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Abstract

Mixture-of-experts networks (MoEs) have demonstrated remarkable efficiency in
modern deep learning. Despite their empirical success, the theoretical foundations
underlying their ability to model complex tasks remain poorly understood. In this
work, we conduct a systematic study of the expressive power of MoEs in modeling
complex tasks with two common structural priors: low-dimensionality and sparsity.
For shallow MoEs, we prove that they can efficiently approximate functions sup-
ported on low-dimensional manifolds, overcoming the curse of dimensionality. For
deep MoEs, we show that O(L)-layer MoEs with E experts per layer can approxi-
mate piecewise functions comprising £ pieces with compositional sparsity, i.e.,
they can exhibit an exponential number of structured tasks. Our analysis reveals the
roles of critical architectural components and hyperparameters in MoEs, including
the gating mechanism, expert networks, the number of experts, and the number of
layers, and offers natural suggestions for MoE variants.

1 Introduction

Mixture-of-experts (MoE) models (Jacobs et al., 1991; Jordan and Jacobs, 1994) have recently
achieved significant success in deep learning, particularly as a core architectural component of
modern large language models (LLMs) (Abdin et al., 2024; Yang et al., 2024b; Liu et al., 2024; Cai
et al., 2025). These models have demonstrated strong capabilities across a wide range of complex and
diverse tasks, including mathematical reasoning, logical inference, language understanding, and code
generation. Despite their empirical success, the theoretical foundations underlying MoEs remain
poorly understood, especially in their capacity to efficiently model complex tasks.

In both machine learning and applied mathematics, it is widely recognized that although real-world
tasks may appear complex, they often exhibit latent structures. Two prominent structural priors are:
(1) low-dimensional structure: high-dimensional data typically lies on a manifold of much lower
intrinsic dimension; (2) sparse structure: meaningful signals tend to admit sparse representations in
suitable bases or dictionaries. These structural priors have motivated numerous influential algorithms,
including dimensionality reduction (Tenenbaum et al., 2000), sparse regression via Lasso (Tibshirani,
1996), compressed sensing (Donoho, 2006), and neural network pruning and compression techniques.

In this work, we investigate the expressive power of MoE networks for modeling complex tasks that
exhibit either low-dimensional or sparse structure. Our contributions are summarized as follows:
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» Shallow MoE networks. We prove that shallow MoE networks can efficiently approximate
functions supported on low-dimensional manifold. Theoretically, this task reduces to a collection
of simpler approximation subproblems localized on low-dimensional subregions, along with
an assignment problem that maps each input to the appropriate region. We show that shallow
MoE networks naturally implement this procedure, thereby avoiding the curse of dimensionality.
Our analysis reveal the complementary roles of the two core components in MoE: expert
networks approximate localized subfunctions, while the gating mechanism ensures correct
input-to-expert assignment. Additionally, the analysis offers practical suggestions on MoE
variants, such as the nonlinear gating, alternating MoE architectures with equivalent expressivity,
and low-dimensional expert networks with auto-encoding.

Deep MoE networks. We formalize complex tasks as piecewise functions, and focus on a
broad class of structured tasks exhibiting compositional sparsity: where each subtask depends
on only a small subset of input coordinates, and the overall task is a hierarchial composition
of these subtasks. We demonstrates that a depth-O(L) MoE network with E expert per layers
can efficiently approximate piecewise functions with £ distinct pieces, i.e, it can exhibit an
exponential number of structured tasks. Moreover, our analysis elucidates the distinct roles of
network depth L (which enables hierarchical composition) and expert count £ (which enables
subtask specialization).

Unified insights. Our theoretical results reveal that MoE networks can effectively discover the
underlying structure priors in the complex tasks (such as low-dimensionality or sparsity), and
subsequently decompose them into simpler subproblems, each solved by specialized experts.

2 Related Works

Theoretical understanding of MoE. Chen et al. (2022) analyzed the training dynamics of shallow
MOoE networks with softmax gating on clustered datasets, emphasizing the importance of expert
nonlinearity and data structure. (Baykal et al., 2022) showed that sparsely activated networks can
achieve approximation performance comparable to dense networks, and offered a computationally
efficient alternative. Dikkala et al. (2023) examined the impact of learnable routing mechanisms
in MoEs, establishing their benefits. Li et al. (2024) investigated MoE in continual learning, using
overparameterized linear regression to show their adaptability across tasks. A comprehensive survey
of recent theoretical advances is presented in Mu and Lin (2025). In contrast to these prior works, we
focus on the expressive power of both shallow and deep MoE networks for broad classes of structured
functions.

Low-dimensional structure. The manifold hypothesis posits that high-dimensional data in real world
(e.g., images, speech, and text) typically lies on a manifold of much lower intrinsic dimensionality
than the ambient space. This perspective motivates various algorithmic approaches: (i) Dimensionality
reduction techniques (Tenenbaum et al., 2000; Roweis and Saul, 2000; Belkin and Niyogi, 2003),
which aim to uncover and utilize such low-dimensional structures. (ii) Representation learning
methods like Autoencoders and Variational Autoencoders (Hinton and Salakhutdinov, 2006; Kingma
et al., 2013), which seek compact and informative representations aligned with low-dimensional
manifold.

Sparse structure. It is widely believed that meaningful signals often admit sparse representations
in appropriate bases or dictionaries. This principle underpins many influential algorithms, such as
Lasso (Tibshirani, 1996), Compressed Sensing (Donoho, 2006; Candes and Wakin, 2008), and Sparse
Coding (Olshausen and Field, 1996; Elad and Aharon, 2006), which have been widely applied across
domains.

From a theoretical standpoint, the prevalence of sparsity and low-dimensionality has inspired recent
studies on the expressive power of deep networks under structural assumptions. For example, Mhaskar
and Poggio (2016); Poggio (2023) analyzed dense neural networks approximating functions with
compositional sparsity, demonstrating how sparsity mitigates the curse of dimensionality (Bellman,
1966; Bach, 2017). Wang et al. (2024) studied the expressivity of Transformer models (Vaswani
et al., 2017) for modeling long but sparse memories, showing the model’s capacity to overcome the
curse of memory. Shaham et al. (2018); Chen et al. (2019) examined the approximation power of
dense networks for functions supported on low-dimensional manifolds. In contrast to these works, we



investigates the expressive power of MoE networks in approximating complex functions exhibiting
either sparse or low-dimensional structure.

