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Abstract

Learning-to-learn — using optimization algorithms to learn a new optimizer — has successfully trained efficient
optimizers in practice. This approach relies on meta-gradient descent on a meta-objective based on the trajectory
that the optimizer generates. However, there were few theoretical guarantees on how to avoid meta-gradient ex-
plosion/vanishing problems, or how to train an optimizer with good generalization performance. In this paper we
study the learning-to-learn approach on a simple problem of tuning the step size for quadratic loss. Our results show
that although there is a way to design the meta-objective so that the meta-gradient remain polynomially bounded,
computing the meta-gradient directly using backpropagation leads to numerical issues that look similar to gradient
explosion/vanishing problems. We also characterize when it is necessary to compute the meta-objective on a separate
validation set instead of the original training set. Finally, we verify our results empirically and show that a similar
phenomenon appears even for more complicated learned optimizers parametrized by neural networks.

1 Introduction

Choosing the right optimization algorithm and related hyper-parameters is important for training a deep neural net-
work. Recently, a series of works (e.g., Andrychowicz et al. (2016); Wichrowska et al. (2017)) proposed to use learn-
ing algorithms to find a better optimizer. These papers use a learning-to-learn approach: they design a class of possible
optimizers (often parametrized by a neural network), and then optimize the parameters of the optimizer (later referred
to as meta-parameters) to achieve better performance. We refer to the optimization of the optimizer as the meta
optimization problem, and the application of the learned optimizer as the inner optimization problem. The learning-
to-learn approach solves the meta optimization problem by defining a meta-objective function based on the trajectory
that the inner-optimizer generates, and then using back-propagation to compute the meta-gradient.

Although the learning-to-learn approach has shown empirical success, there are very few theoretical guarantees
for learned optimizers. In particular, since the optimization for meta-parameters is usually a nonconvex problem, does
it have bad local optimal solutions? Current ways of optimizing meta-parameters rely on unrolling the trajectory of
the inner-optimizer, which is very expensive and often lead to exploding/vanishing gradient problems, is there a way
to alleviate these problems? Can we have a provable way of designing meta-objective to make sure that the inner
optimizers can achieve good generalization performance?

In this paper we answer some of these problems in a simple setting, where we use the learning-to-learn approach
to tune the step size of the standard gradient descent/stochastic gradient descent algorithm. We will see that even in
this simple setting, many of the challenges still remain and we can get better learned optimizers by choosing the right
meta-objective function. Though our results are proved only in the simple setting, we empirically verify the results
using complicated learned optimizers with neural network parametrizations.
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1.1 Challenges of learning-to-learn approach and our results

Metz et al. (2019) highlighted several challenges in the meta-optimization for learning-to-learn approach. First, they
observed that the optimal parameters for the learned optimizer (or even just the step size for gradient descent) can
depend on the number of training steps ¢ of the inner-optimization problem. This was also separately proved theoreti-
cally in a least-squares setting in Ge et al. (2019). Because of this, one needs to do the meta-training for an optimizer
that runs for enough number of steps (similar to the number of steps that it would take when we apply the learned
optimizer). However, when the number of steps is large, the meta-gradient can often explode or vanish, which makes
it difficult to solve the meta-optimization problem.

Our first result shows that this is still true in the case of tuning step size for gradient descent on a simple quadratic
objective. In this setting, we show that there is a unique local and global minimizer for the step size, and we also give
a simple way to get rid of the gradient explosion/vanishing problem.

Theorem 1 (Informal). For tuning the step size of gradient descent on a quadratic objective, if the meta-objective is
the loss of the last iteration, then the meta-gradient can explode/vanish. If the meta-objective is the log of the loss of
the last iteration, then the meta-gradient is polynomially bounded. Further, doing meta-gradient descent with a step
size of 1/ Vk (where k is the number of meta-gradient steps) provably converges to the optimal step size.

Surprisingly, even though taking the log of the objective solves the gradient explosion/vanishing problem, one can-
not simply implement such an algorithm using auto-differentiation tools such as those used in TensorFlow (Abadi et al.,
2016). The reason is that even though the meta-gradient is polynomially bounded, if we compute the meta-gradient
using the standard back-propagation algorithm, the meta-gradient will be the ratio of two exponentially large/small
numbers, which causes numerical issues. Detailed discussion for the first result appears in Section 3.

Another challenge is about the generalization performance of the learned optimizer. If one just tries to optimize
the performance of the learned optimizer on the training set (we refer to this as the train-by-train approach), then the
learned optimizer might overfit. Metz et al. (2019) proposed to use a train-by-validation approach instead, where the
meta-objective is defined to be the performance of the learned optimizer on a separate validation set.

Our second result considers a simple least squares setting where y = (w*, x) + ¢ and £ ~ N(0,0%). We show that
when the number of samples is small and the noise is large, it is important to use train-by-validation; while when the
number of samples is much larger train-by-train can also learn a good optimizer.

Theorem 2 (Informal). For a simple least squares problem in d dimensions, if the number of samples n is a constant
Sraction of d (e.g., d/2), and the samples have large noise, then the train-by-train approach performs much worse
than train-by-validation. On the other hand, when number of samples n is large, train-by-train can get close to error
do? /n, which is optimal.

We discuss the details in Section 4. In Section 5 we show that such observations also hold empirically for more
complicated learned optimizers — for an optimizer parametrized by neural network, the generalization performance of
train-by-validation is better when there is more noise or when there are fewer training data.

1.2 Related work

Learning-to-learn for supervised learning The idea of using a neural network to parametrize an optimizer started
in Andrychowicz et al. (2016), which used an LSTM to directly learn the update rule. Before that, the idea of using
optimization to tune parameters for optimzers also appeared in Maclaurin et al. (2015). Later, Li and Malik (2016);
Bello et al. (2017) applied techniques from reinforcement learning to learn an optimizer. Wichrowska et al. (2017)
used a hierarchical RNN as the optimizer. Metz et al. (2019) adopted a small MLP as the optimizer and used dynamic
weighting of two gradient estimators to stabilize and speedup the meta-training process.

Learning-to-learn in other settings Ravi and Larochelle (2016) used LSTM as a meta-learner to learn the update
rule for training neural networks in the few-shot learning setting, Wang et al. (2016) learned an RL algorithm by
another meta-learning RL algorithm, and Duan et al. (2016) learned a general-purpose RNN that can adapt to different
RL tasks.



Gradient-based meta-learning Finn et al. (2017) proposed Model-Agnostic Meta-Learning (MAML) where they
parameterize the update rule (optimizer) for network parameters and learn a shared initialization for the optimizer using
the tasks sampled from some distribution. Subsequent works generalized or improved MAML, e.g., Rusu et al. (2018)
learned a low-dimensional latent representation for gradient-based meta-learning, and Li et al. (2017) generalized
MAML and enabled the concurrent learning of learning rate and update direction.

Learning assisted algorithms design Similar ideas can also be extended to applications of learning in algorithms
design, where one tries to develop a meta-algorithm selecting an algorithm from a family of parametrized algorithms.
For theoretical guarantees on these meta-algorithms, Gupta and Roughgarden (2017) first established this framework
which models the algorithm-selection process as a statistical learning problem. In particular, their framework can
bound the number of tasks it takes to tune a step size for gradient descent. However, they didn’t consider the meta-
optimization problem. Based on Gupta and Roughgarden (2017), people have developed and analyzed the meta-
algorithms for partitioning and clustering (Balcan et al., 2016), tree search (Balcan et al., 2018a), pruning (Alabi et al.,
2019), machanism design (Balcan et al., 2018c¢), ridge regression (Denevi et al., 2018), stochastic gradient descent
(Denevi et al., 2019), and private optimization (Balcan et al., 2018b).

Tuning step size/step size schedule for SGD Shamir and Zhang (2013) showed that SGD with polynomial step
size scheduling can almost match the minimax rate in convex non-smooth settings, which was later tightened by
Harvey et al. (2018) for standard step size scheduling. Assuming that the horizon 7" is known to the algorithm, the
information-theoretically optimal bound in convex non-smooth setting was later achieved by Jain et al. (2019) which
used another step size schedule, and Ge et al. (2019) showed that exponentially decaying step size scheduling can
achieve near optimal rate for least squares regression.

2 Preliminaries

In this section, we first introduce some notations, then formulate the learning-to-learn framework.

2.1 Notations

For any integer n, we use [n] to denote {1,2,--- ,n}. We use ||-|| to denote the ¢ norm for a vector and the spectral
norm for a matrix. We use (-, -) to denote the inner product of two vectors. For a symmetric matrix A € R?*?, we
denote its eigenvalues as A1 (A) > --- > X\;(A). We denote the d-dimensional identity matrix as I;. We also denote
the identity matrix simply as I when the dimension is clear from the context. We use O(+), (), ©(-) to hide constant
factor dependencies. We use poly(+) to represent a polynomial on the relevant parameters with constant degree.

2.2 Learning-to-learn framework

We consider the learning-to-learn approach applied to training a distribution of learning tasks. Each task is specified
by a tuple (D, Siain, Svalid, £). Here D is a distribution of samples in X x Y, where X is the domain for the sample
and Y is the domain for the label/value. The sets Sy,in and Syaig are samples generated independently from D, which
serve as the training and validation set (the validation set is optional). The learning task looks to find a parameter
w € W that minimizes the loss function (w, z,y) : W x X x Y — R, which gives the loss of the parameter w

for sample (). The training loss for this task is f(w) := = 2 (ey)€ Senn £ (W0, T, ), while the population loss is

= Tl
f(w) = E(z,y)mﬂ.)[é(wa Z, y)]

The goal of inner-optimization is to minimize the population loss f(w). For the learned optimizer, we consider it
as an update rule u(-) on weight w. The update rule is a parameterized function that maps the weight at step 7 and
its history to the step 7 + 1 : wr41 = u(wy, V.f(w,), Vf(ws_1),--- ;0). In most parts of this paper, we consider
the update rule u as gradient descent mapping with step size as the trainable parameter (here & = 7 which is the step
size for gradient descent). That is, u, (w) = w — nV f(w) for gradient descent and u, (w) = w — 7V, ¢(w, z,y) for
stochastic gradient descent where (z,y) is a sample randomly chosen from the training set Siin.



In the outer (meta) level, we consider a distribution 7 of tasks. For each task P ~ 7, we can define a meta-
loss function A(#, P). The meta-loss function measures the performance of the optimizer on this learning task. The
meta objective, for example, can be chosen as the target training loss f at the last iteration (this is the train-by-train
approach), or the loss on the validation set (train-by-validation).

The training loss for the meta-level is the average of the meta-loss across m different specific tasks Py, Ps, ..., P,
that is, F'(d) = LS A6, Py). The population loss for the meta-level is the expectation over all the possible
specific tasks F'(§) = Ep7[A(6, P)].

In order to train an optimizer by gradient descent, we need to compute the gradient of meta-objective F'in terms
of meta parameters 6. The meta parameter is updated once after applying the optimizer on the inner objective ¢ times
to generate the trajectory wop, w1, ..., wy. The meta-gradient is then computed by unrolling the optimization process
and back-propagating through the ¢ applications of the optimizer. As we will see later, this unroll procedure is costly
and can introduce meta-gradient explosion/vanishing problems.

3 Alleviating gradient explosion/vanishing problem for quadratic objective

First we consider the meta-gradient explosion/vanishing problem. More precisely, we say the meta-gradient ex-
plodes/vanishes if it is exponentially large/small with respect to the number of steps ¢ of the inner-optimizer.

In this section, we consider a very simple instance of the learning-to-learn approach, where the distribution 7
only contains a single task P, and the task also just defines a single loss function f!. Therefore, in this section
E(n) = F(n) = A(n, P). We will simplify notation and only use F'(n).

The inner task P is a simple quadratic problem, where the starting point is fixed at wg, and the loss function is
flw) = %wTH w for some fixed positive definite matrix H. Without loss of generality, assume wg has unit {5 norm.

Suppose the eigenvalue decomposition of H is Z?:l Aiuiu, . Throughout this section we assume L = \;(H) and
a = A\g(H) are the largest and smallest eigenvalues of H with L > «. For each i € [d], let ¢; be (wo,u;) and
let ¢in = min(|er], |cql). We assume ¢y > 0 for simplicity. If wq is randomly and uniformly sampled from the
unit sphere, with 0.99 probability cyin is ©(1/v/d). Let {w. ,} be the GD sequence running on f(w) starting from
wo with step size 1. We consider several ways of defining meta-objective, including using the loss of the last point
directly, or using the log of this value. We first show that although choosing F(n) = f(wy,y,) does not have any bad
local optimal solution, it has the gradient explosion/vanishing problem.

Theorem 3. Let the meta objective be F(n)) = f(w;.,,) = %wZnHwtm. We know F(n) is a strictly convex function in
n with an unique minimizer. However, for any step size n < 2/L, |F'(n)| < t Zle N2 — n\i|?t L for any step
sizen > 2/ L, |F'(n)] > EL*(nL —1)*~1 — L2¢.

Note that in Theorem 3, when 1) < 2/L, | F”(n)| is exponentially small because |1 — n);| < 1 forall i € [d]; when
n > 2/L,|E’(n)|is exponentially large because L. —1 > 1. Intuitively, gradient explosion/vanishing happens because
the meta-loss function becomes too small or too large. A natural idea to fix the problem is to take the log of the meta-
loss function to reduce its range. We show that this indeed works. More precisely, if we choose (n) = % log f(we,n),
then we have

Theorem 4. Let the meta objective be F/(n) = 1 log f(wy.y). We know E(n) has a unique minimizer n* and F'(n) =

0] (—QL(;L) foralln > 0. Let {ny} be the GD sequence running on F with meta step size u, = 1/\/% Suppose

c2ho(L—a)

the starting step size o < M. Given any 1/L > € > 0, there exists k' = %ﬁpoly( Cn];in , L, é, ﬁ) such that for all
kE>Kne —n*| <e.

For convenience, in the above algorithmic result, we reset 1 to zero once 7 goes negative. Note that although we
show the gradient is bounded and there is a unique optimizer, the problem of optimizing 7 is still not convex because
the meta-gradient is not monotone. We use ideas from quasi-convex optimization to show that meta-gradient descent
can find the unique optimal step size for this problem.

'In the notation of Section 2, one can think that D contains a single point (0, 0) and the loss function f(w) = £(w, 0, 0).



Surprisingly, even though we showed that the meta-gradient is bounded, it cannot be effectively computed by doing
back-propagation due to numerical issues. More precisely:

Corollary 1. If we choose the meta-objective as 13'(77) = %1og f(we,y), when computing the meta-gradient using

back-propagation, there are intermediate results that are exponentially large/small in number of inner-steps t.

Indeed, in Section 5 we empirically verify that standard auto-differentiation tools can still fail in this setting. This
suggests that one should be more careful about using standard back-propagation in the learning-to-learn approach.
The proofs of the results in this section are deferred into Appendix A.

4 Train-by-train vs. train-by-validation

Next we consider the generalization ability of simple optimizers. In this section we consider a simple family of
least squares problems. Let 7 be a distribution of tasks where every task (D(w*), Syain, Svalid, £) is determined by a
parameter w* € R? which is chosen uniformly at random on the unit sphere. For each individual task, (z,y) ~ D(w*)
is generated by first choosing z ~ N(0, I;) and then computing y = (w*, x) + & where £ ~ N(0,0?) with o > 1.
The loss function ¢(w, x,y) is just the squared loss £(w,z,y) = % (y — (w,x))?. That s, the tasks are just standard
least-squares problems with ground-truth equal to w* and noise level 2.

For the meta-loss function, we consider two different settings. In the train-by-train setting, the training set Sy,
contains n independent samples, and the meta-loss function is chosen to be the training loss. That is, in each task P,
we first choose w™* uniformly at random, then generate (z1,¥y1), .., (Tn, Yn) as the training set Syin. The meta-loss
function Aqyp () (7, P) is defined to be

n

1
ATbT(n) (n, P) = n Z(yz - <wt,na $i>)2-
i=1

Here wy , is the result of running ¢ iterations of gradient descent starting from point 0 with step size 1. Note we
truncate a sequence and declare the meta loss is high once the wight norm exceeds certain threshold. Specifically, if
at the 7-th step, ||w- ,|| > 400, we freeze the training on this task and set wilf)n = 400w for all 7 < 7" < t, for some
arbitrary vector u with unit norm. As before, the empirical meta objective in train-by-train setting is the average of the

meta-loss across m different specific tasks Py, P, ..., Py, that is,

R 1 —
Fryren(n) = — > Aqyr(ny (0, Pr). )
k=1

In the train-by-validation setting, the specific tasks are generated by sampling n; training samples and ng vali-
dation samples for each task, and the meta-loss function is chosen to be the validation loss. That is, in each specific
task P, we first choose w* uniformly at random, then generate (x1,y1), ..., (Zn,, Yn,) as the training set Sy, and
(@1, 91), s (27, Yy, ) as the validation set Syyjiq. The meta-loss function Apyy (n, 5, (1, P) is defined to be

1 &

ATbV(nl,nz)(T]a P) = 5 Z(y; - <wt.,na I;>)2

2n
2=

Here again wy ,, is the result of running ¢ iterations of the gradient descent on the training set starting from point 0, and
we use the same truncation as before. The empirical meta objective is defined as

. 1 &
FTbV(nlng)(T/) = E Z ATbV(nl,n2)(77a Pk?)? (2)
k=1

where each Py is independently sampled according to the described procedure.

We first show that when the number of samples is small (in particular n < d) and the noise is a large enough
constant, train-by-train can be much worse than train-by-validation, even when n; 4+ ny = n (the total number of
samples used in train-by-validation is the same as train-by-train)



Theorem 5. Let F‘TbT(n) (n) and FTbV(nhM) (n) be as defined in Equation (1) and Equation (2) respectively. Assume
n,n1,ne € [d/4,3d/4]. Assume noise level o is a large constant c1. Assume unroll lengtht > co, number of training
tasks m > c3 log(mt) and dimension d > c4log(mt) for certain constants co, c3, cq. With probability at least 0.99 in
the sampling of training tasks, we have

=Q(1)0?,

Mhrain = O(1) and E ||y, — w”
for all ., € arg ming>g FTbT(n) (n);

Matia = ©(1/t) and B ||wy e — w*H2 = |lw* || = Q1)

*
valid

forallm} ., € argming,>q FTbV(nl,ng) (n). In both equations the expectation is taken over new tasks.

2

In the lower bound of E Hwtm{;m —w*||”, (1) hides no dependency on o. Note that in this case, the number of
samples n is smaller than d, so the least square problem is under-determined and the optimal training loss would go
to O (there is always a way to simultaneously satisfy all n equations). This is exactly what train-by-train would do — it
will choose a large constant learning rate which guarantees the optimizer converges exponentially to the empirical risk
minimizer (ERM). However, when the noise is large making the training loss go to 0 will overfit to the noise and hurt
the generalization performance. Train-by-validation on the other hand will choose a smaller learning rate which allows
it to leverage the information in the training samples without overfitting to noise. Theorem 5 is proved in Appendix B.
We also prove similar results for SGD in Appendix D

We emphasize that neural networks are often over-parameterized, which corresponds to the case when d > n.
Indeed Liu and Belkin (2018) showed that variants of stochastic gradient descent can converge to the empirical risk
minimizer with exponential rate in this case. Therefore in order to train neural networks, it is better to use train-by-
validation. On the other hand, we show when the number of samples is large (n > d), train-by-train can also perform
well.

Theorem 6. Let FTbT(n) (n) be as defined in Equation 1. Assume noise level is a constant ¢y. Given any 1 > € > 0,

2
assume training set size n > i—g log(25t), unroll length t > colog( %), number of training tasks m > S35 log(”;;”)

and dimension d > cq4 for certain constants c, ca, cs, cq. With probability at least 0.99 in the sampling of training

tasks, we have

d 2
E s, — | < (14 027,

for all n;, .. € argmin,>g FTZ,T(”) (n), where the expectation is taken over new tasks.

Therefore if the learning-to-learn approach is applied to a traditional optimization problem that is not over-
parameterized, it is OK to use train-by-train. In this case, the empirical risk minimizer (ERM) already has good
generalization performance, and train-by-train optimizes the convergence towards the ERM. We defer the proof of
Theorem 6 into Appendix C.

S Experiments

Optimizing step size for quadratic objective We first validate the results in Section 3. We fixed a 20-dimensional
quadratic objective as the inner problem and vary the number of inner steps ¢ and initial value 9. We compute the
meta-gradient directly using a formula which we derive in supplementary material. We use the algorithm suggested in
Theorem 4, except we choose the meta-step size to be 1/(100v/k) as the constants in the Theorem were not optimized.

An example training curve of 7 for t = 80 and 79 = 0.1 is shown in Figure 1, and we can see that n converges
quickly within 300 steps. Similar convergence also holds for larger ¢ or much larger initial 179. Figure 2 shows that as
observed in Metz et al. (2019), the optimal step size depends on the number of inner-training steps.

In contrast, we also implemented the meta-training with Tensorflow, where the code was adapted from the previous
work of Wichrowska et al. (2017). Experiments show that in many settings (especially with large ¢ and large 1) the
implementation does not converge.
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Train-by-train vs. train-by-validation, synthetic data Here we validate our theoretical results in Section 4 using
the least-squares model defined there. In all experiments we fix the input dimension d to be 1000.

In the first experiment, we fix the size of the data (n = 500 for train-by-train, n; = ng = 250 for train-by-
validation). Under different noise levels, we find the optimal n* by a grid search on its meta-objective for train-by-train
and train-by-validation settings respectively. We then use the optimal n* found in each of these two settings to test on
10 new least-squares problem. The mean RMSE, as well as its range over the 10 test cases, are shown in Figure 3. We
can see that for all of these cases, the train-by-train model overfits easily, while the train-by-validation model performs
much better and does not overfit. Also, when the noise becomes larger, the difference between these two settings

becomes more significant.
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Figure 3: Training and testing RMSE for different o values (500 samples)

In the next experiment, we fix 0 = 1 and change the sample size. For train-by-validation, we always split the
samples evenly into training and validation set. The results are shown in Figure 4. We can see that the gap between
these two settings is decreasing as we use more data, as expected by Theorem 6.
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Figure 4: Training and testing RMSE for different samples sizes (o = 1)

Train-by-train vs. train-by-validation, MLP optimizer on MNIST Finally we consider a more complicated multi-
layer perceptron (MLP) optimizer on MNIST data set. We use the same MLP optimizer as in Metz et al. (2019), details
of this optimizer is discussed in supplementary material.



As the inner problem, we use a two-layer fully-connected network of 100 and 20 hidden units with ReLU activa-
tions. The inner objective is the classic 10-class cross entropy loss, and we use mini-batches of 32 samples at inner
training.

To see whether the comparison between train-by-train and train-by-validation behaves similarly to our theoretical
results, we consider different number of samples and different levels of label noise. First, consider optimizing the
MNIST dataset with small number samples. In this case, the train-by-train setting uses 1,000 samples (denoted as
“TbT1000”), and we use another 1,000 samples as the validation set for the train-by-validation case (denoted as
“TbV1000+1000”). To be fair to train-by-train we also consider TbT2000 where the train-by-train algorithm has
access to 2000 data points. Figure 5 shows the results — all the models have training accuracy close to 1, but both
TbT1000 and TbT2000 overfits the data significantly, whereas TbV1000+1000 performs well.
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Figure 5: Training and testing accuracy for different models (1000 samples, no noise)

To show that when the noise is higher, the advantage of train-by-validation increases, we keep the same sample
size and consider a “noisier” version of MNIST, where we randomly change the label of a sample with probability 0.2
(the new label is chosen uniformly at random, including the original label). The results are shown in Figure 6. We
can see that both train-by-train models, as well as SGD, overfit easily with training accuracy close to 1 and their test
performances are low. The train-by-validation model performs much better.
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Figure 6: Training and testing accuracy for different models (1000 samples, 20% noise)

Finally we run experiments on the complete MNIST data set (without label noise). For the train-by-validation
setting, we split the data set to 50,000 training samples and 10,000 validation samples. As shown in Figure 7, in this
case train-by-train and train-by-validation performs similarly (in fact both are slightly weaker than the tuned SGD
baseline). This shows that when the sample size is sufficiently large, train-by-train can get comparable results as
train-by-validation.
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In the supplementary material, we first give the missing proofs for the theorems in the main paper. Later in
Appendix F we give details for the experiments.

Notations: Besides the notations defined in Section 2, we define more notations that will be used in the proofs.

For a matrix X € R™*? with n < d, we denote its singular values as o1 (X) > -+ > 0, (X).

For a positive semi-definite matrix A € R?*¢ we denote u " Au as Hu||124 . For a matrix X € R¥*"_let Projy €
R9*4 be the projection matrix onto the column span of X . That means, Proj, = SST, where the columns of S form
an orthonormal basis for the column span of X.

For any event £, we use 1 {£} to denote its indicator function: 1 {£} equals 1 when & holds and equals 0 otherwise.
We use £ to denote the complementary event of &.

