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Abstract

Dataset condensation, particularly via gradient matching, distills massive datasets into
compact synthetic sets, making it an important tool for training under severe storage or
computation constraints. However, despite strong empirical performance on classification
tasks, existing theory largely relies on regression surrogates or static analyses and gives
limited explanation of the underlying classification dynamics. We study gradient-matching
condensation for regularized hinge-loss SVMs under an additive sub-Gaussian classification
model. Our analysis shows that the learned condensed samples act as signal-concentrating
representatives: they aggregate class-level structure while suppressing finite-sample noise and
initialization residuals. This mechanism leads to population generalization guarantees for
geometry-based evaluators and yields an explicit advantage over random one-shot coresets.
The dynamics also identify an early-stopping tradeoff: informative structure is encoded
early, whereas overly long inner loops can weaken certified signal accumulation. We further
give a multiclass one-condensed-sample-per-class extension through a classwise one-vs-rest
update and nearest-prototype evaluation, and simulations on synthetic data and KMNIST
corroborate the predicted geometry, schedule sensitivity, and multiclass behavior.

1 Introduction

Machine learning is entering a new data-driven era as datasets grow at an unprecedented pace. In deep
learning, large-scale datasets such as ImageNet Deng et al. (2009) and multimodal datasets like LAION-5B
Schuhmann et al. (2022) and Infinity-MM Gu et al. (2024) have become indispensable for driving technological
progress, but storing and training on such data incurs substantial computational and infrastructure costs
that hinder deployment in resource-constrained settings.

Dataset distillation and condensation aim to mitigate this bottleneck by synthesizing compact datasets
whose training behavior approximates that of the full data Wang et al. (2018); Sucholutsky & Schonlau
(2021); Bohdal et al. (2020); Zhao et al. (2021); Zhao & Bilen (2021); Lee et al. (2022); Jiang et al. (2023b);
Kim et al. (2022). In particular, gradient-matching condensation Zhao et al. (2021), which aligns the
optimization trajectories of synthetic and real data, has achieved remarkable empirical success even under
extreme compression ratios. However, a significant disparity remains between this empirical progress and our
theoretical understanding of its underlying mechanisms.

Existing theoretical frameworks predominantly rely on regression surrogates (e.g., Kernel Ridge Regression) or
infinite-width limits Izzo & Zou (2023); Maalouf et al. (2023); Chen et al. (2024). These analyses often overlook
the distinct complexities of classification dynamics, which are inherently non-smooth and state-dependent.
Consequently, mechanism-level guarantees for high-dimensional classification—especially for margin-based
learners that rely on geometric decision boundaries rather than algebraic fitting—remain scarce. This leaves
a fundamental question unanswered: How do condensed datasets consistently retain the generalization ability
required for classification tasks despite the loss of sample diversity?

We address this gap by conducting a rigorous dynamical analysis of a practical bilevel gradient-matching
procedure for regularized hinge-loss SVMs. Departing from static analysis, we explicitly track the optimization
trajectory under a standard additive sub-Gaussian noise model. Our primary contribution is a structural
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characterization of the terminal condensed samples in the one-sample-per-class regime. We establish that
a terminal condensed sample is not merely a selected training point, but a synthesized representation: it
emerges as a nonnegative structured combination of signed training samples with deterministic coefficient
bounds. This derivation yields a transparent signal–noise decomposition, quantifying how the algorithm
actively aggregates class-wise signal while averaging out noise, and elucidates the critical role of the inner-loop
schedule in certifying this signal accumulation.

The choice of hinge-loss SVMs is deliberate. Dataset distillation and condensation are often evaluated through
a two-stage protocol: synthetic data are first optimized under a chosen condensation model or matching
objective, and the learned set is then reused for downstream training or evaluation (Wang et al., 2018; Zhao
et al., 2021; Zhao & Bilen, 2021; 2023). Our setting follows this separation: the hinge-loss SVM supplies
tractable margin-based gradient signals during condensation, while the terminal condensed set is evaluated
through geometry-based downstream rules. Although the SVM decision rule is linear, its gradient-matching
dynamics are state-dependent through hinge activity switching, capturing a canonical non-smooth feature of
margin-based classification while remaining analytically tractable.

To convert the structure of a minimal condensed set into test performance, we adopt a directional evaluation
viewpoint. In this setting, a broad family of symmetric evaluators depends primarily on the direction induced
by the two condensed samples, allowing population risk to be controlled by how strongly that direction
captures the underlying signal relative to residual components. Instantiating this geometric control for
both a random one-shot coreset and the learned condensed set yields a provable generalization guarantee
for the terminal output and reveals an explicit class-averaging advantage of condensation over random
selection; moreover, the same analysis identifies a dynamical tradeoff whereby overly long inner loops can
weaken conservative certified bounds, motivating early stopping. We also give a direct K-class extension
for the one-condensed-sample-per-class regime: a classwise OvR gradient-matching update preserves the
coefficient-expansion mechanism class by class, and a nearest-prototype evaluator converts the resulting
classwise signal aggregation into a pairwise multiclass risk bound.

Our contributions are summarized as follows.

1. We identify a signal-aggregation mechanism in gradient-matching condensation for hinge-loss SVMs.
In the one-sample-per-class regime, the learned condensed samples concentrate class signal while
averaging finite-sample noise, and our coefficient bounds quantify how this mechanism depends on
the training schedule.

2. We turn condensed-set geometry into population generalization guarantees. For directional prototype
evaluators, the analysis yields an explicit class-averaging improvement over random one-shot selection;
the same evaluation principle is further extended to a K-class nearest-prototype rule with one
condensed sample per class.

3. We explain schedule sensitivity through the dynamics and validate the resulting predictions. The simu-
lations confirm signal alignment, early-stopping behavior, cross-model transfer, and the corresponding
classwise aggregation effect in the multiclass OvR extension.

To contextualize our contributions, Table 1 compares our work with representative theoretical studies on
distillation/condensation. Our core dynamical analysis is developed for gradient-matching condensation with
hinge-loss SVMs in the binary setting, while the evaluation viewpoint applies more broadly to downstream
rules governed by condensed-set geometry. Appendix B gives the corresponding K-class one-condensed-
sample-per-class extension through a classwise OvR update and a nearest-prototype multiclass risk bound.

1.1 Related Works

1.1.1 Dataset Condensation and Distillation

Pioneered by Wang et al. (2018), dataset distillation aims to compress a large dataset into a small synthetic
one that preserves training utility. To improve scalability, Zhao et al. (2021) proposed dataset condensation,
which optimizes synthetic samples by matching the gradients of models trained on real versus synthetic
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Table 1: Comparison of representative theoretical studies on dataset distillation/condensation. For works
that provide method-agnostic laws without committing to a specific learner, the model entry is marked as
“–”. (GLM: Generalized Linear Model, KRR: Kernel Ridge Regression, SVM: Support Vector Machine)

Work Task Type Model Key Focus Dynamics? Noise Model

Izzo et al. Izzo
& Zou (2023)

Regression GLM / KRR Exact Recovery ✗ ✗

Maalouf et al.
Maalouf et al.
(2023)

Regression KRR Size–Error Bound ✗ ✗

Chen et al.
Chen et al.
(2024)

Regression KRR Recovery Conditions ✗ ✗

Luo and Xu
Luo & Xu
(2025)

General – Utility Boundary ✓ ✗

Our Work Classification SVM Signal Learning ✓ ✓

data. This gradient-matching paradigm significantly accelerates optimization compared to back-propagating
through unrolled trajectories and has been further refined via differentiable augmentations (Zhao & Bilen,
2021) and multi-level optimization strategies (Jiang et al., 2023a). Beyond single-step gradient alignment,
recent works have explored alternative matching objectives. Cazenavette et al. (2022) introduced trajectory
matching, which aligns the long-horizon training paths of student networks to capture temporal training
dynamics. Conversely, to bypass the computational cost of bi-level optimization entirely, Zhao & Bilen (2023)
proposed distribution matching, which directly aligns the feature distributions of synthetic and real data.
While these methods offer different trade-offs in computational cost and performance, our work specifically
focuses on establishing a theoretical foundation for the widely used gradient-matching framework.

Despite substantial empirical progress in dataset condensation, theoretical research on the topic remains
comparatively limited and fragmented, especially for classification-oriented condensation. Existing analyses
largely concentrate on regression and kernelized settings, providing recovery or approximation guarantees
for generalized linear models and kernel ridge regression Izzo & Zou (2023); Maalouf et al. (2023); Chen
et al. (2024). Recently, Aoyama et al. proposed a duality-gap-based kernel distillation framework that
extends kernel inducing point methods beyond squared loss (e.g., to hinge and cross-entropy) and provides
bounds on parameter deviation and the resulting prediction/test errors Aoyama et al. (2025). Luo and Xu
developed a configuration–dynamics–error framework that yields a scaling law in distilled set size for a fixed
configuration and a configuration-coverage law characterizing how the required distilled size grows with
configuration diversity Luo & Xu (2025). Nevertheless, a mechanism-level understanding of when and why
condensation preserves classification generalization under explicit noise models—particularly for margin-based
learners—remains insufficiently characterized. Our work bridges this gap through a theoretical framework
that jointly characterizes optimization dynamics and generalization guarantees in classification-oriented
dataset condensation.

1.1.2 Benign Overfitting and High-Dimensional Classification

The phenomenon of benign overfitting has been extensively analyzed in high-dimensional linear classification.
Seminal works have characterized the generalization error of maximum margin classifiers (SVMs) under
Gaussian mixture models Wang & Thrampoulidis (2020); Chatterji & Long (2021) and extended these results
to multiclass settings Wang et al. (2021). Subsequent research has broadened this scope to accommodate label
noise Wen et al. (2023); Frei et al. (2022) and heavy-tailed distributions Okudo & Kobayashi (2024). While
our work focuses on dataset condensation rather than overfitting per se, we adopt similar high-dimensional
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analysis techniques and additive noise models to characterize the signal-to-noise dynamics of the learned
condensed samples.

2 Preliminaries

A complete notation table is provided in Appendix A (Table 2). This section introduces the data genera-
tion model, the SVM objective, the gradient-matching condensation algorithm, the directional evaluation
framework, the key assumptions, and the multiclass extension studied in Appendix B.

2.1 Data generation model

We consider an additive class-conditional model in Rd. The label space is Y = {−1,+1} for binary classification
and Y = [K] := {1, . . . ,K} for K-class classification. A sample (x, y) is generated as

x = µy + ξ, (1)

where µy ∈ Rd is the class-dependent signal and ξ ∈ Rd is mean-zero noise independent of y.

The noise is sub-Gaussian with covariance Σξ ⪰ 0. Concretely, we write ξ = Σ1/2
ξ ζ, where ζ ∈ Rd has

independent, mean-zero, sub-Gaussian coordinates with unit variance. In particular, Cov(ξ) = Σξ (see
Definition C.1).

Let D denote the population law of (x, y) induced by equation 1. We observe an i.i.d. training set T =
{(xT

i , y
T
i )}nT

i=1, where each (xT
i , y

T
i ) is independently sampled from D. For k ∈ Y, define the index set and

sample size Ik(T ) = {i ∈ [nT ] : yT
i = k} and nT ,k = |Ik(T )|. In the binary case, we set µ+1 = µ and

µ−1 = −µ for some µ ̸= 0, so that x = yµ + ξ is a special case of equation 1.

2.2 Support Vector Machines

Binary SVM. For y ∈ {−1,+1} we study the regularized hinge-loss objective

LT (w) := 1
nT

nT∑
i=1

(
1− yT

i w⊤xT
i

)
+ + λ

2 ∥w∥
2
2, (2)

where λ > 0 and (a)+ := max{a, 0}. We omit an explicit bias term for simplicity (it can be incorporated by
augmenting x with a constant coordinate).

Define the margin uT
i (w) := yT

i w⊤xT
i . At the hinge boundary we fix the deterministic subgradient selection

qT
i (w) := 1{uT

i (w) < 1}. (3)
This convention agrees with the ordinary hinge derivative away from uT

i (w) = 1 and assigns the boundary
case to the inactive side. A valid subgradient of equation 2 is therefore

∇wLT (w) ∈ λw− 1
nT

nT∑
i=1

qT
i (w) yT

i xT
i . (4)

Thus the SVM gradient is governed by the current active set of margin-violating samples. This active-set
dependence makes the dynamics state-dependent, while within each fixed active-set region the update is
affine. We define LS(w) and ∇wLS(w) analogously for a synthetic dataset S. We also write the signed
sample zT

i := yT
i xT

i , so that the data-dependent term in equation 4 becomes 1
nT

∑
i q

T
i (w) zT

i .

2.3 Gradient-Matching Dataset Condensation Algorithm

We specify the dataset condensation (DC) algorithm analyzed in the rest of the paper. The procedure is a
hinge-loss SVM specialization of gradient matching Zhao et al. (2021). It compresses the training set T into
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a synthetic set S by making the data-dependent SVM subgradient computed on S mimic the corresponding
subgradient computed on T along repeatedly initialized training trajectories.

Algorithm 1 implements the condensation stage of our pipeline. The SVM supplies a low-cost proxy gradient
that shapes the synthetic samples; after condensation, the learned set Sdc may be passed unchanged to any
downstream evaluator whose decision rule depends on the condensed-set geometry described in Subsection 2.4.

The main analysis focuses on the binary one-sample-per-class regime S = {(xS
+,+1), (xS

−,−1)} with nS = 2.
We write the algorithm in signed coordinates zS

y := y xS
y for y ∈ {±1}; under the symmetric binary model,

both class signals then equal the common direction µ. For a class block Ay of a dataset A, define the
activity-weighted signed mean at the current model state by

gAy (w) := 1
nAy

∑
i∈Iy(A)

qA
i (w) zA

i , (5)

with the convention gSy
(w) = qS,y(w)zS

y for the singleton condensed class. The regularization term λw is
common to the real and synthetic SVM subgradients, so the classwise matching step only needs to align the
data-dependent terms in equation 5. The gradient-matching discrepancy for class y is therefore

Dy(S; w) :=
∥∥gSy

(w)− gTy
(w)

∥∥2
2 . (6)

The algorithm has two nested loops. At the beginning of every outer loop tout, the SVM weight vector is
reinitialized from a small isotropic Gaussian distribution. The condensed samples are not reinitialized; they
are inherited from the end of the previous outer loop. Within the inner loop, the algorithm alternates between
a classwise synthetic-data update and an SVM weight update. Throughout the synthetic-data update, the
hard hinge activity indicators are evaluated at the current iterate and their derivatives with respect to the
synthetic samples are taken to be zero, which agrees with their almost-everywhere derivative and fixes the
convention at hinge switching boundaries. The resulting classwise gradient step induced by equation 6 takes
the explicit form

zS,(tout,tin+1)
y = zS,(tout,tin)

y + 2ηSq
(tout,tin)
S,y

(
g(tout,tin)

Ty
− g(tout,tin)

Sy

)
. (7)

Thus, when the condensed sample is hinge-active, it is pulled toward the activity-weighted signed mean of
the real samples in the same class; when it is inactive, the corresponding classwise synthetic update vanishes.
The SVM weights are then updated on the real training objective:

w(tout,tin+1) = (1− ηwλ)w(tout,tin) + ηwg(tout,tin)
T , g(tout,tin)

T := 1
nT

nT∑
i=1

q
T ,(tout,tin)
i zT

i . (8)

This explicit form explains why the terminal condensed samples admit a tractable signal–noise expansion.
During hinge-active periods, equation 7 is an affine contraction toward the classwise signed mean of the
training data, with contraction factor ρS = 1− 2ηS . Across outer loops, repeated inheritance accumulates
classwise signal while averaging finite-sample noise. The main results below quantify this mechanism by
unrolling equation 7 over the bilevel schedule and translating the resulting condensed-set geometry into
population risk bounds.

2.4 Prototypical Evaluation Framework

Algorithm 1 describes the condensation stage: the SVM provides a tractable margin-based gradient signal for
updating the synthetic data, while the learned set Sdc is later evaluated through downstream rules determined
by its geometry.

For a binary condensed set with one sample per class, the relevant geometric object is the direction connecting
the two condensed samples. The following definition records the class of evaluators whose population risk is
governed by this direction.
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Algorithm 1 Gradient-Matching DC for Hinge-Loss SVM (One Sample per Class)
Input: Training set T , loop lengths Tout and Tin, step sizes ηw and ηS
Output: Condensed set Sdc
Initialize signed condensed samples zS,(0,0)

y ∼ N (0, σ2
SId) for y ∈ {±1}

for tout = 0 to Tout − 1 do
Initialize w(tout,0) ∼ N (0, σ2

wId)
if tout > 0 then

Set zS,(tout,0)
y ← zS,(tout−1,Tin)

y for each y ∈ {±1}
end if
for tin = 0 to Tin − 1 do

Compute the hinge indicators qT ,(tout,tin)
i and q

(tout,tin)
S,y

Compute g(tout,tin)
T , g(tout,tin)

Ty
, and g(tout,tin)

Sy
from equation 5

for y ∈ {±1} do
Update zS

y by equation 7
end for
Update w by equation 8

end for
end for
Return: Sdc = {(yzS,(Tout−1,Tin)

y , y) : y ∈ {±1}}

Definition 2.1 (Directional prototype evaluator). Let S = {(x+,+1), (x−,−1)} be a binary condensed
dataset with one sample per class. Define the two-sample difference vector s(S) := x+ − x−. A learning
algorithm is a directional prototype evaluator if:

1. Directional Alignment: The learned weight vector aligns with the two-sample difference, i.e.,
ŵS := wS/∥wS∥2 = s(S)/∥s(S)∥2.

2. Alignment-Based Risk: The generalization risk on distribution D depends solely on this direction:
R(S) := P(x,y)∼D(y⟨ŵS ,x⟩ < 0).

In the one-sample-per-class setting, several standard evaluation rules reduce to a boundary whose normal
direction is s(S). The following examples illustrate common cases:

• SVM and logistic regression. With one sample per class, symmetric regularized linear objectives
include cases whose fitted direction is parallel to x+ − x−; in particular, a linear SVM has maximum-
margin normal direction x+ − x− up to scaling.

• Nearest centroid classifier. The distance rule ∥x− x+∥2 < ∥x− x−∥2 is algebraically equivalent
to the linear comparison ⟨x,x+ − x−⟩ > C, where C = (∥x+∥2

2 − ∥x−∥2
2)/2.

• Feature-space nearest-centroid rules. In representation spaces where neural-collapse geometry
is observed (Papyan et al., 2020), class features concentrate around their means and the classifier
behaves analogously to a nearest-centroid rule in feature space.

Our risk bounds therefore apply to any downstream rule satisfying Definition 2.1; the examples above identify
familiar settings where this directional condition is natural.

2.5 Assumptions

This subsection collects the assumptions used in the binary analysis. They specify the signal scale, the
concentration regime, the stable step-size range, and the initialization scale.
Assumption 2.2. Fix a tail parameter δ ∈ (0, 1) and constant κ > 0. Let Cκ > 0 denote the concentration
constant determined by the choice of κ. We condition our analysis on the intersection of the high-probability
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events defined in Lemmas C.2–C.5 (Section C.1), ensuring that the total failure probability is at most δ. We
assume the following conditions hold:

A1. Signal strength. The signal-to-noise ratio satisfies

∥µ∥2√
∥Σξ∥op

√
d
≥ 2Cκ.

A2. High dimension. The input dimension d is sufficiently large relative to the number of outer loops
Tout, the condensed-set size nS , the training-set size nT , and the failure probability δ:

d ≥ κ log
(

24Tout nS nT

δ

)
.

A3. Small learning rate. The step sizes are chosen to ensure stability, where ηw and ηS denote the
inner-loop step sizes for updating w and S, respectively:

0 < ηwλ ≤ 1, 0 < 2 ηS ≤ 1.

A4. Small initialization. Define ρS := 1− 2ηS . The weight initialization satisfies

σw <
1

(2Cκ + 1)∥µ∥2
√
d
.

The synthetic initialization satisfies

σS < min

 1
Cκ σw d

,
λ

(2Cκ + 1)∥µ∥2
√
d
, ρTin

S

√
2∥Σξ∥op

nT

 .

Assumptions A1 and A2 are the high-dimensional signal and concentration conditions used to separate the
class signal from the sub-Gaussian noise Chatterji & Long (2021); Cao et al. (2022); Kou et al. (2023); Okudo
& Kobayashi (2024). Assumption A3 keeps the weight and condensed-sample updates in the stable contraction
regime. Assumption A4 imposes signal-scale small random initialization on both the model weights and the
synthetic samples, so that the initial hinge margins lie in the active region and the initialization residual
remains controlled by the noise scale.

2.6 Multiclass Classwise OvR Extension

The main results below focus on the binary one-sample-per-class setting, where signed coordinates reduce the
two condensed samples to a common signal direction. Appendix B introduces the corresponding K-class
setup. In that extension, the condensed object is a single multiclass set P = {(pk, k) : k ∈ [K]} with one
condensed sample per class, rather than K separate two-point condensed sets obtained from independent
one-vs-rest reductions.

The multiclass condensation step uses K binary OvR heads. For head h, class h is positive and every other
class is negative, with sign τh,k = 21{h = k} − 1. The class-k condensed sample is updated by matching,
averaged over heads, its OvR signed gradient term against the same-class real-data OvR gradient term. This
defines a classwise OvR gradient-matching objective while keeping a single shared multiclass condensed set.

The corresponding multiclass evaluator is the nearest-prototype rule induced by the condensed set,

hP(x) := arg min
k∈[K]

∥x− pk∥2
2 = arg max

k∈[K]

{
⟨x,pk⟩ −

1
2∥pk∥2

2

}
.

Its population risk is Rmc(P) := P(x,y)∼D(hP(x) ̸= y). This evaluator is the multiclass counterpart of the
two-sample geometric evaluator used in the binary analysis: it compares the test point with one representative
per class and includes the class-dependent quadratic bias in the equivalent score form. The detailed guarantees
for this classwise OvR construction are stated after the binary results and in Appendix B.
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3 Main Results

This section states the main guarantees. The binary one-sample-per-class result is the technical core: the
terminal condensed samples achieve a population risk bound controlled by a certified signal-to-residual ratio.
We then give the two ingredients behind this theorem: a dynamical expansion showing that the terminal
condensed samples are nonnegative combinations of training samples (Section 3.2), and a geometric reduction
converting that expansion into signal-to-residual lower bounds (Section 3.3). The corresponding K-class
statement is summarized at the end of the section and stated in full in Appendix B.

3.1 Provable generalization for gradient-matching condensation

The main theorem shows that the terminal output of the gradient-matching procedure retains enough signal
to generalize under the population model. Let t⋆ := (Tout − 1, Tin) and write zS

y := zS,(t⋆)
y for the terminal

signed condensed sample produced by Algorithm 1 for class y ∈ {±1}. Since our dynamics are written in
signed coordinates z = yx, the terminal condensed dataset in the original input space is

Sdc := {(yzS
y , y) : y ∈ {±1}} = {(zS

+,+1), (−zS
−,−1)}. (9)

The bound applies to the directional evaluator induced by this two-point output. Its exponent is governed by
the certified signal-to-residual ratio SRdc, derived in Lemma 3.7.
Theorem 3.1 (Provable generalization for the terminal condensed samples). Assume the additive model in
equation 1 and Assumption 2.2. Run Algorithm 1 with one signed condensed sample per class, and let Sdc
be its terminal output defined in equation 9. Then, with probability at least 1− δ, the population risk of the
induced directional evaluator satisfies

R(Sdc) ≤ exp

− ∥µ∥2
2

2∥Σξ∥op

((
SRdc − 1
SRdc + 1

)
+

)2
 , (10)

where (u)+ := max{u, 0} and SRdc is the certified lower bound on the signal-to-residual ratio specified in
equation 20.

Under the signal-strength condition in Assumption A1, the certified ratio satisfies

SRdc ≥ 2
√
Cκ L

√
nT , (11)

where L is the dimensionless factor defined in Lemma 3.7. It summarizes the coefficient mass accumulated
during certified classwise-averaging windows, the effect of class balance, and the contribution of coefficient
mass outside those windows. The same signal-strength condition yields a direct dimension-dependent form of
the population-risk exponent. Since ∥µ∥2

2/(2∥Σξ∥op) ≥ 2C2
κd, equation 10 implies

R(Sdc) ≤ exp

−2C2
κd

((
SRdc − 1
SRdc + 1

)
+

)2
 . (12)

Thus the guarantee is nontrivial whenever SRdc > 1, and the exponent scales linearly with the ambient
dimension when this ratio is bounded away from one. Section 3.3 explains the two components of the certified
ratio: the prefactor √nT is the class-averaging scale, while L records how much of that scale remains after
accounting for coefficient mass outside the certified averaging windows.