3 Preliminaries

Basic notations. Let f : 2 — R be a continuous func-

tion defined on a compact set €2. Its L., norm is defined as
[ £l = supgeq |f(x)|. We use standard asymptotic Gaﬁng
notations O(-), Q(+), ©(+) to hide the constants indepen- !7 0
dent of the primary problem size (typically denoted by m),

and the notations O(-), Q(-), ©(-) further hide logarithmic
factors. For a positive integer n, let [n] = {1,--- ,n}. For
a,b € R, define aAb = min{a, b} and aVb = max{a, b}. .
Figure 1: Illustration of an MoE layer.

3.1 MoE networks
MOoE components. An MoE layer consists of two primary components:

* Expert networks: A collection of E expert networks, each implemented as a dense feedforward
ReLU neural network: f(1) ... f(E): Rdin — Reou

+ Gating network: A gating function g : R% — R¥. In most existing MoE models (Fedus
et al., 2022; Du et al., 2022; Yang et al., 2024a), g is linear due to its simplicity and empirical
effectiveness: g(x) = Wrx, where W € RE>din,

MoE operation. Given an input & € R% an MoE layer performs the following operations, as
illustrated in Figure 1:

* Expert selection. The gating network computes routing scores g(x) € R, and selects the
top- K experts with the highest scores:

K := arg TopK(g(z)),
where arg TopK(z) returns the indices of the K largest entries of z.

¢ Expert computation and aggregation. Each selected expert £ € K computes its output
f%) (). The final output is a weighted combination:

y= an@) (@),
ke

where the weight are defined via ay,(x) = %.
JjE J

Notably, only K expert networks are activated per input. Without loss of generality, we focus
throughout this paper on the case K = 1, as the extension to arbitrary K < F is straightforward.

Hypothesis class HIL,:J . We define Hl{’ ,f as the class of depth-L neural networks composed of
stacked L MoE layers:

RE) o hE=D 6. ..o ()] 1)
where each h(9) is an MoE layer consisting of a linear gating network ¢'®) and E expert networks
€ (e € [E)), each being an [-layer, m-width dense ReLU neural network.

3.2 Classical approximation results

Approximation error notation. Let &N (f) denote the L>° approximation error of a target function
f: Q — R using [-layer, m-width dense ReLU neural networks.

CK space. Let D, K € N, and 2 C R be compact. The space C¥ (Q2) consists of all functions f
such that

= max DA < 00 2
lfllex ) 0<||g|\1<1<” fllzo @) @)



where DPf denotes the partial derivatives of order 3 = (31,---,0p) € Zf . The space of

smooth functions is defined as C*° () = () ;- C* (€2). Additionally, the smoothness exponent of
f:Q — Ris defined as

k(f) :=sup{K € N: f € CK(Q)}. 3)

The following result summarizes the classical approximation rate of two-layer ReLU networks for
C¥ functions (Mao and Zhou, 2023; Yang and Zhou, 2024):

Theorem 3.1. Let D, K € N, and Q2 C RP be compact. For any f € C¥(Q) and m € N, there exits
a two-layer ReLU neural network f,, with m hidden neurons such that

O(m5). ik <25
@(m_%), otherwise.

ng,anN(f) <|f = fllow ) < {

When the smoothness of the target function is relatively low, i.e., K < D, the approximation rate
@ (m’ %) reveals that two-layer networks suffer from the curse of dimensionality (CoD).

4 Theory for Shallow MoE Networks

In this section, we study the efficiency of shallow MoE networks in approximating functions supported
on a low-dimensional manifold M.

4.1 Manifold in Euclidean Space

Let M be a d-dimensional smooth manifold embedded in R,
We begin by reviewing several standard definitions.

MCRP
Definition 4.1 (Chart and Atlas). ' Uy
* A chart for M is a pair (U, ¢) such that U C M is open & &
and ¢ : U — R? where ¢ is a homeomorphism (i.e., R Re
bijective, ¢ and ¢! are both continuous). U is called a 91(th) 92(U2)
coordinate neighborhood, and ¢ is the associated coordi-
nate map.

Figure 2: A d-dimensional manifold

« An atlas of M is a collection {(Uy, ¢o)}aca of charts M inR”.
such that Uy AU, = M.

An atlas {(Us, ¢a) taca is called smooth if for any overlapping charts (U, ¢o) and (U, do ), the
transition maps ¢, o qb;,l and ¢, o ¢ ' are smooth functions.
Definition 4.2 (Smooth manifold). The manifold M is called smooth if it has a smooth altas.

We now introduce the partition of unity, which can divide the manifold into regular subregions.
Definition 4.3 (Partition of unity). Let {U,},c.4 be an open cover of M. A partition of unity of
M w.r.t this cover is a family of nonnegative smooth functions p,, : M — [0, 1] for & € A such that:

e (i) for all « € A, p, has compact support and supp(p.) C Uq;
* (ii) for every € M, only finitely many p,, (x) are nonzero;

o (iii) forallx € M, Y . 4 pa(x) = 1.

Theorem 4.4 (Existence of a partition of unity). Let {Uy }ac.a be an open cover of a smooth manifold
M. Then there exists a partition of unity {ps }aca of M w.rt. {Uqy}aca-

‘We next define the smoothness of a function defined on a manifold.

Definition 4.5 (Function on the manifold). Let a function f : M — R, and {(Uy, ¢a)}ac.a be
a smooth atlas of M. Its smoothness x(f) is defined by x(f) := infaea x(f o ¢, 1), where the
smoothness of each f o ¢! is defined as Equation (3).



In this paper, we focus on smooth compact manifolds. Due to the compactness of M, its atlas
consists of a finite collection of charts, denoted by {(Us, ¢;) }ic[r). Additionally, we can let ¢;(U;) C

[0, 1]%. By Theorem 4.4, there exists a corresponding partition of unity {p; }.c(p]-

Compact smooth manifolds admit an atlas with strong geometric regularity as below, which is detailed
in Appendix A.

Example 4.6 (Highly regular atlas). Let M be a compact smooth manifold. Then there exists a
highly smooth atlas {(U;, ¢;) }ie () such that each map ¢; : U; — [0, 1]% is a linear function. Thus,

each ¢; satisfies k(¢;) = oo (when viewed as a function in RP).

