaus-
sian. There exists a constant C' > 0 such that

Cloglogn _
P Z; < 4/21 — 2o o) = )
r(%’f PEVEOR T e > "

Proof The Gaussian cumulative distribution function satisfies

Pr(Z<a)<1- 2 1 Y Vaso
r a — —————exp| —— a .
— — a2+1 27‘(‘ p 2 )
Let
Cloglogn
= /21 -
fin e v2logn

so that a2 < 2logn — 2C loglogn + 1 for sufficiently large n. It follows that

P Z; < < |1 1 AN
rlmaxZ; <a - ————exp| 2=
iem) T ") T a2 +1+2r P\77
1 n
exp(—logn+C’loglogn—2>>

IN

1
1—- ——
< 2V 2may,
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IN

C'loglogn n
1 —
< 4dn~/me logn>
. (log n)C—O .5
X
PUT ayme

IN

for C' > 1.5, where we have used 1 — z < e~ 7 for the last inequality. |

H.3. Proof of Theorem 4.1

The logits ; ;; for 7, j € [N] at step ¢ are given as (denoting h; = hy, for brevity)

t—1
Vtij = u;‘rwtvi = nzu;hs(és)via Gs = Z q1(8)uiviT'
s=0 1>ds

We choose \g = A as in Theorem 3.1 and

2--2)" /B \a 1,
d; < min < ) , Aexdf dzlogd, Vt>1. (64)

(logd)* "\ logd

Note that we have made no attempt to optimize the log factors.

We first analyze the dynamics of the signal logits. Fix an item ¢ satisfying i < B o (log d)_é and
dr—1 <1 <d;forsomel <7 <T;when 7 = 1, the argument in Section E.3 directly applies, so
we assume 7 > 2. In particular, this implies B 2 d2_, log d. Let the leave-one-out gradient at step ¢

be Gt == Gy — qz-(t)uiv;r and define the function
¢1(q) = ) hi(Gi i + quiv] Jvi, ¢>0

so that 7y, ; = d)t( ) Repeating the argument in Lemma E.2, we may express ¢;(0) in terms of
the SVD of Gt,_z via the Daleckii—Krein formula,

Z h(s(Ge—i) + h(se(Gr—i)) | h(sk(Gr—i)) — h(se(Gr—i))
d? sk (Gy —i) + Se(Gt —i) 5k(Ge—i) — 50(Gi,—i)

k;éé

+ =5 Z W (s1(Gyi))
k

Since hy(z)/z < A, ! for all z > 0, we immediately obtain the upper bound ¢}(0) < A;'. For the
lower bound, as in Lemma E.7, we control the singular values of G; _; using the eigenvalues of the
corresponding weighted covariance matrix:

sk(Gemi) S MM)Y2 My = 3 (@) w50

J>dy

When ¢ = 0, the bulk eigenvalue satisfies Ay /o(Mo) < d~>*(logd)* < Aj by Lemma E.4. When
t > 1, we instead use the following uniform bound.
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Lemma H.7 Forall 1 <t < T, it holds with probability 1 — O(d—™) over sampling of ¢*) that

dy~*\ (logd)?
B d

Mo < max{dg—w,

Proof First suppose B 2 df*. Choose a positive integer K = éBl/ @ and define the sets [ :=
{di+ (k—1)d+1,---,d; + kd} for k > 1. Consider the decomposition

=) Zqz wi + Y (g{™? . (65)

ke[K] i€l i>di+Kd

=M ¢ =M tail

As in Lemma E.4, we have that

2 2 pl/a
(t)\2 9 log d logd\* B
Mo S ) S et + (50) IMasallon 5 (57 ) 250

Therefore from B 2 df,

_ logd 2 Bl/a

2c

Mion 5 3 o+ ka2 (R50) 2
ke[K]

o (AT [logd\ % d oy (log d)?
< 200 7<d1 2a0 .
sre(3) () G

Now suppose B < df'. The number of items V; satisfying ¢ > d; in a minibatch of size B is
distributed as Bin(B, p;) where p; = Zbdt P < difo‘, so that N; < Bp; =< Bd%*a. We thus set
K = 0in Eq. (65) and bound using p; S d; “ < 1/B,

log d) o (logd)*d;°
d f\J

Ml < [Meslon < (5 U

Combining both cases gives the desired bound. |

Fort < 7 —1,since B > d%_logd > df, it follows that | M;||op < d} ~2*d~'logd < A? and so

h(sd/Z(Gtﬁi)) > 1 _ 1

sa/2(Ge—i) "~ sajp(Gei) + A A

Moreover ¢;(q) > 0 and |#/(q)| < A; % hold identically as in Lemma E.2 and Lemma E.3. Expand-
ing ¢, around zero, we obtain for all t < 7 — 1,

