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Abstract

We revisit the classical problem of finding an approximately stationary point of the average
of n smooth and possibly nonconvex functions. The optimal complexity of stochastic first-
order methods in terms of the number of gradient evaluations of individual functions is
o (n + n1/2€’1), attained by the optimal SGD methods SPIDER (Fang et al., 2018) and PAGE
(Li et al., 2021), for example, where ¢ is the error tolerance. However, i) the big-O notation
hides crucial dependencies on the smoothness constants associated with the functions, and
ii) the rates and theory in these methods assume simplistic sampling mechanisms that
do not offer any flexibility. In this work we remedy the situation. First, we generalize
the PAGE algorithm so that it can provably work with virtually any (unbiased) sampling
mechanism. This is particularly useful in federated learning, as it allows us to construct and
better understand the impact of various combinations of client and data sampling strategies.
Second, our analysis is sharper as we make explicit use of certain novel inequalities that
capture the intricate interplay between the smoothness constants and the sampling procedure.
Indeed, our analysis is better even for the simple sampling procedure analyzed in the PAGE
paper. However, this already improved bound can be further sharpened by a different
sampling scheme which we propose. In summary, we provide the most general and most
accurate analysis of optimal SGD in the smooth nonconvex regime. Finally, our theoretical
findings are supported by carefully designed experiments.

1 Introduction

In this paper, we consider the minimization of the average of n smooth functions (1) in the nonconvex setting
in the regime when the number of functions n is very large. In this regime, calculation of the exact gradient
can be infeasible and the classical gradient descent method (GD) (Nesterov, 2018) can not be applied. The
structure of the problem is generic, and such problems arise in many applications, including machine learning
(Bishop & Nasrabadi, 2006) and computer vision (Goodfellow et al., 2016). Problems of this form are the
basis of empirical risk minimization (ERM), which is the prevalent paradigm for training supervised machine
learning models.
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1.1 Finite-sum optimization in the smooth nonconvex regime

We consider the finite-sum optimization problem

win { 10) =1 = £} 1)

zERY

where f; : R? — R is a smooth (and possibly nonconvex) function for all i € [n] := {1,...,n}. We are
interested in randomized algorithms that find an e-stationary point of (1) by returning a random point &

such that E {HV f (’x\)||2} < &. The main efficiency metric of gradient-based algorithms for finding such a point

is the (expected) number of gradient evaluations V f;; we will refer to it as the complezity of an algorithm.

1.2 Related work

The area of algorithmic research devoted to designing methods for solving the ERM problem (1) in the
smooth nonconvex regime is one of the most highly developed and most competitive in optimization.

The path to optimality. Let us provide a lightning-speed overview of recent progress. The complexity of
GD for solving (1) is O (ns_l), but this was subsequently improved by more elaborate stochastic methods,
including SAGA, SVRG and SCSG (Defazio et al., 2014; Johnson & Zhang, 2013; Lei et al., 2017; Horvéth
& Richtarik, 2019), which enjoy the better complexity O (n +n?3e~!). Further progress was obtained by
methods such as SNVRG and Geom-SARAH (Zhou et al., 2018; Horvath et al., 2020), improving the complexity
to O (n + n1/25*1). Finally, the methods SPIDER, SpiderBoost, SARAH and PAGE (Fang et al., 2018; Wang
et al., 2019; Nguyen et al., 2017; Li et al., 2021), among others, shaved-off certain logarithmic factors and
obtained the optimal complexity O (n + nl/Qa_l), matching lower bounds (Li et al., 2021).

Optimal, but hiding a secret. While it may look that this is the end of the road, the starting point of
our work is the observation that the big-O notation in the above results hides important and typically very
large data-dependent constants. For instance, it is rarely noted that the more precise complexity of GD is
o (L,ne’l) , while the complexity of the optimal methods, for instance PAGE, is O (n + L+n1/25*1) , where
L_ < L, are different and often very large smoothness constants. Moreover, it is easy to generate examples
of problems (see Example 1) in which the ratio L /L_ is as large as one desires.

Client and data sampling in federated learning. Furthermore, several modern applications, notably
federated learning (Kone¢ny et al., 2016; McMahan et al., 2017), depend on elaborate client and data
sampling mechanisms, which are not properly understood. However, optimal SGD methods were considered
in combination with very simple mechanisms only, such as sampling a random function f; several times
independently with replacement (Li et al., 2021). We thus believe that an in-depth study of sampling
mechanisms for optimal methods will be of interest to the federated learning community. There exists prior
work on analyzing non-optimal SGD variants with flexible mechanisms For example, using the “arbitrary
sampling” paradigm, originally proposed by Richtarik & Takaé¢ (2016) in the study of randomized coordinate
descent methods, Horvath & Richtdrik (2019) and Qian et al. (2021) analyzed SVRG, SAGA, and SARAH
methods, and showed that it is possible to improve the dependence of these methods on the smoothness
constants via carefully crafted sampling strategies. Further, Zhao & Zhang (2014) investigated the stratified
sampling, but only provided the analysis for vanilla SGD, and in the convex case.

1.3 Summary of contributions

e Specifically, in the original paper (Li et al., 2021), the optimal (w.r.t.n and ) optimization method PAGE
was analyzed with a simple uniform mini-batch sampling with replacement. We analyze PAGE with virtually
any (unbiased) sampling mechanism using a novel Definition 1. Moreover, we show that some samplings can
improve the convergence rate O (n + L+n1/25’1) of PAGE. We obtain the new state-of-the-art convergence
rates in the considered setting (see Table 2).

e We improve the analysis of PAGE using a new quantity, the weighted Hessian Variance Ly (or Ly ),
that is well-defined if the functions f; are L;—smooth. It is important that we get strictly better theoretical
guarantees without any additional assumptions on the structure of (1). We show that, when the functions
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Table 1: The constants A, B, w; and |S| that characterize the samplings in Definition 1.

Sampling scheme A w; B S| Reference
Uniform With Replacement 1/7' 1/71 1/7' <T Sec. E.3
Importance 1/7' q; 1/7' S T Sec. E.3
Nice (: Uniform Without Replacement) T(anirl) l/n 7_8:_71) T Sec. E.1
Pi
1 1—p; n .
Independent Z?:1 131:” Z?:l 1fipi 0 Zi:l Pi Sec. E.2
Eztended Nice 7_(”“_:—1) :lil L T(Tbn_:—l) <T Sec. E.4

We now provide a brief explanation of the samplings (more mathematically rigorous explanations are provided in the
corresponding sections from “Reference”): 1) Uniform With Replacement is a sampling, where we take exactly 7
elements from a set with replacement. 2) Importance is a sampling, where we take exactly 7 elements from a set
with replacement, and a new sampled element is taken non-uniformly. 3) Nice is a sampling, where we take exactly 7

elements from a set without replacement. 4) Independent is a sampling, where we take each element independently with
a predefined probability. 5) Eztended Nice is a sampling, where we repeat each i*" element I; times before applying the
Nice sampling.

