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Abstract

Dataset condensation, particularly via gradient matching, distills massive datasets into
compact synthetic sets, making it an important tool for training under severe storage or
computation constraints. However, despite strong empirical performance on classification
tasks, existing theory largely relies on regression surrogates or static analyses and gives
limited explanation of the underlying classification dynamics. We study gradient-matching
condensation for regularized hinge-loss SVMs under an additive sub-Gaussian classification
model. Our analysis shows that the learned condensed samples act as signal-concentrating
representatives: they aggregate class-level structure while suppressing finite-sample noise and
initialization residuals. This mechanism leads to population generalization guarantees for
geometry-based evaluators and yields an explicit advantage over random one-shot coresets.
The dynamics also identify an early-stopping tradeoff: informative structure is encoded
early, whereas overly long inner loops can weaken certified signal accumulation. We further
give a multiclass one-condensed-sample-per-class extension through a classwise one-vs-rest
update and nearest-prototype evaluation, and simulations on synthetic data and KMNIST
corroborate the predicted geometry, schedule sensitivity, and multiclass behavior.

1 Introduction

Machine learning is entering a new data-driven era as datasets grow at an unprecedented pace. In deep
learning, large-scale datasets such as ImageNet Deng et al.| (2009) and multimodal datasets like LAION-5B
Schuhmann et al.[(2022]) and Infinity-MM |Gu et al.| (2024) have become indispensable for driving technological
progress, but storing and training on such data incurs substantial computational and infrastructure costs
that hinder deployment in resource-constrained settings.

Dataset distillation and condensation aim to mitigate this bottleneck by synthesizing compact datasets
whose training behavior approximates that of the full data [Wang et al.| (2018); |Sucholutsky & Schonlau
(2021)); Bohdal et al.| (2020); Zhao et al.| (2021)); Zhao & Bilen| (2021); Lee et al.| (2022)); [Jiang et al.| (2023b]);
Kim et al.| (2022). In particular, gradient-matching condensation [Zhao et al. (2021)), which aligns the
optimization trajectories of synthetic and real data, has achieved remarkable empirical success even under
extreme compression ratios. However, a significant disparity remains between this empirical progress and our
theoretical understanding of its underlying mechanisms.

Existing theoretical frameworks predominantly rely on regression surrogates (e.g., Kernel Ridge Regression) or
infinite-width limits|Izzo & Zou| (2023); [Maalouf et al.| (2023);|Chen et al.| (2024). These analyses often overlook
the distinct complexities of classification dynamics, which are inherently non-smooth and state-dependent.
Consequently, mechanism-level guarantees for high-dimensional classification—especially for margin-based
learners that rely on geometric decision boundaries rather than algebraic fitting—remain scarce. This leaves
a fundamental question unanswered: How do condensed datasets consistently retain the generalization ability
required for classification tasks despite the loss of sample diversity?

We address this gap by conducting a rigorous dynamical analysis of a practical bilevel gradient-matching
procedure for regularized hinge-loss SVMs. Departing from static analysis, we explicitly track the optimization
trajectory under a standard additive sub-Gaussian noise model. Qur primary contribution is a structural
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characterization of the terminal condensed samples in the one-sample-per-class regime. We establish that
a terminal condensed sample is not merely a selected training point, but a synthesized representation: it
emerges as a nonnegative structured combination of signed training samples with deterministic coefficient
bounds. This derivation yields a transparent signal-noise decomposition, quantifying how the algorithm
actively aggregates class-wise signal while averaging out noise, and elucidates the critical role of the inner-loop
schedule in certifying this signal accumulation.

The choice of hinge-loss SVMs is deliberate. Dataset distillation and condensation are often evaluated through
a two-stage protocol: synthetic data are first optimized under a chosen condensation model or matching
objective, and the learned set is then reused for downstream training or evaluation (Wang et al., |2018; [Zhao
et al.l 2021} |Zhao & Bilen) 2021} 2023). Our setting follows this separation: the hinge-loss SVM supplies
tractable margin-based gradient signals during condensation, while the terminal condensed set is evaluated
through geometry-based downstream rules. Although the SVM decision rule is linear, its gradient-matching
dynamics are state-dependent through hinge activity switching, capturing a canonical non-smooth feature of
margin-based classification while remaining analytically tractable.

To convert the structure of a minimal condensed set into test performance, we adopt a directional evaluation
viewpoint. In this setting, a broad family of symmetric evaluators depends primarily on the direction induced
by the two condensed samples, allowing population risk to be controlled by how strongly that direction
captures the underlying signal relative to residual components. Instantiating this geometric control for
both a random one-shot coreset and the learned condensed set yields a provable generalization guarantee
for the terminal output and reveals an explicit class-averaging advantage of condensation over random
selection; moreover, the same analysis identifies a dynamical tradeoff whereby overly long inner loops can
weaken conservative certified bounds, motivating early stopping. We also give a direct K-class extension
for the one-condensed-sample-per-class regime: a classwise OvR gradient-matching update preserves the
coefficient-expansion mechanism class by class, and a nearest-prototype evaluator converts the resulting
classwise signal aggregation into a pairwise multiclass risk bound.

Our contributions are summarized as follows.

1. We identify a signal-aggregation mechanism in gradient-matching condensation for hinge-loss SVMs.
In the one-sample-per-class regime, the learned condensed samples concentrate class signal while
averaging finite-sample noise, and our coefficient bounds quantify how this mechanism depends on
the training schedule.

2. We turn condensed-set geometry into population generalization guarantees. For directional prototype
evaluators, the analysis yields an explicit class-averaging improvement over random one-shot selection;
the same evaluation principle is further extended to a K-class nearest-prototype rule with one
condensed sample per class.

3. We explain schedule sensitivity through the dynamics and validate the resulting predictions. The simu-
lations confirm signal alignment, early-stopping behavior, cross-model transfer, and the corresponding
classwise aggregation effect in the multiclass OvR extension.

To contextualize our contributions, Table [ compares our work with representative theoretical studies on
distillation/condensation. Our core dynamical analysis is developed for gradient-matching condensation with
hinge-loss SVMs in the binary setting, while the evaluation viewpoint applies more broadly to downstream
rules governed by condensed-set geometry. Appendix |B| gives the corresponding K-class one-condensed-
sample-per-class extension through a classwise OvR update and a nearest-prototype multiclass risk bound.

1.1 Related Works
1.1.1 Dataset Condensation and Distillation

Pioneered by Wang et al.| (2018), dataset distillation aims to compress a large dataset into a small synthetic
one that preserves training utility. To improve scalability, [Zhao et al.| (2021) proposed dataset condensation,
which optimizes synthetic samples by matching the gradients of models trained on real versus synthetic
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Table 1: Comparison of representative theoretical studies on dataset distillation/condensation. For works
that provide method-agnostic laws without committing to a specific learner, the model entry is marked as
“~” (GLM: Generalized Linear Model, KRR: Kernel Ridge Regression, SVM: Support Vector Machine)

Work Task Type Model Key Focus Dynamics? Noise Model
Izzo et al. [[zza Regression GLM / KRR Exact Recovery X X
& Zou (2023)

Maalouf et al. Regression KRR Size-Error Bound X X
Maalouf et al.

(2023))

Chen et al. Regression KRR Recovery Conditions X X
Chen et al

(2024))

Luo and Xu General - Utility Boundary v X
Luo &  Xul

(2025)

Our Work Classification SVM Signal Learning v v

data. This gradient-matching paradigm significantly accelerates optimization compared to back-propagating
through unrolled trajectories and has been further refined via differentiable augmentations (Zhao & Bilen)
2021) and multi-level optimization strategies (Jiang et al.| |2023a). Beyond single-step gradient alignment,
recent works have explored alternative matching objectives. |Cazenavette et al.| (2022)) introduced trajectory
matching, which aligns the long-horizon training paths of student networks to capture temporal training
dynamics. Conversely, to bypass the computational cost of bi-level optimization entirely, |Zhao & Bilen| (2023])
proposed distribution matching, which directly aligns the feature distributions of synthetic and real data.
While these methods offer different trade-offs in computational cost and performance, our work specifically
focuses on establishing a theoretical foundation for the widely used gradient-matching framework.

Despite substantial empirical progress in dataset condensation, theoretical research on the topic remains
comparatively limited and fragmented, especially for classification-oriented condensation. Existing analyses
largely concentrate on regression and kernelized settings, providing recovery or approximation guarantees
for generalized linear models and kernel ridge regression [Izzo & Zou| (2023); Maalouf et al.| (2023)); |(Chen
et al.| (2024). Recently, Aoyama et al. proposed a duality-gap-based kernel distillation framework that
extends kernel inducing point methods beyond squared loss (e.g., to hinge and cross-entropy) and provides
bounds on parameter deviation and the resulting prediction/test errors |Aoyama et al|(2025)). Luo and Xu
developed a configuration—dynamics—error framework that yields a scaling law in distilled set size for a fixed
configuration and a configuration-coverage law characterizing how the required distilled size grows with
configuration diversity [Luo & Xul (2025)). Nevertheless, a mechanism-level understanding of when and why
condensation preserves classification generalization under explicit noise models—particularly for margin-based
learners—remains insufficiently characterized. Our work bridges this gap through a theoretical framework
that jointly characterizes optimization dynamics and generalization guarantees in classification-oriented
dataset condensation.

1.1.2 Benign Overfitting and High-Dimensional Classification

The phenomenon of benign overfitting has been extensively analyzed in high-dimensional linear classification.
Seminal works have characterized the generalization error of maximum margin classifiers (SVMs) under
Gaussian mixture models Wang & Thrampoulidis| (2020)); (Chatterji & Long| (2021)) and extended these results
to multiclass settings Wang et al.| (2021). Subsequent research has broadened this scope to accommodate label
noise (Wen et al| (2023); [Frei et al.| (2022)) and heavy-tailed distributions |Okudo & Kobayashi| (2024]). While
our work focuses on dataset condensation rather than overfitting per se, we adopt similar high-dimensional
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analysis techniques and additive noise models to characterize the signal-to-noise dynamics of the learned
condensed samples.

2 Preliminaries

A complete notation table is provided in Appendix |[A| (Table . This section introduces the data genera-
tion model, the SVM objective, the gradient-matching condensation algorithm, the directional evaluation
framework, the key assumptions, and the multiclass extension studied in Appendix

2.1 Data generation model

We consider an additive class-conditional model in R?. The label space is ) = {—1, 41} for binary classification
and Y = [K] :={1,..., K} for K-class classification. A sample (x,y) is generated as

X = py +&, (1)
where p, € R9 is the class-dependent signal and & € R? is mean-zero noise independent of y.

The noise is sub-Gaussian with covariance 3¢ = 0. Concretely, we write £ = 22/ 2(, where ¢ € R? has
independent, mean-zero, sub-Gaussian coordinates with unit variance. In particular, Cov(§) = X (see

Definition |C.1J).

Let D denote the population law of (x,y) induced by equation We observe an i.i.d. training set T =
{(x],y])}17,, where each (x],y]) is independently sampled from D. For k € ), define the index set and
sample size Zp,(T) = {i € [n7] : y/ = k} and n7 = |Z;.(T)|. In the binary case, we set py; = p and
p—1 = —p for some p # 0, so that x = y p + & is a special case of equation

2.2 Support Vector Machines

Binary SVM. For y € {—1,+1} we study the regularized hinge-loss objective

A
Ly(w) = o= 30 (1=l wTx]), + Slwl (2)
=1

where A > 0 and (a)4 := max{a,0}. We omit an explicit bias term for simplicity (it can be incorporated by
augmenting x with a constant coordinate).

T

Define the margin u/ (w) := y/ w'x/. At the hinge boundary we fix the deterministic subgradient selection

¢f (W) := L{u] (w) < 1}. (3)

This convention agrees with the ordinary hinge derivative away from u/

J(w) = 1 and assigns the boundary
case to the inactive side. A valid subgradient of equation [2]is therefore

1 &
VwL7(w) € Aw — nr E ] (w)yl <] (4)
i=1

Thus the SVM gradient is governed by the current active set of margin-violating samples. This active-set
dependence makes the dynamics state-dependent, while within each fixed active-set region the update is
affine. We define Ls(w) and Vy Ls(w) analogously for a synthetic dataset S. We also write the signed
sample zzT = le xiT, so that the data-dependent term in equation [4| becomes ﬁ Do qZT (w) Z;-T.

2.3 Gradient-Matching Dataset Condensation Algorithm

We specify the dataset condensation (DC) algorithm analyzed in the rest of the paper. The procedure is a
hinge-loss SVM specialization of gradient matching |Zhao et al.| (2021)). It compresses the training set 7 into



Under review as submission to TMLR

a synthetic set S by making the data-dependent SVM subgradient computed on & mimic the corresponding
subgradient computed on 7 along repeatedly initialized training trajectories.

