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ABSTRACT

Deep state-space models (SSMs) have gained increasing popularity in sequence
modelling. While there are numerous theoretical investigations of shallow SSMs,
how the depth of the SSM affects its expressiveness remains a crucial problem. In
this paper, we systematically investigate the role of depth and width in deep linear
SSMs, aiming to characterize how they influence the expressive capacity of the
architecture. First, we rigorously prove that in the absence of parameter constraints,
increasing depth and increasing width are generally equivalent, provided that the
parameter count remains within the same order of magnitude. However, under the
assumption that the parameter norms are constrained, the effects of depth and width
differ significantly. We show that a shallow linear SSM with large parameter norms
can be represented by a deep linear SSM with smaller norms using a constructive
method. In particular, this demonstrates that deep SSMs are more capable of
representing targets with large norms than shallow SSMs under norm constraints.
Finally, we derive upper bounds on the minimal depth required for a deep linear
SSM to represent a given shallow linear SSM under constrained parameter norms.
We also validate our theoretical results with numerical experiments.

1 INTRODUCTION

Recent advances in state space models (SSMs) have been successful in learning long sequence
relationships via mitigating the computational inefficiency of explicitly modeling token interactions
(Gu & Dao, [2024; Gu et al., 202220205 2021; |Smith et al.,|2023)). It achieves significantly better
performance compared with attention-based transformers in the long range arena (LRA) dataset (Tay
et al.,2021). The linear time-invariant structure of SSM allows for an asymptotic computational
complexity of only O(T log T'), which is significantly better than the O(7?) complexity of traditional
full-attention approaches exhibiting significant computational demands (Vaswani et al., 2017). More-
over, SSMs have proven effective in multiple domains dealing with continuous signal data, including
audio and vision tasks (L1 et al.;, 2024} |Goel et al., 2022; Nguyen et al., [2022)).

Despite its success across various fields of practical application, many theoretical questions remain
unanswered. One of the biggest problems is the expressivity of deep state-space models. Although
modern SSMs (Smith et al., [2023; |Gu & Dao, |2024)) comprise dozens of layers and contain millions
of parameters, it is still unclear what the real difference is between shallow SSMs and deep SSMs,
and the reason why we need depth in state-space models. Another notable problem is what kind of
sequence to sequence relationship can be handled better with a deep network than with a shallow
network.

A number of recent works have employed dynamical systems approaches to study token stability in
deep SSMs (Vo et al.,[2025)). |Geshkovski et al.[(2023) uses a similar dynamics-based formulation to
investigate feature clustering behaviors in transformers. Other studies focus on the training dynamics
of deep linear networks from an optimization perspective (Menon, [2024; |Du & Hu, [2019), whereas
we focus on representation with norm constraints. Especially, Du & Hu|(2019) analyzes the benefits
of width in deep linear networks, showing that deep and wide linear neural networks converge to a
global minimum with polynomial running time while deep and narrow linear networks converge with
exponential running time. In this paper, we consider deep linear state-space models (SSMs) which
apply to sequence modeling. This fundamental difference leads to distinct findings in investigating the
two models. However, relatively little work has been devoted to understanding how depth affects the
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expressivity of deep SSMs. We adopt a simple formulation that allows us to characterize important
differences between multi-layer SSM and one-layer SSM. Our main contributions are presented as
follows:

* In Theorem [I| we prove that, in the absence of norm constraints, depth and width are
equivalent in approximation in the sense that under a fixed parameter budget, models of
arbitrary depth achieve the same expressive power.

* In Theorem 2] we demonstrate that a shallow SSM with large-norm weights can be exactly
represented by a deep SSM with smaller-norm weights, under explicit norm constraints on
the model parameters.

* We establish upper bounds on the minimal depth required for a deep linear SSM to represent
a given shallow linear SSM in the regime of constrained parameter norms in Theorem [3]and
validate our theoretical results with numerical experiments.

2 RELATED WORKS

Expressivity of State-Space Models State-space models originate from the HIPPO matrix, which
is optimal in the online function approximation sense (Smith et al.| 2023} |Gu et al.} 2020). [Wang &
Xue| (2023) also provides theoretical guarantees for the approximation of continuous sequence-to-
sequence mappings using SSMs with layer-wise nonlinear activations. Furthermore, Muca Cirone
et al.|(2024) employed tools from Rough Path Theory to show that deep diagonal SSMs possess less
expressive power than their non-diagonal counterparts. However, these works primarily focus on
function approximation of deep SSMs, whereas the present work aims to present the simplest setting
where one can study how depth influences the expressivity in deep SSMs.

Dynamics in deep State-Space Models Several works focus on dynamics in deep SSMs. [Vo et al.
(2025) investigates the divergence behavior of tokens in a pre-trained Mamba model by characterizing
continuous-time systems. Smekal et al.|(2024)) shows how the memory of a deep linear SSM varies
with the depth and width, and how the learning dynamics of deep linear models vary with memory
expressivity. Our work focuses on a different setting and complements existing analyses by providing
a theoretical understanding of depth in deep linear SSMs.

Deep linear networks Simple linear architectures often serve as effective tools for gaining theoreti-
cal insights into the behavior of deep neural networks. |Arora et al.[(2019) proves that the convergence
of gradient descent achieves a linear rate for training a deep linear neural network over whitened
data under certain conditions. Bah et al.| (2022) also shows that optimizing a deep linear network
is equivalent to Riemannian gradient flow on a manifold of low-rank matrices, with a suitable Rie-
mannian metric. (Gruber & Avron|(2024) study the implicit bias arising from weight initialization in
deep linear networks, offering the insight that weight norms are central to understanding the behavior
of deep models. Following prior theoretical analysis of deep linear networks, our work focuses on
understanding the expressivity of deep recurrent models, specifically deep state-space models.

3 PROBLEM FORMULATION

One particularly notable feature of currently popular sequential models such as S4 (Smith et al.|
2023) and Mamba (Gu & Daol [2024)) is the stacking of multiple layers, which leverages scaling laws
to increase the number of parameters and achieve stronger performance. In this section, we aim to
provide a theoretical perspective on the architecture of deep state-space models, to characterize more
precisely how depth contributes to their success.
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3.1 DEEP LINEAR STATE-SPACE MODELS

For a general [-layer deep state-space model, we express its recurrent form as follows, where each
layer’s input comes from the previous layer’s output:

y(t) = CTa(l(t))
hy(t+ 1) = Aih(t) + Bio(hi—1(t + 1))

ey

ha(t + 1) = Asha(t) + Bao(hy(t + 1))
hi(t+1) = Arhy(t) + Byz(t + 1)

where h;(t) € R™ is the hidden state of I-th layer at time step t € N. ¢ : R™*1 — R™*1 jg
activation function on hidden state h;(t). Ay, ..., A;, Ba, ..., B; € C™*™ and C, B; € C™*! are
hidden matrices. Also, A1, ..., A; are the state-space matrices, By, ..., B; are the input matrices and
C'is the output matrix. We assume the standard zero-state initialization for SSMs, i.e., hj(—1) =

0, VI =1, ..., 1. For each scalar input z(t) € R, we obtain an output y(t) € R by passing it through
this [-layer model.

Now, we set o to be the identity mapping and consider a linear setting. We observe that both shallow
and deep state-space models share a convolutional structure, differing only in their kernels when the
nonlinearity in the function o is removed, which serves as a natural and tractable starting point for
investigating the role of depth in SSMs.