Notation: n = # of data points; 7 = batch size; g; = probability to sample "" data point in the multinomial distribution;
pi = probability to sample i*? data point in the bernoulli distribution; I; = # of times to repeat i*" data point before
apply the Nice sampling.

th

fi are “similar” in the sense of the weighted Hessian Variance, PAGE enjoys faster convergence rates (see
Table 2). Also, unlike (Szlendak et al., 2022), we introduce weights w; that can play a crucial role in some
samplings. Moreover, the experiments in Sec 5 agree with our theoretical results.

e Our framework is flexible and can be generalized to the composition of samplings. These samplings naturally
emerge in federated learning (Konec¢ny et al., 2016; McMahan et al., 2017), and we show that our framework
can be helpful in the analysis of problems from federated learning.

2 Assumptions

We need the following standard assumptions from nonconvex optimization.

Assumption 1. There exists f* € R such that f(x) > f* for all z € R,

Assumption 2. There ezists L_ > 0 such that |V f(z) — Vf(y)|| < L ||z — yl| for all x,y € R%
Assumpti(?in 3. For alli € [n], there exists a constant L; > 0 such that ||V fi(x) — V fi(y)|| < Li ||z — yl| for
all z,y € R®.

Note that Assumption 2 follows from Assumption 3 with L_ < % S L.

2.1 Tight variance control of general sampling estimators

In Algorithm 1 (a generalization of PAGE), we form an estimator of the gradient V f via subsampling. In our
search for achieving the combined goal of providing a general (in terms of the range of sampling techniques
we cater for) and refined (in terms of the sharpness of our results, even when compared to known results
using the same sampling technique) analysis of PAGE, we have identified several powerful tools, the first of
which is Definition 1. Let

n
S" =< (wy, ..., wy) € R™"wy, ..., w, >0, Zwi =1
i=1

be the standard simplex and (2, F,P) a probability space.

Definition 1 (S(A, B, {w;}?_,) and Weighted AB Inequality). Consider any random mapping S : R¢ x
-x RTx Q — R which we will call “sampling”, such that E[S(a1,...,an;w)] = 13"  a; for all

T n
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ai,...,a, € R% and there exist A, B > 0 and weights (w1, ...,w,) € S" such that

2
: (2

E ail|* - B

~

n
HS(al, Capw) — L3 a
i=1

? A 1
S;Zlm
1=

n
LY a
=1

for all ay,...,a, € R% The collection of such samplings will denote as S(A, B, {w; }_,).

For simplicity, we denote S ({a;}! ;) := S(a1,...,a,) == S(a1,...,an;w). The main purpose of a sampling
S € S(A, B, {w;},) is to estimate the mean = >"" | a; using some random subsets (possibly containing
some elements more than once) of the set {ay,...,a,}. We refer to Table 1, where we provide examples of

samplings that satisfy this definition. One of the simplest examples is the sampling
S(at,...,an;w) = ay, (3)

where x € [n] is uniformly sampled from the set [n] (the Uniform With Replacement sampling with 7 =1
from Table 1).

We now define the cardinality |S| of a sampling S € S(4, B, {w;}" ;).

Definition 2 (Cardinality of a Sampling). Let us take S € S(A4, B, {w;}?_;), and define the function
S.(ay,...,a,) : R¥ x ... x R? — R? such that S, (ai,...,a,) = S(as,...,a,;w). If the function
S.(ai,...,a,) depends only on a subset A(w) of the arguments (a1, ..., a,), where A(w) : Q — 2{@1an}
we define |S| := E [|A(w)]] -

In terms of our problem (1), the cardinality of a sampling represents the number of the gradients V f; that a
sampling calculates in each draw. Note that it can be easily calculated (see Table 1 for details). In the case
of (3), one can see that |S| = 1.

Definition 1 is most closely related to two independent works: (Horvath & Richtérik, 2019) and (Szlendak
et al., 2022). Horvath & Richtédrik (2019) analyzed several non-optimal SGD methods for “arbitrary samplings”;
these are random set-valued mappings S with values being the subsets of [n]. The distribution of a such a
sampling is uniquely determined by assigning probabilities to all 2" subsets of [n]. In particular, they consider
the samplings S(a1,...,a,) = £ 3. ¢ or, pi == Prob(i € 5), [S| = [S], some A > 0, wy,...,w, = 0 and
B = 0. Our new set S(4, B, {w;};) includes these samplings. Recently, Szlendak et al. (2022) studied a
similar inequality, but in the context of communication-efficient distributed training with randomized gradient
compression operators. They explicitly set out to study correlated compressors, and for this reason introduced
the second term in the right hand side; i.e., they considered the possibility of B being nonzero, as in this way
they obtain a tighter inequality, which they can use in their analysis. However, their inequality only involves
uniform weights {w;}. See Table 1 for an overview of several samplings and the values A, B and {w;} that
belong to S(A, B, {w;},) from Definition 1. Our Definition 1 offers the tightest known way to control of the
variance of the sampling estimator, and our analysis can take advantage of it.

2.2 Sampling-dependent smoothness constants

We now define two smoothness constants that depend on the weights {w;}?_; of a sampling S and on the
functions f;.

Definition 3. Given a sampling S € S(A4, B, {w;}7_;), let Ly ,, be a constant for which

. ; o IV fi@) = VAWI® < 23 4 llz = y)1?, (4)

for all 2,y € R For (w1, ...,w,) = (I/n,...,1/n), we define Ly := L ,,.
Definition 4. Given a sampling S € S(4, B, {w;},), let L1 ,, be a constant for which

Vii(z) = VEWIE = IVF(@) - ViWI® < L3,z -y, Va,yeR (5)

1 = 1
w2
=1

For (w1,...,wp) = (Yn,...,Y/n), we define Ly := Ly ,,.
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Table 2: The complexity of methods and samplings from Table 1 and Sec 4.

Sampling scheme Complexity Comment
n2/3 (% B Lq‘,) SVRG method
Independent (Horvath & Richtérik, 2019) O n+ %’:1 pi < L;
. . . vnL .
Uniform With Replacement (Li et al., 2021) O |n+ —

max{+v/nLy,L_}
€

A, )

Importance eolnt+ ———=1~ qi = Z#
L
i=1

Uniform With Replacement (new) O|n+

€ .
i

max ﬁ\/ﬁ,g[,7 The functions f;
Stratified [c) <n 4 { 9 i=1 i+ }

= are splitted into g groups

Notation: n = # of data points; € = error tolerance; L_,L;, L4+, L, and L; 4+ are smoothness constants such that
L_<1 Zjﬂ Li, L_ <Ly and Ly < Ly; g = # of groups in the Stratified sampling.

One can interpret Definition 3 as weighted mean-squared smoothness property (Arjevani et al., 2019), and
Definition 4 as weighted Hessian variance (Szlendak et al., 2022) that captures the similarity between the
functions f;. The constants L. ,, and L4 . help us better understand the structure of the optimization
problem (1) in connection with a particular choice of a sampling scheme. Note that Definitions 3, 4 and
Definition 1 are connected with the weights {w; }7_;.