3.2 Dynamical structure: Signal–noise expansion

To prove Theorem 3.1, we first characterize the terminal condensed samples produced by the bilevel dynamics.
We write t⋆ := (Tout − 1, Tin) for the terminal time index. The lemma below connects the gradient-matching
recursion to condensed-set geometry. Part (i) gives linear-window lengths, namely initial inner prefixes on
which the training-set and condensed-set hinge indicators remain active under the high-probability controls
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used in the analysis. On these prefixes the update is affine and can be unrolled. Parts (ii)–(iii) then express
each terminal signed condensed sample as a nonnegative combination of initialization and training data, with
coefficient bounds determined by ρS and by the joint window length Ty,lin(r) = min{TT ,lin, TS,lin(r)}.

The condensed-set window TS,lin(tout) is indexed by the outer round. Starting from the reset weights at
(tout, 0), it is the length of the initial inner prefix on which both condensed samples remain strictly inside the
±1 margin band, using the hinge indicators in equation 3. This mirrors the training-set window TT ,lin. Their
minimum is the interval on which a classwise condensed update is certified to be an affine averaging step,
and this is the interval that controls the coefficient lower bounds.
Lemma 3.2 (Terminal condensed-sample expansion). Assume the additive model in equation 1 and Assump-
tion 2.2, and consider the one-sample-per-class output of Algorithm 1. Set ρS := 1 − 2ηS . Fix y ∈ {±1}.
Recall that we work with signed samples z := yx, and the synthetic initialization satisfies zS,(0,0)

y ∼ N (0, σ2
SId).

(i) There exist
(
TT ,lin, {TS,lin(tout)}Tout−1

tout=0
)
∈ {0, . . . , Tin} × {0, . . . , Tin}Tout such that qT ,i

(
w(tout,t)) = 1

for all i ∈ I(T ) and all t ≤ TT ,lin, and q(tout,t)
S,y = 1 for all t ≤ TS,lin(tout).

(ii) There exist coefficients ũ(t⋆)
y ≥ 0 and {c̃(t⋆)

y,j ≥ 0}j∈I(Ty) such that, with c̃
(t⋆)
y,µ :=

∑
j∈I(Ty) c̃

(t⋆)
y,j and

c̃
(t⋆)
y :=

(
c̃

(t⋆)
y,j

)
j∈I(Ty), the terminal signed condensed sample admits the expansion

zS,(t⋆)
y = ũ(t⋆)

y zS,(0,0)
y +

∑
j∈I(Ty)

c̃
(t⋆)
y,j zT

j . (13)

(iii) The initialization coefficient satisfies

ρToutTin
S ≤ ũ(t⋆)

y ≤ ρ
∑Tout−1

k=0
TS,lin(k)

S . (14)

Define Ty,lin(r) := min{TT ,lin, TS,lin(r)}. There exist deterministic quantities Bout ≥ 1, uout =
(1− ρTin

S )Bout, and ℓy ∈ [0, uout], depending only on ρS and the certified window lengths, such that the
following bounds hold. The explicit construction of these quantities is recorded in Lemma D.8 in the
appendix. For every j ∈ I(Ty),

ℓy

nTy

≤ c̃(t⋆)
y,j ≤

uout

nTy

. (15)

Consequently,

ℓy ≤ c̃(t⋆)
y,µ ≤ uout,

ℓy√
nTy

≤
∥∥c̃(t⋆)

y

∥∥
2 ≤

uout√
nTy

. (16)

(iv) Moreover, let Gmax denote the high-probability upper bound on pairwise signed-sample inner products,
so that ⟨zT

i , zT
i′ ⟩ ≤ Gmax for all i, i′ ∈ I(T ) on the event in Assumption 2.2. If Gmax < λ, then

qT ,i(w(tout,tin)) = 1 and q(tout,tin)
S,y = 1 for all indices, and the coefficients simplify to

ũ(t⋆)
y = ρToutTin

S c̃
(t⋆)
y,j = 1− ρToutTin

S
nTy

. (17)

Remark 3.3. Part (i) provides initial linear windows for the training and condensed dynamics. On these
windows, the hinge activity indicators stay at one throughout the corresponding initial inner loop. Thus the
subgradient pattern is fixed on the certified prefix, and the inner-loop map reduces to an affine contraction
that can be unrolled explicitly.
Remark 3.4. Part (ii) supplies nonnegative coefficients ũ(t⋆)

y and {c̃(t⋆)
y,j } for the initialization and the class-y

training samples. It specifies how the terminal signed condensed sample can be expressed as a nonnegative
combination of the initialization and the signed training points. This is the basic “signal–noise” template:
ũ

(t⋆)
y weights the random initialization, while {c̃(t⋆)

y,j } allocates mass across the real samples in class y.

9
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Remark 3.5. Part (iii) turns the abstract expansion in equation 13 into concrete two-sided bounds on each
coefficient. For the initialization weight, the bound ρToutTin

S ≤ ũ
(t⋆)
y ≤ ρ

∑
k

TS,lin(k)
S says that the random

synthetic draw is attenuated by the active portions of the dynamics: the more time per outer round the
condensed sample spends in the hinge-active regime, the more strongly the initialization is contracted. The
quantity ℓy is the amount of terminal training coefficient mass contributed by steps whose classwise updates
are certified to be uniform averages, while uout is the corresponding upper envelope for the total terminal
training mass. The coordinatewise bound equation 15 separates this averaged contribution from the remaining
coefficient mass not covered by that lower bound; this remainder is accounted for in Lemma 3.7 through
∆y = uout − ℓy.
Remark 3.6. Part (iv) gives a closed-form specialization in the strong-regularization regime Gmax < λ: full
activity persists throughout training and condensation, the initialization weight decays exponentially, and
the training coefficients become uniform within each class, making explicit the averaging mechanism on the
classwise noise.

3.3 Geometric analysis: From structure to risk

We next translate the structural controls from Lemma 3.2 into the population classification guarantee. The
next lemma gives the geometric risk reduction for directional evaluators and lower bounds the signal-to-
residual ratio ŜR(S) for both a random one-shot coreset and the terminal condensed set. The latter lower
bound is the certified constant SRdc used in Theorem 3.1.
Lemma 3.7 (Directional risk bound and signal-to-residual lower bounds). Assume the test distribution
follows the additive model x = yµ + ξ with y ∈ {±1} and mean-zero sub-Gaussian noise ξ with proxy
covariance Σξ, and let (u)+ := max{u, 0}. For any two-point set S = {(x+,+1), (x−,−1)}, define ŵS :=
(x+− x−)/∥x+− x−∥2 and R(S) := P

(
y⟨ŵS ,x⟩ < 0

)
. Suppose x+− x− = A(S)µ + r(S) for some A(S) > 0,

and define ŜR(S) := A(S)∥µ∥2/∥r(S)∥2 (with ŜR(S) = +∞ if r(S) = 0). Then the following hold.

(i) The population risk satisfies

R(S) ≤ exp

− ∥µ∥2
2

2∥Σξ∥op

((
ŜR(S)− 1
ŜR(S) + 1

)
+

)2
 . (18)

(ii) Assume Assumption 2.2 and the training model xT
i = yT

i µ + ξi. Pick any i+ ∈ I(T+) and i− ∈ I(T−)
and set Score = {(xT

i+
,+1), (xT

i−
,−1)}. On the high-probability event in Assumption 2.2, letting Cκ denote the

corresponding constant, we have

ŜR(Score) ≥ 2∥µ∥2√
2(1 + 2Cκ) ∥Σξ∥op d

. (19)

(iii) Assume the hypotheses of Lemma 3.2 and consider the terminal condensed set Sdc in equation 9. Let Bout,
uout, and ℓy, for y ∈ {±1}, be the deterministic coefficient quantities from Lemma 3.2. Set py := nTy/nT ,
βp := p

−1/2
+ + p

−1/2
− , and ∆y := uout − ℓy. Define the dimensionless factor

L := ℓ+ + ℓ−

Boutβp +
∑

y∈{±1} ∆y

(√
nT − p−1/2

y

) .
Then, on the same high-probability event,

ŜR (Sdc) ≥ SRdc =
√
nT L∥µ∥2√
Cκ ∥Σξ∥op d

. (20)

10
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Remark 3.8. The risk upper bound equation 18 is governed by the signal-to-residual ratio ŜR(S). Larger
values yield a more negative exponent and a tighter bound, while ŜR(S) ≤ 1 makes the exponent term equal
to zero and gives only the vacuous bound R(S) ≤ 1.

Remark 3.9. Comparing equation 19 and equation 20, the condensed lower bound displays the class-averaging
scale through the explicit prefactor √nT . The dimensionless factor L determines how much of that scale is
certified by the dynamics. Its numerator ℓ+ + ℓ− is the coefficient mass that enters through certified classwise
averaging, while the denominator combines the class-balance and averaged-residual term Boutβp with the
cost of the non-averaged remainder

∑
y ∆y(√nT − p−1/2

y ).

Remark 3.10. The factor L determines whether the explicit prefactor √nT in equation 20 is retained after
accounting for activity switching. Lemma D.12 in the appendix quantifies the loss incurred when the certified
active prefix is shorter than the full inner loop. With T := Tin, ρ := ρS , and

MS := max
0≤r≤Tout−1

Tout−1∑
k=r+1

(
T − TS,lin(k)

)
,

this deficit is
Wwin := (1− ρT )(1− ρMS ) + max

y∈{±1}
0≤r≤Tout−1

(
1− ρT −Ty,lin(r)).

The first term measures the effect of later condensed active prefixes that are shorter than T : if a contribution
is injected in an early outer round, then subsequent outer rounds with TS,lin(k) < T leave less certified
contraction on that contribution. The quantity MS records the largest cumulative future gap

∑
k(T−TS,lin(k)).

The second term measures the gap within the current outer round: classwise averaging is certified only up to
Ty,lin(r), so the remaining T − Ty,lin(r) inner steps are not treated as averaged updates. Hence Wwin = 0
when all relevant active prefixes have full length T , while larger values indicate that more terminal coefficient
mass may lie outside the certified classwise-averaging part. Lemma D.12 proves the deterministic comparisons
between Wwin, the remainders ∆y, and the factor L, yielding the following regimes.

(i) In the full-activity regime Gmax < λ, all windows have full length and Wwin = 0. The terminal training
coefficients are exactly uniform within each class, so the non-averaged remainder vanishes. In this case

L = 2(1− ρT )
βp

,

so the bound retains the full √nT class-averaging scale up to the class-balance factor.

(ii) In the small-remainder regime, if Wwin = o(1− ρT ) and Wwin = O(βp/
√
nT ), then the coefficient mass

outside the certified averaging part is at most comparable to the empirical averaging scale. Lemma D.12
gives L = Ω((1 − ρT )/βp), and if the second condition is strengthened to Wwin = o(βp/

√
nT ), then

L = (1 + o(1))2(1− ρT )/βp.

(iii) In the switching-dominated regime, the total remainder
∑

y ∆y is large enough that the non-averaged
part of the residual dominates the averaged-residual term in the denominator of L. For example, if
nmin →∞ and

∑
y ∆y = Ω(Bout(1− ρT )), Lemma D.12 gives L = O(n−1/2

T ). The proof still yields a
valid lower bound, but it no longer certifies a growing √nT class-averaging gain.

Theorem 3.1 follows by combining the certified signal-to-residual lower bound for the terminal condensed set
with the directional-evaluator risk reduction.

Proof of Theorem 3.1. Lemma 3.7(iii) gives ŜR(Sdc) ≥ SRdc, and Lemma 3.7(i) bounds R(Sdc) by the

right-hand side of equation 18. Since t 7→
((

t−1
t+1

)
+

)2
is nondecreasing on [0,+∞), substituting SRdc yields

equation 10.

11
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3.4 Multiclass consequences

The same coefficient-expansion mechanism extends to the K-class classwise OvR setting introduced in
Subsection 2.6. Let Pdc = {(pS,(t⋆)

k , k) : k ∈ [K]} be the terminal multiclass condensed set. Theorem B.3 shows
that, for every class k, the terminal condensed sample admits a nonnegative same-class expansion pS,(t⋆)

k =
u

(t⋆)
k pS,(0,0)

k +
∑

i∈Ik(T ) c
(t⋆)
k,i xT

i , with coefficient bounds controlled by the classwise OvR active windows. In the
full-activity specialization, this expansion reduces to the contraction pS,(t⋆)

k = ρToutTin
S pS,(0,0)

k +(1−ρToutTin
S )µ̂T

k

toward the empirical class mean.

For the nearest-prototype evaluator introduced in Subsection 2.6, Theorem B.4 gives a pairwise multiclass
risk bound controlled by the class separations γkℓ = ∥µk − µℓ∥2 and the perturbations of the condensed
samples from their class means. Corollary B.5 combines this geometric bound with the OvR coefficient
expansion to obtain a certified K-class risk guarantee for Pdc. Thus the multiclass result preserves the binary
proof strategy at the level of classwise affine recursions, while replacing the binary directional evaluator by a
nearest-prototype pairwise comparison.

4 Simulation

This section empirically examines the mechanisms predicted by the theory. The binary experiments are the
primary tests of the single-sample-per-class setting S = {(x+,+1), (x−,−1)}: they measure signal aggregation,
the effect of the inner-loop length, and the transferability of the learned condensed-set geometry across
downstream evaluators. We further include a focused K-class OvR experiment to evaluate whether the same
classwise aggregation effect persists in the one-condensed-sample-per-class extension.

Setup. We implement the bilevel gradient matching routine in Algorithm 1 with the deterministic hinge
subgradient selection q(w) = 1{u(w) < 1} and the classwise update rule specialized to nS = 2, and we
denote by S⋆ the terminal condensed set after the prescribed (Tout, Tin) bilevel iterations. In the synthetic
experiments, we sample a balanced training set T from the additive model x = yµ + ξ and report the
geometric alignment cos

(
s(S⋆),µ

)
, where s(S) := x+ − x−, together with the downstream test accuracy of a

linear SVM trained on S⋆ and evaluated on a held-out test set. On KMNIST, we use a two-class subset and
evaluate the same condensed set under multiple downstream models, following the evaluation viewpoint in
Subsection 2.4. All reported quantities are averaged over nseeds = 5 runs and shown as mean ± one standard
deviation. Full hyperparameters, reproducibility details, and additional numerical tables are reported in
Appendix E. The main baseline is a random one-shot coreset that selects one real training sample per class
and uses the same downstream training pipeline as S⋆.

Condensed-sample aggregation and effectiveness on synthetic data. To visualize aggregation,
Figure 1a projects samples onto the signal coordinate ⟨x,µ/∥µ∥2⟩ and an orthogonal coordinate ⟨x,v⟩ for a
fixed unit vector v ⊥ µ, and overlays the two learned condensed samples x+ and x−; they concentrate near
the signal axis with small orthogonal components and separate along the signal coordinate, consistent with
our terminal expansion and coefficient analysis. For downstream performance, Figure 1b compares the test
accuracy of a linear SVM trained on the condensed set against two baselines: a random one-shot coreset and
training on the full dataset. The condensed set reaches 0.772± 0.013 accuracy, close to full-data training
(0.768 ± 0.021) and well above the random one-shot baseline (0.518 ± 0.029). This pattern matches the
theoretical picture that gradient matching turns the two condensed samples into signal-aligned aggregations
of the training set rather than noisy representatives of individual examples.

Early stopping via inner-loop length. Our theory isolates activity windows and coefficient bounds
that depend on the interplay between the training-set and condensed-set linear windows, suggesting that
overly long inner loops may enter regimes where informative gradient directions weaken. We assess this
schedule effect by sweeping (Tin, Tout) on synthetic data and reporting the alignment heatmap in Figure 2a;
the corresponding test-accuracy heatmap appears in Appendix E. The heatmap shows that alignment is not
governed only by the total number of bilevel updates: increasing Tout is beneficial when the inner loop is
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Figure 1: Condensed-sample aggregation and downstream effectiveness on synthetic data. Left: training
samples and learned condensed samples in a signal/orthogonal projection. Right: condensed vs. random
one-shot vs. full data, reported as mean ± one standard deviation over seeds.

short, but the gain saturates and then weakens once Tin becomes large. The strongest alignments occur for
relatively short inner loops combined with moderate outer-loop repetition, whereas large Tin lowers the learned
signal alignment and is accompanied by a modest decrease in test accuracy. This pattern is consistent with
the coefficient bounds in Lemma 3.7: after the certified active prefix, additional inner steps contribute less
uniform classwise averaging and can discount the previously accumulated signal mass through the contraction
factors. Appendix E also reports stepwise diagnostics; in the default synthetic setting the condensed samples
remain active, while the training-set activity and gradient norms decrease along longer inner loops, indicating
that the observed schedule effect is driven primarily by weakening training-side gradients rather than by a
loss of condensed-sample activity.

Cross-model transfer on KMNIST. The KMNIST experiment examines whether the geometry learned
by SVM-based condensation remains useful beyond the proxy learner used during condensation. We learn the
condensed set once and then evaluate it, without re-condensation, under four downstream models: a linear
SVM, logistic regression, a nearest-centroid classifier induced by s(S⋆), and a small two-layer ReLU MLP.
Figure 2b shows that the same two SVM-condensed samples outperform a random one-shot coreset across all
evaluators. The improvement appears not only for the linear SVM used as the proxy learner, but also for
logistic regression, nearest-centroid classification, and the two-layer MLP, indicating that the learned samples
encode a transferable class-separating geometry rather than only the details of the hinge-loss update. The
nearest-centroid performance further confirms that this geometry is already present at the prototype level.
This supports the condensed-set geometry perspective: once S⋆ captures a stable class-separating direction,
evaluators that depend on that geometry can benefit even when they are not identical to the proxy model
used during condensation. Additional numerical tables are reported in Appendix E.

Multiclass OvR evaluation. Finally, we run the classwise OvR condensation rule from Appendix B on a
balanced K = 5 synthetic additive model with one condensed sample per class, and we evaluate the resulting
multiclass set using the nearest-prototype rule in Subsection 2.6. The learned OvR condensed set obtains
0.624± 0.008 test accuracy, matching the full-data nearest-prototype reference based on empirical class means
within Monte Carlo variability (0.624 ± 0.018) and substantially exceeding a random one-shot multiclass
coreset (0.231 ± 0.030). This result provides empirical evidence for the classwise aggregation mechanism
behind the multiclass expansion; the corresponding table and figure are given in Appendix E.5.
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Figure 2: Additional empirical diagnostics. Left: alignment cos(s(S⋆),µ) over the (Tin, Tout) grid on synthetic
data, showing that short-to-moderate inner loops combined with repeated outer-loop restarts yield the
strongest signal alignment. Right: KMNIST cross-model evaluation of GM and random one-shot coresets,
reported as mean ± one standard deviation over seeds; the same condensed set transfers across evaluators
beyond the hinge-loss SVM used during condensation.

5 Discussion

This work establishes a dynamical framework for dataset condensation in classification, moving beyond
regression surrogates to analyze the non-smooth optimization of margin-based learners directly. By character-
izing condensed samples as structured signal–noise combinations, we bridge the gap between the algorithmic
mechanics of gradient matching and the geometric requirements of generalization.

While anchored in SVMs, this dynamical framework holds potential for characterizing optimization trajectories
in broader margin-based classifiers, where gradient signals often change as examples enter or leave high-
loss/high-margin regimes. Crucially, our analysis reveals a mechanism where excessive inner-loop updates can
attenuate certified signal accumulation, suggesting that early stopping reflects a broader signal-accumulation
versus activity-switching tradeoff rather than a peculiarity of the SVM objective.

Our guarantees are proved for the binary one-condensed-sample-per-class setting under an additive sub-
Gaussian model, together with a classwise OvR extension for the K-class case. Extending the same level of
guarantee to general softmax or Crammer–Singer multiclass training would require controlling cross-class
competition, switching competitors, and coupled gradient-matching dynamics, which are absent from the
affine classwise recursions analyzed here. Likewise, relaxing the activity-window and linear-window conditions
would require a substantially finer analysis of when samples enter and leave the active hinge regime. These
limitations identify concrete technical barriers for extending the analysis beyond affine classwise recursions,
and clarify the role of the present tractable margin-based setting as a first step toward classification-specific
condensation theory.

Practically, the results suggest that the inner-loop length should be monitored as a mechanism controlling the
persistence of informative gradient activity, rather than treated as a purely computational hyperparameter.
The analysis points to concrete diagnostics for schedule selection, including alignment, hinge activity, and
validation performance.

Furthermore, our theoretical toolkit offers a blueprint for other condensation paradigms. For distribution
matching (Zhao & Bilen, 2023), our structural decomposition and geometric risk bounds can be adapted to
simplify analysis by bypassing non-smooth unrolling. Conversely, for trajectory matching (Cazenavette et al.,
2022), which shares our dynamical nature, our coefficient expansion and linear-window analysis provide a
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foundational approach to disentangle complex cross-time dependencies. Extending these tools to capture
such long-horizon structures remains a promising avenue for future research.
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A Notation

Table 2: Summary of notation used throughout the paper.

Symbol Meaning
Data and distributions
d Input dimension.
Y Label space: {−1, +1} in the binary case, or [K] = {1, . . . , K} for K-class problems.
x, y Feature vector and label.
µy Class-dependent mean (signal); in the binary symmetric case µ+1 = µ, µ−1 = −µ

and x = yµ + ξ.
ξ, Σξ, ζ Mean-zero noise; covariance Σξ; whitened coordinates ξ = Σ1/2

ξ
ζ.

∥Σξ∥op Operator norm of the noise covariance (used in high-probability bounds).
D Population law of (x, y).
T , nT Training set {(xT

i , yT
i )}nT

i=1 and its size.
Ik(T ), nT ,k Indices with label k and the corresponding class count.
zT

i := yT
i xT

i Signed training sample.
SVM objective and hinge structure
w SVM weight vector.
λ ℓ2 regularization parameter in LT (w) and LS(w).
(a)+ Positive part max{a, 0}.
LT (w), LS(w) Regularized hinge loss on T and on the synthetic set S.
uT

i (w) Margin yT
i w⊤xT

i .
qT

i (w) Hinge activity indicator 1{uT
i (w) < 1} (subgradient convention).

Dataset condensation (bi-level schedule)
S, nS Condensed dataset; one-sample-per-class gives nS = 2 in the binary case.
Tout, Tin Numbers of outer and inner iterations.
tout, tin Outer and inner loop indices.
ηw, ηS Inner-loop step sizes for updating w (on T ) and condensed samples.
w(tout,tin), xS,(tout,tin)

y Weight and condensed sample after the indicated inner steps.
Directional evaluation (Definition 2.1)
s(S) Two-sample difference x+ − x− for S = {(x+, +1), (x−, −1)}.
ŵS Normalized classifier direction aligned with s(S).
R(S) Population misclassification risk P(x,y)∼D(y⟨ŵS , x⟩ < 0).
Multiclass classwise OvR extension (Appendix B)
P(t) Multiclass condensed set at time t: {(pS,(t)

k
, k) : k ∈ [K]}, with one condensed sample

per class.
Pdc Terminal multiclass condensed set returned by the classwise OvR condensation proce-

dure.
pS,(t)

k
, pk Class-k condensed sample at time t; generic class-k representative in a multiclass

nearest-prototype evaluator.
W(t), w(t)

h
Collection of K OvR heads and the head-h weight vector at time t.

t+ Next inner-loop time (tout, tin + 1), used when tin < Tin.
τh,k OvR sign 21{h = k} − 1, treating class h as positive for head h.
zT

i,h, z̄T
h Head-wise signed training sample τh,yT

i
xT

i and its empirical mean over T .

zS,(t)
k,h

Head-wise signed condensed sample τh,kpS,(t)
k

.
q

S,(t)
k,h

, q
T ,(t)
i,h

Synthetic and training hinge activity indicators for class k / sample i under OvR head
h.

gS,(t)
k,h

, gT ,(t)
k,h

Classwise synthetic and training OvR gradient terms for class k under head h.
DOvR

k (P(t); W(t)) Scalar classwise OvR gradient-matching discrepancy for class k.
q̄

S,(t)
k

, b̄
(t)
k,i

Averaged synthetic activity and averaged synthetic–training activity product over the
K OvR heads.

hP , Rmc(P) Nearest-prototype multiclass evaluator induced by P and its population misclassifica-
tion risk.

πk, γkℓ, ϵmc(P) Class prior, pairwise class separation ∥µk − µℓ∥2, and maximum multiclass condensed-
sample perturbation.

Multiclass OvR coefficient and risk quantities
u

(t⋆)
k

, c
(t⋆)
k,i

, c
(t⋆)
k,µ

Terminal OvR expansion coefficients for class k, with c
(t⋆)
k,µ

=
∑

i∈Ik(T ) c
(t⋆)
k,i

.

c
(t⋆)
k

Vector of terminal same-class coefficients (c(t⋆)
k,i

)i∈Ik(T ).

Continued on next page
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Table 2: Table 2 continued

Symbol Meaning
T OvR

T ,k,lin, T OvR
S,k,lin(r) Class-k OvR training and condensed-sample linear-window lengths in outer loop r.

T OvR
k,lin (r) Joint class-k OvR window length min{T OvR

T ,k,lin, T OvR
S,k,lin(r)}.