A Proofs for Section 3 — alleviating gradient explosion/vanishing problem
for quadratic objective

In this section, we prove the results in Section 3. Recall the meta learning problem as follows:
The inner task is a fixed quadratic problem, where the starting point is fixed at wg, and the loss function is
flw) = szH w for some fixed positive definite matrix H € R%*?, Suppose the eigenvalue decomposition of

His ZZ L Asugu . In this section, we assume L = A\;(H) and o = \g(H) are the largest and smallest eigenvalues
of H with L > «. We assume the starting point wg has unit £ norm. For each i € [d], let ¢; be (wg, u;) and let
Cmin = min(|eq], |cq|). We assume ¢y > 0 for simplicity, which is satisfied if wq is chosen randomly from the unit
sphere.

Let {w. ,} be the GD sequence running on f(w) starting from wy with step size 7. For the meta-objective, we
consider using the loss of the last point directly, or using the log of this value. In Section A.1, we first show that al-
though choosing (1) = f (wt,,) does not have any bad local optimal solution, it has the gradient explosion/vanishing
problem (Theorem 3). Then, in Section A.2, we show choosing F'(1)) = % log f(wy ) leads to polynomially bounded
meta-gradient and further show meta-gradient descent converges to the optimal step size (Theorem 4). Although the
meta-gradient is polynomially bounded, if we simply use back-propogation to compute the meta-gradient, the inter-
mediate results can still be exponentially large/small (Corollary 1). This is also proved in Section A.2.

A.1 Meta-gradient vanishing/explosion

In this section, we show although choosing F'(1) = f (wy,) does not have any bad local optimal solution, it has the
meta-gradient explosion/vanishing problem. Recall Theorem 3 as follows.

Theorem 3. Let the meta objective be F'(n) = f(wy, 77) Lw, 77Hwt n. We know F( ) is a strictly convex function in

(] < 320, XL — g\ for any step

i=1Ci N

2

sizen > 2/ L, |F'(n)] > EL*(nL —1)*~1 — L2¢.

Intuitively, if we write wy ; in the basis of the eigen-decomposition of H, then each coordinate evolve exponentially
in t. The gradient of the standard objective is therefore also exponential in .

Proof of Theorem 3. According to the gradient descent iterations, we have
Wy = W1y — NV f(Wi—1,y) = w1y — NHwe—1y = (I — nH)wi—1,y = (I — nH)"wo.
Therefore, F(n) := f(we,,) = Swg (I — nH)? Hwp. Taking the derivative of F(n),
d

F'(n) = —tw] (I —nH)* " H?wo = —t Y _ cAF (1 —nx)> 7,
=1
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where ¢; = (wo, u;) . Taking the second derivative of F'(n),

d
F"(n) =t(2t — )wg (I —nH)* 2Hwg = (2t — 1) Y cFAF(1 —nhi)* 2.
i=1

Since L > «, we have E’ '(n) > 0 for any n. That means FE (n) is a strictly convex function in 7 with a unique

minimizer.
For any fixed n € (0,2/L) we know |1 — n);| < 1 forall i € [d]. We have

d
B/ < 6> ezt —na
=1

For any fixed ) € (2/L, o), we know nL — 1 > 1. We have

F' ()
=t L2 (1 —nL)* =t > ENA-pN)P T = Y AN )P
i#1:(1-nA;) <0 i#1:(1—1X;) >0
d
>tcf L2 (nL — 1)* 71—t > AP >t L (nL — 1)* 7! — L*t,
i=1
where the last inequality uses Zle cz=1. 0

A.2 Alleviating meta-gradient vanishing/explosion

We prove when the the meta objective is chosen as % log f(w¢,y), the meta-gradient is polynomially bounded. Fur-
thermore, we show meta-gradient descent can converge to the optimal step size within polynomial iterations. Recall
Theorem 4 as follows.

Theorem 4. Let the meta objective be F(n) = 21og f(wi,y). We know F(n) has a unique minimizer n* and F'(n) =

0] (#&70&) foralln > 0. Let {ny} be the GD sequence running on F with meta step size u, = 1/\/E Suppose
the starting step size ng < M. Given any 1/L > € > 0, there exists k' = ]Lijpoly(c L L, é, ﬁ) such that for all
k>FK,|ne—n"| <e

When we take the log of the function value, the derivative of the function value with respect to 17 becomes much
more stable. We will first show some structural result on F(n) — it has a unqiue minimizer and the gradient is
polynomially bounded. Further the gradient is only close to 0 when the point 7 is close to the unique minimizer. Then
using such structural result we prove that meta-gradient descent converges.

Proof of Theorem 4. The proof consists of three claims. In the first claim, we show that F has a unique minimizer
and the minus meta derivative always points to the minimizer. In the second claim, we show that F' has bounded
derivative. In the last claim, we show that for any 7) that is outside the e-neighborhood of *, | E”(n)| is lower bounded.
Finally, we combine these three claims to finish the proof.

Claim 1. The meta objective F has only one stationary point that is also its unique minimizer n*. For any 1 € [0,7%),
F'(n) < 0and foranyn € (n*,00), F'(n) > 0. Furthermore, we known* € [1/L,1/ql].

We can compute the derivative of Fin n as follows,

_ d _
FI(W) _ —2w(—)r(] —nH)* 1 H?wy, _ 2% ANZ(1 — )% 1' 3)
wq (I —nH)? Huwo Z?:l c2Ni(1 —nAq)?

(2
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It’s not hard to verify that the denominator Y7, ¢2);(1—n);)?" is always positive. Denote the numerator —2 37, ¢2A2(1—
nXi)* =1 as g(n). Since ¢’(n) > 0 forany 1 € [O oo) we know ¢(n) is strictly increasing in 1. Combing with the fact
that g(0) < 0 and g(co) > 0, we know there is a unique point (denoted as n*) where g(n*) = 0 and g(n) < 0 for all
n € [0,7*) and g(n) > 0 for all € (n*, o0). Since the denominator in F” () is always positive and the numerator
equals g(n), we know there is a unique point 7* where F”(*) = 0 and F”(n) < 0 forall n € [0,7*) and F’(5)) > 0
forall n € (n*, 00). It’s clear that n* is the minimizer of F.

Also, it’s not hard to verify that for any 1 € [0,1/L), F'(n) < 0 and for any 5 € (1/a,o0), F’(n) > 0. This
implies that n* € [1/L,1/a].

Claim 2. For any n € [0, 00), we have

N 41,3
F < 55— = Dnax
S =
For any 7 € [0, ai—L], we have |1 — 7\;| < 1 — na for all i. Dividing the numerator and denominator in F”(1) by
(1 — na)?t, we have
A2 11— \2t—
| =2 T B GEY_asl o sernylan
n ; = = > 5
Ao+ Y 2 (11:—7,2)2 Cda(l - na) cio(L — o) ca(L — «)

where the second last inequality uses n <
Similarly for any n € (m,
in F'(n) by (nL — 1)?*, we have

a-l—L
00), we have |1 — n);| < nL — 1 for all i. Dividing the numerator and denominator

Zd A7 (17"7>\i)2t—1 22 PR
P o &= HE=T UL 221 1A < 2(a+ L) Y0, 22 _ AL3
BL+ Y, AN (A2 T = GLnL 1) AL(L-a) ~ AL{L-a)

. . 2
where the last inequality uses n > =

Overall, we know for any n > 0,

X 3 3
()| < L max< L ><L.
L-a c2a’ AL 2 oL —a)

Claim 3. Given M > 2/aand 1/L > ¢ > 0, foranyn € [0,7* — ] U [* + €, M], we have

2 2.3 2 L2 3 1 R
|F'(n)] > min< g “ B ) > 2ec?;, min (a ) := Dimin(M).

L " (ML-1 L’ 2
Ifnef0,n* —eandn < a+L,wehave
F/(n)__2zz LA =)t __221 LN =) = AN (1 - )P
ST A1 =) i (1 =) ’
where the second inequality holds because 27, ¢2A2(1 — n*A;)%~1 = 0. For the numerator, we have
232(1 )21 2\2(1 2-1 52 1— o)1 _ (1 — 2t—1
Zc Zc AP zcga? ((1-na) (1=n"a)*1)

>cla? ((1 —na)* ™t — (1 —na — eoz)Qt*l) :
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for the denominator, we have

Zc)\ (1—nx)* < (ZC/\> (1 —na)*

where the second inequality holds because |1 — nA;| < 1 — na for all ¢. Overall, we have when n € [0,7* — €] and
n< 24,
czoz2 ((1 —na)?=t — (1 —na — eoz)Qt*l)

(S @) (1= a2

3

/()] >2

2ecia’ 2ecia

Z(zz LN (=ma) B

where the last inequality holds because (1 —na) < 1and Z'f 2\ < L.
Similarly, if n € [0,7* — ¢] and n > +L, we have
} >2C%L2 (1=nL)*=t — (1 —nL —eL)*1)
- (Zz lcz)\ ) (1_77L)2t
AL? ((nL +eL —1)%"t — (nL — 1)2t_1)
(Zz 1 1)\ ) (’I]L - 1)2t
2ec? L3 2ecia’L?

Z(ZZ LN (L -1 (B )

where the last inequality holds because n < n* — e < 1/a and Zf 2\ < L.

Ifnen*+e¢e00)andn < +L,Wehave
. 2a? (1 —no+ea)? 1 — (1 —na)?!
(Z’L 1 1/\)(1_77a)2t
260 3
> )
- L
Ifn € [n*+e00)andn > +L,wehave
. 2L2 1—nlL 2t—1 1— L2t71

(Zz 1 z)\ ) (1 - 77L)2t

2ec3 L3 2ec3L?

> 2 —= )
(ZLien) e —1)2  (ML-1)2

where the last inequality uses the assumption that < M.
With the above three claims, we are ready to prove the optimization result. By Claim 1, we know F’(n) < 0 for
any n € [0,n*) and F'(n) > 0 forany n € (n 00). So the opposite gradient descent always points to the minimizer.

Since pur = 1/\/_ when k > ki = Dz‘;" we know p, < 5. By Claim 2, we know |13"(17)| < Dyyax for

max

all 7 > 0, which implies | ,ukF '(n)|] < eforall k > ky. That means, meta gradient descent will never overshoot the
minimizer by more than e when k > k;. In other words, after k£ meta iterations, once 7 enters the e-neighborhood of
n*, it will never leave this neighborhood.
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We also know that at meta iteration k1, we have 7, < max(1/a 4+ Dpax, M ) M. Here, 1/a 4+ Dyyax comes
from the case that the eta starts from the left of * and overshoot to the right of 7* by Dyyax. Since n* € [1/L,1/a],
we have |, —n*| < max(1l/a,1/a+ Dmax—1/L, M —1/L) := R. By Claim 3, Weknowthat|F’( )| > Dmm(M)

for any n € [0,7* — €] U [* + €, M]. Choosing some k, satisfying >} iy 1/VE > 58— we know for any k > ko,
Ine —n*| < e Pluggmg in all the bounds for D,,j,, Dmax from Claim 3 and Clalm 2 ‘we know there exists ki =
Zpoly(—, L, &, 725) k2 = 626 poly(-—, L, &, =) satisfying these conditions. O

Next, we show although the meta-gradient is polynomailly bounded, the intermediate results can still vanish or
explode if we use back-propogation to compute the meta-gradient.

Corollary 1. If we choose the meta-objective as F(n) = %1og f(wy,n), when computing the meta-gradient using
back-propagation, there are intermediate results that are exponentially large/small in number of inner-steps t.

Proof of Corollary 1. This is done by direct calculation. If we use back-propagation to compute the derivative

0f (wi,n)
5]

of 1log(f(wey)), we need to first compute 1 log(f(we,y)) that equals ﬁ Same as the analysis in
, , Wi

Theorem 3, we can show % is exponentially large when 1 < 2/L and is exponentially small whenn > 2/L. O
t,n

B Proofs of train-by-train v.s. train-by-validation (GD)

In this section, we show when the number of samples is small and when the noise level is a large constant, train-by-
train overfits to the noise in training tasks while train-by-validation generalizes well. We separately prove the results
for train-by-train and train-by-validation in Theorem 7 and Theorem 8, respectively. Then, Theorem 5 is simply a
combination of Theorem 7 and Theorem 8.

Recall that in the train-by-train setting, each task P contains a training set Sy, with n samples. The inner
objective is defined as f(w) = > 2 (2y)€ S (W, T) — y)*. Let {w; ,} be the GD sequence running on f(w)
from initialization 0 (with truncatlon) The meta-loss on task P is defined as the inner objective of the last point,
Aryrmy(n, P) = flwe,) = 5 Z(I )€ S (W, T) — y)? . The empirical meta objective FTbT(n)( ) is the aver-
age of the meta-loss across m different tasks. We show that under FTbT(n)( ), the optimal step size is a constant and
the learned weight is far from ground truth w* on new tasks. We prove Theorem 7 in Section B.2.

Theorem 7. Let the meta objective F‘TbT(n) (n) be as defined in Equation I withn € [d/4,3d/4]. Assume noise level
o is a large constant ¢1. Assume unroll length t > co, number of training tasks m > c3log(mt) and dimension
d > cqlog(m) for certain constants co, c3, cq. With probability at least 0.99 in the sampling of the training tasks, we
have

=Q(1)0?,

* _ *k
Ntrain = 9(1) and & Hwt’nl):mn —w

for all n;, ;. € argming,>g FTbT(n) (n), where the expectation is taken over new tasks.

In Theorem 7, §2(1) is an absolute constant independent with o. Intuitively, the reason that train-by-train performs
badly in this setting is because there is a way to set the step size to a constant such that gradient descent converges very
quickly to the empirical risk minimizer, therefore making the train-by-train objective very small. However, when the
noise is large and the number of samples is smaller than the dimension, the empirical risk minimizer (ERM) overfits
to the noise and is not the best solution.

In the train-by-validation setting, each task P contains a training set Sy, with n; samples and a validation set
with ny samples. The inner objective is defined as f(w) = ﬁ Z(%y)esm ((w,z) —y)*. Let {w;,, } be the GD se-

quence running on f (w) from initialization O (with truncation). For each task P, the meta-loss ATV (1 n2) (n, P)
is defined as the loss of the last point w; , evaluated on the validation set Syu;q. That is, ATbV(n17n2)(77, P) =
ﬁ Z(z,y)esvaud ((we,n, ) — y)? . The empirical meta objective FTW(M)M) (n) is the average of the meta-loss across

m different tasks Py, Ps, ..., P,,,. We show that under FTW(M)M) (1), the optimal step size is ©(1/t) and the learned
weight is better than initialization 0 by a constant on new tasks. Theorem 8 is proved in Section B.3.
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Theorem 8. Let the meta objective FTbV(m_’nz)(n) be as defined in Equation 2 with ni,ny € [d/4,3d/4]. Assume
noise level o is a large constant c1. Assume unroll length t > co, number of training tasks m > cs and dimension
d > ¢y log(t) for certain constants ca, cs, c4. With probability at least 0.99 in the sampling of training tasks, we have

Myatia = ©(1/t) and E ||wy = — w*H2 = [Jw*|* = Q1)

v*alld
forallm} ., € argmin,>q FTbV(m_’nz) (n), where the expectation is taken over new tasks.

Intuitively, train-by-validation is optimizing the right objective. As long as the meta-training problem has good
generalization performance (that is, good performance on a few tasks implies good performance on the distribution of
tasks), then train-by-validation should be able to choose the optimal learning rate. The step size of ©(1/t) here serves
as regularization similar to early-stopping, which allows gradient descent algorithm to achieve better error on test data.

Notations We define more quantities that are useful in the analysis. In the train by train setting, given a task Py, :=
(D(wy), S £). The training set S™) contains n samples {xgk),yl(k)}?zl with y(k) = <wz, a:l(-k)> + 5;“.

train’ train [

Let X(k)

train )T X, ) be the covariance matrix

train
Let 51(:;)11 be an n-dimensional column vector with its ¢-th entry equal to §§k).

Since n < d, with probability 1, we know Xt(k) (k)

rain
such that X ®) (x (¥

train ( train

0 = (ulfal?) forevery (o, 511

be an n x d matrix with its i-th row as (z{"))T. Let H®) .= %(Xt(rfi)n
(k)

of the inputs in .S, .

is full row rank. Therefore, X . has pseudo-inverse (X[(r]:i)n)T
(k)

train Proj(X(k))T w;: + (Xl(r]:i)n)T (k) such that

: train
train

Here, Proj( X is the projection matrix onto the column span

train

)T = I,. It’s not hard to verify that there exists w,

train”

of (Xl(r]:i)n)T. We also denote Proj - wj; as (w[(rlzi)n)*. We use B,Eli]) to denote (I — (1 — nHt(r]:i)n)t). Let wﬁ’j,) be the
weight obtained by running GD on S[(r]:i)n with step size 7 (with truncation).
. 2
With the above notations, it’s not hard to verify that for task Py, the inner objective f(w) = % Hw - wl(rlzi)n s
9 train
. k
The meta-loss on task P is just Aqyr(n) (7, Pe) = 3 Hwt’" - wt(rai)n e

In the train-by-validation setting, each task P contains a training set Sl(r]:i)n
k)
gt

train’

for the validation set S‘Sfl?d, we can define 55512(], Xv(fh)d, Héfh)d, wsfgd.
(k)

train

with n; samples and a validation set

B &) gk k) k) k),

k) o .
S(al?d with ng samples. Similar as above, for the training set we can define & .., Xiuins Hiains Weains Bty » Wi s

Vi
With these notations, the inner objective is f (w) =

2
. k
(y and the meta-1oss is Arpy (1, n,) (1, Pr) = z Hwt’" - w‘(,al)id

train valid

We also use these notations without index k to refer to the quantities defined on task P. In the proofs, we ignore
the subsripts on n, ny, ng and simply write Aty (1, Pk), Arev (n, Pr), Fror, Frev, Frvr, Frov.

1
b w=w

B.1 Overall Proof Strategy

In this section (and the next), we follow similar proof strategies that consists of three steps.

Step 1: First, we show for both train-by-train and train-by-validation, there is a good step size that achieves small
empirical meta-objective (however the step sizes and the empirical meta-objective they achieve are different in the two
settings). This does not necessarily mean that the actual optimal step size is exactly the good step size that we propose,
but it gives an upperbound on the empirical meta-objective for the optimal step size.

Step 2:  Second, we define a threshold step size such that for any step size larger than it, the empirical meta-objective
must be higher than what was achieved at the good step size in Step 1. This immediately implies that the optimal step
size cannot exceed this threshold step size.
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Step 3: Third, we show the meta-learning problem has good generalization performance, that is, if a learning rate n
performs well on the training tasks, it must also perform well on the task distribution, and vice versa. Thanks to Step 1
and Step 2, we know the optimal step size cannot exceed certain threshold and then only need to prove generalization
result within this range. The generalization result is not surprising as we only have a single trainable parameter 7,
however we also emphasize that this is non-trivial as we will not restrict the step size 1 to be small enough that the
algorithms do not diverge. Instead we use a truncation to alleviate the diverging problem (this allows us to run the
algorithm on distribution of data whose largest possible learning rate is unknown).

Combing Step 1, 2, 3, we know the population meta-objective has to be small at the optimal step size. Finally,
we show that as long as the population meta-objective is small, the performance of the algorithms satisfy what we
stated in Theorem 5. The last step is easier for the train-by-validation setting, because its meta-objective is exactly the
correct measure that we are looking at; for the train-by-train setting we instead look at the property of empirical risk
minimizer (ERM), and show that anything close to the ERM is going to behave similarly.

B.2 Train-by-train (GD)
Recall Theorem 7 as follows.

Theorem 7. Let the meta objective FTbT(n) (n) be as defined in Equation 1 with n € [d/4,3d/4]. Assume noise level
o is a large constant ¢1. Assume unroll length t > co, number of training tasks m > cslog(mt) and dimension
d > cqlog(m) for certain constants cz, c3, c4. With probability at least 0.99 in the sampling of the training tasks, we
have

* _ *
Ntrain = 9(1) and & Hwt’n;mn —w H

for all n;, ;. € argming,>g FTZ,T(”) (n), where the expectation is taken over new tasks.

According to the data distribution, we know Xi,i, is an n X d random matrix with each entry i.i.d. sampled from
standard Gaussian distribution. In the following lemma, we show that the covariance matrix Hy,;, is approximately

isotropic when d/4 < n < 3d/4. Specifically, we show % < 0i(Xain) < VLd and% < Ai(Hyain) < L for
all i € [n] with L = 100. We use letter L to denote the upper bound of || Hin|| to emphasize that this bounds the
smoothness of the inner objective. Throughout this section, we use letter L to denote constant 100. The proof of

Lemma 1 follows from random matrix theory. We defer its proof into Section B.2.4.

Lemma 1. Let X € R"*4 be a random matrix with each entry i.i.d. sampled from standard Gaussian distribution.
Let H := 1/nX " X. Assume n = cd with ¢ € [%,2]. Then, with probability at least 1 — exp(—$(d)), there exists
constant L = 100 such that

Vd 1

— <0i(X)<VLdand — < \;(H) < L,

VL L
foralli € [n].

In this section, we always assume the size of each training set is within [d/4, 3d/4] so Lemma 1 holds. Since
| Hirain]| is upper bounded by L with high probability, we know the GD sequence converges to wyin for n € [0,1/L].
In Lemma 2, we prove that the empirical meta objective Fryr monotonically decreases as 7 increases until 1/ L. Also,
we show Eyr is exponentially small in ¢ at step size 1/L. This serves as step 1 in Section B.1. The proof is deferred
into Section B.2.1.

Lemma 2. With probability at least 1 — m exp(—Q(d)), Fryr(n) is monotonically decreasing in [0,1/L] and
R 1\’
Fryr(1/L) < 2L%0* <1 - ﬁ) .

When the step size is larger than 1/L, the GD sequence can diverge, which incurs a high loss in meta objective.
Later in Definition 1, we define a step size 7 such that the GD sequence gets truncated with descent probability for any
step size that is larger than 7). In Lemma 3, we show with high probability, the empirical meta objective is high for all
1 > 7). This serves as step 2 in the proof strategy described in Section B.1. The proof is deferred into Section B.2.2.

17



Lemma 3. With probability at least 1 — exp(—§(m)),

. o
Fryr(n) >

foralln > 1.

By Lemma 2 and Lemma 3, we know the optimal step size must lie in [1/L, 7j]. We can also show 1/L < 7} < 3L,
SO 7)yin 15 @ constant. To relate the empirical loss at 7;;,;, to the population loss. We prove a generalization result for
step sizes within [1/L, 7j]. This serves as step 3 in Section B.1. The proof is deferred into Section B.2.3.

Lemma 4. Suppose o is a large constant c1. Assume t > ca,d > c4 for certain constants ca, cy. With probability at
least 1 — mexp(—Q(d)) — O(t + m) exp(—Q(m)),

0,2

|Pryr(n) — Fror(n)| < 5

foralln e [1/L,7),

Combining the above lemmas, we know the population meta objective Frryr is small at 7, which means wy -
is close to the ERM solution. Since the ERM solution overfits to the noise in training tasks, we know Hwtﬂh?am —w*
has to be large. We present the proof of Theorem 7 as follows.

Proof of Theorem 7. We assume o is a large constant in this proof. According to Lemma 2, we know with probability
at least 1 — m exp(—$(d)), Eryr(n) is monotonically decreasing in [0,1/L] and Frpyp(1/L) < 2L20%(1 — 1/L?)*.
This implies that the optimal step size 7%, > 1/L and Fryr(ni,;,) < 2L%0%(1 — 1/L?)'. By Lemma 3, we know
with probability at least 1 — exp(—Q(m)), Fryr(n) > % for all > 7, where 7 is defined in Definition 1. As long

as t > cy for certain constant ca, we know % > 2L20%(1 — 1/L?)*, which then implies that the optimal step size
N Lies in [1/L, 7). According to Lemma 6, we know 77 € (1/L, 3L). Therefore 7;,;, is a constant.

According to Lemma 4, we know with probability at least 1 —m exp(—(d))—O(t+m) exp(—Q(m)), | Pror(n)—
FTbT(n)| < Z—i, forall n € [1/L, 7). As long as t is larger than some constant, we have FTbT(’YL*rain) < Z—z Comb-

. . . 2 .
ing with the generalization result, we have Frpr (nt’;ain) < QL% Next, we show that under a small population loss,

E Hwt,n;ain — w*||? has to be large.
Let & be the event that Vd/vVL < 0;(Xuain) < VLd and 1/L < \;(Hyain) < L for all i € [n] and Vdo /4 <
Hglrain” S \/EU. We have

1
B i, — vy, 2L o, — w1 82
1
ZE (E Hwt,nl’;ain - w:;ain - (Xtrain)TgtrainH 1 {51})2
1
L6 o) G 14611~ 15, ~ |25

. 2 402 . . .
Since E ||wy,p: = Wigain | 1. < this then implies

[ 402 2
E H(Xtrain)'rgtrainn 1 {51} —-E Hwt_’nl’;m - w?rain” 1 {81} S LL;‘3 = TO-

Conditioning on &£;, we can lower bound H (Xuain)fgm || by ﬁ. According to Lemma 1 and Lemma 45, we know

Pr[&1] > 1 — exp(—£(d)). As long as d is at least certain constant, we have Pr[£;] > 0.9. This then implies

E || (Xurain) urain || L1 {E1} > 4(?\‘;3. Therefore, we have

N 9o 200 90 20 ks
E [[wi:, — Weain|| T{EL} > W/ L i T an
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where the first equality uses L = 100. Then, we have
2
g
E .
Hwt’nlrain = 16L2 ’
where the first inequality holds because for any Siwin, Wy, i the projection of w* on the subspace of Siy,in and Wy e
is also in this subspace. Taking a union bound for all the bad events, we know this result holds with probability at least

0.99 as long as o is a large constant ¢; and ¢ > co,m > c3log(mt) and d > ¢4 log(m) for certain constants ¢, c3, 4.
d

F2E i, — vl 1{E 2 (B [, — wial 1{6:))

B.2.1 Behavior of Frryyr for 7 € [0,1/L]

In this section, we prove the empirical meta objective Fror is monotonically decreasing in [0, 1/L]. Furthermore, we
show Frryr(1/L) is exponentially small in ¢.