The next result states that L3 , and L3 ,, are well-defined and finite provided the functions f; are L;-smooth
for all i € [n].

Theorem 5. If Assumption 3 holds, then Lﬁ__’w = Liw =iy L? satisfy Def. 3 and 4.

n i=1 nw;

Indeed, from Assumption 3 and the inequality ||V f(z) — Vf(y)||> > 0 we get

-

1
n

i IV fil@) = VLI = VF(2) - V) < (i > ml,”L?> lz =yl

i=1

i=1

thus we can take L ,, = LS | = L2. The proof for L3 ,, is the same.

From the proof, one can see that we ignore |V f(z) — Vf(y)||* when estimating L3 ., However, by doing
that, the obtained result is not tight.

2.3 Clarifications and Discussion

In the literature, including (Li et al., 2021), it is usually considered that one of the following inequalities
holds. For all i € [n],

IVfi) = VLI < Lille —yll, Yo,y €RY,

for some L; < oo (see Assumption 3). The inequality
7 LIVA@ - VAW < L2 le—yl®,  vayeR,

holds for some L4 < oco. These inequalities are standard smoothness assumptions (the latter follows from
the former for some L2 < 13" | L?). Under the last inequality, Li et al. (2021) get the theoretical bound
O (n+ Lyn'/?e~!) that depend on L.

i) We want to emphasize that we also only consider Assumption 3. However, further we show that our
theoretical bounds depend on Ly ,, (and L. ,,) instead of L, and we provide the examples when L ,, (and
L, ,,) are much smaller than L, (see Table 2). We get this improvement without additional assumptions on
the problem (1).



Published in Transactions on Machine Learning Research (10/2023)

ii) The weights w; depend only on a choice of a sampling, and play an essential role in the Importance
sampling, for instance. In Sec 3.3, we show that if we take the Importance sampling with ¢; = L;/ 2?21 L;
for all ¢ € [n], then w; = L;/ Y i, L; for all i € [n], and it leads to the fact that Ly ,, < L, < %ZZL:I L;.
One can see that a good choice of a sampling can lead to good weights w; such that the inequalities in
Definitions 3 and 4 are satisfied with small L4 ,, and L, ,,. It holds without additional assumptions about
our problem.

3 A General and Refined Theoretical Analysis of PAGE

In the Algorithm 1, we provide the description of the PAGE method. The description of the method can be
found in (Li et al., 2021, Sec. 2.1) The choice of PAGE as the base method is driven by the simplicity of the
proof in the original paper. However, we believe that other methods, including SPIDER and SARAH, can also
admit samplings from Definition 1.

Algorithm 1 PAGE

1: Input: initial point z° € RY, stepsize v > 0, probability p € (0, 1]

2 g° = Vf(29)

3: fort=0,1,...,7 do

40zt =gt — gt

5:  Generate a random sampling function S

. 1 _ Vf(xtth) with probability p
g+ S ({Vfi(z"™) = Vfi(z")},) with probability 1 —p

7. end for

In this section, we provide theoretical results for Algorithm 1. Let us define Ag := f(2°) — f*.
Theorem 6. Suppose that Assumptions 1, 2, 3 hold and the samplings St € S(A,B,{w;}™ ).
Then Algorithm 1 (PAGE) has the convergence rate E [HVf(ET)Hz} < 220 where v <

S I
(L-+ 52 ((A=B) L2, + BLjW))_1 .
To reach an e-stationary point, it is enough to do

Ti= 220 (L4 \J52 (A= B) L2, + BIZ,)) (6)
iterations of Algorithm 1. To deduce the gradient complexity, we provide the following corollary.

[S]
|S|+n -

Corollary 1. Suppose that the assumptions of Thm 6 hold. Let us take p = Then the complexity (the

expected number of gradient calculations V f;) of Algorithm 1 equals

N:=0mn+[SIT)=6 (n+ 20[g| (L, + \/ﬁ (A-B)12, +BLiw))) ‘

Proof. At each iteration, the expected # gradient calculations equals pn + (1 — p)|S| < 2|S|. Thus the total
expected number of gradient calculations equals n + 2|S|T to get an e-stationary point. O

The original result from (Li et al., 2021) states that the complexity of PAGE with batch size 7 is
A Agy/nL
Norig := © <n + ?07' (L_ + ﬁm)) >0 (n + O\EF”*) (7)
T

forall 7 € {1,2,...,n}.

In the following examples, we will see that Cor 1 can guarantee better complexities than (7). These
improvements we get using a refined and tighter analysis of the gradient estimator ¢**! in Sec D. In particular,
we provide a better upper bound to the variance E [Hgt“ — Vf(xt"'l)Hg} , which makes our dependencies on

smoothness constants tighter.
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3.1 Uniform With Replacement sampling

Let us do a sanity check and substitute the parameters of the sampling that the original paper uses. We take
the Uniform With Replacement sampling (see Sec E.3) with batch size 7 (note that 7 > [S]), A = B = /> and

w; = 1n for all i € [n] (see Table 1) and get the complexity Nuniform = © (n—i— %T (L, + @Li)>

for all 7 € {1,2,...,n}. Next, let us fix 7 < max{@fﬂl}, and, finally, obtain that Nujitorm =

$) (n + %‘/M) . Let us compare it with (7). With the same sampling, our analysis provides

better complexity; indeed, note that max{y/nLy,L_} < \/nL; (see Lemma 2 in Szlendak et al. (2022)).
Moreover, Szlendak et al. (2022) provides examples of the optimization problems when Ly is small and L is
large, so the difference can be arbitrary large.

Note that the original analysis of PAGE (Li et al., 2021) is also based on Assumptions 1, 2 and 3, and we do
not have additional assumptions on the structure of the problem (1). We have better theoretical guarantees
in the same setting.

3.2 Nice sampling (= Uniform Without Replacement) sampling

Next, we consider the Nice sampling (see Sec E.1) and get that the complexity Npjce =

© (n + %T (L_ + % n((n 1)) Li>) . Unlike the Uniform With Replacement sampling, for € small enough,

the Nice sampling recovers the complexity of GD for 7 = n, which is equal to © (A"Li) .

3.3 Importance sampling

Let us consider the Importance sampling (see Sec E.3) that justifies the introduction of the weights w;. We
can get the complexity

A Agm L, L
Nimportance = © (n + EOT (L_ + ﬁLi,w)) <0 <n | Bomaxiynle, }>
T

3

for 7 < max {%, 1}. Now, we take ¢; = w; = —2— and use the results from Sec F to obtain

Zi:l Li

A Ly L . S
Nimportance = © <n + mm(”g“) (See Sec G). In Example 2, we consider the optimization task where

% 2?21 L; is /n times smaller than L. Thus the complexity Nimportance can be at least \/n times smaller
that the complexity Noig. However, we do not guarantee that Nimportance < Norig in general.