The convolutional kernel allows us to clearly understand how the input is mapped to the corresponding
output through the sequential model, i.e. y(t) = (p * x)(t). We characterize the convolutional kernel
of the deep state-space model as follows:

Lemma 1. For [ layer deep linear SSM defined in Equation , the convolutional kernel p(t) admits
the following representation

l
pty=" > T[N B) ©)
i1 +iot... i =t j=1
Tlgeney i1 €N

A proof of Lemma|[I]can be found in Appendix Our approach to proving this result is checking
the basic case and then performing induction on both timesteps ¢ and layers .

Notably, it is the simplified linear architecture of our network that enables the convolutional kernel to
be expressed in a clear and tractable form, as the sum over layer indices of successive powers of the
hidden matrices. This lemma reveals how, in deep SSMs, each input z(t) is convolved through such
a kernel to produce the output y(¢). This insight lays the groundwork for our subsequent comparison
of the representational capacities of deep SSMs and shallow SSMs.

3.2 NORM-CONSTRAINED HYPOTHESIS SPACE FOR DEEP LINEAR SSMS

To provide a mathematical description of the function space of deep state-space models, leveraging
Lemmal[I] we define the following hypothesis spaces for deep linear state-space models under norm
constraints.

o ={pt) 1 y(t) = (pxx)(t), A1, ..., Ay € C"*" diagonal, By, ..., B;,€ C"*™,
C,B; € C™*1, _max r(Ai) < L||Clls < ¢ ||Billoc < ¢, max max |(Bg)ij| < c}
3)

Lyl 2<k<l1<i,j<m
where r(+) refers to spectral radius of each matrix, || - || means the infinity norm of a vector, m is the
width of network, c is norm constraint for parameters and [ is the number of layers.

Here, we assume that each A; is diagonal, a structure commonly adopted in real-world models (Saon
et al.l 2023). We further impose that the spectral radius of each A; is strictly less than 1 to ensure
system stability. Since the implementation in |Gupta et al.| (2022) is one-dimensional, we assume
both the input z(¢) and output y(t) are scalar-valued. The norm constraint ¢ remains an important
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factor in distinguishing the expressivity of deep state-space models, for the simple reason that the
convolutional kernel is directly determined by the parameters B; and C. Thus, altering the norm can
have a significant impact on the model’s expressivity. To better characterize two SSMs are equivalent,
we give the following definition:

Definition 1. We say that a one-layer SSM and an l-layer SSM are equivalent if they induce the same
convolution kernel p(t) defined in Lemmall) i.e., they implement the same linear map x — y with

y(t) = (p *2)(t)

It is a natural thing to consider norm constraints because of optimization. Due to the choice of
optimization algorithms (e.g. weight decay) or initialization schemes (small norm initialization), the
parameter norm of each layer would be effectively upper bounded by some constant. State-space
models may suffer from large parameter norms, which may lead to training instability and negatively
impact model performance (Jiang et al., 2025} Jelassi et al., 2024). Especially, |Liu & Li (2025) shows
that the parameter norm of SSMs would be at least exponentially increasing with respect to width if
we would like to keep the same budgets to approximate specific target relationships. Here we give an
explicit characterization:

Proposition 1. For one-layer linear SSM (defined in Equation (1) with |l = 1 and we remove the
nonlinearity o), we fix a diagonal matrix A1 = diag(ay, s, . . ., auy, ) with spectral radius less than
Land B = (1,...,1)T. Our target is the impulse memory function defined as py,(t) = 1 ift = k and
pr(t) = 0ift # k. For each integer k > 0 and 0 < € < 1, we define

Con(€) i= {C € C™ s max |po(t) = pu(t)] < ¢}

where pc(t) is convolution kernel corresponding to one-layer SSM following Lemma If for any
C € Cp k(€), the impulse position grows linearly with width, i.e., k > Sm for some > 0, then we
have ||C||s > exp(ym), where vy > 0 is constant depend on /3 and e.

A detailed proof of Proposition [T]is provided in Appendix [B] For a fixed approximation budget,
Proposition[T]shows that a one-layer SSM with a fixed diagonal state-transition matrix A requires
output weights whose norm grows at least exponentially with width to approximate impulse func-
tion with growing positions. Consequently, merely increasing the width of a single-layer SSM is
fundamentally limited in expressivity, which motivates our focus on depth: deep SSMs with the same
parameter budget can redistribute this large norm across layers, allowing the norms of the parameters
in each layer to be much smaller.

4 MAIN RESULTS

In this section, we present our main results on the expressivity of deep state-space models within the
framework defined in Section

4.1 EQUIVALENCE OF DEPTH AND WIDTH WITHOUT NORM CONSTRAINTS

First, we focus on the hypothesis space of deep linear SSMs without norm constraints. Our goal is
to characterize the fundamental differences between shallow and deep SSMs, which leads us to the
following questions: given a one-layer SSM with a certain width, how wide must a /-layer SSM be
in order to represent it? In previous work, |[Smekal et al.|(2024) provided an example demonstrating
how a four-layer linear SSM can be converted into a single-layer one. Here, we give a complete
characterization.

Theorem 1. Let m,l > 1. Recall that H7 | denotes the hypothesis space of linear SSMs with |
layers and width m without any norm constraint on the parameters. Then, we have

I(m—1)+1
HATTOM o cHln,

0,1

Hl(mfl)+2 g Hgé,l

00,1

“

A detailed proof of Theorem [I] based on explicit construction can be found in Appendix [A.3]

On the one hand, Theorem [I]shows that given an [-layer linear SSM with width mn, we can always
construct a one-layer linear SSM with width m/ to represent it. On the other hand, the maximal width
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of one-layer SSM that can be represented by an [-layer SSM with width m is I(m — 1) + 1. This
implies that there exists a convolutional kernel of one-layer linear SSM with width I(m — 1) + 2
that cannot be represented by the kernel of an /-layer SSM with width m. We have constructed such
a kernel to illustrate the optimality of this width bound, as detailed in Appendix [A.3] This result
illustrates that [-layer SSM of width m has expressivity equivalent to one-layer SSM of width O(Im)
under the same parameter count, highlighting that width can be traded for depth without loss of
expressive power.

In fact, a more general result holds when the assumption that each hidden matrix A; is diagonal is
relaxed to the case where A; is diagonalizable, which is a dense and open set in the matrix space
C™>™_See the appendix Appendix for details.

4.2 NON-EQUIVALENCE OF DEPTH AND WIDTH WITH NORM CONSTRAINTS

In the absence of norm constraints, increasing width and depth are equivalent under the same
parameter count (Theorem E]) However, under norm constraints, the effects of depth and width on
the expressivity of deep linear SSMs differ significantly. Now, we focus on the hypothesis space
defined in Section [3.2]to investigate the impact of norm constraints on the expressivity of deep linear
state-space models. The following theorem demonstrates how a shallow SSM with a large parameter
norm can be equivalently represented by a deeper SSM composed of layers with smaller parameter
norms:

Theorem 2. Suppose m,l > 1 and let c; > 0 be the norm constraint for the one-layer linear SSM.
Consider any convolutional kernel p € ch(ﬁ_l)ﬂ realized by a one-layer linear SSM of width
I(m — 1) + 1 whose parameters satisfy the norm constraints ¢y, then there exists an l-layer linear
SSM of width m which is equivalent to this one-layer SSM and its parameters’ norm satisfies the

following upper bound:

_2
sup inf{cp,:co >0, pe H } < 2¢1"! 5)
I(m—1)+1 :

pEHCl 1

A detailed proof of Theorem [2| can be found in Appendix Notably, under the same order of

magnitude of parameter count, a given one-layer linear SSM with a large norm constraint ¢; can be

equivalently represented by an /-layer SSM with width m and a smaller norm constraint bounded by
2

2¢{"". Hence, as the number of layers increases, the corresponding norm of weights decreases very
quickly, indicating that depth plays an important role in reducing the norm from the approximation
perspective.