(t) ()2
= 4q; ( ) logd
ug hy(Gy)v; = @( " ) - O( ¥ V= | (66)

Since p; 2 1°gd , a Chernoff bound gives ql@ =p; $d . Thusfort <7 —1,

@) g

q; T—1 1 d

L = =o(1 67
At T A1 logd |\ dry o(1) (€7)

78

¢(0) 2




SHARP CAPACITY SCALING OF SPECTRAL OPTIMIZERS IN LEARNING ASSOCIATIVE MEMORY

from Eq. (64), so the second-order term is always dominated by the first. On the other hand, when
t > 7 the embeddings u;, v; do not appear in Gy at all, hence only the noise term shows up in
Eq. (66). It follows that for ¢ > 7,

t—1
Viii = 1N U:hr—l(éfq)vz‘ - Z U \thS(GS)M
s=0,s#7—1
T— T—2 s
> M B QZ( ) ot logd
~ A1 — As d
T—2
1 1
Zﬁ]%'()\ 1—2)\)—0(1)
T— SZO S
nd.“
> T o(1
Nz 207\ Y[ 20— 3 Vd .
" (logd)t\ (logd)'4 (log d)14 logd o(1)

= (logd)? — o(1).

It remains to bound the interaction logits. For the first gradient step, we have shown in Proposition F.1
that uJT ho(Go)v; is O(1/v/d) w.h.p. The interaction terms after the first step are much simpler to
control; the Lipschitz concentration argument in Section F.8 will suffice. We only consider the case
J < ¢ by symmetry. Fix 7 such that d-_; < j < d,. By the same argument as Lemma F.10, the map

(u,v) — L(u)Tht(Gt7,]~ + q](t)L(U)L(U)T)UZ‘

for t < 7 — 1 has zero mean and Lipschitz constant O(1 + A;” 1qj(.t)) = O(1) by Eq. (67), therefore

u]T he(G)v; concentrates as O(1/+/d). Moreover when t > 7, Gy is independent of u; so the same
order concentration holds. Hence for all ¢t < T,

t—1

— log d)? logd
1] < Ths Gs [ < ( t
Pmﬂ_nggmy (Gs)uil S i T

Together, we have for all £ > 7 that

= o(1).

eVt ellog d)?

. _ gw(1)
pu(i ] 1) = Zj et ij 2 ellogd)® + Neo(l) =1-d

; (68)

and so item 7 is recovered at all steps ¢ > 7. We remark that by considering ¢ < 7 and choosing 7 >
dr_1 polylog(d), essentially the same argument shows instead that |y; ;;| = o(1), hence the item
will have near-uniform logits.

Finally for the loss guarantee, it similarly follows that -y ;; > —o(1) for all ¢, ¢ so that no item will
be significantly misclassified at any point during training: p;(i | i) = 1/N. Thus,

L(Wy) = iy~ logpe(i | )] S d“W + > pilog N = O(d; ™).
i>d¢
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H.4. Proof of Theorem 4.2

With learning rate schedule {7 };+>0, the logits at step ¢ are given as

-1 t—1
Yeij = u] Wivg = 1e-u) Geop= > Y nsay” (ug, i) (vi, vi).
s=0 s=0 k>ds

We first prove the lower bound. As usual, we assume the high-probability event Eq. (56) when
needed. Define the sequence dy = 1 and

min{dzed,(logd)~«,Ba(logd)"=}  d; <d,
dpt1 = P B _5 1 _1 (69)
min{dad, **(logd)”«,Ba(logd)"a} d;>d,
and set 1, < df, | (log d)?. It is straightforward to check for both cases of Eq. (69) that
diy1 \* Vd 1, d
< d®,  d? < . 70
< dy ) ~ (logd)®’ T (logd)? 7

Fix anitem d,_1 <@ < d, sothat B 2 d*_, logd, and fix j # ¢ with d,_; < j < d,. We control
the bulk of the gradient as follows.