Bk,out, ℓk, uk,out, ∆k Class-k OvR coefficient upper budget, certified averaging mass, upper envelope, and
non-averaged remainder.

ūk Upper bound on the terminal initialization coefficient induced by the class-k OvR
condensed-sample windows.

WOvR
k Deterministic window-deficit diagnostic for class k in the multiclass OvR active-window

comparison.
ŜR

mc
kℓ , SRmc

kℓ Pairwise multiclass signal-to-residual ratio and its certified lower bound for classes k
and ℓ.

Lmc
kℓ Pairwise multiclass factor combining class-averaging mass, initialization remainder,

signal-recovery error, and active-window deficit.
Ψmc Monotone function mapping pairwise multiclass signal-to-residual ratios into the

exponential risk bound.
γmin, SRmc

min Minimum pairwise class separation and minimum certified pairwise multiclass signal-
to-residual ratio.

Main theoretical objects
t⋆ Terminal time index (Tout − 1, Tin).
zS,(t⋆)

y Terminal signed condensed sample.
ρS := 1 − 2ηS Contraction factor in condensed-sample dynamics (stability: 0 < 2ηS ≤ 1).
TT ,lin, TS,lin(tout) Linear-window lengths where training / condensed hinge indicators stay active.
Ty,lin(r) min{TT ,lin, TS,lin(r)}.
ũ

(t⋆)
y , c̃

(t⋆)
y,j Coefficients in the terminal expansion of zS

y over initialization and {zT
j }.

py , βp Class proportion nTy /nT and balance factor p
−1/2
+ + p

−1/2
− .

Bout Outer-loop accumulation budget for terminal coefficient upper bounds; its construction
is given in Lemma D.8.

ℓy , uout, ∆y Coefficient mass certified by classwise averaging, coefficient upper envelope, and the
non-averaged remainder uout − ℓy ; constructed in Lemma D.8.

ŜR(S) Signal-to-residual ratio for x+ − x− = A(S)µ + r(S).
SRdc Certified lower bound on ŜR for the terminal condensed set.
L Dimensionless factor combining coefficient mass from certified classwise averaging,

class balance, and the non-averaged coefficient remainder.
Wwin Deterministic diagnostic for the loss caused when certified active prefixes are shorter

than the full inner loop, used in Lemma D.12 to compare regimes for L.
Sdc, Score Terminal condensed set vs. random one-shot coreset from two training points.
Gmax Upper bound on inner products ⟨zT

i , zT
i′ ⟩ (appendix); regime Gmax < λ gives full hinge

activity.
Assumption 2.2
δ, κ, Cκ Tail probability, dimension–log constant, and associated concentration constant.
σw, σS Initialization scales for w and condensed samples.
Inner-loop weight dynamics (appendix)
ρ := 1 − ληw Contraction factor for weight updates under fixed hinge activity.
I(A), nA Index set and size of a generic dataset A.
zT Mean of signed training samples 1

nT

∑
i∈I(T ) zT

i .

Sub-Gaussian noise. Vectors satisfying Definition C.1 (Appendix C.1).
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B Multiclass One-Condensed-Sample-Per-Class Extension

This appendix extends the coefficient-expansion mechanism of the binary analysis to a K-class one-condensed-
sample-per-class setting. Rather than applying a standard one-vs-rest reduction that runs K separate binary
condensation problems and produces a two-point condensed set for each induced subproblem, we maintain
a single multiclass condensed set with one synthetic sample per class. The extension uses a classwise OvR
gradient-matching objective and preserves the classwise affine-contraction structure that drives the binary
hinge-loss analysis.

We work under the K-class additive model in Section 2.1: y ∈ [K] has class prior πk = P(y = k), and x = µy+ξ
with mean-zero sub-Gaussian noise proxy covariance Σξ, with independent noise across samples. The results
below are stated in terms of the empirical class sizes nT ,k and the pairwise separations γkℓ = ∥µk − µℓ∥2,
without imposing simplex symmetry on the class means.

B.1 Classwise OvR Gradient Matching

We use the same two-dimensional time convention as in the main text: t = (tout, tin), where tout ∈
{0, . . . , Tout − 1} and tin ∈ {0, . . . , Tin}. For an inner-loop update with tin < Tin, write t+ := (tout, tin + 1).
For tout = 0, . . . , Tout−2, the condensed samples are inherited across outer loops as pS,(tout+1,0)

k = pS,(tout,Tin)
k .

For K-class classification, the condensed object at time t is the multiclass condensed set P(t) := {(pS,(t)
k , k) :

k ∈ [K]}, where pS,(t)
k ∈ Rd is the single condensed sample assigned to class k. We write P(t) to distinguish

this multiclass object from the binary condensed-set notation S. The condensed samples are initialized
independently as pS,(0,0)

k ∼ N (0, σ2
SId) for k ∈ [K]. We collect the K OvR heads as W(t) := (w(t)

h )K
h=1,

where w(t)
h ∈ Rd. At the beginning of each outer loop, every head is reinitialized as w(tout,0)

h ∼ N (0, σ2
wId).

For head h, class h is treated as positive and all other classes as negative. Define the OvR sign τh,k := 21{h =
k}−1 ∈ {+1,−1} for h, k ∈ [K]. For head-wise signed comparisons, set zT

i,h := τh,yT
i

xT
i , z̄T

h := n−1
T
∑nT

i=1 zT
i,h,

and zS,(t)
k,h := τh,kpS,(t)

k . These signed coordinates express each OvR head in the same hinge-active form as
the binary analysis.
Assumption B.1. For every head h, the signed training samples {zT

i,h}
nT
i=1 and signed condensed samples

{zS,(t)
k,h }K

k=1 satisfy the analogues of Assumption D.1 and Lemmas C.2–C.5, with the binary signed variables
replaced by their head-wise OvR counterparts and with the corresponding suprema taken over heads, classes,
condensed samples, and training samples. Thus the initialization bounds, signed-sample concentration bounds,
and active-window margin envelopes required for the binary coefficient estimates hold uniformly over the
OvR signed coordinates.

The synthetic hinge activity of the class-k condensed sample under head h is qS,(t)
k,h := 1{1−τh,k⟨w(t)

h ,pS,(t)
k ⟩ >

0}. For a training example (xT
i , y

T
i ), define qT ,(t)

i,h := 1{1− τh,yT
i
⟨w(t)

h ,xT
i ⟩ > 0}; in particular, if i ∈ Ik(T ),

then yT
i = k and the sign is τh,k.

For class k and head h, define the classwise OvR gradient terms gS,(t)
k,h := q

S,(t)
k,h τh,kpS,(t)

k and gT ,(t)
k,h :=

n−1
T ,k

∑
i∈Ik(T ) q

T ,(t)
i,h τh,kxT

i . The scalar classwise OvR gradient-matching discrepancy for class k is

DOvR
k

(
P(t); W(t)

)
:= 1

K

K∑
h=1

∥∥∥gS,(t)
k,h − gT ,(t)

k,h

∥∥∥2

2
.

Since the same sign τh,k multiplies the synthetic and training terms within a fixed class block, the head-wise
squared norm is unchanged if this common sign is removed.

Define the averaged synthetic activity q̄
S,(t)
k := K−1∑K

h=1 q
S,(t)
k,h and, for i ∈ Ik(T ), the averaged activity

product b̄(t)
k,i := K−1∑K

h=1 q
S,(t)
k,h q

T ,(t)
i,h . By construction, 0 ≤ b̄(t)

k,i ≤ q̄
S,(t)
k ≤ 1.
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Algorithm 2 Classwise OvR Gradient Matching for Multiclass Condensed Samples
Input: Training set T , number of classes K, loop lengths Tout and Tin, step sizes ηw and ηS
Output: Multiclass condensed set Pdc
Initialize pS,(0,0)

k ∼ N (0, σ2
SId) for k ∈ [K]

Set τh,k = 21{h = k} − 1 for h, k ∈ [K]
for tout = 0 to Tout − 1 do

Initialize w(tout,0)
h ∼ N (0, σ2

wId) for h ∈ [K]
if tout > 0 then

Set pS,(tout,0)
k ← pS,(tout−1,Tin)

k for each k ∈ [K]
end if
for tin = 0 to Tin − 1 do

Set t = (tout, tin) and t+ = (tout, tin + 1)
Compute qS,(t)

k,h and q
T ,(t)
i,h for all k, h ∈ [K] and i ∈ {1, . . . , nT }

Compute q̄S,(t)
k and b̄

(t)
k,i for every k ∈ [K] and i ∈ Ik(T )

for k ∈ [K] do
Update pS,(t+)

k by equation 21
end for
for h ∈ [K] do

Compute gT ,(t)
h and update w(t+)

h by equation 22
end for

end for
end for
Return: Pdc = {(pS,(Tout−1,Tin)

k , k) : k ∈ [K]}

For tin < Tin, the multiclass condensed-sample update is the classwise gradient step pS,(t+)
k = pS,(t)

k −
ηS∇pS

k
DOvR

k (P(t); W(t)), where the hinge activities are evaluated at time t and are not differentiated through,
as in the binary analysis. Under this convention, the update has the explicit affine form

pS,(t+)
k =

(
1− 2ηS q̄

S,(t)
k

)
pS,(t)

k + 2ηS

nT ,k

∑
i∈Ik(T )

b̄
(t)
k,ix

T
i . (21)

For tin < Tin and each head h, the full training OvR gradient term is gT ,(t)
h := n−1

T
∑nT

i=1 q
T ,(t)
i,h τh,yT

i
xT

i , and
the real-data SVM update is

w(t+)
h = (1− ηwλ)w(t)

h + ηwgT ,(t)
h . (22)

Algorithm 2 summarizes the resulting classwise OvR gradient-matching procedure. It maintains a single
multiclass condensed set across outer loops, while the K OvR heads are reinitialized at every outer-loop
restart.

B.2 Multiclass Nearest-Prototype Evaluation

The multiclass evaluator below turns a condensed set into a prediction rule and provides the target of the
population risk bounds.
Definition B.2 (Multiclass nearest-prototype evaluator). Let P = {(pk, k) : k ∈ [K]} be a generic multiclass
condensed set with one representative per class, not necessarily tied to a particular condensation time. In this
evaluator, these representatives act as class prototypes, and the nearest-prototype classifier induced by P is

hP(x) := arg min
k∈[K]

∥x− pk∥2
2 = arg max

k∈[K]

{
⟨x,pk⟩ −

1
2 ∥pk∥2

2

}
,

with deterministic tie-breaking. The corresponding multiclass population risk is

Rmc(P) := P(x,y)∼D (hP(x) ̸= y) .
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Examples of multiclass nearest-prototype evaluators. The nearest-prototype evaluator is a standard
multiclass prediction family, and it appears in several familiar classifiers, either exactly or after a fixed feature
transformation.

• Nearest class mean. If µ̂T
k := n−1

T ,k

∑
i∈Ik(T ) xT

i and PNCM := {(µ̂T
k , k) : k ∈ [K]}, then

hPNCM(x) = arg mink∈[K] ∥x − µ̂T
k ∥2

2, which is the standard nearest-class-mean classifier. It is the
evaluator most closely connected to the full-activity specialization, in which each condensed sample
contracts toward the corresponding class mean.

• Shared-covariance Gaussian Bayes and LDA. If x | y = k ∼ N (µk,Σ) with equal class
priors, the Bayes rule is arg mink∈[K](x − µk)⊤Σ−1(x − µk). After whitening, x̃ := Σ−1/2x and
p̃k := Σ−1/2µk, this becomes the nearest-prototype rule arg mink∈[K] ∥x̃− p̃k∥2

2. Unequal priors add
class-dependent bias terms and therefore correspond to a biased nearest-prototype score rather than
the unweighted Euclidean form unless one augments the feature space.

• Affine linear heads. Any affine multiclass linear prediction rule hlin(x) = arg maxk∈[K]{⟨ak,x⟩+bk}
is exactly a nearest-prototype rule when pk = ak and bk = − 1

2∥ak∥2
2 + C for a class-independent

constant C. More generally, every affine linear rule can be represented exactly as a nearest-prototype
rule after adding one dummy feature dimension: choose C ≥ maxk{bk + 1

2∥ak∥2
2}, set r2

k :=
2(C−bk)−∥ak∥2

2 ≥ 0, and use x := (x, 0) and pk := (ak, rk). Then ⟨x,pk⟩− 1
2∥pk∥2

2 = ⟨x, ak⟩+bk−C,
so the class-independent shift does not change the argmax. This representation includes the prediction
rules of multiclass logistic regression, linear softmax heads, and multiclass linear SVMs.

• Prototypical and cosine classifiers. In a fixed representation space ϕ : Rd → Rr, the rule
arg mink∈[K] ∥ϕ(x)− pk∥2

2 is the usual prototypical-network or embedding-space nearest-class-mean
prediction rule when pk = n−1

T ,k

∑
i∈Ik(T ) ϕ(xT

i ). If the features and prototypes are normalized, or
more generally if all prototypes have the same norm, the nearest-prototype score is equivalent to
maximizing the cosine or inner-product score ⟨ϕ(x),pk⟩. This connects the evaluator to normalized
linear heads in a fixed feature space.

For the K-class additive model, write πk := P(x,y)∼D(y = k) and γkℓ := ∥µk − µℓ∥2 for k, ℓ ∈ [K]. For
a multiclass condensed set P = {(pk, k) : k ∈ [K]}, define the maximum condensed-sample perturbation
ϵmc(P) := maxk∈[K] ∥pk − µk∥2. When the condensed set is clear from context, write ϵmc.

B.3 Main Multiclass Guarantees

The following results give the multiclass consequences of the classwise OvR update. The first result is
the direct analogue of the binary coefficient expansion: each terminal condensed sample is a nonnegative
combination of its initialization and same-class training samples, with coefficient bounds controlled by the
certified active windows. Lemma D.13 gives sufficient margin-envelope conditions for these windows.
Theorem B.3 (Classwise OvR coefficient expansion). Assume 0 < 2ηS ≤ 1 and nT ,k ≥ 1 for every k ∈ [K].
Set ρS := 1− 2ηS and t⋆ := (Tout − 1, Tin). Under classwise OvR gradient matching, for every class k ∈ [K]
there exist coefficients u(t⋆)

k ≥ 0 and c(t⋆)
k,i ≥ 0, i ∈ Ik(T ), such that

pS,(t⋆)
k = u

(t⋆)
k pS,(0,0)

k +
∑

i∈Ik(T )

c
(t⋆)
k,i xT

i .

Consequently, under the K-class additive model, with c(t⋆)
k,µ :=

∑
i∈Ik(T ) c

(t⋆)
k,i ,

pS,(t⋆)
k = u

(t⋆)
k pS,(0,0)

k + c
(t⋆)
k,µ µk +

∑
i∈Ik(T )

c
(t⋆)
k,i ξi.

Assume further that the class-k training activities and condensed-sample activities are active on windows
of lengths TOvR

T ,k,lin and TOvR
S,k,lin(r), respectively, in every outer loop r ∈ {0, . . . , Tout − 1}. Define TOvR

k,lin (r) :=
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min{TOvR
T ,k,lin, T

OvR
S,k,lin(r)},

Bk,out := 1 +
Tout−2∑

r=0
ρ

∑Tout−1
s=r+1

T OvR
S,k,lin(s)

S , uk,out := (1− ρTin
S )Bk,out,

and

ℓk :=
Tout−1∑

r=0
ρ

(Tout−r)Tin−T OvR
k,lin (r)

S
(
1− ρT OvR

k,lin (r)
S

)
.

Then
ρToutTin

S ≤ u(t⋆)
k ≤ ρ

∑Tout−1
r=0

T OvR
S,k,lin(r)

S ,
ℓk

nT ,k
≤ c(t⋆)

k,i ≤
uk,out

nT ,k
.

In particular, ℓk ≤ c(t⋆)
k,µ ≤ uk,out and ℓk/

√
nT ,k ≤ ∥c(t⋆)

k ∥2 ≤ uk,out/
√
nT ,k, where c

(t⋆)
k := (c(t⋆)

k,i )i∈Ik(T ). If
all OvR activities are active throughout the bilevel procedure, then

pS,(t⋆)
k = ρToutTin

S pS,(0,0)
k +

(
1− ρToutTin

S
)
µ̂T

k , µ̂T
k := 1

nT ,k

∑
i∈Ik(T )

xT
i .

Proof. The active-window certification is Lemma D.13. The coefficient expansion, coefficient bounds, and
full-activity contraction are Lemma D.14.

The next result is independent of the OvR dynamics. It states that nearest-prototype evaluation has a
pairwise risk bound controlled by class separation and condensed-sample perturbation.
Theorem B.4 (Multiclass nearest-prototype risk). Assume the K-class additive test model x = µy + ξ,
where ξ is mean-zero sub-Gaussian with proxy covariance Σξ. Let P = {(pk, k) : k ∈ [K]} be any multiclass
condensed set used with the nearest-prototype evaluator. Define ϵk := ∥pk − µk∥2, Rkℓ := ϵk + ϵℓ, and
ŜR

mc
kℓ := γkℓ/Rkℓ, with value +∞ when Rkℓ = 0. For s ∈ (0,+∞), set

Ψmc(s) :=
(
(1− s−1)+

)4

(1 + s−1)2 , Ψmc(0) := 0, Ψmc(+∞) := 1.

Then

Rmc(P) ≤
K∑

k=1
πk

∑
ℓ̸=k

exp
(
− γ2

kℓ

8∥Σξ∥op
Ψmc

(
ŜR

mc
kℓ

))
.

Proof. The statement is proved in Lemma D.15.

Combining the OvR coefficient expansion with the nearest-prototype risk bound gives a certified multiclass
guarantee for the terminal condensed set. The bound is written through pairwise signal-to-residual ratios;
larger pairwise ratios yield stronger exponential risk decay.
Corollary B.5 (Certified multiclass risk for classwise OvR condensation). Assume the hypotheses of
Theorem B.3 and the high-probability event in Assumption B.1. Let Cκ denote the corresponding uniform
concentration constant and define the terminal multiclass condensed set Pdc := {(pS,(t⋆)

k , k) : k ∈ [K]}. Set
pk := nT ,k/nT ,

αS := σS
√
nT√

∥Σξ∥op
, αµ,k := ∥µk∥2

√
nT√

Cκ∥Σξ∥opd
, ūk := ρ

∑Tout−1
r=0

T OvR
S,k,lin(r)

S .

For k ̸= ℓ, define

Lmc
kℓ :=

[
αS(ūk + ūℓ) + αµ,k(1− ℓk) + αµ,ℓ(1− ℓℓ) + ℓkp

−1/2
k + ℓℓp

−1/2
ℓ +√nT (∆k + ∆ℓ)

]−1
,
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where ∆k := uk,out − ℓk, and set

SRmc
kℓ :=

√
nT L

mc
kℓ γkℓ√

Cκ∥Σξ∥opd
.

Then

Rmc(Pdc) ≤
K∑

k=1
πk

∑
ℓ̸=k

exp
(
− γ2

kℓ

8∥Σξ∥op
Ψmc (SRmc

kℓ )
)
.

In particular, with γmin := mink ̸=ℓ γkℓ and SRmc
min := mink ̸=ℓ SRmc

kℓ ,

Rmc(Pdc) ≤ (K − 1) exp
(
− γ2

min
8∥Σξ∥op

Ψmc (SRmc
min)

)
.

If all OvR activities are active throughout training, then Lmc
kℓ can be replaced by

Lmc
kℓ,full :=

[
ρToutTin

S (2αS + αµ,k + αµ,ℓ) +
(
1− ρToutTin

S
) (
p

−1/2
k + p

−1/2
ℓ

)]−1

in the definition of SRmc
kℓ .

Proof. The statement is proved in Corollary D.16.

Remark B.6 (Active-window interpretation). The factor Lmc
kℓ separates the class-averaging contribution from

the remainder induced by incomplete active windows. Lemma D.17 gives the deterministic comparison:
when initialization and signal remainders are no larger than the class-averaging term and the active-window
deficits satisfy ∆k + ∆ℓ = O((ℓkp

−1/2
k + ℓℓp

−1/2
ℓ )/√nT ), the certified ratio has the same √nT scale as class

averaging. If the deficits are instead of constant order, the pairwise factor satisfies Lmc
kℓ = O(n−1/2

T ), so the
averaging gain is no longer reflected in the certified ratio. In the full-window case, the transition is governed
by the comparison between the initialization term ρToutTin

S (2αS + αµ,k + αµ,ℓ) and the class-averaging term
(1− ρToutTin

S )(p−1/2
k + p

−1/2
ℓ ).
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C Preliminary Lemmas

This section introduces several preliminary lemmas that serve as the foundation for the subsequent proofs
and results.

C.1 Bounds for Random Variables and Aggregates

Our theoretical analysis relies on controlling the behavior of various random quantities that arise from the data
generation process and random initializations. This subsection establishes the foundational high-probability
bounds for these quantities, starting with the core definition of sub-Gaussian vectors which characterizes our
noise model.
Definition C.1 (Sub-Gaussian with proxy covariance). A random vector ξ ∈ Rd is sub-Gaussian with proxy
covariance Σ ⪰ 0 if E exp

(
λ⟨v, ξ⟩

)
≤ exp

(
λ2

2 v⊤Σv
)

for all λ ∈ R and v ∈ Rd.

The following lemmas establish high-probability bounds for various random variables and their aggregates,
crucial for controlling noise and initialization effects throughout our analysis.
Lemma C.2. Assume the training set follows the additive model of Section 2.1 with sub-Gaussian noise
parameter Σξ. Fix δ ∈ (0, 1) and suppose the consolidated dimension condition d ≥ κ log

(
6ToutnT /δ

)
for

some κ > 0. There exist absolute constants C > 0 and Cκ > 0 such that, with probability at least 1 − δ,
simultaneously for all i, i′ ∈ [nT ],∣∣⟨ξi,µ⟩

∣∣ ≤ √
2 log

(
6nT /δ

) ∥∥Σ1/2
ξ µ

∥∥
2, ≤ Cκ

√
∥Σξ∥op ∥µ∥2

√
d. (23)

∣∣⟨ξi, ξi′⟩
∣∣ ≤ C

(
∥Σξ∥F

√
log
(
6n2

T /δ
)

+ ∥Σξ∥op log
(
6n2

T /δ
))
, i ̸= i′, ≤ Cκ ∥Σξ∥op d. (24)∣∣∣ ∥ξi∥2

2 − tr(Σξ)
∣∣∣ ≤ C

(
∥Σξ∥F

√
log
(
6nT /δ

)
+ ∥Σξ∥op log

(
6nT /δ

))
, ≤ Cκ ∥Σξ∥op d. (25)

Proof. For equation 23, since ⟨µ, ξi⟩ is sub-Gaussian with variance proxy µ⊤Σξµ, for any t > 0,

P
(∣∣⟨µ, ξi⟩

∣∣ ≥ t) ≤ 2 exp
(
− t2

2 µ⊤Σξµ

)
.

Taking t =
√

2 µ⊤Σξµ log(6nT /δ) gives P( |⟨µ, ξi⟩| ≥ t ) ≤ δ/(3nT ); a union bound over i yields the first
inequality. Using µ⊤Σξµ ≤ ∥Σξ∥op∥µ∥2

2 and
√

log
(
6nT /δ

)
≤
√

log
(
6ToutnT /δ

)
≤ κ−1/2

√
d, we obtain the

second line of equation 23 after choosing Cκ ≥ κ−1/2.

For equation 24, write ξi = Σ1/2
ξ zi where ζi has independent, mean-zero, sub-Gaussian coordinates with unit

variance. For i ≠ i′ we have ⟨ξi, ξi′⟩ = ζ⊤
i Σξ zi′ . A decoupled Hanson–Wright type inequality for bilinear

forms of independent sub-Gaussian vectors (e.g. Rudelson & Vershynin, 2013) yields a universal constant
c > 0 such that, for all t > 0,

P
(∣∣ζ⊤

i Σξ zi′
∣∣ ≥ t) ≤ 2 exp

(
−c min

{
t2

∥Σξ∥2
F

,
t

∥Σξ∥op

})
.

Choosing
t = C

(
∥Σξ∥F

√
log
(
6n2

T /δ
)

+ ∥Σξ∥op log
(
6n2

T /δ
))

with C large enough (depending only on c) gives P( |⟨ξi, ξi′⟩| ≥ t ) ≤ δ/(3n2
T ). A union bound over ordered

pairs (i, i′) with i ≠ i′ yields the first line of equation 24. For the coarse bound, use ∥Σξ∥F ≤
√
d ∥Σξ∥op and√

log
(
6n2

T /δ
)
≤
√

log
(
6Toutn2

T /δ
)
≤
√

2 log
(
6ToutnT /δ

)
≤
√

2/κ
√
d,
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together with log(6n2
T /δ) ≤ (2/κ)d, which follows from the dimension condition. Enlarging constants gives

the second line of equation 24.