Lemma 2. With probability at least 1 — m exp(—Q(d)), Fryr(n) is monotonically decreasing in [0,1/L] and

R 1\’

FPryr(1/L) < 2L%07 <1 - ﬁ) :
Proof of Lemma 2. For each k € [m], let & be the event that \/E/\/Z < 0i(Xain) < VLdand 1/L < \j(Hyain) < L
for all i € [n] and Vdo/4 < ||win|| < V/do. Here, L is constant 100 from Lemma 1. According to Lemma 1 and
Lemma 45, we know for each k € [m], & happens with probability at least 1 — exp(—£2(d)). Taking a union bound
over all k € [m], we know Njc[,)Ex holds with probability at least 1 — m exp(—£2(d)). From now on, we assume
ﬁke gk holds.

Let’s first consider each individual loss function Aqyr (7, Py). Let {w(k)} be the GD sequence without truncation.

We have
~ (k) (k)

k ~(k k
S’k% wt(rai)n = 7('—)1777 L(rdl)n HLE'dl)H( Wy 4 n o erln)
k) k k k) k)
:(I - nHl(ram)( S— )1 m wl(rai)n) = _(I - nHl(ram) t(ram'

For any n € [0,1/L], we have < 2V/Lo for any 7. Therefore,

o < [l

train

= (et + xytes
Hwt(kn) H never exceeds the norm threshold and never gets truncated.

k k k
Noticing that Apyr(n, Pr) = (wg n) — wt(ram) Ht(rm)rl (wg o wt(rai)n

), we have

) (k)

tl’dlﬂ :

1
Azpr(n, Py) = = (D) THE) (1 = nHE)

2 train train train

Taking the derivative of Ay (7, Py) in 1, we have

9 k k k k
Conditioning on &, we know 1 / L < \(H 'm)n) < Lforall i € [n] and Ht(m)n is full rank in the row span of Xt(ml)n

> 0, which happens with

train

Therefore, we know ATbT(n,Pk) < Oforallm € [0,1/L). Here, we assume Hw

probability 1.
Overall, we know that conditioning on Nj¢[,, k., every Apyr(n, Py ) is strictly decreasing for 1) € [0,1/L]. Since
Fryr(n) == LS Arur(n, Py), we know Fryr(n) is strictly decreasing when 7 € [0,1/L].
At step size n = 1/L, we have
)2t (k)

train train Ll'dlIl

1 t . 2 1 t
5 (1 — ﬁ) Hwt(rai)n S 2L20'2 (1 — ﬁ) 5

by 4Lo? at the last step. Therefore, we have Frryp(1/L) < 2L%0%(1 — 2)*. a

1
Ay (1, Pr) =5 (wig) " Higoy (1 = nH i)
1

where we upper bound Hw

train
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B.2.2 Lower bounding Fipyp for 7 € (7, 00)

In this section, we prove that the empirical meta objective is lower bounded by 2(c?) with high probability for
n € (7, 00). Step size 7 is defined such that there is a descent probability of diverging for any step size larger than 7.
Then, we show the contribution from these truncated sequence will be enough to provide an £(o?) lower bound for
FTbT. The proof of Lemma 3 is given at the end of this section.

Lemma 3. With probability at least 1 — exp(—(m)),

. o
Fryr(n) >

foralln > 1.

We define 7 as the smallest step size such that the contribution from the truncated sequence in the population meta
objective exceeds certain threshold. The precise definition is as follows.

Definition 1. Given a training task P, let €, be the event that \/E/\/Z < 0i(Ximain) < VLdand 1/L < \j(Hppain) < L
foralli € [n] and Vdo /4 < ||Evain|| < Vdo. Let E5(n) be the event that the GD sequence is truncated with step size
1. Define 1 as follows,

~ . 1 C. 02
7 = inf {77 > O‘EE ||w157n - ’lUtminHi(W“X 1 {51 n 52(77)} > ﬁ} .

In the next lemma, we prove that for any fixed training set, 1 {&; N &(n')} > 1{& N & (n)} for any ' > 7.
This immediately implies that Pr[€1 N E(n)] and ES [|wy,,, — wtramHime 1{& N &x(n)} is non-decreasing in 7).

Basically we need to show, conditioning on &1, if a GD sequence gets truncated at step size 7, it must be also
truncated for larger step sizes. Let {w’m]} be the GD sequence without truncation. We only need to show that for any
T, if Hw’m’ || exceeds the norm threshold, must also exceed the norm threshold for any 7’ > 7). This is easy to

/
’LUTJ]/
prove if 7 is odd because in this case Hw’ﬂ77 H is always non-decreasing in 1. The case when 7 is even is trickier because
there indeed exists certain range of 7 such that ||w’7777 || is decreasing in 7. We manage to prove that this problematic
case cannot happen when Hw’m’ H is at least 4v/Lo. The full proof of Lemma 5 is deferred into Section B.2.4.

Lemma 5. Fixing a task P, let £ and E5(n) be as defined in Definition 1. We have
L{&N&EW)} = 1{&N& M)},

foranyn' >n.

In the next Lemma, we prove that 7] must lie within (1/L,3L). We prove this by showing that the GD sequence
never gets truncated for € [0,2/L] and almost always gets truncated for ) € [2.5L, 00). The proof is deferred into
Section B.2.4.

Lemma 6. Let 1) be as defined in Definition 1. Suppose o is a large constant ci. Assume t > co,d > c4 for some
constants ca, cq. We have
1/L <@ < 3L.

Now, we are ready to give the proof of Lemma 3.
Proof of Lemma 3. Let & and &(n) be as defined in Definition 1. For the simplicity of the proof, we assume
E3 |lwe,5 — wtrainHizm 1{&Nn&m)} > z—z We will discuss the proof for the other case at the end, which is very
similar. -

Conditioning on &1, we know % lwe, 5 — wuain|ﬁ_]m.| < 18L202. Therefore, we know Pr[€; N Ex(7)] > 181T' For
S(k)

each task Py, define El(k) and 52(1@) (n) as the corresponding events on training set S,/ .

know with probability at least 1 — exp(—(m)),

L g o) o 2tk 1
E;l{gl né (n)}220L8'

By Hoeffding’s inequality, we
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By Lemma 5, we know 1 {El(k) N 5_2(k) (77)} >1 {El(k) N 5_2(k) (ﬁ)} for any 17 > 7. Then, we can lower bound Firyr
for any n > 1) as follows,

A 11 NG 1 B ¥ (k) ~ &k)
Fryr(n) = m Z 2 H — Wirgin g ZE Z 2 Hw Wirain g 1 {51 né&; (77)}
: train k = 1 train
RS B - &)
>202— { ( }
>20 mZ]l £V NE (n)
k=1
>90% 1 Zm: 1 {5(” nE&P (ﬁ)} > 9
T om ! 2 ~ 1018’

where the second inequality lower bounds the loss for one task by 20 when the sequence gets truncated.
We have assumed IE% lwe 5 — wtrainH?{m 1 {51 N&MH > 9 Lf in the proof. Now, we show the proof also works

when E3 [Jwy 5 — wtrainHizm 1{&n&®m)} < 2—2 with slight changes. According to the definition and Lemma 5,

we know E1 |lwy; — wtrainH?qm 1{&Nn&m)} > Z—i for all n > 7). At each training set Spain, We can define
1{& N&()} as lim, 7+ 1{& N&(n)} . We also have Pr[€1 N & ()] > 1grs. The remaining proof is the
same as before as we substitute 1 {€1 N E (7))} by 1 {&1 NE(7)}. O

B.2.3 Generalization for n € [1/L, 1)

In this section, we show empirical meta objective FTbT is point-wise close to population meta objective Frrpr for all
n € [1/L,17].

Lemma 4. Suppose o is a large constant c1. Assume t > ca,d > ¢4 for certain constants cs, cy. With probability at
least 1 — mexp(—Q(d)) — O(t + m) exp(—Q(m)),

no

|Fryr(n) — Fryr(n)| <

=l

forallm € [1/L, 17,

In this section, we first show FTbT concentrates on Fryr for any fixed 7 and then construct e-net for FTZ,T and
Fryr forn € [1/L, 7). We give the proof of Lemma 4 at the end.

We first show that for a fixed 7, Eryr(n) is close to Fryp(n) with high probability. We prove the meta-loss on
each task Apyr(n, Py) is O(1)-subexponential. Then we apply Bernstein’s inequality to get the result. The proof is
deferred into Section B.2.4. We will assume o is a large constant and ¢ > ¢y, d > ¢4 for some constants ca, ¢4 so that
Lemma 6 holds and 7} is a constant.

Lemma 7. Suppose o is a constant. For any fixed n and any 1 > ¢ > 0, with probability at least 1 — exp(—$(e?>m)),

Fryr(n) — Frr(n)| < e

Next, we construct an e-net for Frrpr. By the definition of 7, we know for any 1 < 7, the contribution from
truncated sequences in Frpr(n) is small. We can show the contribution from the un-truncated sequences is O(t)-
lipschitz.

1102

Lemma 8. Suppose o is a large constant ¢,. Assume t > co,d > c4 for some constant cz, 77

N C [1/L, 7] for Fryr with |N| = O(t). That means, for anyn € [1/L, 1],

|Fryr(n) — Fror(n')| <

forn' = argmingen nr<y(n —n").
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Proof of Lemma 8. Let & and &(n) be as defined in Definition 1. For the simplicity of the proof, we assume

= 2 . . . .
IE% Hwt,ﬁ — wtrain”?—[lmi“ 1 {51 N 52(17)} < % We will discuss the proof for the other case at the end, which is very
similar.
We can divide IE% lwe,n — wtrainHiL,. as follows,

1 2
ES lwen = e[y,
1 ) 1 o
:]E§ ||wt,n - wtrainHQleain ]l {51 ﬁ 52 (77)} + ]E§ ||wt777 - wtrail’lHQH[ram ]l {gl m 62 (77)}
1 _
+ E§ Hwt,n - wtrain”fqtmin 1 {51} .

We will construct an e-net for the first term and show the othgr two terms are small. Let’s first consider the third -
term. Since 3 ||wy,,; — wtramH?{m is O(1)-subexponential and Pr[&;] < exp(—€(d)), we have E3 [jw;,,, — wtramH?{m 1{&} =
O(1) exp(—£(d)). Choosing d to be at least certain constant, we know 3 |jw;,, — wtraiﬂ”ilm-n 1{&} <o?/L*

Then we upper bound the second term. Since E [|w;, ; — w[rainH?{m 1{&Nn&®m)} < Z—z and

% llwe 5 — wtrainH?{m > 202 when wy 5 diverges, we know Pr[€1 N & (7)] < Qiﬁ.

second term as follows,

Then, we can upper bound the

B [wey — Weainll 7, L{E N &)} < 1812021 — 90"
2 o i | Hp, 1 2y = 2L6 A
Next, we show the first term 3 [|w;,,, — wlrain”ilm 1{& N &x(7)} has desirable Lipschitz condition. According
to Lemma 5, we know 1{&; N&(n)} > 1{& N &y (7))} for any n < 7). Therefore, conditioning on & N E2(7), we
know wy,,, never gets truncated for any 7 < 7). This means wy ,, = By Wiain With By, = (I — (I — nHyain)"). We can
compute the derivative of % lwe.n — Wirain ”ilm as follows,

01 _
8_’175 Hwt-ﬂ - wtrain”illmm = <thrain(I - nHtrain)t 1erain7 Htrain(wt,n - wtrain)> .
Since ”wt,n” = H(I - (I - nleain)t)wtrain” < 4\/ZO' and HwtrainH < 2\/Zaa we have ”(I - nleain)twlrain” <

6v/Lo. We can bound ||(I — nHmin)tflwmnH with |[(I — 7 Hyain) Wirain|| + ||Wiain|] by bounding the expanding di-
rections using ||(I — 1 Hyain ) Wirain|| and bounding the shrinking directions using ||wywin|| . Therefore, we can bound
the derivative as follows,

01
‘8—5 Wiy — Weain|| o | < tL x 8V/Lo x 6LV Lo = 48L30>t.

/)’] train
Suppose o is a constant, we know E1 ||w,,, — wminHiI{m_n 1{& N & (7))} is O(t)-lipschitz. Therefore, there exists an

Z—i-net N for EL ||lwy,, — wtramHime 1{& N &y (7))} with size O(t). That means, for any n € [1/L, 7],

1 . 1 . o?
’Ei Hwtﬂl - wtrain”iﬂmm 1 {51 N 82(77)} - E§ Hwt,n’ - wtrainHi(lmm 1 {51 N 52(77)} < T4

for ' = argmin,ven pv<n(n — n”). Note we construct the e-net in a particular way such that 7’ is chosen as the
largest step size in IV that is at most 7).
Combing with the upper bounds on the second term and the third term, we have for any n € [1/L, 7],

1102
4

|Fryr(n) — Fror(n')] <

for 77/ = arg minnneN’nngn (’I] — 77”).
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In the above analysis, we have assumed E% llwe 5 — w“ai“”illm-n 1 {81 N gg(ﬁ)} < 2 The proof can be easily

L6
generalized to the other case. We can define 1 {&; N & (77') } as lim, ;- 1 {&1 N &2(n) } . Then the proof works as
long as we substitute 1 {1 N &(77) } by 1 {&1 N E(77')} . We will also add 7 into the e-net. O

In order to prove Frryr is close to Fryp point-wise in [1/L, 77], we still need to construct an e-net for the empirical
meta objective Frryr.

Lemma 9. Suppose o is a large constant c1 Assume t > co,d > c4 for certain constants co, c4. With probability at
least 1 — mexp(—$(d)), there exists an F-net N’ C [1/L, 7] for Fryr with |N| = O(t + m). That means, for any

n € [1/L,),
0.2

\Pror(n) — Pror(n)] < i
forn' = argmin,ren: yr<n(n—n").
Proof of Lemma 9. Foreach k € [ ] let £, , be the event that v/d/v/L < Ul(Xt(r];)n) <VLdand1/L < ) (H(k)

trdlﬂ) —
Lforalli € [n] and Vdo/4 < ‘

least 1 — m exp(—§2(d)), £1,5’s hold for all k£ € [m]. From now on, we assume all these events hold.
Recall that the empirical meta objective as follows,

< V/do. According to Lemma 1 and Lemma 45, we know with probability at

train

1 m
2 = — A P
TbT m kz_: vT 777 k

For any k € [m], let n. x be the smallest step size such that w,g ,7) gets truncated. If 1. > 7, by similar argument

as in Lemma 8, we know Aryr(n, Py) is O(t)-Lipschitz in [1/L 7] as long as o is a constant. If 7. < 7, by
Lemma 5 we know w§’j7> gets truncated for any n > 7, x. This then implies that Apyr(n, Py) is a constant function
for i € [1)e.x, 7). We can also show that Aqyr (1, Py) is O(t)-Lipschitz in [1/L, 7. ). There might be a discontinuity
in function value at 7, j, so we need to add 7. ;, into the e-net.

Overall, we know there exists an Z—i-net N’ with |N'| = O(t + m) for Fryp. That means, for any € [1/L, 7],

o2

FTbT(n) - FTbT(ﬁ') < Ti
for 77/ = arg minn//GN/m//Sn (’I] — 77”). O
Finally, we combine Lemma 7, Lemma 8 and Lemma 9 to prove that FTbT is point-wise close to Fryr for

n € [1/L, 1.
Proof of Lemma 4. We assume o as a constant in this proof. By Lemma 7, we know with probability at least

1 —exp(—Q(e2m)), FTbT — Frypr < ¢ for any fixed n. By Lemma 8, we know there exists an HZ -net N for
n n y n. by T

Fryr with size O(t). By Lemma 9, we know with probability at least 1 — m exp(—(d)), there exists an F-net N’

for Frpyp with size O(t + m). According to the proofs of Lemma 8 and Lemma 9, it’s not hard to verify that N U N’

1152
Lt

, forany n € [1/L, 7], we have

| Fror(n) = Fror ()], | Fror(n) = Pror(n')] <
for 1" = arg ming e Nun' <o (n — 1)
Taking a union bound over N U N’, we have with probability at least 1 — O(t + m) exp(—§(m)),

0,2

Eryr(n) — Fryr(n)| < Ii

forally e NUN'.
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Overall, we know with probability at least 1 — m exp(—Q(d)) — O(t + m) exp(—§(m)), foralln € [1/L, 7],

\Prvr(n) — Fror(n)]
<|Fror(n) — Fror ()| + |Fror(n) — Eror ()| + | Frsr(0') — Fror (7))

2302 o?
SIS
where ' = argmin, e Nun’,y7<n(n —n"). We use the fact that L = 100 in the last inequality. O

B.2.4 Proofs of Technical Lemmas

Proof of Lemma 1. Recall that Xy, is an n x d matix with n = c¢d where ¢ € [1/4,3/4]. According to Lemma 43,
with probability at least 1 — 2 exp(—t2/2), we have

Vd—Ved —t < 0i(Xuain) < Vd + Ved + 1,

forall i € [n].
Since Hmm = l/nXlramem, we know \; (Huain) = 1/10%(Xyain)- Since ¢ € [4, 4] we have (\/——l- Ved)? <

100 — ¢’ and = (\/_ —Ved)? > 100 + ¢, for some constant ¢’. Therefore, we know with probablhty at least 1 —

exp(~Q(d)), .
1_00 S )\i(Htrain) S 1007
forall i € [n].

Similarly, since there exists constant ¢’ such that v/d + v/cd < (10 — ¢)v/d and Vd — Ved > (1/10 + ¢")V/d,
we know with probability at least 1 — exp(—(d)),

1
1_0\/8 < Ui(Xtrain) < 10\/87

for all ¢ € [n]. Choosing L = 100 finishes the proof. O
Proof of Lemma 5. We prove that for any training set Siain, 1 {&1 N &2(n)} = 1{& N&E(n')} for any ' > n.
This is trivially true if & is false on Sy,i,. Therefore, we focus on the case when & holds for Sy,in. Suppose 7. is
the smallest step size such that the GD sequence gets truncated. Let {w’mk} be the GD sequence without truncation.
There must exists 7 < ¢ such that Hw’m]c H > 4v/Lo. We only need to prove that Hw’m’ H > 4+/Lo for any n > 1. We
prove this by showing the derivative of Hw’TWH2 in 77 is non-negative assuming Hw’T " ||2 > 4v/Lo.

Recall the recursion of w! n as w'ﬂ77 = Wyain — (I — N Hyrain )" Wirain - If 7 is an odd number, it’s clear that -2 o er nH

is non-negative at any 7 > 0. From now on, we assume 7 is an even number. Actually in this case, B_n er,nH can be
) L ) : 2
negative for some 7. However, we can prove the derivative must be non-negative assuming ||w’. , |* > 4v/Lo.
Suppose the eigenvalue decomposition of Hin is Z?:l AluluzT with A\; > - -+ \,,. Denote ¢; as (Wiin, u;) . Let
A; be the smallest eigenvalue such that (1 —nA;) < —1. This implies \; < 2 /n for any i > j + 1. We can write down

Hw as follows

rall”

gg&

lw

(1—(1—77/\ c—l—z 1—1—17)\))

1 1=75+1

rall”

.
Il

2 2
(1 - (1 - n/\z)t) 012 + HwtrainH .

1

.
Il
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> 16Lo2, wehave 37 (1 — (1 —nA))> 2 >

Since &1 holds, we know ||wiin||* < 4Lo2. Combining with [|w
12L02. We can lower bound the derivative as follows,

rall

AT
D
87’] sM

J n
D 2N =) T (L= (L =nA)) DD 2N —nh)T (1= (L= nA)!) ¢
i=1 i=j+1

J
22152)\1-(1 =) T (1= (1 =nN)Y) ¢f — 2152 Z c?

i=1 iS5
j
>2t ) N1 —nA)" T (1= (1= n\)") ¢ — 2t x 8Lo? /.
i=1
Then, we only need to show that 327_, X;(1 — nA;i)' =" (1 — (1 — n\;)") ¢ is larger than 8Lo2 /7). We have

DA (L= (=) e =

i=1

(L=nr)" "2 2
ATy ()
)\i—lt71 N2 2
A'%(1—(1—%)) c

M“' HMQ

1

.
Il

. (77)\1 - 1)t 1
“nhi =1t =1 -1

(1 -(1- n)\i)t)Q cf

I
Fj“

N
Il
-

(1-(1- 77/\1-)t)2 ¢z > 12Lo*/n > 8La* /.

N

Il

-
|

O
Proof of Lemma 6. Similar as the analysis in Lemma 2, conditioning on £, we know the GD sequence never exceeds
the norm threshold for any n € [0,2/L]. This then implies

1 _
E§ Hwt-,n - erainHiIlmi“ 1 {51 N 82(7’])} = O,
forall n € [0,2/L].
Let {w’”]} be the GD sequence without truncation. For any step size ) € [2.5L, 00|, conditioning on &7, we have

HwéﬂlH = ((n/L B 1)t - 1) HwtrainH > (15t - 1) (ﬁ - 1> > 4\/50',

where the last inequality_ holds as long as 0 > 5\/f,t > c¢o for some constant co. Therefore, we know when
n€[25L,00), 1{& N&(n)} = 1{&}. Then, we have forany n > 2.5L,

1

2
E§ llwe,n, — wlfaiﬂ”?ilm,. 1 {51 N&n } >— (4\/_0 — 2\/30) Pr[&1] > 20% Pr[&)] >

o
JER
where the last inequality uses Pr[£;] > 1 — exp(—Q(d)) and assume d > ¢4 for some constant cy.

Overall, we know E1 [|w; ,, — wtrainH?{m 1{& N&(n)} equals zero forall y € [0,2/L] and is at least U 5 for all
1 € [2.5L, 00). By definition, we know 7 € (1/L,3L). O
Proof of Lemma 7. Recall that Fiyr (n) = % Zzlzl Aqyr(n, Py). We prove that each Apyr(n, Py) is O(1)-
subexponential. We can further write Apyr (7, Py) as follows,

k * k k
Aryr (777 Pk ng,n) - W — ( t(ral)n) l(ral)n H(k)
<1 (%) RN k) , 1 k 1 k
5 Hwt HHchun L(l'dl)n + ng,n — Wy, % L(rai)n % HXt(rai)n :
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(k)

We can write ’ Ht(ml)n as o2, ( \}_Xt(ml) According to Lemma 47, we know omax(X,.0,) — ]Eam&x(Xudm) is O(1)-
subgaussian, which implies that o ax ( th(rZ)n) Eomax( leram) isO(1/ Vd d)-subgaussian. Since Eoyax( th(r{:l)n)

) is O(1)-subgaussian and o2, ( \/_Xt(rfl)n) is O(1)-subexponential. Similarly,

v Re R 6 15

train
Suppose o is a constant, we know wgkn) — wj || is upper bounded by a constant. Then, we know Apyr (1, Pr)

is a constant, we know am&x( \/1_X

train
(k) (k)
train X

1
we know both 5~ train

and (

) are O(1)-subexponential.

is O(1)-subexponential. Therefore, Fryz(n) is the average of m ii.d. O(1)-subexponential random variables. By

standard concentration inequality, we know for any 1 > ¢ > 0, with probability at least 1 — exp(—Q(e*m)),

(n) — FTbT(n)’ <e

B.3 Train-by-validation (GD)

In this section, we show that the optimal step size under Fryy is ©(1/t). Furthermore, we show under this optimal
step size, GD sequence makes constant progress towards the ground truth. Precisely, we prove the following theorem.

Theorem 8. Let the meta objective FTbV(m_’nz)(n) be as defined in Equation 2 with ni,ny € [d/4,3d/4]. Assume
noise level o is a large constant c;. Assume unroll length t > ca, number of training tasks m > c3 and dimension
d > ¢y log(t) for certain constants ca, cs, c4. With probability at least 0.99 in the sampling of training tasks, we have

njalid - (1/t andIE Hwt,n w*H2 = ||’w*H2 - Q(l)

valid
forall ., € argmin,>q FTbV(m,nz) (n), where the expectation is taken over new tasks.

In this section, we still use L to denote constant 100. We start from analyzing the behavior of the population
meta-objective Frrpy for step sizes within [0, 1/L]. We show the optimal step size within this range is ©(1/t) and GD
sequence moves towards w™ under the optimal step size. This serves as step 1 in Section B.1 We defer the proof of
Lemma 10 into Section B.3.1.

Lemma 10. Suppose noise level o is a large enough constant c1. Assume unroll lengtht > co and dimension d > cy
Jor some constants cq, cy. There exist n1,1m2,m3 = O(1/t) withn; < n2 < 13 such that

1 2 9 0'2
< = lw*||F = = —
Frov (n2) < 5 [w™l]” = 756+ 3
1. ., 6 o?
Fryy (1) > 5 [l ||* = 15C + 5. ¥n € [0,m] U s, 1/L]

where C'is a positive constant.