Lemma H.8 It holds for all i, j andt < 7 — 1 that

Z (t)u T <d%7a1 d
Qk; kvk‘ ~ 't oga.

k>dt7k7éi1j F

Proof As in Section F.2, gather all appearing terms into matrices
U= [ug+1 - un|, V= [vg41 -+ vn] € R&>OW) - Q = diag (qc(lttll,--- ,qg\t,))
Since v/dU has i.i.d. standard Gaussian entries, by Lemma H.3,
I0QVTlr < VA |[UQV lop < [QV " [lr + VAIIQV [lop VA [QV T op.
Applying Lemma H.3 again to v/dV gives

(®)
1 954,112
1QV T llop S = QU + 1Qllop < 27+ 1425, e

1
Since B 2 d_;logd > df* logd, we have that ||g>q, |, S df “logd and ||gsq, |lso < di® w.h.p.
by Lemma E.5. Plugging in above gives the desired result. |

Combining Lemma H.4 and Lemma H.8, we have that

2 1

a2

log d log d
Z q](:)<uj‘,Uk;><’l)i,Uk> S g Z qg)ukv; S ( gd )
k>dy,k#i,5 k>dy,k#1,5 F
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Now we bound the interaction logits at step 7 as

Yr,ij
TAT =1

—Zm% wiy uz) [Jvill3 + Z miay” lus 3 (v, v;) +Z?7t > a (g vi )

t=0  k>d¢,k#i,5

lo lo logd)2 2 1.4
/gz t)+/g t(gd)ZUtdf

t=0
-1

logd logd log d logd log d)?
S -1 d <pi+ B )+777AT—1 R (pj+ B Z

=0
logd ([ do  d% logd = o
< (log d)2 d (da + e > Zdt-H
T—1

T'—1

1

~ logd
where we have used Eq. (71), the usual Chernoff bounds with B 2 d2_, log d, and Eq. (70) for the
last inequality. Next, for the signal logit,

Yryis = quz s 13 HvzHngZm ST a (s, ui) (vi, o)

=0 k>ds kA

> (r=1) _ 1
~ 777—1(]1 O <10 d (log d)

where we have again used Eq. (71) with ¢ = j and nT,lql(T_l) > d®(log d)*p; 2 (log d)?. Therefore
item ¢ is recovered as in Eq. (68).

We now prove the upper bound. Let {n:};>0 C R>( be any learning rate schedule and suppose
T = o(+/logd). We will recursively show that the largest item recovered by W, must satisfy
w.h.p.

d. < d(log )™,
S d(logd) 72)
d; > d(logd)™*

dT—H S

{min{d;a (Tlogd)é( )é}
min{dsd} > (Tlogd)+, (TB)+}

T

CaseI: d, < d(logd)~* and B > 3 d*logd. The argument for this regime is a slightly more
involved version of Theorem 3.3. Consider a fixed item i = dza d, so that i < Ba (log d)_é and
competitors j with d, < j < 2d,. Then q](t) / qZ(t) = p;/pi < Vd forall t < 7 and

Yr+1 ij — Vr+1,id

t t
—Zntql i, uj) ||vz||2+2mqﬁ||uj||2 +Zm ST @ g, w) v, o)

t=0  k>dy ki,

_Zntqz ||ul|| Hvl||2 Znt Z qk <ui)uk><viavk>

t=0  k>dy ki
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t t t
=5 " | @ (g — wi ) o, 0) + @ g —ud eil3 D @ g (v, o)
t=0 k>dr ki, j

g —u) S Y (v on)u (73)

t=0 di<k<d-

=w
Here, we have separated into terms involving items k£ > d, (including the signal and competitor
items ¢, j), which can be controlled stepwise, and terms involving items k < d arising from previous
gradients, which we control as a group. Let us first examine the terms in the brackets. We have that

log d 1.
¢ (i) i vy) + 4" (i g — ) oil3| € = =pj +pi S d72d;

and also by Eq. (71)

lo d2 1o
S0 0 (g — i) v, k) S( gd P ;
k>dy ki,

which is dominated by the previous upper bound under d, < d(logd)~*. Hence we may choose
C = ©(1) so that (v;, v;) > C/+/d implies for all t < 7,
4y (= i) (v vg) + a7 sy — ) foil3+ D0 gy — i) (v, )
k>dr k#i,j
()
> O

~Vd

Then conditioned on v; satisfying ||v;|| = ©(1), (v;,v;) > C/+/d holds with constant probability
independently for each d, < j < 2d;, so the set 7 of such items j has size O(d,) w.h.p.

O(d"2d=*) > 0.

Now conditioning on variables v1,--- , vy and uy, - - - , uq, (and thus w and J), the scalars u;rw

and uij for j € J arei.i.d. Gaussian, hence the largest among them is not uiTw with probability
1 — O(d-1). It follows from Eq. (73) that

+
MaX Yri1,ij — Yr+1,i > max(uj —u;) w >0
j#i jeJ
. . . e . 1
and thus item 4 cannot be recovered with probability 1 — ©(d-!), showing that d, 1 < d2ad..