For equation 25, we again write ξi = Σ1/2
ξ zi so that ∥ξi∥2

2 = ζ⊤
i Σξ ζi and E[ζ⊤

i Σξ ζi] = tr(Σξ). The
Hanson–Wright inequality implies that for all t > 0,

P
(∣∣ζ⊤

i Σξ ζi − tr(Σξ)
∣∣ ≥ t) ≤ 2 exp

(
−c min

{
t2

∥Σξ∥2
F

,
t

∥Σξ∥op

})
.

Taking
t = C

(
∥Σξ∥F

√
log
(
6nT /δ

)
+ ∥Σξ∥op log

(
6nT /δ

))
gives a tail probability at most δ/(3nT ) for C sufficiently large. A union bound over i establishes the first
line of equation 25. The second line follows from the same simplifications as above: ∥Σξ∥F ≤

√
d ∥Σξ∥op and√

log(6nT /δ) ≤ κ−1/2
√
d, log(6nT /δ) ≤ κ−1d.

Finally, the three parts are proved with failure probabilities at most δ/3 each, so a union bound yields a joint
event of probability at least 1− δ on which equation 23–equation 25 hold simultaneously.

Lemma C.3. Assume the training set follows the additive model of Section 2.1 with sub-Gaussian noise param-
eter Σξ. Let w(tout,0) ∼ N (0, σ2

wI) be independent of {ξi}. Fix δ ∈ (0, 1) and suppose d ≥ κ log(6ToutnT /δ)
for some κ > 0. There exist absolute constants Cκ > 0, such that with probability at least 1−δ, simultaneously
for all tout ≤ Tout − 1 and i ∈ [nT ],

∥∥w(tout,0)∥∥2
2 ≤ σ2

w

(
d+ 2

√
d log

(
6Tout/δ

)
+ 2 log

(
6Tout/δ

))
, ≤ Cκ σ

2
w d. (26)

∣∣⟨w(tout,0),µ⟩
∣∣ ≤ σw ∥µ∥2

√
2 log

(
6Tout/δ

)
, ≤ Cκ σw ∥µ∥2

√
d. (27)

∣∣⟨w(tout,0), ξi⟩
∣∣ ≤ σw

√
2 log

(
6ToutnT /δ

)
×
√

tr(Σξ) + C
(
∥Σξ∥F

√
log
(
6nT /δ

)
+ ∥Σξ∥op log

(
6nT /δ

))
,

≤ Cκ σw

√
∥Σξ∥op d.

(28)

Proof. For equation 28, condition on ξi:

⟨w(tout,0), ξi⟩ | ξi ∼ N
(
0, σ2

w∥ξi∥2
2
)
,

so for any τ > 0,

P
(∣∣⟨w(tout,0), ξi⟩

∣∣ ≥ τ ∣∣ ξi

)
≤ 2 exp

(
− τ2

2σ2
w∥ξi∥2

2

)
.

Take

τ = σw

√
2 log

(
6ToutnT /δ

) √
tr(Σξ) + C

(
∥Σξ∥F

√
log
(
6nT /δ

)
+ ∥Σξ∥op log

(
6nT /δ

))
.

By Lemma C.2, inequality equation 25 holds simultaneously for all i, hence

∥ξi∥2
2 ≤ tr(Σξ) + C

(
∥Σξ∥F

√
log
(
6nT /δ

)
+ ∥Σξ∥op log

(
6nT /δ

))
.

A union bound over i and tout gives the first inequality in equation 28. Finally, using ∥Σξ∥F ≤
√
d ∥Σξ∥op

and the dimension condition to bound
√

log(6ToutnT /δ) ≤ Cκ

√
d and log(6nT /δ) ≤ Cκd, we obtain the

coarse bound in the second line of equation 28.
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Lemma C.4. Assume the training set follows the additive model of Section 2.1 with sub-Gaussian noise
parameter Σξ. Let {xS,(0,0)

i }i∈I(S) be initialized independently as xS,(0,0)
i ∼ N (0, σ2

SI) and let w(tout,0) ∼
N (0, σ2

wI) be independent of everything else for tout = 0, . . . , Tout − 1. Fix δ ∈ (0, 1) and suppose the
consolidated dimension condition d ≥ κ log

(
24Tout nSnT /δ

)
for some κ > 0. There exist absolute constants

C > 0 and Cκ > 0 such that, with probability at least 1− δ, simultaneously for all i ∈ I(S), j ∈ I(T ), and
tout ≤ Tout − 1, ∣∣⟨xS,(0,0)

i ,µ⟩
∣∣ ≤ σS ∥µ∥2

√
2 log

(
24nS/δ

)
, ≤ Cκ σS ∥µ∥2

√
d. (29)∣∣⟨xS,(0,0)

i , ξj⟩
∣∣ ≤ σS

√
2 log

(
24nSnT /δ

)
×
√

tr(Σξ) + C
(
∥Σξ∥F

√
log
(
24nT /δ

)
+ ∥Σξ∥op log

(
24nT /δ

))
≤ Cκ σS

√
∥Σξ∥op d.

(30)

∣∣⟨xS,(0,0)
i ,w(tout,0)⟩

∣∣ ≤ σS

√
2 log

(
24ToutnS/δ

)
×

√
σ2

w

(
d+ 2

√
d log

(
24Tout/δ

)
+ 2 log

(
24Tout/δ

))
≤ Cκ σS σw d.

(31)

∥∥xS,(0,0)
i

∥∥2
2 ≤ σ2

S

(
d+ 2

√
d log

(
24nS/δ

)
+ 2 log

(
24nS/δ

))
, ≤ Cκ σ

2
S d. (32)

Proof. We control each displayed inequality on a high-probability event and then take a union bound.

For equation 29, since xS,(0,0)
i ∼ N (0, σ2

SI), we have ⟨xS,(0,0)
i ,µ⟩ ∼ N (0, σ2

S∥µ∥2
2) and hence, for any t > 0,

P
(∣∣⟨xS,(0,0)

i ,µ⟩
∣∣ ≥ t) ≤ 2 exp

(
− t2

2σ2
S∥µ∥2

2

)
.

Taking t = σS∥µ∥2
√

2 log(24nS/δ) gives

P
(∣∣⟨xS,(0,0)

i ,µ⟩
∣∣ ≥ t) ≤ δ

12nS
.

A union bound over i ∈ I(S) yields the first inequality in equation 29. Moreover,√
log
(
24nS/δ

)
≤
√

log
(
24ToutnSnT /δ

)
≤ κ−1/2

√
d,

so enlarging constants gives the second line of equation 29.

For equation 32, note that ∥xS,(0,0)
i ∥2

2/σ
2
S ∼ χ2

d. The Laurent–Massart inequality implies that for any u > 0,

P
(
∥xS,(0,0)

i ∥2
2 > σ2

S
(
d+ 2

√
d u+ 2u

))
≤ e−u.

Taking u = log(24nS/δ) gives

P

(
∥xS,(0,0)

i ∥2
2 > σ2

S

(
d+ 2

√
d log

(
24nS/δ

)
+ 2 log

(
24nS/δ

)))
≤ δ

24nS
.

A union bound over i ∈ I(S) yields the first inequality in equation 32. Using log(24nS/δ) ≤ κ−1d and√
log(24nS/δ) ≤ κ−1/2

√
d from the dimension condition, we have

d+ 2
√
d log

(
24nS/δ

)
+ 2 log

(
24nS/δ

)
≤
(

1 + 2κ−1/2 + 2κ−1
)
d,

which gives the second line of equation 32 after enlarging constants.
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For equation 30, we first invoke Lemma C.2 with failure probability δ/4, which ensures that with probability
at least 1− δ/4, simultaneously for all j ∈ I(T ),

∥ξj∥2
2 ≤ tr(Σξ) + C

(
∥Σξ∥F

√
log
(
24nT /δ

)
+ ∥Σξ∥op log

(
24nT /δ

))
.

Condition on ξj . Given ξj ,
⟨xS,(0,0)

i , ξj⟩
∣∣ ξj ∼ N

(
0, σ2

S∥ξj∥2
2
)
,

so for any τ > 0,

P
(∣∣⟨xS,(0,0)

i , ξj⟩
∣∣ ≥ τ ∣∣ ξj

)
≤ 2 exp

(
− τ2

2σ2
S∥ξj∥2

2

)
.

On the event above, take

τ = σS

√
2 log

(
24nSnT /δ

) √
tr(Σξ) + C

(
∥Σξ∥F

√
log
(
24nT /δ

)
+ ∥Σξ∥op log

(
24nT /δ

))
.

Then τ2/(2σ2
S∥ξj∥2

2) ≥ log(24nSnT /δ) and hence

P
(∣∣⟨xS,(0,0)

i , ξj⟩
∣∣ ≥ τ ∣∣ ξj

)
≤ δ

12nSnT
.

A union bound over (i, j) ∈ I(S)× I(T ) gives the first inequality in equation 30. For the coarse bound, use
tr(Σξ) ≤ d ∥Σξ∥op, ∥Σξ∥F ≤

√
d ∥Σξ∥op, and

√
log(24nSnT /δ) ≤ Cκ

√
d, log(24nT /δ) ≤ Cκd (which follow

from the dimension condition) to obtain the second line of equation 30 after enlarging constants.

For equation 31, first apply the Laurent–Massart inequality to each tout:

P

(
∥w(tout,0)∥2

2 > σ2
w

(
d+ 2

√
d log

(
24Tout/δ

)
+ 2 log

(
24Tout/δ

)))
≤ δ

24Tout
.

A union bound over tout = 0, . . . , Tout−1 yields an event of probability at least 1−δ/24 on which equation 26–
type bounds hold for all w(tout,0). Condition on w(tout,0). Given w(tout,0),

⟨xS,(0,0)
i ,w(tout,0)⟩

∣∣ w(tout,0) ∼ N
(
0, σ2

S∥w(tout,0)∥2
2
)
,

hence for any τ > 0,

P
(∣∣⟨xS,(0,0)

i ,w(tout,0)⟩
∣∣ ≥ τ ∣∣ w(tout,0)

)
≤ 2 exp

(
− τ2

2σ2
S∥w(tout,0)∥2

2

)
.

On the event controlling ∥w(tout,0)∥2
2, take

τ = σS

√
2 log

(
24ToutnS/δ

) √
σ2

w

(
d+ 2

√
d log

(
24Tout/δ

)
+ 2 log

(
24Tout/δ

))
.

Then τ2/(2σ2
S∥w(tout,0)∥2

2) ≥ log(24ToutnS/δ) and thus

P
(∣∣⟨xS,(0,0)

i ,w(tout,0)⟩
∣∣ ≥ τ ∣∣ w(tout,0)

)
≤ δ

12ToutnS
.

A union bound over (i, tout) ∈ I(S)× {0, . . . , Tout − 1} yields the first inequality in equation 31. The coarse
bound follows from the dimension condition, which implies

√
log(24ToutnS/δ) ≤ Cκ

√
d and√

d+ 2
√
d log

(
24Tout/δ

)
+ 2 log

(
24Tout/δ

)
≤ Cκ

√
d,

after enlarging constants.

Finally, combining the above high-probability events with a union bound yields a joint event of probability at
least 1− δ on which equation 29–equation 32 all hold simultaneously.
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Lemma C.5. Assume the training set follows the additive model of Section 2.1 with sub-Gaussian noise
parameter Σξ. Let w(tout,0) ∼ N (0, σ2

wI) be independent of {ξi} for tout = 0, . . . , Tout − 1. Fix δ ∈ (0, 1) and
suppose the dimension condition

d ≥ κ log
(
4Tout/δ

)
for some κ > 0.

Fix, in addition, a deterministic vector a = (a1, . . . , anT ) ∈ RnT . There exist absolute constants C > 0 and
Cκ > 0 such that, with probability at least 1− δ, the following hold simultaneously for all tout ≤ Tout − 1:∣∣∣ ∑

i∈I(T )

ai ⟨ξi,µ⟩
∣∣∣ ≤ ∥a∥2

∥∥Σ1/2
ξ µ

∥∥
2

√
2 log

(
4/δ
)

≤ Cκ ∥a∥2

√
∥Σξ∥op ∥µ∥2

√
d.

(33)

∣∣∣ ∑
i∈I(T )

ai ⟨ξi,w(tout,0)⟩
∣∣∣ ≤ ∥a∥2 σw

√
∥Σξ∥op

(
d+ 2

√
d log

(
4Tout/δ

)
+ 2 log

(
4Tout/δ

))
×
√

2 log
(
4Tout/δ

)
≤ Cκ ∥a∥2 σw

√
∥Σξ∥op d.

(34)

∥∥∥ ∑
i∈I(T )

ai ξi

∥∥∥ 2

2
≤ ∥a∥2

2 tr(Σξ) + C ∥a∥2
2

(
∥Σξ∥F

√
log
(
4/δ
)

+ ∥Σξ∥op log
(
4/δ
))

≤ Cκ ∥a∥2
2 ∥Σξ∥op d.

(35)

Proof. For equation 33, the variables ⟨ξi,µ⟩ are independent, mean-zero, sub-Gaussian with variance proxy
µ⊤Σξµ. Hence, for any t > 0,

P

(∣∣∣∑
i

ai ⟨ξi,µ⟩
∣∣∣ ≥ t) ≤ 2 exp

(
− t2

2 ∥a∥2
2 µ⊤Σξµ

)
.

Taking t = ∥a∥2∥Σ1/2
ξ µ∥2

√
2 log(4/δ) gives the first line with failure probability at most δ/4. Using

µ⊤Σξµ ≤ ∥Σξ∥op∥µ∥2
2 and

√
log(4/δ) ≤

√
log(4Tout/δ) ≤ Cκ

√
d by the dimension condition yields the

second line.

For equation 34, condition on w(tout,0) and apply a sub-Gaussian tail bound to the weighted sum. This
introduces a random variance term w(tout,0)⊤Σξw(tout,0), which we bound deterministically. First, note that
w⊤Σξw ≤ ∥Σξ∥op∥w∥2

2. The norm term ∥w(tout,0)∥2
2 is in turn bounded with high probability for all tout by

inequality equation 26 in Lemma C.3. By combining these two bounds and applying a union bound over tout
for the conditional tail event, we establish the first line of equation 34 with failure probability at most δ/4.
The second line follows from the dimension condition, which implies

√
log(4Tout/δ) ≤ Cκ

√
d.

For equation 35, write ξi = Σ1/2
ξ zi with independent mean-zero sub-Gaussian zi and set Z :=

∑
i aizi. Then∥∥∑

i aiξi

∥∥2
2 = Z⊤ΣξZ. Hanson–Wright implies that, for any u > 0,

P
(

Z⊤ΣξZ > ∥a∥2
2 tr(Σξ) + C ∥a∥2

2

(
∥Σξ∥F

√
u+ ∥Σξ∥op u

))
≤ e−u.

Taking u = log(4/δ) yields the first line of equation 35 with failure probability at most δ/4. Using
tr(Σξ) ≤ d ∥Σξ∥op, ∥Σξ∥F ≤

√
d ∥Σξ∥op, and log(4/δ) ≤ Cκd concludes the second line.

The three displayed estimates hold simultaneously with probability at least 1− δ for the fixed vector a.
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D Missing Proof

This appendix collects the proofs deferred from the main text and isolates the deterministic identities that
govern the bilevel dynamics of dataset condensation.

D.1 Notation

Throughout, the two-dimensional time index is t = (tout, tin) with tout ∈ {0, . . . , Tout−1} and tin ∈ {0, . . . , Tin}.
In this appendix we index the condensed samples by their class labels and write w(tout,tin) and xS,(tout,tin)

y for
y ∈ {±1}, while wt and xS,t

y may be used as shorthand when the tuple index is the main object.

For a dataset A = {(xA
i , y

A
i )}i∈I(A) with yA

i ∈ {−1,+1}, we write nA := |I(A)| and define the signed
samples

zA
i := yA

i xA
i , i ∈ I(A).

As in the main text, for y ∈ {±1} we write Ay for the classwise block, with index set I(Ay) and size
nAy := |I(Ay)|.

For the training set, we denote the class proportions and the associated balance factor by

py :=
nTy

nT
, βp := p

−1/2
+ + p

−1/2
− , y ∈ {±1}.

For the condensed set, we adopt the setting that each classwise block contains exactly one sample, i.e., nSy = 1
for y ∈ ±1 (hence nS = 2). We index the condensed samples by their labels and define the time-dependent
signed samples

zS,(tout,tin)
y := y xS,(tout,tin)

y , y ∈ {±1}.

For the hinge loss, we use the activity indicator

qA,i(w) := 1
{

1− ⟨w, zA
i ⟩ > 0

}
, i ∈ I(A),

and the regularized hinge objective

LA(w) := 1
nA

∑
i∈I(A)

max
(
0, 1− ⟨w, zA

i ⟩
)

+ λ

2 ∥w∥
2
2.

Along an inner-loop trajectory {w(tout,tin)}tin≥0, for a fixed dataset A we write

q
(tout,tin)
A,i := qA,i

(
w(tout,tin)), q

(tout,tin)
A := 1

nA

∑
i∈I(A)

q
(tout,tin)
A,i ∈ [0, 1],

and define the activation-weighted signed mean

g(tout,tin)
A := 1

nA

∑
i∈I(A)

q
(tout,tin)
A,i zA

i .

For the condensed set, the signed samples are time dependent and each class contains a single condensed
sample. We therefore define, for each y ∈ {±1},

q
(tout,tin)
S,y := 1

{
1−

〈
w(tout,tin), zS,(tout,tin)

y

〉
> 0
}
,

and set
q

(tout,tin)
Sy

:= q
(tout,tin)
S,y ∈ [0, 1], g(tout,tin)

Sy
:= q

(tout,tin)
S,y zS,(tout,tin)

y .

We also denote the empirical signed mean of the training set by

zT := 1
nT

∑
i∈I(T )

zT
i = 1

nT

∑
i∈I(T )

yT
i xT

i .
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D.2 Assumptions

The following assumptions are used to prove the lemmas and the main theorems. We use the time index
t = (tout, tin) from Section D.1.
Assumption D.1. Fix a tail parameter δ ∈ (0, 1) and constants κ,Cκ > 0. We work on the intersection of
the high-probability events of Lemmas C.2–C.5 in Section C.1, so that the total failure probability is at most
δ. The following conditions are assumed:

A1. Signal strength.
∥µ∥2√
∥Σξ∥op

√
d
≥ 2Cκ.

A2. High dimension.

d ≥ κ log
(

24Tout nS nT

δ

)
.

A3. Small learning rate. The step sizes satisfy

0 < ηwλ ≤ 1, 0 < 2 ηS ≤ 1.

A4. Small initialization. Denote ρS := 1− 2ηS . The initialization scales satisfy

σw <
1

(2Cκ + 1)∥µ∥2
√
d
, σS < min

 1
Cκ σw d

,
λ

(2Cκ + 1)∥µ∥2
√
d
, ρTin

S

√
2∥Σξ∥op

nT

 .

Assumption D.1A1 implies
√
∥Σξ∥op d ≤ (2Cκ)−1∥µ∥2

√
d, and hence Cκ(∥µ∥2

√
d +

√
∥Σξ∥op d) ≤ (Cκ +

1
2 )∥µ∥2

√
d. Thus the initialization scale in Assumption D.1A4 implies the mixed-scale small-margin bounds

used below.

D.3 Auxiliary Results for Lemma 3.2

The first auxiliary result gives algebraic identities for the inner-loop hinge recursion. Independently of any
switching pattern of the activity indicators, the weight sequence admits an unconditional unrolling in terms of
the activation-weighted signed means. On intervals where the activity indicators are fixed, the same identity
reduces to an affine recursion with a closed-form solution. Fix ρ := 1− ληw.
Lemma D.2. Fix an outer-loop index tout ∈ {0, . . . , Tout − 1}. Let A = {(xA

i , y
A
i )}i∈I(A) be a finite dataset.

Consider the inner-loop update with step size ηw > 0,

w(tout,tin+1) = (1− ληw)w(tout,tin) + ηw
nA

∑
i∈I(A)

qA,i

(
w(tout,tin)) zA

i . (36)

Then the following hold.

(i) For every integer tin ≥ 0,

w(tout,tin) = ρtinw(tout,0) + ηw

tin−1∑
s=0

ρ tin−1−s g(tout,s)
A , (37)

where the sum is interpreted as 0 when tin = 0. Moreover, if there exist constants {q⋆
i }i∈I(A) ⊂ {0, 1} such

that qA,i(w(tout,s)) = q⋆
i for all i ∈ I(A) and all s ∈ {0, 1, . . . , tin − 1}, then

w(tout,tin) = (1− ληw)tinw(tout,0) + 1− (1− ληw)tin

λnA

∑
i∈I(A)

q⋆
i zA

i . (38)
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Proof. For (i), rewrite equation 36 as

w(tout,s+1) = ρw(tout,s) + ηw g(tout,s)
A , s ≥ 0.

If tin = 0 then equation 37 is immediate. For tin ≥ 1, multiply the display by ρ tin−1−s and sum over
s = 0, . . . , tin − 1:

tin−1∑
s=0

ρ tin−1−sw(tout,s+1) =
tin−1∑
s=0

ρ tin−sw(tout,s) + ηw

tin−1∑
s=0

ρ tin−1−sg(tout,s)
A .

Re-index the left-hand side with u := s+ 1:
tin−1∑
s=0

ρ tin−1−sw(tout,s+1) =
tin∑

u=1
ρ tin−uw(tout,u).

Similarly,
tin−1∑
s=0

ρ tin−sw(tout,s) = ρtinw(tout,0) +
tin−1∑
u=1

ρ tin−uw(tout,u).

Subtracting these two expressions yields

w(tout,tin) − ρtinw(tout,0) = ηw

tin−1∑
s=0

ρ tin−1−sg(tout,s)
A ,

which is equation 37.

Under the constancy assumption, we have

g(tout,s)
A = 1

nA

∑
i∈I(A)

q⋆
i zA

i for all s ∈ {0, 1, . . . , tin − 1}.

Substituting this into equation 37 gives

w(tout,tin) = ρtinw(tout,0) + ηw
nA

( tin−1∑
s=0

ρ tin−1−s
) ∑

i∈I(A)

q⋆
i zA

i .

The geometric series satisfies
tin−1∑
s=0

ρ tin−1−s =
tin−1∑
k=0

ρk = 1− ρtin

1− ρ = 1− ρtin

ληw
.

Substituting this identity yields

w(tout,tin) = ρtinw(tout,0) + 1− ρtin

λnA

∑
i∈I(A)

q⋆
i zA

i .

Replacing ρ by 1− ληw gives equation 38.

The next result gives deterministic geometric bounds for the training set that will be used to certify a
fully-active linear window. Under the high-probability events in Assumption D.1, it controls the initialization
margins and the pairwise inner products of the signed training samples. Define

Bµ := Cκ

√
∥Σξ∥op ∥µ∥2

√
d, Binit := Cκ σw

(
∥µ∥2

√
d+

√
∥Σξ∥op d

)
, Bξξ := Cκ ∥Σξ∥op d,

and set
Gmin := ∥µ∥2

2 − 2Bµ −Bξξ, Gmax := ∥µ∥2
2 + 2Bµ +Bξξ.
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Lemma D.3. Assume Assumption D.1 and the additive model xT
i = yT

i µ + ξi. Then the following hold for
every (tout, tin).

(i) The initialization margins satisfy, for every tout ∈ {0, . . . , Tout − 1} and every i ∈ I(T ),∣∣〈w(tout,0), zT
i

〉∣∣ ≤ Binit.

(ii) The signed training samples satisfy the pairwise inner-product bounds

Gmin ≤
〈
zT

i , zT
i′

〉
≤ Gmax, i, i′ ∈ I(T ).

In particular, for every i ∈ I(T ),
Gmin ≤

〈
zT , zT

i

〉
≤ Gmax.

Proof. For (i), the additive model gives∣∣⟨w(tout,0),xT
i ⟩
∣∣ ≤ ∣∣⟨w(tout,0),µ⟩

∣∣+
∣∣⟨w(tout,0), ξi⟩

∣∣.
Lemma C.3 equation 27 and equation 28 hold simultaneously for all tout and i, hence∣∣⟨w(tout,0),xT

i ⟩
∣∣ ≤ Cκ σw

(
∥µ∥2

√
d+

√
∥Σξ∥op d

)
.

Since zT
i = yT

i xT
i and |yT

i | = 1, the same bound holds with xT
i replaced by zT

i , which proves (i).

For (ii), fix i, i′ ∈ I(T ). Under the additive model, zT
i = µ + yT

i ξi, hence〈
zT

i , zT
i′

〉
= ∥µ∥2

2 +
〈
µ, yT

i ξi

〉
+
〈
µ, yT

i′ ξi′
〉

+ yT
i y

T
i′

〈
ξi, ξi′

〉
.