To relate the behavior of Frrpy- to the behavior of FTW, we prove the following generalization result for step sizes
in [0, 1/L]. This serves as step 3 in Section B.1. The proof is deferred into Section B.3.2.

Lemma 11. For any 1 > € > 0, assume d > cyqlog(1/e€) for some constant cy. With probability at least 1 —
O(1/¢) exp(~Qem), A
|[Froy () — Frov(n)] <,

foralln € [0,1/L).

In Lemma 12, we show the empirical meta objective Fryy is high for all step size larger than 1/L, which then
implies 0.4 € [0,1/L]. This serves as step 2 in Section B.1. We prove this lemma in Section B.3.3.
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Lemma 12. Suppose o is a large constant. Assume t > ca,d > cqlog(t) for some constants co, cy. With probability
at least 1 — exp(—Q(m)),

n ’ 2 1 2

FTbV(n) ZO o + 50’ y
forallm > 1/L, where C' is a positive constant independent with o.

Combining Lemma 10, Lemma 11 and Lemma 12, we give the proof of Theorem 8.

Proof of Theorem 8. According to Lemma 10, we know as long as d and ¢ are larger than certain constants, there
exists 11, m2,m3 = ©(1/t) with 1 < n2 < 13 such that

Loz 9 2
< _ =
Frov (n2) < 5 |w'l]" = 7€ +0°/2
1 . 6
FTbV(n) 2 5 H’U} ||2 - 1_OC + 02/27V77 S [07771] U [7737 1/L]7

for some positive constant C.
Choosing € = min(1,C/10) in Lemma 11, we know as long as d is larger than certain constant, with probability
at least 1 — exp(—Q(m)), X
|Froy (n) — Frov (n)] < C/10,

foralln € [0,1/L].
Therefore,

- 1 %12 8 2
< Z _ =
Frev () < 5 [w*||” = 750 +07/2
. 1, .o 7
Fryy(n) > B [lw||* - EC+ 0®/2,n € [0,m] U [ns,1/L].

By Lemma 12, we know as long as ¢ > co,d > c4log(t) for some constants cg, ¢4, with probability at least
1 — exp(—Q(m)),

. 1
Fryv(n) > C'o? + 502,

forally) > 1/L. Aslongas o > 1/v/C", we have Fryy (n) > 1+ 202 forall p > 1/L. Combining with Eryy (n2) <
Lw*||* = SC + 0?/2, we know ny;y € [0,1/L]. Furthermore, since Frypy (1) > L |jw*|> — LC + 02/2,¥n €

[0,1] U [n3, 1/L], we have 11 < 14 < 13-
Recall that 1,73 = ©(1/t), we know 7,y = ©(1/t). At the optimal step size, we have

* - * - 1 * 7
Frov (myaia) < Frov (mvaa) + C/10 < Fryy (n2) + C/10 < 3 lw*|* - ¢t o’ /2.

® +62/2, we have

Since Fryy (nxalid) = E% Hwt’n:alid —w*

%12 * (12 7
E Hwt7n$lid —w < H’LU H - 50
Choosing m to be at least certain constant, this holds with probability at least 0.99. g

B.3.1 Behavior of Fryy forn € [0,1/L)]

In this section, we study the behavior of Frrpy when i) € [0, 1/L]. We prove the following Lemma.
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Lemma 10. Suppose noise level o is a large enough constant c1. Assume unroll lengtht > co and dimension d > cy
for some constants cq, cy. There exist 1, 1m2,m3 = ©(1/t) withn; < n2 < 13 such that

1 2 9 0'2
< = w*||F = = —
Frev (n2) < 5 [w™l]” = 756 + 3
1., 6 o2
Fryy (1) > 5 [l ||* = 15C + 5. ¥n € [0,m] U s, 1/L]

where C'is a positive constant.

It’s not hard to verify that Frrpy () = E1/2 |lwy,,, — w* >+ /2. For convenience, denote Q(1) := 1/2 lwe., —w* 7.
In order to prove Lemma 10, we only need to show that EQ () < 3 [[w*||> — 2C and EQ(1) > & [|w*|* — SO
forall n € [0,71] U [n3,1/L]. In Lemma 13, we first show that this happens with high probability over the sampling
of tasks.

Lemma 13. Suppose noise level o is a large enough constant c1. Assume unroll length t > co for certain constant
¢a. Then, with probability at least 1 — exp(—$(d)) over the sampling of tasks, there exists n1,12,13 = O(1/t) with
m < n2 < n3 such that

1 N2 1 w2
Q) = 5 llwnyy = w'* < 5 "I —C
1 i} 1, .o C
Q) i= 5l = w*|* 2 5 o™ |* = 5, ¥ € [0,1m] U [, 1/L]

where C'is a positive constant.

Since we are in the small step size regime, we know the GD sequence converges with high probability and will not
be truncated. For now, let’s assume wy ,, = By pWein + Bt,n(Xtrain)T&rain, where By, = I — (I — nHyain)". We have

1 N w112
Q(n) :i HBtmwtrain + Btm(Xtrain)Tgtrain —w

1 * * 12 1
:E HBt,nwtrain —w || + 5 HBt,n(XLrain)Té.Lrain

+ <Bt7nwéain - ’LU*, Bt,n(Xtrain)Tgtrain>
o2, 1 2 1 2 .

:E H’LU H + 5 ||Bt-,77wrrain|| + 5 HBt,T](XLrain)TgtrainH - <Bt777wtraina U)*>
+ <Bt7nw;ain - w*, Bt,n(Xtrain)Tgtrain> .

In Lemma 14, we show that with high probability the crossing term <Btmw:‘mm —w*, Bt,n(X[rain)T&raiQ is negli-
gible for all ) € [0, 1/L]. By Hoeffding’s inequality, we know the crossing term is small for any fixed 7. Constructing
an e-net for the crossing term in 7, we can take a union bound and show it’s small for all € [0, 1/L]. We defer the
proof of Lemma 14 to Section B.3.4.

I

Lemma 14. Assume o is a constant. For any 1 > € > 0, we know with probability at least 1 — O(1/¢) exp(—Q(€%d)),
|<Bt-,7]w;’ain - ’LU*, Bt,n(Xtrain)Tgtrain>‘ <e,
foralln € [0,1/L).

Denote 1 . .
* * 2 * *
G(n) = 5 ||w H2 + 5 HBt,nerain||2 + 5 HBt,n(Xtrain)TglrainH - <Bt7nwtraim w > .

Choosing ¢ = C//4 in Lemma 14, we only need to show G(1) < ||w*||*> — 5C/4 and G() > ||w*||* — C/4 for all

ne [07771] U [7735 1/L]
We first show that there exists 72 = ©(1/¢) such that G(nz) < § [|w* ||* — 5C/4 for some constant C.. It’s not hard

to show that 3 |\Bt7nwéam|\2 +1 ‘’Bm(Xtrain)T&rainH2 = O(n*t?c?). In Lemma 15, we show that the improvement

(Bpywi i, w*) = Q(nt) is linear in 7. Therefore there exists 7o = ©(1/t) such that G(n2) < % ||w*||* — 5C/4 for

some constant C. We defer the proof of Lemma 15 to Section B.3.4.
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Lemma 15. For any fixed n € [0, L/t] with probability at least 1 — exp(—Q(d)),

> 1L
= 16L

<Bt-,77w:;ain7 ’LU*>
To lower bound G(7) for small 7, we notice
1 * (12 * *
G(n) 2 5 [w*lI” = (Bt.ywiain, ") -

We can show that (B w;:.., w*) = O(nt). Therefore, there exists 7, = ©(1/t) such that (B; w,,, w*) < C/4 for
allp € [0,m].
To lower bound G(n) for large 7, we lower bound G () using the noise square term,
1 2
G(W) Z 5 HBt,n(Xtrain)TgtrainH

We show that with high probability HBt,,](X[rain)T&rainW = Q(c?) for all ) € [log(2)L/t,1/L]. Therefore, as long as
o is larger than some constant, there exists 73 = ©(1/t) such that G(n) > 1 ||lw* |* for all ) € [ns,1/L].
Combing Lemma 14 and Lemma 15, we give a complete proof for Lemma 13.

Proof of Lemma 13. Recall that
1 . . 1 2
Q(n) :E ”Btﬂlwtrain -—w H2 + 5 HBt,n(Xtrain)T&rainH
+ <Bt,nwéain - w*u Bt,n(Xlrain)Tgtrain>
:G(T/) + <Bt,nwéain - w*u Bt,n(Xlrain)Tgtrain>

We first show that with probability at least 1 — exp(—$(d)), there exist 71, 72,73 = ©(1/t) with 11 < 172 < 13 such
that G(13) < 1/2 ||w*||> = 5C/4 and G(n) > 1/2 ||w*||* — C/4 forall € [0,m] U [n3,1/L].

According to Lemma 1, we know with probability at least 1 — exp(—Q(d)), Vd/VL < 04(Xuain) < vVLd and
1/L < \i(Hyan) < L forall i € [n] with L = 100.

Upper bounding G(n3): We can expand G(n) as follows:
1 * * (12 1 2
G(n) :25 ||Bt-,77w1rain —w H + 5 ||Bt,n(Xtrain)T€train||
1 %112 1 « 2 1 2 * «
:g ||w || + 5 HBtJ]wtrainH + 5 HBt,n(Xtrain)Tfu-ainH - <Bt-,7]wtrain7w > .
Recall that By ;, = I — (I — Hain)*, for any vector w in the span of Hiin,
||Bt7nw|| = H(I - (- nHtrain)t) wH < Lot [jw]| .
According to Lemma 45, we know with probability at least 1 — exp(—Q(d)), ||€uain|| < V/do. Therefore, we have
1 N 1 2
B ”Bt,neraiHHQ + 3 HBt,n(Xlrain)TgtrainH < L2772t2/2 + L3772f202/2 < L3772t2027

where the second inequality uses o, L > 1. According to Lemma 15, for any fixed € [0, L/¢], with probability at
least 1 — exp(—Q(d)), (Bt,nWiyin, w*) > 12 Therefore,

U
16L — 2
Choosing 1y :=

1 ) 1 1 )
G <— * _—_— = — * —
() < 5 | = gy = 5 ')

Note C'is a constant as o, L are constants.

I? - .
32L°

1 * (12 *
Gn) < 5l + LPn*to® — [Jw

where the second inequality holds as long as 7 < we have

1

32L757¢)

5C
4 )

1
320752t "

_ 1
where C' = g55r552-
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Lower bounding G(n) for n € [0,71] : Now, we prove that there exists 71 = ©(1/t) with 71 < 72 such that for
any 17 € [0,m],G(n) > 3 [|w* || — € Recall that

1
T2

1 2
25 10| = {Beytisain, w7) -

G(n) I -

%112 1 * 2 1 * *
flw* I” + 3 ”BtmwtrainH + ) HBtm(Xtrain)Tgtrain <Bt,nwtrainvw ) -

*
train?

Since [(By nwpin, w*)| < Lnt, we know for any n € [0, 7],

1 *
G(n) > B [|lw ||2 — Lmt.

<

177> We have for any 1 € [0, 1],

Choosing 71 =

Lower bounding G(n) for n € [n3,1/L]: Now, we prove that there exists 3 = ©(1/t) with 773 > 72 such that for

alln € [n3,1/L], X o
> wt)? - =.
G(n) > 5 [ || 1

Recall that

I

1 1
G(n) = 5 ||Bt,77w::—ajn - ’LU*H2 + 5 ||Bt,n(Xtrain)T€train||2 Z HBt,n(XLrain)Té.Lrain

N =

According to Lemma 45, we know with probability at least 1 — exp(—£2(d)), Vdo < ||€train || - Therefore,

2v2
2 _ 2 g2 o?
HBt,n(XLrain)Té.LrainH Z (1 —€ nt/L) g = ﬁa

where the last inequality assumes 7 > log(2)L/t. As long as t > log(2)L?, we have log(2)L/t < 1/L. Choosing
n3 = log(2)L/t, we know for all n € [n3,1/L],

o2

||Bt,n(Xtrain)T§train ||2 Z 64—L

N~

G(n) >

Note that 3 [w*||* = 1/2. Therefore, as long as & > 8+/L, we have

G >+

2
[

foralln € [n3,1/L].
Overall, we have shown that there exist 71, 72,73 = O(1/t) with 1 < 12 < 73 such that G(15) < 1/2|jw*||* —
5C/4and G(n) > 1/2 ||w*||*~C/4forally € [0,71]U[ns, 1/L]. Recall that Q(1) = G(n)+( Beywiigin — w*, Bry(Xuain) Erain) -
Choosing € = C'//4 in Lemma 14, we know with probability at least 1 —exp(—Q(d)), [{ Bty wii, — 0*, Bty (Xuwain)  Eurain) | <
C/4 for all n € [0,1/L)]. Therefore, we know Q(12) < 1/2]jw*||* — C and Q(n) > 1/2]|jw*||*> — C/2 for all
n € [0,m]U[ns, 1/L]. 0
Next, we give the proof of Lemma 10.
Proof of Lemma 10. Recall that Fryy () = E1/2 ||wy,, — w*|\2+"72. For convenience, denote Q (1) := 1/2 ||wy,, — w*|?.

In order to prove Lemma 10, we only need to show that EQ(12) < & [|w*||* = ZC and EQ(n) > 1 |[w*||* — &C for
all ne [07 771] U [7737 1/L]
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According to Lemma 13, as long as o is a large enough constant c¢; and ¢ is at least certain constant ¢y, with
probability at least 1 — exp(—Q(d)) over the sampling of Syin, there exists 11, 72,73 = O(1/t) with 1 < 72 < 73
such that

* 1 *
Qm) == 1/2 |wy, — w"|* < 5 [lw’|* — C
Q) = 1/2[wyy = w"||* 2 5 [lw”|* = 5.0 € [0.m] U 15, 1/L]

where C is a positive constant. Call this event £. Suppose the probability that £ happens is 1 — 6. We can write EQ(n)
as follows,

EQ(n) = E[Q(n)|€] Pr[&] + E[Q(n) €] Pr[£].

According to the algorithm, we know ||w , | is always bounded by 4v/La. Therefore, Q(n) := 1/2 |lwy,, — w* I? <
13Lo?. When 1 = 72, we have

EQ(n2) < (% [|w*|)* - c) (1—6)+13Lo%5

1 0
=5 Jw*||” - 5~ C+(C+13Lo%0
1. .2 9C
<z =
<3 Iw*ll? - 35
where the last inequality assumes § < m.
When 7 € [0,71] U [n3,1/L], we have
1, ., C
EQ(n2) > (5 Jw*|)* - 5) (1—0)—13Lo%
1 2 0 C 5
=—|w*|" -z —(1—-9§)= —13Lc=)
3w ? =5~ (=85 ~13Lo
1 c
>2 ot |* = 5 = (1/2+ 13L0%)5
1 2 6C
>— 1 — —
>l - =5

where the last inequality holds as long as § < m.

According to Lemma 13, we know ¢ < exp(—£2(d)). Therefore, the conditions for § can be satisfied as long as d
is larger than certain constant. 0

B.3.2 Generalization for n € [0,1/L]
In this section, we show FTW is point-wise close to Frpy for all y € [0,1/L]. Recall Lemma 11 as follows.

Lemma 11. For any 1 > ¢ > 0, assume d > c4log(1/¢€) for some constant cy. With probability at least 1 —
O(1/¢) exp(~Q(em)), A
[Erov (1) — Frov(n)] < e
foralln € [0,1/L).
In order to prove Lemma 11, let’s first show that for a fixed 7 with high probability FTW (n) is close to Fryy (n).
Similar as in Lemma 7, we show each Apyy (1, Pk ) is O(1)-subexponential. We defer its proof to Section B.3.4.

Lemma 16. Suppose o is a constant. For any fixed n € [0,1/L] and any 1 > ¢ > 0, with probability at least
1 — exp(—(e?m)),
Pryv(n) = Prov(n)| < e.
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Next, we show that there exists an e-net for Frryy with size O(1/€). By e-net, we mean there exists a finite set N,
of step size such that |Fryy (1) — Fryv ()| < eforany n € [0,1/L] and ' € argmin,en, |7 — n'|. We defer the
proof of Lemma 17 to Section B.3.4.

Lemma 17. Suppose o is a constant. For any 1 > ¢ > 0, assume d > c4log(1/e) for constant cy. There exists an
e-net N for Fryy with |N.| = O(1/€). That means, for any n € [0,1/L],

|Frov (n) — Fryv (n')] <,

forn' € argmingen, |n—17'|.
Next, we show that with high probability, there also exists an e-net for Fryy with size O(1/e).

Lemma 18. Suppose o is a constant. For any 1 > € > 0, assume d > c4 log(1/¢€) for constant c4. With probability at
least 1 — exp(—Q(e?m)), there exists an e-net N! for Fryy with |[N.| = O(1/¢€). That means, for any n € [0,1/L],

\Fryv () — Frov (n)| < e,

forn' € argmingen, |n—17'|.

Combing Lemma 16, Lemma 17 and Lemma 18, now we give the proof of Lemma 11.
Proof of Lemma 11. The proof is very similar as in Lemma 4. By Lemma 16, we know with probability at least
1 — exp(=Q(e2m)), | Fryy (n) — Frov ()| < € for any fixed . By Lemma 17 and Lemma 18, we know as long

as d = Q(log(1/e€)), with probability at least 1 — exp(—$2(e2m)), there exists e-net N, and N/ for Fpyy and Frryy
respectively. Here, both of N, and N/ have size O(1/¢). According to the proofs of Lemma 17 and Lemma 18, it’s
not hard to verify that V. U N/ is still an e-net for Frryy and Frpy . That means, for any 1 € [0,1/L], we have

\Frov (1) — Frov ()], |Prov (n) — Frov ()] < e,

for ' € argming,en,un: |1 — 1|
Taking a union bound over N, U N/, we have with probability at least 1 — O(1/¢) exp(—Q(e*m)),

Fryv(n) — Frov(n)| < e

forany n € N, UN/.
Overall, we know with probability at least 1 — O(1/¢) exp(—£2(e?m)), foralln € [0,1/L],

|Frov(n) — Frov(n)

|
<|Fryv(n) — Frov ()| + [Frov(n) — Frov (1) + | Frov (n') — Fryv ()]
<3e

)

where 7 € argmin,en,un [ — 7|. Changing € to €’ /3 finishes the proof. O

B.3.3 Lower bounding Fryy for 7 € [1/L,0)

In this section, we prove Fryy is large for any step size n > 1/L. Therefore, the optimal step size 7,4 must be
smaller than Frrpy .

Lemma 12. Suppose o is a large constant. Assume t > ca,d > cqlog(t) for some constants co, cy. With probability
at least 1 — exp(—Q(m)),

. 1
Fryv(n) >C'o? + 502,
forallm > 1/L, where C' is a positive constant independent with o.
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When the step size is very large (larger than 3L), we know the GD sequence gets truncated with high probability,
which immediately implies the loss is high. The proof of Lemma 19 is deferred into Section B.3.4.

Lemma 19. Assume t > ca,d > ¢4 for some constants ca, cq. With probability at least 1 — exp(—§(m)),

Fryv(n) > o2,
foralln € 3L, c0)
The case for step size within [1/L, 3L] requires more efforts. We give the proof of Lemma 20 in this section later.

Lemma 20. Suppose o is a large constant. Assume t > co,d > c4log(t) for some constants ca, c4. With probability
at least 1 — exp(—Q(m)),

. 1
Fryv(n) >Cyo” + 502,

forallm € [1/L,3L], where Cy is a positive constant independent with o.

With the above two lemmas, Lemma 12 is just a combination of them.

Proof of Lemma 12. The result follows by taking a union bound and choosing C’ = min(Cy, 1/2). O

In the remaining of this section, we give the proof of Lemma 20. When the step size is between 1/L and 3L, if the
GD sequence has a reasonable probability of diverging, we can still show the loss is high similar as before. If not, we
need to show the GD sequence overfits the noise in the training set, which incurs a high loss.

Recall that the noise term is roughly 1 ||(I — (I — nHtrain)t)(X[rain)T&rainHz. When 7 € [1/L, 3L], the eigenvalues
of I — 1 H i in Syin Subspace can be negative. If all the non-zero n eigenvalues of Hy,i, have the same value, there
exists a step size such that the eigenvalues of I — 1 H,i, in subspace Sy, is —1. If ¢ is even, the eigenvalues of
I—(I- nHHain)t in Si,in subspace are zero, which means GD sequence does not catch any noise in Siin.

Notice that the above problematic case cannot happen when the eigenvalues of Hy.;i, are spread out. Basically,
when there are two different eigenvalues, there won’t exist any large 7 that can cancel both directions at the same time.
In Lemma 21, we show with constant probability, the eigenvalues of Hy.,;, are indeed spread out. The proof is deferred
into Section B.3.4.

Lemma 21. Let the top n eigenvalues of Hygin be A1 > - - - > Ay, Assume dimension d > cy4 for certain constant cy.
There exist positive constants i, i, i’ such that with probability at least ,

/\u’n - /\n—u’n-i—l Z ,U//I-

Next, we utilize this variance in eigenvalues to prove that the GD sequence has to learn a constant fraction of the
noise in training set.

Lemma 22. Suppose noise level o is a large enough constant c1. Assume unroll lengtht > co and dimension d > cy
for some constants ca, c4. Then, with probability at least C
> 020'2,

||Bt,nwtrain B w* HQHmmx
forallm € [1/L,3L), where Cy, Cy are positive constants.

Proof of Lemma 22. Let £; be the event that \/E/ VL < 0i(Xyain) < V/Ld and 1 /L < Xi(Hyain) < L forall i € [n]
and \/80/4 < || < V/do. Let &; be the event that \/E/\/Z < 03 (Xyatia) < V/Ld and 1/L < Xi(Hyaia) < L for
all i € [n] and \/Ea/ 4 < ||&vana|| < V/do. According to Lemma 1 and Lemma 45, we know both & and &; hold with
probability at least 1 — exp(—£2(d)).

Let the top n eigenvalues of Hyin be Ay > -+ > \,. According to Lemma 21, assuming d is larger than certain
constant, we know there exist positive constants u1, (2, i3 such that with probability at least j11, Ayyn — AM—pont1 =
3. Call this event &,.
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Let S7 and S5 be the span of the bottom and top pon eigenvectors of Hy,, respectively. According to Lemma 45,

we Know ||&ain|| > @a with probability at least 1 — exp(—(d)). Let P; € R"*" be a rank-fion projection matrix
such that the column span of (Xlrain)TPl is S1. By Johnson-Lindenstrauss Lemma, we know with probability at least

1 — exp(—Q(d)), HProj Py §lrainH > @ ||&rain || - Taking a union bound, with probability at least 1 — exp(—(d)),
||Pr0j Plgm” > —”‘gdg. Similarly, we can define P, for the S5 subspace and show with probability at least 1 —

exp(—Q(d)), ||Proj p, &iain|| > @. Call the intersection of both events as £;, which happens with with probability
at least 1 — exp(—Q(d))

Taking a union bound, we know & N £ N & N &4 holds with probability at least 11 /2 as long as d is larger than
certain constant. Through the proof, we assume & N & N E5 N &4 holds.

Let’s first lower bound || By ,,Wirain — Wiy, || as follows,

||Bt,nwu'ain - wrrain” = ||Bt777 (wéain + (Xll'aiﬂ)'rgll'aiﬂ) - w;ain"
> (HBt,n (wéain + (Xlrain)Tglrain) H - 1)

Recall that we define S; and S, as the span of the bottom and top pon eigenvectors of Hygi, respectively. We rely
on S to lower bound ||w¢,, — w*|| when 7 is small and rely on So when 7 is large.

Case 1: Let Umm(Bt,n) be the smallest singular value of By ,, within Sy subspace. If n\,, 1,1 < 2 — ps/(2L),

we have .
1 u3\*t 1
mln(Btﬁ)>mln<1_<1_ﬁ) 71_(1_E)> 257

where the second inequality assumes t > max(L?, 2L/ u3) log 2. Then, we have

”wt,n - w*” > ( min Bt N (HPI‘O_]Sl Xlram glramH - 1) - 1)

(0 ) )=

where the second inequality uses ||Pr0j Py Eirain || > —”‘Szd” and the last inequality assumes o > 43‘}43

Case2: Ifn)\,—p,n+1 > 2—ps/(2L), we have nh,,n > 2+ ps/(2L) since Ayyn — A—pons1 > pgandn > 1/L.
Let Umm(Bt-,n) be the smallest singular value of B, ;, within S; subspace. We have

o) > (1452) =1) 2 5,

where the last inequality assumes ¢ > 4L/p3. Then, similar as in Case 1, we can also prove [|wy, — w*[| = 3 2‘%.
Therefore, we have
2 /,620'2
*
HBt,nwtrain —w ”Hlmm HBt nWirain — wlram”Hlmm =7 ”Bt,nwtram wtram” = 1024L2’
foralln € [1/L,3L]. We denote Cy := yi1/2 and Cy = 15577=- O

Before we present the proof of Lemma 20, we still need a technical lemma that shows the noise in Sy,;g concen-
trates at its mean. The proof of Lemma 23 is deferred into Section B.3.4.

Lemma 23. Suppose o is constant. For any 1 > ¢ > 0, with probability at least 1 — O(t/e€) exp(—Q(€%d)),
)\n(Hvalid) > 1/L and

2 2
[wen = Weatally,,, > lwey —w* |y, + (1 —€)o?

forallm e [1/L,3L].
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Combing the above lemmas, we give the proof of Lemma 20.