3.4 The power of B >0

This is the first analysis of optimal SGD, which uses B > 0. In all previous examples, the constant A = B > 0.

If A= B, then the complexity
N=0 n+ﬁ|S| L_ + —BL
€ S|

thus the complexity N does not depend on L2 4w Which greater of equal to L3 - It can even be possible
that L% ,, is close or equal to zero, while L7 ,, is arbitrary large. Unlike Deﬁmtlon 3of L% ., Definition 4 of
L% ,, captures the variance of gradient dzﬁerences Imagine that (wq,...,wy,) = (Yn,.. 1/n) and f; = f for
all i € [n], then the the left-hand side of (5) equals zero, and we can take Ly, =0. In general, we can not
take L3 ,, =01in (4) if f; = f for all i € [n].

3.5 Analysis under Pt Condition

The previous results can be extended to the optimization problems that satisfy the Polyak-f.ojasiewicz
condition. Under this assumption, Algorithm 1 enjoys a linear convergence rate.
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Assumption 4. There exists u > 0 such that the function f satisfy (Polyak-Lojasiewicz) PL-condition:
IVF@)I° 2 2u(f(x) - f*) vz €R,
where f* =inf cpa f(z) > —o0.

Using Assumption 4, we can improve the convergence rate of PAGE.

Theorem 7. Suppose that Assumptions 1, 2, 3, J and the samplings S' € S(A,B,{w;},).
Then Algorithm 1 (PAGE) has the convergence rate E[f(xT)} — < (1 = ywTAy, where v <

1
m1n{(L+\/2(1;p) ((A_B)Li,w—i_BL?t,w)) ’QP#}

Algorithm 2 PAGE with composition of samplings

1: Input: initial point z° € RY, stepsize v > 0, probability p € (0,1], ¢° = V f(2°)
2: fort=20,1,...,7 do
30 it =at — gt
b ot 1 with probability p
0 with probability 1 —p
5. if ¢! =1 then
g+ = V()
/* FL Interpretation: With the small probability, calculate the full gradients V f; on the nodes and
collect them */
7. else
8: Generate samplings S! for all i € [n]
9: Wit =8 ({V fij (') = V fij(2)}%)) for all i € [n]
/* FL Interpretation: Calculate the mini-batches hi** on the nodes */

10: Generate a sampling S* and set g'™! = g* + S* ({R{T'}1,)

/* FL Interpretation: Collect hf“ only from the sampled nodes */
11:  end if
12: end for

4 Composition of Samplings: Application to Federated Learning

In Sec 3, we analyze the PAGE method with samplings that belong to Definition 1. Now, let us assume that
the functions f; have the finite-sum form, i.e., fi(z) := mL, Z;’Zl fij(x), thus we an optimization problem

n my
min ¢ f(z) =5 3 5= 2 fii(2) ¢ (8)
z€RY i=1 =1

Another way to get the problem is to assume that we split the functions f; into groups of sizes m;. Let us
consider (8) instead of (1).

The problem (8) occurs in many applications, including distributed optimization and federated learning
(Konecny et al., 2016; McMahan et al., 2017). In federated learning, many devices and machines (nodes)
store local datasets that they do not share with other nodes. The local datasets are represented by functions
fi, and all nodes solve the common optimization problem (8). Due to privacy reasons and communication
bottlenecks (Kairouz et al., 2021), it is infeasible to store and compute the functions f; locally in one machine.

In general, when we solve (1) in one machine, we have the freedom of choosing a sampling S for the functions
fi, which we have shown in Sec 3. However, in federated learning, a sampling of nodes or the functions f; is
dictated by hardware limits or network quality (Kairouz et al., 2021). Still, each i*® node can choose sampling
S; to sample the functions f;;. As a result, we have a composition of the sampling S and the samplings S;
(see Algorithm 2).
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Assumption 5. Forall j € [m;],i € [n], there exists a Lipschitz constant L;; such that ||V f;;(x) — V fi;(y)|| <
Lij ||z =yl for all z,y € RY.

We now introduce the counterpart of Definitions 3 and 4.

Definition 8. For all i € [n] and any sampling S; € S(4;, B;, {w;; };n:l), define constant L; 4 ., such that

2
z—y

o Zl oo 1V fij (@) = VisWI* < L2 .,
=

for all z,y € RY.

m;

Definition 9. For all i € [n] and any sampling S; € S(A;, B;, {w;;}",), define constant L; ., such that

2
-y

1 & 1
— Zl IV fis(2) = Vi ())* = IV fi(z) = V()] < L7,
J

— MW
for all z,y € RY.

Let us provide the counterpart of Thm 6 for Algorithm 2.

Theorem 10. Suppose that Assumptions 1, 2, 3, 5 hold and the samplings St € S(A, B, {w;}"_,) and the
samplings S} € S(A;, Bi, {wi;};2,) for all i € [n]. Moreover, B < 1. Then Algorithm 2 has the convergence

=T |2 2A 1— -1
rate E [HVf(x )| } < SF, where v < (L, +1/ 57 (L +£g)) ,

I~/ A 1-B
Li==)" ( + (n)> ((Ai = Bi)L} 1, + BiLi 4 ),

n nw;
i=1

and
Ly:=(A—-B)LY , + BL% ,,.

The obtained theorem provides a general framework that helps analyze the convergence rates of the composition
of samplings that belong to Definition 1. We discuss the obtained result in different contexts.

4.1 Federated Learning

For simplicity, let us assume that the samplings S* and S} are Uniform With Replacement samplings with
batch sizes 7 and 7; for all ¢ € n, accordingly, then to get e-stationary point, it is enough to do

rmo(a (b o (Ao v i2) )

iterations. Note that T' > © (% (L_ + ,/%Li)) for all 7; > 1 for all ¢ € [n]. It means that after some

point, there is no benefit in increasing batch sizes 7;. In order to balance

15 172 2
% 2iz1 7 Li+ and L3, one can

take 7, = © (L?,i/Lft) . The constant L?yi captures the intra-variance inside i node, while L3 captures the
inter-variance between nodes. If the intra-variance is small with respect to the inter-variance, then our
theory suggests taking small batch sizes and vice versa.

4.2 Stratified sampling

Let us provide another example that is closely related to (Zhao & Zhang, 2014). Let us consider (1) and use a
variation of the Stratified sampling (Zhao & Zhang, 2014): we split the functions f; into g = 7/m groups, where
m is the number of functions in each group. Thus we get the problem (8) with f(z) = é 7. x Z;"Zl fij(x).
Let us assume that we always sample all groups, thus A = B = 0, and the sampling S! are Nice samplings
with batch sizes 1 for all ¢ € [n]. Applying Thm 10, we get the convergence rate

Tgroup := © (AEO <L + \/;gﬁ (% i=1 L?i))) ‘
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At each iteration, the algorithm calculates gm gradients, thus we should take p = gf:jrn to get
the complexity Ngouwp = © (n+gnT) = © (n + % (ngL_ +/n % 7 Lf}i)) . Let us take 7, <
LN L2 A LNY L2 gL_
max YOV 2 M T bt 1} to obtain the complexity Ngroup = © (n + o max{ v pee 1 s} . Com-

paring the complexity Ngroup With the complexity Nyniform from Sec 3, one can see that if split the functions
fi in a “right way”, such that L; 1 is small for i € [n] (see Example 3), then we can get at least vn/ /g times
improvement with the Stratified sampling. However, we can be “unlucky” with a splitting of the functions;
thus, we do not guarantee improvement in general.