Under Assumption D.1, Lemma C.2 equation 23 gives maxj |⟨µ, ξj⟩| ≤ Bµ. Moreover, Lemma C.2 equation 24
bounds |⟨ξi, ξi′⟩| for i ≠ i′, and Lemma C.2 equation 25 together with tr(Σξ) ≤ ∥Σξ∥op d bounds ∥ξi∥2

2 =
⟨ξi, ξi⟩. Enlarging Cκ once if needed, we obtain maxi,i′∈I(T )

∣∣⟨ξi, ξi′⟩
∣∣ ≤ Bξξ. Combining the last displays

yields 〈
zT

i , zT
i′

〉
≤ ∥µ∥2

2 + 2Bµ +Bξξ = Gmax,
〈
zT

i , zT
i′

〉
≥ ∥µ∥2

2 − 2Bµ −Bξξ = Gmin.

Finally, since zT = 1
nT

∑
j∈I(T ) zT

j , we have〈
zT , zT

i

〉
= 1
nT

∑
j∈I(T )

〈
zT

j , zT
i

〉
,

so the same two-sided bounds carry over to ⟨zT , zT
i ⟩ by averaging.

By combining the initialization and inner-product bounds in Lemma D.3 with the closed-form dynamics in
Lemma D.2, we establish the existence of an initial linear window during which all training samples remain
active.
Corollary D.4. Assume Assumption D.1 and the additive model xT

i = yT
i µ + ξi. Recall Binit and Gmax

from Lemma D.3. Define the linear window length

Tlin := max
{
t ∈ {0, 1, . . . , Tin}

∣∣∣∣ ρt Binit + 1− ρt

λ
Gmax < 1

}
, (39)

with the convention max ∅ = −1. Then the following hold.

(i) For every tin ∈ {0, 1, . . . , Tlin} and every i ∈ I(T ),

qT ,i

(
w(tout,tin)) = 1,

and consequently

w(tout,tin) = ρtinw(tout,0) + 1− ρtin

λ
zT . (40)

(ii) If Gmax < λ, then Tlin = Tin, implying that full activity persists throughout the entire inner loop.
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Proof. For (i), we proceed by induction on tin to show that qT ,i(w(tout,tin)) = 1 for all i ∈ I(T ). For the base
case tin = 0, Lemma D.3(i) ensures |⟨w(tout,0), zT

i ⟩| ≤ Binit, which is strictly less than 1 by Assumptions D.1A1
and D.1A4, implying qT ,i(w(tout,0)) = 1.

Assume inductively that qT ,i(w(tout,s)) = 1 for all i and all s < tin, with tin ≤ Tlin. Lemma D.2(i) then yields
the closed-form update w(tout,tin) = ρtinw(tout,0) + 1−ρtin

λ zT . Decomposing the margin ⟨w(tout,tin), zT
i ⟩ and

applying Lemma D.3(i) and Lemma D.3(ii) yields

〈
w(tout,tin), zT

i

〉
≤ ρtin Binit + 1− ρtin

λ
Gmax.

Define the affine map ψ(α) := αBinit+(1−α)Gmax/λ. The right-hand side equals ψ(ρtin). Since ψ is monotone
on [0, 1], we have ψ(ρtin) ≤ max{ψ(1), ψ(ρTlin)} < 1 by Assumption D.1 and the definition equation 39.
Therefore ⟨w(tout,tin), zT

i ⟩ < 1, so qT ,i(w(tout,tin)) = 1, and equation 40 holds.

For (ii), if Gmax < λ, then ψ(0) = Gmax/λ < 1 and ψ(1) = Binit < 1, hence ψ(α) < 1 for all α ∈ [0, 1].
Therefore the defining inequality in equation 39 holds for all t ∈ {0, . . . , Tin}, yielding Tlin = Tin.

The next result expands the inner-loop weights as an explicit linear combination of signed training samples.
The coefficients encode the cumulative support-vector activity and satisfy deterministic bounds controlled by
the initial fully-active window.

Fix tout ∈ {0, . . . , Tout − 1} and set ρ := 1− ληw. For tin ≥ 0, define the coefficient vector a(tout,tin) ∈ RnT by

a
(tout,tin)
i := ηw

nT

tin−1∑
s=0

ρ tin−1−s q
(tout,s)
T ,i , i ∈ I(T ), (41)

with the convention that the sum is 0 when tin = 0, and set

a(tout,tin)
µ :=

∑
i∈I(T )

a
(tout,tin)
i = ηw

tin−1∑
s=0

ρ tin−1−s q
(tout,s)
T . (42)

Lemma D.5. Assume Assumption D.1 and the additive model xT
i = yT

i µ + ξi. Fix tout ∈ {0, . . . , Tout − 1}.
Then the following hold.

(i) For every tin ∈ {0, 1, . . . , Tin}, the inner-loop weights admit the signed-sample expansion

w(tout,tin) = ρtinw(tout,0) +
∑

i∈I(T )

a
(tout,tin)
i zT

i , (43)

and hence, under the additive model,

w(tout,tin) = ρtinw(tout,0) + a(tout,tin)
µ µ +

∑
i∈I(T )

a
(tout,tin)
i yT

i ξi. (44)

(ii) The coefficients are nonnegative. Let Tlin ∈ {0, 1, . . . , Tin} be as in Corollary D.4 and assume its fully-
active conclusion holds on {0, 1, . . . , Tlin − 1}. Define (u)+ := max{u, 0}. Then for every tin ∈ {0, 1, . . . , Tin}
and every i ∈ I(T ),

ρ (tin−Tlin)+
(
1− ρmin{tin,Tlin})
λnT

≤ a(tout,tin)
i ≤ 1− ρtin

λnT
. (45)

Moreover,
ρ (tin−Tlin)+

(
1− ρmin{tin,Tlin})
λ

≤ a(tout,tin)
µ ≤ 1− ρtin

λ
, (46)

and
ρ (tin−Tlin)+

(
1− ρmin{tin,Tlin})
λ
√
nT

≤
∥∥a(tout,tin)∥∥

2 ≤
1− ρtin

λ
√
nT

. (47)
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Proof. For (i), this is a direct consequence of Lemma D.2(i) applied with A = T : substitute g(tout,s)
T =

1
nT

∑
i∈I(T ) q

(tout,s)
T ,i zT

i into equation 37, exchange the order of summation, and identify the resulting coefficients
with equation 41, which gives equation 43. Summing equation 41 over i ∈ I(T ) yields equation 42, and
substituting zT

i = µ + yT
i ξi gives equation 44.

For (ii), since q
(tout,s)
T ,i ∈ {0, 1}, we have a

(tout,tin)
i ≥ 0 for all i. Under the fully-active conclusion on

{0, . . . , Tlin − 1}, we have q(tout,s)
T ,i = 1 for all i and all s ≤ min{tin, Tlin} − 1, hence

a
(tout,tin)
i ≥ ηw

nT

min{tin,Tlin}−1∑
s=0

ρ tin−1−s = ηw
nT

ρ (tin−Tlin)+

min{tin,Tlin}−1∑
u=0

ρu.

Using
∑m−1

u=0 ρu = (1− ρm)/(1− ρ) and 1− ρ = ληw yields the lower bound in equation 45. For the upper
bound, use q(tout,s)

T ,i ≤ 1 in equation 41 to obtain

a
(tout,tin)
i ≤ ηw

nT

tin−1∑
s=0

ρ tin−1−s = 1− ρtin

λnT
.

Summing equation 45 over i gives equation 46. The ℓ2 bounds in equation 47 follow from ∥a∥2 ≥
√
nT mini ai

and ∥a∥2 ≤
√
nT maxi ai together with equation 45.

The corresponding expansion for the condensed samples follows from the affine gradient-matching update. It
represents each evolving condensed sample as a linear combination of its initialization and the accumulated
training gradients, and it gives coefficient bounds determined by the training and condensed-set activity
windows. Define ρS := 1− 2ηS .
Lemma D.6. Fix an outer-loop index tout ∈ {0, . . . , Tout − 1} and a class y ∈ {±1}. Let zS,(tout,tin)

y denote
the time-dependent signed condensed sample in class y, and write q(tout,tin)

S,y ∈ {0, 1} for its activity indicator.
For the training set, recall zT

j and q(tout,tin)
T ,j for j ∈ I(Ty).

(i) Define the coefficient sequences {u(tout,tin)
y }tin≥0 and {c(tout,tin)

y,j }tin≥0 for each j ∈ I(Ty) by the recursions

u(tout,0)
y := 1, u(tout,tin+1)

y :=
(
1− 2ηS q

(tout,tin)
S,y

)
u(tout,tin)

y , tin ≥ 0, (48)

and

c
(tout,0)
y,j := 0, c

(tout,tin+1)
y,j :=

(
1− 2ηS q

(tout,tin)
S,y

)
c

(tout,tin)
y,j + 2ηS

nTy

q
(tout,tin)
S,y q

(tout,tin)
T ,j , tin ≥ 0. (49)

Set
c(tout,tin)

y,µ :=
∑

j∈I(Ty)

c
(tout,tin)
y,j , c(tout,tin)

y :=
(
c

(tout,tin)
y,j

)
j∈I(Ty). (50)

Then for every tin ∈ {0, 1, . . . , Tin},

zS,(tout,tin)
y = u(tout,tin)

y zS,(tout,0)
y +

∑
j∈I(Ty)

c
(tout,tin)
y,j zT

j . (51)

Moreover, if the additive model xT
j = yT

j µ + ξj holds, then for every tin ∈ {0, 1, . . . , Tin},

zS,(tout,tin)
y = u(tout,tin)

y zS,(tout,0)
y + c(tout,tin)

y,µ µ +
∑

j∈I(Ty)

c
(tout,tin)
y,j yT

j ξj . (52)

(ii) Let Tlin ∈ {0, 1, . . . , Tin} and TS,lin(tout) ∈ {0, 1, . . . , Tin} be such that

q
(tout,tin)
T ,j = 1 for all j ∈ I(Ty) and all tin ∈ {0, 1, . . . , Tlin−1}, q

(tout,tin)
S,y = 1 for all tin ∈ {0, 1, . . . , TS,lin(tout)−1}.
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Define Ty,lin := min
{
Tlin, TS,lin(tout)

}
and (u)+ := max{u, 0}. Then for every tin ∈ {0, 1, . . . , Tin},

ρ tin
S ≤ u(tout,tin)

y ≤ ρ
min{tin, TS,lin(tout)}
S , u(tout,tin)

y = ρ tin
S for all tin ∈ {0, 1, . . . , TS,lin(tout)}, (53)

and
ρ

(tin−Ty,lin)+
S

(
1− ρmin{tin, Ty,lin}

S
)
≤ c(tout,tin)

y,µ ≤ 1− ρ tin
S . (54)

Moreover, for every j ∈ I(Ty) and every tin ∈ {0, 1, . . . , Tin},

ρ
(tin−Ty,lin)+
S

(
1− ρmin{tin, Ty,lin}

S
)

nTy

≤ c
(tout,tin)
y,j ≤

1− ρ tin
S

nTy

, c
(tout,tin)
y,j = 1− ρ tin

S
nTy

for all tin ∈ {0, 1, . . . , Ty,lin}.

(55)
In particular,

ρ
(tin−Ty,lin)+
S

(
1− ρmin{tin, Ty,lin}

S
)

√
nTy

≤
∥∥c(tout,tin)

y

∥∥
2 ≤

1− ρ tin
S√

nTy

. (56)

Proof. For (i), the signed condensed update in class y takes the form

zS,(tout,tin+1)
y = zS,(tout,tin)

y + 2ηS q
(tout,tin)
S,y

(
g(tout,tin)

Ty
− g(tout,tin)

Sy

)
.

In the one-sample-per-class setting, g(tout,tin)
Sy

= q
(tout,tin)
S,y zS,(tout,tin)

y , and by definition of the activation-
weighted mean on the training block,

g(tout,tin)
Ty

= 1
nTy

∑
j∈I(Ty)

q
(tout,tin)
T ,j zT

j .

Substituting both identities and using (q(tout,tin)
S,y )2 = q

(tout,tin)
S,y yields

zS,(tout,tin+1)
y = zS,(tout,tin)

y + 2ηS

nTy

q
(tout,tin)
S,y

∑
j∈I(Ty)

q
(tout,tin)
T ,j zT

j − 2ηS q
(tout,tin)
S,y zS,(tout,tin)

y

=
(
1− 2ηSq

(tout,tin)
S,y

)
zS,(tout,tin)

y + 2ηS

nTy

q
(tout,tin)
S,y

∑
j∈I(Ty)

q
(tout,tin)
T ,j zT

j .

Assume that equation 51 holds at time tin, i.e., zS,(tout,tin)
y = u

(tout,tin)
y zS,(tout,0)

y +
∑

j c
(tout,tin)
y,j zT

j . Substituting
this into the previous display gives

zS,(tout,tin+1)
y =

(
1− 2ηSq

(tout,tin)
S,y

)
u(tout,tin)

y zS,(tout,0)
y

+
∑

j∈I(Ty)

[(
1− 2ηSq

(tout,tin)
S,y

)
c

(tout,tin)
y,j + 2ηS

nTy

q
(tout,tin)
S,y q

(tout,tin)
T ,j

]
zT

j .

The coefficient of zS,(tout,0)
y is exactly u

(tout,tin+1)
y in equation 48, and the coefficient of each zT

j is exactly
c

(tout,tin+1)
y,j in equation 49. With the initialization u

(tout,0)
y = 1 and c

(tout,0)
y,j = 0, this establishes equation 51

for all tin ∈ {0, . . . , Tin}. Under the additive model, zT
j = µ + yT

j ξj , so∑
j∈I(Ty)

c
(tout,tin)
y,j zT

j =
( ∑

j∈I(Ty)

c
(tout,tin)
y,j

)
µ +

∑
j∈I(Ty)

c
(tout,tin)
y,j yT

j ξj ,

and equation 52 follows from equation 50.

For (ii), iterating equation 48 gives the product representation

u(tout,tin)
y =

tin−1∏
s=0

(
1− 2ηSq

(tout,s)
S,y

)
, tin ≥ 1,
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with the empty product interpreted as 1 at tin = 0. Since q(tout,s)
S,y ∈ {0, 1} and ρS = 1− 2ηS , each factor lies

in [ρS , 1], so
u(tout,tin)

y ≥ ρ tin
S .

Moreover, q(tout,s)
S,y = 1 for s ∈ {0, . . . , TS,lin(tout)− 1} implies that the first min{tin, TS,lin(tout)} factors equal

ρS , while the remaining factors are at most 1. Thus

u(tout,tin)
y ≤ ρmin{tin,TS,lin(tout)}

S , u(tout,tin)
y = ρ tin

S for all tin ≤ TS,lin(tout),

which is equation 53.

Next, equation 49 and the nonnegativity of the driving term imply c
(tout,tin)
y,j ≥ 0 for all j and tin. On the

joint linear window {0, 1, . . . , Ty,lin − 1}, we have q(tout,tin)
S,y = 1 and q

(tout,tin)
T ,j = 1 for every j ∈ I(Ty), so

equation 49 reduces to
c

(tout,tin+1)
y,j = ρS c

(tout,tin)
y,j + 1− ρS

nTy

, c
(tout,0)
y,j = 0,

which yields c(tout,tin)
y,j = (1 − ρ tin

S )/nTy
for all tin ≤ Ty,lin. Summing over j gives c(tout,tin)

y,µ = 1 − ρ tin
S for

tin ≤ Ty,lin.

For an upper bound valid for all tin, fix j ∈ I(Ty) and define

d
(tout,tin)
y,j := u(tout,tin)

y + nTy
c

(tout,tin)
y,j .

Using equation 48–equation 49, for each tin ≥ 0 we have

d
(tout,tin+1)
y,j =

(
1− 2ηSq

(tout,tin)
S,y

)
u(tout,tin)

y + nTy

(
1− 2ηSq

(tout,tin)
S,y

)
c

(tout,tin)
y,j + 2ηSq

(tout,tin)
S,y q

(tout,tin)
T ,j

=
(
1− 2ηSq

(tout,tin)
S,y

)
d

(tout,tin)
y,j + 2ηSq

(tout,tin)
S,y q

(tout,tin)
T ,j

≤
(
1− 2ηSq

(tout,tin)
S,y

)
d

(tout,tin)
y,j + 2ηSq

(tout,tin)
S,y .

If q(tout,tin)
S,y = 0, the last line gives d(tout,tin+1)

y,j ≤ d
(tout,tin)
y,j . If q(tout,tin)

S,y = 1, then it reads d(tout,tin+1)
y,j ≤

ρS d
(tout,tin)
y,j + (1− ρS). Since d(tout,0)

y,j = u
(tout,0)
y = 1, both cases imply d(tout,tin)

y,j ≤ 1 for all tin ∈ {0, . . . , Tin}.
Therefore,

c
(tout,tin)
y,j ≤ 1− u(tout,tin)

y

nTy

≤
1− ρ tin

S
nTy

,

which is the upper bound in equation 55. Summing over j yields c(tout,tin)
y,µ ≤ 1− u(tout,tin)

y ≤ 1− ρ tin
S , which is

the upper bound in equation 54.

For the lower bounds beyond the joint linear window, note that equation 49 gives

c
(tout,tin+1)
y,j ≥

(
1− 2ηSq

(tout,tin)
S,y

)
c

(tout,tin)
y,j ≥ ρS c

(tout,tin)
y,j .

Iterating this inequality from Ty,lin to tin yields, for tin ≥ Ty,lin,

c
(tout,tin)
y,j ≥ ρ tin−Ty,lin

S c
(tout,Ty,lin)
y,j =

ρ
tin−Ty,lin
S

(
1− ρTy,lin

S
)

nTy

,

which matches the unified lower bound in equation 55. Summing over j gives the lower bound in equation 54.

Finally, since all coordinates of c
(tout,tin)
y are nonnegative, we have∥∥c(tout,tin)

y

∥∥
2 ≤
√
nTy

max
j∈I(Ty)

c
(tout,tin)
y,j ,

∥∥c(tout,tin)
y

∥∥
2 ≥
√
nTy

min
j∈I(Ty)

c
(tout,tin)
y,j .

Combining these relations with the coordinatewise bounds in equation 55 yields equation 56.
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Building on the coefficient expansions for the inner-loop weights (Lemma D.5) and the condensed signed
sample (Lemma D.6), we next upper bound the condensed hinge margins uniformly over the inner loop. The
resulting deterministic envelope yields a Corollary D.4-type sufficient condition ensuring an initial fully-active
window for the condensed sample at each outer-loop restart. To account for the inheritance of S across outer
loops, we also introduce cumulative contraction factors that control the outer-loop initial correlations against
w(tout,0) and {zT

j }.
Lemma D.7. Assume Assumption D.1 and the additive model xT

i = yT
i µ + ξi. Set ρ := 1 − ληw and

ρS := 1− 2ηS . Define the deterministic constants

BwS,0 := Cκ σS σw d,

GTS,0 := Cκ σS

(
∥µ∥2

√
d+

√
∥Σξ∥op d

)
,

(57)

and recall
Binit := Cκ σw

(
∥µ∥2

√
d+

√
∥Σξ∥op d

)
,

Gmax := ∥µ∥2
2 + 2Cκ

√
∥Σξ∥op ∥µ∥2

√
d+ Cκ∥Σξ∥op d.

(58)

Fix tout ∈ {0, . . . , Tout − 1} and assume that for every k ∈ {0, . . . , tout − 1},

q
(k,tin)
S,y = 1 for all y ∈ {±1} and all tin ∈ {0, 1, . . . , TS,lin(k)− 1},

for some integers TS,lin(k) ∈ {0, 1, . . . , Tin}. Define the cumulative exponents

Ωtout :=
tout−1∑

k=0
TS,lin(k),

Γtout :=
tout−1∑

r=0
ρ

∑tout−1
k=r+1

TS,lin(k)
S ,

(59)

with the conventions Ω0 = 0 and Γ0 = 0. Set

B
(tout)
wS := ρ

Ωtout
S BwS,0 +

(
1− ρTin

S
)
Γtout Binit,

G
(tout)
TS := ρ

Ωtout
S GTS,0 +

(
1− ρTin

S
)
Γtout Gmax.

(60)

Then the following hold.

(i) For every y ∈ {±1} and every tin ∈ {0, 1, . . . , Tin},〈
w(tout,tin), zS,(tout,tin)

y

〉
≤ Φtout(tin), (61)

where
Φtout(tin) := ρtin B

(tout)
wS + 1− ρtin

λ
G

(tout)
TS + ρtin

(
1− ρtin

S
)
Binit

+ (1− ρtin)(1− ρtin
S )

λ
Gmax.

(62)

(ii) Define
TS,lin(tout) := max

{
t ∈ {0, 1, . . . , Tin}

∣∣∣ Φtout(s) < 1 for all s ∈ {0, 1, . . . , t}
}
, (63)

with the convention max ∅ = −1. Then for every y ∈ {±1} and every t ∈ {0, 1, . . . , TS,lin(tout)}, q(tout,t)
S,y = 1.

Moreover, if the training-set linear-window conclusion of Corollary D.4(i) holds on {0, 1, . . . , Tlin − 1}, then
with Ty,lin := min{Tlin, TS,lin(tout)},

zS,(tout,t)
y = ρt

S zS,(tout,0)
y +

(
1− ρt

S
)

zTy , zTy := 1
nTy

∑
j∈I(Ty)

zT
j , t ∈ {0, 1, . . . , Ty,lin}. (64)
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(iii) Define the outer-loop inheritance coefficients (ũ(k)
y , c̃

(k)
y,j ) for k ∈ {0, 1, . . . , tout} and j ∈ I(Ty) by

zS,(k,0)
y = ũ(k)

y zS,(0,0)
y +

∑
j∈I(Ty)

c̃
(k)
y,j zT

j , ũ(0)
y := 1, c̃

(0)
y,j := 0, (65)

and for k ≥ 0,
ũ(k+1)

y = u(k,Tin)
y ũ(k)

y , c̃
(k+1)
y,j = u(k,Tin)

y c̃
(k)
y,j + c

(k,Tin)
y,j . (66)

For each tin ∈ {0, 1, . . . , Tin}, set

ũ(tout,tin)
y := u(tout,tin)

y ũ(tout)
y , c̃

(tout,tin)
y,j := u(tout,tin)

y c̃
(tout)
y,j + c

(tout,tin)
y,j . (67)

Then for every y ∈ {±1} and every tin ∈ {0, 1, . . . , Tin},

zS,(tout,tin)
y = ũ(tout,tin)

y zS,(0,0)
y +

∑
j∈I(Ty)

c̃
(tout,tin)
y,j zT

j . (68)

Moreover, all coefficients are nonnegative, and they satisfy the deterministic bounds

ρ toutTin+tin
S ≤ ũ(tout,tin)

y ≤ ρ
Ωtout +min{tin, TS,lin(tout)}
S . (69)

If, in addition, the training-set linear-window conclusion of Corollary D.4(i) holds on {0, 1, . . . , Tlin − 1} for
every outer-loop restart k ∈ {0, 1, . . . , tout}, and we set Ty,lin(k) := min{Tlin, TS,lin(k)}, then with

Γtout,y :=
tout−1∑

r=0
ρ

(tout−1−r)Tin
S ρ

(Tin−Ty,lin(r))+
S

(
1− ρmin{Tin, Ty,lin(r)}

S

)
, (70)

we have for every j ∈ I(Ty) and every tin ∈ {0, 1, . . . , Tin},

c̃
(tout,tin)
y,j ≥

ρtin
S Γtout,y + ρ

(tin−Ty,lin(tout))+
S

(
1− ρmin{tin, Ty,lin(tout)}

S

)
nTy

, (71)

c̃
(tout,tin)
y,j ≤

ρ
min{tin, TS,lin(tout)}
S

(
1− ρTin

S
)
Γtout +

(
1− ρtin

S
)

nTy

.

Proof. For every k ≥ 0, the inheritance zS,(k+1,0)
y = zS,(k,Tin)

y and Lemma D.6(i) at time Tin give

zS,(k+1,0)
y = u(k,Tin)

y zS,(k,0)
y +

∑
j∈I(Ty)

c
(k,Tin)
y,j zT

j .

Substituting equation 65 for zS,(k,0)
y yields

zS,(k+1,0)
y =

(
u(k,Tin)

y ũ(k)
y

)
zS,(0,0)

y +
∑

j∈I(Ty)

(
u(k,Tin)

y c̃
(k)
y,j + c

(k,Tin)
y,j

)
zT

j ,

which matches equation 66 after identifying coefficients in equation 65 at k + 1. Lemma D.6(ii) gives
u

(k,Tin)
y ≥ 0 and c

(k,Tin)
y,j ≥ 0, hence induction on k implies ũ(k)

y ≥ 0 and c̃
(k)
y,j ≥ 0 for all k and j.

Iterating equation 66 gives the unrolled forms

ũ(tout)
y =

tout−1∏
k=0

u(k,Tin)
y , c̃

(tout)
y,j =

tout−1∑
r=0

( tout−1∏
k=r+1

u(k,Tin)
y

)
c

(r,Tin)
y,j .