Proof of Lemma 20. According to Lemma 23, we know given 1 > ¢ > 0, with probability at least
1 — O(t/e) exp(—Q(€2d)), An(Hyaiia) > 1/L and [lwr, — waiiall3y > [wey — w3, + (1= €)o? forall y €

valid
[1/L,3L]. Call this event £;. Suppose Pr[€1] > 1 — §/2, where ¢ will be specifies later. For each training set Sl(rl:i)n,
we also define El(k). By concentration, we know with probability at least 1 — exp(—Q(6?m)), 1/m > -, 1 {El(k)} >
1—0.

According to Lemma 22, we know there exist constants C7, Co such that with probability at least C',
|| By Wirain — w* ||§{m_“ > Coo? forall y € [1/L,3L]. Call this event &. For each training set S we also define

= train’

Eék). By concentration, we know with probability at least 1 — exp(—£(m)), 1/m > ;" | 1 {Eék)} >C4/2.

For any step size 1) € [1/L, 3L], we can lower bound Firyy- (1) as follows,

2

: R R B (RSN
F = = — )
TbV (77) m ; 2 wt.,n valid Hv(a)ﬁﬁ
LnLyfow o |2 (®)
EE ; 9 ||Wen T Wyaiia H 1 {51 }
L L s o 1 2
> - _ (1 — _
> ; 5 ity —wif 1 {51 +5(1-1-d0
Le=1 2 (k) ~ o(k) 1 2
> ; 5wl —wil, 1 {51 né&l } + 51— -8
Aslong as 6 < Cy/4, we know = >7" | 1 {El(k) N Eék)} > (/4. Let £3(n) be the event that w§’2 gets truncated

with step size 1. We have

L]
m 2 Wt — Wk

1 {51““) N 52““)}

1 Hyaiq
L1y w 2 (k) o) ~ (k)
BN —w 1 {5 ne® ne }
m Z 2 Hwt n k Hyaiia ! 2 3
k=1
+i§ le““) | 11{5““) new mé““)}
m 1 2 & k Hyalia ! 2 3 '

If % doreg 1 {51(k) N 52(k) N 5}5’“) > (C4/8, we have

L~ w 2 ®) el o L1 2 (k) ~ o) ~ a(k)
R — w 11{5 ne }>— _‘ —wr 11{5 ne® e }
m ; 2 Hwt’n Yk Hyalia ! 2 m ; 2 Wt Yk Hyalia ! 2 3
>Cl 90’2 96‘10’2
= 16

*

Here, we lower bound Hw?j]) - wj, by 902 when the sequence gets truncated.

valid

IfFLSs" 1 {Efk) N Ez(k) N gék)} < C1/8, weknow £ 57" 1 {51(k) N 52(k) N Eék)} > (/8. Then, we have

L
m 9 Wiy — Wk
k=1

2 2

1 {5@ neM n 5§’“>}

Hyyia

k k 1 -1 k N
1 {51( )052( )} ZE 25 HBE,n)wtrain — Wy, Hos

>Cl 020'2 - 01020'2

X =
-8 2 16

35



9C1 C1C»
16 » 16

Letting C5 = min( ), we then have

0302 1 2
5 T3

Fryy(n) > Cs0® + %(1 —e)(1—0)o? >

where the last inequality chooses ¢ = € = C'3/2. In order for Pr[£;] > 1 — §/2, we only need d > c4 log(t) for some
constant ¢4. Replacing C3 /2 by C4 finishes the proof. O

B.3.4 Proofs of Technical Lemmas

Proof of Lemma 14. We first show that for a fixed ) € [0, 1/L], the crossing term |( B ywiyin — w*, Br.y(Xirain) T €irain ) |
is small with high probability. We can write down the crossing term as follows:

<Bt,77w:;ain - w*7 Bt,n(Xtrain)Tgtrain> = <[(Xtrain)T]TBt,n(Bt,nw;ain - w*), 5train> .

Noticing that &, is independent with [(X[rain)T]TBtm (Bt Weyin — w*), we will use Hoeffding’s inequality to bound

train

|( Bt nWiigin — W, Bty (Xuwain) "&rain ) |- According to Lemma 1, we know with probability at least 1 — exp(—£(d)),

train
VAd/VL < 0i(Xuin) < VLd and 1/L < X\j(Hyain) < L forall i € [n] with L = 100. Since n < 1/L, we know
| Beyll = 1T = (I — nHgain)*|| < 1. Therefore, we have

H[(Xtraiﬂ)T]TBtﬂ?(Btﬂ]wtrain —w )H < Wa

for any n € [0,1/L]. Then, for any € > 0, by Hoeffding’s inequality, with probability at least 1 — exp(—£2(e2d)),
|( Bty Wiain — W™, Bry(Xusain)  &ain )| < €.
Next, we construct an e-net on 1 and show the crossing term is small for all € [0,1/L]. Let
9() = (BryWigin — ", Bty (Xisain) Eain) -
We compute the derivative of g(7) as follows:

9’(77) = <tleain(I - nleain)t_lw;ainu Bt,n(Xlrain)Tgtrain>
+ <Bt,nw:;ain - w*u t Hirain (I - nHIrain)t_l (Xtrain)Tglrain>

By Lemma 45, we know with probability at least 1 — exp(—Q(d)), ||ain|| < V/do. Therefore,

t—1 t—1
o=3L"% (1 — ﬁ) o.

lg'(n)] < L%t (1 - Q)H o + 205t (1 - ﬁ)
= L L L

We can control |¢’(n)] in different regimes:

e Forn € [0, /2], we have |¢/(n)| < 3L"5to.

e Givenany 1 <i <logt — 1, forany n € (& (G+DL

3L %to
-1 t—1 S

|, we have |¢'(n)]

e Forany n € (4% 1/L], we have |¢'(n)| < 3L'%0.

Fix any € > 0, we know there exists an e-net [N, with size

logt—1 1.5
1 L 3L °to 1 Llogt 15
N == . 2% ) 3Lt
[N e<t—1z ¢ +(L t—1> 7




such that for any n € [0,1/L], there exists y’ € N, with |g(n) — g(n')| < e. Note that L = 100 and o is a constant.
Taking a union bound over N, and all the other bad events, we have with probability at least 1 — exp(—Q(d)) —
O(1/¢) exp(—(e2d)), forall n € [0,1/L],

’<Bt,77w:;ain - w*u Bt,n(Xlrain)TglrainM <e+e=2e
Aslong as 1 > € > 0, this happens with probability at least 1 — O(1/¢) exp(—(e2d)). Replacing € by €’ /2 finishes

the proof. 0

Proof of Lemma 15. According to Lemma 1, we know with probability atleast 1 —exp(—Q(d)), 1/L < X\j(Hyain) <
L for all ¢ € [n] with L = 100. We can lower bound (B; ,w;i,, w*) as follows,

train

<Bt777wt>;ain’ w*> = <(I - (I - nHHﬁiﬂ)t) w;ain’ w:;ain>
Z/\min (I - (I - nHtrain)t) Hw:;ain”2

nt . 2
> (1- e (-2)) hutal®
By Johnson-Lindenstrauss lemma (Lemma 49), we know with probability at least 1 — 2 exp(—ce?d/4),

* * 1
[wainll 2 5 (1 =€) ™| = 5 (1 —e).

A M| =

Then, we know with probability at least 1 — 2 exp(—ce?d/4) — exp(—Q(d)),

<Bt-,7]wtraim w > Z (1 — €Xp <_f)> ||wtrain||2

Since e* < 1 —x + 22 /2 forany x < 0, we know exp(—nt/L) < 1 —nt/L+n*t*/(2L?). For any n < L/t, we have
exp(—nt/L) <1 —nt/(2L). Then with probability at least 1 — 2 exp(—ce2d/4) — exp(—(d)),

. oo 1—2ent
<Bt 7 Wirains W > > 4 Z
L
—16
where the second inequality holds by choosing € = 1/4. 0
Proof of Lemma 16. Recall that
Fryy(n) : Z Aryv (1, Pr)
mi=4
For each individual loss function Aryy (7, Px), we have
k k
ATbV (775 Pk ngn) (X\sdh)d)Tgvahd (k)
valid
o2 Lojjem |1 k) e Lok Tk
25 Hwtn B ) +5- m Svata|| T Wy —W ’E(Xvalid) &valid
25L0 1 £ L) O]
H thd + % vahd + 5\/30 (% H valid % é-vallid
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We can write HHéfh)d as Uiax(%Xv(nfd) According to Lemma 47, we know am&x(Xv(fh)d) — Eade(Xéfh)d) is
O(1)-subgaussian, which implies thatamax(va(fh)d) Eamax(vaahd) is O(1/+/d)-subgaussian. SlnceEamax(\f

is a constant, we know amax(\/_X(k) ) is O(1)-subgaussian and amdx(\/_X‘ffh)d) is O(1)-subexponential. Simi-

valid
k) k
g\sand and ( ) (ﬁ §§a12d
Aqpy (n, Pr) is O(1)-subexponential. Therefore, Fryy is the average of m i.i.d. O(1)-subexponential random vari-

ables. By standard concentration inequality, we know for any 1 > € > 0, with probability at least 1 — exp(—Q(e*m)),

X

valid

larly, we know both ﬁ ) are O(1)-subexponential. This further implies that

(n) — FTbV(n)‘ <e

Proof of Lemma 17. Recall that
1 * (12 2
Frev () =E3 [[wey — w”||” +07/2.
We only need to construct an e-net for IE% lwe,, — w* ||2 Let £ be the event that \/E/\/Z < 0 (Xtain) < VLd and
1/L < Ni(Hyain) < L forall i € [n] and ||&yain| < V/do. We have

1 1
Bl — 0l = |3 iy = I €] Ple] + B |5 o - 0] ] Prt]

We first construct an e-net for E [% lwe,, — w*|? |5} Pr[€]. Let Q(n) := 3 [lwe,y — w*||* . Fix a training set Siqin

under which event £ holds. We show that ()(#) has desirable lipschitz property.
The derivative of ()(77) can be computed as follows,

Ql( ) <tlea1n (I nleam) wtrama Wt,n w*> .

Conditioning on &£, we have

Therefore, we have

’_ { ety — w*|? IE} Pr[é‘]‘ — O()t(1 — %)t‘l.

Similar as in Lemma 14, for any ¢ > 0, we know there exists an e-net N, with size O(1/¢) such that for any n €
[0,1/L],

1 1
‘E [5 [wty — w*|? |5} Pr[£] - E [5 [t — w*||? |5] Pr[é’]’ <e

Suppose the probability of £ is 6. We have

1 - 5 25L
E {5 1wy — w2 |5} P[] < 2” §<e,
where the last inequality assumes § < 252L >. According to Lemma 1 and Lemma 45, we know & := Pr[f] <

exp(—€(d)). Therefore, given any € > 0, there exists constant ¢4 such that § < 52 aslongas d > ¢4 log(l /€).
Overall, forany € > 0, aslongas d = Q(log(l/ )), there exists N, with size O(1/¢) such that foranyn € [0,1/L],
|Frov (n) — Froy ()| < i ' /3 finishes the proof. O
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Proof of Lemma 18. For each k € [m)], let £ be the event that v/d/vL < Ui(Xl(r]:i)xl) < V'Ld for any i € [n] and
(k)

aim || < V/do. Then, we can write the empirical meta objective as follows,

Fryy(n) : ZATbT 1, Pi)le, + — ZATbT n, Pi)lg, .
gyt gyt

Similar as Lemma 17, we will show that the first term has desirable Lipschitz property and the second term is
small. Now, let’s focus on the first term % E;nzl Aqyr(n, Pr)lg, . Recall that

Aqyr(n, Pr) ngkn) - wifﬂd

(k)
Hvalld

%) * T¢(k)
HB trdm -—w ( thd) valid H(T’ZJ :
vali

Computing the derivative of Ay (7, Py) in terms of 7, we have

_ k k k * k
)t 1wt(rai)n’H\Eali)d (’(U,Em) —w — ( thd) \(Idlzd)>
) (Galed))
\/E .
) (L
Vd

—A n 1 = (tH [ — 77H :
977 TbT( ’ k) < ( 2

train train

Conditioning on &, we can bound the derivative,

o (1- 1) (| el

0
‘ o Aryr(n, Pr) valid

+ (\/_ H thd

Therefore, we have

f(k)

valid

)
> 8_ATbT 1, Pi)le,
k=1

—oun(1-7)" % (HH&SL

)

(Ga e

=

Similar as in Lemma 16, we know both H thd and ( Nz HXthd} ) (ﬁ 5‘(52{, ) are O(1 )-subexponential. There-
fore, we know with probability at least 1 — exp(—€2(m)), = 37", (‘ H |+ (\/— H S ) (ﬁ &k )) =

O(1). This further shows that with probability at least 1 — exp(—Q(m)),

=01t (1 - %)H.

3=

=9
Za— ot (1, Pr)le,
k=1

Similar as in Lemma 14, we can show that for any € > 0, there exists an e-net with size O(1/€) for = ™" | Apyr(n, Py)le, .
Next, we show that the second term % Yoy Aqyr(n, Pr)l &, is small with high probablhty According to the
proof in Lemma 16, we know

k k) || 1 k 1 k
Aryr(n, Py) = O(1) (HHv(an)d p el + (ﬁ HXv(an)d ) (ﬁ e ))
Therefore, there exists constant C' such that
1 T 1 1 k 1 k
— ZATbT (1, Pe)1 Ek E Z (H vahd E \(/alzd + (ﬁ HXv(alid ) (ﬁ gx(lal?d )) lg,.

It’s not hard to verify that <HHéﬁl)d l §éfgd (% HXéfh)d ) (% §éfgd )) 1, is O(1)-subexponential. Sup-
) B || 1l e® 1 (k) . o
pose the expectation of | || H 4|l + 5 {thd Vi X aid {thd is p, which is a constant. Suppose
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g(k)

valid

§(k)

valid

valid E

2
the probability of &, be J. We know the expectation of (HH (k) + (% HXéfh)d ) (% )) 1g,

is 16 due to independence. By standard concentration inequality, for any 1 > € > 0, with probability at least

1~ exp(~Q(e2m)),
) (7

where the second inequality assumes 0 < €/(C'u). By Lemma 1 and Lemma 45, we know 0 < exp(—$(d)). There-
fore, as long as d > ¢4 log(1/€) for some constant ¢4, we have § < e/(Cu).

Overall, we know that as long as d > ¢4 log(1/¢), with probability at least 1 — exp(—(e?m)), there exists N/
with |N/| = O(1/e) such that for any n € [0,1/L],

- g(k)

1 k k
OE ; <HH\§dh)d ali <\/_ H thd 5( )

valid

valid

>) Ig, <Cud+Ce < (CH+ 1),

|Fryv (n) — Frov ()] < (2C + 3)e,

forn’ € argminyen, |7 — n’|. Changing € to €’ /(2C + 3) finishes the proof. O

Proof of Lemma 19. Let & be the event that v/d/v/L < 0;(Xain) < VLd and 1/L < \;(Hyain) < L for all i € [n]
and \/80/4 < |uwain]] < Vdo. Let & be the event that \/E/\/Z < 0i(Xvaia) < \/_d and 1/L < X\;(Hyaia) < L for
all i € [n] and \/Ea/ 4 < ||&vana|| < V/do. According to Lemma 1 and Lemma 45, we know both & and & hold with
probability at least 1 — exp(—(d)). Assuming d > ¢4 for certain constant ¢4, we know Pr[€1 N &) > 2/3. Also

define 51(k) and Eék) on each training set Stram

e}

It’s easy to verify that conditioning on &1, the GD sequence always exceeds the norm threshold and gets truncated
for n > 3L as long as ¢ is larger than certain constant. We can lower bound Fy for any 7 > 3L as follows,

By concentration, we know with probability at least 1 — exp(—(m)),

A 11 k) k)
Fryv(n) - E 3 ngn - w\(/ahd (k)
k=1 valid

Lmly o
ZE ]; 5 Hwt,n - wvalid’ 5;;[31

51
1{51ﬂ52}>20 520'2,

(k)

valid

where the last inequality lower bounds Hw?ﬁ]’ —w (k)

by 202 when wy , gets truncated. 0

(k)
valid

Proof of Lemma 21. We first show that with constant probability in X, the variance of the eigenvalues of H, is
lower bounded by a constant. Let Abe 1/n Y"1 | A;. Specifically, we show 1/n """ | A? — A2 is lower bounded by a
constant.

Let’s first compute the variance of the eigenvalues in expectation. Let the ¢-th row of X, be £C . We have,

B[] - %E l( (1XLIHXM>>2] :%E <§;|xill2>z

ZEII%H +— > Elllllz)”
1<i#j<n

d> 2d

St

—L (nd(d +2) + n(n - 1)d?) =
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Similarly, we compute E [1/n "7 | A?] as follows,

Z /\2‘| = tr (XtrdetralnXerlerain)]
1
:ﬁ z:]E||~’Ci||4 + 3 Z E<Ii,17j>2
=1 1<i#j<n
1 d? d d
== (nd(d+2) +nn —1)d) = = + =+

Therefore, we have
1 & - d d 2d_d_4
E-S 2 ="4+ - T >Z>_
[ngl ] n+n2 nd —n 3

where the first inequality assumes n > 2 and the last inequality uses n < %. Since n > %d, we know n > 2 as long
asd > 8.

Let £ be the event that v/d/vL < 0;(Xuain) < VLd and 1/L < \j(Hyain) < L for i € [n] with L = 100.
According to Lemma 1, we know £ happens with probability at least 1 — exp(—€2(d)). Let 1 {€} be the indicator
function for event €. Next we show that E[1/n 37" (A; — X)21 {€}] is also lower bounded.

It’s clear that E [A?1 {€}] is upper bounded by E [A?]. In order to lower bound E [1 3" A21 {&£}], we first
show that E [2 3" | A21 {£}] is small. We can decompose E [1 ™" | A?1 {£}] into two parts,

ln 27 fE1| ln 21 (& 1 L
w2 NE —Elnzw{fan“lﬂ} n;Aiﬂ{AQL}].

i=1

The first term can be bounded by L2 Pr[€]. Since Pr[€] < exp(—(d)), we know the first term is at most 1/6 as long as
d is larger than certain constant. The second term can be bounded by E [/\% 1{\ > L}} . According to Lemma 48, we
know Pr[\; > L +1] < exp(—€(dt)). Then, it’s not hard to verify that E [A?1 {\; > L}| = O(1/d) that is bounded
by 1/6 as long as d is larger than certain constant. Overall, we know E [ 3"  A\?1{€}] > E[L Y  A?] —1/3.
Combing with the upper bounds on E [\?1 {€}], we have E [1 3" (X, — A)?1{&}] > 1.

Since conditioning on &, \; is bounded by L for all i € [n]. In order to make E [1 3" (X; — X)21{€}]
lower bounded by one, there must exist positive constants p1, pio such that with probability at least pq, € holds and
121 1()\ _)\) 2 fi2.

Since 2 3% (A —A)? > pp and \; < L forall i € [n], we know there exists a subset of eigenvalues S C {\;}}
with size p3n such that |\; — A| > 4 for all \; € S, where 3, j14 are both positive constants.

If at least half of eigenvalues in S are larger than )\, we know at least ESLAT number of eigenvalues are smaller than
\. Otherwise, the expectation of the eigenvalues will be larger than \, which contradicts the definition of \. Similarly,
if at least half of eigenvalues in S are smaller than \, we know at least E22AT number of eigenvalues are larger than .
Denote pi5 1= 5554 We know Ay — A psnt1 > - O

Proof of Lemma 23. Let £; be the event that v/d/V'L < 0;(Xyain) < VLdand 1/L < X\j(Hyin) < L for all i € [n]

and \/80/4 < |uwain]] < V/do. Let &; be the event that \/E/\/f < 0i(Xvaia) < \/_d and 1/L < X\;(Hyaia) < L for

alli € [n] and Vdo /4 < ||€vana]| < V/do. According to Lemma 1 and Lemma 45, we know both &; and &3 hold with

probability at least 1 — exp(—€2(d)). In this proof, we assume both properties hold and take a union bound at the end.
We can lower bound ||w; ,, — wvalidH?{Vﬂ“d as follows,

+E

2
[wey — weaiall ., = |Jwey — w* - (Xvalid)T§validHH

valid

H§Vd11d|| =2 |(we,y — w*, Hyaia(Xvatia) vaiia) | -

> wry = w* |y

Hyalia

For the second term, by Lemma 45, we know for any 1 > € > 0, with probability at least 1 — exp(—£2(e2d)),

1
E ||§Valid||2 > (1 - 6)02
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We can write down the third term as ([(Xvaiia)] " Hyatia(we, — w*), &aiia). Suppose o is a constant, we know
|| Xvatia)'] " Hyatia (we,n, — H =0(1/vd \/_ Therefore, for a fixed n € [1/L,3L], we have with probability at least
1 —exp(— Q(e d)),

| (Wi — w*, Hyatia(Xvatia) &uatia )| < €.
To prove this crossing term is small for all € [1/L, 3L], we need to construct an e-net for the crossing term. Similar
as in Lemma 9, we can show there exists an e-net for the crossing term with size O(t/¢). Taking a union bound over
this e-net, we are able to show with probability at least 1 — O(t/¢) exp(—Q(e2d)),

|(wey — w*, Hyatia(Xvatia) &uatia)| < €

foralln € [1/L,3L).
Overall, we have with probability at least 1 — O(t/¢) exp(—(€2d)),

1 *
+- | €vatiall” — 2 [(wi,n — w*, Hyatia(Xvatia) " &vatia)|

+ (1 —€)o? —2e > (1 — 3¢)o?

2
= Hwt’n - w*l Hyatia

Hwt,n - wvalid| i]

valid

> [lwey — w1}

Hyalia

for all n € [1/L, 3L], where the last inequality uses o > 1. The proof finishes as we change 3¢ to ¢'. O

C Proofs of train-by-train with large number of samples (GD)

In this section, we give the proof of Theorem 6. We show when the size of each training set n and the the number of
training tasks m are large enough, train-by-train also performs well. Recall Theorem 6 as follows.

Theorem 6. Let FTbT(n)( ) be as defined in Equation 1. Assume noise level is a constant ¢1. Given any 1 > € > 0,

assume training set size n > <5 log( o), unroll length t > c log(Z;), number of training tasks m > iigz log(=27

and dimension d > cy4 for certam constants ¢, ca, c3, c4. With probability at least 0.99 in the sampling of trammg
tasks, we have

tnm )

d2
<+,
n

*
E Hwtw,’iﬂm —w

for all n;, .. € argmin,>g FTZ,T(”) (n), where the expectation is taken over new tasks.

In the proof, we use the same notations defined in Section B. On each training task P, in Lemma 24 we show the
meta-loss can be decomposed into two terms:

1 )
— || (I — Proj x,.,, )&wain|”

1
Aqyr(n, P) = 5 Hwtm - wtraiﬂH?im + on

where wyain = w* + (Xmm) Erain- Recall that Xy, is @ n X d matrix with its i-th row as x . The pseudo-inverse
(Xain)T has dimension d x n satisfying Xt Xiain = Iq. Here, Projy .~ € R™ ™ is a projection matrix onto the
column span of Xin.

In Lemma 24, we show with a constant step size, the first term in Apyr (1, P) is exponentially small. The second
term is basically the projection of the noise on the orthogonal subspace of the data span. We show this term con-
centrates well on its mean. This lemma servers as step 1 in Section B.1. The proof of Lemma 24 is deferred into
Section C.1.

rain

Lemma 24. Assume n > 40d. Given any 1 > € > 0, with probability at least 1—m exp(—Q(n))—exp(—Q(e*md/n)),

n—d 4 n e2do?
o .
2n 20n

In the next lemma, we show the empirical meta objective is large when 7 exceeds certain threshold. We define this
threshold 7 such that for any step size larger than 7} the GD sequence has reasonable probability being truncated. In
the proof, we rely on the truncated sequences to argue the meta-objective must be high. The precise definition of 7 is
in Definition 2. This lemma serves as step 2 in Section B.1. We leave the proof of Lemma 25 into Section C.2.

. 1
Fryr(2/3) < 20(1 — g)%? +
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Lemma 25. Let 1) be as defined in Definition 2 with 1 > € > 0. Assume n > cd,t > ca,d > c4 for some constants
¢, ca, cq. With probability at least 1 — exp(—Q(e*md? /n?)),

edo? n—d 9 e2do?

sn " on 7T 20m

Fryr (n) >

foralln > 1.

By Lemma 24 and Lemma 25, we know when ¢ is reasonably large, Fror (n) is larger than Fror (2/3) for all step
sizes 17 > 7). This means the optimal step size 7 must lie in [0, #]. In Lemma 26, we show a generalization result for
7 € [0, 7). This serves as step 3 in Section B.1. We prove this lemma in Section C.3.