Motivated by this example, we define a broad class of regular atlas:

Definition 4.7 (Regular atlas). A atlas {(U;, ¢;)}ic(g) of compact manifold M is called regular, if
each map ¢; has the smoothness x(¢;) > 252

4.2 Theoretical results and insights

Theorem 4.8 (Main result). Let M be a compact, d-dimensional smooth manifold in RP, with a
regular atlas {(U;, ¢;) }ie[g) (Definition 4.7). Let the target function f : M — R. Then for any

m > Q(EQ), there exists a depth-2 MoE network ¥ € Hg”ﬁ, with I experts per layer, each being is
a 3-layer m-width dense networks, such that:

_y < EFFN ‘
If =¥l m X E3.m (flv,)

FFN —1 FFN -1

< max & flu, o @; -+ max & oi flu, o ¢;
B U; U;

ic|E] 2,m ( { ) i€|E] 2,m ( l) H i HCI([O,l]d)

approximate a low-dimensional function approximate a high-order smooth map
. ~Ulu,)

< max O(m* a /\5).

i€[E]

Theorem 4.8 demonstrates that depth-2 MoE networks can efficiently approximate functions supported
on low-dimensional manifolds. The total approximation error decomposes into two components:
(i) approximation of low-dimensional target functions f|y, o qﬁi_l’s; (i1) approximation of smooth
coordinate maps ¢;’s. Both subproblems are significantly simpler than approximating the original
high-dimensional function directly, enabling MoE networks to overcome the curse of dimensionality.

Table 1: Comparison of approximation rates between shallow MoE and shallow dense networks. For
MOoE, m is the width of each expert networks; for dense networks, m is the width of the hidden layer.

Shallow MoE networks (Theorem 4.8) | Shallow dense networks (Theorem 3.1)

” o0 1 ~ <) A1
maxO(m’ g Ai) (’)(m’ D AE)
1€[E)]

Improved efficiency over dense networks. Table 1 highlights the superior approximation efficiency
of MoEs. In the regime where the target f has limited smoothness, i.e., (f) < D, dense networks
suffer from the curse of dimensionality, as the approximation rate x(f)/D deteriorates with ambient
dimension D. In contrast, MoE networks achieve rates governed by the intrinsic dimension d < D
and local smoothness «(f|y,) = k(f), thereby substantially improving approximation efficiency and

w(flo 08 ) A 1 B
—a N2> 7o

achieving faster approximation rate:
Key insight. The proof of Theorem 4.8 (deferred to Appendix A) reveals several insights into the
mechanisms of MoE networks:

MOoE networks achieve efficient approximation by decomposing a complex approximation problem
into multiple localized approximation subproblems, as well as a simple assignment task.

Recall that a depth-2 MoE (Eq. (1)) comprises expert networks and a gating mechanism. Their
distinct roles are as follows:



+ Expert networks (f(>% in Layer 2): these components efficiently approximate the d-
dimensional local target function f|y, o ¢; Y and the smooth chart map ¢;. They directly
influence the overall approximation error and benefit from increased width m.

* Routing mechanism (Layer 1 and gating in Layer 2): these components work together to
exactly assign each input to its correct expert f(>"). The first MoE layer h(!) behaves like
a dense model, approximating the smooth partition functions p;’s. Then the Layer-2 gating
network ¢(?) selects the expert corresponding to the region U; such that & € U;. This exact
assignment is nontrivival, please refer to the proof for details.

Corollary 4.9 (Special case, highly regular atlas). Let M be a compact, d-dimensional smooth
manifold in RP, with a highly regular atlas {(U;, ®i) Yie[p) (Example 4.6). Let the target function

f: M — R Then for any m > Q(EQ), there exists a depth-2 MoE network U € ’Hgfi with E
experts per layer, each a 2-layer m-width dense network, such that:

FFN 1 ~ _ sy AL
1 = Wl < max EN(flu, 067!) <max O(m=— 7 M),
1€[E] 1€[E]

approximate a low-dimensional function

Compared to Theorem 4.8, Corollary 4.9 applies to a more structured setting in which the local
coordinate maps ¢; are linear and thus thus do not require approximation. This eliminates the second
term in the error bound, and reduces each expert to a 2-layer dense network.

Comparison with prior works Shaham et al. (2018); Chen et al. (2019). These works show that dense
networks can also efficiently approximate functions on low-dimensional manifolds. However, their
analyses require additional regularity assumptions on manifolds, which enables explicit constructions
of coordinate charts and partition functions. In contrast, our Theorem 4.8 does not require such
explicit formulations, applying to a broader class of smooth regular manifolds. More importantly,
MoEs offer a fundamental computational advantage: while dense networks activate all parameters
for every input, MoEs selectively activate only a single expert per input. To achieve a comparable
approximation accuracy, the number of activated parameters in dense networks is roughly F times
greater than that in MoEs, as dense networks must simultaneously approximate all £ subproblems.

4.3 Practical Suggestions

Beyond theoretical guarantees, our analysis also offers several practical suggestions into the design
of MoE architectures.

Incorporating nonlinearity into gating is critical. Our theoretical results indicate that accurate
input-to-expert assignment requires approximating the partition functions p;, which are generally
nonlinear. Since standard gating function is linear and lacks the capacity to model nonlinear p;, an
additional MoE (or dense) layer is needed prior to gating to approximate p;. If the router incorporates
sufficient nonlinearity, e.g., a two-layer ReLU routing network, it can directly model complex
partitions, reducing the depth and number of parameters. For instance, in Theorem 4.8, the required
depth will reduce from 2 to 1, because the nonlinearity in router eliminates the need for a preceding
MoE layer. Similarly, in Theorem 5.2, the required depth will reduce from 2L to L. Therefore, a
more direct and potentially more efficient alternative is to incorporate nonlinearity directly into
the gating network, eliminating the need for a preceding MoE layer. This observation is consistent
with recent empirical findings (Zuo et al., 2021; Liu et al., 2022; Nguyen et al., 2024; Akbarian et al.,
2024; Le et al., 2024), which demonstrate that nonlinear gating functions improve MoE performance.

Alternating MoE architectures with equivalent expressive power. In our construction, the first
MOoE layer actually serves as a standard dense layer with width Q(E?) to approximate the partition
functions p;. This insight motivates alternative architectures with comparable expressive power: (i)
MokE-dense alternating networks. A natural variant consists of alternating dense and MoE layers, e.g.,
h™moe o pdense This design extends naturally to deeper architectures. This design has been adopted in
practice by GShard (Lepikhin et al., 2020) and GLAM (Du et al., 2022). (ii) Shared + routed experts
per MoE layer. Another common MoE variant incorporates one shared expert alongside F routed
experts. This structure is empirically adopted in modern MoE architectures such as Qwen2 (Yang
et al., 2024b) and DeepSeek (Liu et al., 2024).

