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Abstract

Recent large language models (LLMs) achieve
near-saturation accuracy on many established
mathematical reasoning benchmarks, raising
concerns about their ability to diagnose genuine
reasoning competence. This saturation largely
stems from the dominance of template-based
computation and shallow arithmetic decomposi-
tion in existing datasets, which underrepresent
reasoning skills such as multi-constraint coordi-
nation, constructive logical synthesis, and spa-
tial inference. To address this gap, we introduce
REASONINGMATH-PLUS, a benchmark of 150
carefully curated problems explicitly designed
to evaluate structural reasoning. Each prob-
lem emphasizes reasoning under interacting
constraints, constructive solution formation, or
non-trivial structural insight, and is annotated
with a minimal reasoning skeleton to support
fine-grained process-level evaluation. Along-
side the dataset, we introduce HCRS (Hazard-
aware Chain-based Rule Score), a deterministic
step-level scoring function, and train a Process
Reward Model (PRM) on the annotated rea-
soning traces. Empirically, while leading mod-
els attain relatively high final-answer accuracy
(up to 5.8/10), HCRS-based holistic evalua-
tion yields substantially lower scores (average
4.36/10, best 5.14/10), showing that answer-
only metrics can overestimate reasoning robust-
ness.

1 Introduction

Recent large language models (LLMs) have demon-
strated substantial progress in mathematical and
logical reasoning (Li et al., 2024). Bench-
marks such as CMATH (Wei et al.,, 2023),
GAOKAO (Zhang et al., 2023), ZebralLogic (Lin
et al., 2025), Hard2Verify (Pandit et al., 2025),
Omni-MATH (Gao et al.,, 2024), and Fine-
MATH (Liu et al., 2024) have played a central
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role in quantifying these advances and in driv-
ing techniques including chain-of-thought prompt-
ing, verifier-based reasoning, and reward learning.
However, as performance on these benchmarks ap-
proaches saturation, it becomes increasingly un-
clear whether high scores faithfully reflect genuine
reasoning competence, particularly the ability to
construct structured, minimal, and logically coher-
ent arguments (Wang et al., 2024; Qi et al., 2024;
Chen et al., 2024; Rafailov et al., 2023).

A closer examination reveals that this limita-
tion stems not from a lack of benchmarks, but
from systematic biases in how reasoning is eval-
uated.Existing datasets predominantly emphasize
arithmetic computation or competition-style prob-
lem solving and focus primarily on final-answer
correctness, offering limited insight into the struc-
ture and robustness of the reasoning process it-
self (Paul et al., 2024; Prasad et al., 2023). More-
over, heavy reliance on public educational re-
sources increases the risk of overlap with pretrain-
ing corpora, complicating the distinction between
genuine reasoning and memorization (Deng et al.,
2024; Choi et al., 2025; Zhang et al., 2024; Car-
lini et al., 2021). As a result, core reasoning
abilities—such as multi-constraint deduction, con-
structive number-theoretic reasoning, and spatial
or diagrammatic inference—remain underrepre-
sented, despite being central to human problem
solving (Lin et al., 2025; Beyer and Reed, 2025).

To address these limitations, we introduce
REASONINGMATH-PLUS, a benchmark of 150
curated problems designed to evaluate structural
mathematical reasoning with explicit attention to
the reasoning process, rather than final-answer cor-
rectness alone. The benchmark focuses on cog-
nitively fundamental reasoning skills, including
intuitive logic, combinatorial and number-theoretic
construction, and spatial reasoning, which have
been extensively studied in prior work but are often
evaluated in isolation or primarily through answer-



level metrics (Cobbe et al., 2021; Hendrycks et al.,
2021; Glazer et al., 2024). Each problem is an-
notated with a concise, human-designed minimal
reasoning skeleton that specifies the essential in-
termediate assertions required for a correct solu-
tion, enabling controlled and comparable process-
level evaluation across models. To facilitate cross-
lingual analysis and mitigate language-specific bi-
ases, we release parallel Chinese and English ver-
sions with matched semantics and difficulty.

Beyond final-answer evaluation, we propose a
process-level assessment framework tailored to the
benchmark. We introduce HCRS (Hazard-aware
Chain-based Rule Score), a deterministic scoring
function that evaluates reasoning traces via LLM-
based step verification, with hazard-based weight-
ing that penalizes earlier errors, consistent with
recent step-level verification findings (Pandit et al.,
2025). We also train a Process Reward Model
(PRM) on the annotated reasoning skeletons to pro-
vide a learned scoring signal capturing coherence,
logical progression, and sufficiency of generated
reasoning traces. Together, these scoring mecha-
nisms support fine-grained analysis of reasoning
deviations from minimal logical structure and their
impact on final correctness.

Taken together, this work introduces a process-
aware benchmark for diagnosing structural math-
ematical reasoning in large language models. Our
contributions are summarized as follows:

* A benchmark for structural reasoning diag-
nosis. We curate REASONINGMATH-PLUS,
a collection of 150 problems emphasizing
intuitive logic, combinatorial and number-
theoretic construction, and spatial reasoning,
which are not systematically isolated and di-
agnosed in existing benchmarks.

* Human-designed minimal reasoning skele-
tons. Each problem is annotated with a con-
cise sequence of essential intermediate asser-
tions (typically 2-10 steps, median 5), provid-
ing a task-specific structural reference for con-
trolled step-level analysis without constrain-
ing surface realizations.

¢ A minimal-structure-grounded process
evaluation framework. We introduce HCRS,
a hazard-adjusted deterministic scoring func-
tion, together with a Process Reward Model
(PRM) trained on the same skeleton annota-
tions. By grounding process evaluation in

problem-specific minimal reasoning structure,
the framework evaluates whether interme-
diate assertions satisfy essential constraints,
rather than only checking the final answer.
This reveals substantial gaps between answer-
level success and process-consistent reason-
ing: answer-level scores can reach 5.8/10,
whereas holistic HCRS-based scores average
4.36/10.

2 Related Work

Mathematical and logical reasoning bench-
marks. A wide range of benchmarks have
been proposed to evaluate mathematical reason-
ing in large language models. Early datasets
such as GSMS8K (Cobbe et al., 2021) and AS-
Div (Miao et al., 2020) focus primarily on arith-
metic word problems with short multi-step deriva-
tions. These benchmarks have played an impor-
tant role in demonstrating the effectiveness of
chain-of-thought prompting and self-consistency
decoding; however, the underlying tasks are highly
templated and often overlap with common edu-
cational resources, limiting their ability to diag-
nose deeper reasoning abilities. More advanced
benchmarks, including competition-style datasets
such as AIME25 (Zhang and Math-Al, 2024),
HMMT25 (Henkel, 2025), and MiniF2F (Zheng
et al., 2021), extend coverage to algebra, geome-
try, combinatorics, and number theory, capturing
higher difficulty levels and longer reasoning chains.
Despite this increased difficulty, these benchmarks
typically rely on final-answer evaluation and pro-
vide full solution traces rather than minimal, struc-
tured reasoning representations, which constrains
fine-grained analysis of reasoning behavior.

