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ABSTRACT

Optimal transport is a machine learning problem with applications including
distribution comparison, feature selection, and generative adversarial networks.
In this paper, we propose feature-robust optimal transport (FROT) for high-
dimensional data, which solves high-dimensional OT problems using feature se-
lection to avoid the curse of dimensionality. Specifically, we find a transport plan
with discriminative features. To this end, we formulate the FROT problem as a
min—max optimization problem. We then propose a convex formulation of the
FROT problem and solve it using a Frank—Wolfe-based optimization algorithm,
whereby the subproblem can be efficiently solved using the Sinkhorn algorithm.
Since FROT finds the transport plan from selected features, it is robust to noise fea-
tures. To show the effectiveness of FROT, we propose using the FROT algorithm
for the layer selection problem in deep neural networks for semantic correspon-
dence. By conducting synthetic and benchmark experiments, we demonstrate that
the proposed method can find a strong correspondence by determining important
layers. We show that the FROT algorithm achieves state-of-the-art performance
in real-world semantic correspondence datasets.

1 INTRODUCTION

Optimal transport (OT) is a machine learning problem with several applications in the computer
vision and natural language processing communities. The applications include Wasserstein distance
estimation (Peyré et al.| | 2019), domain adaptation (Yan et al.,2018), multitask learning (Janati et al.,
2019), barycenter estimation (Cuturi & Doucet, |2014), semantic correspondence (Liu et al.|, |2020),
feature matching (Sarlin et al., [2019), and photo album summarization (Liu et al., 2019). The OT
problem is extensively studied in the computer vision community as the earth mover’s distance
(EMD) (Rubner et al.,|2000). However, the computational cost of EMD is cubic and highly expen-
sive. Recently, the entropic regularized EMD problem was proposed; this problem can be solved
using the Sinkhorn algorithm with a quadratic cost (Cuturi,|2013). Owing to the development of the
Sinkhorn algorithm, researchers have replaced the EMD computation with its regularized counter-
parts. However, the optimal transport problem for high-dimensional data has remained unsolved for
many years.

Recently, a robust variant of the OT was proposed for high-dimensional OT problems and used for
divergence estimation (Paty & Cuturi, 2019;2020). In the robust OT framework, the transport plan
is computed with the discriminative subspace of the two data matrices X € R?*" and Y € R¥*™,
The subspace can be obtained using dimensionality reduction. An advantage of the subspace robust
approach is that it does not require prior information about the subspace. However, given prior
information such as feature groups, we can consider a computationally efficient formulation. The
co?putation of the subspace can be expensive if the dimensionality of data is high, for example,
10%.

One of the most common prior information items is a feature group. The use of group features is
popular in feature selection problems in the biomedical domain and has been extensively studied in
Group Lasso (Yuan & Lin, 2006). The key idea of Group Lasso is to prespecify the group variables
and select the set of group variables using the group norm (also known as the sum of /5 norms).
For example, if we use a pretrained neural network as a feature extractor and compute OT using
the features, then we require careful selection of important layers to compute OT. Specifically, each
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(a) OT on clean data. (b) OT on noisy data. (c¢) FROT on noisy data (n = 1).

Figure 1: transport plans between two synthetic distributions with 10-dimensional vectors £ =
(", z]), 9= (T, ZJ), where two-dimensional vectors @ ~ N(pz,3;) and y ~ N(py, 3y)
are true features; and z, ~ N(Og, Is) and 2z, ~ N(0g,Is) are noisy features. @) OT between
distribution  and y is a reference. (b)) OT between distribution  and y. (d) FROT transport plan

between distribution  and y where true features and noisy features are grouped, respectively.

layer output is regarded as a grouped input. Therefore, using a feature group as prior information is
a natural setup and is important for considering OT for deep neural networks (DNNs).

In this paper, we propose a high-dimensional optimal transport method by utilizing prior information
in the form of grouped features. Specifically, we propose a feature-robust optimal transport (FROT)
problem, for which we select distinct group feature sets to estimate a transport plan instead of deter-
mining its distinct subsets, as proposed in (Paty & Cuturi, 20195 |2020). To this end, we formulate
the FROT problem as a min—max optimization problem and transform it into a convex optimization
problem, which can be accurately solved using the Frank—Wolfe algorithm (Frank & Wolfel [1956;
Jaggi, 2013). The FROT’s subproblem can be efficiently solved using the Sinkhorn algorithm (Cu-
turi, 2013). An advantage of FROT is that it can yield a transport plan from high-dimensional data
using feature selection, using which the significance of the features is obtained without any addi-
tional cost. Therefore, the FROT formulation is highly suited for high-dimensional OT problems.
Through synthetic experiments, we initially demonstrate that the proposed FROT is robust to noise
dimensions (See Figure [I)). Furthermore, we apply FROT to a semantic correspondence problem
(Liu et al.} 2020) and show that the proposed algorithm achieves SOTA performance.

Contribution:

e We propose a feature robust optimal transport (FROT) problem and derive a simple and effi-
cient Frank—Wolfe based algorithm. Furthermore, we propose a feature-robust Wasserstein
distance (FRWD).

e We apply FROT to a high-dimensional feature selection problem and show that FROT is
consistent with the Wasserstein distance-based feature selection algorithm with less com-
putational cost than the original algorithm.

o We used FROT for the layer selection problem in a semantic correspondence problem and
showed that the proposed algorithm outperforms existing baseline algorithms.

2 BACKGROUND

In this section, we briefly introduce the OT problem.

Optimal transport (OT): The following are given: independent and identically distributed (i.i.d.)
samples X = {x;}", € RY*" from a d-dimensional distribution p, and i.i.d. samples Y =
{yi}je, € RI*™ from the d-dimensional distribution ¢. In the Kantorovich relaxation of OT,
admissible couplings are defined by the set of the transport plan:

U(p.v) = (e RP™ 101, = a, 1T 1, = b},

where IT € R}*™ is called the transport plan, 1,, is the n-dimensional vector whose elements are
ones, and @ = (ay,as,...,a,)" € R% and b = (b, by ..., by) T € R™* are the weights. The
OT problem between two discrete measures 1 = Y | a;0q, and v = Y7, b;d,, determines the
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optimal transport plan of the following problem:

min miic(xq, 1
ndm ZZ (@i, ), )

=1 j5=1

where c¢(x,y) is a cost function. For example, the squared Euclidean distance is used, that is,
c(x,y) = ||z — y||3. To solve the OT problem, Eq. (I) (also known as the earth mover’s dis-
tance) using linear programming requires O(n?), (n = m) computation, which is computationally
expensive. To address this, an entropic-regularized optimal transport is used (Cuturi, [2013).

n m

min Zzﬂijc($i,yj)+€H(H)a

OeU(uy) = =

where ¢ > 0 is the regularization parameter, and H(II) = Y77, - m;(log(m;;) — 1) is the
entropic regularization. If e = 0, then the regularized OT problem reduces to the EMD problem.
Owing to entropic regularization, the entropic regularized OT problem can be accurately solved
using Sinkhorn iteration (Cuturi, [2013) with a O(nm) computational cost (See Algorithm .