5 Experiments

L. =05 L. =096;L, = 1.08 L. =097;L_ =098;L, =138

/. Vanilla PAGE, Batch: 1 Step: 0.03
Uniform With Replacement, Batch: 1 Step: 0.06.
Importance, Batch: 1 Step: 0.17

\GE. Batch: 1 Step: 0.02
ith Replacement, Batch: 1 Step: 0.03
< importance, Batch: 1 Step: 0.05

119912
1

A

119X 12

11VAx)|12

Number of functions: 1000

A

-2 10-° 1075 107
G 5000 10000 15000 20000 25000 30600 35000 G 5000 10000 15000 20000 25600 30000 0 5000 10000 15000 20000 25000 30600 0 5000 10000 15000 20600 25000 30000
# of gradient calculations # of gradient calculations # of gradient calculations # of gradient calculations

Figure 1: Comparison of samplings and methods on quadratic optimization tasks with various L.

We now provide experiments' with synthetic quadratic optimization tasks, where the functions f;, in general,
are nonconvex quadratic functions. Note that our goal here is to check whether the dependencies that our
theory predicts are correct for the problem (1). The procedures that generate synthetic quadratic optimization
tasks give us control over the choice of smoothness constants. All parameters, including the step sizes, are
chosen as suggested by the corresponding theory. In the plots, we represent the relation between the norm of
gradients and the number of gradient calculations V f;.

5.1 Quadratic optimization tasks with various Hessian Variances L.

Using Algorithm 3 (see Appendix), we generated various quadratic optimization tasks with different smoothness
constants L1 € [0,1.0] and fixed L_ ~ 1.0 (see Fig. 1). We choose d = 10, n = 1000, regularization A = 0.001,
and the noise scale s € {0,0.1,0.5,1}. According to Sec 3 and Table 2, the gradient complexity of original
PAGE method (“Vanilla PAGE” in Fig. 1) is proportional to L. While the gradient complexity of the
new analysis with the Uniform With Replacement sampling (“Uniform With Replacement” in Fig. 1) is
proportional to Ly, which is always less or equal L. In Fig. 1, one can see that the smaller L with respect
to L, the better the performance of “Uniform With Replacement.” Moreover, we provide experiments with
the Importance sampling (“Importance” in Fig. 1) with ¢; = Z:TIL*L for all ¢ € [n]. This sampling has the

i=1

best performance in all regimes.

5.2 Quadratic optimization tasks with various local Lipschitz constatns L;

Using Algorithm 4 (see Appendix), we synthesized various quadratic optimization tasks with different
smoothness constants L; (see Fig. 2). We choose d = 10, n = 1000, the regularization A = 0.001, and the
noise scale s € {0,0.1,0.5,10.0}. We generated tasks in such way that the difference between max; L; and
min; L; increases. First, one can see that the Uniform With Replacement sampling with the new analysis
(“Uniform With Replacement” in Fig. 2) has better performance even in the cases of significant variations
of L;. Next, we see the stability of the Importance sampling (“Importance” in Fig. 2) with respect to this
variations.

LOur code: https://github.com/mysteryresearcher/sampling-in-optimal-sgd
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Figure 2: Comparison of samplings and methods on quadratic optimization tasks with various L;.
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Figure 3: Comparison of samplings on nonconvex machine learning tasks with LIBSVM datasets.

5.3 Nonconvex classification problem with LIBSVM datasets

We now solve nonconvex machine learning tasks and compare samplings on LIBSVM datasets (Chang & Lin,
2011) (see details in Sec A.2). As in previous sections, PAGE with the Importance sampling performs better
in Fig. 3, especially in the australian dataset where the variation of L; is large.
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A Extra Experiments and Details

A.1 Quadratic optimization tasks with various batch sizes.

In this section, we consider the same setup as in Sec 5.1. In Figure 4, we fix L1, and show that the Importance
sampling has better convergence rates with different batch sizes. Note that with large batches, the competitors
reduce to the GD method, and the difference is not significant.

. =01L_ =096 L, = 0.97

1072 s | 0
[ A YN
LK SR
1V A 1,3
e N . =Py~
~
l Tk el
BN, XN ~,
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Figure 4: Comparison of samplings and methods with various batch sizes.

A.2 Details on experiments with LIBSVM datasets

We compare the samplings on practical machine learnings with LIBSVM datasets (Chang & Lin, 2011) (under

the 3-clause BSD license). Parameters of Algorithm 1 are chosen as suggested in Thm 6 and Cor 1. We take
the parameters for Uniform With Replacement and Importance samplings from Table 1 with ¢; = nLilL
i=1"""

We consider the logistic regression task with a nonconvex regularization (Wang et al., 2019)

n « T d 2
f(xl,xz):—qll; 10g< exp (a zy,) >+)\ Z Z% —  min ,

T d
Yyeqiy exp (a) 7y) ye{1,2} k=1 @1,72€R

where {-}; is an indexing operation, a; € R? is the feature of a i*"" sample, 3; € {1,2} is the label of a i*}
sample, constant A = 0.001. We fix batch size 7 = 1 and take w8a dataset (dimension d = 300, number of
samples n = 49,749) and australian dataset (dimension d = 14, number of samples n = 690) from LIBSVM.

australian w8a

4000
3500
£
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© 2500
52000

21500
£
21000
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L

Figure 5: The distribution of Lipschitz constants L;

Number of Datapoints
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Figure 6: Comparison of methods on australian dataset from LIBSVM

For the logistic regression, the Lipschitz constants L; can be estimated. The distribution of Lipschitz constants
L; across datapoints for that two datasets is presented in Fig. 5. We use Thm 5 to obtain Li,w and in)w.

A.3 Federated learning experiments with LIBSVM dataset

In this experiment?, we compare the Uniform With Replacement sampling and the Importance sampling on
the logistic regression task from Sec. A.2 in a distributed environment. The training of the models is carried
on australian dataset from LIBSVM. The dataset is reshuffled with uniform distribution, and then it is split
across n = 10 clients. In all experiments, we use Algorithm 2 with theoretical stepsizes according to Theorem
10. We tLake the parameters of the Uniform With Replacement and Importance samplings from Table 1 with
=S I

i=1""

According to Algorithm 2, we have the samplings S? that sample clients, and the samplings S! that sample
data from the local datasets of clients. Algorithm 2 allows mixed sampling strategies that satisfy Assumption 1.
For simplicity, we consider that the samplings S* and S! are of the same type.