Algorithm [T} implements the condensation stage of our pipeline. The SVM supplies a low-cost proxy gradient
that shapes the synthetic samples; after condensation, the learned set Sq. may be passed unchanged to any
downstream evaluator whose decision rule depends on the condensed-set geometry described in Subsection [2:4]

The main analysis focuses on the binary one-sample-per-class regime S = {(x{, +1), (x5, —1)} with ng = 2.
We write the algorithm in signed coordinates z‘; = yxf for y € {£1}; under the symmetric binary model,
both class signals then equal the common direction p. For a class block A, of a dataset A, define the
activity-weighted signed mean at the current model state by

g, (W)= —— 3 qA(w)zd, (5)

with the convention gs, (W) = qg,y(w)zf for the singleton condensed class. The regularization term Aw is
common to the real and synthetic SVM subgradients, so the classwise matching step only needs to align the
data-dependent terms in equation [5] The gradient-matching discrepancy for class y is therefore

D, (S;w) = ||gs, (W) — g7, (W)|>. (6)

The algorithm has two nested loops. At the beginning of every outer loop tous, the SVM weight vector is
reinitialized from a small isotropic Gaussian distribution. The condensed samples are not reinitialized; they
are inherited from the end of the previous outer loop. Within the inner loop, the algorithm alternates between
a classwise synthetic-data update and an SVM weight update. Throughout the synthetic-data update, the
hard hinge activity indicators are evaluated at the current iterate and their derivatives with respect to the
synthetic samples are taken to be zero, which agrees with their almost-everywhere derivative and fixes the
convention at hinge switching boundaries. The resulting classwise gradient step induced by equation [f] takes
the explicit form

S, (toutstin+1) _ S, (tout,tin (tous,tin) ( (fout,tin) (tout,tin)
Zy( t )_Zy( 6 )+2773q8,yt (gTy b — g4 ¢ ) (7)
Thus, when the condensed sample is hinge-active, it is pulled toward the activity-weighted signed mean of
the real samples in the same class; when it is inactive, the corresponding classwise synthetic update vanishes.
The SVM weights are then updated on the real training objective:

_ , 1 & _
tylin — outslin tout;tlu tuut7t1n — T7 tout;tm
wltoutstint1) _ (1— Uw)\)w(t tin) +77Wg£/' )’ g%— ). nT} :qi ( )ZZT~ (8)

This explicit form explains why the terminal condensed samples admit a tractable signal-noise expansion.
During hinge-active periods, equation [7] is an affine contraction toward the classwise signed mean of the
training data, with contraction factor ps = 1 — 2ns. Across outer loops, repeated inheritance accumulates
classwise signal while averaging finite-sample noise. The main results below quantify this mechanism by
unrolling equation [7] over the bilevel schedule and translating the resulting condensed-set geometry into
population risk bounds.

2.4 Prototypical Evaluation Framework

Algorithm [1] describes the condensation stage: the SVM provides a tractable margin-based gradient signal for
updating the synthetic data, while the learned set Sy, is later evaluated through downstream rules determined
by its geometry.

For a binary condensed set with one sample per class, the relevant geometric object is the direction connecting
the two condensed samples. The following definition records the class of evaluators whose population risk is
governed by this direction.
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Algorithm 1 Gradient-Matching DC for Hinge-Loss SVM (One Sample per Class)

Input: Training set T, loop lengths T, and Tiy, step sizes 1y and ns
Output: Condensed set Sy
Initialize signed condensed samples Zg,(o,o) ~ N(0,031,) for y € {£1}
for touy =0 to Ty — 1 do

Initialize w(tew:9) ~ A(0, 02 1,)

if tout > 0 then

Set zf’(tc’“t’o) — zf’(to“rl’T‘“) for each y € {£1}
end if
for t;, =0to T}, — 1 do

Compute the hinge indicators ¢ (fout,tin)

tout,tin
T7( t ) and qs7y

Compute ggf"“t’t“‘), g%"“"t“‘), and gg;’“t’t“‘) from equation
for y € {£1} do
Update zg by equation
end for
Update w by equation
end for
end for
Return: Sy = {(yzg’(T‘j“t_l’T‘“),y) ry e {£1}}

Definition 2.1 (Directional prototype evaluator). Let S = {(x4,+1),(x_,—1)} be a binary condensed
dataset with one sample per class. Define the two-sample difference vector s(S) := x4 —x_. A learning
algorithm is a directional prototype evaluator if:

1. Directional Alignment: The learned weight vector aligns with the two-sample difference, i.e.,
Ws = ws/[[wsll2 = s(5)/[Is(S)]]2.

2. Alignment-Based Risk: The generalization risk on distribution D depends solely on this direction:
R(S) := Pxy)~p(y{Ws,x) <0).

In the one-sample-per-class setting, several standard evaluation rules reduce to a boundary whose normal
direction is s(S). The following examples illustrate common cases:

e SVM and logistic regression. With one sample per class, symmetric regularized linear objectives
include cases whose fitted direction is parallel to x4 — x_; in particular, a linear SVM has maximum-
margin normal direction x; — x_ up to scaling.

o Nearest centroid classifier. The distance rule ||x — x4||2 < |[[x —x_||2 is algebraically equivalent
to the linear comparison (x,x4 —x_) > C, where C' = (||x4||3 — [|[x_I3)/2.

o Feature-space nearest-centroid rules. In representation spaces where neural-collapse geometry
is observed (Papyan et al., |2020)), class features concentrate around their means and the classifier
behaves analogously to a nearest-centroid rule in feature space.

Our risk bounds therefore apply to any downstream rule satisfying Definition the examples above identify
familiar settings where this directional condition is natural.

2.5 Assumptions

This subsection collects the assumptions used in the binary analysis. They specify the signal scale, the
concentration regime, the stable step-size range, and the initialization scale.

Assumption 2.2. Fix a tail parameter § € (0,1) and constant x > 0. Let C; > 0 denote the concentration
constant determined by the choice of k. We condition our analysis on the intersection of the high-probability
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events defined in Lemmas (Section [C.I)), ensuring that the total failure probability is at most §. We
assume the following conditions hold:

A1l. Signal strength. The signal-to-noise ratio satisfies

121 -

—_— >
AY ||2£H010\/a

A2. High dimension. The input dimension d is sufficiently large relative to the number of outer loops
Tout, the condensed-set size ng, the training-set size ny, and the failure probability J:

24Tous ns nT)

d > nlog( 5

A3. Small learning rate. The step sizes are chosen to ensure stability, where 7y, and ns denote the
inner-loop step sizes for updating w and S, respectively:

0<nwA<1l 0<2ns<1.
A4. Small initialization. Define ps := 1 — 2ns. The weight initialization satisfies

1
(20 + D) ullzvd

ow <
The synthetic initialization satisfies

1 A St | 21Zellop
Cruowd’ (20, + 1)|ullavd ® nr

os < min

Assumptions and are the high-dimensional signal and concentration conditions used to separate the
class signal from the sub-Gaussian noise |Chatterji & Long] (2021)); (Cao et al.| (2022)); [Kou et al.[ (2023); Okudo!
& Kobayashi| (2024)). Assumption keeps the weight and condensed-sample updates in the stable contraction
regime. Assumption [A4] imposes signal-scale small random initialization on both the model weights and the
synthetic samples, so that the initial hinge margins lie in the active region and the initialization residual
remains controlled by the noise scale.

2.6 Multiclass Classwise OvR Extension

The main results below focus on the binary one-sample-per-class setting, where signed coordinates reduce the
two condensed samples to a common signal direction. Appendix [B|introduces the corresponding K-class
setup. In that extension, the condensed object is a single multiclass set P = {(px, k) : k € [K]} with one
condensed sample per class, rather than K separate two-point condensed sets obtained from independent
one-vs-rest reductions.

The multiclass condensation step uses K binary OvR heads. For head h, class h is positive and every other
class is negative, with sign 7, = 21{h = k} — 1. The class-k condensed sample is updated by matching,
averaged over heads, its OvR signed gradient term against the same-class real-data OvR gradient term. This
defines a classwise OvR gradient-matching objective while keeping a single shared multiclass condensed set.

The corresponding multiclass evaluator is the nearest-prototype rule induced by the condensed set,
1
hp(x) := arg min ||x — 2 — arg max < (x e 2.
() = ang i, [~ g = ane o { () = 5 13}

Its population risk is Rmc(P) := Px,y)~p(hp(x) # y). This evaluator is the multiclass counterpart of the
two-sample geometric evaluator used in the binary analysis: it compares the test point with one representative
per class and includes the class-dependent quadratic bias in the equivalent score form. The detailed guarantees
for this classwise OvR construction are stated after the binary results and in Appendix [B]
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3 Main Results

This section states the main guarantees. The binary one-sample-per-class result is the technical core: the
terminal condensed samples achieve a population risk bound controlled by a certified signal-to-residual ratio.
We then give the two ingredients behind this theorem: a dynamical expansion showing that the terminal
condensed samples are nonnegative combinations of training samples (Section [3.2)), and a geometric reduction
converting that expansion into signal-to-residual lower bounds (Section The corresponding K-class
statement is summarized at the end of the section and stated in full in Appendix

3.1 Provable generalization for gradient-matching condensation

The main theorem shows that the terminal output of the gradient-matching procedure retains enough signal

to generalize under the population model. Let t* := (Tou; — 1, Tin) and write zf = zf’(t*) for the terminal
signed condensed sample produced by Algorithm [I| for class y € {£1}. Since our dynamics are written in

signed coordinates z = yx, the terminal condensed dataset in the original input space is

Suc = {(yzy,y) y € {£1}} = {(2F, +1), (22, -1)}. 9)

The bound applies to the directional evaluator induced by this two-point output. Its exponent is governed by
the certified signal-to-residual ratio SR, derived in Lemma [3.7]

Theorem 3.1 (Provable generalization for the terminal condensed samples). Assume the additive model in
equation [ and Assumption[2.3 Run Algorithm[1] with one signed condensed sample per class, and let Sq.
be its terminal output defined in equation[4 Then, with probability at least 1 — 6, the population risk of the
induced directional evaluator satisfies

2
Wiz (/SR —1
< — 1
RiSae) < el —grsin SR 1), ) ) (10)

where (u)4 := max{u,0} and SRy, is the certified lower bound on the signal-to-residual ratio specified in
equation [20

Under the signal-strength condition in Assumption the certified ratio satisfies

SRy, > 2v/C, L\/nT, (11)

where L is the dimensionless factor defined in Lemma [B.7l It summarizes the coefficient mass accumulated
during certified classwise-averaging windows, the effect of class balance, and the contribution of coefficient
mass outside those windows. The same signal-strength condition yields a direct dimension-dependent form of
the population-risk exponent. Since ||p]|3/(2]|Z¢||op) > 2C2d, equation [10]implies

2
SR,.—1
< —20? =de - ) 12
R(Sqc) < exp Cid ((SRdc " 1)+> (12)

Thus the guarantee is nontrivial whenever SR, > 1, and the exponent scales linearly with the ambient
dimension when this ratio is bounded away from one. Section explains the two components of the certified
ratio: the prefactor \/nt is the class-averaging scale, while L records how much of that scale remains after
accounting for coefficient mass outside the certified averaging windows.

3.2 Dynamical structure: Signal-noise expansion

To prove Theorem we first characterize the terminal condensed samples produced by the bilevel dynamics.
We write t* := (Tout — 1, Tin) for the terminal time index. The lemma below connects the gradient-matching
recursion to condensed-set geometry. Part (i) gives linear-window lengths, namely initial inner prefixes on
which the training-set and condensed-set hinge indicators remain active under the high-probability controls
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used in the analysis. On these prefixes the update is affine and can be unrolled. Parts (ii)—(iii) then express
each terminal signed condensed sample as a nonnegative combination of initialization and training data, with
coefficient bounds determined by ps and by the joint window length T, 1in (1) = min{Tr jin, T's 1in(7) }-

The condensed-set window T's jin (tout) is indexed by the outer round. Starting from the reset weights at
(tout,0), it is the length of the initial inner prefix on which both condensed samples remain strictly inside the
+1 margin band, using the hinge indicators in equation [3| This mirrors the training-set window T’y ji,. Their
minimum is the interval on which a classwise condensed update is certified to be an affine averaging step,
and this is the interval that controls the coefficient lower bounds.

Lemma 3.2 (Terminal condensed-sample expansion). Assume the additive model in equation and Assump-
tion and consider the one-sample-per-class output of Algorithm . Set ps :=1—2ns. Fizy € {£1}.

Recall that we work with signed samples z := yx, and the synthetic initialization satisfies Z;/s,(o,o) ~ N(0, agld).