Wasserstein distance: If the cost function is defined as ¢(x,y) = d(x,y) with d(x,y) as a dis-
tance function and p > 1, then we define the p-Wasserstein distance of two discrete measures

1= a0, and v = 37 b;dy; as

1/p

Wylw,v) = | [ Join 2 JZI mijd(i, y;)?

Recently, a robust variant of the Wasserstein distance, called the subspace robust Wasserstein dis-
tance (SRW), was proposed (Paty & Cuturi, 2019). The SRW computes the OT problem in the
discriminative subspace. This can be determined by solving dimensionality-reduction problems.
Owing to the robustness, it can compute the Wasserstein from noisy data. The SRW is given as

1

2
n m

SRW = i AU Tz, — U Ty |2 2
(1, v) T ;;ﬂ'z]” i yilz] » @

where U is the projection matrix with k& < d, and I}, € R*** is the identity matrix. The SRW
or its relaxed problem can be efficiently estimated using either eigenvalue decomposition or the
Frank—Wolfe algorithm.

3 PROPOSED METHOD

This paper proposes FROT. We assume that the vectors are grouped as * = (an(l)T w(L)T)T
and y = (y(l)T, cee y(L)T)T. Here, () € R% and y*) € R% are the d, dimensional vectors,
where 25:1 dy = d. This setting is useful if we know the explicit group structure for the feature

vectors a priori. In an application in L-layer neural networks, we consider () and y(©) as outputs
of the /th layer of the network. If we do not have a priori information, we can consider each feature
independently (i.e.,dy = do = ... = dy, = 1 and L = d). All proofs in this section are provided in
the Appendix.

3.1 FEATURE-ROBUST OPTIMAL TRANSPORT (FROT)

The FROT formulation is given by

min  max E Eﬂ' gagc : y 3)
e (p,v) aexk W 7 j

i=1 j=1
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where ¢ = {a € RL : aT1, = 1} is the probability simplex. The underlying concept of FROT

(f)}

is to estimate the transport plan IT using distinct groups with large distances between {x * , and

Oym
{yj m j=1- We note that determining the transport plan in nondistinct groups is difficult because

the data samples in {:c@)}” , and {y]([)}’-” 1 overlap. By contrast, in distinct groups, {w@)}”
and {y( )}m , are different, and this aids in determining an optimal transport plan. This is an
1ntr1n51ca11y similar idea to the subspace robust Wasserstein distance (Paty & Cuturi, 2019), which
estimates the transport plan in the discriminative subspace, while our approach selects important
groups. Therefore, FROT can be regarded as a feature selection variant of the vanilla OT problem

in Eq. (T)), whereas the subspace robust version uses dimensionality-reduction counterparts.

Algorithm 1 Sinkhorn algorithm. Algorithm 2 FROT with the Frank—Wolfe.
1: Input: a,b,C, €, tma, I Input: {2}, {y;}%, 7, and €.
2. TInitialize K = e C%fu = 1,v = 2: Initialize TT, compute {Cz}gL:y
1,,,t=0 3: fort=0...T do
3: while ¢ < ¢,,,4, and not converge do 4 II = argminpey(,,,) I, Mpw) +
4 wu= a/(K_l'y) eH (IT)
5: v=b/(K'u) 50 TI0FD = (1 — 4)II® 4 ~II
6: t=t+1 6: with v = =2
. : Y=o
7: end while 7 end for
8: return IT = diag(u)K diag(v) 8: return I1(7)

Using FROT, we can define a p-feature robust Wasserstein distance (p-FRWD).

Proposition 1 For the distance function d(x,y),
1/p

FRWD,,(u, v) = min  max ZZ?TUZOzzd ([),y](@) : 4

IIcU L
E(MUOLE =1 j=1

is a distance for p > 1.

Note that we can show that 2-FRWD is a special case of SRW with d(z,y) = ||z — y|2 (See
Appendix). The key difference between SRW and FRWD is that FRWD can use any distance, while
SRW can only use d(z,y) = ||z — y|2.

3.2 FROT OPTIMIZATION

Here, we propose two FROT algorithms based on the Frank—Wolfe algorithm and linear program-
ming.

Frank—Wolfe: We propose a continuous variant of the FROT algorithm using the Frank—Wolfe
algorithm, which can be fully differentiable. To this end, we introduce entropic regularization for o
and rewrite the FROT as a function of II. Therefore, we solve the following problem for a:

min  max J,(IT, o), with J, ( ZZ% Za c(x; ,yJ(Z) —nH(a),

IIeU L
eU(u,v) ae =1 =1

where 7 > 0 is the regularization parameter, and H () = Zszl ay(log(ay) — 1) is the entropic
regularization for ce. An advantage of entropic regularization is that the nonnegative constraint is
naturally satisfied, and the entropic regularizer is a strong convex function.

Lemma 2 The optimal solution of the optimization problem

a” =argmax J,(II, o), with J,( Zae@ nH(a)
acxl =1
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with a fixed admissible transport plan I1 € U (u, v), is given by

1 L
. oxp (1) ) with J, (IT, a*) = 7 log (Z exp (717@/)) +

Qy = T 1
Zef:1 exp 5¢€’ (=1

Using Lemma [2] (or Lemma 4 in [Nesterov| (2003)) together with the setting ¢, =
doimy 2y mige(x e ),yf/)) = (IL, Cy), [Cylij = c(z 5/)7%([)) the global problem is equivalent to

min G, (IT), with G, (IT) = nlog (Z exp ( (11 C;))) (5)

IIeU (u,v)

Note that this is known as a smoothed max-operator (Nesterov, |2005; [Blondel et al.||2018). Specifi-
cally, regularization parameter 7 controls the “smoothness” of the maximum.