Here we give an example showing the construction of converting a known 1 layer linear SSM with
width 2m — 1 = 7 into a 2 layer linear SSM with width m = 4. Given distinct non-zero complex
numbers |a;| < -+ < |ay|, we suppose that the 1 layer SSM is defined by B = C' = (21,...,27)T
and A = Diag{a,...,ar}. Let co = maxi<;<7 |2;| and the p defined by the above SSM satisfies

- 7
peHI . withp(t) =>_, 2al.

Then, we consider constructing a 2 layer SSM with the same p. Let Zp; = 20§ . The following
constructed Ay, Ao, B, Bo, C' defines the corresponding 2 layer SSM of width 4.

* Al :Diag{alaa2>a37a4}'

* A2 :Diag{a57a67a7a0}'

M Bl :C: (ZOaZ07ZOaZO)T‘

2
(omgdt o0
(046—&2)2(2,-
M B2 = 0 @645 ; 2 0
0 0 (ar—a3)z; 0
047Z82
EHHEDE ED+EH2 e 2
z5 z3 z5 Z
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Then by calculating the convolutional kernel p of the above 2-layer SSM, we have

R Q; (qtita —
p(t) = 20l + Z (2714) ai4]0‘$ += Qiya s Z ajaiiy) (6)
1 1
t+1 t+1
o -y (e — )2, oy — o
= 22al + o, + 7
o Z Z+4) Oéi+4] ! djtq Ajtqg — Q4 @
2 41
o 2 o Rita%iyq
= 27l + — — (% al + ®)
4“4 Z 7,+4) Qiga ( z+4) ai+4] 7 Qs )
3
= zZjal + ) (lal + 2 4als) )
i=1
= p(t) (10)

Then the above is an explicit construction of converting a 1 layer linear SSM with width 7 into a 2
layer linear SSM with width 4 under the same parameter count with norm constraints. Actually, in
the case of converting into [ layer SSM, the positions of non-zero elements of Bo, ..., B; are the
same as those B, above.

2 2
From |a;| < |;14], all the terms on the m-th column of By are bounded by w <
0

2
Zo = 2¢{, matching Theorem The core idea is as follows: suppose that the 1-layer SSM have
weight norm cy, the [ layer SSM decomposes the weight into a product of [ 4+ 1 new weight matrices,

each can take a norm of order O(¢ é“) A similar argument holds for the case where ¢y < 1, in

which the norms of the weights of the deep SSM can be increased.

We also conduct numerical experiments to verify our main theorems. Specifically, given a one-layer
linear SSM with width I(m — 1) + 1, we apply the construction from Theorem [2| to reconstruct
an equivalent model with [ layers and width m, where a wide and shallow network is represented
using a deep linear network as defined in Equation (I)). We use a one-layer deep linear state-space
model (SSM) with width 2521 as our target model and use deep linear SSMss defined as Equation (1)
with varying depths ranging from 2 to 63 to reconstruct the target model while controlling the same
parameter counts across different depths. In particular, we observe that the maximum norms decrease
at the rate predicted by Theorem [2]as the number of layers increases. More details about numerical
verification of Theorem [2] could be found in Appendix [C}

4.3 MINIMAL DEPTH FOR REPRESENTING SHALLOW NETWORKS

Following Section4.2] we have highlighted the important role of depth in enabling norm reduction
in deep linear state-space models. In this section, we address a more refined question: suppose we
have a SSM with weight norms bounded by ¢;, which is possibly a very large value, how deep must a
norm-constrained deep linear SSM with norm bound ¢y be to achieve the same expressive capacity?
In fact, very large parameter norms may arise when using SSMs to learn non-smooth or highly
oscillatory memory function (Jiang et al.| 2025} |Liu & Li, |[2025) while c5 could be predetermined
based on desired stability constraints imposed by the optimizer. Theorem [2] already indicates that
substantial norm reduction is possible through increased depth and we now formalize this by deriving
the minimal depth required for a deep linear SSM with norm bound c5 to represent a given one-layer
linear SSM constrained by c;.

Theorem 3. Suppose p € ’Hgﬁl for some K > 2, and let ¢c; > 1 and co > 2 denote the norm
constraints for the one-layer and deep linear SSM, respectively. Then, we have the following upper
bound for the depth of a deep linear SSM as defined in Equation (I):

ey < p2nte) g ()

min{l: pe M., n(2)
2

A detailed proof of Theorem 3]can be found in Appendix [A:3] The technique employed to determine
the minimal required depth closely follows the constructive approach developed in Theorem [2]
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To maintain a constant parameter count, we set the width of an [-layer linear SSM to be ( 1+ 1L
If the total number of parameters is allowed to increase, the problem becomes trivial, as parameter
norms can be reduced simply by allocating more parameters. However, our results in Theorem 3]
indicate that increasing the depth is an efficient strategy even under a fixed parameter budget. This
suggests that model performance may be improved by increasing depth if the parameter norm is large.
We will show later in our experiments Section[3}

4.4 BEYOND DIAGONAL CASE

Recall that Theorem [1|extends to the case where the hidden matrices are diagonalizable. However,
extending Theorem [2|to diagonalizable matrices remains challenging due to the condition number
induced by diagonalization. To obtain tractable norm bounds, we instead assume that each hidden
matrix A; is normal, i.e., unitarily diagonalizable with a condition number 1, which resolves this
issue. This assumption also aligns with the HiPPO initialization commonly used in practice (Gu et al.,
2020). Now we define the following hypothesis space:

™ ={p(t) : y(t) = (p* 2)(1), A1, ...y Ay € C™™ normal, Bs, ..., B, € C™*™,

By e ¢t A) <1, < ¢ ||Billso < Bp)ij| <
G, B e ™, max 1(4i) <1,[[Cllec < ¢ [|Billec < ¢, max  max |(By)y| < c}
(12)

The following result generalizes Theorem 2]to the normal case.

Corollary 1. Suppose m,l > 1 and let ¢y > O be the norm constraint for the one-layer linear SSM.
Then, we have the following upper bound for the norm constraint of equivalent l-layer linear SSM,
where the hidden matrix A; is normal.

max  min{es, p € Gl 1} < 2((1(m— 1) + 1)e}) 1 (13)
6gl(m +1 co>

A detailed proof of Corollary [T} as a generalization of Theorem 2] can be found in Appendix [A.3]
It is important to note that, unlike the upper bound in Theorem [2} this norm upper bound explicitly
depends on both the number of layers | and width m, which reveals the fundamental difference
between deep and shallow networks in their expressive ability in a larger space. Precisely, unlike
the unchanged bound in Theorem the bound for this larger space is increasing at the rate of M ,
which can also be bounded by a constant if [ = O(log(m)).

5 EXPERIMENTS

In this section, we validate our theoretical results through numerical experiments. Before presenting
our results, we provide Lemma 2] that facilitates the computation of the output coefficients of a deep
linear SSM as described in Equation (TJ), i.e., its direct expansion into the equivalent one-layer SSM
form.

Lemma 2. Consider the deep linear SSM in Equation () with [ layers and width m and assume
that each state matrix is diagonal with pairwise distinct entries A; = diag(Ni1, ..oy Aim ), 1 =1, .., 1.