(i) There exist (TT,lin,{Ts,lin(tout) i“;‘;ol) € {0,..., T} x {0,..., Tin} out such that qT7i(w(t°““t)) =1
for alli € Z(T) and all t < Tr i, and 55" =1 for all t < Ts jin(tour)-

(ii) There exist coefficients ﬂgf*) > 0 and {Egt;) > 0}jez(r,) such that, with E{yt;) = Zjel(?’y)éﬁ;) and
E{yt ) .— (Eétj))jez(T ) the terminal signed condensed sample admits the expansion
’ Y
S,(t*) _ ~(t*) ,S,(0,0) ~t") T
z, =u, 'z, + Cyj 2 - (13)
JEL(Ty)
(#ii) The initialization coefficient satisfies
. ToutflT N
plowTn < Gt prerss Tone(®), (14)
Define Ty 1in(r) = min{Tr 1in, Tsun(r)}. There exist deterministic quantities Boyy > 1, Uouy =

(1-— p?“)Bout, and £, € [0, uout], depending only on ps and the certified window lengths, such that the
following bounds hold. The explicit construction of these quantities is recorded in Lemma[D.§ in the
appendiz. For every j € Z(T,),

v <) < 15
<) < e 19
Consequently,
* g * U
t ~(t t
ey S %7L) < Uout 7711}7’51 S HC?(/ ) |2 S ;L];’y . (16)

(iv) Moreover, let Gumax denote the high-probability upper bound on pairwise signed-sample inner products,
so that (z] ,2]) < Guax for all i,i'" € Z(T) on the event in Assumption . If Grax < A, then

R
QT,i(W(toutvtin)) =1 and qgfy““t“‘) =1 for all indices, and the coefficients simplify to
ToutTin
() _ TewTm  At) _ 1= Ps
Uy, ' =p C, i = . (17)
Yy S Y»J nr,

Remark 3.3. Part (i) provides initial linear windows for the training and condensed dynamics. On these
windows, the hinge activity indicators stay at one throughout the corresponding initial inner loop. Thus the
subgradient pattern is fixed on the certified prefix, and the inner-loop map reduces to an affine contraction

that can be unrolled explicitly.
Remark 3.4. Part (ii) supplies nonnegative coefficients ng*) and {Egt;)} for the initialization and the class-y
training samples. It specifies how the terminal signed condensed sample can be expressed as a nonnegative

combination of the initialization and the signed training points. This is the basic “signal-noise” template:

at) weights the random initialization, while {?:flt;)} allocates mass across the real samples in class y.
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Remark 3.5. Part (iii) turns the abstract expansion in equation into concrete two-sided bounds on each

coefficient. For the initialization weight, the bound pz’™ < at) < pZ Toain(®) says that the random
synthetic draw is attenuated by the active portions of the dynamics: the more time per outer round the
condensed sample spends in the hinge-active regime, the more strongly the initialization is contracted. The
quantity £, is the amount of terminal training coefficient mass contributed by steps whose classwise updates
are certified to be uniform averages, while uey,¢ is the corresponding upper envelope for the total terminal
training mass. The coordinatewise bound equation [15|separates this averaged contribution from the remaining
coefficient mass not covered by that lower bound; this remainder is accounted for in Lemma [3.7] through
Ay = Uout — Ey

Remark 3.6. Part (iv) gives a closed-form specialization in the strong-regularization regime Gupax < A: full
activity persists throughout training and condensation, the initialization weight decays exponentially, and
the training coefficients become uniform within each class, making explicit the averaging mechanism on the
classwise noise.

3.3 Geometric analysis: From structure to risk

We next translate the structural controls from Lemma [3.2]into the population classification guarantee. The
next lemma gives the geometric risk reduction for directional evaluators and lower bounds the signal-to-
residual ratio S/f{(S) for both a random one-shot coreset and the terminal condensed set. The latter lower
bound is the certified constant SR, used in Theorem [3.1]

Lemma 3.7 (Directional risk bound and signal-to-residual lower bounds). Assume the test distribution
follows the additive model x = yp + € with y € {£1} and mean-zero sub-Gaussian noise € with proxy
covariance 3¢, and let (u)4 := max{u,0}. For any two-point set S = {(x4,+1), (x—,—1)}, define Wg :=
(x4 —x_ )/||X+ x_|l2 and R(S) := P(y(Ws,x) < 0). Suppose x4y —x_ = A(S)p +1(S) for some A(S) >0,
and define SR( ) = A(S)||pll2/ |l (S)]l2 (with SR(S) = +o00 if r(S) = 0). Then the following hold.

(i) The population risk satisfies

~ 2
2 -1
2[|Z¢llop SR(S) +1 n
(i) Assume Assumptwn E and the training model x] =yl pu + &;. Pick any iy € Z(T}) and i_ € I(T_)
and set Seore = {(x]. x;, ,+1), (x] ,—1)}. On the hzgh-probabzlzty event in Assumptwn letting C;, denote the

corresponding constant we have

2| el
V201 +2C) [[Bellop d

SR(Score) > (19)

(iii) Assume the hypotheses of Lemma and consider the terminal condensed set Sqc in equation @ Let Bout,
Uout, and by, fory € {£1}, be the deterministic coefficient quantities from Lemma . Set py := nt, /nT,

Bp = p+1/2 —|—p_1/2, and Ay = uout — £y. Define the dimensionless factor

by +10_
- B A —1/2\°
outBp + Zye{il} y(\/nT — Dy )

Then, on the same high-probability event,

SR L
SR (Sue) > SR, = VT Lkl .

\/Cﬁ ||E£”0pd
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Remark 3.8. The risk upper bound equation [18|is governed by the signal-to-residual ratio §f\{(8) Larger
values yield a more negative exponent and a tighter bound, while SR(S) < 1 makes the exponent term equal
to zero and gives only the vacuous bound R(S) < 1.

Remark 3.9. Comparing equation [[9]and equation 20} the condensed lower bound displays the class-averaging
scale through the explicit prefactor \/ny. The dimensionless factor L determines how much of that scale is
certified by the dynamics. Its numerator ¢4 + ¢_ is the coefficient mass that enters through certified classwise
averaging, while the denominator combines the class-balance and averaged-residual term Bgy¢/3, with the
. —-1/2

cost of the non-averaged remainder >, Ay (y/n7 — py / ).

Remark 3.10. The factor L determines whether the explicit prefactor /n7 in equation |20|is retained after
accounting for activity switching. Lemma[D.12]in the appendix quantifies the loss incurred when the certified
active prefix is shorter than the full inner loop. With T :=T3,, p := ps, and

Tout—1
Ms:= _max D7 (T~ Tou(k),
k=r+1

this deficit is . . et

. pp— _ _ S _ — 4Ly 1in (T

Wain = (1= p1)(1 = p9) + - max (1—ptHmlr)),
0<r<Tous—1

The first term measures the effect of later condensed active prefixes that are shorter than T if a contribution
is injected in an early outer round, then subsequent outer rounds with Ts in(k) < T leave less certified
contraction on that contribution. The quantity Mg records the largest cumulative future gap >, (T'—T’s 1in (k))-
The second term measures the gap within the current outer round: classwise averaging is certified only up to
Ty 1in(7), so the remaining T' — T}, 1in () inner steps are not treated as averaged updates. Hence Wyin = 0
when all relevant active prefixes have full length 7', while larger values indicate that more terminal coefficient
mass may lie outside the certified classwise-averaging part. Lemma proves the deterministic comparisons
between Wyin, the remainders A,, and the factor L, yielding the following regimes.

(i) In the full-activity regime Gmax < A, all windows have full length and Wy, = 0. The terminal training
coefficients are exactly uniform within each class, so the non-averaged remainder vanishes. In this case

2(1—p")
By

so the bound retains the full \/n7 class-averaging scale up to the class-balance factor.

L =

(ii) In the small-remainder regime, if Wyin = o(1 — p*) and Wiyin = O(8,//n7), then the coefficient mass
outside the certified averaging part is at most comparable to the empirical averaging scale. Lemma
gives L = Q((1 — p?)/B,), and if the second condition is strengthened to Wyin = 0(3,/1/n7), then
L=(1+0(1)2(1—p")/Bp.

(iii) In the switching-dominated regime, the total remainder Zy A, is large enough that the non-averaged
part of the residual dominates the averaged-residual term in the denominator of L. For example, if

Nmin — 00 and » 5, Ay = Q(Bout(1 — p1)), Lemma gives L = O(n}lm). The proof still yields a
valid lower bound, but it no longer certifies a growing ,/n7 class-averaging gain.

Theorem [3.1] follows by combining the certified signal-to-residual lower bound for the terminal condensed set

with the directional-evaluator risk reduction.

Proof of Theorem[3.1 Lemma iii) gives S/f{(Sdc) > SR,., and Lemma i) bounds R(S4.) by the
2

right-hand side of equation (18] Since t +— ((i;i)+ is nondecreasing on [0, +00), substituting SR yields

equation [T0] 0O

11
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3.4 Multiclass consequences

The same coefficient-expansion mechanism extends to the K-class classwise OvR setting introduced in
Subsection Let Py = {(pf’(t ) k) ke [K]} be the terminal multiclass condensed set. Theoremshows

that, for every class k, the terminal condensed sample admits a nonnegative same-class expansion p}j’(t*) =

ug’*)pf’(o’o) +Ziezk(7) c,(:;)xz’, with coefficient bounds controlled by the classwise OvR active windows. In the

full-activity specialization, this expansion reduces to the contraction pf’(t*) = pg"""ﬂ“p‘g’(o’o) +(

toward the empirical class mean.

L—pg™ "]
For the nearest-prototype evaluator introduced in Subsection [2.6] Theorem [B-4] gives a pairwise multiclass
risk bound controlled by the class separations vgs = ||pr — pe]|2 and the perturbations of the condensed
samples from their class means. Corollary [B.5| combines this geometric bound with the OvR coefficient
expansion to obtain a certified K-class risk guarantee for Pg.. Thus the multiclass result preserves the binary
proof strategy at the level of classwise affine recursions, while replacing the binary directional evaluator by a
nearest-prototype pairwise comparison.

4 Simulation

This section empirically examines the mechanisms predicted by the theory. The binary experiments are the
primary tests of the single-sample-per-class setting S = {(x,+1), (x_, —1)}: they measure signal aggregation,
the effect of the inner-loop length, and the transferability of the learned condensed-set geometry across
downstream evaluators. We further include a focused K-class OvR experiment to evaluate whether the same
classwise aggregation effect persists in the one-condensed-sample-per-class extension.

Setup. We implement the bilevel gradient matching routine in Algorithm [1| with the deterministic hinge
subgradient selection ¢(w) = 1{u(w) < 1} and the classwise update rule specialized to ns = 2, and we
denote by S* the terminal condensed set after the prescribed (Tout, Tin) bilevel iterations. In the synthetic
experiments, we sample a balanced training set 7 from the additive model x = yu + € and report the
geometric alignment cos (s(S*), ), where s(S) := x4 — x_, together with the downstream test accuracy of a
linear SVM trained on §* and evaluated on a held-out test set. On KMNIST, we use a two-class subset and
evaluate the same condensed set under multiple downstream models, following the evaluation viewpoint in
Subsection All reported quantities are averaged over ngeeqs = 5 runs and shown as mean + one standard
deviation. Full hyperparameters, reproducibility details, and additional numerical tables are reported in
Appendix [E] The main baseline is a random one-shot coreset that selects one real training sample per class
and uses the same downstream training pipeline as S*.

Condensed-sample aggregation and effectiveness on synthetic data. To visualize aggregation,
Figure |la] projects samples onto the signal coordinate (x, pt/||pt]|2) and an orthogonal coordinate (x,v) for a
fixed unit vector v L pu, and overlays the two learned condensed samples x; and x_; they concentrate near
the signal axis with small orthogonal components and separate along the signal coordinate, consistent with
our terminal expansion and coefficient analysis. For downstream performance, Figure [ID] compares the test
accuracy of a linear SVM trained on the condensed set against two baselines: a random one-shot coreset and
training on the full dataset. The condensed set reaches 0.772 4+ 0.013 accuracy, close to full-data training
(0.768 & 0.021) and well above the random one-shot baseline (0.518 + 0.029). This pattern matches the
theoretical picture that gradient matching turns the two condensed samples into signal-aligned aggregations
of the training set rather than noisy representatives of individual examples.