Proposition 3 G,,(II) is a convex function relative to II.

The derived optimization problem of FROT is convex. Therefore, we can determine globally optimal
solutions. Note that the SRW optimization problem is not jointly convex (Paty & Cuturi, |2019) for
the projection matrix and the transport plan. In this study, we employ the Frank—Wolfe algorithm
(Frank & Wolfe, |1956; Jaggi, [2013), using which we approximate G/, (IT) with linear functions at

1Y) and move II toward the optimal solution in the convex set (See Algorithm .

The derivative of the loss function G, (IT) at I is given by

o)
0G,(1I) EL: (1) w__ =P (n<H ’C‘>)

= Q, C, = M) with Qy 17 :

OII =TIt =1 ZZ’:l exp (%<H(t)’ Cz/>)

Then, we update the transport plan by solving the EMD problem:

0D = (1 — /) I 4 I with II = argmin (I, M),
II€U (p,v)

where v = 2/(2+ k). Note that M) is given by the weighted sum of the cost matrices. Thus, we
can utilize multiple features to estimate the transport plan II for the relaxed problem in Eq. ().

Using the Frank—Wolfe algorithm, we can obtain the optimal solution. However, solving the EMD
problem requires a cubic computational cost that can be expensive if n and m are large. To address
this, we can solve the regularized OT problem, which requires O(nm). We denote the Frank—Wolfe
algorithm with EMD as FW-EMD and the Frank—Wolfe algorithm with Sinkhorn as FW-Sinkhorn.

Computational complexity: The proposed method depends on the Sinkhorn algorithm, which
requires an O(nm) operation. The computation of the cost matrix in each subproblem needs
an O(Lnm) operation, where L is the number of groups. Therefore, the entire complexity is
O(T Lnm), where T is the number of Frank—Wolfe iterations (in general, T' = 10 is sufficient).

Proposition 4 For eacht > 1, the iteration TIY) of Algorithm@satisﬁes
40 a0z (T @)
n(t+2)

where 0o (®T®) is the largest eigenvalue of the matrix ®'® and ® =
(vec(C),vec(Cy),...,vec(Cr))"; and § > 0 is the accuracy to which internal linear
subproblems are solved.

Gy () — G, (IT") < (1+9),

Based on Proposition ] the number of iterations depends on 7, €, and the number of groups. If we
set a small 7, convergence requires more time. In addition, if we use entropic regularization with a
large €, the ¢ in Proposition i can be large. Finally, if we use more groups, the largest eigenvalue of
the matrix ® " ® can be larger. Note that the constant term of the upper bound is large; however, the
Frank—Wolfe algorithm converges quickly in practice.
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Linear Programming: Because lim, o+ G, (IT) = maxseq1 2.1} iy ZJ L mije(a! (0 y](.Z)),
the FROT problem can also be written as
. e %)
min max miielx; 6
OeU (u,v) te{1,2,..., ; ; J Y- ©)

Because the objective is the max of linear functions, it is convex with respect to II. We can solve
the problem via linear programming:
min t, st. (II,Cy) <t,£=1,2,...,L. @)
II€U (p,v),t
This optimization can be easily solved using an off-the-shelf LP package. However, the computa-
tional cost of this LP problem is high in general (i.e., O(n3),n = m).

3.3 APPLICATION: SEMANTIC CORRESPONDENCE

We applied our proposed FROT algorithm to semantic correspondence. The semantic correspon-
dence is a problem that determines the matching of objects in two images. That is, given input
image pairs (A, B), with common objects, we formulated the semantic correspondence problem to
estimate the transport plan from the key points in A to those in B; this framework was proposed in
(Liu et al.l 2020). In Figure |Z[, we show an overview of our proposed framework.

Cost matrix computation C: In our framework, we employed a pretrained convolutional neural
network to extract dense feature maps for each convolutional layer. The dense feature map of the
(th layer output of the sth image is given by

4,
P ERY =12 her =12, w, (=12 L,

where w, and h are the width and height of the sth image, respectively, and dy is the dimension of
the (th layer’s feature map. Note that because the dimension of the dense feature map is different
for each layer, we sample feature maps to the size of the 1st layer’s feature map size (i.e., hs X ws).

The /th layer’s cost matrix for images s and s’ is given by
l,s 0, . .
[Clij = I1F°Y = #5013, i = 1,2, wshy, j=1,2,... wyhy.

A potential problem with FROT
is that the estimation depends Source image CAM
significantly on the magnitude =

of the cost of each layer (also ﬁ mﬁﬁ A j_lml a
known as a group). Hence, ‘

normalizing each cost matrix

is important.  Therefore, we [ c, B fEEH ] [ngi}iilb)]"g <Z‘exp (% o C»))]
’ =1

normalized each feature vector
[ (M|

Z,: £, £,
by S F 1A
Consequently, the cost matrix
is given by [Ciij = 2 —
27" o £45) We can use dis-
tances sucfl as the L1 distance.
Computation of a and b with Figure 2: Semantic correspondence framework based on FROT.
staircase re-weighting: For semantic correspondence, setting @ € R"*%s and b € R"'*s’ is im-
portant because semantic correspondence can be affected by background clutter. Therefore, we gen-
erated the class activation maps (Zhou et al.l 2016) for the source and target images and used them
as a and b, respectively. For CAM, we chose the class with the highest classification probability and
normalized it to the range [0, 1].

Feature Robust Optimal Transport (FROT)

Target |mage CAM

4 RELATED WORK

OT algorithms: The Wasserstein distance can be determined by solving the OT problem. An ad-
vantage of the Wasserstein distance is its robustness to noise; moreover, we can obtain the transport
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Figure 3: (a) Objective scores for LP, FW-EMD, and FW-Sinkhorn. (b) MSE between transport plan
of LP and FW-EMD and that with LP and FW-Sinkhorn with different 0. (c) MSE between transport
plan of LP and FW-Sinkhorn with different e.

plan, which is useful for many machine learning applications. To reduce the computation cost for
the Wasserstein distance, the sliced Wasserstein distance is useful (Kolouri et al.,[2016)). Recently, a
tree variant of the Wasserstein distance was proposed (Evans & Matsen, |2012; [Le et al.,[2019} |Sato
et al.| 2020); the sliced Wasserstein distance is a special case of this algorithm.