More recently, efforts such as Omni-
MATH (Gao et al., 2024) and FrontierMath (Glazer
et al., 2024) further expand topical scope and
difficulty to university-level and research-oriented
problems.  While these datasets expose the
limitations of current LLMs at the frontier of
mathematical reasoning, their heterogeneity in
difficulty and reliance on specialized solvers
complicate controlled comparison and sys-
tematic process-level evaluation. In contrast,
REASONINGMATH-PLUS focuses on a targeted
set of structural reasoning skills—multi-constraint
logical deduction, constructive combinatorics, and
spatial intuition—that remain underrepresented
in existing benchmarks. Table 1 summarizes key



differences between REASONINGMATH-PLUS and
representative datasets.

Evaluating reasoning processes. Beyond final-
answer accuracy, evaluating the reasoning pro-
cess itself has become an important research di-
rection (Cobbe et al., 2021). Early approaches
relied on heuristic pattern matching or post-hoc
regular expressions to identify invalid reasoning
steps (Cobbe et al., 2021; Wang et al., 2022). More
recent work employs LLM-based verifiers for step-
level evaluation or trains reward models to score
reasoning traces, as explored in verifier-guided de-
coding and PRM-based frameworks (Ouyang et al.,
2022; Rafailov et al., 2023).

In mathematical reasoning, some systems fur-
ther incorporate symbolic solvers or formal proof
assistants to validate intermediate steps (Wei et al.,
2022; Glazer et al., 2024). While effective for for-
malized mathematics, such approaches are difficult
to generalize to natural-language reasoning tasks,
particularly those requiring intuition, construction,
or implicit constraints. Consequently, across ex-
isting step-evaluation methods, a common limita-
tion is that reasoning steps are typically assessed
independently, without accounting for the tempo-
ral position of an error within the reasoning chain.
Early mistakes often propagate and dominate down-
stream reasoning, yet this effect is rarely reflected
in evaluation metrics. REASONINGMATH-PLUS
addresses this gap by aligning process-level eval-
uation with human-designed minimal reasoning
structure and by explicitly modeling the impact of
error position through hazard-adjusted scoring.

3 Benchmark Curation

3.1 Motivation

REASONINGMATH-PLUS is designed to expose
structural reasoning failures that are often obscured
by answer-only evaluation. Rather than increasing
symbolic or computational complexity, we focus
on problems whose correctness depends on coor-
dinating multiple constraints, eliminating incon-
sistent possibilities, and constructing minimal yet
sufficient reasoning chains. This design enables
targeted diagnosis of reasoning errors that are not
reliably revealed by existing mathematical bench-
marks.

3.2 Data Collection

Data construction. REASONINGMATH-PLUS is
curated to elicit structural inference rather than

symbolic manipulation. Concretely, (S1) we draft
candidates via manual authorship and structural
adaptation of puzzle-style tasks; (S2) we iteratively
refine each item into a precise natural-language
statement with explicit constraints and minimal
specialized notation; (S3) we check solution well-
definedness by independent re-solving and remove
or revise candidates with ambiguity or non-unique
interpretations; and (S4) we reduce resemblance to
common exam/contest templates through targeted
rewriting and conservative screening for overly for-
mulaic patterns.

Released annotations. The benchmark consists
of 150 problems with explicit process-level anno-
tations. Each item is released with a gold final
answer, a full human-written solution, a reasoning
skeleton, and subject and difficulty labels. In addi-
tion, all problems are provided in parallel Chinese
and English versions with aligned semantics and
difficulty to support cross-lingual analysis. Table 2
presents an example of the annotation schema and
reasoning skeleton.

Minimal reasoning skeletons. For process-
level evaluation, each problem is annotated with
a minimal reasoning skeleton—a short sequence
of necessary intermediate assertions that are suffi-
cient to derive the gold answer. Importantly, mini-
mal does not prescribe how a model should write
its reasoning: models may produce longer traces
with self-verification or deliberation. The skele-
ton serves as a stable alignment target for step
verification by focusing evaluation on essential
structural commitments, enabling (i) comparable
process scoring across traces of vastly different
lengths, and (ii) precise localization of the earli-
est structural error that drives downstream failure.
Skeletons range from 2 to 10 steps (mean 4.65).

Subject-level labels for analysis. In addition to
process-level annotations, each problem is assigned
a coarse-grained mathematical subject label. These
labels are not intended to define task formats or
target specific domain skills; rather, they serve as
an analysis axis that enables comparison with prior
mathematical reasoning benchmarks and supports
diagnostic breakdowns across familiar categories.
We adopt conventional subject labels (algebra, num-
ber theory, geometry, combinatorics, and probabil-
ity) to maintain interpretability and facilitate cross-
benchmark analysis, while emphasizing that the
primary evaluation focus of REASONINGMATH-
PLUS lies in structural reasoning patterns rather
than domain-specific content. In the final dataset,



Benchmark AIME25 HMMT?25 C-EVAL M3KE REASONINGMATH-
PLUS

Language En En Zh Zh Zh

Size 30 30 669 796 150

Problem Type Fill-in-the-Blank  Fill-in-the-Blank / MCQ MCQ Fill-in-the-Blank /
MWP MWP

Question Len. 363.07 328.53 76.28 46.24 125.0

Solution Len. 2.90 10.13 - - 213.9

Subject Label v v X X v

Reasoning Skeleton X X X X v

Table 1: Comparison of REASONINGMATH-PLUS with representative math reasoning benchmarks. MWP denotes
math word problems and MCQ denotes multiple-choice questions.

algebra (71 problems) and number theory (51 prob-
lems) constitute the majority of instances, reflect-
ing the prevalence of constraint-based deduction
and constructive reasoning in these areas. Geom-
etry (12), combinatorics (11), and probability (5)
provide additional structural diversity. The subject
distribution is summarized in Table 3.

4 Methodology

To assess reasoning validity beyond outcome cor-
rectness, we propose a dual-perspective framework
under two supervision regimes (Fig. 1): a skeleton-
guided diagnosis when dense intermediate anno-
tations are available, and an outcome-conditioned
verifier otherwise.

1. Branch A: Skeleton-guided Structural Di-
agnosis (HCRS). Given an expert reason-
ing skeleton of necessary assertions, an LLM
judge inspects each step for structural com-
mitment. This paraphrase-tolerant diagnosis
focuses on semantic alignment rather than
exact matching. We aggregate results via
HCRS, applying format and hazard penalties
to strictly penalize early logical fractures.

2. Branch B: Outcome-conditioned Verifica-
tion (PRM). Without skeleton supervision, a
learned Process Reward Model (PRM) verifies
each step in an outcome-conditioned manner,
using only the problem statement and the gold
final answer, and outputs discrete step-validity
labels for scalable evaluation.

Notably, we show in Section 5.2.3 that HCRS-style
penalties are verifier-agnostic and can improve
alignment for both skeleton-guided and outcome-
conditioned verifiers.

4.1 Branch A: Skeleton-guided Diagnosis and
HCRS Aggregation

Motivation. Answer-only evaluation can mask
right answer, wrong reasoning failures and pro-
vides limited granularity for long chains. We there-
fore perform step-level diagnosis to localize errors
and assign partial credit with explicit justifications.