Low-dimensional expert networks via autoencoding. Our analysis also suggests a more structured
and interpretable design for expert networks in MoE. Typically, each expert is implemented as a dense



network with input dimension D and width O(D), resulting in O(D?) parameters. However, our
theory motivates replacing each expert f(25%) with a composition fio,, o Enc, where: Enc : RP — R?
is an encoder approximating the smooth coordinate chart ¢ : U; — [0,1]%, fiow : R? = Risa
low-dimensional dense network approximating f; ;0¢~'. This design reduces the number of trainable
parameters in each expert to #(Enc) + O(d?), which is significantly smaller than O(D?) when
d < D. Moreover, this decomposition aligns with the manifold structure of the target function,
improving interpretability. To support encoder learning, one can incorporate a standard reconstruction
loss Eg||Dec(Enc(x)) — |3 using a decoder Dec. We leave empirical validation of this theoretically
motivated architecture for future work.

S Theory for Multi-layer MoE Networks

Piecewise functions as multiple tasks. Modern LLMs are capable of performing a wide range of
tasks, such as mathematics, logical reasoning, language understanding, and code generation. From
a mathematical perspective, each task can be viewed as a function defined on a task-specific input
domain. In practice, these tasks often differ, which are supported on distinct regions 24, - - , Qp,
with distinct corresponding tasks f; : £; — R. Therefore, performing N tasks can be naturally
modeled as approximating a piecewise function: f(x) = f;(x), if @ € ;,i € [N]. While each f;
may be high-order smooth within its region €2;, the global function f may exhibit only low-order
smoothness at the interfaces between adjacent regions.

Key question. Theorem 4.8 shows that a depth-2 MoE network with E experts per layer can
efficiently approximate a piecewise function f comprising F pieces (f|y,, ¢ € [E]) (each handled by
a different expert). A natural question then arises for deep MoE networks:

How many distinct pieces can be efficiently modeled by a deep MoE network?

A naive limitation. As illustrated above, it is intuitive to associate each expert with a distinct task.
A depth-L MoE with E experts per layer contains O(LFE) experts in total, implying a capacity to
model at most O(LE) distinct regions if each expert is used independently.

Overview of our result: beyond the naive limitation. Surprisingly, this limitation can be overcome
when the target function exhibits compositional sparsity. We will show that:

Depth-O(L) MoE networks with E experts per layer can efficiently approximate a piecewise
function comprising E™ pieces, provided the function satisfies a compositional sparsity structure.

This demonstrates that MoE networks can model an exponential number of structured tasks (far
surpassing the native limitation O(LE)) by exploiting structured sparsity in the function.

5.1 Piecewise function with compositional sparsity

Warm-up: Piecewise function on E” unit cubes with
compositional sparsity. Let the domain be M =
[0, E]F, naturally partitioned into £ unit cubes. Con-
sider the following target function:

f(@®) = (fri(w1), foi,(22), -+, frip (z1)),

wherei; € {j € [E] 1z € [j — 1,4]}, VI € [L]. @

Here, each subfunction (subtask) f;; is defined on the ) )
interval Uy ; = [i — 1,4], and f is defined piecewise over Figure 3: Illustration of Eq. (4): a piece-

L . . . wise function f with compositional sparsit
E" regions: U, x -+ x Uy, whered; € [E],l € [L]). P unitfcubes. TheI:)function fIE:c) Y

The function f in Eq. (4) exhibits both: f1,6, (1) f2,65 (x2) is composed from 6 sub-
functions: f1,:(z) = i(i — 1 — 2)(z — i)

* Sparsity: each subfucntion f;; depends only on the and f2,:(2) = i(i — 1 — 2)%(z — i)? on
coordinate z;, not on the full input x. z € [i — 1,4] for i € [3]. Although f is

e . . . . . smooth within each region, it is only 0-order
* Compositionality: the function f is a hierarchical .ontinuous on [0,3] x [0, 3].

composition of L selective subfunctions.



Notably, although there are only LE subfunctions, their composition yields £ distinct functions
across the domain.

Product manifold. We now extend the above formulation to on general manifolds. Consider a
product manifold M = M; x My x --- x M, where each M, is a compact d;-dimensional

manifold in R?, and Zle d; < D. Each input © € M can be written as © = (x1,--- , 1) with
x; € M,.
By compactness, each submanifold M; admits a finite smooth atlas {(Uy s, ¢1,i) }ie[r,) and an

associated partition of unity {py, };c(g,) (by Theorem 4.4). Without loss of generality, we can let
Ey =-..= Er,denoted by E.

General form: piecewise function on product manifold with compositional sparsity. Consider
the target function class admit the form':

J(@) = four(fri (®1), foin(®2), -+, fri, (L)), Where

i€ {j€[E]:x €Uy}, Vel )

Here, each subfunction (subtask) f; ; is defined on the local subregion U; ; C M;, and f,+ composes
their outputs. This extends Eq. (4) from Euclidean coordinates x; € [0, E] to manifold-based
coordinates x; € M. Since f,u can typically be approximated by a dense neural network, we
assume fout = id (the identity map) for simplicity.

We now illustrate this formulation with a concrete example.

Table 2: Semantic interpretation of subregions in Example 5.1

M: Math domain | M,: Language domain
Ui ,1: Geometry Uy 1: English
Ui 2: Algebra Us2: French
U, 3: Analysis Us 3: German

Example 5.1. Let M = M; x M, where each M; is partitioned into three subregions: M; =
Ui UU 2 UUi3, My = Usq UUsz UUs s, with the interpretations given in Table 2. Each
subfunction f; ; solves the a specific type of math problem (e.g., geometry), while each f, ; handles
text comprehension in a specific language (e.g., English). The full function f defined via Eq. (5)
encodes 3 x 3 = 9 compositional tasks of the form:

“Understand and solve the [language type] [math type] problem it”.

For example, if 1 € U; 1 and x5 € Us 1, then f corresponds to the task “understand and solve the
English geometry problem”.

5.2 Theoretical results and insights

We now present our main theoretical result regarding the expressive power of deep MoE networks for
approximating piecewise functions with compositional sparsity.

Theorem 5.2 (Main result). Let the target function f be of the form (5), which comprises E* pieces.
For each | € [L], assume that the atlas {(Uy i, $1:) }ic(p) of M is regular (Definition 4.7). Then

there exists a depth-2L MoE network ¥ € HELE with m >0 (EQ), such that:

3,m

1f = Fllooir < maxmax €507 (fi.)