The approach most closely related to FROT is a robust variant of the Wasserstein distance, called the
subspace robust Wasserstein distance (SRW) (Paty & Cuturi, 2019). SRW computes the OT problem
in a discriminative subspace; this is possible by solving dimensionality-reduction problems. Owing
to the robustness, SRW can successfully compute the Wasserstein distance from noisy data. The
max—sliced Wasserstein distance (Deshpande et al.| 2019) and its generalized counterpart (Kolouri
et al.| 2019) can also be regarded as subspace-robust Wasserstein methods. Note that SRW (Paty &
Cuturi,|2019) is a min—max based approach, while the max—sliced Wasserstein distances (Deshpande
et al.|2019; [Kolouri et al.,[2019) are max—min approaches. The FROT is a feature selection variant
of the Wasserstein distance, whereas the subspace approaches are used for dimensionality reduction.

As aparallel work, a general minimax optimal transport problem called the robust Kantorovich prob-
lem (RKP) was recently proposed (Dhouib et al., 2020). RKP involves using a cutting-set method
for a general minmax optimal transport problem that includes the FROT problem as a special case.
The approaches are technically similar; however, our problem and that of Dhouib et al.| (2020) are
intrinsically different. Specifically, we aim to solve a high-dimensional OT problem using feature
selection and apply it to semantic correspondence problems, while the RKP approach focuses on
providing a general framework and uses it for color transformation problems. As a technical dif-
ference, the cutting-set method may not converge to an optimal solution if we use the regularized
OT (Dhouib et al.,2020). By contrast, because we use a Frank—Wolfe algorithm, our algorithm con-
verges to a true objective function with regularized OT solvers. The multiobjective optimal transport
(MOT) is an approach (Scetbon et al.,2020) parallel to ours. The key difference between FROT and
MOT is that MOT tries to use the weighted sum of cost functions, while FROT considers the worst
case. Moreover, as applications, we focus on the cost matrices computed from subsets of features,
while MOT considers cost matrices with different distance functions.

5 EXPERIMENTS

5.1 SYNTHETIC DATA

We compare FROT with a standard OT using synthetic datasets. In these experiments, we initially
generate two-dimensional vectors @ ~ N(p,,3;) and y ~ N(p,,X,). Here, we set p, =
(5,007, py = (5,007, 8, =%, = ((5,1)7,(4,1) 7). Then, we concatenate z, ~ N(0g, Is)
and z, ~ N(0s, I3) to = and y, respectively, to give z = (z ', z, ),y = (y',2, ).

y~x )y
For FROT, we set n = 1.0 and the number of iterations of the Frank—Wolfe algorithm as 7" = 10.

The regularization parameter is set to € = 0.02 for all methods. To show the proof-of-concept, we
set the true features as a group and the remaining noise features as another group.

Fig. [Ia] shows the correspondence from « and y with the vanilla OT algorithm. Figs. [Ib] and
show the correspondence of FROT and OT with x and y, respectively. Although FROT can identify
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Table 1: Per-class PCK (appor, = 0.1) results using SPair-71k. All models use ResNet101. The
numbers in the bracket of SRW are the input layer indicies.

Methods acro_bike  bird _boat _botle _bus__car__cal _chair _cow dog horse_moto person _ plant_sheep tramn __tv_] all
SPair71k | CNNGeo (Rocco et al | 2017 234 167 402 143 364 277 260 327 127 274 228 137 209 210 175 102 308 341]206
frotned | A2Net (Hongsuck Seo elal.12018] | 226 185 420 164 379 308 265 356 133 206 243 160 216 228 205 135 314 365|223

WeakAlign (Rocco et alJ2018al ~ | 222 17.6 419 151 381 274 272 318 128 268 226 142 200 222 179 104 322 351|209

models | NC-Net (Rocco et al-|2019b| 179 122 320 117 290 199 161 392 99 239 188 157 174 159 148 96 242 311|201
SPair71k | HPF (Min etalJ2010a] 252 189 521 157 380 228 190 529 179 330 328 206 244 279 211 159 315 356|282
walidation | OT-HPF (Ciu et al. 12020} 326 189 625 207 420 261 204 614 197 413 417 298 296 318 250 235 447 370|339
FROT() = 0.Z,¢ = 0.4) 351 203 598 2101 429 277 212 635 188 397 379 292 288 299 282 243 521 395 | 347

301 165 504 173 380 229 197 543 170 284 313 221 280 195 210 178 426 288 | 283

350 209 563 234 407 272 219 620 175 388 362 279 280 304 269 231 497 384|337

Without 349 209 564 234 407 272 220 620 175 388 362 278 282 302 269 229 497 385|337
SPair-71k 341 188 569 199 400 256 192 619 174 387 365 256 269 272 263 221 503 386|328

340 189 570 199 400 256 192 619 173 388 365 256 268 274 264 221 503 388|328
334 194 566 200 396 261 191 624 179 380 365 260 275 265 255 216 497 389|327
333 195 566 199 395 260 191 624 179 380 365 260 274 265 256 216 49.6 389|327
294 140 437 156 338 21.0 17.6 480 129 233 265 198 255 17.6 16,7 152 371 205 | 245
297 143 443 157 342 213 178 485 131 236 271 200 258 18.1 169 152 373 21.0 | 248
298 147 456 159 348 215 18.0 493 133 240 277 206 257 18.7 172 153 377 215|252
323 157 431 184 307 225 206 445 103 231 239 195 236 220 147 153 374 180|243
N 353 165 453 205 330 250 21.6 481 114 259 269 224 252 250 16,5 17.1 405 21.2]26.6
FROT (layers = {1, 30-34}) 367 181 488 223 345 275 23.0 513 129 284 303 242 264 273 19.5 18.1 434 249|288

validation

a suitable matching, the OT fails to obtain a significant correspondence. We observed that the o
parameter corresponding to a true group is a3 = 0.9999. Moreover, we compared the objective
scores of the FROT with LP, FW-EMD, and FW-Sinkhorn (¢ = 0.1). Figure@] shows the objective
scores of FROTs with the different solvers, and both FW-EMD and FW-Sinkhorn can achieve almost
the same objective score with a relatively small ). Moreover, Figure[3b|shows the mean squared error
between the LP method and the FW counterparts. Similar to the objective score cases, it can yield a
similar transport plan with a relatively small 7. Finally, we evaluated the FW-Sinkhorn by changing
the regularization parameter 7). In this experiment, we set = 1 and varied the € values. The result
shows that we can obtain an accurate transport plan with a relatively small e.