HCRS Framework. Branch A defines HCRS, a
deterministic aggregation rule mapping step valid-
ity labels from an external judge J to a scalar score
via format- and hazard-based penalties. We instanti-
ate J with Gemini-3-Pro (our fixed teacher judge).
All hyperparameters (e.g., o, 3, w) are fixed across
models (Table 4).

Step Validity and Base Score. Given an input
x and a trace S1., the judge assigns binary labels
VY = {v1,...,vnN} by inspecting each step against
skeleton assertions (paraphrases allowed; commit-
ments required). These labels are then aggregated
into a normalized base score:
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Lgoid|/ Lgola denote deviation from the reference
length L.
Prny = are”.
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We apply an asymmetry factor ) (set n = 1.5 if
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Hazard Penalty (F;,,). For a first error at step
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Information Example in Chinese

English Translation

Question:

TSI T — MK, AR EEE, RAT LLAET
IEGERREE, EPENEsES145, &K
Febriz B2, HHIEEmEBEM S
LR 78, 2, 13, 91, 1, 30, 1EEHH N 6,

I designed a game where you are given six numbers
and may apply addition, subtraction, multiplication,
and division. Each addition or subtraction gives 1

point, each multiplication or division gives 2 points,

BHRH AR RERTR .

Solution: YR TR

stepl: Kifll Lz BV TG, &

FAFEAA X RLAE -

-z
step2: FEPRIEERAE 45 AT 95 R Hi t A0 AT R
T, etEREEEE Gk BR) MUSKRLE

o

step3: M EESIZRAHSIAS, HREES

RERIY, THik HG0 s /15 -

stepd: FSUEHALTT RIZ B IE HA550 2 K

o

FRRR T hifE

WIIELECFES: 78, 2, 13, 91, 1, 30-
SRS I =14, R’F=24%, HI

53| B bR &N +6 43 -
Mgk (78/2/13)+(91-1)/30-

HA. 78/2)=39 (BRi%, +247) , (39/13)=

3 (BRIE. +29) .

91-1)=90 (W¥E, +14) , 90/30)=3 (B&

B, 1259)
B+3)=6 (Nik, +143) -

RS BRIE3IR x24r =64, INE 2 Ik x1

=24, BONERI 6y, EIr=147)-

Subject: REL
Level: e
Answer: fEFATTEITFE (78 /2/713) + (91 - 1) /30, FiR4E

Rhe, B 14.

AL

and producing the target output yields an additional 6
points. Given the numbers 78, 2, 13, 91, 1, and 30
with target output 6, find a solution with the
maximum score.
Reasoning Skeleton:
J&  Step 1: Reformulate the task as an operation selection
problem where each operator has an associated score.
Step 2: Under the constraint that the final result
equals the target value, prioritize high-scoring
operations (multiplication and division).
Step 3: Enumerate or derive operator combinations,
compute results and scores, and select the
highest-scoring valid solution.
Step 4: Verify that the final expression is correct and
achieves the maximum score.

|

Detailed Reasoning:

Initialize the number set: 78, 2, 13, 91, 1, 30.
Scoring rules: addition/subtraction = 1 point;
multiplication/division = 2 points; successful target
output = +6 points.

Construct the expression: (78 /2/13)+(91-1)/30.
Operations include three divisions and two
additions/subtractions, producing the target value 6.
The total score is 14, which is maximal under the
given rules.

Algebra
Hard

The expression (78 /2 /13) + (91 - 1) / 30 produces
the target value 6 with a total score of 14.

Table 2: A bilingual example from REASONINGMATH-PLUS

and set P, (t*) = min(Chaz,w - Phaz(t*)). The
schedule is fixed across all evaluated models (Ap-
pendix F).

Aggregation. We define the process-only score
as SHCRS = max((], Sbase — met — Phaz)- For re-
porting only, we optionally form a holistic score
Shol = 'LUSHCRS + (1 - w)San57 where Sans S
{0,10} and w = 0.7. Unless otherwise noted,
all analyses use the process-only score Sgcrs.

4.2 Branch B: Outcome-conditioned
Verification via PRM

Branch B introduces a learned PRM to extend step
verification to an outcome-conditioned regime
where skeletons are unavailable. We instantiate
the PRM with Qwen3-8B-instruct and train it to
predict step validity labels from a fixed teacher
judge.

Training Data Construction. We build a step-
level corpus from DeepMath, OmniThought, Miro-
Mind, LIMO, and NuminaMath. From 2,500 sam-
pled problems, we generate 35,000 candidate traces
using 14 LLMs under a unified CoT protocol. A
fixed teacher (Gemini-3-Pro) labels each step with
y; € {0,1} conditioned on the problem and gold
final answer. After filtering malformed outputs,
we retain ~33k instances and fine-tune via cross-
entropy.

Inference-time Scoring. At inference, the PRM
acts as a generative verifier, producing for each
step a rationale R; and a discrete validity label gj; €
{0, 1}, given by (@1,7—\’4) = f¢(SZ | x, S<1) We
aggregate labels into a normalized process score:

10 &
SprM = NZ%

i=1
SprM 18 a process metric and uses the gold answer
only through its inclusion in x.



(a) Process-level Evaluation
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Figure 1: Overall framework. (a) Structured CoT elicitation for process-level evaluation. (b) Branch A (Skeleton-
guided diagnosis): a judge checks step validity against a minimal set of necessary skeleton assertions (paraphrase-
tolerant; not exact-match), aggregated by HCRS with format and hazard penalties. (c¢) Branch B (Outcome-
conditioned verification): a PRM distilled from teacher-judge labels and applied at inference time using only the

problem and the gold final answer.

S Experiments

5.1 Experimental Setup

Dataset. We evaluate our framework on
REASONINGMATH-PLUS, comprising 150 prob-
lems designed to stress long-horizon logical con-
sistency. The dataset emphasizes non-trivial multi-
step derivations with unambiguous answers, span-
ning Algebra, Number Theory, Geometry, Com-
binatorics, and Probability (see Table 3). Mod-
els. We evaluate 14 endpoints from major families
including GPT-5, Gemini, Claude, Grok, Qwen,
DeepSeek, and Llama-based models. Precise API
identifiers and version strings are detailed in Ap-
pendix G. Evaluation Protocol and Judge Selec-
tion. Models generate structured traces following
a fixed schema (Raw Thought, Reasoning Steps,
Final Answer).

To ensure rigorous evaluation, we benchmarked
multiple candidate judges against human anno-
tations on the generated traces. Gemini-3-Pro
demonstrated the highest alignment (R=0.64) and
was selected as the global judge for providing step-
validity labels in the HCRS pipeline and supervi-
sion for PRM training (alignment calibration de-
tails in Appendix B).

5.2 Main Results

We present our experimental findings organized by
the two evaluation protocols defined in Section 4.

First, we analyze model robustness and structural
fragility using the rule-based HCRS (Sec. 5.2.1).
Second, we examine semantic reasoning quality
using the learned PRM (Sec. 5.2.3).

5.2.1 Structural Diagnosis via HCRS

HCRS Leaderboard and Penalty Gaps. Fig-
ure 2a shows that HCRS induces a clearer strati-
fication than answer accuracy alone. Gemini-2.5-
Pro ranks first (4.89), followed by Doubao-Seed-
1.6 (thinking) (4.78) and Qwen3-Max (2025-09-
23) (4.69). The grey bars denote deductions from
format deviations and the hazard-based first-error
penalty. These penalties correspond to a substantial
reduction of approximately 2.7-3.2 points, amount-
ing to roughly 30% of the 10-point scale. This di-
vergence between potential and realized reasoning
quality also appears at the instance level (Figure 5).