Since u(k,Tin)
y =

∏Tin−1
s=0 (1− 2ηSq

(k,s)
S,y ) and 1− 2ηSq

(k,s)
S,y ∈ [ρS , 1], we have u(k,Tin)

y ≥ ρTin
S and therefore

ũ(tout)
y ≥ ρtoutTin

S .
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The hypothesis on the previous outer loops and Lemma D.6(ii) give u(k,Tin)
y ≤ ρTS,lin(k)

S , hence

ũ(tout)
y ≤

tout−1∏
k=0

ρ
TS,lin(k)
S = ρ

Ωtout
S .

Lemma D.6(ii) also gives c(r,Tin)
y,j ≤ (1− ρTin

S )/nTy
and

∏tout−1
k=r+1 u

(k,Tin)
y ≤ ρ

∑tout−1
k=r+1

TS,lin(k)
S , hence

c̃
(tout)
y,j ≤

1− ρTin
S

nTy

tout−1∑
r=0

ρ

∑tout−1
k=r+1

TS,lin(k)
S = (1− ρTin

S )Γtout

nTy

,
∑

j∈I(Ty)

c̃
(tout)
y,j ≤ (1− ρTin

S )Γtout .

For (i), applying equation 65 at k = tout and taking inner products with w(tout,0) gives〈
w(tout,0), zS,(tout,0)

y

〉
= ũ(tout)

y

〈
w(tout,0), zS,(0,0)

y

〉
+

∑
j∈I(Ty)

c̃
(tout)
y,j

〈
w(tout,0), zT

j

〉
.

Taking absolute values and using Lemma C.4 and Lemma D.3(i) yields∣∣∣〈w(tout,0), zS,(tout,0)
y

〉∣∣∣ ≤ ũ(tout)
y BwS,0 +

( ∑
j∈I(Ty)

c̃
(tout)
y,j

)
Binit

≤ ρΩtout
S BwS,0 + (1− ρTin

S )Γtout Binit = B
(tout)
wS .

Similarly, for any fixed k ∈ I(T ),〈
zT

k , zS,(tout,0)
y

〉
= ũ(tout)

y

〈
zT

k , zS,(0,0)
y

〉
+

∑
j∈I(Ty)

c̃
(tout)
y,j

〈
zT

k , zT
j

〉
,

and Lemma C.4 together with Lemma D.3(ii) yields∣∣∣〈zT
k , zS,(tout,0)

y

〉∣∣∣ ≤ ũ(tout)
y GTS,0 +

( ∑
j∈I(Ty)

c̃
(tout)
y,j

)
Gmax

≤ ρΩtout
S GTS,0 + (1− ρTin

S )Γtout Gmax = G
(tout)
TS .

Fix tin ∈ {0, 1, . . . , Tin}. Lemma D.5(i) gives

w(tout,tin) = ρtinw(tout,0) +
∑

k∈I(T )

a
(tout,tin)
k zT

k , a
(tout,tin)
k ≥ 0,

∑
k∈I(T )

a
(tout,tin)
k ≤ 1− ρtin

λ
,

and Lemma D.6(i) gives

zS,(tout,tin)
y = u(tout,tin)

y zS,(tout,0)
y +

∑
j∈I(Ty)

c
(tout,tin)
y,j zT

j , 0 ≤ u(tout,tin)
y ≤ 1, c

(tout,tin)
y,j ≥ 0.

Expanding the inner product yields〈
w(tout,tin), zS,(tout,tin)

y

〉
= ρtinu(tout,tin)

y

〈
w(tout,0), zS,(tout,0)

y

〉
+ ρtin

∑
j∈I(Ty)

c
(tout,tin)
y,j

〈
w(tout,0), zT

j

〉
+ u(tout,tin)

y

∑
k∈I(T )

a
(tout,tin)
k

〈
zT

k , zS,(tout,0)
y

〉
+

∑
k∈I(T )

∑
j∈I(Ty)

a
(tout,tin)
k c

(tout,tin)
y,j

〈
zT

k , zT
j

〉
.

Using u(tout,tin)
y ≤ 1 together with a

(tout,tin)
k ≥ 0 and c

(tout,tin)
y,j ≥ 0 yields〈

w(tout,tin), zS,(tout,tin)
y

〉
≤ ρtinB

(tout)
wS + ρtinBinit

∑
j∈I(Ty)

c
(tout,tin)
y,j +G

(tout)
TS

∑
k∈I(T )

a
(tout,tin)
k

+Gmax

( ∑
k∈I(T )

a
(tout,tin)
k

)( ∑
j∈I(Ty)

c
(tout,tin)
y,j

)
.
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Lemma D.6(ii) gives
∑

j∈I(Ty) c
(tout,tin)
y,j = c

(tout,tin)
y,µ ≤ 1− ρtin

S , and Lemma D.5(i) gives
∑

k∈I(T ) a
(tout,tin)
k ≤

(1− ρtin)/λ, hence

〈
w(tout,tin), zS,(tout,tin)

y

〉
≤ ρtinB

(tout)
wS + ρtin(1− ρtin

S )Binit + 1− ρtin

λ
G

(tout)
TS + (1− ρtin)(1− ρtin

S )
λ

Gmax,

which is equation 61–equation 62.

For (ii), if t ≤ TS,lin(tout) then equation 63 gives Φtout(t) < 1, and equation 61 implies ⟨w(tout,t), zS,(tout,t)
y ⟩ < 1,

hence q(tout,t)
S,y = 1. For t ∈ {0, 1, . . . , Ty,lin} and each s ∈ {0, 1, . . . , t−1}, the joint activity on the corresponding

linear windows implies g(tout,s)
Ty

= zTy and g(tout,s)
Sy

= zS,(tout,s)
y , hence the condensed update reduces to

zS,(tout,s+1)
y = zS,(tout,s)

y + 2ηS
(
zTy − zS,(tout,s)

y

)
= ρS zS,(tout,s)

y + (1− ρS) zTy .

Iterating gives zS,(tout,t)
y − zTy

= ρt
S
(
zS,(tout,0)

y − zTy

)
, which is equation 64.

For (iii), Lemma D.6(i) gives

zS,(tout,tin)
y = u(tout,tin)

y zS,(tout,0)
y +

∑
j∈I(Ty)

c
(tout,tin)
y,j zT

j ,

and substituting equation 65 at k = tout yields

zS,(tout,tin)
y =

(
u(tout,tin)

y ũ(tout)
y

)
zS,(0,0)

y +
∑

j∈I(Ty)

(
u(tout,tin)

y c̃
(tout)
y,j + c

(tout,tin)
y,j

)
zT

j ,

which is equation 68 with coefficients defined in equation 67. The bounds in equation 69 follow by multiplying
the bounds for u(tout,tin)

y from Lemma D.6(ii) with the bounds for ũ(tout)
y established above. For the upper

bound in equation 71, equation 67 gives c̃(tout,tin)
y,j = u

(tout,tin)
y c̃

(tout)
y,j + c

(tout,tin)
y,j , and Lemma D.6(ii) together

with the bound on c̃
(tout)
y,j derived above yields

c̃
(tout,tin)
y,j ≤ ρmin{tin,TS,lin(tout)}

S
(1− ρTin

S )Γtout

nTy

+ 1− ρtin
S

nTy

.

For the lower bound in equation 71, the unrolling of c̃(tout)
y,j together with Lemma D.6(ii) gives, for each

r ∈ {0, 1, . . . , tout − 1},
tout−1∏
k=r+1

u(k,Tin)
y ≥ ρ(tout−1−r)Tin

S , c
(r,Tin)
y,j ≥

ρ
(Tin−Ty,lin(r))+
S

(
1− ρmin{Tin,Ty,lin(r)}

S
)

nTy

,

hence c̃(tout)
y,j ≥ Γtout,y/nTy . Combining c̃

(tout,tin)
y,j = u

(tout,tin)
y c̃

(tout)
y,j + c

(tout,tin)
y,j with Lemma D.6(ii), namely

u
(tout,tin)
y ≥ ρtin

S and

c
(tout,tin)
y,j ≥

ρ
(tin−Ty,lin(tout))+
S

(
1− ρmin{tin,Ty,lin(tout)}

S
)

nTy

,

yields the stated lower bound in equation 71.

D.4 Proof of Lemma 3.2

The following restatement records the terminal expansion and coefficient bounds used in the main text.
Lemma D.8. Assume Assumption D.1 and the additive model xT

i = yT
i µ + ξi, and set ρS := 1− 2ηS . Fix

y ∈ {±1}.

(i) There exist Tlin ∈ {0, 1, . . . , Tin} and TS,lin(tout) ∈ {0, 1, . . . , Tin} for each tout ∈ {0, 1, . . . , Tout − 1} such
that

qT ,i

(
w(tout,t)) = 1, i ∈ I(T ), t ∈ {0, 1, . . . , Tlin}, tout ∈ {0, 1, . . . , Tout − 1},
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and
q

(tout,t)
S,y = 1, t ∈ {0, 1, . . . , TS,lin(tout)}, tout ∈ {0, 1, . . . , Tout − 1}.

(ii) Let
(
ũ

(tout,tin)
y , c̃

(tout,tin)
y,j

)
be the coefficients from Lemma D.7(iii), and define

c̃(tout,tin)
y,µ :=

∑
j∈I(Ty)

c̃
(tout,tin)
y,j , c̃(tout,tin)

y :=
(
c̃

(tout,tin)
y,j

)
j∈I(Ty).

Then
zS,(Tout−1,Tin)

y = ũ(Tout−1,Tin)
y zS,(0,0)

y +
∑

j∈I(Ty)

c̃
(Tout−1,Tin)
y,j zT

j ,

and
ũ(Tout−1,Tin)

y ≥ 0, c̃
(Tout−1,Tin)
y,j ≥ 0, j ∈ I(Ty).

(iii) Define
Ty,lin(r) := min

{
Tlin, TS,lin(r)

}
, r ∈ {0, 1, . . . , Tout − 1}.

Define

Bout := 1 +
Tout−2∑

r=0
ρ

∑Tout−1
k=r+1

TS,lin(k)
S , uout :=

(
1− ρTin

S
)
Bout,

and

ℓy :=
Tout−1∑

r=0
ρ

(Tout−r)Tin−Ty,lin(r)
S

(
1− ρTy,lin(r)

S
)
.

Then

ρToutTin
S ≤ ũ(Tout−1,Tin)

y ≤ ρ

∑Tout−1
k=0

TS,lin(k)
S .

Moreover, for every j ∈ I(Ty),
ℓy

nTy

≤ c̃(Tout−1,Tin)
y,j ≤ uout

nTy

,

and consequently

ℓy ≤ c̃(Tout−1,Tin)
y,µ ≤ uout,

ℓy√
nTy

≤
∥∥c̃(Tout−1,Tin)

y

∥∥
2 ≤

uout√
nTy

.

Finally, set ∆y := uout − ℓy and hy,j := c̃
(Tout−1,Tin)
y,j − ℓy/nTy

. Then ∆y ≥ 0 and

hy,j ≥ 0,
∑

j∈I(Ty)

hy,j ≤ ∆y.

(iv) Moreover, assume Gmax < λ. Then

qT ,i

(
w(tout,tin)) = 1, i ∈ I(T ), tout ∈ {0, 1, . . . , Tout − 1}, tin ∈ {0, 1, . . . , Tin},

and
q

(tout,tin)
S,y = 1, tout ∈ {0, 1, . . . , Tout − 1}, tin ∈ {0, 1, . . . , Tin}.

Consequently,

ũ(Tout−1,Tin)
y = ρToutTin

S , c̃
(Tout−1,Tin)
y,j = 1− ρToutTin

S
nTy

, j ∈ I(Ty).
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Proof. For (i), Corollary D.4(i) provides Tlin ∈ {0, 1, . . . , Tin} such that qT ,i

(
w(tout,t)) = 1 for all i ∈ I(T )

and all t ∈ {0, 1, . . . , Tlin}, uniformly over tout ∈ {0, 1, . . . , Tout − 1}. Lemma D.7(ii) provides TS,lin(tout) ∈
{0, 1, . . . , Tin} such that q(tout,t)

S,y = 1 for all t ∈ {0, 1, . . . , TS,lin(tout)}.

For (ii), Lemma D.7(iii) yields, for every (tout, tin),

zS,(tout,tin)
y = ũ(tout,tin)

y zS,(0,0)
y +

∑
j∈I(Ty)

c̃
(tout,tin)
y,j zT

j ,

with ũ(tout,tin)
y ≥ 0 and c̃(tout,tin)

y,j ≥ 0. Setting (tout, tin) = (Tout − 1, Tin) gives the asserted terminal expansion
and nonnegativity.

For (iii), Lemma D.7(iii) gives, for every (tout, tin),

ρtoutTin+tin
S ≤ ũ(tout,tin)

y ≤ ρΩtout +min{tin,TS,lin(tout)}
S .

With (tout, tin) = (Tout − 1, Tin) and min{Tin, TS,lin(Tout − 1)} = TS,lin(Tout − 1), this yields

ρToutTin
S ≤ ũ(Tout−1,Tin)

y ≤ ρΩTout−1+TS,lin(Tout−1)
S .

Since ΩTout−1 =
∑Tout−2

k=0 TS,lin(k) by equation 59, we have ΩTout−1 + TS,lin(Tout − 1) =
∑Tout−1

k=0 TS,lin(k),
proving the displayed bounds for ũ(Tout−1,Tin)

y .

For the coordinatewise upper bound, apply the upper bound in equation 71 with (tout, tin) = (Tout − 1, Tin)
to obtain, for each j ∈ I(Ty),

c̃
(Tout−1,Tin)
y,j ≤

ρ
TS,lin(Tout−1)
S

(
1− ρTin

S
)
ΓTout−1 +

(
1− ρTin

S
)

nTy

.

By equation 59 with tout = Tout − 1,

ΓTout−1 =
Tout−2∑

r=0
ρ

∑Tout−2
k=r+1

TS,lin(k)
S , ρ

TS,lin(Tout−1)
S ΓTout−1 =

Tout−2∑
r=0

ρ

∑Tout−1
k=r+1

TS,lin(k)
S .

Substituting this identity and factoring out
(
1− ρTin

S
)

yields

c̃
(Tout−1,Tin)
y,j ≤ uout

nTy

.

For the coordinatewise lower bound, apply the lower bound in equation 71 with (tout, tin) = (Tout − 1, Tin)
and Ty,lin(r) ≤ Tin to obtain, for each j ∈ I(Ty),

c̃
(Tout−1,Tin)
y,j ≥

ρTin
S ΓTout−1,y + ρ

Tin−Ty,lin(Tout−1)
S

(
1− ρTy,lin(Tout−1)

S
)

nTy

.

By equation 70 with tout = Tout − 1 and Ty,lin(r) ≤ Tin,

ΓTout−1,y =
Tout−2∑

r=0
ρ

(Tout−2−r)Tin
S ρ

Tin−Ty,lin(r)
S

(
1− ρTy,lin(r)

S
)
,

and hence

ρTin
S ΓTout−1,y =

Tout−2∑
r=0

ρ
(Tout−r)Tin−Ty,lin(r)
S

(
1− ρTy,lin(r)

S
)
.

The remaining term equals the r = Tout − 1 summand, so combining the last two displays yields

c̃
(Tout−1,Tin)
y,j ≥ ℓy

nTy

.
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Summing the coordinatewise bounds over j ∈ I(Ty) gives ℓy ≤ c̃(Tout−1,Tin)
y,µ ≤ uout.

For the ℓ2 bounds, fix a nonnegative vector v = (vj)m
j=1 and note that

∥v∥2
2 =

m∑
j=1

v2
j ≤ m

(
max

1≤j≤m
vj

)2
, ∥v∥2

2 =
m∑

j=1
v2

j ≥ m
(

min
1≤j≤m

vj

)2
.

Applying these inequalities with v = c̃
(Tout−1,Tin)
y and m = nTy

gives

√
nTy

min
j∈I(Ty)

c̃
(Tout−1,Tin)
y,j ≤

∥∥c̃(Tout−1,Tin)
y

∥∥
2 ≤
√
nTy

max
j∈I(Ty)

c̃
(Tout−1,Tin)
y,j .

The coordinatewise bounds yield the displayed upper and lower bounds on
∥∥c̃

(Tout−1,Tin)
y

∥∥
2. Finally, ∆y ≥ 0

follows from ℓy ≤ uout. The definition of hy,j and the coordinatewise lower bound give hy,j ≥ 0, while the
total-mass upper bound gives ∑

j∈I(Ty)

hy,j = c̃(Tout−1,Tin)
y,µ − ℓy ≤ uout − ℓy = ∆y.

For (iv), Corollary D.4(ii) implies qT ,i

(
w(tout,tin)) = 1 for all i ∈ I(T ) and all (tout, tin), so equation 40 gives

w(tout,tin) = αtin w(tout,0) + (1− αtin) 1
λ

zT , αtin := ρtin ∈ [0, 1].

Under full training activity, the condensed update in class y satisfies

zS,(tout,tin+1)
y =

(
1− 2ηSq

(tout,tin)
S,y

)
zS,(tout,tin)

y + 2ηSq
(tout,tin)
S,y zTy

, zTy
:= 1

nTy

∑
j∈I(Ty)

zT
j .

Since q(tout,tin)
S,y ∈ {0, 1} and 0 ≤ 2ηS ≤ 1, we have 1 − 2ηSq

(tout,tin)
S,y ∈ [0, 1], and therefore zS,(tout,tin+1)

y ∈
conv

{
zS,(tout,tin)

y , zTy

}
. Iterating in tin and using the inheritance zS,(tout+1,0)

y = zS,(tout,Tin)
y yields

zS,(tout,tin)
y ∈ conv

{
zS,(0,0)

y , zTy

}
, tout ∈ {0, 1, . . . , Tout − 1}, tin ∈ {0, 1, . . . , Tin}.

Fix (tout, tin), and write
zS,(tout,tin)

y = βtout,tin zS,(0,0)
y + (1− βtout,tin) zTy

for some βtout,tin ∈ [0, 1]. Bilinearity gives〈
w(tout,tin), zS,(tout,tin)

y

〉
= αtinβtout,tin

〈
w(tout,0), zS,(0,0)

y

〉
+ αtin(1− βtout,tin)

〈
w(tout,0), zTy

〉
+ (1− αtin)βtout,tin

〈
1
λ

zT , zS,(0,0)
y

〉
+ (1− αtin)(1− βtout,tin)

〈
1
λ

zT , zTy

〉
.

Since the coefficients in the last display are nonnegative and sum to 1, this inner product is bounded above
by the maximum of the four corner values. Under the high-probability event of Lemma C.4, we have∣∣〈w(tout,0), zS,(0,0)

y

〉∣∣ ≤ Cκ σS σw d,
∣∣〈zT , zS,(0,0)

y

〉∣∣ ≤ Cκ σS

(
∥µ∥2

√
d+

√
∥Σξ∥op d

)
.

Assumptions D.1A1 and D.1A4 imply that the right-hand sides are bounded by 1 and λ, respectively, and
therefore ∣∣〈w(tout,0), zS,(0,0)

y

〉∣∣ ≤ 1,
∣∣∣∣〈 1
λ

zT , zS,(0,0)
y

〉∣∣∣∣ ≤ 1.

Moreover, Lemma D.3(i) gives, for every tout,∣∣〈w(tout,0), zTy

〉∣∣ =
∣∣∣∣ 1
nTy

∑
j∈I(Ty)

〈
w(tout,0), zT

j

〉∣∣∣∣ ≤ 1
nTy

∑
j∈I(Ty)

∣∣〈w(tout,0), zT
j

〉∣∣ ≤ Binit < 1.
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Finally, Lemma D.3(ii) implies
〈
zT , zTy

〉
≤ Gmax, hence〈

1
λ

zT , zTy

〉
≤ Gmax

λ
< 1.

Combining these bounds yields
〈
w(tout,tin), zS,(tout,tin)

y

〉
< 1 for every (tout, tin), and therefore q(tout,tin)

S,y = 1
throughout. Under full activity, Lemma D.7(ii) gives

zS,(tout,Tin)
y = ρTin

S zS,(tout,0)
y +

(
1− ρTin

S
)
zTy

,

and iterating the inheritance zS,(tout+1,0)
y = zS,(tout,Tin)

y yields

zS,(Tout−1,Tin)
y = ρToutTin

S zS,(0,0)
y +

(
1− ρToutTin

S
)
zTy

.

Expanding zTy
= 1

nTy

∑
j∈I(Ty) zT

j gives the coefficient identities in (iv).

D.5 Proof of Lemma 3.7

The proof of Lemma 3.7 is organized into one geometric risk bound and two signal-to-residual corollaries.
The first result reduces the population risk of a directional evaluator to a one-dimensional sub-Gaussian
tail bound and then lower bounds the effective margin using only a signal–residual decomposition of the
two-sample difference vector.
Lemma D.9. Assume the test distribution D follows the additive model

x = yµ + ξtest, y ∈ {±1},

where ξtest is mean-zero sub-Gaussian with proxy covariance Σξ in the sense of Definition C.1. Let S =
{(x+,+1), (x−,−1)} be any two-point dataset and define the two-sample difference vector

s(S) := x+ − x−, ŵS := s(S)
∥s(S)∥2

.

Define the effective margin
m(S) := ⟨ŵS ,µ⟩.

Then the population classification risk satisfies

R(S) := P(x,y)∼D(y⟨ŵS ,x⟩ < 0) ≤ exp
(
−
m(S)2

+
2∥Σξ∥op

)
. (72)

Moreover, assume that s(S) admits the decomposition

s(S) = A(S) µ + r(S) with A(S) > 0. (73)

Define the relative signal-to-residual ratio

ŜR(S) := A(S) ∥µ∥2

∥r(S)∥2
∈ (0,+∞], (74)

where ŜR(S) = +∞ if r(S) = 0. Then

m(S) ≥ ∥µ∥2

(
ŜR(S)− 1
ŜR(S) + 1

)
, (75)

and therefore

R(S) ≤ exp

− ∥µ∥2
2

2∥Σξ∥op

(
ŜR(S)− 1
ŜR(S) + 1

)2

+

 . (76)
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Proof. Fix S and abbreviate ŵ := ŵS . For (x, y) ∼ D, the error event is

y⟨ŵ,x⟩ < 0 ⇐⇒ ⟨ŵ,µ⟩+ ⟨ŵ, yξtest⟩ < 0.

Since ξtest is sub-Gaussian with proxy covariance Σξ, the scalar ⟨ŵ, yξtest⟩ is mean-zero sub-Gaussian with
proxy variance ŵ⊤Σξŵ ≤ ∥Σξ∥op. Hence, for any t > 0,

P(⟨ŵ, yξtest⟩ ≤ −t) ≤ exp
(
− t2

2∥Σξ∥op

)
.

Taking t = m(S)+ = ⟨ŵ,µ⟩+ yields equation 72.

Assume now that equation 73 holds. Using ŵ = s(S)/∥s(S)∥2,

m(S) = ⟨s(S),µ⟩
∥s(S)∥2

.

For the numerator, Cauchy–Schwarz yields

⟨s(S),µ⟩ = A(S)∥µ∥2
2 + ⟨r(S),µ⟩ ≥ A(S)∥µ∥2

2 − ∥r(S)∥2 ∥µ∥2.

For the denominator, the triangle inequality yields

∥s(S)∥2 = ∥A(S)µ + r(S)∥2 ≤ A(S)∥µ∥2 + ∥r(S)∥2.

Dividing the last two displays gives

m(S) ≥ ∥µ∥2
A(S)∥µ∥2 − ∥r(S)∥2

A(S)∥µ∥2 + ∥r(S)∥2
.

Substituting the definition equation 74 yields equation 75. Finally, substituting equation 75 into equation 72
yields equation 76.

We next instantiate Lemma D.9 for a coreset formed by selecting one training sample per class.
Corollary D.10. Assume Assumption D.1 and the additive model xT

i = yT
i µ + ξi with mean-zero sub-

Gaussian noise parameter Σξ. Let Cκ denote the constant appearing in Lemma C.2. Pick any indices
i+ ∈ I(T+) and i− ∈ I(T−) and form Score = {(xT

i+
,+1), (xT

i−
,−1)}. Then

s(Score) = xT
i+
− xT

i−
= 2µ + rcore, rcore := ξi+ − ξi− ,

and
∥rcore∥2

2 ≤ 2
(
1 + 2Cκ

)
∥Σξ∥op d. (77)

Define

ŜR(Score) := 2∥µ∥2

∥rcore∥2
.

Then equation 77 implies the interpretable lower bound

ŜR(Score) ≥ 2∥µ∥2√
2(1 + 2Cκ) ∥Σξ∥op d

. (78)

Consequently,

R(Score) ≤ exp

− ∥µ∥2
2

2∥Σξ∥op

(
ŜR(Score)− 1
ŜR(Score) + 1

)2

+

 ,

and the same bound remains valid after replacing ŜR(Score) by the lower bound in equation 78.
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Proof. The identity s(Score) = xT
i+
− xT

i−
= 2µ + (ξi+ − ξi−) follows from the additive model.