For the logistic regression, the Lipschitz constants L; and L;; of the gradients of functions f;(z) and f;;(z)
can be estimated. As in Sec A.2, we use Thm 5 to obtain the constants Lf,Jr,w, Lf’i’w, Lf_yw and L% . The
results of experiments are provided in Fig. 6. We denote by Tpeints the batch size of the samplings Sf for all
i € [n], and by Tejients the batch size of the sampling St. The number of gradient calculations in Fig. 6 stands

for the total number of gradient calculations in all clients.

We demonstrate results for different values of the batch sizes Tejjents and Tpoints. As in previous experiments,
the Importance sampling has better empirical performance than the Uniform With Replacement sampling. In
addition to it, we observe that plots with small batch sizes Tpoints converge faster.

20ur code: https://github.com/mysteryresearcher/page_ab_fl_experiment_a3
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A.4 Computing environment

The code was written in Python 3.6.8 using PyTorch 1.9 (Paszke et al., 2019) and optimization research
simulator FL_ PyTorch (Burlachenko et al., 2021). The distributed environment was emulated on a machine
with Intel(R) Xeon(R) Gold 6226R CPU @ 2.90GHz and 64 cores.
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B Auxiliary fact: Variance Decomposition

We use the following auxiliary fact in our proofs: Let us take a random vector ¢ € R?, then

B[] = [I€ - EIEIP] + B (9)

C Examples of Optimization Problems

Example 1. For simplicity, let us assume that n is even. Let us consider the optimization problem (1) with
filz) = S2% + ba? for i €{1,---,n/2} and fi(z) = —%2*+ S22 fori € {n/2+1,--- ,n}, where z € R and
b> 0. Then f(z) = %2? and
2
V@) = V@I _ e

2 = sup =b
ay EEEk
Moreover,
Y\ i -V 2 1
L?i- = sup n szl || f (.13) 5 f (y)” _ = (((L + b)2 + (a o b)2) ,
a7y [z —yll 2

and we can take a arbitrary large.

Example 2. Let us assume that n > 2 and consider the optimization problem (1) with f;(z) = 22? and

filz) =0for i€ {2,---,n}, where z € R and b > 0. Then f(z) = 212,
Vi) =Vl _ b

L_ =sup =,
TF#Y lz =yl n
Xﬁ—~f IV fi(2) — vm>wzg
A P n
and
L \/ oy 22t V1) ~VEWIE _ b
vy [EX \/ﬁ
Example 3. Let us consider the optimization problem (8) with f(z) = 7, 1711 ;”: L fij (@) and fij(z) =

b2? for all i € [g] and j € [m], where z € R and b; > 0 and b; :Oforallze{Q ..,g}. Then f(z) = Ba?,

IVf(@) = VIl _ b

L_=su up K
Ly Vf; VW=V -V i
1y B B VA SO (96 IO _ (11
sup le =l i
and 1 «—n 2 ’
12, = aup B Sien V@) = V@I = V@ VG _

2
oy [l —yll

Substituting the smoothness constants to the complexity Nuniform from Sec 3 and Nuniform from Sec 4, one

can show that
AO max{\/ﬁLi,L_}> e <n+ AO\/ﬁbl)
€ E\/9

Nuniform =0 (n +
and

Neroup =0 | n +

Agmax {/n LY, gL- A
{ B o (s 2),

9

The complexity Ngroup i V7/,/g times better than the complexity Nyniform-
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D Missing Proofs

Lemma 1. Suppose that Assumption 2 holds and let z*t! = 2t — vgt. Then for any gt € R? and v > 0, we

have I
f($t+1) < f(z) va H _ ( _ 2) th+1 _ xtHQ + % Hgt _ Vf(:vt)||2- (10)

Proof. Using Assumption 2, we have
L_
f(xtJrl) < f(l’t) + <Vf(l‘t),33t+1 o l’t> + 7 ||xt+1 o xtHQ
L_ 2
= £ =1 (VI g') + 5 [l = .
Next, due to — (z,y) = 5 | — y|* =  |=]* = & |y||*, we obtain

Fat) < £ = FIHN - (5= 5 ) It =P+ G e - Vs

O
Theorem 6. Suppose that Assumptions 1, 2, 3 hold and the samplings St € S(A,B,{w;}™ ).
Then Algorithm 1 (PAGE) has the convergence rate E{HVf(ET)HQ} < 220 where vy <

T
(L_ n \/1‘71’ (A-B)L2, + BL;,U)f1

Proof. We start with the estimation of the variance of the noise:
B[[lg"" = Vs
= (1=p)E ||¢" + 8" (VL") = Vhi)}iy) - Vi
= 1= p)[IS" (VA" = Vi) = (V) = Vi) [P+ 0= p)[lo' - V|

where we used the unbiasedness of the sampling. Using Definition 1, we have

B[lo* - V)]

ga—m(AZniw VA6 - T - B[ - 950

Pl = VI
Using the definition of L, ,, and Ly ,,, we get

B [ugm s \ﬂ

(AZ () = Vii@))|* = BV FE Vf<xt>“2>
1-p)|¢’ —Vf(l")||
:(1‘]3)((‘“3) (3 it 1906 - w00 "
o (Z o VA = VA - V) - Vf(xt)”2> )
i=1
p) o' = Vi@ah)

<(1 *p) (A= B)L% , + BLZ ) |t — " + (1 - p) [|g* — V£ ()"
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We now continue the proof using Lemma 1. We add (10) with le x (11), and take expectation to get

E {f(x”l) -+ % gttt = Vf(le)Hz]

[ L_
<E[1@)- 1= FI9 @) - (5= 5 ) It =P + = vs )|
+ %E (=) [lg" =V @)+ (=) (A= B) L2, + BIZ,,) ' = ']
[ g 2_ 7 2 (12)
“B[r @)~ 5+ Ll -9 - T e )]
1 L. (-p) 2
- (27 B (A-B)IL3 , + BLiw)> | — 2t }
« gl
<E|f@) -1+ ol - vr @I - 3 1vr @)
where the last inequality holds due to 5- — LT’ — (1;;’)7 (A-B) L7, + BLiw) > 0 by choosing stepsize

-1

11—
v < <L— + \/pp ((A - B) L?‘r,w + BLi,w))
Now, if we define &, := f (z') — f* + 2 lg" = Vf (z')]%, then (12) can be written in the form

E[@:] S E[@] - 2B [[|VS ()] -

Summing up from t =0 to T — 1, we get
T—1
E[er] < E[®] - 2 > E[|Vf (@)]] -

t=0

Then according to the output of the algorithm, i.e., Z7 is randomly chosen from {xt}tem and &g =

F(@%) = f7 4 90— VF (20) 2 = £ (2°) = f* = Ao, we have
E[Ivs @n)lP] < =22
O

Theorem 7. Suppose that Assumptions 1, 2, 3, 4 and the samplings S* € S(A,B,{w;},).
Then Algorithm 1 (PAGE) has the convergence rate E[f(z7)] — f* < (1 — yu)TAq, where v <