[L]i€[E]
FFN -1 FEFN -1
< max max & fiiod; +max max & Dri fri0 ;.
= 2 1,0 h 2. 1,7 1,3
le[L] i€[E] m ( b ) le[L] i€[Ey) m ( ) Lidler(jo,1y4)
approximate a low-dimensional function approximate a smooth map

- U)o 1
<maxmax(’)(m Ll 2).
le[L] i€[E]

'To ensure f is well-defined on overlapping charts, we assume f; ;(x;) = f1.;(21), YV, € U N Ui # j.



Theorem 5.2 establishes that a depth-2L. MoE network with F experts per layer can efficiently
approximate a piecewise function with £ pieces, provided the function exhibits compositional
sparsity. The approximation error consists of two components: (i) approximation of local low-
dimensional subfunctions f; ; o (bl_il; (ii) approximation of smooth coordinate maps ¢; ;. The resulting
A7 =L))o . . . . .
approximation rate is max;c(z) max;e[g O (m 4 ""2 ), which avoids the curse of dimenisonality.

In the special case L = 1, this result recovers Theorem 5.2.

Key insight. The proof (deferred to Appendix B) reveals the following intuitions:

Each pair of MoE layers implements I subtasks,
and a depth-2L architecture enables hierarchical composition of E tasks.

* Foreach ! € [L], the (2] — 1)-st and 2[-th layers approximate the E subfunctions f; ;,(i € [E])
defined on the manifold charts U; ; € M and assign x; to their correct experts, following the
same mechanism as in Theorem 4.8.

» Stacking L such MoE blocks composes these representations hierarchically, approximating the
final function (f 4, (z1), -+, fr.i, (xL)).

Illustration via Example 5.1. In Example 5.1 with L = 2 and E' = 3 (3 subregions for each of math
and language). Theorem 5.2 shows that a depth-4 MoE network with 3 experts per layer can express
all 3 x 3 = 9 tasks of the form “understand and solve the [Language type] [math type] problem”.
Concretely,

» Experts in Layer 2 (math) implement f, ; for i = 1, 2, 3, corresponding to “solving geometry/
algebra/analysis problems”, respectively..
 Experts in Layer 4 (language) implement fy4 ; for i = 1,2, 3, corresponding to “understanding
English/French/German”, respectively.
e Layer | and the gating in Layer 2 together perform routing for x;; Layer 3 and the gating in
Layer 4 together perform routing for xs.
Theorem 5.3 (Warmup case). Let the target function f be of the form (4). Then there exists a
depth-2L MoE network U € HELE with m > Q(E), such that:

2,m
— v < ETN(f) < O (m~rUen ),
1f =¥l L m max max 2m (J1.i) mo max O m 2

approximate a 1-dimensional function

Compared to Theorem 5.2, this result requires only: (i) shallower expert networks (2-layer instead
of 3-layer), (ii) smaller expert width (m > Q(FE) instead of Q(FE?)) due to the simple geometry
(Euclidean cubes).

Although each subfunction may have high-order smoothness (x(f; ;) > 1), the composite function f
can exhibit only low-order smoothness (e.g., £(f) = 0, 1) due to low-order regularity at the interfaces
between adjacent regions. As a result, directly approximating the global function f is inefficient. A
natural and efficient approach is to decompose the approximation problem into localized subproblems,
each defined on a simple subregion with high regularity. Our constructive MoE networks can provably
achieve this approach.

6 Experimental Validation

To support our main theoretical results, we conduct two new experiments, each aligned with one of
our key insights. The experimental details are shown in Appendix C.

Experiment 1. Shallow MoEs for low-dimensional functions. To validate our theoretical insight in
Section 4 (Theorem 4.8): shallow MoE networks can efficiently approximate functions supported on
low-dimensional manifolds and overcome the curse of dimensionality.

Specifically, we consider the low-dimensional manifold M = {x € RP : 22 + 22 = 1,2, = 0,Vi >
2} embedded in R? with D > 2. The target function is f(x) = sin(5z1) + cos(3z2), defined on M.
As a model, we consider “1-4-MoE”, a 1-layer MoE comprising 1 router and 4 experts, where each



expert is a two-layer ReLU network with hidden width 10. To validate whether MoE can overcome
the curse of dimensionality, we vary the input dimension D € {16, 32, 64, 128}.

As shown in Table 3, one can see that: as D increases, the test error of MoE does not increase
significantly and remains stable. This supports our insight that shallow MoEs efficiently approximate
functions on low-dimensional manifolds and avoid the curse of dimensionality.

Table 3: (Results of Experiment I) The test error of 1-4-MoE under different input dimensions D.

input dim D 16 32 64 128
test error 3.40e-4 | 3.38e-4 | 3.17e-4 | 3.42e-4

Experiment II. Deep MoEs for piecewise functions. To verify our theoretical insight in Section 5:
depth-O(L) MoE networks with E experts per layers can efficiently approximate piecewise functions
with EL distinct pieces.

As defined in our Figure 3, we consider the piecewise function f with compositional sparsity defined
over 32 = 9 unit cubes. As the model, we consider “2-3-MoE” (a 2-layer MoE comprising 2 routing
layers and 2 expert layers with 3 experts each); To illustrate the role of depth, we also consider a
shallow “1-6-MoE”, with comparable parameter count. Each expert is a two-layer ReLU FFN with
hidden width m € {16, 32, 64, 128}. To validate whether 2-3-MoE and 1-6-MoE can approximate
this target, we vary the hidden width m.

The results, shown in Table 4, illustrate that: (i) As m increases, 2-3-MoE achieves rapidly decreasing
error. This supports that the depth-2 MoE with 3 experts per layers can efficiently approximate this
piecewise function with 32 distinct pieces; (ii) In contrast, 1-6-MoE exhibits a performance plateau,
revealing its limited expressive power. This highlights the crucial role of depth in modeling such
compositional structures.

Table 4: (Results of Experiment IT) The test error of the 2-3-MoE and 1-6-MoE under different hidden width m.
hidden width m of experts 16 32 64 128
test error of 2-3-MoE 8.32e-5 | 1.41e-5 | 4.73e-6 | 2.59e-6
test error of 1-6-MoE 7.96e-5 | 2.17e-5 | 2.65e-5 | 4.60e-5

7 Conclusion and Future Work

In this work, we provide a theoretical study of the expressive power of MoE networks for modeling
structured complex tasks. For shallow MoE networks, we show that they can efficiently approximate
functions supported on low-dimensional manifolds, overcoming the curse of dimensionality. For deep
MOoE networks, we establish that, when the target exhibits a compositional sparsity structure, they
can approximate piecewise functions consisting of exponentially many distinct pieces, effectively
modeling an exponential number of tasks.

