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ABSTRACT

Large language models demonstrate remarkable ability in factual recall, but the
fundamental limits of memorizing and retrieving many input—output associations
remain unclear. We study these limits in a minimal setting: a linear associa-
tive memory that must map p input embeddings in R¢ to their corresponding d-
dimensional targets via a single linear map, while keeping each mapped input well
separated from all other targets. Unlike in supervised classification, this strict sep-
aration condition induces p constraints per association and produces correlations
between constraints through the shared outputs. Here, we characterise the storage
capacity p.(d) of a linear associative memory, i.e. the maximum number of input-
output patterns it can store reliably, in the following ways. We introduce a simpler
“decoupled” capacity problem in which, for each input, the full set of competing
output patterns is independently re-sampled. We find numerically that the origi-
nal and the decoupled problem exhibit a striking similarity. We then characterise
the capacity p.(d) of this decoupled model using tools from the statistical physics
of disordered systems. Our results clarify the fundamental scaling law governing
linear associative memories, and provide a starting point for the analysis of more
complex models.

1 INTRODUCTION

Large language models have been shown to exhibit a remarkable capacity to memorize factual as-
sociations from their training data (Petroni et al., 2019)). This observation has motivated a growing
body of work aimed at localizing and quantifying memorized facts within such models (Geva et al.,
2021; Meng et al.,[2022). More broadly, these empirical findings raise fundamental theoretical ques-
tions: how many distinct associations can neural networks reliably store, and what are the absolute
limits governing factual memory in modern learning systems (Allen-Zhu & Li},[2024; Roberts et al.}
2020)?

In particular, we seek to understand, from a fundamental perspective, the limiting capabilities of
neural networks to learn and store associations. In a very general way, this reduces to associating
N input tokens to M output tokens according to some unknown ground-truth rule f* : [N] — [M].
We are given embeddings {e;},c(ny € R? and {uy},enry € RY for the input and output vo-
cabularies respectively, and the goal is to learn a parametric model Fyyr : RY — R< such that,
given e, it correctly associates the input to the corresponding output token, in the sense that
arg max, e U, Fw(ex) = f*(z). This setting was first introduced by Cabannes et al.| (2023),
and the simplest instance — which we refer to as linear associative memory — is when Fyy is a
single linear layer, i.e. Fyy(e,) = We, with W € R4, which is the case considered by a line
of research (Cabannes et al.| 2023}, 2024} Nichani et al., [2024). In this work, we consider the spe-
cific case N = M = p, where the number of input and output tokens coincide with the number of
associations p, and study the high-dimensional limit of large p and d.

In particular, (Cabannes et al.| (2023)) focuses on the case where the number of output tokens M is
fixed and finite, i.e. it does not scale with N. In this setting, they consider input tokens drawn from
a Zipf distribution  ~ p, over [N] and a deterministic teacher f*(z) = = mod M, obtaining
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Figure 1: Left: The factual recall task consists of memorising associations between inputs (keys)
and outputs (values), illustrated here as cities and countries, respectively. In the original problem,
the set of outputs is shared across all inputs. In the decoupled problem, each input is associated with
its own independent set of competing outputs. Right: Empirical accuracy as a function of the load
parameter o = plog p/d? for the original problem (T)) (solid lines) and the decoupled problem (2))
(dashed lines), across several embedding dimensions d. Models are trained using Adam on Cross-
Entropy loss; details are provided in section[A] Convergence to the theoretical storage capacity o,
as p — oo is slow, due to finite-size corrections which decay only logarithmically with p.

scaling laws for the generalisation error as a function of the number of training samples and the
embedding dimension d. |Cabannes et al.| (2024) then studies the training dynamics of the same
model. They both focus on the regime where N scales with d while M = O(1), whereas the
number of parameters of the model is d?.

Nichani et al.|(2024) is the first to also consider a large number of output tokens: in particular, they
study the case N = M = p with f* injective, where both vocabularies scale together. They show
that if d> > ppolylog(p), then with high probability over the draw of the embeddings, the Hebbian
ansatz W* = Zze[p] U f*(z)ez satisfies all the association constraints, while corresponding to a
single step of gradient descent on the correlation loss. They also provide numerics for the scaling of
the optimal W, which suggest that the right scaling is d*> ~ plog p.

In this work, we go beyond the Hebbian ansatz, aiming to precisely characterise in the high-
dimensional limit the optimal W and provide sharp thresholds on the number of associations that
can be stored as a function of the embedding dimension d.

While this problem is reminiscent of the classical storage capacity of the perceptron
[1988), it differs in that each input must be associated with one among many candidate
outputs via a weight matrix rather than a vector, leading to a quadratic rather than linear scaling in
d, with an additional logarithmic correction from the competition among an extensive number of
outputs.