Suppose B; = (bﬁ})r 1, CT =(c1, -+ ,em) and By = (by, - -+ , by,). Then the convolution kernel
p(t) of the | layer deep SSM with width m can be written as a sum of exponentials:

l m
=22 G
- lﬁzl

ﬁ'L:

where for each layer | € {1,...,1} and index m € {1, ...,m}, the coefficient &; . is given by
O =D @

Z Z Z Z €3195152 %5245 - Ji—1171 (14)

I —a+1
=1 g =15 =1 a=1 Ha la;él(l A7 )

Tt

A detailed proof can be found in Appendix [A-4]
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5.1 EXPERIMENTS ON LINEAR FUNCTIONALS

In this section, we focus on the task of learning a linear functional impulse, which is a common
experiment target to test the memory of sequential models (Jiang et al[2025). Similar to the copying
task (Jelassi et al., [2024), where output is a shift of the input, learning this target requires large
parameter norms (Liu & Li, 2025). Thus, this task is particularly well-suited for highlighting the role
of depth in deep linear state-space models, as we keep equal parameter count while increasing depth.
The memory function takes the form of an impulse

ploa) = {

Here, the parameter o controls the shifting distance. The architecture used in these experiments is
identical to the one analyzed in our theoretical framework, i.e. deep linear SSMs. For each depth [, we
solve for the width m such that the total number of parameters satisfies the relation [(m —1)+1 = 31,
matching the parameter counts of the one-layer model with width 31. As shown in Figure[I} we
present the mean approximation error together with 1 standard deviation across different seeds. We
could see that the approximation error decreases with better performance when we try to fix the same
expressivity as the number of layers increases. Each point on the additional line in the plot represents
the norm of a one-layer linear SSM that is equivalent to the corresponding deep linear SSMs. We find
that increasing the number of layers while reducing the width by keeping the total number of effective
parameters fixed leads to improved performance. However, this improvement comes with a trade-off:
as the number of layers increases, the wall-clock time per epoch becomes slower. Furthermore, we
observe that as the depth of the model increases, the corresponding norm required by the equivalent
one-layer SSM also increases, which is the similar trend as Theorem [2] predicts. We compute the
corresponding norm of one-layer SSM with the same expressivity by Lemma[2] This demonstrates
that depth contributes to improved model performance when the parameter count is fixed.

1 ifs=aq,

15
0 otherwise (1s)

0.06 Error (mean = 1SD) |4 % 5 2.0 Wall-clock time per epoch
<+ o
0.05 Max Norm @ %1.8
o
0.04 3?, a
. s olb
o >
£0.03 2 E
w 25 5
w 1.4
0.02 5 Y
E T
15 112
0.01 S g
x
0.00 0= 10
1 2 3 4 5 1 2 3 4 5
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Figure 1: The left panel shows the training error and the maximum norm of the equivalent one-layer
SSM computed by Lemnma 2] when using linear SSMs of varying depths, all designed to achieve
the same expressivity, to learn a linear functional impulse. The right panel reports wall-clock time
per epoch of SSMs with different depths, normalized by the runtime of a one-layer linear SSM. We
could notice that the data point for depth 4 layers is infeasible because 4 x (m — 1) + 1 = 31 implies
m = 7.5 which does not admit a positive integer solution for m and is not valid in our setting where
the width must be an integer.

Next, we explain why parameter norm control is important. We train linear SSMs with different depth
and width but we keep the same parameter counts to learn the impulse memory functions defined as
equation Equation (T3) at positions & = 10 and v = 50 and the results are shown in the Table [T}

The impulse memory function with a = 10 is a “small-norm” target whereas that with o« = 50
is a relatively “large-norm target”. By this we mean that to learn the target for a = 50 at fixed
model sizes, it is known that one requires larger norms in the trainable parameters to reach a similar
approximation error from our Proposition [T} All models are trained for approximately the same
wall-clock time (= 190s), so deeper models see fewer optimization steps. For the impulse memory
function target at o = 10, the shallow 1-layer SSM converges fastest and attains the lowest loss.
For the impulse memory function target at « = 50 which requires larger parameter norms to reach
a similar approximation error, the deepest 3-layer SSM achieves the best loss, even though it runs
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Table 1: Training steps and loss under an equal wall-clock budget 190s.

Impulse oo = 10 Impulse oo = 50
Architecture Steps (190.72s) Loss Steps (190.88s) Loss
1 layer, width 31 3328 2.07e — 05 3328 1.30e — 03
2 layers, width 16 2195 2.28e — 05 2199 5.56e — 04
3 layers, width 11 1603 3.36e — 05 1613 5.27e — 04

slower per step. This is consistent with Theorem[2} depth could help reduce the norm. A deep SSM
can realize a large effective kernel norm by factorizing it into a product of smaller per-layer norms,
whereas a shallow SSM cannot, making the large-norm target harder to approximate under norm
constraints.

5.2 EXPERIMENTS ON NONLINEAR S4D MODEL ON SEQUENTIAL MNIST AND CIFAR-10

We aim to validate our theoretical findings on a practical model. To this end, we conduct experiments
with the S4D model (Gupta et al.l 2022) on the sequential MNIST task (Xiao et al., 2017) and
sequential CIFAR-10 task (Tay et al., 2021). We stack linear SSMs in different layers with no internal
nonlinearity and adjust depth and width to keep the same parameter count. A single, identical FFN is
appended to different stacked linear SSM layers while we keep the FFN fixed so that only the SSM
stack differs. Under this nonlinear S4D design, we treat models with the same parameter budget as
approximately equivalent. We give an intuitive illustration of the architecture we use in Appendix [D.4]
The input to this model is a sequence derived from the flattened MNIST image (1D sequence) and
the output is the predicted class. When [ = 1, this reduces to the standard S4D model (Gupta et al.,
2022). When [ > 1, we reduce dgy to keep the width fixed, thereby preserving the expressivity of
the model.

The relevant theoretical result for our experiment is Theorem [2] which shows that the norm of the
weights in deep linear SSMs decreases exponentially in [~! as the number of layers increases. For
optimization stability, the parameter norm of each layer would be upper-bounded by some constant,
denoted as B. Then, according to Theorem [2] the maximum parameter norm of the equivalent
one-layer SSM that can be expressed by such an [-layer SSM would be upper-bounded by O(B'/?),
which is exponential in /.

For the experiment on the MNIST task (Xiao et al.|[2017), each point of the orange line in the left
panel of Figure 2]is the maximum norm of weights equivalent to a one-layer nonlinear S4D across
different layers while keeping the same parameter count. We can see that the maximum norm of
weights equivalent to a one-layer S4D increases exponentially with the number of layers. While
Theorem [2]is established in a linear setting, we observe a qualitatively similar trend in Figure 2] for
the nonlinear S4D model trained on MNIST: increasing depth leads to a substantial reduction in
model norm. The blue line in the left panel of Figure 2] shows that increasing the number of layers,
while reducing the hidden dimension to maintain the same expressivity, can lead to improved model
performance. Due to the nonlinearity of S4D, this experiment does not provide an exact quantitative
match to the theory, but it suggests that the exponential norm-reduction phenomenon may generalize
beyond linear models. However, this improvement also comes with the same trade-off: as the number
of layers increases, the computational speed becomes slower.

We also conducted experiments using nonlinear S4D models on the sequential CIFAR-10 task (Tay,
et al., [2021)). The results demonstrate that increasing the model depth, while keeping the total
parameter count approximately constant, leads to improved test accuracy. Specifically, models with
greater depth and narrower width consistently outperform shallower, wider counterparts. The best test
accuracy for models with different depth and width is reported in Table[2] Here, we report the best
test accuracy across multiple runs in Table[2]to intentionally avoid the influence of optimization error.
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Figure 2: The left panel displays the test accuracy reported as mean +1 standard deviation and the
maximum norm of the equivalent one-layer computed by Lemma [2| for the S4 model of varying
depths on MNIST. All are designed to achieve the same expressivity. The right panel reports the
wall-clock time per epoch of SSMs with different depths, normalized by the runtime of a one-layer
SSM.