Early stopping via inner-loop length. Our theory isolates activity windows and coefficient bounds
that depend on the interplay between the training-set and condensed-set linear windows, suggesting that
overly long inner loops may enter regimes where informative gradient directions weaken. We assess this
schedule effect by sweeping (Tin, Tout) on synthetic data and reporting the alignment heatmap in Figure
the corresponding test-accuracy heatmap appears in Appendix [E}] The heatmap shows that alignment is not
governed only by the total number of bilevel updates: increasing Ty, is beneficial when the inner loop is
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Figure 1: Condensed-sample aggregation and downstream effectiveness on synthetic data. Left: training
samples and learned condensed samples in a signal/orthogonal projection. Right: condensed vs. random
one-shot vs. full data, reported as mean £ one standard deviation over seeds.

short, but the gain saturates and then weakens once T}, becomes large. The strongest alignments occur for
relatively short inner loops combined with moderate outer-loop repetition, whereas large 73, lowers the learned
signal alignment and is accompanied by a modest decrease in test accuracy. This pattern is consistent with
the coefficient bounds in Lemma after the certified active prefix, additional inner steps contribute less
uniform classwise averaging and can discount the previously accumulated signal mass through the contraction
factors. Appendix [E] also reports stepwise diagnostics; in the default synthetic setting the condensed samples
remain active, while the training-set activity and gradient norms decrease along longer inner loops, indicating
that the observed schedule effect is driven primarily by weakening training-side gradients rather than by a
loss of condensed-sample activity.

Cross-model transfer on KMNIST. The KMNIST experiment examines whether the geometry learned
by SVM-based condensation remains useful beyond the proxy learner used during condensation. We learn the
condensed set once and then evaluate it, without re-condensation, under four downstream models: a linear
SVM, logistic regression, a nearest-centroid classifier induced by s(S§*), and a small two-layer ReLU MLP.
Figure 2B shows that the same two SVM-condensed samples outperform a random one-shot coreset across all
evaluators. The improvement appears not only for the linear SVM used as the proxy learner, but also for
logistic regression, nearest-centroid classification, and the two-layer MLP, indicating that the learned samples
encode a transferable class-separating geometry rather than only the details of the hinge-loss update. The
nearest-centroid performance further confirms that this geometry is already present at the prototype level.
This supports the condensed-set geometry perspective: once S* captures a stable class-separating direction,
evaluators that depend on that geometry can benefit even when they are not identical to the proxy model
used during condensation. Additional numerical tables are reported in Appendix [E]

Multiclass OvR evaluation. Finally, we run the classwise OvR condensation rule from Appendix [B]on a
balanced K = 5 synthetic additive model with one condensed sample per class, and we evaluate the resulting
multiclass set using the nearest-prototype rule in Subsection 2.6] The learned OvR condensed set obtains
0.624 £ 0.008 test accuracy, matching the full-data nearest-prototype reference based on empirical class means
within Monte Carlo variability (0.624 & 0.018) and substantially exceeding a random one-shot multiclass
coreset (0.231 £ 0.030). This result provides empirical evidence for the classwise aggregation mechanism
behind the multiclass expansion; the corresponding table and figure are given in Appendix [E.5]
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(a) Schedule-dependent alignment. (b) KMNIST cross-model accuracy.

Figure 2: Additional empirical diagnostics. Left: alignment cos(s(S*), ) over the (Tin, Tout) grid on synthetic
data, showing that short-to-moderate inner loops combined with repeated outer-loop restarts yield the
strongest signal alignment. Right: KMNIST cross-model evaluation of GM and random one-shot coresets,
reported as mean + one standard deviation over seeds; the same condensed set transfers across evaluators
beyond the hinge-loss SVM used during condensation.

5 Discussion

This work establishes a dynamical framework for dataset condensation in classification, moving beyond
regression surrogates to analyze the non-smooth optimization of margin-based learners directly. By character-
izing condensed samples as structured signal-noise combinations, we bridge the gap between the algorithmic
mechanics of gradient matching and the geometric requirements of generalization.

While anchored in SVMs, this dynamical framework holds potential for characterizing optimization trajectories
in broader margin-based classifiers, where gradient signals often change as examples enter or leave high-
loss/high-margin regimes. Crucially, our analysis reveals a mechanism where excessive inner-loop updates can
attenuate certified signal accumulation, suggesting that early stopping reflects a broader signal-accumulation
versus activity-switching tradeoff rather than a peculiarity of the SVM objective.

Our guarantees are proved for the binary one-condensed-sample-per-class setting under an additive sub-
Gaussian model, together with a classwise OVR extension for the K-class case. Extending the same level of
guarantee to general softmax or Crammer—Singer multiclass training would require controlling cross-class
competition, switching competitors, and coupled gradient-matching dynamics, which are absent from the
affine classwise recursions analyzed here. Likewise, relaxing the activity-window and linear-window conditions
would require a substantially finer analysis of when samples enter and leave the active hinge regime. These
limitations identify concrete technical barriers for extending the analysis beyond affine classwise recursions,
and clarify the role of the present tractable margin-based setting as a first step toward classification-specific
condensation theory.

Practically, the results suggest that the inner-loop length should be monitored as a mechanism controlling the
persistence of informative gradient activity, rather than treated as a purely computational hyperparameter.
The analysis points to concrete diagnostics for schedule selection, including alignment, hinge activity, and
validation performance.

Furthermore, our theoretical toolkit offers a blueprint for other condensation paradigms. For distribution
matching (Zhao & Bilenl [2023)), our structural decomposition and geometric risk bounds can be adapted to
simplify analysis by bypassing non-smooth unrolling. Conversely, for trajectory matching (Cazenavette et al.)
, which shares our dynamical nature, our coefficient expansion and linear-window analysis provide a
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foundational approach to disentangle complex cross-time dependencies. Extending these tools to capture
such long-horizon structures remains a promising avenue for future research.
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A Notation

Table 2: Summary of notation used throughout the paper.

Symbol Meaning

Data and distributions

d Input dimension.

y Label space: {—1,+1} in the binary case, or [K] = {1,..., K} for K-class problems.

X, Y Feature vector and label.

Py Class-dependent mean (signal); in the binary symmetric case py1 = p, p—1 = —p
and x = ypu + €.

£, 3¢, ¢ Mean-zero noise; covariance 3i¢; whitened coordinates § = 21/2(.

1Z¢llop Operator norm of the noise covariance (used in high-probability bounds).
Population law of (x,y).

T, nr Training set {(x],y/)}.7, and its size.

T (T), 7k Indices with label k and the corresponding class count.

zZT = yl.TxT Signed training sample.

SVM objective and hinge structure

w SVM weight vector.

A £ regularization parameter in L1 (w) and Ls(w).

(a)+ Positive part max{a, 0}.

Ly (w), Ls(w) Regularized hinge loss on 7 and on the synthetic set S.

ul (w) Margin y] w'x] .

q?—(w) Hinge activity indicator 1{u] (w) < 1} (subgradient convention).

Dataset condensation (bi-level schedule)

S, ns Condensed dataset; one-sample-per-class gives ns = 2 in the binary case.

Tout, Tin Numbers of outer and inner iterations.

tout, tin Outer and inner loop indices.

Nw, NS Inner-loop step sizes for updating w (on 7) and condensed samples.

wtout,tin) xg’(t"“t’t‘“) Weight and condensed sample after the indicated inner steps.

Directional evaluation (Deﬁm’tz’on

s(S) Two-sample difference x4 — x_ for S = {(x4,+1), (x—,—-1)}.
Ws Normalized classifier direction aligned with s(S).
R(S) Population misclassification risk P(y ,)~p(¥(Ws,x) < 0).
Multiclass classwise OvR extension (Appendix@
@) Multiclass condensed set at time ¢: {(pf’<t), k) : k € [K]}, with one condensed sample
per class.
Pdc Terminal multiclass condensed set returned by the classwise OvR condensation proce-
dure.
pf’(t), Pk Class-k condensed sample at time t; generic class-k representative in a multiclass
nearest-prototype evaluator.
w®), Wl(mt) Collection of K OvR heads and the head-h weight vector at time ¢.
tt Next inner-loop time (tout, tin + 1), used when tin < Tin.
Thk OvR sign 21{h = k} — 1, treating class h as positive for head h.
th, ZZ Head-wise signed training sample 7, ysz"T and its empirical mean over 7.
z']f’;f) Head-wise signed condensed sample Thvkp‘:’m.
qf’}(bt), qz;’b(t) Synthetic and training hinge activity indicators for class k& / sample ¢ under OvR head
’ ’ h.
S,(t) JT,(®) : : i ;
e h s Bk h Classwise synthetic and training OvR gradient terms for class k under head h.
DOVR(p(®), Ww(t)) Scalar classwise OvR gradient-matching discrepancy for class k.
(Tks ’(t), 51(:)1 Averaged synthetic activity and averaged synthetic-training activity product over the
K OvR heads.
hp, Rmec(P) Nearest-prototype multiclass evaluator induced by P and its population misclassifica-
tion risk.
Ty Vi, €mec(P) Class prior, pairwise class separation ||py, — pe||2, and maximum multiclass condensed-

sample perturbation.

Multiclass OvR coefficient and risk quantities

ug ), C;:,i)’ Cg/} Terminal OvR expansion coefficients for class k, with cgf,u) = Zielk(T) cgi).
* *
c}(: ) Vector of terminal same-class coefficients (c](ct,i))iGIk(T)'

Continued on next page
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Table 2: Table | continued

Symbol

OvR OvR

7(;,Vk iins L8 kotin (7)
Tk,l\;n (T)

Bk,ouh ék’ Uk, out s Ak
Uk
OvR
Wi
ap e mc
SRkE ) Sjkg
mc
Lkl
Yie

Ymin, SR

min

Main theoretical objects
t*

25/

ps =1—2ns
TT,linz TS,lin (tout)
Ty,lin(r) .

Py, Bp

Bout

Z’yv Uout, Ay

SR(S)
SRy
L

Wwin

SdC7 Score
Glnax

Assumption
4, k, Cy
Ow, 0S

Meaning

Class-k OvR training and condensed-sample linear-window lengths in outer loop r.
Joint class-k OVR window length min{T2%", Ty, (r)}.

Class-k OVR coeflicient upper budget, certified averaging mass, upper envelope, and
non-averaged remainder.

Upper bound on the terminal initialization coefficient induced by the class-k OvR
condensed-sample windows.

Deterministic window-deficit diagnostic for class k in the multiclass OvR active-window
comparison.

Pairwise multiclass signal-to-residual ratio and its certified lower bound for classes k
and /.

Pairwise multiclass factor combining class-averaging mass, initialization remainder,
signal-recovery error, and active-window deficit.

Monotone function mapping pairwise multiclass signal-to-residual ratios into the
exponential risk bound.

Minimum pairwise class separation and minimum certified pairwise multiclass signal-
to-residual ratio.

Terminal time index (Tout — 1, Tin)-

Terminal signed condensed sample.

Contraction factor in condensed-sample dynamics (stability: 0 < 2ns < 1).
Linear-window lengths where training / condensed hinge indicators stay active.
min{Tr 1in, Ts 1in (1) }-

Coefficients in the terminal expansion of z5 over initialization and {z]T}

y
Class proportion nr, /n7 and balance factor p_T_l/Q + p:1/2.

Outer-loop accumulation budget for terminal coefficient upper bounds; its construction
is given in Lemma

Coefficient mass certified by classwise averaging, coefficient upper envelope, and the
non-averaged remainder uout — £y; constructed in Lemma

Signal-to-residual ratio for/)\q. —x_ =AS)pu +r(S).

Certified lower bound on SR for the terminal condensed set.

Dimensionless factor combining coefficient mass from certified classwise averaging,
class balance, and the non-averaged coefficient remainder.

Deterministic diagnostic for the loss caused when certified active prefixes are shorter
than the full inner loop, used in Lemma to compare regimes for L.

Terminal condensed set vs. random one-shot coreset from two training points.
Upper bound on inner products (zz—, zf,) (appendix); regime Gmax < X gives full hinge
activity.

Tail probability, dimension—log constant, and associated concentration constant.
Initialization scales for w and condensed samples.

Inner-loop weight dynamics (appendiz)

p:i=1—-dnw
I(A)7 na
zT

Contraction factor for weight updates under fixed hinge activity.
Index set and size of a generic dataset A.

i ini 1 T
Mean of signed training samples Py ZieI(T} z; .

Sub-Gaussian noise. Vectors satisfying Definition (Appendix .
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B Multiclass One-Condensed-Sample-Per-Class Extension

This appendix extends the coefficient-expansion mechanism of the binary analysis to a K-class one-condensed-
sample-per-class setting. Rather than applying a standard one-vs-rest reduction that runs K separate binary
condensation problems and produces a two-point condensed set for each induced subproblem, we maintain
a single multiclass condensed set with one synthetic sample per class. The extension uses a classwise OvR
gradient-matching objective and preserves the classwise affine-contraction structure that drives the binary
hinge-loss analysis.

We work under the K-class additive model in Section y € [K] has class prior 7, = P(y = k), and x = pt,,+€&
with mean-zero sub-Gaussian noise proxy covariance 3¢, with independent noise across samples. The results
below are stated in terms of the empirical class sizes ny j and the pairwise separations vie = ||pr — ptell2,
without imposing simplex symmetry on the class means.