Quantifying “Lucky Guesses”. Figure 5 shows
the process score distribution for the 996 samples
where the final answer is correct. We observe that
6.63% (66/996) of these instances fall into the low-
score range (Sycrs <3). This indicates that while
traditional outcome-based metrics would classify
these samples as correct, our structural evaluation
identifies them as reasoning failures (i.e., “lucky
guesses”).

Domain-wise diagnostic breakdown (descrip-
tive). Figure 3 provides a diagnostic comparison
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Figure 2: Evaluation leaderboards and correlation analysis. (a) HCRS leaderboard across domains (grey
segments indicate deductions from format and hazard penalties). (b) PRM process-score leaderboard under outcome-
conditioned step verification. (c¢) Pearson correlation of evaluation methods (Reference-guided, teacher judge, and

PRM) against human judgments.

between composite scores (a) and answer accu-
racy (b). While limited by small sample sizes in
sub-domains like Probability and Combinatorics
(see Table 3), the radar charts reveal a critical di-
vergence. We observe a marked inward contrac-
tion for mid-tier models (e.g., the green trajectory)
when moving from accuracy to composite scores,
particularly in combinatorial tasks. This indicates
that a portion of their apparent accuracy masks
brittle or formatted-invalid reasoning. Conversely,
Gemini-2.5-Pro exhibits the most stable envelope
across both figures, demonstrating that its high per-
formance is supported by rigorous step-wise valid-
ity rather than lucky guesses.

5.2.2 Alignment with Human Judgments

We evaluate the reliability of our scoring meth-
ods by measuring their consistency with human-

annotated scores. First, we examine linear align-
ment using Pearson correlation (R), as shown
in Figure 2c. Despite operating in an outcome-
conditioned setting (i.e., conditioned only on the
problem and the gold final answer, without access
to gold reasoning steps), PRM achieves a competi-
tive average correlation of R = 0.602. This closely
tracks the Pro-tier teacher judge (Gemini-3-Pro,
R =0.639).

To assess robustness beyond linear correlation,
we further report rank-aware and agreement-based
metrics in Appendix Figure 7, including Spear-
man’s p (monotonic rank correlation), Kendall’s 7
(pairwise concordance), and Quadratic Weighted
Cohen’s k (agreement intensity). These comple-
mentary metrics provide a more comprehensive
view of evaluator reliability beyond Pearson corre-
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Figure 3: Subject-wise capability analysis. Radar plots comparing (a) Holistic Score (0—100) and (b) Answer
Accuracy (0-100%) across five domains. Curves correspond to the Best, Median, and Worst models selected by

overall Holistic Score, together with the overall average.

lation alone.

Crucially, PRM (Method C) remains competi-
tive across all metrics (p = 0.684, 7 = 0.565,
x = 0.568), confirming that it largely preserves the
relative quality rankings preferred by humans even
without access to gold intermediate steps.

5.2.3 Scalable Verification via PRM

Figure 2b presents the PRM rankings. While the
top-tier hierarchy mirrors HCRS (with Qwen3-Max
and Gemini-2.5-Pro leading), the score distribution
exhibits a distinct compression effect. Unlike the
steep ~52% performance drop observed in HCRS,
the lowest-ranked model in the PRM leaderboard
retains ~77% of the top score (6.58 vs. 8.50). This
saturation stems from the PRM’s averaging-based
aggregation (% > i), which grants partial credit
for locally valid steps even within flawed chains.
Consequently, the PRM functions as a smoother
measure of local semantic consistency, comple-
menting the strict structural stratification of HCRS.

5.2.4 When Simple Rules Improve Verifiers

A key observation is that the HCRS penalty terms
can serve as a simple, verifier-agnostic refinement
on top of raw step-wise scoring signals. As shown
in Figure 8, applying the same HCRS penalties
(format penalty and first-error penalty) to both
the teacher judge (Gemini-3-Pro) and the trained
PRM consistently improves alignment with human
judgments. Notably, the gain is more pronounced
for PRM, whose average Pearson correlation in-

creases from 0.604 to 0.633 (vs. 0.637 to 0.642 for
Gemini). This suggests that rule-based diagnosis
captures systematic structural failure modes that
are not fully reflected by raw step-wise validity pre-
dictions, providing a generalizable enhancement
for process evaluation even in settings where expert
skeletons are unavailable.

6 Conclusion

In this work, we addressed the opacity of outcome-
based evaluation by introducing a dual-perspective
framework for long-horizon mathematical rea-
soning.  Our approach integrates HCRS—a
skeleton-guided protocol for explicit structural
diagnosis—with a PRM designed for outcome-
conditioned semantic verification. Experiments on
our curated benchmark reveal that answer-only met-
rics significantly overestimate reliability by mask-
ing "lucky guesses," a phenomenon effectively
quantified by our hazard-aware penalties. Vali-
dated by high alignment with human experts, this
framework bridges the gap between high-precision
structural diagnostic signals and flexible learned
verification, establishing a transparent and scalable
paradigm for verifiable reasoning.

7 Limitations

Limitations. Our framework targets fine-grained,
process-level auditing and therefore involves mod-
est practical overhead. In particular, constructing
reasoning skeletons and gold step counts may re-



quire expert effort, which can increase annotation
cost compared to outcome-only evaluation. That
said, this design choice enables more precise diag-
nosis of step-wise consistency and error propaga-
tion, and can serve as a high-quality supervision
source for training lighter-weight verifiers in future
work.
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A Data Statistics
B Judge Model Selection and Calibration

To ensure the reliability of our automated evalua-
tion instrument, we performed a rigorous calibra-
tion study prior to the main experiments. This
section provides the technical details of the judge
selection process that were omitted from the main
text for brevity.
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Size

71

Subject Category
Algebra

Category Content

Equation and inequality rea-
soning, functional relation-
ships, algebraic constraints,
and symbolic abstraction.
Divisibility, parity argu-
ments, modular arithmetic,
and constructive reasoning
over integers.

Planar and spatial configura-
tion reasoning, geometric re-
lationships, and transforma-
tions.

Counting arguments, per-
mutations and combinations,
case analysis, and discrete
construction.

Reasoning about random
events, conditional probabil-
ity, and basic probabilistic
inference.

Number Theory 51

Geometry 12

Combinatorics 11

Probability 5

Table 3: Subject categories and distributions of
REASONINGMATH-PLUS.

Data Sampling and Diversity. The calibration
dataset comprises a comprehensive set of 2,100
reasoning traces (150 problems x 14 models) gen-
erated during the benchmark’s preliminary phase.
This large-scale sampling allows candidate judges
to be evaluated across a diverse spectrum of reason-
ing behaviors, ranging from concise logical deriva-
tions to verbose chain-of-thought explorations. Fur-
thermore, the dataset spans a wide array of trace
qualities—from perfect derivations to complete log-
ical collapses—while accounting for varying levels
of format adherence to ensure the judge’s robust-
ness against minor structural deviations.