Layers | Width Test Accuracy
4 64 0.8048
3 86 0.8036
2 128 0.7978
1 256 0.7846

Table 2: Test accuracies for nonlinear SSMs on sequential CIFAR-10 across layers and width; here
layers denote the number of stacked SSM layers.

6 CONCLUSION

In this work, we investigate the effect of depth on the expressivity of deep linear state-space models
under norm constraints. Our theoretical analyses in Theorem [l|reveal a nontrivial dependence of
model expressivity on depth when the total parameter count is held constant. In particular, while
increasing depth and width are generally equivalent in the absence of norm constraints, their roles
differ significantly under norm-bounded regimes. In Theorem |2} we also show that increasing depth
can significantly reduce the required parameter norms under the same parameter count, especially in
tasks that demand large-norm representations such as modeling oscillatory or non-smooth memory
functions (Jiang et al., 2025} |Liu & Li,[2025). This norm reduction highlights the effectiveness of
deeper architectures as our experiments shows in Section[5] Moreover, our results suggest a promising
direction for future research: factoring shallow SSMs into deeper ones can enhance expressivity
and generalization, even in classical implementations. While this may incur a runtime cost due to
increased depth, it opens the door to better optimization and stability, especially when norm control
is critical. Understanding this trade-off more thoroughly in nonlinear or real-world SSM variants
remains an exciting avenue for future exploration. To the best of our knowledge, this is the first
rigorous analysis of (norm constrained) capacity of deep linear SSMs, offering theoretical insights
into their norm weights and representational abilities as depth increases. Our theoretical results are
valuable by revealing the role of depth and width under the parameters norm in deep linear SSMs.
It is potentially useful to extend our theoretical framework to designing computational efficient
architecture.

Limitations and Future Work This work has several limitations. First, our analysis is confined
to the linear setting; although we expect many conclusions to extend to nonlinear models, we do
not explicitly treat convolutional representations. Nevertheless, our experiments on a nonlinear
architecture provide suggestive evidence that the main insights persist. Second, our discussion of
depth is purely approximation-theoretic; once implicit or explicit regularization is taken into account,
norm constraints naturally arise and lead to a distinct problem formulation beyond our current scope.
Finally, as shown in Section[5.2] wall-clock time per epoch increases with depth, raising practical
concerns about computational cost; future work should therefore develop more efficient methods for
multi-layer computations to better trade off depth-related gains against training speed.

10
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A PROOFS OF THE THEOREMS AND LEMMAS

A.1 PROOFS ON MODEL STRUCTURES AND REPRESENTATIONS

Proof of Lemmal(l] Itis clear that A, (t) is linear w.r.t. 2(s), forn; = 1,...,land s = 0,...,¢
Then we denote as h,,,)(t) = Zi:o h(s,n1)z(t — s). To prove this lemma, we first apply induction
on s and n; to prove the following statement:

17 +1
h(s,n1) = > H o By 1),V =1, (16)
t1t+i2+...+in, =sJ=1
i1,eying EN

When s = 0, it is clear that h(0,n;) = H;il Bp,—j+1, Yni. When n; = 1, it is clear that
h(s,1) = A5 By, Vs. Then suppose this representation for A is true for h(s,ny — 1) and h(s — 1,nq),
then we have

h(s,n1) = An,h(s —1,n1) + Bnlh(s ny — 1) (17)

= An, > H ATV B ) (18)

i1tigt.. Fin, =s—1j=1
i15enying EN

ni—1

+ Bn, > T A= Bayeam) (19)

i1+izt. . tin, =s j=1
71 ...iT,l_lEN

> H AT By ) (20)

t1Fia+...Fin, =s j=1
D] yeees 7‘"1 eN
>l

an it p
+ Y H I By —jig1) 1)
i1+i2t. . tin, =5 j=1
il,...,in,IEN
in, =0

> H A By 1) (22)

i1 Fia+...Fin, =s j=1
il,“.,inl eN

Then we have that with the expression of h(s — 1,n1) and h(s,n; — 1), we can have the expression
of h(s,n1) as above. Then with h(0,n,) and h(s, 1), induction shows the correctness of the above
expression. Thus

l
p(t)=CTnt,)=Cc" > [ Bi-j) (23)
i1t+io+...+i =t j=1
Tl genny i1 EN

A.2 REWRITING OF EXPLICIT FORMS

Before we come to the proof of Theorem (1}, we prove the following lemmas to aid our proofs.

Definition 1 Denote by F(ayq, .. ., «,) the following function:

abtn—1

Fk(al,..-704n) = Z?:l m

where n is the number of inputs taken into the function, and «; are distinct complex numbers.

13
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Corollary 1 Fy(ay,...,an) = Fr(as@),.--,Qex)) Where o is a permutation. And
Fiplag,...,an) = Filag,...,ap,0).

The corollary is easy to verify, so we omit the proof here.

Lemma 3. For all integer k satisfying 0 < k < n — 2, and distinct complex number oy, . . ., a,,
we have

k

n o o
Zi:l Hj#i(a’i_aj) =0

Proof of Lemma 3. For a given integer 1 < k < n — 2, consider the following polynomial of x of
degree at most n — 1:

k i (T—ay
fl@) =y, sy

i=1 Hj#i,(ai*o‘j)

It is obvious by the properties of Lagrange Interpolation Polynomial that f(z) = z*, thus the
coefficient of x™ 1 is 0, this gives exactly

Is
dic Mo (ei—ay) — 0

Lemma 4. Denote by I(n, k) the following set
I(n,k)Z{(il,...,in)Zzyzlijzk‘; ijZO,ijEZ,Vj}

Then for distinct o, . . ., oy, We have

Z(il,...,in)el(n,k)(nyzl a;j) = Fi(ag,...,ap)

Proof of Lemma 4. We do induction over n. It is easy to calculate that when n = 1, Vk > 0,

Z(il,..,ﬁin)el(n}k)(H?:l O‘E‘j) =af = Fp(o)

14
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Now suppose that for n — 1 and V& > 0, the equalities holds. Then we consider the case of n.

n k n—1
) Ha Z v > (IT ey (24)
(i1,eeeyin)EI(n,k) J 1=0 (n, yin—1)€Il(n—1,k1) j=1
k
Z R E (any . anen) (25)

k n-l k1+n 2 ak—k

=X 3

k1=0 i=1 Hj;ﬁi;j#n(al - aj)

(26)

n—1 k4+n—1 9
=2 oo (27)
= (jisgpn (@i — @) (i — )
-1 i -1 . —92
=2 M (28)
= Lglei—qy)
L gt n—1 n—2

=2 ey T 02 ) (9)

=1
n—-1 ak?-l‘n—l n—2

=Y =t (A 30
Z;H#i(ai*%‘) “ (Hj;én(an*%‘)) G0

— Fi(au,. .., an) (31)

Where the second last step uses the result of Lemma 3. ]

As the set {(a1,...,an) : a1,...,a, are distinct} is open and dense in C", and taking finite sum in
the form of Z(ih_”’in)el(n’k)(nyzl a;j) = Fy(ai,...,a,) is continuous w.r.t. (ay, ..., a,) under
norms on C™, thus we can extend the definition of Fy(c, ..., ay,) to the entire C™ by taking limits.