B.1 Classwise OvR Gradient Matching

We use the same two-dimensional time convention as in the main text: t = (fout,tin), Where touy €
{0,...,Tous — 1} and t;, € {0, ..., Tiy}. For an inner-loop update with i, < Tiy, write t7 := (fout, tin + 1)-

. . S,(t 1,0 S,(tout,Tin
For tout =0,...,Tous — 2, the condensed samples are inherited across outer loops as pj, (tous+1,0) _ P (tout ).

For K-class classification, the condensed object at time ¢ is the multiclass condensed set P®*) := {(pf’(t), k):

k € [K]}, where pf’(t) € R is the single condensed sample assigned to class k. We write P®) to distinguish
this multiclass object from the binary condensed-set notation §. The condensed samples are initialized
independently as ps,(o,o) N(0,0%1,) for k € [K]. We collect the K OvR heads as W®) := (w (t))h 1

where w( ) € R%. At the beginning of each outer loop, every head is reinitialized as W(t"““o) ~ N(0,021,).

For head h, class h is treated as positive and all other classes as negative. Define the OvR sign Th = 21{h =

k}—1 € {+1, -1} for h, k € [K]. For head-wise signed comparisons, set ZZ:}L =Ty, TX] 2] = n7-1 S IT,”
S,(t) . S,(¢)

and z; " = 7, xP;," . These signed coordinates express each OvR head in the same hinge-active form as
the blnary analysis.
Assumptlon B.1. For every head h, the signed training samples {zZ ntiZ, and signed condensed samples

{zk’ h } 1 satisfy the analogues of Assumption and Lemmas |C with the binary signed variables

replaced by their head-wise OvR counterparts and with the corresponding suprema taken over heads, classes,
condensed samples, and training samples. Thus the initialization bounds, signed-sample concentration bounds,
and active-window margin envelopes required for the binary coefficient estimates hold uniformly over the
OvR signed coordinates.

The synthetic hinge activity of the class-k condensed sample under head h is qf’,gt) =1{1-7, k(wgt), pS (t))

0}. For a training example (x],y/ ), define qT () =H1-m,7 <W§l ), 7y > 0}; in particular, if i € Zy(7),
then y/ = k and the sign is 7, 4.

For class k and head h, define the classwise OvR gradient terms gs (8 qf (Lt)T kp‘: ® and g,
T,(t)

7, (t)

"T & ZieIk(T) q; 7hxX] . The scalar classwise OvR gradient-matching dlscrepancy for class k is

K
v 1 s 7.0 |
DOVR (pm;wm) = Hg (®) gk,h(t)HQ
h=1

Since the same sign 73, 5 multiplies the synthetic and training terms within a fixed class block, the head-wise
squared norm is unchanged if this common sign is removed.

Define the averaged synthetic activity q; > = K1 Zthl qi’}gt) and, for i € Z;(T), the averaged activity

product b,m =K1 Z he1 q,‘f ,st)qjh(t) By construction, 0 < 5,(:'2 < (j‘,f’(t) <1
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Algorithm 2 Classwise OvR Gradient Matching for Multiclass Condensed Samples

Input: Training set 7, number of classes K, loop lengths Tyt and Tiy, step sizes 1w and ns
Output: Multiclass condensed set Py
Initialize ps (0.0) ~ N(0,0%1,) for k € [K]
Set 7 = 21{h =k} — 1 for h,k € [K]
for tot = 0to Ty — 1 do
Initialize w}(lt"“"o) ~ N(0,021,) for h € [K]
if tout > 0 then
Set p (t"““’o) p}j’(t"‘”_l’T‘“) for each k € [K]
end 1f
for t;, =0to T}, — 1 do
Set t = (tout, tin) and tT = (tout, tin + 1)
Compute qk’( ) and qZ};(t) for all k,h € [K] and i € {1,...,n7}

Compute g, 7™ and 1_7](:2 for every k € [K] and i € Z;,(T)

for k € [K ] do
Update pf’(t+) by equation
end for
for h € [K] do
Compute gh ® and update w; R by equation
end for
end for
end for

Return: Py, = {( Sy (Tout—1,Tin) k) ke [K}}

+
For ¢, < Ti,, the multiclass condensed-sample update is the classwise gradient step pf’(t ) = pf’(t) —

nsVp sDO"R (P®; W) where the hinge activities are evaluated at time ¢ and are not differentiated through,
as in the blnary analysis. Under this convention, the update has the explicit affine form

pe ) = (1205 ™) B L2085 pONT, (21)
Tk
EIk(T)

For t;, < Ti, and each head h, the full training OvR gradient term is gT &) nTl S quh( )Th yTXT and
the real-data SVM update is

N
Wi = (1= w4 g . (22)

Algorithm [2] summarizes the resulting classwise OvR gradient-matching procedure. It maintains a single
multiclass condensed set across outer loops, while the K OvR heads are reinitialized at every outer-loop
restart.

B.2 Multiclass Nearest-Prototype Evaluation

The multiclass evaluator below turns a condensed set into a prediction rule and provides the target of the
population risk bounds.

Definition B.2 (Multiclass nearest-prototype evaluator). Let P = {(pg, k) : k € [K]} be a generic multiclass
condensed set with one representative per class, not necessarily tied to a particular condensation time. In this
evaluator, these representatives act as class prototypes, and the nearest-prototype classifier induced by P is

hp(x) :=arg min ||x — png = arg max < (X, Pg) — 1 Hpk||§ ,
ke[K] ke[K] 2

with deterministic tie-breaking. The corresponding multiclass population risk is

Rne(P) := Py (hp(x) # 9) .-
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Examples of multiclass nearest-prototype evaluators. The nearest-prototype evaluator is a standard
multiclass prediction family, and it appears in several familiar classifiers, either exactly or after a fixed feature
transformation.

o« Nearest class mean. If u] = n}lk D e (T) x] and Pxcum = {(@],k) : k € [K]}, then
hpyon (X) = argmingex) |[x — B |3, which is the standard nearest-class-mean classifier. It is the
evaluator most closely connected to the full-activity specialization, in which each condensed sample
contracts toward the corresponding class mean.

o Shared-covariance Gaussian Bayes and LDA. If x | y = k ~ N (g, X) with equal class
priors, the Bayes rule is arg minge(r)(x — pr) 'S 71 (x — pi,). After whitening, X := 3~1/2x and
Pr = B~ 1/2p;,, this becomes the nearest-prototype rule arg minge (g X — Px|/3. Unequal priors add
class-dependent bias terms and therefore correspond to a biased nearest-prototype score rather than
the unweighted Euclidean form unless one augments the feature space.

« Affine linear heads. Any affine multiclass linear prediction rule Ay, (x) = arg maxye[x1{(ax, x) +bx }
is exactly a nearest-prototype rule when pj, = a;, and by = —1||a,||3 + C for a class-independent
constant C. More generally, every affine linear rule can be represented exactly as a nearest-prototype
rule after adding one dummy feature dimension: choose C' > max{by + 1|axl3}, set r} =
2(C—bi)—||ak||3 > 0, and use X := (x,0) and Py, := (ag, 7). Then (X, P,)— 1(|P,l13 = (x,ax)+bp—C,
so the class-independent shift does not change the argmax. This representation includes the prediction
rules of multiclass logistic regression, linear softmax heads, and multiclass linear SVMs.

« Prototypical and cosine classifiers. In a fixed representation space ¢ : R? — R”, the rule
arg mingc(x) [|d(x) — Pk |2 is the usual prototypical-network or embedding-space nearest-class-mean
prediction rule when pg = n}lk Eiezk(T) ¢(XZ—) If the features and prototypes are normalized, or
more generally if all prototypes have the same norm, the nearest-prototype score is equivalent to
maximizing the cosine or inner-product score (¢(x), px). This connects the evaluator to normalized
linear heads in a fixed feature space.

For the K-class additive model, write 73, := P, yop(y = k) and v := ||pux — pel|2 for k, £ € [K]. For
a multiclass condensed set P = {(pg, k) : k € [K]}, define the maximum condensed-sample perturbation
€me(P) 1= maxpe(k) [[Pr — pxll2. When the condensed set is clear from context, write €pc.

B.3 Main Multiclass Guarantees

The following results give the multiclass consequences of the classwise OvR update. The first result is
the direct analogue of the binary coeflicient expansion: each terminal condensed sample is a nonnegative
combination of its initialization and same-class training samples, with coefficient bounds controlled by the
certified active windows. Lemma [D.13] gives sufficient margin-envelope conditions for these windows.

Theorem B.3 (Classwise OvR coefficient expansion). Assume 0 < 2ns <1 and nyj > 1 for every k € [K].
Set ps:=1—2ns and t* := (Tout — 1,Tin). Under classwise OvR gradient matching, for every class k € [K]

there exist coefficients u,(:*) >0 and c,(:*.) >0, 1€ Zy(T), such that

K
S, (¢t ) _8,(0,0 t*
pp ) = py 0+ Z cl(c,i)XzT'
€Ly (T)

Consequently, under the K-class additive model, with c,(ct;) = ZieIk(T) c,(ci),

S’ * * S’ , * *
S R+ T e
€Ly (T)

Assume further that the class-k training activities and condensed-sample activities are active on windows

of lengths TR, and TSYR, (), respectively, in every outer loop r € {0, ..., Tows — 1}. Define TN (r) ==
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min{T/TQ,\/::lj{lin ) T‘SQ,‘k]}}in (T) } )

TOUt72 ZTout_lTOvR (S)

- E s=r41 Sk lin o Tin
Bk,out =1+ Ps " ) Uk, out = (1 — Ps )Bk,outa
r=0
and
Tout_l v v
0, = (Tourr)ﬂn*Té),nff(r) 1 Tl?,lig(r)
k= Ps (1-ps )-
r=0
Then -
. * out — TOVR, (7, E % u
pTowTin < (8 < pZT:o &3 () () < Ukout
S — Yk =S ’ = %k =
nT K nT K

In particular, £, < C;(ct,;) < Upout and U/ /AT ) < ||C;(:*)||2 < Uk,out/ /T, k, where Cl(:*) = (Cl(:,;))ielk(T)- If

all OvR activities are active throughout the bilevel procedure, then

S,(t) T Tin - S.(0,0 TowsTin\ 2 ~r 1 3
pk()zpst pk( )‘|'(1_p$t )HZv #Z—':n XzT'
T,k .
€Ly (T)

Proof. The active-window certification is Lemma The coefficient expansion, coefficient bounds, and
full-activity contraction are Lemma [D.14] O

The next result is independent of the OvR dynamics. It states that nearest-prototype evaluation has a
pairwise risk bound controlled by class separation and condensed-sample perturbation.

Theorem B.4 (Multiclass nearest-prototype risk). Assume the K-class additive test model x = p, + &,
where & is mean-zero sub-Gaussian with prozy covariance X¢. Let P = {(pg, k) : k € [K]} be any multiclass
condensed set used with the nearest-prototype evaluator. Define €, = ||pr — prll2, Rre = € + €, and

S/f\{z]; = Yie/ Rie, with value +00 when Ry = 0. For s € (0,+00), set

(1—s1))"

Une(s) = Une(0) :=0, Uine(+00) := 1.

(1+s1)2 7
Then
K mc
RuclP) > m Y e (gl (SR )
Proof. The statement is proved in Lemma [D.15] O

Combining the OvR coefficient expansion with the nearest-prototype risk bound gives a certified multiclass
guarantee for the terminal condensed set. The bound is written through pairwise signal-to-residual ratios;
larger pairwise ratios yield stronger exponential risk decay.

Corollary B.5 (Certified multiclass risk for classwise OvR condensation). Assume the hypotheses of
Theorem [B-3 and the high-probability event in Assumption[Bl Let C,, denote the corresponding uniform

concentration constant and define the terminal multiclass condensed set Py. := {(p}f’(t*), k): ke [K]}. Set
P = nT /N7,
g, 7 n Tout =1 pOVR
o = Sy T ’ o ”MkHZ\/ T 7 g = p;rzo S,k,lm(T).
VIIZellop VOl Zellopd
For k # ¢, define

= [Oég(ﬂk + ug) + Oéﬂyk(l —l) + Oémg(l —ly) + fkplzl/Q + égpe_l/Q + vV (Ag + Ap) ,
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where Ay = ug ous — Lk, and set
qrme ._ VT Ly ke
7k€ . .
Vil Zelopd

Then

K 2
Rmc(Pdc) é Zﬂ-k ZGXP <_M\Ilmc (SR';CHZC)> .
22T 2P\ TS

In particular, with Ymin = mingze Yee and SRy, 1= minge SR,

2
Vmi mc
Rune(Pac) < (K — 1) exp (—mm e (SRS )
Pac) = (K= e e (Bl

If all OvR activities are active throughout training, then L} can be replaced by

—1
Lt = [P?“m" (2as + e + ) + (1 — pgo‘"Ti") (pk 1/2 +p; 1/2)}
in the definition of SRy .