Candidate Judges and Methodology. We
benchmarked several state-of-the-art LLMs
as candidate judges, including GPT-4o,
Claude-3.5-Sonnet, and Gemini-3-Pro. For
each candidate, we applied the reference-guided
prompt (Branch A) to generate step-level validity
labels. These labels were then aggregated via the
HCRS pipeline to produce process-level scores.

Alignment Metrics and Selection Result. The
primary metric for selection was the Pearson cor-
relation (R) between the judge-generated HCRS
scores and ground-truth scores provided by human
experts. As shown in Figure 4, Gemini-3-Pro
demonstrated the highest consistency with human
judgments, achieving a correlation coefficient of
R=0.64. Crucially, as noted in Section 5.1, this cal-
ibration involves no tuning of the evaluated models



or scoring rules; the chosen judge is fixed globally
for all subsequent analyses to maintain the integrity
of the evaluation.

Judge Model Performance (Average Pearson)

Gemini-3-Pro-Preview

GPT-4.1 (0414)

Qwen-Plus 05459

GPT-5.1 (1113) 05183

05128

Gemini-2.5-Flash

0.0 0.1 0.2 0.3 0.4 0.5

Average Pearson Correlation ()

0.6 0.7

Figure 4: Judge performance comparison. Com-
parison of candidate judge models based on av-
erage Pearson correlation with human annotations
(N=2,100). Gemini-3-Pro exhibits the strongest
alignment (R=0.64).

Candidate Judges and Methodology. We
benchmarked several state-of-the-art LLMs
as candidate judges, including GPT-4o,
Claude-3.5-Sonnet, and Gemini-3-Pro. For
each candidate, we applied the reference-guided
prompt (Branch A) to generate step-level validity
labels. These labels were then aggregated via the
HCRS pipeline to produce process-level scores.

Alignment Metrics and Selection Result. The
primary metric for selection was the Pearson cor-
relation (R) between the judge-generated HCRS
scores and ground-truth scores provided by human
experts. As shown in Figure 4, Gemini-3-Pro
demonstrated the highest consistency with human
judgments, achieving a correlation coefficient of
R=0.64. Crucially, as noted in Section 5.1, this cal-
ibration involves no tuning of the evaluated models
or scoring rules; the chosen judge is fixed globally
for all subsequent analyses to maintain the integrity
of the evaluation.

C Hyperparameter Settings

The specific hyperparameter values used in our
rule-based scoring module (HCRS) are detailed in
Table 4. These values were selected based on a grid
search on a held-out validation set to maximize the
correlation with human preferences.

D Human Annotation Guidelines

To validate our automatic metrics, we recruited
three annotators with undergraduate degrees in
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Parameter  Value  Description

o 4.0 Scale factor controlling the sen-
sitivity of the length deviation
penalty.

Exponent governing the growth
rate of the length deviation
penalty.

Maximum penalty cap for for-
mat length deviation.
Asymmetry factor applied when
reasoning is shorter than the ref-
erence (N < Lgoa). For N >

Lgod, 1 is set to 1.0.

1.0

C1fmt 3.0

1.5(1.0)

5.0 Scaling weight for the hazard-
based penalty.

Maximum penalty cap for the
first-error hazard deduction.
Maximum step index consid-
ered in the hazard model. Steps
beyond 25 incur no hazard

penalty.

Chaz 5.0

Tmax 25

0.7 Weight assigned to the process
score (Sucrs) in the holistic met-
ric. The remaining weight (0.3)

is assigned to answer accuracy.

Table 4: Optimized and fixed hyperparameters used in
our evaluation framework. The table includes parame-
ters for the HCRS scoring module (format and first-error
penalties) and the holistic aggregation weight.

mathematics or related fields. Following a stan-
dardized 0—10 rubric, they evaluated each reason-
ing trace as follows.

* Process Step Matching (0-7 points): Mea-
sures coverage of the standard reasoning steps
(Step1-StepN) in the annotated skeleton. Let
N be the total number of standard steps and
M the number of covered steps. The process
score is Sprocess = 7 X (M/N), rounded to
one decimal place. Incorrect steps are not
counted as covered.

* Answer Correctness (0 or 3 points): If the
final answer matches the gold answer (up to
standard numerical tolerances), the model re-
ceives Sanswer = 3; otherwise Sypswer = 0.

* Penalties (each in [0, 1]): Three penalties are
deducted from the base score:

1. Redundancy Penalty: For verbose, repet-
itive, or circular reasoning.

2. First-error Penalty: Let k denote the in-
dex of the first critical error that affects
the main line of reasoning. The penalty
increases for earlier errors, computed as



Process Score Distribution for Correct Answers (N=996)

[ Correct Answer Samples
-==Cumulative Thresholds
400
300
5
3
200
100
T
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HCRS Process Score (0-10)

Figure 5: Bimodal distribution of process quality conditioned on correct final answers. Histogram of the
process-only HCRS score Sycgs ... for 996 answer-correct traces (out of 2,100 total model traces). Vertical dashed
lines indicate cumulative thresholds at Sycrs < k (k € {1, 2, 3,4, 5}), with callouts reporting cumulative counts
and percentages. Notably, 6.63% (66/996) of correct answers have Sycrs < 3, suggesting that outcome correctness
can coincide with low-quality or inconsistent reasoning (“lucky guesses”).

Piysy = 1 — (kK — 1)/N (and 0 if no
such error exists), rounded to one dec-
imal place.

3. Rigor Penalty: For insufficient rigor (e.g.,
missing proof of a construction, incom-
plete case enumeration, or lacking opti-
mality justification).

The final human score is computed as Sy =
max (Oa Sprocess + Sanswer — 1redundancy — Pﬁrst -
Prigor)- We average the three annotators’ scores to
obtain a single human score per trace.

E Metric Validation and Ablation
Analysis

Appendix B describes our judge selection pro-
cedure. Building on the Pearson-based human-
alignment results reported in the main text (Fig-
ure 2c), this appendix provides complementary ro-
bustness analyses using rank-aware and agreement-
based metrics.
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Rank-Aware Robustness. To evaluate robust-
ness beyond linear correlation, we report Spear-
man’s p (monotonic rank), Kendall’s 7 (pairwise
ranking), and Quadratic Weighted x (agreement
intensity) in Figure 7.

The results reveal a notable finding: the Teacher
Judge (Outcome-Only) consistently outperforms
the Reference-Guided (Branch A) baseline across
all metrics. This advantage is most pronounced in
inter-rater agreement (x = 0.608 vs. Kk = 0.436).
We hypothesize that while reference-guided scor-
ing (HCRS) enforces structural rigor, the outcome-
conditioned teacher (Branch B) better mimics hu-
man flexibility in recognizing valid reasoning paths
that deviate from the gold skeleton.

Crucially, the distilled PRM (Learned) closely
tracks the teacher’s performance and also surpasses
the reference-guided baseline on agreement metrics
(e.g., K = 0.568), demonstrating that the student
model successfully internalizes the teacher’s judg-
ment criteria without requiring reference skeletons
at inference time.