Corollary 2. For a [ layer SSM p € HT ;, suppose it is defined by matrix A;,7 = 1,...,1;
B;,i=1,...,land C as given in the formulatlon Then we have

-1

p(t) = Z le[H(Bl7p+1>(jl7p+lvjl—p)](Bl)jl[ Z H (Ai—j+1 ,1717:41—1)]‘1—;74—1))]

1<j1,..,is<m p=1 i1 Figt... i =t j=1
i1,...,41 EN

(32)
If we denote a(, y) as a(z,y) = (Az)(y,y) for diagonal matrices A, then we have

-1

p(t) = Z le[H(Bl7p+1>(jl—p+1-,jl—p)](Bl)let(a(17jl>7.'.,a(l’jl)) (33)

1<j1,..;i<m p=1

This corollary is straight from calculations of LemmalT]

Lemma 5. Given fixed positive integers M > N,T > 0. Denote by B(a,e) ={c€ C: |c—a| <
¢} for real number ¢ > 0. For fixed complex numbers by, ..., by satisfying Zfil b; # 0, and
pairwise distinct non-zero complex numbers o, . . ., ay,. Then for T > N + M + 1 and sufficiently
small €, we have

N
e—0 Biyeens ﬁMGU, 1B(c€) ; ; Z { } { })

M
i=1 ¢i=0

Where f({a;},{b;}) is a real number independent of e.

15
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Proof of Lemma 5. It is clear that for sufficiently small €, 3; have to be non-zero, and B(c;, €) are
disjoint. Then we rewrite (Zﬁl c; L) as

M N
LR DD DR o)
i=1 J=1B;;€B(aj,e)

Then by considering the first-order asymptotic of > B,:€B(ay,e) Cii /3’ w.r.t. €, we have that

ST Bl = Bi(t)al +o(1) (36)

Bji€B(aj€)

Where B (t) are polynomials with Z —, deg(Bj) < M — N (The possible existence of polynomial
comes from cases where ) 8,:€B(ay,¢) Cii = 0, leading to cancellation of the originally highest order
term. In the first order asymptotic we consider the highest order not canceled out in the summation).

If Z;\Ll deg(Bj) # 0, then it is clear that such f({a;}, {b;}) exists, as at least one B;(t) grows at
least linearly w.r.t. ¢ but the corresponding b; remains constant.

If E;Vﬂ deg(B;) = 0, then there’s no highest-order cancellation in the way above (canceling the
entire term doesn’t count in this case). Then by writing B;(t) = Bj, then minium becomes

N
tiny(_jut OZIZZW - (3 Bad)l +0(0) G7)

And it is clear from 27 1 b; # 0 that such limit is strictly greater than zero. Thus the f({c;}, {b; })
exists.

A.3 PROOFS OF MAIN THEOREMS

Lemma 6. Hl(m D+ g qym

Proof of Lemma 6. We consider p € Hl(m D+2 defined by matrices Ay, By, Cy, where

Ay Dzag{al, ..., 0} with K = [(m — 1) + 2 and distinct nonzero o;’s. Then we have
p(t) = Zl 1(Bo); (Co)lat Assume the contrary, if p(t) € HJ ;, then suppose it is defined

by Ay,...,A;; By,...,B;; C as in the formulation, and denote a(x,y) = (Az)(y,y) to be
the diagonal elements of A,. According to the formulation in Corollary 2., it is clear that
{a(i,j):1<i<[,1<j<m}={0;:1<i< K}U{0}.

If there are any two non-zero a(x1,y1) = a(x2,y2), then we perturb them up to the magnitude of €
such that all the non-zero o(x,y) are distinct, and satisfying that o(z,y) € (UK, B(a;,¢)) U {0}.
As € — 0, the perturbation of p(t) also goes to 0 for any fixed ¢.

Now we consider Fi(«(1,j1),...,a(l,5;)), and eliminate all the zeros according to the rule in
Corollary 1.. Then we denote that F;(«(1, 1), ..., a(l,ji1)) = F:(f1,- .., b1, ), where l; > 2 due to
that there’s at most [ — 2 zeros, and [3; are all the non-zero elements in {«(%, j;)}, and 3; are distinct
due to that non-zero {«(4, j;)} are perturbed to be distinct.

Recalling the definition, we have

t+l1 1
EFy(B1,y...,01) 38
t(B1 Bu) ZHJ#(@ 5, (3%)
ll - t+1
_ . 39
; J#(ﬂz .6 =) %
where the sum of coefficients is

I 6{1—2

> J )=0 (40)

i—1 Hj;éi(ﬁi = Bj)
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As according to Lemma 3. And this applies for all suchF;(«(1,71),...,a(l,j;)). Then by taking

N=K,M=1Im,b; = M ,a; = 0y, and B; = a(x,y) (with the perturbatlon applied), then
we have exactly the setting of Lemma S.

Then according to Lemma 5, we have that for the perturbed p(¢), 2ml+1 lp(t) — p(t)| > fo >0,
where fj is completely determined by the original system defining p and 1ndependent of the magnitude
of perturbation e.

However, we know that for any bounded range of ¢  the summation
D iniat.tig = tH7 (A= ]+1) SaH ) in Corollary 2 has perturbation bounded by

11— 1,J1— 1
i1y it € (Ji—p+1:J1—p+ )

a function of e that goes to zero for ¢ — 0. This is in contradiction with the positive bound fj. Thus
concludes the proof.

Lemma7. M, CHI,

Proof of Lemma 7. For p € HT , defined by matrices 4;,4 = 1,....l; B;,i = 1,...,1; C
according to the formulation, we construct a 1 layer SSM of width m! defined by vector Cy, By €
€1 and Ay € C™>*™! such that the hidden state f(*) at time # is exactly (h] (t),...,h] (t))T.

We denote A9 = (Ao)(j), 1 < 4,5 < I, where each (Ag)(;;) is a m x m block. And By =

(B1y.--,B1), Co = (e1,...,¢) are separated into [ of m x 1 vectors stacked together.
(IT42h Biva-r) A0 > j
(Ao)iig) = A= j (41)
0,i < j

And b; = H;Zl Bit1-5, Co = (0,...,0,C). By direct calculation, we could verify that the p

corresponding to the SSM defined by Ag, By, Cy is exactly p, which means p € Hffo"‘)l. O
Corollary 3. For distinct complex numbers 71, . . ., v,, we have that for non-negative integer ¢
F Tn—1 _ Tn
t(Y15 ) — F(n, oo ym-1) = F(v, s n—2,7)  (42)

’77171 — Tn Yn — ’Ynfl
This result in Corollary 3 could be derived directly by expanding F}; according to Definition 1 and
simple calculations.