Proof. The statement is proved in Corollary O

Remark B.6 (Active-window interpretation). The factor L} separates the class-averaging contribution from
the remainder induced by incomplete active windows. Lemma [D.17] gives the deterministic comparison:
when initialization and signal remainders are no larger than the class-averaging term and the active-window

deficits satisfy Ay + Ay = O((Ekpgl/2 + Egpzl/z)/,/nf), the certified ratio has the same /n7 scale as class

averaging. If the deficits are instead of constant order, the pairwise factor satisfies L} = O(n}l/ 2), so the

averaging gain is no longer reflected in the certified ratio. In the full-window case, the transition is governed
by the comparison between the initialization term pgc’““Ti“ (2as + ok + @y ¢) and the class-averaging term

ToutTin —-1/2 —-1/2
(1= pLowTiny(p /2 4 p, ).
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C Preliminary Lemmas

This section introduces several preliminary lemmas that serve as the foundation for the subsequent proofs
and results.

C.1 Bounds for Random Variables and Aggregates

Our theoretical analysis relies on controlling the behavior of various random quantities that arise from the data
generation process and random initializations. This subsection establishes the foundational high-probability
bounds for these quantities, starting with the core definition of sub-Gaussian vectors which characterizes our
noise model.

Definition C.1 (Sub-Gaussian with proxy covariance). A random vector £ € R? is sub-Gaussian with proxy
covariance 3 = 0 if Eexp (A(v,&)) < exp(% v Zv) for all A € R and v € R%

The following lemmas establish high-probability bounds for various random variables and their aggregates,
crucial for controlling noise and initialization effects throughout our analysis.

Lemma C.2. Assume the training set follows the additive model of Section [2.1] with sub-Gaussian noise
parameter X¢. Fiz § € (0,1) and suppose the consolidated dimension condition d > k log(GToutnT/(S) for
some k > 0. There exist absolute constants C > 0 and C,, > 0 such that, with probability at least 1 — 6,
simultaneously for all i,i’ € [ny],

i) < \[2108(607/9) |20l

< Ca/I1Zellop llll2 V. (23)

27

(€6 < O(IZellr\/log(6n3/8) + [Zellop log(6n3/3)),  i#i, < CulZelopd.  (24)
|1l = tx(Be) | < C(IZellr \log(6nr/3) + [Bellop log(6n7/9)), < CelSelopd.  (25)

Proof. For equation since (p, &;) is sub-Gaussian with variance proxy ;LTEE;L, for any t > 0,

2
P([(m. &)| > t) < 2eXp(_2uTtZ§u) .

Taking t = /2 uT B¢ p log(6ny/0) gives P(|(, &) > t) < 6/(3n7); a union bound over i yields the first
inequality. Using " Zep < [|Z¢|lopl|2]|3 and \/log(6n7-/5) < \/log(GToumT/é) < k~Y2\/d, we obtain the
second line of equation [23| after choosing C,, > x~1/2.

For equation write &; = Eé/ 2zi where {; has independent, mean-zero, sub-Gaussian coordinates with unit
variance. For i # i’ we have (&;,&) = ¢} B¢ zy. A decoupled Hanson-Wright type inequality for bilinear
forms of independent sub-Gaussian vectors (e.g. Rudelson & Vershynin| 2013)) yields a universal constant
¢ > 0 such that, for all ¢ > 0,

P(‘C;l—Eg Z;

t2 t
>t) < 2exp(—c min{ , }) .
) 5 TSelor

t = C(IBelli \/log(6n3-/5) + | Sellop log(6n3/9))

with C' large enough (depending only on c) gives P([(§;,&)| >t) < 6/(3n%). A union bound over ordered
pairs (4,4') with i # i’ yields the first line of equation [24] For the coarse bound, use ||Z¢||r < vd || Z¢|lop and

Choosing

\/log(Gn%—/(s) < \/log(6Toutn%-/5) < \/2 log (6Tpuiny/8) < V2/k V4,
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together with log(6n2-/8) < (2/k)d, which follows from the dimension condition. Enlarging constants gives
the second line of equation

For equation , we again write & = 22/2@ so that [|&]]3 = ¢/ B¢ ¢ and E[¢] Ze (] = tr(Z¢). The
Hanson—Wright inequality implies that for all £ > 0,

2 t
P([¢/ Be¢i —tr(Ze)| > t) < 2exp(—c min{ ; }) .
(1= o= IZell% 1 Zellop

Taking

t=C(IZellr \/og(6n7/8) + | Selop og(6n7/9))

gives a tail probability at most 6/(3n7) for C sufficiently large. A union bound over i establishes the first
line of equation The second line follows from the same simplifications as above: || Z¢||r < Vd ||Z¢lop and

Vog(6nr/0) < k=12/d, log(6nr/6) < k~1d.

Finally, the three parts are proved with failure probabilities at most §/3 each, so a union bound yields a joint
event of probability at least 1 — ¢ on which equation 23}-equation [25 hold simultaneously. O

Lemma C.3. Assume the training set follows the additive model of Section[2.1] with sub-Gaussian noise param-
eter B¢. Let wltow0) ~ N(0,021) be independent of {€;}. Fiz § € (0,1) and suppose d > r log(6Tpunt/d)
for some k > 0. There exist absolute constants C, > 0, such that with probability at least 1 — 9, simultaneously
for all touy < Touy — 1 and i € [ny],

w02 < o2 (d +24/d 10g (6T /) + 210g (6Tou /5)), < C.od. (26)

(Wl D )| < o [lpll2 /2108 (6Touw /0), < Crow |ull2 V. (27)

(Wit 0, &) < oy 32108 (6Tournr /9)

x Wzg) + C(IZellr \/1og(6n7/6) + e lop 10g(6n7/6) ), (28)
< Crow \/ HEEHOP d.

Proof. For equation condition on &;:

(it &) | & ~ N(0, 05, 1&il13),
so for any 7 > 0,

2
P<}<W(tout70),€i>| >T ‘ fl) < 2€Xp<_m> ’

Take

T = 0w \/2 log (6Thuenr/5) \/tr(Eg) + c(||z§||F \J1og (6n7/6) + | el op 1og(6n7-/5)>.

By Lemma inequality equation [25| holds simultaneously for all 4, hence

€113 < tr(Ze) + C (IS¢l \/og (6n7/3) + | Se lop log(67/6) ).

A union bound over i and t,,¢ gives the first inequality in equation Finally, using || Z¢|r < Vd [|Z¢op
and the dimension condition to bound +/log(6T,un7/8) < Cxv/d and log(6nr/8) < C.d, we obtain the
coarse bound in the second line of equation 2§ O
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Lemma C.4. Assume the training set follows the additive model of Section |2.1| with sub-Gaussian noise
parameter X¢. Let {xf’(o’o)}iez(s) be initialized independently as Xf’(o’o) ~ N(0,0%I) and let witous:0)
N(0,021) be independent of everything else for towy = 0,...,Tows — 1. Fiz § € (0,1) and suppose the
consolidated dimension condition d > k log (24T0wE n5n7—/5) for some k > 0. There exist absolute constants
C >0 and C, > 0 such that, with probability at least 1 — &, simultaneously for alli € Z(S), j € Z(T), and

tout < Toutr — 1,
[(x7 Y w)| < os|ullz y/2l0g(24ns/5), < Crosllpl2 V. (29)
|<Xf’(o’0)7£y’>} < os \/2 log(24nsny/d)
«Jumg + C(15cle fos@in /0) + [Selp loging /) (30)
< Cros\/1Zellop d.

|<Xf,(o,0)7w(tout,o)>’ < os \/2 log(24Toums/5)

X \/UEV <d+2\/cm+210g(24ﬂmt/5)) (31)

< Chos0owd.

x50 < ag(dm,/d log (24ns /) +210g(24n5/5)), < C,o%d. (32)

Proof. We control each displayed inequality on a high-probability event and then take a union bound.

For equation since xf,(o,o) ~ N(0,0%I), we have <x‘s’(0’0), p) ~ N(0,0%||pe||3) and hence, for any t > 0,

(3

2
P( <x$’(0’0),u) > t) < 2exp <—> .
[ | 20213

Taking t = os||pt]|2+/21og(24ns/6) gives

S,(0,0)
Pl ) = ) < 12ns

A union bound over i € Z(S) yields the first inequality in equation Moreover,

\/log(24n5/6) < \/log(24T0utn3nT/6) < H_l/zx/(;,
so enlarging constants gives the second line of equation

For equation [32] note that [x3"?||2/0% ~ x3. The Laurent-Massart inequality implies that for any u > 0,
P<||xi3’(0’0)||§ > 0% (d+2Vdu + 2u)) <e v,

Taking u = log(24ns/d) gives

P(fo’(o’o)% > 03 <d+2\/d log(24ns/4) +210g(24n5/6)>> < 24(; .
S

A union bound over i € Z(S) yields the first inequality in equation Using log(24ns/d) < k~'d and
Vlog(24ns/6) < k~1/2v/d from the dimension condition, we have

A+ 2y/d log(24ns /) + 2log(24ns/6) < (1426712 4 2671 ),

which gives the second line of equation [32] after enlarging constants.
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For equation we first invoke Lemma with failure probability ¢/4, which ensures that with probability
at least 1 — §/4, simultaneously for all j € Z(T),

€13 < tr(Se) + C(IBellr \/log(24n7/) + [ Zellop log (24n7/3) ).

Condition on §;. Given &;,
(x0 &5) | & ~ MO, 02I&;13),

so for any 7 > 0,

P16 g 27 | &) < 2exp( TQ) :

20%1€5113

On the event above, take

T=0s \/2 log(24nsnr/8) \/‘51‘(25) + C(||2§||F \/10g(24n7/8) + || e lop 10g(24n7-/5)).

Then 72/(20%/€;]13) > log(24nsny/d) and hence

1)
P(|<Xf’(0’0)7€j>‘ > | 51‘) < Tongny

A union bound over (4, j) € Z(S) x Z(T) gives the first inequality in equation For the coarse bound, use
tr(Be) < d[|Zellops [|Bellr < VA || Ze|lop, and y/log(2dnsnt /) < C.V/d, log(24n7/8) < C,.d (which follow

from the dimension condition) to obtain the second line of equation |30| after enlarging constants.

For equation [3T] first apply the Laurent-Massart inequality to each toye:

p(”W(tout,o)Hg > 02, (44 2,/d 1og (24T /) + 210g(24T0ut/6)>) < 24; .
out

A union bound over tout =0, ..., Tout — 1 yields an event of probability at least 1 — /24 on which equation
type bounds hold for all w(tex:0) Condition on w(tew9), Given w(teut:0),

<X;S’(0,0)’W(to‘,t,0)> | wtout;0) NN(070§|‘W(tO.,t,O)||§)’

hence for any 7 > 0,

2

T
P( <Xf3(070),w(to\1tao)> > w(toutyo)) < 2€Xp<— ) .
| | | 20"28||W(t0ut70)||§

On the event controlling ||w(fou:0)|2 take

7= 05 /2108 (24 s /) \/ 03 (4 + 21/ 10g(24Tou /6) + 2108 (24Tou /9) ).

Then 72/(20%||w(tout:0)||2) > log(24T,uns/6) and thus

S,(0,0) tout,0 tout,0 g
P[50, wltert ) > 7 | wltone ) < 0T ns’

A union bound over (i,tout) € Z(S) x {0,...,Tous — 1} yields the first inequality in equation The coarse
bound follows from the dimension condition, which implies 4/log(24T,uins/d) < C,.V/d and

\/ 0+ 2,/ d 10g(24Tous /6) + 2108 (24T /6) < Ci Vd,

after enlarging constants.

Finally, combining the above high-probability events with a union bound yields a joint event of probability at
least 1 — ¢ on which equation 29}-equation 32 all hold simultaneously. O
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Lemma C.5. Assume the training set follows the additive model of Section with sub-Gaussian noise
parameter X¢. Let wltou:0)  N(0,02 1) be independent of {&} for tows = 0,...,Tow — 1. Fiz § € (0,1) and
suppose the dimension condition

d > kK 10g(4T0ut/5) for some k > 0.

Fiz, in addition, o deterministic vector a = (a1,...,an,) € R*T. There exist absolute constants C > 0 and
C, > 0 such that, with probability at least 1 — §, the following hold simultaneously for all tony < Touy — 1:

| Y alem)| < llalle B¢, /2108(1/0)
i€Z(T) (33)

Cr llallz /1Z¢llop il Vd.