(a) Evaluation: Holistic Score (b) Performance: Final Answer Accuracy

=== Avg: 4.36 === Avg:5.13

Score (0-10)
Accuracy Score (0-10)

Figure 6: Holistic Evaluation vs. Final Answer Accuracy. (a) Leaderboard based on the weighted holistic score
(Soveran)s integrating HCRS (70%) and binary answer correctness (30%). (b) Leaderboard based solely on raw
final answer accuracy. Comparing the two shows that the holistic metric provides finer granularity, penalizing
models (e.g., Cogito V2) that attain moderate accuracy via fragile reasoning paths, while robust models (e.g.,
Gemini-2.5-Pro) maintain top rankings.

Human Alignment Analysis: Cross-Metric Comparison of Evaluation Regimes
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Figure 7: Agreement comparison of evaluation methods. We compare three paradigms: (A) HCRS, (B) Teacher-
judge scoring (Gemini-3-Pro), and (C) PRM. Scores are compared against human annotations using Spearman p,
Kendall 7, and Quadratic x. Method B achieves superior or comparable alignment to Method A across all metrics,
while Method C remains competitive.

F Hazard Analysis and Penalty Design

To empirically validate the design of the First-error
Penalty (FPhaz) within our HCRS metric, we con-
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Ablation Study: Impact of HCRS Structural Rules on Evaluator Alignment (r)

Pearson Correlation Coefficient (r)

Verification Method

Teacher + HCRS Avg: 0.642

PRM + HCRS Avg: 0.633

N ©
‘;s‘;“@ &
soF & o°
o &

1 Teacher (Raw) HEEN Teacher+HCRS [ PRM (Raw) [EEEl PRM +HCRS

Figure 8: Ablation Study: Impact of HCRS Structural Rules on Evaluator Alignment. We compare the Pearson
correlation (r) of the teacher judge (Gemini-3-Pro) and the student verifier (PRM) against human judgments in an
outcome-conditioned setting (i.e., without access to gold reasoning skeletons). Lighter bars denote raw step-wise
average scores, while darker bars indicate scores adjusted by HCRS structural penalties. Horizontal dashed lines
mark the global average correlation for each method. The results demonstrate that applying HCRS rules yields
consistent alignment gains for both the teacher and the PRM across most models.

ducted a survival analysis on the reasoning traces
generated by all 14 models. As illustrated in Fig-
ure 9(a), the distribution of first-error positions ex-
hibits a pronounced peak at the early stages (steps
3-5). This observation substantiates the hypothe-
sis that initial logical divergences are the primary
drivers of reasoning failure. Leveraging this em-
pirical hazard rate h(t), we derived the cumulative
hazard H (t) and the corresponding penalty sched-
ule shown in Figure 9(b). This schedule enforces
a "logical responsibility” mechanism: it imposes
maximum penalties for early-stage errors while at-
tenuating deductions for failures occurring later in
the extended reasoning chain.

F.1 Reasoning Elicitation Prompts

To ensure reproducibility, we detail the exact in-
structions used to elicit reasoning traces. Figure 10
presents the unified system prompt in English,
and Figure 11 shows the corresponding Chinese
version. These prompts are explicitly designed
to enforce the structured <think>-<Reasoning>-
<Answer> output format.

F.2 Judge System Prompts

To support our dual-branch evaluation framework,
we employed two distinct judge specifications:
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* Reference-Guided Judge (Branch A): As
shown in Figures 12 and 13, this judge is
granted access to the full reasoning steps of
the gold solution, enabling rigorous step-by-
step verification against an expert baseline.

* Outcome-Conditioned Teacher Judge
(Branch B): As shown in Figures 14 and 15,
this judge operates without access to the gold
reasoning path. Instead, it relies solely on the
problem statement and the gold final answer.
It serves two roles: providing supervision for
PRM distillation and acting as a standalone
evaluator. By verifying step-wise correctness,
necessity, and consistency relative to the
final outcome, it ensures reliable verification
even when expert reasoning skeletons are
unavailable.

G Evaluated Model Endpoints

All models are accessed via a unified API gateway
that serves multiple upstream providers and open-
weight endpoints. Table 5 reports the exact API
identifiers used in our evaluation scripts. All calls
were made between 2025-11-01 and 2025-12-31.



Model Name Exact API Identifier
GPT-5 Mini gpt-5-mini
GPT-5 Pro gpt-5-pro

Gemini-3-Pro
Gemini-2.5-Pro

GLM-4.6

Claude Haiku 4.5 (thinking)
Grok-4 Fast Reasoning
Cogito v2 (Llama-405B)
Kimi-K2-Instruct
DeepSeek-R1
Doubao-Seed-1.6 (thinking)
Qwen3-Max (2025-09-23)
Qwen3-Max (preview)
DeepSeek-V3.2-Exp
ERNIE-4.5-300B

gemini-3-pro-preview

gemini-2.5-pro

sf/zai-org/GLM-4.6
claude-haiku-4-5-20251001-thinking
grok-4-fast-reasoning
deepcogito/cogito-v2-preview-1lama-405B
Pro/moonshotai/Kimi-K2-Instruct-0905
sophnet/DeepSeek-R1
doubao-seed-1-6-thinking-250715
gwen3-max-2025-09-23
gwen3-max-preview
Pro/deepseek-ai/DeepSeek-V3.2-Exp
baidu/ernie-4.5-300b-a47b-paddle

Table 5: Model endpoints used in our evaluation. We evaluate 15 models in total, with Gemini-3-Pro serving as
the primary judge and teacher model.
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Figure 9: Structural Analysis of Reasoning Errors. (a) Empirical Evidence: Step-wise survival curve (Left) and
first-error position distribution (Right). (b) Mathematical Modeling: The derived discrete hazard rate h(t) (Left)
and the resulting penalty schedule used in HCRS (Right).

15



Generation Prompt

/[SOLVER_SYSTEM_PROMPT IE \

"You are a professional mathematical reasoning expert with top-tier calculation and
reasoning capabilities. Solve the problem independently based solely on the problem
statement; do not reference or speculate on any unstated grading points, reference solutions,
or standard answers."

"Your output must strictly follow the following **three-part** format:\n\n"

"*#*Part 1: Original Thinking Process (inside <think> tags)**\n"

"- Inside <think>...</think>, you must exhibit your complete internal monologue
verbatim, flowing naturally with your thought process.\n"

"- Include: your initial understanding, assumptions, wrong starting points, re-evaluations,
verifications, memory recalls, and any doubts.\n"

"- Avoid formalized steps (do not write 'Step 1/Step 2'); instead, let thoughts unfold like a
stream of consciousness.\n"

"- Do not summarize or compress the reasoning. It must be authentic, raw, and
coherent.\n\n"

"**Part 2: Formal Reasoning Steps (inside <Reasoning> tags)**\n"
"- Inside <Reasoning>...</Reasoning>, you must provide complete and verifiable
reasoning steps using the numbering format S1, S2, S3, ...\n"
"- Example:\n"
" S1: First, analyze the problem conditions...\n"
S2: Next, set up equations...\n"
S3: From this, derive...\n"
- Remember: Do not reference or speculate on any grading points, reference solutions,
or standard answers not given in the problem.\n\n"

[SOLVER_USER_TPL]:

"Now, please solve the following problem according to the instructions above:\n\n"

" [Problem] \n{q}\n\n"