Lemma 26. Let 1) be as defined in Definition 2 with 1 > € > 0. Suppose o is a constant. Assume n. > ¢ log(ﬁd)d
ca,d > ¢y for some constants c, ¢z, cq. With probability at least 1 —m exp(—Q(n))—O( 5 +m) exp(—Q(me*d? /n )),
- 17€¢%do?
\Eryr(n) = Fror ()] < ——,

Soralln € 10,7,

Combining Lemma 24, Lemma 25 and Lemma 26, we present the proof of Theorem 6 as follows.
Proof of Theorem 6. According to Lemma 24, assuming n > 40d, given any 1/2 > ¢ > 0, with probability at least
1 —mexp(—Q(n)) — exp(—Q(e*md/n)), Pror(2/3) < 20(1 — 1)?t6? + nodg? 4 € d" . Aslongast > ¢y log(Z;)
for certain constant co, we have

. n—d 7e2do?
Fryr(2/3) < 2 )
Trr(2/3) < 5 + 100

Let 7 be as defined in Definition 2 with the same e. According to Lemma 25, as long as n > cd,t > ca,d > ¢4
with probability at least 1 — exp(—§(e*md?/n?)),

2 ()>62d02+n—d 2_62d02_n—d 5 T7.5e%do?
Tor\ = o om C 7 20n  2n * 1007,

for all ) > 7. We have FTbT( ) > Eryr(2/3) for all > 7). This implies that 7%, is within [0, 7] and Fryp(nf,,) <
Prir(2/3) < o + fter
By Lemma 26 assuming o is a constant and assuming n > clog(

bility at least 1 — m exp(—(n)) — O(HF4 + m) exp(—Q(me*d? /n?)),

)d for some constant ¢, we have with proba-

&z

. 17€2do?
|Fror(n) — Fryr(n)] < ———,

n

for all ny € [0, 7). This then implies

. 17¢2do? n—d 24€2do?
FTbT (ntrdlﬂ) S F (ntrdlﬂ) + S 02 —"_ *
n 2n n

By the analysis in Lemma 24, we have

1 1 .
Frur (n) =B [[weng,, = weinl, |+ Eo- ||(Zn = Projx, , Ymin||”
n—d
:E§ Hwt)"ffain - wlrainHHlmin 2n o,

1 12 24c%do? P .
Therefore, we know E3 Hwtmﬁm wtramH Hiw < =22, Next, we show this implies E Hwt,,];am

Let & be the event that 1 — € < \;(Hyain) < 1 + € for all ¢ € [d]. According to Lemma 27, we know Pr[€] >
1 — exp(—€(e?n)) as long as n > 10d/e?. Then, we can decompose E Hwtmm —w* ||2 as follows,

21 (&),

E [|w, W |[* = E wig, — 0| 1{E} +E |win,, -

*
2 hrain
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. . . 2
Let’s first show the second term is small. Due to the truncation in our algorithm, we know Hwtmim —w*|” <
. L 2 -
41%252, which then implies E "wt=’7§aa‘.2_ w*H 1{&} < 41%0% exp(—Q(e?n)). As long as n > 5 log(Z) for some
_ 2
constant ¢, we have E Hwtﬂh?am —w*||" 1 {5} < EdT‘T.
We can upper bound the first term by Young’s inequality,

|2 1 2 .
E Hwtxﬂf;.m —w*||"1{E} < (14 Z)E Hwtmﬁm — Wirain||” L{E} + (1 + )E || wirain — w I>1{&}.

Conditioning on &, we have Hwt-nf" — wmin‘
’ rain

2 2 L 2
>(1-e) ~ Wisan|| I = W[~ <
He 2 (1—¢) Wi, yr  — Wirain ||~ Which implies ||we,pe  — Wain||” <

(142¢) Hwt,n;m — wtrainHime aslongas e < 1/2. Similarly, we also have ||wiin — w* H2 < (142¢) ||wirgin — w* Hilm .
Then, we have

E [|wh e, —w*||* 1{&}

2

1
<(1+ E)(1 +26)E ||we e — meHm L{E} + (1 + €)(1 + 26)E |[wiain — w*||7; . 1{E}

1 2 *

§(5 + E)E Hwt,nl’;‘i“ - wtrainHHlmm + (1 + 56)E ||wtrain —w ||?—Itrain
1. 48¢%do? do? do®

<G+ )2 L1450 < (14293027
€ n n n

Overall, we have E ||wy ;- — w* ||2 <1+ 2936)‘%2 + # =1+ 2946)‘%2. Combining all the conditions,
we know this holds with probability at least 0.99 as long as ¢ is a constant ¢;, n > i—‘,j log(%), t>co log(ﬁ), m >

iigg log(“;—dm), d > ¢4 for some constants ¢, co, 3, ¢4. We finish the proof by choosing ¢ = ¢’ /294. O

C.1 Upper bounding Fry(2/3)

In this section, we show there exists a step size that achieves small empirical meta objective. On each training task P,
we show the meta-loss can be decomposed into two terms:

1 « - 2
Aryr (777 P) :% Z (<wt,77 — Wirain, xz> - (gz —Z; Xt];aingtrain))
i=
1 2 1 . 2
:g Hwt,n - erain”Hlmi“ + % ||(In - PrO]lein)gtrainH 5
where Wyain = w* + (X[rain)T&rain. In Lemma 24, we show with a constant step size, the first term is exponentially
small and the second term concentrates on its mean.

Lemma 24. Assumen > 40d. Given any 1 > € > 0, with probability at least 1—m exp(—Q(n))—exp(—Q(e*md/n)),

. 1
Fryr(2/3) <2001 — §)2t02 +

n—d 4 n e2do?
o .
2n 20n

Before we go to the proof of Lemma 24, let’s first show the covariance matrix Hy, is very close to identity when
n is much larger than d. The proof follows from the concentration of singular values of random Gaussian matrix
(Lemma 48). We leave the proof into Section C.4.

Lemma 27. Given 1 > ¢ > 0, assume n > 10d/e>. With probability at least 1 — exp(—Q(e?n)),

(1 - 5)\/5 < Ui(erain) < (1 + 5)\/E and 1 — ¢ < )\i(Hrrain) < 1+ €,
Sforalli € [d].
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Now, we are ready to present the proof of Lemma 24.
Proof of Lemma 24. Let’s first look at one training set Sywin, in which y; = (w*, ;) + &; for each sample. Recall the
meta-loss as
1 - * 2
Aryr(n, P *%; Wiy T5) — (W™, 2) — &)™

Recall that X, is an n X d matrix with its ¢-th row as a: . With probablhty 1, we know Xmm is full column rank.
Denote the pseudo-inverse of Xy, as Xt € RIX™ that satisfies X, Xirain = I4 and X[ramX

rain train train

= Projy ., where
Projy. € R™*" is a projection matrix onto the column span of Xy -

Let Wi be w* + X}amgm, where &q,in 1S an n-dimensional vector with its ¢-th entry as &;. We have,

Aryr(n, P)

1 & 2
:% (<wt,n — Wrain, xz> - (51 - x;‘rXJAaingLrain))
=1
1 5 1 . s 1 T
5 ”wt,n - wlrain”Hlmm + % H(In - Pro]xlmm)glrain” - E Z <wt,77 — Wtrain ngz — TiT; Xl];ainglrain> .
=1

We first show the crossing term is actually zero. We have,

n
1
§ : Tyt _ § : 2 : T
E <wt,n — Wtrain, I1§1 — XT3y Xtraingtrain> - Wt,n — Wrrain, xzéz ZTql Xu—dmgtrdm

i=1 i=1

T T i
<wt n — Wtrain, Xtrainglrain - XtrathrainXlraingtrain>

:I»—l:h—' S|

T T
<wt n — Wtrain, Xtrainglrain - Xtrain§lrain> =0,

where the second last equality holds because X in X, f

train = PrOJXlram

We can define wt(rl;)n as wy, + (Xt(rfi)%t(r{ji)n for every training set Strdl)n Then, we have

2

~ 1 m 1 k k 2 1 i 1 . k
FTbT(n) = E Z 5 ng,n) - wt(rai)n ’H(k) + E Z % H(In - PrOJXt(r;Ciz )gt(rai)n

We first prove that the second term concentrates on its mean. We can concatenate m noise vectors ft(rai)n into a
single noise vector i, With dimension nm. We can also construct a data matrix X, € R™»*dm that consists of

Xt(m)n as diagonal blocks. Then the second term can be written as

2

1 1 . :
B H \/ﬁ (Iyym — Proj Xlram)ftrain

According to Lemma 45, with probability at least 1 — exp(—Q(e*md? /n)),

2
(1 - ﬂ) \/— HglramH < (1 + %) g

By Johnson-Lindenstrauss Lemma (Lemma 49), we know with probability at least 1 — exp(—Q(e*md)),

d ed
Pl (1= ) Y22 [l > (1 - )y 21 - S
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2
> (1—2€%)202. Overall, we know with

2 _
<(1+ 367%)02 and H ﬁPrOijm&ram
probability at least 1 — exp(—Q(e*md/n)),

Therefore, we have H ﬁ{mm

? n—d , 5e2do?
< o+ .

- 2n 2n

1 1 . =
B} H\/T_m(lnm — Proj Xlram)gtrain

Now, we show the first term in meta objective is small when we choose a right step size. According to Lemma 27,
we know as long as n > 40d, with probability at least 1 — exp(—Q(n)), v/n/2 < Ui(Xl(r]:i)xl) < 3yn/2and1/2 <
)‘i(Ht(r]:i)n) < 3/2, for all i € [d]. According to Lemma 45, we know with probability at least 1 — exp(—§(n)),
{L(r]zl)n < 24/no. Taking a union bound on m tasks, we know all these events hold with probability at least 1 —
mexp(—Q(n)).

For each k € [m], we have Hw

(k)

train

<1+ \%2\/50 < 5o. It’s easy to verify that for any step size at most 2/3,

the GD sequence will not be truncated since we choose the threshold norm as 400. Then, for any step size n < 2/3,
we have

m

? 11 #) e, (k)
H(k_) :E Z 5 H(I - 77I{train)iEU)u"clin
train k

3 2t 2 12t 2
<—(1—=)"250" <20(1 — =)0

2

7

=1 train

1 .1 k) k)
E Z 5 ng,n - wt(rain
k=1

where the last inequality chooses 7 as 2/3.
Overall, we know with probability at least 1 — m exp(—(n)) — exp(—Q(e*md/n)),

A 1 n—d 5¢2do?
Fror(2/3) < 20(1 — =)?t g2 2 )
ror(2/3) <20(1 = 3)70" + — =07+ —

We finish the proof by changing % by (¢)%/20. O

C.2 Lower bounding Fi,; for 1) € (i), 00)

In this section, we show the empirical meta objective is large when the step size exceeds certain threshold. Recall
Lemma 25 as follows.

Lemma 25. Let 1) be as defined in Definition 2 with 1 > € > 0. Assume n > cd,t > ca,d > c4 for some constants
¢, ca, cq. With probability at least 1 — exp(—Q(e*md? /n?)),

edo? n-—d 9 e2do?

2 >
ror(n) 2 —g =+ = =0t = e

foralln > 1.

Roughly speaking, we define 7) such that for any step size larger than 7) the GD sequence has a reasonable proba-
bility being truncated. The definition is very similar as 7} in Definition 1.

Definition 2. Given a training task P, let £, be the event that \/n/2 < 0;(Xain) < 3v/n/2 and 1/2 < Nj(Hypain) <

3/2foralli € [d] and \/no /2 < ||Eain|| < 2v/no. Let Eo(n) be the event that the GD sequence is truncated with step
size n. Given 1 > € > 0, define 1) as follows,

. 1 - e2do?
7 = inf {77 > O‘E§ ||w157n - U/rrainH?{Wm 1 {51 N 52(7])} > - } .

Similar as in Lemma 5, we show 1 {81 Nn&; (n’)} >1 {51 N&; (77)} for any 1/ > 7. This means conditioning on
&1, if a GD sequence gets truncated with step size 7, it has to be truncated with any step size 17’ > 7. The proof is
deferred into Section C.4.
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Lemma 28. Fixing a training set Sin, let £1 and 5_2(17) be as defined in Definition 2. We have
1 {51 n gg(n/)} >1 {51 n 5_2(77)} ,

foranyn' >n.

Next, we show 7) does exist and is a constant. Similar as in Lemma 6, we show that the GD sequence almost never
diverges when 7 is small and diverges with high probability when 7 is large. The proof is left in Section C.4.

Lemma 29. Let 1) be as defined in Definition 2. Suppose o is a constant. Assume n > cd,t > co,d > c4 for some
constants c, co, cq. We have

4

- <7 <6.

3 n
Next, we show the empirical loss is large for any 7 larger than 7). The proof is very similar as the proof of Lemma 3.

Proof of Lemma 25. By Lemzna 29, we know 17) is a constant as long as n > cd,t > c2,d > c4 for some

constants ¢, ce,cq. Let £ and E3(n) be as defined in Definition 2. For the simplicity of the proof, we assume

~ 2 2 . . .
IE% lwe,5 — wtramﬂzm 1 {51 N 52(7?)} > %. The other case can be resolved using same techniques in Lemma 3

< 345262, Therefore, we know Pr[& N &(R)] > %'

By Hoeffding’s inequality,

o 2
Conditioning on &1, we know % |lw ; — Wiin|| e

For each task k, define El(k) and E_Q(k)( ) as the correspondmg events on training set S[
we know with probability at least 1 — exp(—Q(e*md? /n?)),

1 — (k) ) 2d
P nao)=

By Lemma 28, we know 1 {éfk) n &P (n)} >1 {51(k) n &P (ﬁ)} for any n > 7).

rain

Recall that
. 1 w1 ®) |2 | . *) ||?
Froe(n) = 2 ,; 3 [t =i e " m ,; o |7 = Proi )i
We can lower bound the first term for any 1 > 1) as follows,
: 11 WP SIS L ® e P (k) o 2(0)
P = 2035 vy 25 2 3 ol = il 1 {E 0 7}
35202 1 & k) ~ a(k)
2— Ezﬂ{gl Né& (77)}
k=1
35202 1 i (k) (k) 62d0’2
> - 11{5 né A}>—,
=7 m; 1 > ()¢ = 30

where the second inequality lower bounds the loss for one task by 35202 when the sequence gets truncated.
For the second term, according to the analysis in Lemma 24, with probability at least 1 — exp(—(e*md/n)),

2 _n—d , e2do?
a2 —

> .
- 2n 20n

train

1 <1 (k)

Overall, with probability at least 1 — exp(—Q(e*md?/n?)),

edo? n—-d 9 e2do?
_l’_

2 >
ror(n) 2 —- om ¢ 20m

for all n > 7. 0
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C.3 Generalization for 7 € [0, 7)]

Combing Lemma 24 and Lemma 25, it’s not hard to see that the optimal step size 7;;,;, lies in [0, 7]. In this section, we
show a generalization result for step sizes in [0, 7j]. The proof of Lemma 26 is given at the end of this section.

Lemma 26. Let 1) be as defined in Definition 2 with 1 > € > 0. Suppose o is a constant. Assume n. > ¢ log(ﬁd)d
ca,d > cy for some constants c, ¢z, c4. With probability at least 1—m exp(—Q(n) ) —O(H4 +m) exp(—Q(me*d* /n )),
- 17€¢%do?
\Eryr(n) = Fror(n)] < ———,

Soralln € 10,7,
In Lemma 30, we show FTbT concentrates on Frpr at any fixed step size. The proof is almost the same as
Lemma 7. We omit its proof.

Lemma 30. Suppose o is a constant. For any fixed n and any 1 > ¢ > 0, with probability at least 1 — exp(—Q(e?m)),

Fryr(n) — Frr(n)| <e.

Next, we construct an e-net for Fryr in [0, 7j]. The proof is very similar as in Lemma 8. We defer its proof into
Section C.4.

Lemma 31. Let 1) be as defined in Definition 2 with 1 > € > 0. Assume the conditions in Lemma 29 hold. Assume
n > clog(Zy)d for some constant c. There exists an 8c” d" -net N C [0,7)] for Fryr with [N| = O(%y). That means,
foranyn € [0 7,

8e2do?
|Fror(n) — Fror(n')] < )

n

forn' = argming e,y <n(n —n").
We also construct an e-net for the empirical meta objective. The proof is very similar as in Lemma 9. We leave its

proof into Section C.4.

Lemma 32. Let 1) be as defined in Definition 2 with 1 > € > 0. Assume the conditions in Lemma 29 hold. Assume
n > 40d. With probability at least 1 — mexp(—§(n)), there exists an 5251;72 -net N’ C [0, for Fryp with |N'| =
O(Z2 + m). That means, for any 1 € [0,7],

. . e2do?
|Eryr(n) — Fror(n')] < p—

forn' = argmin, ey nr<n(n —n").
Combing the above three lemmas, we give the proof of Lemma 26.

Proof of Lemma 26. We assume o as a constant in this proof. By Lemma 30, we know with probability at least
1 — exp(—Q(me*d? /n?)), |Fror(n) — Fror(n)| < <4 d" for any fixed 1. By Lemma 31, we know as long as

n > clog(Z)d for some constant c, there exists an 2¢ T‘f" -net N for Fryr with size O(4Y). By Lemma 32, we know
with probability at least 1 — m exp(—2(n)), there exists an <22~ d" -net N' for Frpyp with size O(4 Z9 +m). It’s not hard
to verify that N U N’ is still an %-net for FTbV and FTbV~ That means, for any 7 € [0, 7], we have

8e2do?

\Pryr(n) — Fror ()], |[Frer(n) — Fror (/)| < —

’ : 7
for ' = argmin, e NnuN r<n(n — 7 ).
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Taking a union bound over N' U N’, we have with probability at least 1 — O(5Y + m) exp(—Q(me*d? /n?)),

e2do?

n

Fryr(n) — Fryr(n)| <

forally € NUN'.
Overall, we know with probability at least 1 — mexp(—(n)) — O(&% + m) exp(—Q(me*d® /n?)), for all €
[0, 7],

|Fror(n) — Pror(n)

|
<|Fryr(n) = Pror(0)| + |Fror () — Fryr ()| + [ Frer (') — Fror(0')|
1762do?

3

<

n
where 77/ = arg minnneNuN/_’n// Sﬁ(n — 77”). ]
C.4 Proofs of Technical Lemmas

Proof of Lemma 27. According to Lemma 48, we know with probability at least 1 — 2 exp(—t2/2),

Vi = Vd —t < 0i(Xuan) <V +Vd+1t

forall ¢ € [d]. Since d < 612—5’, we have \/n — E\/% —t < 0i(Xirain) < /1 + E\/\{_g + t. Choosing t = (5 — \/%)e\/ﬁ,

we have with probability at least 1 — exp(—Q(e%n)),
(1 - %)\/ﬁ S Ui(Xtrain) S (1 + %)\/ﬁ

Since \i (Hyain) = 1/102(Xiain), we have 1 — € < \j (Hyain) < 1+ €. O
Proof of Lemma 28. The proof is almost the same as in Lemma 5. We omit the details here. Basically, in Lemma 5,
the only property we rely on is that the norm threshold is larger than 2 ||wyyn|| conditioning on &;. Conditioning on
&1, we know ||wiin|| < 5o. Recall that the norm threshold is still set as 400. So this property is preserved and the
previous proof works. 0
Proof of Lemma 29. The proof is very similar as in Lemma 6. Conditioning on &, we know || Hyin|| < 3/2 and
||wirain]| < 5o. So the GD sequence never exceeds the norm threshold 40c for any n < 4/3. That means,

1 _
Es flwey - Wain |3, L{E1NEm)} =0

foralln < 4/3.

To lower bound the loss for large step size, we need to first lower bound ||wyn|| - Recall that wym = w* +
(Xuain) ' &urain- Conditioning on &1, we know ||&pain|| < 2v/n0 and 0q(Xuwain) > +/n/2, which implies ||(Xwain) || <
2/+/n. By Johnson-Lindenstrauss Lemma (Lemma 49), we have HProj le{minH < %« /d /1 ||Erain|| With probability
at least 1 — exp(—€(d)). Call this event &. Conditioning on & N &3, we have

2 3 /d d
H(Xtrain)-rgtrainn S 2\/50'%5\/; S 6\/;0’,

which is smaller than 1/2 as long as n > 122do?. Note that we assume o is a constant. This then implies ||wyain|| >
1/2.
Let {w; ,} be the GD sequence without truncation. For any step size 77 € [6, oc], conditioning on & N &3, we have

> 400

)

N~

1
kol = (6 5 =17 = 1) sl = (2 = 1)
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where the last inequality holds as long as ¢ > co for some constant cz. Therefore, we know when n € [6, 0),
1{& Né&n)} = 1{& N&Es}. Assuming n > 40d, we know & holds with probability at least 1 — exp(—(n)).
Then, we have for any > 6,

1 2 = 1 2 €2d0'2
IE§ 1wt — Weain |, 1 {&1n&n)} 21 (400 — 50)° Pr[&1 N &3] > —

where the last inequality assumes n > ¢, d > ¢4 for some constant ¢, c4.
Overall, we know E1 ||wy,,, — wtrainH?{m 1{& N & (n)} equals zero for all ) € [0,4/3] and is at least 52‘2"2 for
all ) € [6, 00). By definition, we know 7j € (4/3, 6). O
Proof of Lemma 31. By Lemma 29, we know 1) is a constant. The proof is very similar as in Lemma 8. Let &; and
&>(n) be as defined in Definition 2. For the simplicity of the proof, we assume EL [|w¢ ; — Wirain ||§Im 1{&n&M)} <
#. The other case can be resolved using techniques in the proof of Lemma 8.
Recall the population meta objective

n — dUQ.
2n

1
Frvr(n) = Eg l|we,n — wtramHime +

Therefore, we only need to construct an e-net for the first term.
.. 2
We can divide E2 ||w;,,, — Wain||7,  as follows,
2 )M Hpain

1 2
E§ ||wt,n - wtrainHHlmin

1 ) 1 -
=B lwen = winllz,,, 1{E N EN} +Eg llwey — el 1{& N &)}
1 .
+ Ei Hwt,n - wtrain”illmm 1 {51} .

We will construct an e-net for the first term and show the other two terms are small. Let’s first consider the third
term. Assuming n > 40d, we know Pr[&;] < exp(—€(n)). Since 3 [|wy,, — wtrainHime is O(1)-subexponential, by
Cauchy-Schwarz inequality, we have E3 [|w;,, — wtramHime 1{& } = O(1) exp(—(n)). Choosing n > clog(n/(ed))

= 2 2
for some constant ¢, we know % ||lw; — wtrainHizm 1{&} < <l
= 2 2

Then we upper bound the second term. Since EL [|wy,; — w[rainH?{m L{& N&N)} < <%= and
% llwe 5 — wu—ain”illm-n 2 351‘72 when w; 5 diverges, we know Pr[& N &) < %. Then, we can upper bound the
second term as follows,

3 x 45202 4€2d < 6e2do?
4 352n —  n

1 5 /A
B [0 — il 1{€ N &)} <

Next, similar as in Lemma 8, we can show the first term % [|w;,, — wtramH?{m 1{& N&(n)} is O(t)-lipschitz.

Therefore, there exists an #-net N for E [lwy,,, — w[rainH?{m 1{& N & (A)} with size O(L). That means, for
any 1) € [0, 7],

e2do?

1 R 1 .
Ei Hwt-ﬂ - wtraiﬂ”i[lmin 1 {81 N 52(77)} - E§ Hwt,n’ - wtrainHi([mm 1 {51 N 82(77)} S
for ' = argmingen pr<ny(n —n").
Combing with the upper bounds on the second term and the third term, we have for any 7 € [0, 7],

8e2do?

n

|Eryr(n) — Fror(n')] <

for ' = argmingven pr<ny(n —n"). O
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Proof of Lemma 32. By Lemma 29, we know 7 is a constant. For each k € [m], let & j, be the event that \/n/2 <
ai(Xl(rfi)n) <3yn/2and 1/2 < /\i(Ht(rI:i)n) < 3/2foralli € [d] and \/no/2 < ‘ t(r]:i)n < 2y/no. Assuming n > 40d,
by Lemma 27, we know with probability at least 1 — m exp(—(n)), &1 ,x’s hold for all k € [m].

Then, similar as in Lemma 9, there exists an 52‘3"2 -net N' with |[N'| = O(% + m) for Fryr. That means, for
any 1 € [0, 7],
e2do?
n

for 77’ = arg minnweN/m//Sn (’I] — 77”). O

FTbT(W) - FTbT(n/) <

D Proofs of train-by-train v.s. train-by-validation (SGD)

Previously, we have shown that train-by-validation generalizes better than train-by-train when the tasks are trained by
GD and when the number of samples is small. In this section, we show a similar phenomenon also appears in the SGD
setting.
In the train-by-train setting, each task P contains a training set Syin = { (24, ¥:)}7,. The inner objective is de-
fined as f(w) = ~ Z(z,y)esm ((w,z) —y)* . Let {w; , } be the SGD sequence running on f(w) from initialization 0
(without truncation). That means, w,.,, = w, 1., =V f(w,—1.,), where V f (w, 1 ,) = ((Wr—1,m, Tigr—1)) = Yi(r—1)) Ti(r—1)-
Here index (7 — 1) is independently and uniformly sampled from [n]. We denote the SGD noise as n,_1,, =
@f(wf,l_’n) — Vf(wf,l_,n). The meta-loss on task P is defined as follows,

A 1
Aryrn) (1, P) = Esop f(we,y) = ESGD% ( )zejs ((wi,p, ) — y)?,
x,Yy train

where the expectation is taken over the SGD noise. Note w; ,, depends on the SGD noise along the trajectory. Then,
the empirical meta objective Frryp () (1) is the average of the meta-loss across m different specific tasks

. 1 &
Fryrmy(n) = o Z Arr(ny (0, Pr)- “4)
k=1

In order to control the SGD noise in expectation, we restrict the feasible set of step sizes into O(1/d). We show
within this range, the optimal step size under Firyp(y,) is €2(1/d) and the learned weight is far from ground truth w*
on new tasks. We prove Theorem 9 in Section D.1.