Y @,,W(tout,o»‘ < |lall2 ow \/||§:E||Op <d+ 2¢/d log(4Tous /6) + 2log(4Tout/§)>

i€Z(T)
(34)
x \/2log(4Tbut/6)
< Crllallz ow (/[ Ze]lop d-

lall3 tr(Se) + C llal3(ISelry/log(4/6) + [ Sellop los(4/5))

i€Z(T) ? (35)
C lall3 |Ze lop d-

IA

IN

IN

IN

Proof. For equation the variables (&;, u) are independent, mean-zero, sub-Gaussian with variance proxy
p' Eep. Hence, for any ¢ > 0,

t2
P ‘ i (&i) ‘Zt <2 —_— ).
(Z ok ) exp( 2||a||§uT25u>

Taking t = ||a||2||22/2u||2\/210g(4/§) gives the first line with failure probability at most 6/4. Using
pTEep < || Zellopllell3 and /log(4/8) < \/log(4Tou/d) < C,/d by the dimension condition yields the

second line.

For equation condition on w(ten:0) and apply a sub-Gaussian tail bound to the weighted sum. This
introduces a random variance term w(tO“t’O)TEEW(tO““O), which we bound deterministically. First, note that
W' 2w < || Z¢|lop|lw||3. The norm term ||w(teu:9(2 is in turn bounded with high probability for all ¢,y by
inequality equation [26]in Lemma By combining these two bounds and applying a union bound over .yt
for the conditional tail event, we establish the first line of equation [34] with failure probability at most §/4.
The second line follows from the dimension condition, which implies /log(4T,u/d) < Ck V.

For equation write &; = Eé/ zzi with independent mean-zero sub-Gaussian z; and set Z := ), a;z;. Then

H > aiﬁin = ZTE€Z. Hanson—Wright implies that, for any u > 0,

P(275¢Z > al} tr(Se) + C llalf (IZell v/ + [ Bellop ) ) < e

Taking u = log(4/d) yields the first line of equation with failure probability at most 6/4. Using
tr(Be) < d||Z¢llop, | Zellr < V|| Ze|lop, and log(4/5) < C,.d concludes the second line.

The three displayed estimates hold simultaneously with probability at least 1 — ¢ for the fixed vector a. [
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D Missing Proof

This appendix collects the proofs deferred from the main text and isolates the deterministic identities that
govern the bilevel dynamics of dataset condensation.

D.1 Notation

Throughout, the two-dimensional time index is t = (tout, tin) With tous € {0, ..., Tous—1} and ti, € {0, ..., Tin}.

s(tout,tin)

In this appendix we index the condensed samples by their class labels and write w(fout-tn) and xf for

y € {+1}, while w* and xj * may be used as shorthand when the tuple index is the main object.

For a dataset A = {(x7',y7")}iez(a) with y7* € {—1,+1}, we write n4 = |Z(A)| and define the signed
samples

zt =y x A, i€ Z(A).
As in the main text, for y € {£1} we write A, for the classwise block, with index set Z(A,) and size
na, = |[Z(Ay)|.
For the training set, we denote the class proportions and the associated balance factor by

nr, —1/2 —1/2
Py i= Bp=p P pT P ye (£},

For the condensed set, we adopt the setting that each classwise block contains exactly one sample, i.e., ns, =1
for y € £1 (hence ng = 2). We index the condensed samples by their labels and define the time-dependent
signed samples

Z57(toutatin) = yxja(toutytin)7 ye {:l:l}.

For the hinge loss, we use the activity indicator
gai(w) = 1{1—(W,z;4) >0}, 1€Z(A),

and the regularized hinge objective

La(w):=— > max(0, 1 - (w,z")) + %||w||§.

Along an inner-loop trajectory {w(teut-tin)}, 4 for a fixed dataset A we write

. . 1
tout,tin out»tin —(tout,lin) |
ot = ga (o), gl = L5
i€Z(A

K

o) € [0,1),
)

and define the activation-weighted signed mean

(toutstin) . L (touttin) A
ga™ = Z qut zy
A ez

For the condensed set, the signed samples are time dependent and each class contains a single condensed
sample. We therefore define, for each y € {£1},

q‘(;:)yut)tin) = 1{1 _ <W(tout;tin)7Z‘ys‘7(t011t7tit))> > 0} ,

a 2( tHbi ) . ;( t ) c ] ( t m) (tout tm) S,(t ytin
—(t RA t tin sbi . Kb s(lout,li
‘ou n outlir O g tyou t q ZJ ( t )

We also denote the empirical signed mean of the training set by

ar=— 3 zf:% S 7T

T sezem i€Z(T)

29



Under review as submission to TMLR

D.2 Assumptions

The following assumptions are used to prove the lemmas and the main theorems. We use the time index
t = (tout, tin) from Section

Assumption D.1. Fix a tail parameter § € (0,1) and constants x, C,, > 0. We work on the intersection of
the high-probability events of Lemmas [C.2HC.F| in Section [C-] so that the total failure probability is at most
0. The following conditions are assumed:

A1l. Signal strength.
2l

— > 2(..
VIZellop Vd

A2. High dimension.

5

q> Hlog(MToch)_

A3. Small learning rate. The step sizes satisfy
0 <nwA <1, 0<2ns <1
A4. Small initialization. Denote ps := 1 — 2ns. The initialization scales satisfy

! 0s < min L A pn %
(2C, + 1)||pl|2Vd’ Crowd (20, +1)|ull2Vd’ S nr

Ow <

Assumption implies /[ Z¢lop d < (2C,) " ||pl|2v/d, and hence C.,(||pll2vVd + /[ Z¢llop d) < (O +

%) l|pt/l2v/d. Thus the initialization scale in Assumption m implies the mixed-scale small-margin bounds
used below.

D.3 Auxiliary Results for Lemma [3.2]

The first auxiliary result gives algebraic identities for the inner-loop hinge recursion. Independently of any
switching pattern of the activity indicators, the weight sequence admits an unconditional unrolling in terms of
the activation-weighted signed means. On intervals where the activity indicators are fixed, the same identity
reduces to an affine recursion with a closed-form solution. Fix p :=1 — Ay

Lemma D.2. Fiz an outer-loop index towt € {0, ..., Tout — 1}. Let A= {(xg“,y;“)}iezm) be a finite dataset.
Consider the inner-loop update with step size Ny > 0,

wltowstint) = (1 g ywltontin) o TNy ytonstin)) g4, (36)

n
Aiez(a)

Then the following hold.

(i) For every integer tiy, > 0,

tin—1
w(tout tin) — ptmw(tout,o) + Tw Z ptm—l—s gfiom,,s)’ (37)
s=0

where the sum is interpreted as 0 when ti, = 0. Moreover, if there exist constants {q} }icz(ay C {0,1} such
that qA7i(w(t°“t’s)) =qf foralli € Z(A) and all s € {0,1,...,tix, — 1}, then

1— (1= Any)hn
wtoutstin) _ (1— /\nw)tinw(tout,O) + ( w) Z a Z;‘\_ (38)
An 4 ,
i€Z(A)
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Proof. For (i), rewrite equation |36| as

tout,s+1) (tout,s)

w( — pw + n g(toutvg) S Z O'

If ¢, = 0 then equation is immediate. For ¢, > 1, multiply the display by p‘»~'=¢ and sum over
s=0,...,tin — L

tin—1 tin—1

tin—1

tin—1— tout,s+1) _ tin— tout, tin—1— tout,s
E p sy (tout,s+1) _ § p 5y (tout 5)+77w E p ngat()t ).
s=0 s=0 s=0

Re-index the left-hand side with uw := s + 1:

tin—1 tin

E ptmflfsw tout,5+1) E p tin—u g (fous u)
s=0

Similarly,
tin—1 tin—1

Z p tin Sw(toutgs) =p lnw(toutg + Z p tin U (tout,u )

Subtracting these two expressions yields

tin—1
w(tout tin) _ ptmw(tout,o) = Nw Z ptin—l—sg‘(’ioums)’

s=0
which is equation
Under the constancy assumption, we have

gfi"““ = Z qr for all s € {0,1,...,tn — 1}
1€I (A)
Substituting this into equation [37] gives
tin—1
wltoutstin) — ptingy(tou:0) | 777“'( Y plmet s) Yo
AN 0 i€T(A)
The geometric series satisfies
tlﬂ_l tlﬂ 1 : B
Z ptmflfs _ pk _ 1— ptm _ 1— ptm .
1- p )\nw
5=0 k=0
Substituting this identity yields
W(toutytin) :ptinw(toumo) + Z q
i€Z(A)

Replacing p by 1 — Any, gives equation O

The next result gives deterministic geometric bounds for the training set that will be used to certify a
fully-active linear window. Under the high-probability events in Assumption it controls the initialization
margins and the pairwise inner products of the signed training samples. Define

By o= C\/I8ellop Il VA, Buase = Coon (Il + I8l ), Beg = Co [Seopd

and set
Grin = H”H% — 2B, — B, Gmax = ”HH% + 2B, + Be.
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Lemma D.3. Assume Assumption and the additive model x] =yl p+ &;. Then the following hold for
every (tout, tin)-

(i) The initialization margins satisfy, for every towt € {0, ..., Tout — 1} and every i € Z(T),
’<W(toutao)’ ZZ->’ S Binit-

(i) The signed training samples satisfy the pairwise inner-product bounds
Guin < < Z; z> < Gmax; i1 € I(T).
In particular, for every i € Z(T),
Gmin S <Z7‘, Z; > < Gma.x

Proof. For (i), the additive model gives
(o 0,87 < [, + [, )
Lemma, equation 27] and equation 28 hold simultaneously for all ¢ and 4, hence

[ttt )] < Cr (a2 + /[ Bellop ).
T — Tx

Since z] = y/ x] and |y | = 1, the same bound holds with x/ replaced by z/, which proves (i).
For (ii), fix 4," € I(T) Under the additive model, z] = pu + y7 &;, hence

(2], 2]) = |2+ (ol &) + (vl €0) + ol yl (&, &),

Under Assumptlonm Lemmaequatlon gives max; |(u, ;)| < B,. Moreover, Lemmaequatlon
bounds [{&;,&;/)| for @ # i’, and Lemma quatlontogether Wlth tr(3e) < ||Z)§||Op d bounds [|&;|3 =

(&, &;). Enlarging C; once if needed, we obtaln max; ;s ez (7) ‘(5“ & )’ < Bge. Combining the last displays
yields
(2], 2]) < |pl3 + 2B, + Bee = Guax, (2] ,2]) 2 |l — 2B, — Bee = Guuin.

Finally, since z7 = # Ejez(ﬂ zj , we have

_ 1
(@r.al)=— > (2].2])

n
T jez(T)

so the same two-sided bounds carry over to (z7,z] ) by averaging. O

By combining the initialization and inner-product bounds in Lemma [D.3] with the closed-form dynamics in
Lemma [D.2] we establish the existence of an initial linear window during which all training samples remain
active.

Corollary D.4. Assume Assumption and the additive model XZ = yiTu + &;. Recall Biniy and Guax
from Lemma[D.3. Define the linear window length

Tiin = max {t €{0,1,...,Tin} | p" Binit + 1—Tpt Grax < 1} , (39)
with the convention max @ = —1. Then the following hold.
(i) For every ti, € {0,1,...,Tin} and every i € Z(T),
qTﬁi(W(tout,tm)) =1,
and consequently
wltouttin) — plin gy (four,0) 4 % ZT. (40)

(i) If Gmax < A, then Tiin = Tin, implying that full activity persists throughout the entire inner loop.

32



Under review as submission to TMLR

Proof. For (i), we proceed by induction on t;, to show that g7 ;(w(tent-tin)) = 1 for all i € Z(T). For the base
case ti, = 0, Lemma i) ensures ‘<W(touc70)7 z;r>| < Binit, which is strictly less than 1 by Assumptions
and implying g7 ;(w(feuw:0)) =1,

Assume inductively that g7 ; (w(tout’s)) =1 for all ¢ and all s < t;,, with ¢, < T};,. Lemma i) then yields
the closed-form update wlteut:tin) = plinyy(tour.0) 4 1_75\%27—. Decomposing the margin (w(teuttin) 27 and
applying Lemma i) and Lemma ii) yields

1— ptin

A

Define the affine map () := aBinjt + (1 —)Gmax/A. The right-hand side equals 1 (ptn). Since v is monotone
on [0,1], we have ¥(ptin) < max{t)(1),1(pT)} < 1 by Assumption and the definition equation
Therefore (w(tourtin) 77 < 1, 50 g7 ;(wltoutstin)) = 1, and equation holds.

For (ii), if Gmax < A, then 9(0) = Gpax/A < 1 and 9(1) = Binit < 1, hence ¥(a) < 1 for all « € [0,1].
Therefore the defining inequality in equation holds for all t € {0, ...,Tin}, yielding Ty = Tin. O

<W(t0ut7tin)’zz—> < ptin Binit + Gmax~

The next result expands the inner-loop weights as an explicit linear combination of signed training samples.
The coefficients encode the cumulative support-vector activity and satisfy deterministic bounds controlled by
the initial fully-active window.