5.2 SEMANTIC CORRESPONDENCE

We evaluated our FROT algorithm for semantic correspondence. In this study, we used the SPair-
71k (Min et al.| [2019b). The SPair-71k dataset consists of 70,958 image pairs with variations in
viewpoint and scale. For evaluation, we employed a percentage of accurate key points (PCK), which
counts the number of accurately predicted key points given a fixed threshold (Min et al.| [ 2019b)). All
semantic correspondence experiments were run on a Linux server with NVIDIA P100.

For the optimal transport based frameworks, we employed ResNet101 (He et al.l [2016) pretrained
on ImageNet (Deng et al., |2009) for feature and activation map extraction. The ResNet101 consists
of 34 convolutional layers and the entire number of features is d = 32,576. Note that we did not
fine-tune the network. We compared the proposed method with several baselines (Min et al.,2019b)
and the SRW[H Owing to the computational cost and the required memory size for SRW, we used the
first and the last few convolutional layers of ResNet101 as the input of SRW. In our experiments, we
empirically set ' = 3 and € = 0.1 for FROT and SRW, respectively. For SRW, we set the number
of latent dimension as k£ = 50 for all experiments. HPF (Min et al.l 2019a) and OT-HPF (Liu et al.,
2020) are state-of-the-art methods for semantic correspondence. HPF and OT-HPF required the
validation dataset to select important layers, whereas SRW and FROT did not require the validation
dataset. OT is a simple optimal transport-based method that does not select layers.

Table |1|lists the per-class PCK results obtained using the SPair-71k dataset. FROT ( = 0.3) out-
performs most existing baselines, including HPF and OT. Moreover, FROT (1 = 0.3) is consistent
with OT-HPF (Liu et al.l 2020), which requires the validation dataset to select important layers. In
this experiment, setting 1 < 1 results in favorable performance (See Table [3]in the Appendix). The
computational costs of FROT is 0.29, while SRWs are 8.73, 11.73, 15.76, respectively. Surprisingly,
FROT outperformed SRWs. However, this is mainly due to the used input layers. Therefore, scaling
up SRW would be an interesting future work.

We further evaluated FROT by tuning hyperparameters 7 and € using validation sets, where the max-
imum search ranges for 7 and € are set to 0.2 to 2.0 and 0.1 to 0.6 with intervals of 0.1, respectively.
Figure[6]in Appendix shows the average PCK scores for (1), €) pairs on the validation split of SPair-
71k. By using hyperparameter search, we selected (n = 0.2, e = 0.4) as an optimal parameter. The
FROT with optimal parameters outperforms the state-of-the-art method (Liu et al.| [2020).

1https ://github.com/francoispierrepaty/SubspaceRobustWasserstein
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Figure 4: Feature selection results. We average over 50 runs of accuracy (on test set) of SVM trained
with top k features selected by several methods.

5.3 FEATURE SELECTION EXPERIMENTS

Since FROT finds the transport plan and discriminative features between X and Y, we can use
FROT as a feature-selection method. We considered X € R?™ and Y € R¥*™ as sets of samples
from classes 1 and 2, respectively. The optimal important feature is given by

exp (%(ﬁ, Cg)) o . d 1
¢ = — , with II = argmin 7 log exp | = (I, Cy) ,
d 1
D yr—q €XP <E<H’ CE'>) eU (u,v) P N

where [Cy];; = (xl(.e) - yj(.é))Q. Finally, we selected the top K features by the ranking &. Hence,

changes to a one-hot vector for a small 7 and to oy, ~ % for a large 7).

Here, we compared FROT with several baseline algorithms in terms of solving feature-selection
problems. In this study, we employed a high-dimensional and a few sample datasets with two class
classification tasks (see Table2)). All feature selection experiments were run on a Linux server with
an Intel Xeon CPU E7-8890 v4 with 2.20 GHz and 2 TB RAM.

In our experiments, we initially randomly split the data into two sets (75% for training and 25%
for testing) and used the training set for feature selection and building a classifier. Note that we
standardized each feature using the training set. Then, we used the remaining set for the test. The
trial was repeated 50 times, and we considered the averaged classification accuracy for all trials.
Considered as baseline methods, we computed the Wasserstein distance, maximum mean discrep-
ancy (MMD) (Gretton et al.| [2007)), and linear correlatimﬂ for each dimension and sorted them in
descending order. Note that the Wasserstein distance is computed via sorting, which is computation-
ally more efficient than the Sinkhorn algorithm when d = 1. Then, we selected the top K features
as important features. For FROT, we computed the feature importance and selected the features that
had significant importance scores. In our experiments, we set 7 = 1.0 and 7" = 10. Then, we trained
a two-class SVM| with the selected features.

Fig. [ shows the average classification accuracy relative to the number of selected features. From
Figure ] FROT is consistent with the Wasserstein distance-based feature selection and outperforms
the linear correlation method and the MMD for two datasets. Table [2] shows the computational
time(s) of the methods. FROT is about two orders of magnitude faster than the Wasserstein distance
and is also faster than MMD. Note that although MMD is as fast as the proposed method, it cannot
determine the correspondence between samples.

6 CONCLUSION

In this paper, we proposed FROT for high-dimensional data. This approach jointly solves feature
selection and OT problems. An advantage of FROT is that it is a convex optimization problem
and can determine an accurate globally optimal solution using the Frank—Wolfe algorithm. We
used FROT for high-dimensional feature selection and semantic correspondence problems. Through
extensive experiments, we demonstrated that the proposed algorithm is consistent with state-of-the-
art algorithms in both feature selection and semantic correspondence.

Zhttps://scikit-learn.org/stable/modules/feature_selection.html
Shttps://scikit-learn.org/stable/modules/generated/sklearn.svm.SVC.html
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APPENDIX

RELATED WORK

In addition to accelerating the computation, structured optimal transport incorporates structural in-
formation directly into OT problems (Alvarez-Melis et al.| [2018]). Specifically, they formulate the
submodular optimal transport problem and solve the problem using a saddle-point mirror prox algo-
rithm. Recently, more complex structured information was introduced in the OT problem, including
the hierarchical structure (Alvarez-Melis et al., |2020; [Yurochkin et al.l 2019). These approaches
successfully incorporate structured information into OT problems with respect to data samples. By
contrast, FROT incorporates the structured information into features.