1 1
Casell: d, > d(logd)~*and B > dd> ? logd. Fixanitemi = dedsr 2 withi < Ba (logd) =,
noting that 4 > d, and a competitor j € J = {i +1,--- ,i + +/d}. Decompose

Yr+1,j — Vr41,i

T

=(u;—u) S | > wnudut+ > @ v oun (74)

t=0 di<k<d, k>dy kg JU{i}

=w
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+Zm2q,(f)< wj — i, ug) (i, Vk) +Z77tq i — i ui)||vill3. (75)

t=0 keJ t=0

The competing fluctuations will come from Eq. (74). Rewrite
-
w=>y > may (vi, vi)ur, + > qul(:) (vi, vk )
k<d, t:di<k k>d, kg JU{i} t=0

In particular, w is isotropic Gaussian conditioned on all {v; };c[n], 50 |wl|3 concentrates as

E (w3 | {vitiepn] = o [ X2 D w2 ool + Y Znt o) opvf | v

k<d. t:di<k k>dr kg JU{i} t=0

= nt-of ST @)l | v

=0 ke>dy kg JU{i}

:Zﬂt

Denote by ¢(*) € RN~4~4=1 the vector consisting of all (q](f))Z with k > dy, k ¢ J U {i} for each
t < 7. The number of items k > i + v/d in the minibatch is O(Bi~®) by the Chernoff bound. We
have that

_ o (logd\? Con
=" > @)= pzi()(f” (E >)th1 "

k>dy k¢ JU{i} ke>dy ke JU{i}

N _(logd\* a2~ log d _
Hq(t)H2 < Z pk+ Z 4 < dl —4da + Bi o<< ) dl 4a T = < d% 4a’
di<k<t k>it+/d

2
16D ee <  max  p? + logd)” d;2e,
k>dy, kg TU{i }

Then Tr(£2;) = [|g®||; and by the Hanson-Wright inequality and Lemma H.5, we have w.h.p.

Tr(Qt) \/log logd
Uz‘—rﬂtvl T4 S 192 ]]r + [1€2¢|op
< vlogd d%_2a+d1 4o +logd di_h_i_dtfza — 0 = '
d Vd d d d

1_
Defining 7; := maxg<s<¢ 75, noting that p; < d—1dz? a, we thus have

—2a

lw]|3 = E [llwll3 | {vi}ieim] Zm vl i 2 Zm '

> dn?p3.

Also, for Eq. (75), noting that items k € 7 also satisfy k& < Ba(log d)_é so that q,(f) = p;, we may

directly bound

S > a (s — wi k) (v, )

t=0 keJ

” log d logd logd _
Sme( . T >§ T

t=0
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and
)
t _
> mal” (g — wi i vill3| S T
t=0

Defining the i.i.d. standard Gaussian variables 7, := ﬁu;ﬁ for k € J U {i}, we have thus
2
shown that

w
Vrt1ij — Vi = (Uj — ug,w) — O(T0p;) > H\/gQ (Zj — Z; — O(1)).

If item ¢ was recovered at step 7 + 1, it follows that Z; > Z; — O(T') for all j € 7. On the other
hand, by Gaussian superconcentration (Lemma H.6) it holds that max;c 7 Z; = y/2log |J| + o(1).
By Mill’s inequality, supposing 7' = o(+/log d),

4 (v2IslTT-0(1)) ) (O (7/1o&17) _ o(poly(d))
V2logl7]  ~ |71V log]T] vd

Hence item ¢ cannot be recovered with constant probability among competitors 7 (in fact, super-
concentration is not needed to show an o(1) bound for each step 7, but we elect to demonstrate the
stronger near-uniform bound).

Pr(2 = \/2log|7] - O(T)) 5

Case I1I: batch size threshold. Itemsi =< (7'B) a have a constant probability of not being sampled
in any minibatch, qfo) == qi(T) = 0 so that W, 1 is independent of u;, v;. Fixing (log d)? such
items and comparing to item 1, it holds that vy,41 i1 — Vry14i = (u; — u1)TWT+1v¢ has probability
% of being positive independently for each ¢, and so at least one of these items will not be recovered

w.h.p.

_1
Therefore, if d; > d(logd)~*but B < ddy 2 logd, then dr1 < (TB)é < dzad, (T log d)i; and
1 11— L

if d, > d(logd)~* but B < dds ?logd, thend, < (TB)a < dad; 2 (Tlogd)a. Combining
with the previous cases concludes Eq. (72).
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