The main difficulty lies in the correlations between constraints induced by the shared output set,
which makes an exact analytical characterization challenging. We therefore introduce a decoupled
variant in which each input is assigned an independent set of competing outputs, rendering the prob-
lem analytically tractable while preserving its essential structure (see figure[T). Within this setting,
we sharply characterize the storage capacity o, in terms of the load parameter & = plogp/d?,

confirming the scaling suggested by [Nichani et al.| (2024).

2  STORING ASSOCIATIONS WITH LINEAR ASSOCIATIVE MEMORIES:
ORIGINAL PROBLEM AND ITS DECOUPLED VARIANT

In this section, we restate the associative memory problem introduced by [Cabannes et al.| (2023) for
general IV inputs and M outputs, specialising to the case N = M = p with injective associations
f* also considered by [Nichani et al.| (2024), which we term the original problem. We then introduce
a variant in which all constraints are fully decoupled, which we term the decoupled problem, and for
which we are able to determine sharply the storage capacity.
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Original Problem Let E = {e¢, € R%} .}, denote a set of input vectors and U = {u, €
R?} pelp) @ set of output Vectors, where each vector is drawn independently from a multivariate
Gaussian distribution N (0,1,). We are given p associations specified by an injective mapping f o
[p] — [p], yielding the palred set {(eu, Use(u))}—1- The objective is to learn a matrix W € R dxd
such that, for every p € [p], the correct output vector achieves the highest score:

(OP) : arg;ré?ﬁ upTWeu = f" (). (1)

Without loss of generality, we assume throughout the remainder of the manuscript that the associa-
tions are ordered, i.e., f*(u) = p for all u € [p].

In addition to the differences in storage capacity discussed above, the original problem also differs
from the perceptron in that its constraints are coupled through the shared set of outputs, whereas
in the perceptron setting constraints are independent across examples. This coupling motivates the
study of a less correlated variant in which each input e, is associated with its own independent set

of candidate outputs U (*), thereby substantially decoupling the constraints.

Decoupled Problem. As in the original problem, let E = {e, € R%},¢c[, denote a set of input
vectors, with e, ~ N(0,I;) i.i.d. In contrast to the original formulation, for each i € [p] we
introduce an independent set of output vectors

7{u ER }pép]a

where all vectors are drawn i.i.d. from A(0,1;) and are independent across different values of p.
Apart from this change, all assumptions, notation, and modelling choices coincide with those of the
original problem.

The objective is to learn a matrix W € R?¥9 such that, for every input index s, the designated

(1)

output u,;" achieves the largest score among its local candidate set:

(DP) : argg&z&; up" We, = f*(n). ()

As in the original problem, we assume without loss of generality that the associations are ordered,
ie., f*(pu) = pforall u € [p].

Interestingly, despite these modeling differences, training linear associative memories on the original
and decoupled problems yields very similar empirical performance (see figure|l|and figure [2).

3 STORAGE CAPACITY OF LINEAR ASSOCIATIVE MEMORIES IN THE
DECOUPLED PROBLEM

Motivated by the structural similarity between the original formulation and its decoupled counter-
part (illustrated in the left panel of figure I)), by the close agreement in empirical accuracy between
the two settings (right panel of figure [T), and by the analytical tractability afforded by decoupled
constraints, we now turn to the computation of the storage capacity of the linear model in the de-
coupled problem. In this section, we outline a strategy to characterise the maximal load at which
perfect retrieval remains feasible in the decoupled setting, based on a Gardner-type calculation of
the volume of the solution space (Gardner & Derrida, |1988).

3.1 THE VOLUME OF THE SOLUTION SPACE

The key quantity we need to characterise to derive fundamental limits on the capacity of the linear
associative memory is the volume of the solutions at fixed realisations of the input set £ and of
the output sets U = {U (N)}Z:P where each vector is drawn independently from a d-dimensional
Gaussian distribution with zero mean and covariance I ;. The volume of solutions for the decoupled
problem is given by

p

Vop(E,U) :/dP H (argmaxu“) We, ,u). 3)

e} pE[p]
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where 1(-) denotes the indicator function, and P(W') denotes the prior measure on W, which we
take to be the i.i.d. Gaussian distribution with zero mean and unit variance over the entries of W. An
analogous definition can be introduced for the original problem by replacing the independent output
sets with a single shared set of outputs.