OT applications: OT has received significant attention for use in several computer vision tasks.
Applications include Wasserstein distance estimation (Peyré et al., |2019), domain adaptation (Yan
et al.| [2018), multitask learning (Janati et al.,2019), barycenter estimation (Cuturi & Doucet, |2014),
semantic correspondence (Liu et al., 2020), feature matching (Sarlin et al., 2019), photo album
summarization (Liu et al., 2019), generative model (Arjovsky et al., |2017; Bunne et al.| |2019),
graph matching (Xu et al.| 2019ajb)), and the semantic correspondence (Liu et al.| |2020).

PROOF OF PROPOSITIONI]
For the distance function d(x, y), we prove that

1/p

FRWD,,(u, v) = min  max ZZTF”ZOZ@d EZ),yJ )P

e (u,v) aexk
=1 j=1

is a distance for p > 1.

The symmetry can be read directly from the definition as we used distances that are symmetric.
For the identity of indiscernibles, when FRWD,, (11, ) = 0 with the optimal o and II, there ex-
ists £ such that oy > 0 (as « is in the simplex set). As there is a max in the definition and

>y Tigowd(z (l),yj(e))p = 0, this means that V¢, }, m;;d(z Ee),y]([))p = 0 and V¢, 9 = (O,
Therefore, we have = v when FRWD,,(u1, v) = 0.
When p = v, this means that ; = y;, a; = b;,V ¢, and n = m, and we have d(x;,y,) = 0 for

i = j. Thus, for any oy > 0, the optimal transport plan is 7;; > 0 for d(x;,y;) = 0 and 7;; = 0 for
d(x;,y;) > 0. Therefore, when p = v, we have FRWD,,(p1, v) = 0.

TRIANGLE INEQUALITY

Let p =27 @iy, v = 37" bjby,, v = D4 Ck0s, and o € ¥, we prove that

FRWD,(1,v) < FRWD, (i, v) + FRWD, (v, 7).

To simplify the notations in this proof, we define D, as the distance “matrix” such that [Dy];; =
d(z (e), yj( )) is the ith-row and jth-column element of the matrix Dy, [Dy] ;1 = d(y§e) (E)) and
[Dy)ir. = d( (Z)) Moreover, note that DY is the “matrix,” where each element is an element
of Dy raised to the power p.

Consider that P € U (u, v) is the optimal transport plan of FRWD,, (1, v), and Q € U (v, ) is the
optimal transport plan of FRWD,,(v,y), where v = >, _, ¢;0,, is a discrete measure. Similar to
the proof for the Wasserstein distance in (Peyré et al.| [2019), let S = Pdiag(1/b)Q with b be a
vector such that b; = b; if b; > 0, and b; = 1 otherwise. We can show that S € U (y, 7).

12
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By letting gi;re = [Dyl;; (agpiijk/gj)l/p and h;jre = [Dylsj (agpiijk/gj)l/p, the right-hand side
of this inequality can be rewritten as
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This inequality is valid for all a. Therefore, we have

FRWD,, (11, v) < FRWD,(p, v) + FRWD, (v, )

FROT WITH LINEAR PROGRAMMING
Linear Programming: The FROT is a convex piecewise-linear minimization because the objective

is the max of linear functions. Thus, we can solve the FROT problem via linear programming:

. st (ILC) <t 0=1,2,..., L.

min t
IIeU(p,v),t
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This optimization can be easily solved using an off-the-shelf LP package. However, the computa-
tional cost of this LP problem is high in general (i.e., O(n3),n = m).

The FROT problem can be written as

min max (II, Cy),
O ¢e{1,2,...L}

st. 1, =a,II"1, =bII> 0.

This problem can be transformed to an equivalent linear program by first forming an epigraph prob-
lem:

min £,

I,

s.t. max (II,Cy) <t
ee{1,2,...,.L}

1, =a,I1'1, =b,II> 0.
Thus, the linear programming for FROT is given as

min t
It

st. (IL,Cy) <t,0=1,2,...,L
1, =a,I1'1, = b,II > 0.

Next, we transform this linear programming problem into the canonical form. For matrix II =

(w2 ... m,) " € R"™ and m; € R™, we can vectorize the matrix using the following linewise
operator:
vec(Il) = (7] w, ... w )" € R"™.
Using this vectorization operator, we can write (I, Cy) < ¢ as
vec(Cy)T  —1
T
vec(Cs)' -1 vec(II)
: : t < 0p,
vec(Cr)" —1
where 07, € R’ is a vector whose elements are zero.
For the constraints I11,, = a and II'1,, = b, we can define vectors qi,---,q, € R™ and
T1,...,"m € R"™ such that g;' vec(IT) = a; and r;rvec(l_[) = b, in this way:
T AT T\T
q1 = (1771,7 0m7 s 7Om) ’

=011 .07

g =00 .. 1"

m

and
T = (L 0;;—17 17 OL—D ceey 1a O;Fn—l)—rv
ro=(0,1,0] ,,1,0) . ...,1,0] )T,
rm=(0] ,,1,0" . 1,...0" 1T

We can collect these vectors to obtain the vectorized constraints:

qlTr 0 rli 0
7 0 ( vec(IT) ) T2 0 ( vec(IT) )

=Qa = b
L i o ; |
q’ 0 rl 0

14
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Thus, we can rewrite the linear programming as

min e u
u

st. (AT —1.)u<0.,(Q" 0,)u=a,(R" 0,,)u="b,u>0,

where u = (vec(IT)T )T € R+ e = (0, 1)T € R™*! is the unit vector whose nm + 1-
th element is 1, A = (vec(C}),...,vec(CL)) € R"™*L Q = (qi,...,q,) € R"™*", and
R=(ry,...,7p) eR"™>™ Q= (1,1, ...1,)

PROOF OF LEMMA [2]

We optimize the function with respect to c:

max J(a)
[e 2
s.t. aTlK =1,a1,...,axg >0,
where
L L
= ZO[[(,ZS@ — T]Z a(g(log Qyp — 1) (8)
=1 =1

Because the entropic regularization is a strong convex function and its negative counterpart is a
strong concave function, the maximization problem is a concave optimization problem.