Lemma 8. Given n distinct non-zero complex number fi,...,3,, and n complex number
Z1,..., 2. If wedefine Hg,k=1,...,ntobe

n k=1,
=32 7, T = )

(43)
55
Then we have
S HWF(Bry-. o Br) = > ZiB (44)
k=1 k=1
Furthermore, if |§;] is in an non-decreasing order, then we have |H| < 2" maxi<;<n, | Z;|, Vk.
Proof of Lemma 8. We use induction to prove the following stronger result for all u = 1,...,n:
u 1
= - (B — Byp)
> HF(By, ..., Br) = Zz u Fy(B1, -, Bu-1,Br) (45)
k=u

In particular, when u = 1, it becomes exactly the result we want.
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When u = n, it is clear that the above is true. We then calculate the following for u > 2:

n u—2 n u 1
Z ka (517~~~a5u7275k ZZ M (ﬁla”-aﬂuflaﬂk)

k=u—1 k

(46)
u—2 _
=g, A= G =P ps ) (47)
u—1
n u 2 u—1
+ZZ M t(ﬁla"wﬁquaﬁk)_M (/817"'7BU717B/€)) (48)
K k
= u—al:l (53_21 _ﬁp)Ft(/Blw"?ﬂu—Q?ﬂu—l) (49)
u—1
n u 1
+ZZ 1L- 15’“1 B”)m f’“ﬁul)Ft<ﬁl,...,m_2,ﬁk)Ft(ffl,...,ﬁu_l,ﬂk)) (50)
= uflnpzl(ﬁ;‘j_’BP)F,&(Bl’...,Bu,z,ﬁufl) (51)
u—1
n u 1
+ZZ p ! ,;Bkl ﬂp)(ﬂkﬁu/@l 1Ft(51;"-7ﬂu727/BU71)) (52)
k ‘ u—
u—2 _
Z Zkﬂ“’lnpjl_(fk ) (BB, BunBur)) (53)
k=u—1 k
= u—lFt(/Bla"'vﬁu—Qaﬂu—l) (54)
Then it is clear that the stronger result holds for all w = 1,...,n. Thus taking © = 1 we have the

desired result.

If the non-decreasing order of |3;| holds, then we have that

B TIn1 (85 — By)

M:

|Hy| = | % | (55)
j=k B
1Z; \*I Hl (56)
jzk
|Z;| * 281 (57)
jzk
< on :
<2 fgiagxanzl (58)
0

Lemma9. H.""VT

Proof of Lemma 9. For simplicity we denote K = [(m — 1) + 1.

Then for p € Hl(m D+ , suppose that it is defined by vectors By, Cp, and matrix Ay =
Diag{o1,...,0x}. Then from Corollary 2 we have p(t) = ZZ 1(C)i(Bo)iot.

As the case of 0; = o or 0; = 0 will lead to the degenerate case, which is weaker than the non-
degenerate case, thus we do not consider them here. Now we assume that ¢; are distinct and non-zero.

Due to the symmetry of the above form, we can assume without loss of generality that |o;] is in an
non-decreasing order.
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we define the following functions:

oj, fori=1;7=1,....,m
Oé(Z,]) = U(i*l)(mfl)+j+17 fori = 277laj =L...,m (59)
0, fori=2,....05;j=m

(Bo);j(Co)j, fori=1;j=1,...,m

Z(Z,j) = {(BO>(Z'1)(m1)+j+1<00)(i1)(m1)+j+17 fori = 27,l7j = 1,...,m (60)
0, fori=2,....l;j=m

Zl Z( 7.7)“(17])1_[(1:;8(5;]) (QJ))’ fori=1,. .. Lj=1,...m—1

.o P=1
H(i,j) = Z(1,m), fori=1;5=m (61)
0, fori=2,....0;7=m
Also, denote by Zy = 2 * (maxlSiSK |(Bo)i(CO)i|)z+%_
Then we construct diagonal matrices Ay, ..., A;; matrices Bo, ..., Bj; vectors By, C such that the
layer SSM of width m defined by these parameters has exactly the same p.
* By =C = Zyl,,, where 1,, is the vector consisting of all 1.
o (Ai)y, ) =ali,j).fori=1,....5j=1,...,m.
Bi) gy = Zosfori=2,...,l—1;j=1,....m— 1.
Bi)(m,m) = Zo, for¢ = 3, ey l.
)

(
(
* (B2)(mm) = H(éém).
(
(

Bi) ) = H(Zl[z;j),forj =1,....,m—1

Bi)(m,j):H(iz;él’j),forizl...,l;j:1,...,m71

¢ All the unmentioned elements are set to zero.

Under such construction, we suppose it defines p, then following Corollary 2 and Lemma 8, we have

-1
ﬁ(t) = Z le[H(Bl7p+1)(jl—p+l-,jl—p)](Bl)let(a(17jl>7'"7a(l’jl)) (62)
1<j1,051Sm p=1
m—1 1
=Z(1,m)a(L,m)' + > > H(i,j)F(a(1,)),...,a(i, ) (63)
j=1 i=1
m—1 1
= Z(1,m)a(L,m)" + YY" (i, j)ali, )" (64)
j=1 i=1
K
= (Co)i(Bo)io} (65)
=1
= p(t) (66)
Thus p=p e HZ ;. |

Remark 1. : As for the degenerated cases, as there are less parameters in p,, its construction could
be achieved by simple modifications on the above construction, or simply achieved by taking limits
as the set of non-degenerate (o1, ...,0x) is open and dense in CX.

Remark 2. : It can be seen from Lemma 8 that all the entries of B;, C' are bounded by 7, =
2 (maxi<i<k |(Bo)i(Co)il) 1. As for the degenerated cases, we can do the construction by taking

limits, thus for these cases the same bound holds.

Proof of Theorem[I] This is direct from Lemma 6, Lemma 7, Lemma 9. U
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Proof of Theorem Forp € Hl(m71)+l, we have that

0171
1 2
— . N+ < t+1
Zo =2 (max |(Bo)i(Co)i) ™ < 2] (67)
Then it is direct from Lemma 9, Remark 2. O

Proof of Theorem[3] From Theorem 2] it suffices that

2
2e{™ < e (68)
Which means
2 ln(c1)
1> -1 69
> n(2) ] (69)
For this I, we already have that m = [%1 + 1 satisfies that K’ < [(m — 1), and Lemma 9, Remark
2 shows that the bound also holds for degenerate cases, which is valid to be used here. |
Proof of Corollary To prove this corollary, we only need to show that gi(ﬁ_l)ﬂ c
I(m—1)+1 I(m—1)+1 .
SO Tert” Assume p € G, ' is defined by Ay, B1,C, and based on the property
of normal matrices, we can decompose as A; = UXU™* for diagonal ¥ and unitary U. Then we have
p(t) = CT AL B, (70)
=CcTUs'U* B, (71)
= (UTC)'SN (U By) (72)

Therefore p is also defined by X, (UT'C), (U* B;). And by the norm-preserving property of unitary
matrix, we have |[(UTC)||2 = ||C U*Bill2 < || Bill2- Then |[(UTC)||oo < /1(m — 1) + 1cy,

25

* . I(m—1)+1
[(U*B1)|loo < v/l(m —1)+ 1¢y, leading to p € G . Then by Theorem [2|, the
I(m—1)+1cy,1
conclusion holds. O

Proof of Lemma This lemma can be directly obtained from Corollary 2 by indexing
Fi(a(1,41),...,a(l,j;)) as according to Definition 1. O

Remark 3. We could define an even larger space as follows:

L ={p(t) : y(t) = (p* 2)(t), Ay, ..., A; € C™™ diagonalizable, By, ..., B;, € C™ ™, (73)

1
€. € €™, max r(4) < L[[Clle < Bl < ¢ max, max (Bl < c}
(74)

The difference between H?, and L7 is not as substantial as one might initially expect. In fact, if
we remove the norm constraint-that is, as ¢ approaches infinity-the two hypothesis spaces become
identical.