Beyond compositional sparsity. Our analysis focuses on compositional sparsity, a structure that
is both theoretically rich and practically relevant. However, real-world problems may involve other
forms of sparsity, such as group sparsity, graph sparsity, or temporal sparsity. Characterizing the
expressive power of deep MoE networks under these alternative structures is an important direction
for future work.

Training dynamics analysis. While our study addresses the approximation capabilities of MoE
networks, a critical open question is whether such expressive solutions can be found via training
algorithms such as stochastic gradient descent. Analyzing the training dynamics of MoE networks is
considerably more challenging than in dense architectures, due to auxiliary load-balancing objectives
and the use of non-differentiable Top-K routing.
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1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We believe that the abstract and introduction reflect the contributions and
scope of the paper.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: In Section 7.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: In Section 4 and 5; Appendix A and B.

Guidelines:

The answer NA means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

All assumptions should be clearly stated or referenced in the statement of any theorems.
The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification: This work is purely theoretical and does not involve experiments.

Guidelines:

The answer NA means that the paper does not include experiments.
If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer:

Justification: The code or data of the experiments are simple and easy to reproduce following
the description in the paper.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

 The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: In Section 6 and Appendix C.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

 The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer:

Justification: The approximation error is deterministic and there is no need to consider the
error bars here..

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).
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« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: In Appendix C.
Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: We have confirmed that the research is conducted with the NeurIPS Code of
Ethics.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: [NA |
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: [NA]
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: [NA|
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: [NA|
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: [NA|
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: [NA|
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: This paper does not use LLMs as an important, original, or non-standard
component of its core methods. LLM is used only for writing, editing, or formatting
purposes.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Proofs in Section 4

A.1 Further Introduction to Manifolds

Compact smooth manifolds M C RP are known to have strong regularity properties.

We begin by introducing the definition of the reach, a geometric quantity affected by two factors: the

curvature of the manifold and the width of the narrowest bottleneck-like structure of M.

Definition A.1 (reach). Let A M) = {z € RP : Ip # g € M,|p—z|2 = |lq — 2|2 =
inj{/{ |ly — z||2} be the set of points that have at least two nearest neighbors on M. Then the reach of
€

M is defined as 7y := inf — z||2.
M zeEM,yc A(M) ”y ”2
The following lemma has established that a compact smooth manifold has positive reach.

Lemma A.2 (Federer (1959)). Let M be a compact smooth manifold in RP. Then it has positive
reach, i.e., Tpqr > 0.

If M has the reach greater than 7 > 0, then intuitively, one can roll freely a ball of radius 7 around it.
This ensures the existence of a well-structured atlas of compact smooth manifold in Example 4.6:

Highly regular atlas of compact smooth manifold M. (Chen et al., 2019) Let r > 0 and consider
the open cover {B(x;r)}zecm of M, where B(z;r) denotes the {2 Euclidean ball of radius r
centered at . Since M is compact, there exists a finite subcover such that M C U;¢gB(c;; ),

where ¢; € M. Now we pick the radius r < 7/2 such that
U =M ﬂB(Ci; T)

is diffeomorphic to a ball in R? (Niyogi et al., 2008). We denote the tangent space at c; as
Te; (M) = span(v; 1, -+ ,v;.4), where {v; 1, - ,v; 4} are orthonormal basis. Define the matrix
Vi=[vi1, - ,vid € RP*4 and construct the chart map as:

bi(x) = b;(V;  (x —¢;) + s;5) € [0,1]%, Vx e U,

where b; € (0, 1] is a scaling factor and s; is a translation vector chosen such that ¢;(x) € [0, 1]%.
Then {(U;, ¢:) }ic|e) is a smooth atlas on M. We call it highly regular, since (i) each U is diffeo-

morphic to a ball in R?; (ii) each chart map ¢; is a linear function, implying infinite smoothness.
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A.2 Proof of Theorem 4.8

For simplicity, we use the notation ||-|| to denote the L., norm in the proof.

Routing mechanism (Layer 1 and gating in Layer 2).

Proof sketch: These components work together to exactly assign each input x to its correct expert
29, Specifically, the first MoE layer h(!) behaves like a dense model, approximating the smooth
partition functions p;’s. Then the Layer-2 gating network ¢(?) selects the expert corresponding to the
region U; such that x € U;.

By Theorem 3.1, there exists E two-layer networks 7; (i € [E]), with width m; > Q(E?), such that:

llpi — 7l < Vi € [E].

1
4F’
Let 7 be the concatenated two-layer network of the E two-layer networks, ie., 7(x) =
(t1(x), -~ ,me(x)) ", then it satisfies:

H(pla" : 7PE)T - 7—|| < T (6)

In Layer 1, each expert network f(1:9) : RP — RP*+¥ shares the same form:

@ = (L8,

The weight matrix Wg) of the gating network g(*) : RP — R¥ can be any constant, such as 0. In
fact, Layer 1 behaves as a standard dense network computing 7.

For the gating network ¢(?) in Layer 2, we define its weight matrix as:

w = (0pxp, Ipxp) € REX(PTE)

Now we check the routing mechanism: given an input x € M, Layer 1 outputs

D (x) = (TZ;:)) c RP+E.

Then the gating output of the Layer 2 is

P (V) = WV (@) = 7(z) € R,
Then it will assign @ to the i,-th expert network in Layer 2, where
(2

ip = argmaxg, () = arg max 7;(x).
i€[E] i€[E]

Since } ;¢ pi(x) = 1and p; > 0,Vi € [E], we must have max;e(g) pi(®) 2 +. Using (6), we
further have:
(2) = max7i(a) > max pi (@) — 1= = 1
T =max7;(x) > max p;(¢) — — = —,
‘e i€[E] Ti i€[E] pi 4E  4AE
which implies
1 3 1 1
>

) > _ [ — .
Pia(®) 2 i (T) = 1 2 5~ qp = o5 0

Thus,
xeU,. @)

This establishes exact assignment of  to its correct region.

Expert networks (Layer 2).
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Proof sketch: Each expert network f(>*) in Layer 2 is responsible for approximating the d-
dimensional local target functions f|y, o d)i_l and the smooth chart maps ¢;.