We consider the following objective function with the Lagrange multiplier e:

L L
=> aupr—n» arllogay—1)+e(a’1x 1)

=1 =1
Note that owing to the entropic regularization, the nonnegative constraint is automatically satisfied.

Taking the derivative with respect to ay, we have

1
6‘J( ) = ¢y — <10g0&gl+0[g>+60.
Jday oy

Thus, the optimal oy has the form

ay = exp (1<Z>g> exp (6) .
n n

«p satisfies the sum to one constraint.

) sre
exp |~ | = ;
N Eele exp (E(ZSZ’)
Hence, the optimal «y is given by
exp (%(be)
Z/@L/=1 €xXp (%d’//)

Qy =
Substituting this into Eq.(8), we have

exp (%sz) - exp (%,d?e)
(o) O (1or)

exp (%,d?e)
SR

L
J(a¥) = Z

L
(=1 D _p—1 €XP

~yiog (z (L )) i

log
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Therefore, the final objective function is given by

J(a") = nlog (éeXp (717¢e>> +7

PROOF OF PROPOSITION [3]

Proof: For 0 < # < 1 and n > 0, we have

Zexp( (01T, + (1 -0 HQ,D4> Zexp( (I1y, Dy) +
=3 e (Lan9) oo (L)

< (soo (Lmomn)) (Sow(bmm))

Here, we use Holder’s inequality withp =1/6,¢g=1/(1 —0),and 1/p+ 1/ = 1.

—9) <H2,Dz>>

Applying a logarithm on both sides of the equation and then premultiplying 7, we have

nlog (Z exp ( (0TI, + (1 — 0)H2,D4>>> < Onlog (i exp <;<H1,Dg>>>

=1
L 1
+(1-6)nlo ( exp | —(Ila, Dy) )
oo (3 (5.0
O

PROOF OF PROPOSITION [4]

Theorem 5 (Jaggi, 2013) For each t > 1, the iterates TIY) of Algorithms 1, 2, 3, and 4 in (Jaggi,
2013)) satisfy

QCf

FE) - FT) < ~L(1+0),

where I1* € D is an optimal solution to problem

IT* = argmin f(IT),
oeD

C' is the curvature constant defined as
2
Cy:= sup ?(f(ﬂ’) — f(IT) — (I" — I, V f(IT))
stILII €D,y e 0, 1],IT = II + (I — II),
0 > 0 is the accuracy with which internal linear subproblems are solved.

Lemma 6 (Jaggi, [2013) Let f be a convex and differentiable function with its gradient V f being
Lipschitz-continuous w.r.t. some norm || - || over the domain D with Lipschitz-constant L > 0. Then,

Cy < diam (D)2L
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Definition 7 The softmax function is given by

exp(Az1)
1 exp(Aza)
O'(Z) ==L . . )
Y oo—q exp(Aze) :
exp(Azr)

where \ > ( is referred to as the inverse temperature constant.

Lemma 8 (Gao & Pavell [2017) The softmax function o(-) is L-Lipschitz with respect to || - ||2 with
L = \ thatis forall z,z' € R",

lo(2) = o(2)ll2 < Allz = 2|2,

where X is the inverse temperature constant.

The derivative of G, (II) is given as

i exp (%(H, Cg))

=1 Zw 1 €Xp (%(H, C£/>> @

Thus, we have
vec(Mm) = ®pm,
where
® = (vec(Cy),vec(Cy),...,vec(Cr)) € RM™* L,

exp (%(H, Cl>) exp (%(H,Cm)
Shoew (AILCH)) i e (HILCw))
Here, prq is the softmax function o (z) with z, = (I, Cy).
We have

IVGy(IT) = VG, (IT) |2 = [ @pn — ®prv [l

< [[®lopllPrr — Prr |2,

1 1
< —||®@|opl|® T vec(TT) — @ " vec(IT')||2 (Lemmawith A=)
n n

T

e RL.

P =

N

1
5|I‘1>||op||<I>T||op||VGC(H) — vec(IT')||2

where || - [|lop is the operator norm. We have [|®[lop = [|®[lop, [|®T®@]op = [®[2,. and
||vec(IT) — vec(IT’) |2 < /2. Therefore, the Lipschitz constant for the gradient is L = %H(I'ng =
%omax (® " ®), and the curvature constant is bounded above by C'y < 2L, where 0,4, (® T @) is the
largest eigenvalue of the matrix & ' ®. By plugging C in Theorem we have

40 man (BT B)

)

(1+96).

MAX/MIN FORMULATION
We define the max—min formulation of the FROT as

4
max g ap  min E E mizc( (-),yj ),
acxl HeU(abe) |

=14=1

where =F = {a € Rﬁ : a'1y, = 1} is the probability simplex, the set of probability vectors in
RE.
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This problem can be solved by computing the group that maximizes the optimal transport distance
k* = argmax , W1 (u®, () and then by considering o* = 6y as a one-hot vector.

The result of this formulation provides an intuitive idea (the same as for the robust Wasserstein
method). Hence, we maximize the group (instead of the subspace) that provides the optimal result.
However, the formulation requires solving the OT problem L times. This approach may not be
suitable if we have a large L. Moreover, the argmax function is generally not differentiable.

Relation to the max-sliced Wasserstein distance: The max-sliced Wasserstein-2 distance can be
defined as (Deshpande et al.,|2019)

max-Wa(u,v) = | max E E s w T, —w'y
('u7 ) weN HEU a;,b/) - 1 g ! J) ’
J=

where © C R is the set of all possible directions on the unit sphere.

The max—sliced Wasserstein is a max—min approach. That is, for each w, it requires solving the
OT problem. The max—min approach is suited for simply measuring the divergence between two
distributions. However, it is difficult to interpret features using the max—sliced Wasserstein, where
it is the key motivation of FROT.