Theorem 9. Let the meta objective FTbT(n) be as defined in Equation 4 withn € [d/4,3d/4]. Suppose o is a constant.
Assume unroll length t > cod and dimension d > c4log(m) for certain constants co, c4. Then, with probability at
least 0.99 in the sampling of training tasks Py, - - - , P, and test task P,

Main = Q(1/d) and Bsgp ||, — w*||” = Q(02),

Jor all 0}y, € argming<, < F‘TbT(n) (n), where L = 100 and wy, = is trained by running SGD on test task P.

3294
In the train-by-validation setting, each task P cqntains a training set Sy, With ny samples and a validation set
with ny samples. The inner objective is defined as f(w) = 5= 3", ) cgu (W, ) — y)?. Let {w,.,} be the SGD

sequence running on f (w) from initialization 0 (with the same truncation defined in Section 4). For each task P, the
meta-10ss Arpy (n, ny) (1, P) is defined as

1
A7yv(nyne) (0, P) = ESGD% Z ((wy,p, ) — y)>.
(,y) € Svaiia
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The empirical meta objective FTW(mm) (n) is the average of the meta-loss across m different tasks Py, Pa, ..., Pp,,

. 1 &
FTbV(nlng)(T/) = E ZATbV(nl,n2)(777Pkl)' (5)
k=1
In order to bound the SGD noise with high probability, we restrict the feasible set of the step sizes into O( #gzd)'

Within this range, we prove the optimal step size under FTbV(nl,ng) is ©(1/t) and the learned weight is better than
initialization 0 by a constant on new tasks. Theorem 10 is proved in Section D.2.

Theorem 10. Let the meta objective FTbV(m ,ns) be as defined in Equation 5 with ny,ny € [d/4,3d/4]. Assume noise
level o is a large constant c1. Assume unroll lengtht > cod> 1og2 (d), number of training tasks m > c3 and dimension
d > cq4 for certain constants cs, cs, c4. There exists constant cs such that with probability at least 0.99 in the sampling
of training tasks, we have

2
=

Noatia = O(1/1) and B [Jwe p:,, — w” w*||* = Q(1)

*
Mhalid

for all m; ., € argming, < FA'TbV(nhnz) (n), where the expectation is taken over the new tasks and SGD

noise.

1
c5 d? log2(d)

Notations: In the following proofs, we use the same set of notations defined in Appendix B. We use Ep.. 1 to denote
the expectation over the sampling of tasks and use Eggp to denote the expectation over the SGD noise. We use E to
denote Ep..7Esgp. Same as in Appendix B, we use letter L to denote constant 100, which upper bounds || Hysin || with
high probability.

D.1 Train-by-train (SGD)

Recall Theorem 9 as follows.

Theorem 9. Let the meta objective FTbT(n) be as defined in Equation 4 with n € [d/4,3d/4)]. Suppose o is a constant.
Assume unroll length t > cod and dimension d > cqlog(m) for certain constants co, cy. Then, with probability at
least 0.99 in the sampling of training tasks P, - - - , P, and test task P,

n;’ain = Q(l/d) and Esgp Hwt,n;m —w* = Q(O’Q),

for all 0y, € argming<, < FTbT(n) (n), where L = 100 and Wy, 18 trained by running SGD on test task P.

1
2L3d

In order to prove Theorem 9, we first show that 7%, is ©(1/d) in Lemma 33. The proof is similar as in the GD
setting. As long as 7 = O(1/d), the SGD noise is dominated by the full gradient. Then, we can show that Apyr(n, P)
is roughly (1 — ©(1)n)*, which implies that 7",.. = Q(1/d). We leave the proof of Lemma 33 into Section D.1.1.

Lemma 33. Assumet > cod with certain constant co. With probability at least 1 — m exp(—Q(d)) in the sampling of

m training tasks,
1

nz;’tlin 2 m )

foralln; .. € arg minogngﬁ Fryr(n).

Let P = (D(w*), Sirain, {) be an independently sampled test task with |Suain| = n € [d/4,3d/4]. For any
step size ) € [575g, 377) let we, be the weight obtained by running SGD on f(w) for ¢ steps. Next, we show
Escp ||we,, — w* |? = Q(c) with high probability in the sampling of P.
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Lemma 34. Suppose o is a constant. Assume unroll length t > caod for some constant co. With probability at least
1 — exp(—Q(d)) in the sampling of test task P,

2

o
—128L°

Esep ||we,n, —w | >

foralln e [GL—lsd, ng], where wy ;, is obtained by running SGD on task P for t iterations.

With Lemma Lemma 33 and Lemma 34, the proof of Theorem 9 is straightforward.
Proof of Theorem 9. Combing Lemma 33 and Lemma 34, we know as long as o is a constant, t > cad, d > ¢4 log(m),
with probability at least 0.99, 7, = (1/d) and Esp |[we,e. — w*||* = Q(o?), forall nty,

D.1.1 Detailed Proofs

Proof of Lemma 33. The proof is very similar to the proof of Lemma 2 except that we need to bound the SGD noise
term. For each k € [m], let & be the event that \/E/ VL < o (Xitrain) < V/Ld and 1 /L < \i(Hyain) < L for all
i € [n] and Vdo /4 < ||€wain]| < V/do. According to Lemma 1 and Lemma 45, we know for each k € [m], & happens
with probability at least 1 — exp(—£2(d)). Taking a union bound over all & € [m], we know Nie[,Ex holds with
probability at least 1 — m exp(—£2(d)). From now on, we assume Mj,¢ [, Ex holds.

For each k € [m], we have
2

1
Aqyr(n, Pr) == §ESGD ngkn) - wt(rIZi)n

g®

train

Since 1/L < \; (H( )) < L and (wy ( ) w'(rlzl)n) is in the spanofH( ) we have

train train®

1 L
EESGD Hw(k) wt(rlzi)n < Arpr(n, P) < 5 < Escp Hwt(kn) - wt(rii)n
Recall the updates of stochastic gradient descent,
(k) (k) (k) \ ¢, (F) (k) (k)
Wi — Wyain = (I nleam)(wt 1,n lram) Ny n°

Therefore,

2
k k
Escp |:Hw1§,n) - wt(rai)n

k k ISNIE 8%,
| = [0 = 0 = )|+ s | ol ol

We know forany n < 1/L,

k k k)| k k) ||?
(1 - 277L) ngf)l,n - wt(rdm < H I nHLE'dI)II)(wg )1 N wL(rai)n) < (1 L) ng )1 n wt(rai)n
The noise can be bounded as follows,
e k
772ESGD ni(E )1 77H |w§)1,77:|
[ k k k k k (k
:772ESGD xi(t—l)xz—{t—l) (wigf)l,n - wt(rai)n) - Ht(rai)n(wgf)l.,n l(ral)n) |wt )1 7]:|

[ k k
<n’Escp | ||i(— 1)$(t 1)(wt( )1777 wt(rai)n) |wt(_)17n]

2
<n? 2N e ||” wa(li)lv”_w(k) H
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Since || Xiain|| < VLVd, we immediately know max;(;—1) H:vi(t,l) H < v/LV/d. Therefore, we can bound the noise
as follows,

g%,k k k
n) |w§)1-,n} <n? max [lziy |||l , - wi,

2
]:E ‘
77 1sGD [ hrriey

®

2
<r2pd|u®, , - wll)

train

Aslongasn < 2L3d, we have

k k
(1= ) ||, , - wl)

train

2
S ESGD |:Hw§k77) — w(k,)

train

2% k k) ||
|w§7)1,77 S (1 2L)H ()177 wt(rai)n

This further implies

2
(1= L) iwnll® < Esop [y —witn | < (1= 35)" v .
Let 15 := 5757, we have
Aryr(n.P) < Z(1 = —)! [t
11— Wit
o1\, L'k 2 AL4d train
Let ny := g7, forall ) € [0,71] we have
1 1
ATbT(napk) > E( - 6L4d)t ”wtrainH2-
Aslong as ¢ > caod for certain constant ¢, we know
1 1 2 L 1 2
—(1- ¢ rain >—(1—-—F ain .

As this holds for all k£ € [m] and Fror = 1 /m Eﬁl Aryr(n, Py), we know the optimal step size 7;,;, is within
e 0
We rely the following technical lemma to prove Lemma 34.

Lemma 35. Suppose o is a constant. Given any € > 0, with probability at least 1 — O(1/¢) exp(—Q(€%d)),
|<Bt nWhrain — W™, Bt,n(Xtrain)TgtrainM <e,
foralln € [0, 775].
Proof of Lemma 35. By Lemma 1, with probability at least 1 — exp( Qd), Vd/VL < 0i(Xain) < VLd

and 1/L < X;(Hyain) < L for all ¢ € [n]. Therefore H (Xirain) '] T Bt,,(Btmedm—w*)‘ < 2\/3/\/8 Notice

that &ain is independent with [(Xyain)'] " By (Bt nWeyin — w*). By Hoeffding’s inequality, with probability at least
1 — exp(—Q(e2d)),

‘<[(Xtrain)T]TBt-,n(Bt-,nw;ain - w*)v 5Lrain>| <e

Next, we construct an e-net for 7 and show the crossing term is small for all 77 € [0, 575 d] For simplicity, denote
9(n) == (Bt Wiiyn — W*, Bry(Xiain) ' €ain ) - Taking the derivative of g(n), we have

9 ( ) =t <Htra1n(I 77Htram) erdmvBt,n(Xtram) 5tra1n>
+t <Bt,77wtrain —w 7Htrain(I - 77Htrain)t— (Xtrain)Tgtrain>

According to Lemma 45, we know with probability at least 1 — exp(—(d)), ||€wain|]| < V/do. Therefore, the
derivative ¢g’(n) can be bounded as follows,



Similar as in Lemma 14, there exists an e-net N, with size O(1/¢) such that for any 1) € [0, z77], there exists ' €
N with |g(n)—g(n')| < e. Taking a union bound over N, we have with probability at least 1 —O(1/¢) exp(—Q(€2d)),
for every n € N,

|<Bt,nw;ain - U)*, Bt,n(Xtrain)Té.LrainH S €.

which implies for every n € [0, Tlgd]

}<Bt7nw;ain - U’*a Bt-,n(XlIain)T&rain>| < 2e.

Changing ¢ to ¢’ /2 finishes the proof. O

Proof of Lemma 34. According to Lemma 1 and Lemma 45, we know with probability at least 1 — exp(—Q(d)),
\/E/\/f < 0i(Xigain) < V'Ld and 1/L < Xj(Hyain) < L forall ¢ € [n] and \/80/4 < | &uain || < Vdo. We assume
these properties hold in the proof and take a union bound at the end.

Recall that Esgp ||we,, — w* H2 can be lower bounded as follows,

t—1

Bt,n(wéain + (Xtrain)Tglrain) -n Z(I - nleain)t_l_an,n —w*
7=0

Escp ||we,y — W*Hz =Escp

* w12
> HBt,n(wtrain + (Xtrain)Tgtrain) —w

Z ||Bt,n(Xtrain)T€train||2 + 2 <Bt,nw::—ain - U)*, Bt,n(Xtrain)Tgtrain>

For any n € | we can lower bound the first term as follows,

t 2
HBt,n(Xlrain)TglrainH (1 — eXp ( 77L>) 106.L

t 2 o2
=\l | ~5ma)) 16z

o2

> YT
~64L
where the last inequality holds as long as ¢ > cad for certain constant cs.
Choosing € = % in Lemma 35, we know with probability at least 1 — exp(—£2(d)),

. -
6L5d’ 2L3d1°

2

‘<Bt,nw;am U) Bt n(Xtrdm gtrdm ‘_ 256L

forall n € [0, 775].
Overall, we have Esgp [|w:.,, — w*||* > 1957 - Taking a union bound over all the bad events, we know this happens
with probability at least 1 — exp(—Q(d)). O

D.2 Train-by-validation (SGD)
Recall Theorem 10 as follows.

Theorem 10. Let the meta objective FTW(M ,nz) be as defined in Equation 5 with ny,ny € [d/4,3d/4]. Assume noise
level o is a large constant c1. Assume unroll lengtht > cod> 1og2 (d), number of training tasks m > c3 and dimension
d > cq4 for certain constants ca, c3, c4. There exists constant cs such that with probability at least 0.99 in the sampling
of training tasks, we have

Moia = O(1/t) and B |Jwy e — w*||* = Jw*||* — Q(1)

7n\al/d

for all 0, € argming, FTbV(m,m) (n), where the expectation is taken over the new tasks and SGD

noise.

-1
c5d2 log2(d)
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To prove Theorem 10, we first study the behavior of the population meta objective Fryy-. That is,
1 N 2
Fryy (n) == Ep~utAriv (0, P) =Ep~7Escp3 |we,y — w* — (Xvalid)vaand||Hva“d

1 . o?
:]EP~TESGD§ we,y —w H2 + o

We show that the optimal step size for the population meta objective Firyy is ©(1/t) and Ep7Esap [|we,, — w* H2 =
[w*||> — (1) under the optimal step size.

Lemma 36. Suppose o is a large constant c1. Assume t > cyd? logQ(d), d > cy for some constants co, cy4. There exist
M, M2,M3 = O(1/t) with 1 < n2 < n3 and constant cs such that

1 2 9 o
F < - * - JR—
Tov (n2) < 5 [l 1OO+ 2
1 2 6 o !
F > S lw|" = —=C+ =, Vn € [0,m]U[ns, ———5—
TbV(T]) =95 || H 10 2 n [ 771] [773 c5d2 IOgQ(d)]

where C'is a positive constant.

In order to relate the behavior of Frrpy to FTW, we show a generalization result from FTW to Frpy forn €

1
[O’ cs5d? logz(d/e)]'

Lemma 37. For any 1 > € > 0, assume o is a constant and d > c4log(1/¢) for some constant c4. There exists
constant cs such that with probability at least 1 — O(1/¢) exp(—Q(e?m)),

|Erpyv (n) — Frov(n)| < e,

fOV all n S [07 csd? 101g (d/é)]

Combining Lemma 36 and Lemma 37, we give the proof of Theorem 10.

Proof of Theorem 10. The proof is almost the same as in the GD setting (Theorem 8). We omit the details here. [

D.2.1 Behavior of Fryy for 7 € [0, ﬁoggd]

In this section, we give the proof of Lemma 36. Recall the lemma as follows,

Lemma 36. Suppose o is a large constant c1. Assume t > cyd? logQ(d), d > cy for some constants co, cy4. There exist
M1,M2,M3 = O(1/t) withn; < n2 < n3 and constant cs such that

1 2 9 0'2
< )P - 20+ T
Frev (n2) < 5 [w™l]” = 756 + 3
1 2 6 o? 1
F > | = —C + Z vy e [0,m] U sy ————
rov(n) 2 5 [[w'll” = 45 571 € [0,m] U [ns CSdQIng(d)]

where C'is a positive constant.

Recall that Fryy () = Epo7Esopl/2 ||we,, — w*||> + 62/2. Denote Q(1) := Eggpl/2 l|lwe,, — w*||*. Recall
that we truncate the SGD sequence once the weight norm exceeds 4v/Lo. Due to the truncation, the expectation of
1/2 |lwy,, — w* |* over SGD noise is very tricky to analyze.

Instead, we define an auxiliary sequence {w’m]} that is obtained by running SGD on task P without truncation and
we first study Q’(n) := 1/2Esgp Hw,’f)n — w*||*. In Lemma 38, we show that with high probability in the sampling of

task P, the minimizer of Q’(n) is ©(1/t). The proof is very similar as the proof of Lemma 13 except that we need to
bound the SGD noise at step size 172. We defer the proof into Section D.2.3.
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Lemma 38. Given a task P, let {w/, , } be the weight obtained by running SGD on task P without truncation. Choose

o as a large constant cy. Assume unroll lengtht > cod for some constant co. With probability at least 1 — exp(—(d))
over the sampling of task P, \/E/\/Z < 0i(Xpain) < VLdand 1/L < Nj(Hpyain) < L for all i € [n] and \/80/4 <
|orain|| < V/do and there exists 11, 12,13 = O(1/t) with ny < 12 < 13 such that

Q' (1) := 1/2Esgp ||w} ,, — w”|* < 5 ™[ = C

2
Ql(n) = 1/2ESGD H’wé)n - ’U}*H >
where C'is a positive constant.

To relate the behavior of Q'(n) defined on {w; , } to the behavior of Q(7) defined on {w ,}. We show when
the step size is small enough, the SGD sequence gets truncated with very small probability so that sequence {w ,}
almost always coincides with sequence {w’”]} The proof of Lemma 39 is deferred into Section D.2.3.

Lemma 39. Given a task P, assume \/—/\/— < UZ(Xm,m) < VLdand 1/L < X\j(Hyain) < L for all i € [n] and
\/80/4 < Ntrainl] < Vdo. Given any € > 0, suppose n < mfor some constant cs, we have

1Q(n) —Q'(n)| <e.

Combining Lemma 38 and Lemma 39, we give the proof of lemma 36.
Proof of Lemma 36. Recall that we define Q(1) := 1/2Esgp [|wr,, — w*||” and Q' () = 1/2Escp ||w},, — w* ||2 .
Here, {w'm]} is a SGD sequence running on task P without truncation.

According to Lemma 38, with probability at least 1 — exp(—Q(d)) over the sampling of task P, vd/vL <
0i(Xuain) < VLd and 1/L < N\j(Hygin) < L for all i € [n] and Vdo/4 < ||€gain]] < V/do and there exists
m, N2, N3 = ©(1/t) with n; < 12 < ns such that

1, .2
Q'm) < 5 lw” -

Q) > »

. C
5 lwI* = 5,0 € [0.m] U s, 1/L]
where C' is a positive constant. Call this event £. Suppose the probability that £ happens is 1 — §. We can write
Ep~7Q(n) as follows,

. c
o |I* = .V € [0,m] U [n3, 1/ L]

Ep~7Q(n) = Ep~r[Q(n)|E] Pr[€] + Ep~T[Q(n)|E] Pr[E].

According to the algorithm, we know ||wy , || is always bounded by 4v/Lo. Therefore, Q(n) := 1/2 ||wy,, — w* 12

13Lo?. By Lemma 39, we know conditioning on &, |Q(n) — Q'(n)| < € for any n < =P ogT(ar - As long as

t > cod?log?(d/e) for certain constant ¢y, we know 73 <
When n = 79, we have

1
cs5d?log?(d/e) "

Ep~7Q(7n2) +¢€)(1—6)+13Lo%6
1
(5 w*||> = C + e) (1 —0)+ 13Lo?5
1 1
S|P = € +13L0% + e < 5 [lw HQ—%,
where the last inequality assumes § < —260 3 and e < 2—%.
When n € [0,m] U [n3, m], we have
Ep~7Q(n2) > (Q'(n) —€) (1 —6) — 13Lo?
1
el = [ e €] (1—46)—13Lc%
2 2
1 2 c 5 2 1 2 6C
> lw*||f - = — = — 13Lo%5 — e > = |w*]|* — —
> wr|’ - 5 = 5= 13Lo% — e 2 5 ") - =,
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where the last inequality holds as long as § < 280% and e < 2%.
According to Lemma 38, we know ¢ < exp(—£2(d)). Therefore, the conditions for § can be satisfied as long as d

is larger than certain constant. The condition on € can be satisfied as long as n < m for some constant c5. [

. . 1
D.2.2 Generalization for 1 € [0, mg—d]

In this section, we prove Lemma 37 by showing that Fryv (n) is point-wise close to Fryy (n) foralln € [0
Recall Lemma 37 as follows.

1
’ c5d? log2(d/e)]'

Lemma 37. Forany 1 > ¢ > 0, assume o is a constant and d > c4log(1/€) for some constant cy. There exists
constant cs such that with probability at least 1 — O(1/¢€) exp(—Q(e?m)),

|Erpyv (n) — Frov(n)| < e,

1
fO}" Clll?’] S [O, m]
In order to prove Lemma 37, we first show that for a fixed 7 with high probability Fryy (n) is close to Fpyy (1).
Similar as in Lemma 16, we can still show that each Ay (1, P) is O(1)-subexponential. The proof is deferred into
Section D.2.3.

Lemma 40. Suppose o is a constant. Givenany 1 > € > 0, for any fixed n with probability at least 1 —exp(—Q(e?m)),

Fryy (n) — Frov(n)| <e.

Next, we show that there exists an e-net for Frryy with size O(1/€). By e-net, we mean there exists a finite set IV,
of step sizes such that | Fryy (1) — Fryv (1')| < e for any n and " € argmin,cn, |7 — 7’| The proof is very similar
as in Lemma 17. We defer the proof of Lemma 41 into Section D.2.3.

Lemma 41. Suppose o is a constant. For any 1 > ¢ > 0, assume d > c410g(1/€) for some c4. There exists constant

¢s and an e-net N, C [0 | for Frypy with |N.| = O(1/¢€). That means, for any n € [0 L

1
? c5d? log?(d/e€) ? csd? logz(d/e)]’

|Frov(n) — Frov(n')] <e,

forn' € argmingen, |n—17'|.
Next, we show that with high probability, there also exists an e-net for Fryy with size O(1/€). The proof is very
similar as the proof of Lemma 18. We defer the proof into Section D.2.3.

Lemma 42. Suppose o is a constant. For any 1 > ¢ > 0, assume d > c4log(1/¢) for some cy. With probability at
least 1 — exp(—Q(e?>m)), there exists constant c5 and an e-net N! C [0, ng(d/e)]for Fryy with |N.| = O(1/e).

That means, for any n € |0, m],

\Frov () — Frov ()| < e,

forn' € argmingen, |n—17'|.

Combing Lemma 40, Lemma 41 and Lemma 42, now we give the proof of Lemma 37.

Proof of Lemma 37. The proof is almost the same as the proof of Lemma 11. We omit the details here. 0
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D.2.3 Proofs of Technical Lemmas

In Lemma 43, we show when the step size is small, the expected SGD noise square is well bounded. The proof follows
from the analysis in Lemma 33.

Lemma 43. Let {w} , } be an SGD sequence running on task P without truncation. Let 0’ , be the SGD noise at
w . Assume VAd/VL < 0;(Xrain) < VLG forall i € [n] and ||&yain|| < Vdo. Supposen € [0, 53], we have

ESGD ||n;7n||2 S 4L30'2d
forall T <t.

Proof of Lemma 43. Similar as the analysis in Lemma 33, for n < ﬁ, we have

ESGD {||nffﬂ7||2 |w;71,n} < L2d warfl.,n - wtrain||2
and
ESGD st'*lvﬁ — erainH2 S (1 — %)T_l ||wtrain||2 S ||w;ain + (Xtrain)Té.LrainH2 S 4L0’2.

Therefore, we have ) )
Escp ||n/777|| < L*dEscp Hw/m, — Wain || < 4L%07d.

O
Proof of Lemma 38. We can expand Q' (7)) as follows,
1 w12
Q'(n) =5Esap |w),, —w*|
1 t—1 2
:EESGD Btmw;ain + Btm(Xtrain)Tgtrain - Z(I - WHUain)tiliTn/T)n —w*
7=0
1 1 9 772 t—1 2
=5 | B ywin — w*[|* + > (| Bt.n (Xisain) ivain ||~ + ?ESGD Z(I — nHain)' 0L,
=0
+ <Bt777wt>:ain - U)*, Bt,n(Xtrain)Tgtrain>
Denote
1 1 9 772 t—1 2
G(’I]) = 5 ”Btﬂlw;ain - w*H2 + 5 HBt,n(Xtrain)TgtrainH + ?ESGD Z(I - nHtrain)t_l_Tn;_m
7=0

We first show that with probability at least 1 — exp(—£2(d)), there exist 11,172,735 = O(1/t) with 71 < 12 < 13 such
that G(n2) < 1/2 |w*||* = 5C/4 and G (1)) > 1/2 ||w*||> — C/4 forall n € [0, 7] U [ns, 1/L].

According to Lemma 1, we know with probability at least 1 — exp(—(d)), \/E/ VL < 0 (Xirain) < V/L\/d and
1/L < Nj(Huain) < L for all i € [n]. According to Lemma 45, we know with probability at least 1 — exp(—£(d)),
\/80'/4 < ||§lrain|| < \/EO'-

Upper bounding G(n3): We can expand G(n) as follows:

1 2
1 * *12 1 2 772 S —1-7
G(T]) ::i ||Bt777wtrain —w H + 5 HBt.,T](Xtrain)TgLrainH + 7ESGD Z(I - nHuain)t ! n;_’n
7=0
i—1 2
1 * (12 1 * 2 1 2 772 —1—7
:E ”w H + 5 ”Btﬂlwlrain” + 5 HBt,n(Xlrain)TglrainH + ?ESGD Z(I_nleain)t ! nf,_m
7=0

- <Bt;77wrrain7 ’LU*> .
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2 .
Same as in Lemma 13, we know 3 || By, wi, || 1>+ 1 2 || Bt (Xiain) Téwain||~ < L3n?t202. For the SGD noise, by

Lemma 43 we know Esgp HnT nH < 4L%¢?d forall 7 < t as long as 1) < 5. Therefore,
2 t—1 —
t—1—1 / 77 12 3,2 2 3,2 2,2
5 Esap Z;U—nHmQ g-gz; Escp ||, || < 2L%n0?dt < 20?2,

where the last inequality assumes ¢ > d. According to Lemma 15, for any fixed n € [0, L/t], with probability at least
1- exp(—Q(d)) over XLrain,

oy ME
<Bt7nwtrain7w > = 16L°
Therefore, for any step size 7 < 5 Lg 7>
Lo w2 3,2 2,2 2 Nt
G(n) < = 3L t
() < 5 2 4 BL3P0% — 0 < 2 | — S
where the second inequality holds as long as n < m Choosing 72 := m that is smaller than Tlgd assuming
t > d. Then, we have
1, . 5C
G(n2) < B Jlw* )1 — WV

_ 1
where constant C' = 55=57s—5.