-1
min{<L_ + \/@ (A-B)L2 , +BL3 ,w)) ;;}

Proof. From the proof of Thm 6, we know that

B[lg+ - V)]

<(1-p) ((A-B) L%, +BL3,) [+ — o' + (1 - p)[lg - Vi)’ (13)
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Using Lemma 1, we add (10) with %x (13), and take expectation to get

E {f(xt-i-l) — % Hgt+1 . vf(mt+1)H2]

<E|f@) - 1= JIN @I - (5 - 5 ) ettt o4 S ot = 7 @)

+ %E (=) lg" =V @)+ =p) (A= B) L3, + BIZ,) [ = a'|["]

=B (1) -5+ (1= B) Ll - 95 ) - 2 9r )

1—
(LU e, e -]

<B|f@)- s+ (1-5) 2ot - s @) - F 197 @)

where the last inequality holds due to % - LT’ - % ((A — B) Li,w + BL?t,w) > 0 by choosing stepsize

v < (L_ + \/2(1;]9) (A-B)L% , + BLiw)> :

Next, using Assumption 4 and v < %, we have

B 1) - 1+ 2 g - Vo]

t Tt 2
<(Q-yuE [f (') — "+ . lg" = V(") } :
Unrolling the recursion and considering that ¢° = V f(z"), we can complete the proof of theorem. O

E Derivations of the Parameters for the Samplings

E.1 Nice sampling

Let S be a random subset uniformly chosen from [n] with a fixed cardinality 7. Let us fix a1, ...,a, € R%. A
sampling S(ay,...,a,) = %Zz‘es &+ is called the Nice sampling, where p; := Prob(i € 5).

Let us bound E {HS(al7 can) — A aiHQ} and find parameters from Definition 1. Note that |S| = |S| =
7. We introduce auxiliary random variables

_J1 ies
Xi = 0 otherwise. '
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Due to p; = Prob (i € §) = T, we have

2

lz“z

€S pi

E

n 2
i;Xiai
2 ZE |:|X1al|| :| + 72 ZE XzazaX]a]>]

i#]
1
:722 |at|| +7QZE XHX]>] <a’l7a’J>
i=1 i#]
- —Z o + T 3 o)
i#]

1 & r—1 i 2>
= o 2 el + =y }l_jaz §._j sl

n—-T 1
= ZH%”

where we use E [x?] =E[x;] = Z and E [x;x;] = nEn 7y> When i # j.

Finally, we have

2
=E

1 ai2 1 — ’
,Zf EZ‘”

€S pi

n—-T 1
= Z las]|* +
n—rt 1 —
CT(n—1) n;HalH

E = _ = a;
n

1€S i=1

n
1
,E a;
n <
i=1

Thus we have A = B = T("n_fl) and w; =+ for all i € [n].

E.2 Independent sampling

Let us define i.i.d. random variables

- J1 with probability p;
Xi = 0 with probability 1 — p;,

for all i € [n] and take S := {i € [n]|x; = 1}. We now fix ai,...,a, € R% A sampling S(ay,...,a,) :=
1 ZZES % g called the Independent sampling, where p; := Prob(i € 5).
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We get
’ I -1 1 |
OIS o0 3| E5 oo s I F5 o
Nies P i=1 nis P [t
"L E [xi] B[] B[] 1 |
Xi 2 Xi X3
= 2.2 || 1|| +Z 2. <l7a]> 7Zai
-1 P i#j nPib; i3
2
S o S (Do I >R M >0
i=1 i=1 i=1
1 n
~= 2 (5 1) o]
Thus we haveA—Z , B=0and wl—r}#for all i € [n].
111 m i=1 1=p;

E.3 Importance and Uniform With Replacement sampling

Let us fix 7 > 0. For all k € [7], we define i.i.d. random variables

1 with probability gq

2 with probability g2
Xk = .

n  with probability g,

where (q1,...,q,) € S™ (simple simplex). A sampling

T

1
S(al""aan) ::72&

T = M

is called the Importance sampling. The Importance sampling reduces to the Uniform With Replacement
sampling when ¢; = 1/n for all i € [n]. Note that |S| < 7.

Let us bound the variance

e zaz

k= ank

_7—22

E

S|

(a2

ank k#k! i=1 ank’

Using the independents and unbiasedness of the random variables, the last term vanishes and we get

2
n
1
fE a;
n -
=1

T

1 a
b ;];n;:ki :722 ank Zal
© 1 ay, 7] 11 <
ﬂk_lE[nch 17 3
2
1 n
72% n; ﬁ;az
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n

11 1
=== —llal® -
T n

n
= M

5

Thus we have A = B =1, and w; = ¢; for all i € [n].

E.4 Extended Nice sampling

In this section, we analyze the extension of Nice sampling. First, we [; times repeat each vector a;, then we
use the Nice sampling. We define

l.
'a1 1§z§l1

l.
—ay L +1<i<li+1

Jj=1

19 n—1 . n
nl, 4n Z_j:l lj<i< Zj:l lj,

where a; € R? and [; > 1 for all 5 € [n]. Then we have

where N := 37" I;. Also, we denote N}, := Z§=1 .

For some 7 > 0, we apply the Nice sampling method:

I =1
S(ai,...,an) = E j: E ;Xidia
e ;

where

1 ieS
P = ) i = Prob(ie S ’
X { 0 otherwise b rob (i )

and S is a random set with cardinality 7 from [N]. The sampling S(a4, ..., a,) is called the Extended Nice
sampling.

We now ready to bound the variance. Using the results for the Nice sampling, we obtain

n 2

E S(al,...,an)—l a;(x)
n -
1=1
1 & ’
=E |||S(a1, 7an)—N;di(az)
n—71 1 N n—rT 1 N ’
- 7(n 1)N;”al|‘ T(n—1) N;al
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2
o on—=T N 1 s N1 2 N 1 2 n—rT 1 «
CT(n—1) (nh n lax”+ nly n lazl” -+ nl, n len T(n—1) ||n ;al
2
n—rT "1 2 n—r 1 «
CT(n—1) (; n2w; lladll ) Cr(n—1) ‘n ;al
where w; = ZNZ Thus we have A = B = T&_fl) and w; = lﬁl for i € [n].

F The Optimal Choice of w;

Let us consider Li,w and Liw In Sec 2, we show that one can take Lﬁ__’w = in’w = % S ﬁLf Let us
minimize % Z?:l ﬁL? with respect to the weights w; such that wq,...,w, > 0 and Z?:l w; = 1. Using
the method of Lagrange multipliers, we can construct a Lagrangian

n

L(w,A) = %Zn;_Lf—/\ (Z":wi—1> .

i=1

Next, we calculate partial derivatives

oL 1
= L?-A=0i€n
Ow; n2w? " ]
and get
L2
w? = — 5
n2
Using Y, w; = 1, we can show that the weights w} = Li T are the solutions of the minimization

i=1

problem. Moreover,
2
I 1 I
L3 = — LZ=(=-) L;| .
£ nan;k ! <n; )

i=1

G The Complexity of Algorithm 1 with the Importance sampling

The expected number of gradient calculations V f; of Algorithm 1 with the Importance sampling, the optimal
w;* from Sec. F, and 7 < max {%, 1} equals

Nimportance =0

A D
O(”"‘Ago\/ﬁl/:l:,w*“r‘ V7 (i iy )>

_0<n+A0\/ﬁ(iZ?—1Li)>.