Lemma 3 (Representing ability equivalence in two hypothesis space). Given m,l > 1, the we have

sl = Hiey (75)
Proof of Lemmaf3] As itis clear that
Hooy © LY

m

. We only need to prove that Vp € L |, we have p € H7 ;. Suppose this [ layer SSM is defined
by matrix A;,i = 1,...,0; B;,i = 1,...,0l and C as given in the formulation. Then suppose
A; = Pi_lDiPi is the Jordan decomposition of A;, where P; is invertible and D; is diagonal. Then

20



Under review as a conference paper at ICLR 2026

let C = PTC, Bj = Py'B;Pj_1,j =2,...,1, By = P "By, A; = Dyyi = 1,... 1. Itis clear
that for all ¢,

1
pity=Cc” >[4 B (76)
RRHANT iy
~ ! .
=CT Z H(f)zl:jﬁ Bi_ji1) (77)
s
As D; are diagonal matrices, we have that p € H} ;. ]

A.4 PROOF OF LEMMA [2]

This lemma can be directly obtained from Corollary 2 by indexing Fi(a(1, j1),...,a(l,j1)) as
according to Definition 1.

B PROOF OF PROPOSITION

Proof of Proposition[I] Fix m € N and a diagonal matrix
Ay = diag(aq, ..., )

with spectral radius r(A;) < 1,andlet B = (1,...,1)T € C™. For C = (cy,...,cm) ' € C™, the
corresponding one-layer linear SSM (Equation (1) with [ = 1 and o = id) has convolution kernel (by
Lemma [T]applied with [ = 1)

pc(t)=CTA'B = chaé, t>0.
j=1

Letk > 0and 0 < € < 1 be fixed, and suppose that C' € C,, (e€), i.e.
max|po(t) = pr(t)| <€ pr(t) = Li=py.
In particular, evaluating at t = k gives
|pc(k) = 1| =[pc(k) — (k)| < e = lpc(k)| =1« (78)

On the other hand, let
r:=r(4;) = max laj| < 1.

For any ¢ > 0 we have, by the triangle inequality,

m m

m
lpc(t)| = chaj' < Z lejlleyl* < th lej| <7t m[|C]| oo,
j=1 j j=1

=1
where ||C||oc = maxi<j<m |c;|. Specializing to t = k yields

lpc (k)] < mrF ||| oo (79)

Combining equation [78]and equation [79] gives
1—e<|pc(k)| <mr* O],

hence
1—e¢

mrk’

1Cllee = (80)

By the assumption of the proposition, the impulse position & grows at least linearly with the width m,
i.e. there exists 3 > 0 such that
k > pm.
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Since 0 < r < 1, the map k > ¥ is decreasing, so from equationwe obtain

1—c¢ 1—c¢€

IClo > W: - exp(ﬁmlog(l/r)).

Let A := Slog(1/r) > 0. Then
log||Cllec > Am —logm + log(1 — ¢).

The term — log m grows only logarithmically, while Am grows linearly in m, so there exists mg € N
such that for all m > my,

A
Am —logm +log(l —€) > —m.

2
Equivalently, for all m > my,
A
IClloe = exp(5m).
2
Setting
A B 1
= - = —1 _—
v=g = glerny 70

we conclude that, whenever k > fm and C' € C,, x(¢), the coefficients must satisfy

ICllee = exp(ym)
for all sufficiently large m. This proves the claimed exponential growth of the parameter norm with

respect to the width m when the impulse position scales linearly with the width. O

C NUMERICAL VERIFICATION OF THEOREM

We conduct numerical experiments to verify our main theorems. Specifically, given a one-layer linear
SSM with width [(m — 1) + 1, we apply the construction from Theoremto reconstruct an equivalent
model with [ layers and width m where a wide and shallow network is learned using a deep linear
network as defined in Equation (T)). We use a one-layer deep linear state-space model (SSM) with
width 2521 as our target model and use deep linear SSMs with varying depths ranging from 2 to 63
while controlling the same parameter counts across different depths to reconstruct the target model.
For each depth [/, we adjust the width d such that the total number of parameters matches that of
the target model. This results in the relation 2521 = I(m — 1) + 1. For example, a deep linear
SSM model with depth 63 would have width 41 to match the parameter count of the target model.
The experiments are performed for both real-valued and complex-valued parameters. In the plot
Figure[3] the dots represent the maximum norms constructed as shown in the proof, while the lines
depict the theoretical bounds. Overall, this setup is designed to numerically verify the construction in
Theorem [2] by analyzing how the norm of weights decreases as the number of layers increases. In
particular, we observe that the maximum norms decrease at the rate predicted by Theorem [2]as the
number of layers increases.

D EXPERIMENT DETAILS

We run each experiment multiple times, but we report the minimum error across runs in our plots. We
would like to avoid the influence of optimization error intentionally, because our theoretical results
are concerned with the representational capacity of deep linear SSMs, assuming ideal optimization.

As for the computational cost, let us take the example of an [-layer SSM of width m compared with a
one-layer SSM of width I(m — 1) 4 1, which are equivalent in terms of expressivity with the same
parameter counts. In one training step, the one-layer SSM makes 21%m? + o(1>m?) float calculations
(additions and multiplications), while the {-layer SSM makes Am? + o(lmQ) float calculations, which
is of smaller order than the one-layer SSM. Nevertheless, in practical implementations leveraging
parallel computation, the runtime of matrix-vector multiplication does not increase quadratically with
matrix size but often remains nearly constant over a wide range of sizes, due to efficient hardware
utilization. The one-layer SSM requires one such calculations per timestep while the [-layer SSM
requires 2! such calculations, thus leading to slower calculations in forward pass. As we consider
backward pass to have the same order of calculations as forward pass, we have that the one-layer
SSM to be faster to train.
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Figure 3: We use a one-layer linear network to represent a deep linear network under reconstruction
setting, examining the relationship between the number of layers and the maximum norm of the
corresponding parameters in the model.

D.1 ERROR BARS FOR SECTION[3.1]

Layer | Loss (Mean * 95%CI)

1 (5.70 £0.29) x 102
2 (4.774£0.13) x 1072
3 (7.3540.47) x 1073
5 (1.84 +0.68) x 10~*

Table 3: Loss (Mean + Standard Deviation) for different layers in learning linear impluse

D.2 ERROR BARS FOR SECTION[3.2]

Layer | Accuracy (Mean + 95% CI)
96.06% + 0.22%
97.28% + 0.13%
98.33% £ 0.11%
98.48% + 0.12%
98.51% + 0.14%

(O I NS S R

Table 4: Accuracy (Mean + Standard Deviation) for different layers on MNIST

D.3 NONLINEAR S4D MODEL ON CIFAR-10 DATASET

We conducted additional experiments using nonlinear S4D models, where each linear SSM block is
followed by a feedforward neural network (FFN), on the CIFAR-10 dataset within the Long Range
Arena (LRA) benchmark (Tay et al., 2021)). The results demonstrate that increasing the model depth,
while keeping the total parameter count approximately constant, leads to improved test accuracy.
Specifically, models with greater depth and narrower width consistently outperform shallower, wider
counterparts. The test accuracies for different model configurations are summarized below:

Depth | Width Test Accuracy
4 64 0.8048
3 86 0.8036
2 128 0.7978
1 256 0.7846

Table 5: Test accuracies for different model configurations on CIFAR-10
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D.4 INTUITIVE ILLUSTRATION FOR NONLINEAR S4D MODEL IN SECTION

The model architecture used in our experiments on the nonlinear S4 model for the MNIST dataset is
SSM; ,,, — FEN

where FFN denotes a feedforward network. In this equation, the arrow denotes the sequential
composition of linear SSM layer with different depth and width and FEN. An illustrative figure could
be described as follows:

Channel wise SSM with size dstate

dmodel |

E LARGE LANGUAGE MODEL USAGE

Large language models were used solely for minor language editing (e.g., polishing and grammar
checks). All conceptual development, theoretical results, experimental design, and analyses are the
authors’ own work.
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