Lower bounding G(n) for n € [0,71] : Now, we prove that there exists 71 = ©(1/t) with 91 < 72 such that for
any 17 € [0,m],G(n) > 3 [|w*||* — € Recall that

2

1, .o 1 i} 1 s 2 = .
G0ﬂ=§HwH2+§H3mwmﬂf+§HBmN&mﬂ¥mM +%ﬁ&m Z;U—nHmﬂtl "y
- <Bt=7]w;amaw*>
1 2 * *
25 ||U) H - <Bt-,77wlrain7w >
Same as in Lemma 13, by choosing 7y = 5, we have for any n € [0, 1],
1 s C
G(n) > = |lw*|I” — —.
() > 5wl - 5

Lower bounding G(n) for n € [n3,1/L]: Now, we prove that there exists n3 = O(1/t) with 13 > 72 such that for
all7) € [n3,1/L],

1 5 C
Gln) > = lw* | - <.
LI
Recall that
1 1 2 n? — ’
G(U) :E ”Bt,nw;ain - ’LU*H2 + 5 HBt,n(Xtrain)TglrainH + ?ESGD Z(I - nleain)t_l_Tn;—,n
7=0

1 2
25 HBt;ﬁ(Xlrain)TglrainH
Same as in Lemma 13, by choosing 73 = log(2)L/t, as long as o > 8+/L, we have
1 * 12
G > 5 |
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forall ) € [n3,1/L]. Note n3 < 1/L as long as t > log(2)L>.
Overall, we have shown that there exist 71, 72,73 = O(1/t) with 1 < 12 < 73 such that G(15) < 1/2|jw*||* —
5C/4and G(n) > 1/2 ||w*||*~C/4forally € [0,71]U[ns, 1/L]. Recall that Q' (17) = G(1)+{ Beywign — w*, Be.n(Xewain) Euain ) -
Choosing ¢ = C'//4 in Lemma 14, we know with probability at least 1 —exp(—Q(d)), |{ Bty wii, — 0*, Bty (Xuwain)  Eurain) | <
C/4 for all € [0,1/L]. Therefore, we know Q'(12) < 1/2||w*||> — C and Q’(n) > 1/2|jw*||* — C/2 for all

In order to prove Lemma 39, we first construct a super-martingale to show that as long as task P is well behaved,
with high probability in SGD noise, the weight norm along the trajectory never exceeds 4v/Lo.

Lemma 44. Assume \/d/L < 0i(Xiain) < VLdand 1)L < Xi(Hyain) < Lforalli € [n] and Vdo /4 < ||Epain|] <
Vdo. Givenany 1 > 8§ > 0, suppose n < Wﬁ(d/ﬁ) for some constant cs, with probability at least 1 — § in the
SGD noise,
’ <4VLo

/

(e

forall T <t.
Proof of Lemma 44. According to the proofs of Lemma 43, as long as < Tlgd, we have
2 2
Esop [|[t}, = el |” 151, | < (1= 55) [|w}—1., = Wi

Since log is a concave function, by Jenson’s inequality, we know

Escp [10g Hwém - erainH2 |w£71,n}

2 2
< 10gIESGD {Hwéﬂl - wlrainH |w7/5—1777:| < 10g szle—l,n - wlrainH + IOg(l - %)
Defining Gy = log lelfn — Wyain H2 —tlog(1— 5% ), we know G is a super-martingale. Next, we bound the martingale
differences.
We can bound |Gy — Escp[Gi|w;_4 ]| as follows,

|G — Esep[Gi|w;_q ]| < max
n n

og (H (I~ nHiin) (0] 1) — Wisin) nn;_l,nuz>

2
t=1,m""t—1,n H(I - nleain)(w,/g_lm - wlrain) - 77”2/_1,77“

2
We can expand ||(I — 7Hgin) (W] ,) — Wiain) — 774 _1 || as follows,

(I — 0 Huin) (W) _1 ) — Wisain) — 10}, ||

= H(I - nleain)(ww/f—l,n - wlrain)H2 —2n <n:€—1,na (- nHtrain)(wz/e—l,n - wtrain)> +y? Hn;—l,nHQ

‘We can bound the norm of the noise as follows,

! _ T / /
H”tq,nH = ‘ Ii(t—l)xi(tq)(wtq,n — Wirain) — le‘din(wtfl.,n — Wirain)

g

+ HHLrain(wé_lm - wtrain)”

T /
Ti(t=1)Ti(1—1) (Wh— 1,y — Wirain)

<(Ld+ L) ||w;_; ,, — Weain|| < 2Ld |Jw}_, ,) — Wirain |,

where the second inequality uses Hfﬂi(tq) H < v/ Ld. Therefore, we have

2

)

’2,’7 <n{f—l,n7 (I - nHtrain)(w;g_l)n - w[rain)>‘ S 4L77d H’U};_Ln — wtrain’
0 ||y y||° < AL ||w)_y , — wWian]|”
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This further implies,
Gt — Esop[Gelwi_y ]|
<log (”“ ) (041, — )|+ (AL AL [~ wtrain”z)

= 2 2
||(I - nleain)(wilgflm - wtrain)” —4Lnd ||w11571777 - wtrain”
8Lnd + 4L*n*d> 9 9
<I 1 < 16Lnd + 8L*n*d
—°g< YA 2Dy —aLga) ) = OHe T SETE
where the second inequality uses ||(I — nHHain)(wé_lm - wmin)HQ > (1 —2Ln) Hw,’f_lm — wtramHQ . The last in-
equality assumes 7 < 15— and uses numerical inequality log(1 4+ z) < x. Assuming n < 1/(Ld), we further have

|G — Esep[Gy|wi_y ]| < L*nd.
By Azuma’s inequality, we know with probability at least 1 — 4 /¢,

Gi < Go + L*V2tndlog(t/s).
Plugging in G; = log ||w£77 — wminHQ —tlog(1 — 5%) and G = log ||[wo — wmmHQ = log ||wtram|\2 , we have
2
log Hw;n - wtrai“” <log HwtrainH2 + tlog(l — %) + L2\/§nd10g(t/5)

<log HwtrainHQ — %t + sz/ﬂndlog(t/é).
This implies,

2 1
Hwén - wtrain” < ”wtrain”2 exp (77 (‘Et + L%/ilog(t/&)dx/f))

= |[wain || exp (O(d? log®(d/5))n)
< || weain]* exp (2/3)

where the second inequality assumes 17 < Wg(d/a)

we have |Jw], || < (14 €'/3) |wiain|| < 4VLo.

Overall, we know as long as < W"'(d/ﬁ)’ with probability at least 1 — §/%, Hw,’an < 4+/Lo. Since this
analysis also applies to any T < ¢, we know for any 7, with probability at least 1 — 6/, ||w’. || < 4v/Lo. Taking a
union bound over 7 < ¢, we have with probability at least 1 — 9, ||w’TnH <4VLo forall T < t. O

for some constant c5. Furthermore, since || wyqin || < (14+v/L)o,

Proof of Lemma 39. Let £ be the event that Hw’T,]H < 4v/Lo for all 7 < t. We first show that Esgp ||w;,, — w* 1% is
close to Esgp lelfn —w* H2 1{&}. It’s not hard to verify that

* * 2 * c
Esop |[we,, — w*||* = Esop ||w),, — w*||" 1{E} + |lu — w*||* Pr[&],

where w is a fixed vector with norm 4v/Lo. By Lemma 44, we know Pr[€] < ¢/(25L0c?) as long as ) <
for some constant c5. Therefore, we have

1
c5d? log?(d/e)

2
‘ESGD ||wt7,7 — ’LU*H2 — ESGD ngm — ’LU* 1 {5}‘ S €.

Next, we show that Esgp ||w£77 —w* ||2 1{&} is close to Esgp ng_’n —w* HZ Forany 1 < 7 < t, let &, be the
event that Hw’T,]H > 4v/Lo and Hw’T,mH < 4+/Lo for all 7' < 7. Basically £, means the weight norm exceeds the
threshold at step 7 for the first time. It’s easy to see that Ul _, &, = €. Therefore, we have

t
Bsan [t — w”||* = Bsan uwf, — > 1{E} + 3" Eso Juf,, — w1 (6}

=1

62



Conditioning on &, we know ||wT 1 n” < 4\/50 Since we assume \\? < 0i(Xrain) < \/_\/— dforalli € [n] and
Eirain < Vdo, we know ||[wiqin || < 2v/Lo. Therefore, we have er 1 wtramH < 6v/Lo. Recall the SGD updates,

w;'m — Wirain = (I - nleain)(wé-an - wtrain) - 77”;-71_,77'

For the noise term, we have 7 Hn’T 1 nH < 2nLd Hw’T_l n wude that is at most er 1 wminH assuming 1 <

5 L - Therefore, we have Hw wtrde <2 er 1y wtrde < 12+/Lo. Note that event E,is independent with

the SGD noises after step . Therefore according to the previous analysis, we know as long as < Lg L

Escp {Hw;fﬂ] - wtrainH2 |g‘r} < Hw;-_’n — wlrainH2 < 2L20'2.
Then, we can bound Eggp [ngn —w* H2 |87.} as follows,

Esap |[[uf,, — v (€]

~Escp |[[1h,, — s + wiean — w*||* €]

<Bsap | [0}, = wenl|” €] + 2Bsan [0}, = win|1€:] timan = w* |+ an = ]
<2L%¢*+2-2Lo - 3VLo + 9Lo® < 3L%0>.

Therefore, we have
t t
> Bsan [l = v | 1467} =3 Bsao [uf,, — | I€-] Pe]
=1 =1
t
<3L%¢* Y Pr[£] = 3L%0* Pr[€] < 3L°0".
T=1
This then implies that [Esap [[uf.,, — w*||* = Esop [|uf,, —w*||* 1{}] < 3%
Finally, we have
’ESGD llwe,y — w*||* - Esep Hwi,n - UJ*H2’
< [Bsco llwen = w*I* = Bsco [t — w*|* 1€} + [Esco [[wr,, — w*|* ~ Esap [y, - w*|* 1 {€}
< (3L202 + 1) €

as long as n < m. Therefore, |Q(n) — Q'(n)| < (3L%0” + 1) ¢/2. Choosing €’ = 27y finishes the
proof. g
Proof of Lemma 40. Recall that

Fryv(n Z Aqpv (n, P Z Esop 3 Hw(k) ifﬁd

[ON

valid

(k)

Similar as in Lemma 11, we can show % Hwt " wwhd is O(1)-subexponential, which implies

G

valid

(k)

aid is O(1)-subexponential. Therefore, Frpyy (1)) is the average of m i.i.d. O(1)-subexponential

(k)
valid

random variables. By standard concentration inequality, we know for any 1 > € > 0, with probability at least
1 — exp(—Q(e2m)),

1
Escp 5 Hwt*” —w

() = Frov(n)| < e
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Proof of Lemma 41. Recall that
1 *
Fryv(n) :EP~TESGD§ l[we,y — w*||* + 0%/2

We only need to construct an e-net for E pNTESGD% lw,, — w* H2 Let € be the event that \/E/ VL < 0;(Xuain) <
VLdand 1/L < \j(Hyain) < Lforalli € [n] and Vdo /4 < ||€ain]| < V/do We have

1 .
EPNTESGD§ lwe,y —w |12
1 \ 1 P
=Ept [§1ESGD [we,y — w*||? |5} Pr[€] +Epr [§1ESGD [we,y — w*||? |5] Pr[€]

According to Lemma 39, we know conditioning on &,

1 1 9
3B o — w17 = B, — | <

2 2
1 / . . .
as long as n < P[] Note {w/ , } is the SGD sequence without truncation.
For the second term, we have

1 ~ _ -
Epwr {EESGD [,y — w*|® |g] Pr[€] < 13Lo* Prl€] < e,

where the last inequality assumes Pr[€] < {37—». According to Lemma 1 and Lemma 45, we know Pr[€] <
exp(—2(d)). Therefore, given any ¢ > 0, we have Pr[€] < {z7=» as long as d > c4log(1/¢) for some constant
Cq4.

Then, we only need to construct an e-net for Ep.7 [%ESGD lelfn —w* ||2 |5} Pr[€]. By the analysis in Lemma 33,

it’s not hard to prove
0 1 , N
la—nEPNT |:§]ESGD Hwt;”] —w

ﬁﬁmmFomw—%rﬁ

for alln € [0, m]. Similar as in Lemma 14, for any ¢ > 0, we know there exists an e-net [N, with size

O(1/¢) such that for any 7 € [0, m],

1 L2 1 w2
‘EPNT |:§ESGD ||’LU,/5777 —w || |5:| Pr[é'] — EPNT |:§ESGD ngm/ —w || |5:| Pl"[g]' S €
forn € argmin,en, [n —1'|.
Combing with the bounds on ’%ESGD lwe,, — w* I?1{&} - 1Escp lelfn —w* ||2 1 {8}’ and
EpT [%ESGD lwy,, — w* ||2 |<‘f} Pr[£], we have for any 1 € [0

1
? c5d? logz(d/e)]’

Fryy(n) — Frov(n') < 4e

for ' € argmin,cn, |7 — n’|. We finish the proof by replacing 4¢ by €’. O

Proof of Lemma 42. The proof is very similar as the proof of Lemma 18. The only difference is that we need to first
relate the SGD sequence with truncation to the SGD sequence without truncation and then bound the Lipschitzness on
the SGD sequence without truncation (as we did in Lemma 41). We omit the details here. ]
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E Tools

E.1 Norm of random vectors
We use the following lemma to bound the noise in least squares model.

Lemma 45 (Theorem 3.1.1 in Vershynin (2018)). Let X = (X1, X, , X,,) € R™ be a random vector with each
entry independently sampled from N'(0,1). Then

Pr(|||z]| = v/n| > #] < 2exp(—t*/C?),

where C' is an absolute constant.

E.2 Singular values of Gaussian matrices
Given a random Gaussian matrix, in expectation its smallest and largest singular value can be bounded as follows.

Lemma 46 (Theorem 5.32 in Vershynin (2010)). Let A be an N x n matrix whose entries are independent standard
normal random variables. Then

\/N - \/ﬁ < Esmin(A) < Esmax(A) < \/N + \/ﬁ

Lemma 47 shows a lipchitz function over i.i.d. Gaussian variables concentrate well on its mean. We use this
lemma to argue for any fixed step size, the empirical meta objective concentrates on the population meta objective.

Lemma 47 (Proposition 5.34 in Vershynin (2010)). Let f be a real valued Lipschitz function on R™ with Lipschitz
constant K. Let X be the standard normal random vector in R™. Then for every t > 0 one has

t2

Pr[f(X) —Ef(X) >t] < GXP(—W

).

The following lemma shows a tall random Gaussian matrix is well-conditioned with high probability. The proof
follows from Lemma 46 and Lemma 47. We use Lemma 48 to show the covariance matrix is well conditioned in the
least squares model.

Lemma 48 (Corollary 5.35 in Vershynin (2010)). Let A be an N x n matrix whose entries are independent standard
normal random variables. Then for every t > 0 with probability at least 1 — 2 exp(—t2/2) one has

\/N_\/E_tgsmin(A) Ssmax(A) S\/N'i'\/ﬁ'i_t

E.3 Johnson-Lindenstrauss lemma

We also use Johnson-Lindenstrauss Lemma in some of the lemmas. Johnson-Lindenstrauss Lemma tells us the pro-
jection of a fixed vector on a random subspace concentrates well as long as the subspace is reasonably large.

Lemma 49 (Johnson and Lindenstrauss (1984)). Let P be a projection in R% onto a random n-dimensional subspace
uniformly distributed in G y,. Let z € R? be a fixed point and ¢ > 0, then with probability at least 1 — 2 exp(—ce®n),

(- e>\/§||z|| 2B +e>\/§||z|.

F Experiment details

We describe the detailed settings of our experiments in Section F.1 and give more experimental results in Section F.2.
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F.1 Experiment settings

Optimizing step size for quadratic objective In this experiment, we meta-train a learning rate for gradient descent
on a fixed quadratic objective. Our goal is to show that the autograd module in popular deep learning softwares,
such as Tensorflow, can have numerical issues when using the log-transformed meta objective. Therefore, we first
implement the meta-training process with Tensorflow to see the results. We then re-implement the meta-training using
the hand-derived meta-gradient (see Eqn 3) to compare the result.

A general setting for both implementations is as follows. The inner problem is fixed as a 20-dimensional quadratic
objective as described in Section 3, and we use the log-transformed meta objective for training. The positive semi-
definite matrix H is generated by first sampling a 20 x 20 matrix X with all entries drawn from the standard normal
distribution and then setting H = X7 X. The initial point wy is drawn from standard normal as well. Note that we
use the same quadratic problem (i.e., the same H and wy) throughout the meta-training. We do 1000 meta-training
iterations, and collect results for different settings of the initial learning rate 779 and the unroll length ¢.

We first implement the meta-training code with Tensorflow. Our code is adapted from Wichrowska et al. (2017) 2.
We use their global learning rate optimizer and specify the problem set to have only one quadratic objective instance.
We implemented the quadratic objective class ourselves (the "MyQuadratic” class). We also turned off multiple
advanced features in the original code, such as attention and second derivatives, by assigning their flags as false. This
ensures that the experiments have exactly the same settings as we described. The meta-training learning rate is set
to be 0.001, which is of similar scale as our next experiment. We also try RMSProp as the meta optimizer, which
alleviates some of the numerical issues as it renormalizes the gradient, but our experiments show that even RMSProp
is still much worse than our implementation.

We then implement the meta-training by hand to show the accurate training results that avoid numerical issues.
Specifically, we compute the meta-gradient using Eq (3), where we also scaled the numerator and denominator as
described in Claim 2 to avoid numerical issues. We use the algorithm suggested in Theorem 4, except we choose the
meta-step size to be 1/(100v/k) as the constants in Theorem 4 were not optimized.

Train-by-train vs. train-by-validation, synthetic data In this experiment, we find the optimal learning rate n*
for least-squares problems trained in train-by-train and train-by-validation settings and then see how the learning rate
works on new tasks.

Specifically, we generate 300 different 1000-dimensional least-squares tasks with noise as defined in Section 4
for inner-training and then use the meta-objectives defined in Eq (1) and (2) to find the optimal learning rate. The
inner-training number of steps ¢ is set as 40. We try different sample sizes and different noise levels for comparison.
Subsequently, in order to test how the two n* (for train-by-train and train-by-validation respectively) work, we use
them on 10 test tasks (the same setting as the inner-training problem) and compute training and testing root mean
squared error (RMSE).

Note that since we only need the final optimal n* found under the two meta-objective settings (regardless of how
we find it), we do not need to actually do the meta-training. Instead, we do a grid search on the interval [1076,1],
which is divided log-linearly to 25 candidate points. For both the train-by-train and train-by-validation settings, we
average the meta-objectives over the 300 inner problems and see which 1 minimizes this averaged meta-objective.

Train-by-train vs. train-by-validation, MLP optimizer on MNIST To observe the trade-off between train-by-
train and train-by-validation in a broader and more realistic case, we also do experiments to meta-train an MLP
optimizer as in Metz et al. (2019) to solve the MNIST classification problem. We use part of their code 3 to integrate
with our code in the first experiment, and we use exactly the same default setting as theirs, which is summarized below.

The MLP optimizer is a trainable optimizer that works on each parameter separately. When doing inner-training,
for each parameter, we first compute some statistics of that parameter (explained below), which are combined into
a feature vector, and then feed that feature vector to a Muti-Layer Perceptron (MLP) with ReLU activations, which
outputs two scalars, the update direction and magnitude. The update is computed as the direction times the expo-
nential of the magnitude. The feature vector is 31-dimensional, which includes gradient, parameter value, first-order

2Their open source code is available at ht tps : / /github.com/tensorflow/models/tree/master/research/learned_optimizer
3Their code is available at ht tps : / /github.com/google-research/google-research/tree/master/task_specific_learned_opt
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Table 1: Whether the implementation converges for different ¢ (fixed 79 = 0.1)

t 10 20 40 80

Ours v v v v
Tensorflow GD X X X X
Tensorflow RMSProp | vv v X X

moving averages (5-dim), second-order moving averages (5-dim), normalized gradient (5-dim), reciprocal of square
root second-order moving averages (5-dim) and a step embedding (9-dim). All moving averages are computed us-
ing 5 different decay rates (0.5, 0.9, 0.99, 0.999, 0.9999), and the step embedding is tanh distortion of the current
number of steps divided by 9 different scales (3, 10, 30, 100, 300, 1000, 3000, 10000, 300000). After expanding the
31-dimensional feature vector for each parameter, we also normalize the set of vectors dimension-wise across all the
parameters to have mean O and standard deviation 1 (except for the step embedding part). More details can be found
in their original paper and original implementation.

The inner-training problem is defined as using a two-layer fully connected network (i.e., another “MLP”) with
ReLU activations to solve the classic MNIST 10-class classification problem. We use a very small network for com-
putational efficiency, and the two layers have 100 and 20 neurons. We fix the cross-entropy loss as the inner-objective
and use mini-batches of 32 samples when inner-training.

When we meta-train the MLP optimizer, we use exactly the same process as fixed in experiments by Wichrowska et al.
(2017). We use 100 different inner problems by shuffling the 10 classes and also sampling a new subset of data if we do
not use the complete MNIST data set. We run each of the problems with three inner-training trajectories starting with
different initialization. Each inner-training trajectory is divided into a certain number of unrolled segments, where we
compute the meta-objective and update the meta-optimizer after each segment. The number of unrolled segments in
each trajectory is sampled from 10 4+ Exp(30), and the length of each segment is sampled from 50 + Exp(100), where
Exp(-) denotes the exponential distribution. Note that the meta-objective computed after each segment is defined as
the average of all the inner-objectives (evaluated on the train/validation set for train-by-train/train-by-val) within that
segment for a better convergence. We also do not need to log-transform the inner-objective this time because the cross
entropy loss has a log operator itself. The meta-training, i.e. training the parameters of the MLP in the MLP optimzier,
is completed using a classic RMSProp optimizer with meta learning rate 0.01.

For each settings of sample sizes and noise levels, we train two MLP optimizer: one for train-by-train, and one for
train-by-validation. When we test the learned MLP optimizer, we use similar settings as the inner-training problem,
and we run the trajectories longer for full convergence (4000 steps for small data sets; 40000 steps for the complete
data set). We run 5 independent tests and collect training accuracy and test accuracy for evaluation. The plots show
the mean of the 5 tests. We have also tuned a SGD optimizer (with the same mini-batch size) by doing a grid-search
of the learning rate as baseline.

F.2 Additional results

Optimizing step size for quadratic objective We try experiments for the same settings of the initial 779 and inner
training length ¢ for all of three implementations (our hand-derived GD version, Tensorflow GD version and the
Tensorflow RMSProp version). We do 1000 meta-training steps for all the experiments.

For both Tensorflow versions, we always see infinite meta-objectives if 1 is large or ¢ is large, whose meta-gradient
is usually treated as zero, so the training get stuck and never converge. Even for the case that both 19 and ¢ is small, it
still has very large meta-objectives (the scale of a few hundreds), and that is why we also try RMSProp, which should
be more robust against the gradient scales. Our hand-derived version, however, does not have the numerical issues and
can always converge to the optimal n*. The detailed convergence is summarized in Tab 1 and Tab 2. Note that the
optimal n* is usually around 0.03 under our settings.

Train-by-train vs. train-by-validation, MLP optimizer on MNIST We also do additional experiments on training
an MLP optimizer on the MNIST classification problem. We first try using all samples under the 20% noised setting.
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Table 2: Whether the implementation converges for different 1y (fixed ¢ = 40)

Mo 0.001 0.01 0.1 1

Ours v v v v
Tensorflow GD X X X X
Tensorflow RMSProp v v X X

The results are shown in Fig 8. The train-by-train setting can perform well if we have a large data set, but since there
is also noise in the data, the train-by-train model still overfits and is slightly worse than the train-by-validation model.
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Figure 8: Training and testing accuracy for different models (all samples, 20% noise)

We then try an intermediate sample size 12000. The results are shown in Fig 9 (no noise) and Fig 10 (20% noise).
We can see that as the theory predicts, as the amount of data increases (from 1000 samples to 12000 samples and then
to 60000 samples) the gap between train-by-train and train-by-validation decreases. Also, when we condition on the
same number of samples, having additional label noise always makes train-by-train model much worse compared to
train-by-validation.
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Figure 9: Training and testing accuracy for different models (12000 samples, no noise)
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