"Please strictly follow the three-part format below:\n\n"

"<think>\n"

"(Write your complete internal monologue here — flowing naturally with your thoughts,
including uncertainties, mental checks, and breakthrough processes.)\n"

"</think>\n\n"

"<Reasoning>\n"

"S1: (Provide reasoning steps here using the S1, S2, ... numbering format)\n"

"S2: ..\n"

"S3: ..\n"

"</Reasoning>\n\n"

"<Answer>\n"

"\\boxed { {your final answer here} }\n"

k"</Answer>" /

Figure 10: Solver System Prompt (English Version). The instructions enforce a strict three-part output format
(<think>, <Reasoning>, <Answer>) to facilitate downstream parsing.
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Generation Prompt

4OLVER_SYSTEM_PROMPT ]t \

RSBSOS, 0 TR T SR B RS Ay PR BT 52
FRARIE, 73 3] FI BT (TR 2 T4 . SHRBbRRER. "
R AR A A T A = Bt e \nn”

mRREE 1 BBy JRUGEYEFE (7 <think> AR5 N )**\n"

"- 7E <think>...</think> Py, {RAAUE T RIS AN TEM I (internal monologue)
BB ARSI \n"

A IREVIERAE . R, BRES . EEUHE. R, 122 EHMZ L R AT AT BE

1. \n"
"R CREF<BIR1 PR o ML BRI — 1 B A E
Fo \n"

- AR HER BT S EUE S . BRI, JRIG HER . \n\n"

w2 A IERIHEEED IR (7E <Reasoning> AR2E P )**\n"

"- 7E <Reasoning>...</Reasoning> N, #RAZI% S1, S2, S3, ... M4 5 #5444 H 52
Bk a6 P % . \n"

"ol \n"

" S1: B4, T E &\t

" S2: FE, WTEE.\n"

" S3: AR \n"

"-Yid: AZG| FHERNMEAARTE S H P8 BT A SEBEFRMES R, \n\n"

nRREE 3 HGr . IRAE R (FE <Answer> K345 ) **\n"

" IR A AR LA BA AL B — A4+ LaTeX 1 \boxed{...}’ &%, \n"

"-\boxed{...}' HF* K SIALE IR B S (fl: “\boxed {4\pi}® B "\boxed{x=1}") ,
GRS RS B R R A, \n"

" WIRERA G ZAME, B AR [F A \boxed{...} ** H, FEH A B EY
R (Fln: “\boxed {213} B “\boxed {x=1 \text{ Bk } x=2}") . \n"

" ANEHH JSON. RS H B APL AR =4, "

[SOLVER _USER_TPL]:

"BAETE 12 IR YR DL T FI T \n\n"”

" [ ]) \n{q}\n\n"

" PR A R T = Bl \n\n”

"<think>\n"

"(ERE MR AEME — B AR, BEATEL. LHEERS
R )n"

"</think>\n\n"

"<Reasoning>\n"

"S1: (TEUH% S1, S2, ... 4 T g xN4s HHEEE D B)\n"

"S2: ..\n"

"S3: ..\n"

"</Reasoning>\n\n"

"<Answer>\n"

"\\boxed { {your final answer here} }\n"

\ "</Answer>" j

Figure 11: Solver System Prompt (Chinese Version). The translated instructions provided to the model for
Chinese-language queries.
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Judge Prompt

MAIN_PROMPT
You are a structured of matt ical solution p **Warning: Your role is an “auditor,” not a “problem solver.”** Your sole task is to strictly compare and verify each step of the
model’s step-by-st ing, based ively on the [Question], (1) the [Reference Standard Chain of Thought] (methodology key), and (2) the [Solutmn Analysis Standard] (execullon steps key,
including the slandard solution path and final answer). **Absolutely forbidden:** (1) **Problem solving is forbidden:** you must not perform any ind dent calculation, probl lving,
or validation; your evaluation must rely entirely on the provided standards. (2) **Computation is forbidden:** even trivial checks (e.g., whether 2+2=4) are not allowed; your task is purely textual
comparison—for example, if the model states “2+2=5" while the standard states “2+2=4,” your report should say “the model result ‘5’ does not match the standard ‘4’”’; you do not need to know what
2+2 equals, only to compare the strings 5 and “4.” (3) **Correction is forbidden:** do not fix or amend the model’s err ly report deviations. Now, strictly foll g the above rules, output
only the specified JSON structure (do not include any explanatory text or JSON markers):

{
"steps": [
"step_id": <Step index, starting from 1 and incrementing sequentially>,
"sub_task": "<A one-sentence summary of the sub-task this step attempts to accomplish, **extracted** from the model’s step-by-step reasoning>",
"reasoning": "S<step_id>: ... (A **verbatim copy** of the corresponding **complete step** from the model’s step-by-step reasoning. Only a single S<id> tag is allowed, and it must match
step_id.)",
"sub_result": "<The **explicit intermediate result** obtained in this step, **extracted** from the model’s step-by-step reasoning (quoted or summarized; LaTeX allowed)>",
“udge":
"score": <l if the step is correct; 0 if incorrect or missing=>,
"reason": "<Judgment basis (must strictly follow these 4 points; **the 5th point is forbidden**):\n1. (Objective) Anchor to the goal defined in "sub_task’.\n2. (Model facts) Quote the key factual
from * ing".\n3. (Methodology comparison) **Quote verbatim from the [Reference Standard Chain of Thought]** to determine whether the model’s methodology in this step is
consistent with or deviates from it.\n4. (Execution result comparison) **Quote verbatim from the [Solution Analysis Standard]** to determine whether the **textual content** of 'sub_result’ matches
the standard solution path or value.\n5. **(Forbidden) Do NOT perform ind dent probl lving, ion, or verification.**>",
"confidence": <Confidence score between 0 and 1>
)
i
"final_answer": {
"result": "<The final answer ** d** from the lusion of the model’s step-by-step ing. If the model does not provide an explicit answer, write \\text{Not Provided}>",
"judge": {

"score": <1 if internally consistent and complete; otherwise 0. If earlier critical errors invalidate the conclusion, score 0>,

"reason": "<Basis:\nl. (Internal consistency) Is the **text** of ‘result’ '...' consistent with the **text** of the final step’s ‘sub_result’ ..." in the "steps’ list?\n2. (External validation) **Quote from
the [Solution Analysis Standard]** to determine whether the **text** of “result’ '..." matches the **text** of the 'final answer' "...".\n3. (Error attribution) If inconsistent, has the root cause of the error
already been correctly identified in “steps’?>",

"confidence": <Confidence score between 0 and 1>

i
i
}

— Please generate the above JSON based on the following inputs:
[Question]:
<<QUESTION>>

[Reference Standard Chain of Thought (for comparison)]:
<<GOLD_CHAIN_OF THOUGHT>>

[Solution Analysis Standard (for comparison)]:
<<SOLUTION_ANALYSIS_STANDARD>>

[Model’s Step-by-Step Reasoning (to be evaluated)]:
<<MODEL_REASONING_TO_SCORE>>

Figure 12: Reference-Guided Judge Prompt (English). Used for Branch A (HCRS). The judge validates steps
against the provided [Reference Standard Chain of Thought].