By Theorem 3.1, there exist two-layer dense networks g; and 1;, with width m, such that

. N AT ) 12 N _rUlygeer D
v, 0¢; ' —gil| <O max{m T ,m <O(m a7 —

lo: = will <O (m=2).

Nl

I/

Let the expert network f(2%) : RPHE _ R as

FE D () :=g; 0 wi(hﬂ};(a:)) = gi o ¥i(x),

which is a three-layer dense network and satisfies:
sup |l (@) = 10 (hO @) = sup |l o 67" 0 6u(a) — g 0 v(@)
xzclU; T

=||flu. 0 ¢y " 0 di — flu, 0 ¢t ot + flu, 0 ;T o th; — gi o |
|| flui o ¢t o ds — flu, 0 b7 o] + || flus 0 677t o v — gi o | (8)
< || Flos 0 677 | ds — will + || flo, 0 677" = gi|

~(fly,0b; ) ) . <(flu,)
=0O|m™ d Nz )

<O <m_ d A
Given an input & € M, the routing mechanism assigns it to the correct expert network f(2%=) which
satisfies ¢ € U;_ (7). Consequently, the approximation error holds:

(@) = £ (D (@) = | flor, (2) = F2) (0 ()|

8) . Ul ) . s(flu) o
<O(m~ 7@ "2 ) <maxO(m~— < 2.

Since x is arbitrary, this concludes the proof.

Nl

The final estimate.

Additionally, although this analysis is based on ReLU-activated experts, the theoretical framework
extends naturally to MoEs with other activation functions (e.g., GeLU, SiLU, Swish) by using the
results in Zhang et al. (2024).

A.3 Proof of Corollary 4.9

The proof follows exactly the same structure as Theorem 4.8, except for a simplification in the step
concerning the Expert networks (Layer 2). We illustrate only the modified part below.

Expert networks (Layer 2).

Compared to Section A.2, the key simplification is that the chart maps ¢; are linear (see Example 4.6).
Thus, we do not need to approximate them with neural networks. We only need to approximate the
composition f|y, o ¢; L using a two-layer network.

By Theorem 3.1, there exists a two-layer dense networks g;, with width m, such that
. 5 w(fly;oo7h) 1/2 - r:(flUimb;l)/\
U, 00 —giH < O max{m™ d ,m~ <O|m™ d

Let the expert network (2% : RPTE 5 R as

FEN D (@) = gi 0 gi(hiip(x)) = gi 0 di(),

M

(0
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which is a two-layer dense network since ¢; is linear and g; is two-layer. It satisfies:

sup [Flo(@) = FED D @))| = sup |lu, 0 67 0 6u(@) — g:0 du(a)|

= flo, 0 ¢7 0 ¢ — gio dil| < || flui 0 b7t — gi| ©9)

_ w(flyoor ) _ s(flu,)
<O (m d 2 | =01|m d 2.

B Proofs in Section 5

B.1 Proof of Theorem 5.2

The key idea is that for each I € [L], Layers 2] — 1 and 2! jointly approximate the subfunction
flm(wl), where 7; € {] S [E} X € Um‘}.
The overall network composition then constructs the full function f from these subcomponents, as
defined in Equation (5).
-

Embedding. To facilitate layerwise operations, we first embed the input ¢ = (x| ,--- , = I )T e

REP into an extended space:

0 T T AT\T LD+L
w():(w17"'a$L70L) eR + y

where the final L entries are used to store the subfunctions approximated in subsequent layers. And
we denote

D:=LD+ L.

For simplicity, we denote the output of 2I-th layer (I € [L]) be (?) RD.

Each two-layer MoE block operates similarly to the shallow case studied in Section A.2, and thus the
core proof strategy carries over. For completeness and clarity, we present the full proof below.

[-th routing mechanism (Layer 2/ — 1 and gating in Layer 2I).

Proof sketch: These components work together to exactly assign x; to its correct expert fb?).
Specifically, the first MoE layer h(?*~1) behaves like a dense model, approximating the smooth
partition functions p; ;’s. Then the Layer-2 gating network g selects the expert corresponding to
the region U; such that x; € Uj ;.

By Theorem 3.1, there exists IV two-layer networks 7 ; (¢ € [E]), with width my; = Q(EQ), such
that:

1
g VR R v E .

1 e lE]
Let 7 be the concatenated two-layer network of the E two-layer networks, i.e., T(l)(ml) =
(r1,i(x1), -+ ,7,p(x;)) T, then it satisfies:

||Pl,z‘ — Tl

1
T_ (Z)H<7. 10
H(phlv ;Pl,E) T 5 AE ( )

(21-14) . RD

In Layer 2! — 1, each expert network f — RD+E ghares the same form:

) (21-2)
(2i-1,i)(.(20-2)y _ [T
/ (@ ) (T(l)(wz)> '

(21-1)

The weight matrix W}(;fl_l) of the gating network g :RP — RE can be any constant, such as

0. In fact, Layer 2/ — 1 behaves as a standard dense network computing 7 (z; ).
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For the gating network ¢(®!) in Layer 21, we define its weight matrix as:

W = (0,4, 5, Tuxs) € REX(DPHE),

Now we check the routing mechanism: given an input x = (21, - ,x1) € M, where ; € M,,
Layer 2/ — 1 outputs

(21-2) <
@-1) _ p@i=1),@2-2)y _ (T ) RP+E
x T € ’
( ) (Tm(ml)

Then the gating output of the Layer 2! is
g(2l)(w(2l71)) _ W}fl)h(zl’l)(ml) _ 7_(l)(wl) c RE.
Then it will assign x; to the ¢, -th expert network in Layer 2, where

ig, = arg maxggm)(acl) = argmax 7 ;(x;).
i€[E] i€[E]
Since Zie[m pui(xy) = 1and p;; > 0,Vi € [E], we must have max;e (g p1,i(x;) = . Using (10),
we further have:
1 3

. — . > - =
Tig, (T1) g{zﬁn,z(wz) fg[m?pu(wz) 15 = 1E

which implies
1 3 1 1

, > 7 >t - s
Piy (@1) 2 7o) (1) = 5 2 5~ g ~ 35 7O

Thus,
x; € Uim, . (11)

This establishes exact assignment of «; to its correct region.

[-th expert networks (Layer 2/).

Proof sketch: Each expert network f(2-9 in Layer 2 is responsible for approximating the d-
dimensional local target functions f ; o qﬁl_il and the smooth chart maps ¢y ;.