Fix tout € {0,...,Tous — 1} and set p := 1 — Any. For ¢, > 0, define the coefficient vector altent:tin) ¢ RPT by

tin—1

(toutatin) . nw tin—1—s (toutys) .
a; = ;0 P ari, i€ Z(T), (41)

with the convention that the sum is 0 when ¢;, = 0, and set

tin—1

tstin) . __ tout,tin) __ in—1—s =(tout,s
alforctin) = N7 gl — iy N ptwttmaglens), (42)
i€Z(T) s=0

Lemma D.5. Assume Assumption and the additive model XZ-T = yZTu +&. Fiztoy €10,...,Tou — 1}.
Then the following hold.

(i) For every tin € {0,1,...,Tin}, the inner-loop weights admit the signed-sample expansion

w(font tin) = phiny (four 0) | Z al(tO.,t,til,)zZ_T’ (43)
i€Z(T)

and hence, under the additive model,

W(toumtin) — ptinw(toumo) + affout,tin) N+ Z al(_touhtin) yz—gz (44)
i€Z(T)

(i) The coefficients are nonnegative. Let Ty, € {0,1,...,Tin} be as in Corollary and assume its fully-
active conclusion holds on {0,1,..., Ty — 1}. Define (u)4 := max{u,0}. Then for every ti, € {0,1,...,Tin}
and every i € Z(T),

p(tin*Tlin)Jr (]_ _ pmin{timTlin}) 1— ptin

(tout,tin)
< a; < . 45
Ang = - Anr ( )
Moreover,
(tin—Tin ) + _ pmin{tin,Tin } tin
P (1-p ) (toutrtin) < L= P
< outlin < 4:6
3 < a, < — (46)
and (t Tlin) in{tin,Tlin }
in—1lin)+ (1 — pminiin,Llin 1 — ptin
P (1-» ) < [|altowti) ||, < P (47)

)\MTLT
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Proof. For (i), this is a direct consequence of Lemma (1) applied with A = T: substitute g(tc’““s) =
ﬁ > ez(T) qgéi‘“’s) 7 into equatlon | exchange the order of summation, and identify the resulting coefficients

with equatlon which glveb equation 43l Summing equation [41]| over i € Z(T) yields equation 42| and
substituting z] = p + y] &; gives equation

For (ii), since q,(;fi““s) € {0,1}, we have al(»t“‘“t“‘) > 0 for all 7. Under the fully-active conclusion on
{0,...,Tlin — 1}, we have q%fj’i““s) =1 for all ¢ and all s < min{¢;,, Tiin} — 1, hence

min{tin,Nin}—1 min{tin,Tin}—1
(tout,tin) Tw tn—1—s _ Nw tin—Tlin u
TR SR DI L D DR
T s=0 T u=0

Using Zu o Pt =10—=p")/(1=p)and 1 — p= A, yields the lower bound in equation For the upper

(t

bound, use ¢’ <) < 1 in equation 41| to obtain

tin—1

(tout)tm) < TIW Z tin—1—s __ 1-— P
P =
s—0 )\TLT

tin

Summing equation |45 over i gives equation The £5 bounds in equation [47] follow from [|a||2 > \/n7 min; a;
and |lalls < \/n7 max; a; together with equation O

The corresponding expansion for the condensed samples follows from the affine gradient-matching update. It
represents each evolving condensed sample as a linear combination of its initialization and the accumulated
training gradients, and it gives coefficient bounds determined by the training and condensed-set activity
windows. Define ps :=1 — 2ns.

Lemma D.6. Fiz an outer-loop index tou € {0,...,Tous — 1} and a class y € {x1}. Let zf’(t"“t’t“‘) denote
the time-dependent signed condensed sample in class y, and write q(t"“t’ "7 e {0,1} for its activity indicator.

For the training set, recall ZJ and q“““t /tin) for j € Z(Ty).

(i) Define the coefficient sequences {u(yt"umtm)} >0 and {c(toutvtm)}tmzo for each j € Z(T,) by the recursions

uZ(JtOutaO) =1, u?(joumtinJrl) = (1 Ms q(toutvtm)) ?(Jtouhtin), tin > 0, (48)
and
(tout0) (ltonetint1) ( ouestn N (toutstin) | 218 (foutrtin) (fout:tin)
Cyd =0, ¢y = (1-2ns g’ ) ey + = ds qrot, tin > 0. (49)
oet ol ) ( )
toutstin) . __ tout,tin toutstin) . tout,tin
Cz(hu )= Z Cy.j ’ cz(/ ) ( Cy.j )jEI(Ty)' (50)
JEL(Ty)
Then for every tin € {0,1,...,Tin},
Sy tout,tin) tout,tin S toutyo (touta m) T
Zy( )—ué V2 '+ Z €y.j zZj - (51)
JEL(Ty)
Moreover, if the additive model x = yj p+ &; holds, then for every ti, € {0,1,...,Tin},
Zj‘,(tout,tin) _ ’ug(lto"t’ti") Z57(tout10) + Cg(ﬁouh in) o+ Z c(touta in Z’é] (52)

JEL(Ty)

(it) Let Tiin € {0,1,...,Tin} and Tsin(tout) € {0,1,...,Tin} be such that

qS;"J““t“‘) 1 forallj € Z(T,) and all ti, € {0,1,..., Tiin—1}, q(t‘;‘*“t“‘) 1 forallty, €{0,1,...,Ts 1in(tous)—1}.
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Define T 1in := min{Thn, TS,lin(tout)} and (u)4 := max{u,0}. Then for every tin € {0,1,...,Tin},

Péi" < u(tout,t;n) < pénin{tm,Ts,lin(tout)}’ ugfout,tin) — péin for all ty, € {07 1,... aTS,lin(tout)}a (53)

= y =

and :
p(tm 'y lin) + (1 . p§11n{tin, v, lm}) c?(j’ibuntm) < 1—pg

Moreover, for every j € Z(T,) and every tin € {0,1,...,Tin},

(tin—Ty 1in) + 1 min{tin, Ty 1in } 1— tin 1— tin
Ps (1—ps ) < ltontin) < Ps ’ (toutstin) _ Ps for all ti € {0,1,.., T, um}.
€y Cyj Y,
nTy nTy n7—y
(55)
In particular,
(tin—Ty,1in) min{tin, Ty 1in } tin
Ps y,1 +(1_p8 vl ) (fouestin) 1—pg 56
< eyl = —= (56)
nTy TLTy
Proof. For (i), the signed condensed update in class y takes the form
i tou 1tm tou 1tin tou 1tin
Zg,(touc,thrl) _ Zy S, (tout,tin) + 277 q( t )(g'(Ty totin) ggy t ))
In the one-sample-per-class setting, ggyc’““ti“) = qgf’;t’ti“)zf’(tO“t’ti“), and by definition of the activation-
weighted mean on the training block,
tou 7tin tou 7tm
e = 3
T jez(Ty)

( outs m)) _ (tout’ m)

Substituting both identities and using (gg = sy yields

: 2775 tou tin fout tin toutstin
Zj(touc,tmﬂ) =25 S, (toutstin) |- ( t:tin) Z q( ttin) T — s q( t:tin) 8 »(toutstin)
JEI(Ty)
outot 21s tou tin) toutst
(1 2,'7 q( t )) S, (tout,tin) + — - t Z q,T ¢ ] .
T 361(7—11)

Assume that equationholds at time ¢y, i.e., zf’(t"‘“’t‘“) (t"“"t”‘) S +(fout,0) +Z t°“°’t‘")z]7»—. Substituting
this into the previous display gives

Z57(tout;tin+1) — ( 2,’7 q

( Out1 )) (touhtln) S (toutao)

(tm,,m) (toutrtin) | 2118 (tourstin) (toutrtin) | T
+ 2 [ (1= 2nsqs5y" " )ey 30 + 22 sy a2
JEL(Ty) v

S (toutyo) (tout7 m+1)

in equation @ and the coefficient of each zf is exactly

(t"““t‘“ﬂ) in equation With the initialization u(t‘)““o) 1 and c(t‘;““o) = 0, this establishes equation
for all tiy € {0,...,Tin}. Under the additive model, z =p+y; 5], o)

¥ = (T e T e,

JEL(Ty) JEL(Ty) JEL(Ty)

The coefficient of zj is exactly uy

and equation [52| follows from equation
For (ii), iterating equation [4§| gives the product representation

tin—1

uz(lt"""’ti“) = H (1 — 27’] q(tout’ )), tin Z la
s=0
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out sS

with the empty product interpreted as 1 at t;, = 0. Since qS ) ¢ {0,1} and ps = 1 — 27s, each factor lies

in [ps, 1], so
tou 7tin tin
“1(/ ttin) > pam.

Moreover, qfs ouws) _ 1 for 5 € {0,...,Ts tin(tout) — 1} implies that the first min{tiy, T's tin (tout) } factors equal
ps, while the remaining factors are at most 1. Thus

(tout7t1n) < pmln{t“"TS 1“‘( Out)}7 u?(fouhtin) = pé.ir' fOr al]. tin < TS,lin(tOHt)7

which is equation

Next, equation 49| and the nonnegativity of the driving term imply c(t‘"‘"t‘") > 0 for all j and t;,. On the

joint linear window {0,1,...,Ty1in — 1}, we have q(t"“t’ w) — 1 and q( ounrtin) 1 for every j € Z(Ty), so
equation [49] reduces to
(toutytin"l'l) (touhtln) 1 B ps (toutyo)
Cc = pPs + — ) 07
Y.J nr, Cy,j

("““t‘“) = (1 - p&)/ng, for all i, < T 1. Summing over j gives cgtj;‘“t‘“) =1-ph» for

which yields ¢,
tin < Ty,hn

For an upper bound valid for all ¢;,, fix j € Z(7,) and define

(toutatin) . (touhtln) (touta m)
d, : +n7, ¢

Using equation [A8}-equation [49] for each #i, > 0 we have
tout,tin+1 tout,tin out,lin tout,tin tout,tin outst toutstin
dq(;,j ) — (1 2ns q( ¢ )) (tout ti )+nT (1_2778(1( 6 ))Céjt )+277 q‘(S t )qu)jt )

(1 — s q(tout, m))d; ;uta tin) + 2ns q‘(souty m)qg{)]um in)

S (1 o 2,'7 q(toutytm))d(touh lll) _|_ 27,] q(tout7t1n)

If q(tout,tm) O the last line glVQS d(touty int1) d(tout’ in). If q‘(st,o;ntm) _ 1 then it reads d(touty int1) <

= Yy,
ps d( outstin) | (1 —ps). Since dz(fE‘ 0 = ul(, -0} — 1, both cases imply d(t“’“" ‘“) <1 forall t;, € {07 coosTin}e
Therefore
tout,tin in
ltout) o 1= uy ) _1-p8
YT onn T g

which is the upper bound in equation |55, Summing over j yields c( out,tin) <1l- uét"““t‘") <l-p é‘“, which is
the upper bound in equation [54]

For the lower bounds beyond the joint linear window, note that equation [49] gives

(tout;tm+1) ( out>tin)\ (toutstin) (tout,tin)
Cy.j (1 — 21s4s, )Cy,j ZPsCy; :

Iterating this inequality from T}, in to tin yields, for ¢, > Ty jin,

tin—"Ty lin Ty lin
(toutatln) > ptin—Ty,lin C(touthy,lin) _ Ps (1 — Ps )

Cy.j =Fs Y.J nr, ’

which matches the unified lower bound in equation Summing over j gives the lower bound in equation

(tout,tin)

Finally, since all coordinates of ¢, are nonnegative, we have

(toutvtm)H < (tout,tin) || (tout,tin) } > (tout,tin)
HC ,/'I’L'Ty max c 5 Cy 5 Z 1/”7’ jenl'lzg)cy] .

jex(Ty) Y7

Combining these relations with the coordinatewise bounds in equation [55] yields equation O
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Under review as submission to TMLR

Building on the coefficient expansions for the inner-loop weights (Lemma and the condensed signed
sample (Lemma , we next upper bound the condensed hinge margins uniformly over the inner loop. The
resulting deterministic envelope yields a Corollary [D-4}type sufficient condition ensuring an initial fully-active
window for the condensed sample at each outer-loop restart. To account for the inheritance of S across outer
loops, we also introduce cumulative contraction factors that control the outer-loop initial correlations against
witou:0) and {z] }.

Lemma D.7. Assume Assumption and the additive model x] =y p + &. Set p := 1 — Ay and
ps :=1—2ns. Define the deterministic constants

BWS,O = Cn 0S Ow d7

(57)
Grs.0 = s (Il Vd+ /I Zellop 4),

and recall
Bunie = Cr o (1ll2Vd 4/ [Zeop d)
(58)
Gmax = ”l‘”g + 201/ [|Z¢llop 2]l Vd+ Crl[Z¢llop d.
Fiz tous € {0, ..., Tous — 1} and assume that for every k € {0,... tous — 1},
qék;‘“) 1 f