€

H Missing Proofs: The Composition of Samplings

Lemma 2. Let us assume that a random sampling function S belongs to Definition 1 with some A, B and
weights w;, and o random sampling function S; belongs to Definition 1 with some A;, B; and weights w;; for
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all i € [n]. Moreover, B < 1. Then

2
E S(Sl(all,u-,alml)’-uvsn(anl,u-,anmn))**Z — Ajj
i \M 4o
2
Ie-/ A (QA-B)\ [ A 1 2 1 &
< - — ijll” — Bi || — ij
T on 4 <nwl * n > miZmiwij lassl miZa]
=1 j=1 Jj=1
2 2
A : 1 —
e S o I eS| B
i=1 =1 = j=1
where a;; € RY for all j € [m;] and i € [n].
Proof. We denote @; := S; (a1, ..,aim,) and a; :—LZ] 1 @i;. Using (9), we have
1 |
E |||S(ai,...,a,) — — i
<a17 70’) nizzla
o L .
=E ES S(al,...,an)—ﬁzgai
- - . 2:: . 9
E |Es |||S@ n) 1ZA N EA e 12
= Alyee.yQp) — — a; — a; — — a;
i b nia nia nia

Due to (9), we obtain

B S(&l,...,an)—%zn:ai
[nal—azu}M Z

n n
1 - 1

=S ai-=Y

n “ n “
=1 =1

n

1
gAnZ

=1

2
— BE

i=1

+E

2
n n
1 - 1
PP I
=1 i=1
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n

1 1
:Aﬁlzlnwz [|a1—a1||}+A Z
1 & 1 — 1 — ’

S sl Al

Zaz
I~/ A  (1-B) . 5 I~ 1 2
N C )E[naz-—ain]MZwain -

n = \nw; n n = nw;

Using Definition 1 for the samplings S;, we have

2

n
1
f§ :ai
n

i=1

2

n

S(ar,...,an) =~ > a;

i=1

I/ A (1-B) 1 & 1 ) )
=5 — ) | A il — Billai
n Z:ZI (nwi * n ) m; Z s 5 llais | llaill

(i i Wij

E

1w 1 1 — ?
AN || =B = .
+ n;an Ha/l” n;al

O

Theorem 10. Suppose that Assumptions 1, 2, 3, 5 hold and the samplings St € S(A, B, {w;}"_,) and the
samplings St € S(4;, B;, {wij}i)) for alli € [n]. Moreover, B < 1. Then Algorithm 2 has the convergence

rate E [HVf(fT)HQ} < QWAT", where v < (L_ + 1],%1’ (L + L’g)) ,

AN (AL OB (4 g2 12
L, _nz< o )((Az Bi)L} 4wy + Bill i u,),

nw;
i=1

and
Ly:=(A—-B)L3 , + BL: .

Proof. We start with the estimation of the variance of the noise:
B[l - v ’]
— (1= o +8 ({8: (V™) = VAN )) L, ) - VS t“))f]
(1 =p)||S ({S: (Ti@*) = V@) }, ) = (V) - Vi@ H +(1=p) gt - VI
where we used the unbiasedness of the composition of samplings. Using Lemma 2, we have

E [||gt+1 B vf<xt+1)}|2}

<Op (23 (A 0D (ASh o) - v, @) - BVAE) - a6

m; m;Ww.
i—1 imy i

27



Published in Transactions on Machine Learning Research (10/2023)

A 1 .
o 2 V4G = VG = B VS Vf(x)|\2>

+(1-p)|lg" = VI

Using Definitions 3, 4, 8 and 9, we get

B[lo* - V6]

I~/ A 1-B Ai—Bi e~ 1
<(1-p) (nz (nwi +( - )) ( o jz::lmi’wij vaij(x“rl)—vfij(xt)”?

i=1

I & 1
: BZ (mz Z m;Wi; va” t+1) Vf”(xt)HQ - ||vfi(xt+1 vfl “ ))

j=1
A-B 1 . (2
+— ;TWHVfi(xH)—Vfi(x)H
R
+B (n;WHVfi(xtH)—Vfi( H ||Vf an || ))

+(1-p)|lg" - VI

<a-p(iy (A + “‘B)) (A= B)LZ, o + Bi?.,) + (A= B2, + BL;w> e+ — ot

nw; n

From this point the proof of theorem repeats the proof of Thm 6 with

1 A 1-B
Z ( + ()) ((A - B; )Lz2+ w; + BiLii,wi) + (A - B>L2+,w + BLgt,w

nw; n

instead of
(A-B)L% , +BL% ,,
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I Artificial Quadratic Optimization Tasks

In this section, we provide algorithms that we use to generate artificial optimization tasks for experiments.
Algorithm 3 and Algorithm 4 allow us to control the smoothness constants L1 and L;, accordingly, via the
noise scales.

Algorithm 3 Generate quadratic optimization task with controlled Ly (homogeneity)

1: Parameters: number nodes n, dimension d, regularizer )\, and noise scale s.

2: fori=1,...,ndo

3. Generate random noises v = 1 + s&§ and 1 = s&?, i.i.d. &, ¢ ~ NormalDistribution(0, 1)
4:  Take vector b¢:§(—1+uf70,--~ ,0) € RY

5:  Take the initial tridiagonal matrix

2 -1 0
A — v -1 c Rdxd
4
-1
0 -1 2
6: end for
7: Take the mean of matrices A = % S A
8: Find the minimum eigenvalue Apin(A)
9: fori=1,...,ndo
10:  Update matrix A; = A; + (A — Anin(A))I
11: end for
12: Take starting point z° = (v/d,0,--- ,0)
13: Output: matrices A1, -+, A, vectors by, - - , by, starting point z°

Algorithm 4 Generate quadratic optimization task with controlled L;

1: Parameters: number nodes n, dimension d, regularizer )\, and noise scale s.

2: fori=1,...,ndo

3:  Generate random noises 1§ = 1+ s&7, where i.i.d. & ~ ExponentialfDistribution(1.0)
4:  Generate random noises 0 = s¢%, i.i.d. £% ~ NormalDistribution(0, 1)

5

6

Take vector b; = (—% +v2,0,---,0) € R4
Take the initial tridiagonal matrix

2 -1 0
A = LZS -1 c Rdxd
1 -1
0 -1 2
7: end for
8: Take starting point z° = (v/d,0,--- ,0)
9: QOutput: matrices Aq,---, A, vectors by, - - ,b,, starting point 2°
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