Relation to Subspace Robust Wasserstein (Paty & Cuturi, 2019): Here, we show that
2-FRWD with d(z,y) J|w — yll2 is a special case of SRW. Let us define U =
(Vater, Jazes, ...,/ ageq) € R4 where e, € R? is the one-hot vector whose ¢th element is

landa'1 = 1, ap > 0. Then, the objective function of SRW can be written as

n m n m

DY mllU e —UTyll5 => > mij(ws —y;) " UU (@i — yy)
i=1j=1 i=1j=1
=D > myla —y)) Tdiag(a) (@i - y;)
i=1j=1

n m d
= Z ZW > aua” — )2

Therefore, SRW and 2-FRWD are equivalent if we set U = (\/aie;, /azes, ..., /ageq)' and
d(z,y) = [z — Yy

18
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Table 2: Computational time comparison (s) for feature selection from biological datasets.

Data d n Wasserstein (Sort) Linear MMD FROT

Colon 2000 62 12.57 (£ 3.27) 0.00 (£ 0.00) | 1.36 (£ 0.15) | 0.41 (£ 0.07)
Leukemia 7070 72 46.76 (£ 19.47) | 0.01 (£ 0.00) | 5.03(£0.79) | 1.13 (£ 0.14)
Prostate. GE || 5966 | 102 | 51.99 (£ 16.37) | 0.02(£0.00) | 6.01 (£ 1.17) | 1.04 (£ 0.11)
GLI_85 22283 | 85 142.1 (£21.65) | 0.04 (£ 0.00) | 23.6 (£ 1.21) | 3.44 (£ 0.36)

Feature importance a v.s. Layer {

0.12

0.10

0.04-

0.02-

0.00- . . :
0 5 10 15 20 25 30
12

(a) FROT (1 = 0.3).

(b) Feature importance of FROT.

Figure 5: One-to-one matching results of FROT ( = 0.3) and feature importance of FROT.

ADDITIONAL SEMANTIC CORRESPONDENCE EXPERIMENTS

Figure [5a shows an example of key points matched using the FROT algorithm. Fig[5b]| shows the
corresponding feature importance. The lower the 7 value, the smaller the number of layers used.
The interesting finding here is that the selected important layer in this case is the third layer from
the last. More qualitative results are presented in the Figure[7]
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Figure 6: Average PCK scores on the validation split of SPair-71k with different pairs of hyperpa-
rameters.

Table 3: Per-class PCK (appor, = 0.1) results using the SPair-71k. All models use ResNet101 as the
backbone.

Methods bird boat bottle bus car cat chair cow dog horse moto person plant sheep train
Authors’ CNNGeo (Rocco et al.[2017 346 128 312 263 240 306 116 243 204 122 197 15.6 14.3 9.6 28.5
original 374 139 336 294 265 349 120 265 225 133 213 20.0 169 115 289
models 416 146 376 28.1 266 326 126 279 230 136 213 222 179 109 315
450 137 357 259 19.0 504 143 326 274 192 217 203 204 136 336
SPair-71k 402 143 364 277 260 327 127 274 228 137 209 21.0 17.5 102 30.8
finetuned 420 164 379 308 265 356 133 296 243 160 21.6 22.8 20.5 135 314
models 419 151 381 274 272 318 128 268 226 142 200 222 179 104 322
321 11.7 290 199 161 392 99 239 188 157 174 15.9 14.8 9.6 24.2
SPair-71k 521 157 380 228 191 529 179 330 328 206 244 279 211 159 315
validation 625 207 420 26 204 614 197 413 417 298 296 318 250 235 447
504 173 380 229 197 543 17.0 284 313 221 280 19.5 210 178 426
556 197 39.6 243 199 579 158 331 340 248 26.1 285 231 212 434
563 234 407 272 219 620 175 388 362 279 28.0 30.4 269 231 497
570 200 399 259 197 61.6 172 381 366 265 266 274 268 226 498
569 199 400 256 192 619 174 387 365 256 269 272 263 221 503 3
Without 565 199 399 259 192 623 177 384 366 260 272 27.0 26.1 222 50.1 392 | 32;
SPair-71k 56.6 200 39.6 261 19.1 624 79 38.0 365 260 275 26.5 255 216 497 389 | 327
validation 562 198 394 262 19.6 623 73 375 365 258 265 26.0 252 213 489 382|323

72 371 364 255 270 253 248 213 482 378|321
72 371 359 251 272 250 247 214 477 378 320
6.8 338 347 231 258 21.1 215 195 416 340|295
57 31.0 324 215 243 17.9 194 182 37.1 307 | 275
8 289 309 203 227 16.3 184 169 340 282 | 26.1
0 270 302 194 210 14.8 175 159 321 267 | 249
6 160 138 124 192 85 1.7 100 311 127|172
1 171 159 134 197 9.7 122 103 325 144|183
S5 173 162 139 211 9.8 129 117 326 147 | 189
4
4
3
4

9)
FROT (1 = 1.0)

.0)

FROT (1 = 5.0)

SRW (k = 10,¢ = 0.1, T = 10, layer=34)
SRW (k = 20,¢ = 0.1, T = 10,laye
SRW (k = 30,¢ = 0.1, 7 = 10,laye
SRW (k = 40,
SRW (k = 50,

174 168 145 215 10.0 13.1 112 330 149 19.1
174 169 148 217 10.4 129 116 332 150 | 193

SRW (k = 60, 315 175 174 145 218 10.5 13.3 114 329 150 194
SRW (k = 70, 313 131 278 173 148 384 K 176 170 146 216 10.4 13.1 1.5 330 149|193
SRW (k = 80, 312 13.0 278 172 148 385 115 175 169 147 219 10.3 130 114 329 149|193
SRW (k = 90, 31.2 132 278 174 149 384 115 174 169 147 218 10.4 126 115 329 150|193
SRW (k = 100. 3.1 13.0 278 174 148 384 115 174 168 146 218 10.7 129 114 330 149|193
SRW (k = 50, ¢ . 3, layers = {1, 32-34}) 437 156 338 210 17.6 480 129 233 265 198 255 17.6 167 152 371 205|245

443 157 342 213 178 485 131 236 27.1 200 258 18.1 169 152 373 21.0 | 24.8
456 159 348 215 18.0 493 133 240 277 20.6 257 18.7 172 153 377 215|252

SRW (k = 50,¢ = 0. 3, layers = {1, 31-34})
SRW (k = 50, ¢ = 0.1, 7 = 3, layers = {1, 30-34})
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|

ol

(a) FROT

(b) SRW

Figure 7: Qualitative examples sampled from SPair-71k. For each image, the red points represent
the keypoints to be matched while the green points denote the prediction and the blue ones denote

the ground truth.
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