By Lemma C.2 equation 25 and tr(Σξ) ≤ d ∥Σξ∥op, for each i ∈ I(T ),

∥ξi∥2
2 ≤ tr(Σξ) + Cκ∥Σξ∥opd ≤

(
1 + Cκ

)
∥Σξ∥opd.

By Lemma C.2 equation 24, for i ̸= i′, ∣∣⟨ξi, ξi′⟩
∣∣ ≤ Cκ∥Σξ∥opd.

Therefore,

∥rcore∥2
2 = ∥ξi+ − ξi−∥2

2

= ∥ξi+∥2
2 + ∥ξi−∥2

2 − 2⟨ξi+ , ξi−⟩
≤
(
1 + Cκ

)
∥Σξ∥opd+

(
1 + Cκ

)
∥Σξ∥opd+ 2Cκ∥Σξ∥opd

= 2
(
1 + 2Cκ

)
∥Σξ∥opd,

which is equation 77. The lower bound equation 78 follows from ŜR(Score) = 2∥µ∥2/∥rcore∥2. The risk bound
is Lemma D.9 applied with A(Score) = 2 and r(Score) = rcore.

We finally apply Lemma D.9 to the terminal condensed samples. The proof uses the terminal expansion and
the coefficient bounds established in Lemma D.8. The strong-regularization regime Gmax < λ is treated as a
special case at the end.
Corollary D.11. Assume the hypotheses of Lemma D.8. Let Cκ denote a constant that can be chosen
to dominate the constants appearing in Lemma C.2, Lemma C.4, and Lemma C.5. For y ∈ {±1}, set
ũy := ũ

(Tout−1,Tin)
y , c̃y := c̃

(Tout−1,Tin)
y , and c̃y,µ := c̃

(Tout−1,Tin)
y,µ . Let zS

y := zS,(Tout−1,Tin)
y be the terminal

signed condensed samples and define Sdc = {(zS
+,+1), (−zS

−,−1)}. Define the two-sample difference vector
and its signal–residual decomposition by

s(Sdc) := zS
+ − (−zS

−) = zS
+ + zS

− = Adcµ + rdc, Adc := c̃+,µ + c̃−,µ.

Define the relative signal-to-residual ratio

ŜR(Sdc) := Adc∥µ∥2

∥rdc∥2
.

For y ∈ {±1} and r ∈ {0, . . . , Tout − 1}, set Ty,lin(r) := min{Tlin, TS,lin(r)}, and define

Bout := 1 +
Tout−2∑

r=0
ρ

∑Tout−1
k=r+1

TS,lin(k)
S .

Define uout :=
(
1− ρTin

S
)
Bout. For y ∈ {±1}, define

ℓy :=
Tout−1∑

r=0
ρ

(Tout−r)Tin−Ty,lin(r)
S

(
1− ρTy,lin(r)

S
)
.

Set ∆y := uout − ℓy. Set

Ldc := ℓ+ + ℓ−

Boutβp +
∑

y∈{±1} ∆y

(√
nT − p−1/2

y

) .
Then the population risk satisfies

R(Sdc) ≤ exp

− ∥µ∥2
2

2∥Σξ∥op

(
ŜR(Sdc)− 1
ŜR(Sdc) + 1

)2

+

 .
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Moreover,

ŜR(Sdc) ≥
√
nT Ldc ∥µ∥2√
Cκ∥Σξ∥op d

,

and the same risk bound remains valid after replacing ŜR(Sdc) by the lower bound above.

Moreover, if Gmax < λ, then we have

ũy = ρToutTin
S , c̃y,µ = 1− ρToutTin

S , ∥c̃y∥2 = 1− ρToutTin
S√
nTy

, y ∈ {±1},

and hence

Ldc =
2
(
1− ρToutTin

S
)

βp

∑Tout−1
q=0 ρqTin

S
, ∆y = 0, y ∈ {±1},

so the stated lower bound becomes

ŜR(Sdc) ≥
2
(
1− ρToutTin

S
)
∥µ∥2√

Cκ∥Σξ∥op d
(∑Tout−1

q=0 ρqTin
S

)
βp√
nT

.

Proof. By Lemma D.8(ii), for each y ∈ {±1},

zS
y = ũy zS,(0,0)

y +
∑

j∈I(Ty)

c̃y,j zT
j .

Since zT
j := yT

j xT
j and xT

j = yT
j µ + ξj , we have zT

j = µ + yT
j ξj , and for j ∈ I(Ty), yT

j = y. Therefore,∑
j∈I(Ty)

c̃y,j zT
j = c̃y,µ µ + y

∑
j∈I(Ty)

c̃y,j ξj , c̃y,µ :=
∑

j∈I(Ty)

c̃y,j .

Summing y = +1 and y = −1 gives

s(Sdc) = zS
+ + zS

− = (c̃+,µ + c̃−,µ) µ + rinit + rnoise,

where
rinit := ũ+ xS,(0,0)

+ + ũ− xS,(0,0)
− , rnoise :=

∑
j∈I(T+)

c̃+,jξj −
∑

j∈I(T−)

c̃−,jξj .

Thus rdc = rinit + rnoise and Adc = c̃+,µ + c̃−,µ. The risk bound is Lemma D.9 applied with A(Sdc) = Adc
and r(Sdc) = rdc.

By Lemma C.4 equation 32, ∥zS,(0,0)
y ∥2

2 ≤ Cκσ
2
Sd, hence

∥rinit∥2 ≤
√
Cκd σS (ũ+ + ũ−).

For each y ∈ {±1}, Lemma D.8(iii) gives the decomposition c̃y,j = ℓy/nTy + hy,j with hy,j ≥ 0 and∑
j∈I(Ty)

hy,j ≤ ∆y.

Therefore ∑
j∈I(Ty)

c̃y,jξj = ℓy

nTy

∑
j∈I(Ty)

ξj +
∑

j∈I(Ty)

hy,jξj .

For the first term, Lemma C.5 equation 35, applied with the failure probability split between the two fixed
classwise-uniform vectors, yields simultaneously for y ∈ {±1},∥∥∥ ℓy

nTy

∑
j∈I(Ty)

ξj

∥∥∥
2
≤
√
Cκ∥Σξ∥op d

ℓy√
nTy

.
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For the second term, Lemma C.2 equation 25 and tr(Σξ) ≤ ∥Σξ∥opd imply maxj ∥ξj∥2 ≤
√
Cκ∥Σξ∥opd, and

hence ∥∥∥ ∑
j∈I(Ty)

hy,jξj

∥∥∥
2
≤
√
Cκ∥Σξ∥opd∆y.

Combining the last three displays gives

∥∥∥ ∑
j∈I(Ty)

c̃y,jξj

∥∥∥
2
≤
√
Cκ∥Σξ∥opd

(
ℓy√
nTy

+ ∆y

)
.

Using the triangle inequality on rnoise yields

∥rnoise∥2 ≤
√
Cκ∥Σξ∥opd

∑
y∈{±1}

(
ℓy√
nTy

+ ∆y

)
.

Lemma D.8(iii) also gives ũy ≤ 1 and c̃y,µ ≥ ℓy, hence

ũ+ + ũ− ≤ 2, Adc ≥ ℓ+ + ℓ−.

By Assumption D.1A4, we have
2σS ≤

√
∥Σξ∥op ρ

Tin
S

βp√
nT

,

and since Bout ≥ 1, this implies

∥rinit∥2 ≤ 2
√
Cκd σS ≤

√
Cκ∥Σξ∥op d ρ

Tin
S Bout

βp√
nT

.

Combining the bounds on rinit and rnoise, and using nTy
= pynT , gives

∥rdc∥2 ≤
√
Cκ∥Σξ∥opd√

nT

ρTin
S Boutβp +

∑
y∈{±1}

ℓyp
−1/2
y +√nT

∑
y∈{±1}

∆y

 .
Since ℓy = uout −∆y and uout = (1− ρTin

S )Bout, the bracket equals

Boutβp +
∑

y∈{±1}

∆y

(√
nT − p−1/2

y

)
.

Substituting Adc ≥ ℓ+ + ℓ− and the preceding bound on ∥rdc∥2 into the definition ŜR(Sdc) = Adc∥µ∥2/∥rdc∥2
gives the stated lower bound.

Finally, if Gmax < λ, then Lemma D.8(iv) gives c̃y,µ = 1− ρToutTin
S and ∥c̃y∥2 = (1− ρToutTin

S )/√nTy
. In this

regime, TS,lin(k) = Tin for all k, hence Bout =
∑Tout−1

q=0 ρqTin
S , ℓy = uout = 1− ρToutTin

S , and ∆y = 0 from the
displayed identities.

The lower bound in Corollary D.11 isolates the effect of activity switching through the deficits ∆y = uout− ℓy.
The next deterministic comparison controls these deficits using the lengths of the certified active windows.
Conditioned on Tlin and TS,lin(r), the comparison follows algebraically from the definitions of Bout, ℓy, and
uout. It identifies regimes in which the factor Ldc preserves the class-averaging scale in Corollary D.11.
Lemma D.12. Assume the hypotheses of Corollary D.11, and let Bout, uout, ℓy, ∆y, and Ldc be the quantities
defined there. Set T := Tin and ρ := ρS . For r ∈ {0, . . . , Tout − 1}, define

Dr :=
Tout−1∑
k=r+1

(
T − TS,lin(k)

)
, MS := max

0≤r≤Tout−1
Dr,
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and
Wwin := (1− ρT )

(
1− ρMS

)
+ max

y∈{±1}
0≤r≤Tout−1

(
1− ρT −Ty,lin(r)).

Then, for each y ∈ {±1},

0 ≤ ∆y = uout − ℓy ≤ BoutWwin, ℓy ≥ Bout
(
(1− ρT )−Wwin

)
.

Moreover, ∑
y∈{±1}

∆y ≤ 2BoutWwin.

The following consequences for Ldc hold along any sequence of problem instances for which βp > 0.

(i) If Gmax < λ, then Wwin = 0 and

Ldc = 2(1− ρT )
βp

.

In particular, if p+ = p− = 1/2, then Ldc = (1− ρT )/
√

2.

(ii) If

Wwin = o(1− ρT ), Wwin = o

(
βp√
nT

)
,

then
Ldc = (1 + o(1))2(1− ρT )

βp
.

(iii) If

Wwin = o(1− ρT ), Wwin = O

(
βp√
nT

)
,

then
Ldc = Ω

(
1− ρT

βp

)
.

(iv) Let nmin := miny∈{±1} nTy
. If nmin →∞ and∑

y∈{±1}

∆y = Ω
(
Bout(1− ρT )

)
,

then
Ldc = O(n−1/2

T ).

Proof. For each r, set

Fr :=
Tout−1∑
k=r+1

TS,lin(k), sy,r := T − Ty,lin(r).

Then Fr = (Tout − 1 − r)T − Dr, and the rth contribution to uout is ar := (1 − ρT )ρFr , while the rth
contribution to ℓy is

by,r := ρ(Tout−r)T −Ty,lin(r)(1− ρTy,lin(r)) = ρFr+Dr+sy,r
(
1− ρT −sy,r

)
.

Hence
ar − by,r = ρFr

[
(1− ρT )− ρDr+sy,r

(
1− ρT −sy,r

)]
.

The bracket admits the exact decomposition

(1− ρT )
(
1− ρDr

)
+ ρDr

(
1− ρsy,r

)
,
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which is nonnegative and bounded above by Wwin. Summing over r gives

0 ≤ uout − ℓy =
Tout−1∑

r=0
(ar − by,r) ≤ Wwin

Tout−1∑
r=0

ρFr = BoutWwin.

The lower bound on ℓy follows from ℓy = uout−∆y, uout = Bout(1−ρT ), and the preceding display. Summing
the bounds on ∆y over y ∈ {±1} gives

∑
y ∆y ≤ 2BoutWwin.

If Gmax < λ, Lemma D.8(iv) gives full activity, so TS,lin(r) = T and Ty,lin(r) = T for all y, r. Thus MS = 0,
Wwin = 0, Bout =

∑Tout−1
q=0 ρqT , and ℓy = uout = 1− ρToutT . Substituting these identities into the definition

of Ldc gives

Ldc = 2(1− ρToutT )
Boutβp

= 2(1− ρT )
βp

.

For (ii) and (iii), write the numerator of Ldc as N := ℓ+ + ℓ− and its denominator as

D := Boutβp +
∑

y∈{±1}

∆y

(√
nT − p−1/2

y

)
.

The bounds above imply
2Bout

(
(1− ρT )−Wwin

)
≤ N ≤ 2Bout(1− ρT ),

and
Boutβp ≤ D ≤ Boutβp + 2Bout

√
nT Wwin.

If Wwin = o(1− ρT ) and Wwin = o(βp/
√
nT ), then N = (1 + o(1))2Bout(1− ρT ) and D = (1 + o(1))Boutβp,

proving (ii). If Wwin = o(1− ρT ) and Wwin = O(βp/
√
nT ), then N = Ω(Bout(1− ρT )) and D = O(Boutβp),

proving (iii).

For (iv), the numerator in Ldc is at most 2Bout(1− ρT ), while its denominator is at least(√
nT −max

y
p−1/2

y

) ∑
y∈{±1}

∆y.

Since maxy p
−1/2
y =

√
nT /nmin = o(√nT ) when nmin →∞, the denominator is Ω(√nT Bout(1− ρT )) under

the stated lower bound on
∑

y ∆y. Hence Ldc = O(n−1/2
T ).

D.6 Proofs for the Multiclass OvR Results

This subsection proves the auxiliary results used for Theorems B.3 and B.4, Corollary B.5, and Remark B.6
in Appendix B.3. The argument follows the binary affine-recursion proof after introducing head-wise OvR
signed coordinates; the additional class and head indices enter through the activity and coefficient windows.

The first step is to certify active windows for the head-wise OvR hinge indicators. After passing to signed
OvR samples, each fixed head has the same fully-active weight trajectory as in the binary analysis, so the
binary margin-envelope argument can be applied head-wise.
Lemma D.13. Assume Assumption B.1, 0 < ηwλ ≤ 1, and 0 < 2ηS ≤ 1. Set ρ := 1−ηwλ and ρS := 1−2ηS .
For each class k, define

BOvR
T ,k := max

0≤r<Tout
h∈[K]

i∈Ik(T )

〈
w(r,0)

h , zT
i,h

〉
, GOvR

T ,k := max
h∈[K]

i∈Ik(T )

〈
z̄T

h , zT
i,h

〉
,

and let

TOvR
T ,k,lin := max

{
m ∈ {0, . . . , Tin} : ρtBOvR

T ,k + 1− ρt

λ
GOvR

T ,k < 1 for all t = 0, . . . ,m− 1
}
.
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For each outer loop r and each class k, set zT
k,h := n−1

T ,k

∑
i∈Ik(T ) zT

i,h and define

BOvR
S,k (r) := max

h∈[K]
max

{〈
w(r,0)

h , zS,(r,0)
k,h

〉
,
〈

w(r,0)
h , zT

k,h

〉}
,

GOvR
S,k (r) := max

h∈[K]
max

{〈
z̄T

h , z
S,(r,0)
k,h

〉
,
〈
z̄T

h , zT
k,h

〉}
.

Then define

TOvR
S,k,lin(r) := max

{
m ∈ {0, . . . , TOvR

T ,k,lin} : ρtBOvR
S,k (r) + 1− ρt

λ
GOvR

S,k (r) < 1 for all t = 0, . . . ,m− 1
}
.

Under classwise OvR gradient matching, for every outer loop r,

q
T ,(r,t)
i,h = 1 ∀ i ∈ Ik(T ), h ∈ [K], t < TOvR

T ,k,lin, q
S,(r,t)
k,h = 1 ∀h ∈ [K], t < TOvR

S,k,lin(r).

In particular, if the two displayed margin inequalities in the definitions of TOvR
T ,k,lin and TOvR

S,k,lin(r) hold for
every t = 0, . . . , Tin − 1, then the corresponding window length is Tin.

Proof. Fix a head h. In the signed OvR coordinate zT
i,h = τh,yT

i
xT

i , the training activity is qT ,(t)
i,h =

1{1− ⟨w(t)
h , zT

i,h⟩ > 0}, and the weight update can be written as

w(t+)
h = (1− ηwλ)w(t)

h + ηw
1
nT

nT∑
i=1

q
T ,(t)
i,h zT

i,h.

Thus, for fixed h, the training-side dynamics have the same signed-sample form as the binary dynamics used
in Corollary D.4. The proof of Corollary D.4, with the signed samples replaced by {zT

i,h}i and then with the
maximum taken over h and i ∈ Ik(T ), gives〈

w(r,t)
h , zT

i,h

〉
≤ ρtBOvR

T ,k + 1− ρt

λ
GOvR

T ,k .

The definition of TOvR
T ,k,lin therefore implies qT ,(r,t)

i,h = 1 for all i ∈ Ik(T ), all heads h, and all t < TOvR
T ,k,lin.

We next certify the condensed-sample window. Fix an outer loop r, a class k, and a head h. In a joint activity
induction, when the training activities for class k and the condensed-sample activities for class k are active
for all heads up to the current inner time, the averaged quantities satisfy q̄S

k = 1 and b̄k,i = 1. Multiplying
the condensed-sample update by τh,k gives

zS,(t+)
k,h = ρSzS,(t)

k,h + (1− ρS)zT
k,h,

which is the full-active signed condensed-sample recursion used in Lemma D.7. Since TOvR
S,k,lin(r) ≤ TOvR

T ,k,lin,
the training activity conclusion above gives the full-active head trajectory on this window:

w(r,t)
h = ρtw(r,0)

h + 1− ρt

λ
z̄T

h .

The signed condensed sample is a convex combination zS,(r,t)
k,h = ρt

SzS,(r,0)
k,h +(1−ρt

S)zT
k,h on the same induction

window. Therefore 〈
w(r,t)

h , zS,(r,t)
k,h

〉
≤ ρtBOvR

S,k (r) + 1− ρt

λ
GOvR

S,k (r).

The definition of TOvR
S,k,lin(r) implies that the last display is strictly smaller than 1 for all t < TOvR

S,k,lin(r), and
hence qS,(r,t)

k,h = 1 on that window. The statement about full-length windows follows from the definitions of
the window lengths.
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Once the active windows are fixed, the multiclass condensed-sample update can be unrolled class by class.
The next lemma is the OvR counterpart of the binary coefficient expansion: it gives a nonnegative expansion,
the corresponding signal–noise decomposition, and the coefficient bounds needed later for the pairwise risk
analysis.
Lemma D.14. Assume 0 < 2ηS ≤ 1 and nT ,k ≥ 1 for every k ∈ [K], and set ρS := 1 − 2ηS and
t⋆ := (Tout − 1, Tin). Under classwise OvR gradient matching, for every k ∈ [K] there exist terminal
coefficients

u
(t⋆)
k ≥ 0, c

(t⋆)
k,i ≥ 0, i ∈ Ik(T ),

such that
pS,(t⋆)

k = u
(t⋆)
k pS,(0,0)

k +
∑

i∈Ik(T )

c
(t⋆)
k,i xT

i .

Set c(t⋆)
k,µ :=

∑
i∈Ik(T ) c

(t⋆)
k,i and c

(t⋆)
k := (c(t⋆)

k,i )i∈Ik(T ). If the K-class additive model satisfies xT
i = µk + ξi

for i ∈ Ik(T ), then
pS,(t⋆)

k = u
(t⋆)
k pS,(0,0)

k + c
(t⋆)
k,µ µk +

∑
i∈Ik(T )

c
(t⋆)
k,i ξi.

Assume additionally that the OvR training and condensed-sample linear windows for class k have lengths
TOvR

T ,k,lin ∈ {0, . . . , Tin} and TOvR
S,k,lin(r) ∈ {0, . . . , Tin}, r ∈ {0, . . . , Tout − 1}, in the sense that, for every outer

loop r,

q
T ,(r,t)
i,h = 1 ∀ i ∈ Ik(T ), h ∈ [K], t < TOvR

T ,k,lin, q
S,(r,t)
k,h = 1 ∀h ∈ [K], t < TOvR

S,k,lin(r).

Define
TOvR

k,lin (r) := min{TOvR
T ,k,lin, T

OvR
S,k,lin(r)},

Bk,out := 1 +
Tout−2∑

r=0
ρ

∑Tout−1
s=r+1

T OvR
S,k,lin(s)

S , uk,out := (1− ρTin
S )Bk,out,

and

ℓk :=
Tout−1∑

r=0
ρ

(Tout−r)Tin−T OvR
k,lin (r)

S
(
1− ρT OvR

k,lin (r)
S

)
.

Then
ρToutTin

S ≤ u(t⋆)
k ≤ ρ

∑Tout−1
r=0

T OvR
S,k,lin(r)

S .

Moreover, for every i ∈ Ik(T ),
ℓk

nT ,k
≤ c(t⋆)

k,i ≤
uk,out

nT ,k
,

and consequently
ℓk ≤ c(t⋆)

k,µ ≤ uk,out,
ℓk√
nT ,k

≤ ∥c(t⋆)
k ∥2 ≤

uk,out√
nT ,k

.

With ∆k := uk,out − ℓk and hk,i := c
(t⋆)
k,i − ℓk/nT ,k, we have ∆k ≥ 0, hk,i ≥ 0, and

∑
i∈Ik(T ) hk,i ≤ ∆k.

If all OvR training and condensed-sample activities are active for every update time in the bilevel procedure,
then

pS,(t⋆)
k = ρToutTin

S pS,(0,0)
k +

(
1− ρToutTin

S
)
µ̂T

k , µ̂T
k := 1

nT ,k

∑
i∈Ik(T )

xT
i .

Proof. We derive the affine recursion for the classwise update. Fix k ∈ [K] and an inner-loop time index
t = (tout, tin) with tin < Tin, and let t+ = (tout, tin + 1). For a fixed head h, write

r(t)
k,h := q

S,(t)
k,h τh,kpS,(t)

k − 1
nT ,k

∑
i∈Ik(T )

q
T ,(t)
i,h τh,kxT

i .
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Then DOvR
k (P(t); W(t)) = K−1∑K

h=1 ∥r
(t)
k,h∥2

2. Since all hinge activities are evaluated at time t and treated
as fixed with respect to pS

k , we have

∇pS
k

∥∥∥r(t)
k,h

∥∥∥2

2
= 2qS,(t)

k,h τh,kr(t)
k,h.

Substituting the definition of r(t)
k,h and using τ2

h,k = 1 and (qS,(t)
k,h )2 = q

S,(t)
k,h gives

∇pS
k

∥∥∥r(t)
k,h

∥∥∥2

2
= 2qS,(t)

k,h pS,(t)
k − 2

nT ,k

∑
i∈Ik(T )

q
S,(t)
k,h q

T ,(t)
i,h xT

i .

Averaging over h yields

∇pS
k
DOvR

k

(
P(t); W(t)

)
= 2q̄S,(t)

k pS,(t)
k − 2

nT ,k

∑
i∈Ik(T )

b̄
(t)
k,ix

T
i .

Inserting this gradient into the classwise condensed-sample step gives

pS,(t+)
k =

(
1− 2ηS q̄

S,(t)
k

)
pS,(t)

k + 2ηS

nT ,k

∑
i∈Ik(T )

b̄
(t)
k,ix

T
i .

We next unroll this update. Define the global coefficients by

u
(0,0)
k := 1, c

(0,0)
k,i := 0, i ∈ Ik(T ).

For an inner-loop update, set
u

(t+)
k :=

(
1− 2ηS q̄

S,(t)
k

)
u

(t)
k

and, for each i ∈ Ik(T ),
c

(t+)
k,i :=

(
1− 2ηS q̄

S,(t)
k

)
c

(t)
k,i + 2ηS

nT ,k
b̄

(t)
k,i.

Across the outer-loop boundary, set

u
(tout+1,0)
k := u

(tout,Tin)
k , c

(tout+1,0)
k,i := c

(tout,Tin)
k,i .

These recursions match those in Lemma D.6(i) after replacing the binary activity qS,y by q̄S
k , the product

qS,yqT ,j by b̄k,i, and the signed training sample zT
j by xT

i . The affine-recursion argument in Lemma D.6(i)
depends only on the update form, the inequalities 0 ≤ b̄(t)

k,i ≤ q̄
S,(t)
k ≤ 1, and 0 < 2ηS ≤ 1. It therefore yields

the expansion and coefficient nonnegativity for every condensed state, in particular at t⋆.

Under the additive model, substituting xT
i = µk + ξi into the coefficient expansion gives

pS,(t)
k = u

(t)
k pS,(0,0)

k +

 ∑
i∈Ik(T )

c
(t)
k,i

µk +
∑

i∈Ik(T )

c
(t)
k,iξi,

and setting t = t⋆ gives the stated signal–noise expansion.