By Theorem 3.1, there exist two-layer dense networks g; ; and 1, ;, with width m, such that

B (15007 ) ~ n(fl,,;oqs,j})Al
<O max<{m dp 7m_l/2 <O(m d 2,

prs — il < O (m—1/2) .

Let the expert network f(219) : RD+E — RD a5

-1
Hfl,i ¢ — i

T x
, 0,1 0
(21,1) £L'(2l_1) — (211 — -1
f ( ) gi,i © "/}l 1($1+ 1 )I)E ZE) gi,i © ?/11,1'(331) ’
Op_; OE—l

which is a three-layer dense network and satisfies:

21,
sup ‘flz x;) f,ng;( (2= 1))‘ = sup ‘flzo(b“ o ¢ i(xy) — glzowlz(wz)‘
x, €U ; x el ;

—1 —1 —1
=\[friod; ot — friod; oYiit+ friod; ot —guio Vi
1 1 —1
< Hfl,i o ¢ °bui — friodr; oYl + Hfl,i ° ¢ OV — Gii © Vi
< Hfl,i o dp || Nbwi = vuall + Hfl,i o b, — 9L

—1
~ _rUniod) - _rULad) 1
Olm dy =0(m dy 2.
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The final estimate.

From the above construction, the output of the 2 L-th layer takes the form:

xr

91,3 © ¢1,iw1 (x1)

20 — c RED+HL

gri oYL, (T1)
We decode this vector by applying a linear projection that extracts the last L components, yielding:
91, © Y1y, (T1)
\Il(m) = (OLxLD,ILxL).’I}(zL) = . ERL.

gr,i° Vi, (L)

Now consider an input ¢ = (@1, - ,x) € M. For each [ € [L], the [-th routing mechanism
assigns it to the correct expert network f (2Liz)) | which satisfies x; € Uiml (11). Consequently, the
approximation error holds:

(@) = @) = max | fiiy, (@1) = G, © V1, (@1)
€[L]

(12) - 7K(fl'iml)/\L - 7""(fl,i)/\l
<maxO(m d 2 ) <maxmaxO((m 4 72|,
le[L] le[L] i€[E)]

Since x is arbitrary, this concludes the proof.

B.2 Proof of Theorem 5.3

The proof follows the same structure as Theorem 5.2, except for a simplification in the construction
of the routing mechanism. For completeness and clarity, we provide the full proof below.

The key idea is that for each [ € [L], Layers 2! — 1 and 2/ jointly approximate the subfunction
fri(x)), wherei, e {j e [E]:x, €U ;=[5 —1,j]}

The overall network composition then constructs the full function f from these subcomponents.

For simplicity, we denote the output of 2i-th layer (I € [L]) be () € RE.

[-th routing mechanism (Layer 2/ — 1 and gating in Layer 2/).

Proof sketch: These components work together to exactly assign x; to its correct expert fb1).
Specifically, the first MoE layer h(2=1) behaves like a dense model, serving as an indicator function.
Then the Layer-2 gating network ¢g() selects the expert corresponding to the region U; such that
x; € U 1,i-

Consider the specific indicator function comprising 3 ReLU neurons:

71,i(x;) := ReLU(x; — (i — 1)) + ReLU(x; — i) — 2ReLU(x; — (i — 1/2)), i€ [E].
which satisfies:
>0 ifa; € (i—1,1)
i . 13
(@) {0 else (13)

Let 7() be the concatenated two-layer network of the E two-layer networks, ie., 7()(x;) =
(11.4(x1), -+ ,7.6(x;)) T. Note that the width of 7(!) is only 3E.

In Layer 21 — 1, each expert network f(2=19) : Rl — RE+E shares the same form:

) (21-2)
(2l—1,i) ((20-2)y _ [ &
P = (T )
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The weight matrix W}(%Qlfl) of the gating network g2~ : R — R can be any constant, such as
0. In fact, Layer 2/ — 1 behaves as a standard dense network computing 7 (x;).

For the gating network ¢(2!) in Layer 21, we define its weight matrix as:

wil = (0pxr, Ipxp) € REX(ETE)

Now we check the routing mechanism: given an input = (zy,--- ,77) € [0, E]X, where z; €
[0, E], Layer 2] — 1 outputs

221 = 2D (g (21-2)) (w(2l—2)> € RLHE
T(l)(xl)

Then the gating output of the Layer 2! is
g(zz)(x(m—n) _ ngl)h@l_l)(fvz) _ T(l)(xl) c RE.
Then it will assign z; to the 7, -th expert network in Layer 2, where

= arg max gz@) (x1) = argmax 1y ;(z1).

i€[E] i€[E]

iz

From the property (13), we have:
z €U, (14)

This establishes exact assignment of x; to its correct region.

[-th expert networks (Layer 2[).

Proof sketch: Each expert network f(?%% in Layer 2 is responsible for approximating the 1-
dimensional local target functions fi ;.

By Theorem 3.1, there exist two-layer dense networks g; ;, with width m, such that

i = guall < O (max {m =), m=1/21) < O (mrt0rE)

Let the expert network f(2b9) : REHE  RE a5

FED (@) = | gi(a) |,

which is a three-layer dense network and satisfies:

sup ‘fl,i(fﬂl) - fz(m’i)(w(ﬂ_l))‘ = sup |fri(z1) — gi(z1)]
z €U €U (15)

<o = 91all € © (m~"GsobiDNE) = & (mr(nE)

The final estimate.

From the above construction, the output of the 2L-th layer takes the form:

91, (21)
U(z) =2 = : € RE.
9L, (TL)
Now consider an input © = (z1,--- ,21) € [0, E]L. For each [ € [L], the I-th routing mechanism

assigns it to the correct expert network f(?%=1) which satisfies z; € Ui,, (14). Consequently, the
approximation error holds:

1f () = W) = max|fii,, (21) = g1, (21)
€lL]
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(2) max O (mfn(fhm)/\%) < max max O (mf'/”(f“‘)/\%) .
ZG[L] lG[L] ZG[E]

Since « is arbitrary, this concludes the proof.

C Experimental Details

The experiments in Section 6 are conducted on 1 A100 GPU.

In Experiment I, the models are trained for 2,000 iterations with batch size 128 (online), using
squared loss and Adam optimizer with learning rate 1e-3.

In Experiment II, the models are trained for 5, 000 iterations with batch size 128 (online), using
squared loss and Adam optimizer with learning rate 1e-3.
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