18



Judge Prompt

@N_PROMPT — o \
i FACERIENTRE LS5, 5 . IR BRI B, FRME . * (LR, PAET UEAT . 1 [SHHRE ]
(AR Key™) 2. URBUMTRRRE] (3T Keyws, AR S5 . 2 HAP ARt DR RIIES rensoning] HIAE 5, *»Huxih
1 (Forbidden):** 1. *S I RA: ** A EATAT(EATI B B9 RRSRIRIE . VPR IS0t A O i N L) CARAE] 2. *SBELE T B
o QR IEAT (P 242-4)  AREPRET. (RIOIER ALer bt CAss: * (s [BEEL] 0 200-5, ] B 0sa—d's AR b BERLE R
WSS RAE AR . ) * AT R 242 SRS Tl K5 LR 05t B v KA R 3 A EIE, o R AR, SUR e B
fE, WirH R LA, P T TISON®* ZiH (NI & FEFTARREHE SC3 SRison FRiE) «

{

"steps": [

"step_id": <2 HR40 5, N UIF4A, RIKIEHE>,

"sub_task": "<M [HERL IR reasoning] H**fk* HiZ D BRRA K e I A5 (—H)TERESRS) >,

"reasoning": "S<step_id>: ... Ce*JFICHE NI+ [HIAY)IZ D reasoning] HHRAT LI+ e R IR * . L RVFRL— S<id> #5%%, HAAUS step_id —FO ",
"sub_result": "<\ [HEHLIZ D reasoning ] HH**+PREC* 1% 20 BRAS 3 (1) B Ay o (1) 45 B (JESC 5] FH B, AIH LaTeX) >",

"judge": {

"score": <iZ% IETE 1, $EiR/ERAF0>,

"reason": "<FIEMKME GEAK LA S, AR5 5D ¢ \nl. (HR) i€ Csub_task’ AR, \n2. (BEB1HE52) 51 “reasoning’ FPHSGHEEF S, \n3. (7
WS 5 [ AruE BAEREY [0, FIEBIALZE AR RS S — BB . \nd. (PATEE SRR 5] i DR HThRiE] 50, e
“sub_result’ [RI**SCA A 200 ST 5 AR B AR AAUE I SOAR N R — B \nS. RR(BRIE) PEAAHEAT L RARRE . MST SRR E . e,

"confidence": <H {5 EE0~1>

b
}
15
"final_answer":
"result": "<M IR [IR2 reasoning] 45 1B F A+ PRI+ H (IR A4 R . WERBELRIREH A R, HH \text{RHEHL)>",
"judge": {
"score": < — B SR A ML, B0 HHTF O T SIS @R RATIE L, 00>,
"reason": "<{i#i: \nl. (W E—EUE) 1% result’ (R CARE R Csteps' FIR AT —20** sub_result’ (R SCARE L 52 \n2. (FMEFERIIE) **5]
FI ORI HTARAEY %, % result [**SCA 1 R R Z JR o sOAes L — 502 \n3. (BER AR A8, BRI A5 O steps’ HIIE
[ EET R
"confidence": <% {5 F0~1>
b
}
}

TARAE T 7 N LIk TSON:
[/ F Question] :
<<QUESTION>>

[ hrE B 4eaE (fktbx) 1
<<GOLD_CHAIN_OF_THOUGHT>>

U@ Hrbrite (Pebbxt) 1
<<SOLUTION_ANALYSIS_STANDARD>>

AL 355 reasoning (FFEEART 5D 1 :

@)DEL_REASONWG_TO_SCORE» J

Figure 13: Reference-Guided Judge Prompt (Chinese). The Chinese version of the instruction used for full-
reference structural diagnosis.
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Step-level Reasoning Evaluation Prompt

ﬁAlN_PROMPT = \
# Persona

You are a professional and rigorous reviewer of mathematical solution steps. Your task is to evaluate the [Solution Steps] based on the provided [Problem] and
[Reference Answer]. Note that the answer derived from the [Solution Steps] may be inconsistent with the [Reference Answer].

# Given Information:
[Problem]:
{question}

[Solution Steps]
{process}
[Reference Answer]
{answer}

# Reasoning Path:

Step 1: According to the following evaluation criteria, judge the correctness, necessity, and logical consistency of the [Solution Steps].

Correctness: Whether the statement in the current solution step conforms to the problem setting and mathematical facts.

Necessity: Whether the current solution step indeed helps to solve this problem.

Logical consistency: Whether the reasoning logic of the current solution step is self-consistent.

Step 2: Determine whether the answer obtained from the [Solution Steps] is consistent with the [Reference Answer].

® If consistent, then pass.

® If inconsistent, then it indicates that there may be erroneous steps in the [Solution Steps]. Please re-check the results in Step 1 and update your judgment.

# Notes:

® Do not solve the problem, even if you find that the answer obtained from the [Solution Steps] is incorrect.
® Your task is only to judge, step by step, the correctness, necessity, and logical consistency of the [Solution Steps], and output the required text accordingly.
® [fthe problem is in Chinese, your output should also be in Chinese; if the problem is in English, your output should also be in English.

® Do not add or delete any steps.

® Ensure that your output is in JSON format.

# Output Format

*json

"steps": [
{t
"step_id": <increment starting from 1>,
"step_text": "<paste the text of this step verbatim>",
"judge": {{
"score": <0 or 1>,
"reason": "<quote key points from the problem/answer/this step text to explain the scoring reason>"

1y
1

I
1

/

Figure 14: Outcome-Conditioned Judge Prompt (English). Used for Branch B (PRM) and baselines. The judge
verifies steps based solely on consistency with the [Reference Answer].
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Step-level Reasoning Evaluation Prompt

ﬂAIN_PROMPT =g \

# N8
PR — Al H P RO AR RS SR VR o B2, ARIAE S RARTR IR AL DBLH Y R ChRER R, Xt URRRED IR ] AT VPAh. R, i DD IR]
BHMARTRS UrlEER] A5

# D5
[EH] :
{question}
6027
{process}
bR %]

{answer}

# BB AR

b HEIRI R VIR AE, AT CRERDPIR] MO IERIE S A AR

® EWTE: AHTAR G IRINRIR R AT A AN B s

© BNk AR PR A S B TR

© THRE: UHTEL IRIGHERLE B T H R

0P AR DT IR] BEINERER S DR E] 5.

® R, NiE.

® WINUR—E, WM [P YR] Al GRS OP IR, ISR 35— P IS ROF SR R T o

#ER I

® ERELR, BIEIRARBLEL [P YR] S E10% SR A ERMT .

® AREUESAUAGRIZL I UREUEIR] (IER Pk b EEAIS YL, IF 2R o RSO .
® WIREH P, RIS R H YL, RS2

© NELHTM B ERAE T2 R

® T ERARIA S HH 45 52 jsont% 3

# A% X

*json

"steps": [
!
"step_id": <M IFFAREHE>,
"step_text": "<JFERERENEZ A (¥ S0 AR,
"judge": {{
"score": <0Bk 1>,
"reason": "<5| F I/ Se/% A PRSUAS K R EE 1L, DL S) SR>
H
H
]

i}

N /

Figure 15: Outcome-Conditioned Judge Prompt (Chinese). The Chinese version of the outcome-conditioned
verification instruction.
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