The terminal coefficient estimates follow from the coefficient-bound calculation in Lemma D.6(ii) and the
outer-loop coefficient recursion in Lemma D.7(iii). The substitutions are nTy 7→ nT ,k, TS,lin(r) 7→ TOvR

S,k,lin(r),
Tlin 7→ TOvR

T ,k,lin, and Ty,lin(r) 7→ TOvR
k,lin (r). The coefficient-bound argument remains valid for the averaged

activities, since the only inequalities used in the upper and lower bounds are 0 ≤ b̄k,i ≤ q̄S
k ≤ 1, ρS ≤

1 − 2ηS q̄
S
k ≤ 1, and q̄S

k = b̄k,i = 1 on the joint linear window. Applying this recursion gives the displayed
bounds on u(t⋆)

k , c(t⋆)
k,i , c(t⋆)

k,µ , and ∥c(t⋆)
k ∥2. The inequalities for ∆k and hk,i follow, as in Lemma D.8, from the

coordinatewise lower bound and the total-mass upper bound.

53



Under review as submission to TMLR

Finally, in the full-activity case, q̄S,(r,t)
k = 1 and b̄

(r,t)
k,i = 1 throughout the bilevel procedure. The affine

recursion reduces at every update to

pS,(t+)
k = ρSpS,(t)

k + (1− ρS)µ̂T
k .

Iterating this recursion through the ToutTin condensed-sample updates, with the usual outer-loop inheritance,
yields the displayed contraction toward µ̂T

k .

The preceding lemma concerns only the dynamics. The following lemma is a geometric reduction for the
nearest-prototype evaluator: if every condensed sample is close to its class mean, then the multiclass error is
controlled by pairwise class separation.
Lemma D.15. Assume the K-class additive test model x = µy + ξ, where ξ is mean-zero sub-Gaussian
with proxy covariance Σξ. Let P = {(pk, k) : k ∈ [K]} be any multiclass condensed set used with the nearest-
prototype evaluator, let πk := P(y = k), and define ϵk := ∥pk −µk∥2, γkℓ := ∥µk −µℓ∥2, Rkℓ := ϵk + ϵℓ, and
ŜR

mc
kℓ := γkℓ/Rkℓ, with value +∞ when Rkℓ = 0. For s ∈ (0,+∞), set Ψmc(s) :=

(
(1− s−1)+

)4
/(1 + s−1)2,

with Ψmc(0) := 0 and Ψmc(+∞) := 1. Then

Rmc(P) ≤
K∑

k=1
πk

∑
ℓ̸=k

exp
(
− γ2

kℓ

8∥Σξ∥op
Ψmc

(
ŜR

mc
kℓ

))
.

Proof. Fix k ̸= ℓ and condition on y = k, so that x = µk + ξ. The event Ek→ℓ is equivalent to

⟨ξ,pℓ − pk⟩ ≥
1
2
(
∥pℓ − µk∥2

2 − ∥pk − µk∥2
2
)
.

Let
Akℓ :=

(
γ2

kℓ − 2γkℓϵℓ + ϵ2ℓ − ϵ2k
)

+ .

Since ∥pℓ − µk∥2 ≥ γkℓ − ϵℓ and ∥pk − µk∥2 = ϵk, the positive part of the threshold is at least Akℓ/2. Also
∥pℓ − pk∥2 ≤ γkℓ +Rkℓ. The one-dimensional sub-Gaussian tail bound gives

P(Ek→ℓ) ≤ exp
(
− A2

kℓ

8∥Σξ∥op(γkℓ +Rkℓ)2

)
.

Moreover, Akℓ ≥ (γkℓ −Rkℓ)2
+, and hence

P(Ek→ℓ) ≤ exp
(
−

(
(γkℓ −Rkℓ)+

)4

8∥Σξ∥op(γkℓ +Rkℓ)2

)
= exp

(
− γ2

kℓ

8∥Σξ∥op
Ψmc

(
ŜR

mc
kℓ

))
,

with the stated conventions when Rkℓ = 0. The multiclass risk is bounded by applying the union bound over
ℓ ̸= k and then averaging over the class prior πk.

Combining the coefficient expansion with the high-probability noise controls converts the terminal OvR
condensed set into pairwise certified multiclass signal-to-residual ratios, which can then be substituted into
the preceding nearest-prototype risk bound.
Corollary D.16. Assume the hypotheses of Lemma D.14 and the high-probability event in Assumption B.1.
Let Cκ denote the corresponding uniform concentration constant, let t⋆ = (Tout−1, Tin), and define the terminal
multiclass condensed set Pdc := {(pS,(t⋆)

k , k) : k ∈ [K]}. Let ℓk, ∆k, and TOvR
S,k,lin(r) be the coefficient-window

quantities from Lemma D.14. Set pk := nT ,k/nT ,

αS := σS
√
nT√

∥Σξ∥op
, αµ,k := ∥µk∥2

√
nT√

Cκ∥Σξ∥opd
,

and, for each class k, let

ūk := ρ

∑Tout−1
r=0

T OvR
S,k,lin(r)

S
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and, for k ̸= ℓ, define the pairwise multiclass averaging factor

Lmc
kℓ :=

[
αS(ūk + ūℓ) + αµ,k(1− ℓk) + αµ,ℓ(1− ℓℓ) + ℓkp

−1/2
k + ℓℓp

−1/2
ℓ +√nT (∆k + ∆ℓ)

]−1
.

Let
ŜR

mc
kℓ (Pdc) := γkℓ∥∥∥pS,(t⋆)

k − µk

∥∥∥
2

+
∥∥∥pS,(t⋆)

ℓ − µℓ

∥∥∥
2

.

If the denominator is zero, set ŜR
mc
kℓ (Pdc) = +∞. Then

ŜR
mc
kℓ (Pdc) ≥ SRmc

kℓ :=
√
nT L

mc
kℓ γkℓ√

Cκ∥Σξ∥opd
, k ̸= ℓ.

Consequently,

Rmc(Pdc) ≤
K∑

k=1
πk

∑
ℓ̸=k

exp
(
− γ2

kℓ

8∥Σξ∥op
Ψmc (SRmc

kℓ )
)
.

In particular, if γmin := mink ̸=ℓ γkℓ and SRmc
min := mink ̸=ℓ SRmc

kℓ , then

Rmc(Pdc) ≤ (K − 1) exp
(
− γ2

min
8∥Σξ∥op

Ψmc (SRmc
min)

)
.

If all OvR activities are active throughout training, then Lmc
kℓ can be replaced by

Lmc
kℓ,full :=

[
ρToutTin

S (2αS + αµ,k + αµ,ℓ) +
(
1− ρToutTin

S
) (
p

−1/2
k + p

−1/2
ℓ

)]−1

in the definition of SRmc
kℓ .

Proof. The signal–noise expansion in Lemma D.14 gives

pS,(t⋆)
k − µk = u

(t⋆)
k pS,(0,0)

k −
(
1− c(t⋆)

k,µ

)
µk +

∑
i∈Ik(T )

c
(t⋆)
k,i ξi.

The same coefficient recursion also gives u(t)
k + c

(t)
k,µ ≤ 1 for every time index: initially the sum is one, and

one update changes it by at most

u
(t+)
k + c

(t+)
k,µ ≤

(
1− 2ηS q̄

S,(t)
k

)(
u

(t)
k + c

(t)
k,µ

)
+ 2ηS q̄

S,(t)
k ≤ 1,

because n−1
T ,k

∑
i∈Ik(T ) b̄

(t)
k,i ≤ q̄

S,(t)
k . Hence 0 ≤ c(t⋆)

k,µ ≤ 1 and 1− c(t⋆)
k,µ ≤ 1− ℓk.

The upper bound on u
(t⋆)
k from Lemma D.14 gives u(t⋆)

k ≤ ūk. On the event in Assumption B.1, the
initialization and noise bounds give ∥pS,(0,0)

k ∥2 ≤
√
CκdσS ,∥∥∥∥∥∥ 1

nT ,k

∑
i∈Ik(T )

ξi

∥∥∥∥∥∥
2

≤

√
Cκ∥Σξ∥opd

nT ,k
, max

i∈Ik(T )
∥ξi∥2 ≤

√
Cκ∥Σξ∥opd.

Using the decomposition c(t⋆)
k,i = ℓk/nT ,k +hk,i from Lemma D.14, with hk,i ≥ 0 and

∑
i hk,i ≤ ∆k, we obtain∥∥∥∥∥∥

∑
i∈Ik(T )

c
(t⋆)
k,i ξi

∥∥∥∥∥∥
2

≤ ℓk

∥∥∥∥∥∥ 1
nT ,k

∑
i∈Ik(T )

ξi

∥∥∥∥∥∥
2

+
∑

i∈Ik(T )

hk,i∥ξi∥2 ≤
√
Cκ∥Σξ∥opd

(
ℓk√
nT ,k

+ ∆k

)
.

Combining these three estimates and using nT ,k = pknT yields∥∥∥pS,(t⋆)
k − µk

∥∥∥
2
≤
√
Cκ∥Σξ∥opd√

nT

[
αS ūk + αµ,k(1− ℓk) + ℓkp

−1/2
k +√nT ∆k

]
.
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Therefore, for every pair k ̸= ℓ,∥∥∥pS,(t⋆)
k − µk

∥∥∥
2

+
∥∥∥pS,(t⋆)

ℓ − µℓ

∥∥∥
2
≤
√
Cκ∥Σξ∥opd√

nT

1
Lmc

kℓ

.

By the definition of the pairwise multiclass ratio, this gives ŜR
mc
kℓ (Pdc) ≥ SRmc

kℓ .

Applying Lemma D.15 and using that Ψmc is nondecreasing on [0,+∞] gives the pairwise risk bound. The
compact bound with γmin and SRmc

min follows from γkℓ ≥ γmin, SRmc
kℓ ≥ SRmc

min, and
∑K

k=1 πk = 1. The full-
activity version follows from the exact contraction in Lemma D.14: in that case ūk = ρToutTin

S , 1−ℓk = ρToutTin
S ,

and ∆k = 0 for every class k.

The final deterministic comparison interprets the factor Lmc
kℓ in the certified ratio. It isolates the effect of

active-window gaps through WOvR
k and shows when the pairwise bound retains the class-averaging scale.

Lemma D.17. Assume the hypotheses of Corollary D.16. Set T := Tin and ρ := ρS . For each class k and
outer-loop index r, define

Dk,r :=
Tout−1∑
s=r+1

(
T − TOvR

S,k,lin(s)
)
, MS,k := max

0≤r≤Tout−1
Dk,r,

and
WOvR

k := (1− ρT )
(
1− ρMS,k

)
+ max

0≤r≤Tout−1

(
1− ρT −T OvR

k,lin (r)).
Then, for every k ∈ [K],

0 ≤ ∆k ≤ Bk,outWOvR
k , ℓk ≥ Bk,out

(
(1− ρT )−WOvR

k

)
.

For k ̸= ℓ,(
Lmc

kℓ

)−1 = αS(ūk + ūℓ) + αµ,k(1− ℓk) + αµ,ℓ(1− ℓℓ) +√nT (∆k + ∆ℓ) + ℓkp
−1/2
k + ℓℓp

−1/2
ℓ .

Moreover, the window lengths control the nonuniform coefficient contribution through

∆k + ∆ℓ ≤ Bk,outWOvR
k +Bℓ,outWOvR

ℓ .

The following consequences hold along any sequence of problem instances for which ℓkp
−1/2
k + ℓℓp

−1/2
ℓ > 0.

(i) If
αS(ūk + ūℓ) + αµ,k(1− ℓk) + αµ,ℓ(1− ℓℓ) = o

(
ℓkp

−1/2
k + ℓℓp

−1/2
ℓ

)
,

and

∆k + ∆ℓ = o

(
ℓkp

−1/2
k + ℓℓp

−1/2
ℓ√

nT

)
,

then
Lmc

kℓ = (1 + o(1))
(
ℓkp

−1/2
k + ℓℓp

−1/2
ℓ

)−1
,

and
SRmc

kℓ =
(
1 + o(1)

) √
nT γkℓ(

ℓkp
−1/2
k + ℓℓp

−1/2
ℓ

)√
Cκ∥Σξ∥opd

.

(ii) If
αS(ūk + ūℓ) + αµ,k(1− ℓk) + αµ,ℓ(1− ℓℓ) = O

(
ℓkp

−1/2
k + ℓℓp

−1/2
ℓ

)
,
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and

∆k + ∆ℓ = O

(
ℓkp

−1/2
k + ℓℓp

−1/2
ℓ√

nT

)
,

then

Lmc
kℓ = Ω

((
ℓkp

−1/2
k + ℓℓp

−1/2
ℓ

)−1
)
, SRmc

kℓ = Ω
( √

nT γkℓ(
ℓkp

−1/2
k + ℓℓp

−1/2
ℓ

)√
Cκ∥Σξ∥opd

)
.

(iii) If ∆k + ∆ℓ = Ω(1), then

Lmc
kℓ = O(n−1/2

T ), SRmc
kℓ = O

(
γkℓ√

Cκ∥Σξ∥opd

)
.

(iv) If the OvR training and condensed-sample windows for classes k and ℓ have full length T at every
outer loop, then(

Lmc
kℓ

)−1 = ρToutT (2αS + αµ,k + αµ,ℓ) +
(
1− ρToutT

)(
p

−1/2
k + p

−1/2
ℓ

)
.

Thus the full-window transition is governed by the comparison between the two terms in this denomi-
nator. In particular, if

ρToutT (2αS + αµ,k + αµ,ℓ) = O
((

1− ρToutT
)(
p

−1/2
k + p

−1/2
ℓ

))
,

then the conclusion in (ii) holds with ℓj = 1− ρToutT for j ∈ {k, ℓ}. A sufficient scale for this regime,
when 0 < ρ < 1, is

ToutT = Ω


[
log
(

2αS+αµ,k+αµ,ℓ

p
−1/2
k

+p
−1/2
ℓ

)]
+

− log ρ

 .

Proof. For each k and r, set

Fk,r :=
Tout−1∑
s=r+1

TOvR
S,k,lin(s), sk,r := T − TOvR

k,lin (r).

Then Fk,r = (Tout − 1− r)T −Dk,r. The rth contribution to uk,out is ak,r := (1− ρT )ρFk,r , while the rth
contribution to ℓk is

bk,r := ρ(Tout−r)T −T OvR
k,lin (r)(1− ρT OvR

k,lin (r)) = ρFk,r+Dk,r+sk,r
(
1− ρT −sk,r

)
.

Therefore
ak,r − bk,r = ρFk,r

[
(1− ρT )− ρDk,r+sk,r

(
1− ρT −sk,r

)]
.

The bracket has the exact decomposition

(1− ρT )
(
1− ρDk,r

)
+ ρDk,r

(
1− ρsk,r

)
,

which is nonnegative and bounded above by WOvR
k . Summing over r yields

0 ≤ uk,out − ℓk ≤ WOvR
k

Tout−1∑
r=0

ρFk,r = Bk,outWOvR
k .

Since ∆k = uk,out − ℓk and uk,out = Bk,out(1− ρT ), the first display follows.
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By definition, (
Lmc

kℓ

)−1 = αS(ūk + ūℓ) + αµ,k(1− ℓk) + αµ,ℓ(1− ℓℓ)

+ ℓkp
−1/2
k + ℓℓp

−1/2
ℓ +√nT (∆k + ∆ℓ).

This proves the displayed identity for (Lmc
kℓ )−1. Summing the two bounds ∆j ≤ Bj,outWOvR

j over j ∈ {k, ℓ}
gives the displayed control of the nonuniform coefficient contribution.

The two assumptions in (i) make the initialization, signal-recovery, and nonuniform coefficient terms jointly
o(ℓkp

−1/2
k + ℓℓp

−1/2
ℓ ), and the two assumptions in (ii) make them jointly O(ℓkp

−1/2
k + ℓℓp

−1/2
ℓ ). The first

two asymptotic conclusions therefore follow by comparing the denominator with the class-averaging term
ℓkp

−1/2
k + ℓℓp

−1/2
ℓ and then using the definition of SRmc

kℓ . If ∆k + ∆ℓ = Ω(1), then the denominator of
Lmc

kℓ is at least √nT (∆k + ∆ℓ) = Ω(√nT ), which proves (iii). If the windows for k and ℓ are full, then
TOvR

S,j,lin(r) = TOvR
j,lin (r) = T for j ∈ {k, ℓ} and all r. Hence ūj = ρToutT , ℓj = 1 − ρToutT , and ∆j = 0, which

gives the displayed full-window formula. The stated sufficient scale is the logarithmic form of the contraction
requirement when 0 < ρ < 1.
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Table 3: Default hyperparameters for synthetic experiments.

Item Value

Dataset size nT = 1000 (balanced), train/test split 60%/40%
Dimension d = 500
Signal and noise ∥µ∥2 = 1.0, ξ ∼ N (0, σ2I) with σ = 1.0
Regularization λ = 1.0
Learning rates ηw = 0.05, ηS = 0.25
Bilevel steps Tout = 50, Tin = 10
Initialization scales σw = 0.01, σS = 0.01
Seeds nseeds = 5 with seeds {0, 1, 2, 3, 4}

Table 4: Default hyperparameters for the K-class OvR synthetic experiment.

Item Value

Dataset size K = 5, 200 generated samples per class, train/test split 60%/40%
Dimension d = 500
Class means and noise Near-orthogonal class means with ∥µk∥2 = 2.0, ξ ∼ N (0, σ2I) with σ = 1.0
Regularization λ = 1.0
Learning rates ηw = 0.05, ηS = 0.25
Bilevel steps Tout = 50, Tin = 10
Initialization scales σw = 0.01, σS = 0.01
Seeds nseeds = 5 with seeds {0, 1, 2, 3, 4}

E Additional Simulation Details

This section provides the reproducibility details, numerical tables, and auxiliary diagnostics underlying the
simulation results in Section 4.

E.1 Experimental setup and reproducibility

Unless otherwise stated, each experiment compares the learned condensed set with a random one-shot coreset
that selects one real training sample per class. We report mean ± one standard deviation over the specified
random seeds.

E.1.1 Parameter settings

Table 3, Table 4, and Table 5 summarize the default hyperparameters used in the binary synthetic, multiclass
synthetic, and KMNIST experiments, respectively.

E.1.2 Environment and random seeds

All experiments are implemented in Python with PyTorch. Each script iterates seed in range(n_seeds)
with default seeds {0, 1, 2, 3, 4}. At the beginning of each trial, we set both torch.manual_seed(seed)
and np.random.seed(seed); the same seed is propagated to synthetic data generation, the train/test split,
random one-shot coreset sampling, and model initialization. This convention makes the reported Monte Carlo
summaries reproducible from the experiment logs.
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Table 5: Default hyperparameters for KMNIST experiments (two-class subset).

Item Value

Dataset KMNIST (class 0 vs class 1), official train/test split
Input d = 784 (flattened), zero-mean unit-variance normalization
Regularization λ = 0.01
Learning rates ηw = 0.005, ηS = 0.1
Bilevel steps Tout = 10, Tin ∈ {5, 10, 20, 30}
Initialization scales σw = 0.01, σS = 0.01
Seeds nseeds = 5 with seeds {0, 1, 2, 3, 4}

Table 6: Synthetic binary aggregation results (mean ± std over seeds). Alignment is cos(s(S⋆),µ), and SNR
is the signal-to-residual proxy used in the synthetic diagnostic.

Method Alignment SNR proxy SVM acc. Nearest-centroid acc.

Condensed (GM) 0.725± 0.024 0.526± 0.036 0.772± 0.013 0.773± 0.013
Random one-shot 0.070± 0.028 0.006± 0.004 0.517± 0.029 0.506± 0.010
Full data – – 0.768± 0.021 –

E.1.3 Implementation conventions

The implementation follows the deterministic hinge indicator convention used in the theory: q(w) = 1{u(w) <
1}, with a strict inequality, and the indicator is not differentiated through. In the binary single-sample-per-class
setting nS = 2, the condensed update at state w uses the explicit formula zy ← zy+ηS q

S
y (w) y (gS(w)−gT (w)),

followed by the inner-loop model update w ← w − ηw gT (w). The random one-shot baseline constructs
Srand by sampling one training point per class from T and evaluates it under the same downstream training
procedure as S⋆.

E.2 Raw tables for synthetic condensed-sample aggregation

Table 6 reports the geometric and downstream quantities underlying Fig. 1b. The condensed set has much
stronger alignment with the signal direction than the random one-shot baseline (0.725 versus 0.070), and its
SVM test accuracy is comparable to full-data training (0.772 versus 0.768) while clearly exceeding random
selection (0.518).

E.3 Accuracy heatmap and grid values for the inner/outer sweep

Figure 3 complements Fig. 2a in the main text by visualizing downstream test accuracy over the same
(Tin, Tout) grid, and Table 7 lists the corresponding values. The peak accuracy 0.780 is attained for small
Tin ∈ {1, 2} with moderate Tout ∈ {5, 10}; larger inner-loop lengths lead to a modest but consistent reduction,
in line with the weaker alignment values in Fig. 2a.

E.4 Dynamics diagnostics

Figure 4 reports a representative stepwise diagnostic that tracks the training-set activity ratio actT , the
condensed-set activity ratio actS , gradient norms, and the gradient-matching discrepancy as functions of the
inner-loop step. In this default configuration, actS remains equal to one throughout the displayed trajectory,
while actT and the training-gradient norm decrease along the inner loop. Thus the diagnostic illustrates a
training-side loss of active gradient signal, rather than a condensed-sample activity switch.

The displayed diagnostic corresponds to the representative grid point (Tout, Tin) = (10, 10), averaged over
the five random seeds. Within each outer-loop restart, the training-set activity begins near one and then
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Figure 3: Test accuracy over the (Tin, Tout) grid on synthetic data, complementing Fig. 2a in the main text.

Table 7: Grid values for Fig. 3: test accuracy over (Tin, Tout) on synthetic data.

Tin\Tout 1 2 5 10 20 50

1 0.756 0.770 0.775 0.780 0.777 0.777
2 0.770 0.773 0.780 0.777 0.777 0.777
5 0.776 0.778 0.777 0.779 0.777 0.775

10 0.769 0.769 0.771 0.774 0.765 0.770
20 0.766 0.769 0.765 0.764 0.759 0.769
30 0.764 0.763 0.766 0.763 0.765 0.765

decreases along the inner loop, reaching roughly 0.79 by the final inner step. The norm of the training gradient
follows the same pattern, falling from about 1.39 at the beginning of an inner loop to about 0.53 near its end.
By contrast, the condensed-set activity remains equal to one, so the condensed samples stay in the hinge-
active region while the real-data gradient becomes progressively sparser. The gradient-matching discrepancy
decreases rapidly during the early active part of the trajectory, but it stops decreasing monotonically once
the training gradient has weakened. This behavior is consistent with the active-window interpretation in the
theory: the early inner steps provide the main classwise averaging signal, whereas later steps operate with
fewer active real samples and therefore contribute less stable signal accumulation.

E.5 Multiclass OvR experiment

Table 8 and Fig. 5 report the K-class classwise OvR experiment described in Appendix B. Since the multiclass
theory evaluates the learned set through nearest-prototype classification, the table uses the same evaluator
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Figure 4: Representative dynamics diagnostic on synthetic data at (Tout, Tin) = (10, 10). The condensed-set
activity ratio remains active in this default setting, while the training-set activity and gradient norms decrease
along the inner loop.

Table 8: K-class OvR condensation on synthetic additive data with one condensed sample per class, evaluated
by nearest-prototype classification (mean ± std over seeds).

Method Test accuracy

GM-OvR 0.624± 0.008
Random one-shot 0.231± 0.030
Full-data nearest-prototype 0.624± 0.018

for GM-OvR, the random one-shot baseline, and the full-data nearest-prototype reference whose prototypes
are the empirical class means. The learned multiclass condensed set matches this full-data nearest-prototype
reference within Monte Carlo variability and substantially outperforms random one-shot selection.

E.6 Cross-model evaluation tables

Table 9 reports the mean±std test accuracy underlying Fig. 2b, comparing the condensed set (GM) and the
random one-shot baseline across multiple evaluators on KMNIST. Table 10 provides the analogous cross-model
comparison on synthetic data.
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Figure 5: Multiclass OvR condensation with one condensed sample per class. The figure reports K-way test
accuracy under the nearest-prototype evaluator, comparing the learned multiclass condensed set against a
random one-shot coreset and the full-data nearest-prototype reference based on empirical class means.

Table 9: KMNIST cross-model evaluation (mean ± std over seeds) on the same condensed set S⋆ (GM)
compared with a random one-shot coreset (Random).

Evaluator GM Random

Linear SVM 0.960± 0.006 0.828± 0.062
Logistic Regression 0.960± 0.005 0.838± 0.053
Nearest Centroid 0.960± 0.006 0.669± 0.153
Two-layer ReLU MLP 0.953± 0.003 0.811± 0.059

Table 10: Synthetic cross-model evaluation (mean ± std over seeds) on the same condensed set S⋆ (GM)
compared with a random one-shot coreset (Random).

Evaluator GM Random

Linear SVM 0.991± 0.007 0.648± 0.102
Logistic Regression 0.992± 0.005 0.640± 0.052
Nearest Centroid 0.991± 0.007 0.598± 0.038
Two-layer ReLU MLP 0.564± 0.012 0.556± 0.023
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