Insights on the High-Dimensional Scaling. At a heuristic level, if W were chosen at random, a
given association would be satisfied with probability of order 1/p, since the correct output must be
selected among p candidates. Therefore, the probability that it satisfies all constraints is of order
(1/p)P = e~Pl°eP, On the other hand, the volume of admissible configurations scales as O(edQ),
reflecting the d? degrees of freedom of the parameter space. Balancing these two competing effects
suggests that the relevant scaling regime is d?> ~ plog p, which motivates the definition of the load
parameter
plogp

= —p “4)

A more formal justification of the log p factor is given later in this section, in particular in lemma ]

3.2 GARDNER ANALYSIS OF THE DECOUPLED PROBLEM

A natural first approach is the so-called annealed average, which consists of taking the expectation
of the volume in equation directly. While this encounters substantial difficulties in the original
problem due to correlations between constraints (see section [B.I)), it can be carried out exactly for
the decoupled problem (see section|C.I)). Since the volume itself is not a concentrating quantity, we
instead work with its logarithm, normalised by the number of parameters d>:

o(E,U) =d ?logVpp(E,U). (3)

We study this quantity in the high-dimensional limit d,p — oo at fixed load o = plogp/d?, in
which ¢(FE,U) concentrates around its expectation—the so-called quenched average—and can be
expressed, via the replica method, in terms of the overlap matrix between replicated solutions,

1
Qab = deTr(W“WbT), a,b € [n].
Since the set of solutions is convex, we expect replica symmetry to hold and adopt the replica-
symmetric ansatz QRS, with unit diagonal entries and constant off-diagonal entries ¢, corresponding
to the typical overlap between two distinct solutions.

Under this ansatz, the limiting free entropy admits the variational representation

B 1 q . . RS
p(a) = max 5 log(1—¢q) + 30 —g) o lim lim log Fr »(@™), (6)
where F,, ,(Q) is defined in equation and reduces to the expression given in equation under
the replica-symmetric ansatz. Since the problem is convex, we expect that ¢ — 1 as we approach
the SAT threshold, as is standard in convex constraint satisfaction problems (see, e.g., Maillard &
Kunisky| (2024)). Our main result is the following.

Claim 1 (Storage Capacity of a Linear Associative Memory in the Decoupled Problem). As ¢ — 1,
the free entropy admits the expansion

1 1
pla,q) = 3 log(1—q) + —q li—q' (7

Consequently, the storage capacity in the high-dimensional limit is

3.3 INSIGHTS INTO THE DERIVATION OF THE CAPACITY THRESHOLD

The analysis relies on the replica method (Mézard et al., [1987), a classical tool from the statistical
physics of disordered systems, originally developed in the study of spin glasses and later applied
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extensively to learning problems. While non-rigorous, the replica approach has provided remark-
ably accurate predictions for the storage capacity and generalization properties of high-dimensional
models, including perceptrons and related associative memory architectures (see, e.g., (Gardner &
Derridal (1988)); Nishimori| (2001); [Engel & Van den Broeck]| (2001))). In recent years, replica-based
techniques have also been successfully applied to modern machine learning models, offering sharp
asymptotic characterisations in a variety of settings (Aubin et al., | 2018;Maillard et al.,2024; Barbier,
et al.l [2025)).

The derivation of Claim 1 is based on the replica method and is reported in detail in section|[C.2] We
exploit the replica trick to compute
EV" -1
ElogV = lim ——. )]

n—0 n

The order parameter that naturally stems out from the quenched computation is the n x n overlap
matrix between the replicated weights:

Q= (Qab)apem)s Qab = HTe(WW?) (10)

The energetic contribution of a single constraint can be written solely in terms of the overlap matrix:
p—1
Frp(Q) =E., <n0,Q) (Psz((),Q)(Zl >Z)) ; (n

The volume of the solution, which are determined by the competition of the energetic term involving
all the p constraints and the the entropic, can then be written as:

EVip = / 11 dQus / [T awe ) TTo(TeWw'™) = Q) (Fup(@)". (12)
a=1

a<b a<b

We note that, in the decoupled problem, thanks to the independence of the constraints, this term
appears independently p times, whereas in the original problem the p constraints are correlated (see
section [B)). To further motivate the scaling of the load parameter « in equation (@), we establish the
following lower bound on the constraint-enforcing term.

Lemma 1 (Lower Bound on F), ,(Q)). Let Q € R"*" be a symmetric positive semidefinite matrix
Then the following bound holds:
Frp(Q) > e 1087 (13)

The proof is given in section The bound gives a natural intuition on the origin of the log p
factor in the scaling of the energetic contribution and motivates the choice of the load parameter.

Evaluating this energetic term constitutes the main technical difference with respect to the standard
Gardner computation of the perceptron capacity. In particular, in section [D| we analyse this term
in the limit approaching the storage capacity, namely ¢ — 1 and ¢(«) — —oo. Combining this
energetic contribution with the corresponding entropic terms, we obtain the leading-order action in
equation @) Optimizing this expression shows that ¢ — 1 as & — 1/2, from which we conclude
that the critical capacity is «. = 1/2.

4 CONCLUDING PERSPECTIVES

We studied the storage capacity of a simplified linear associative memory model motivated by factual
recall. By introducing a decoupled formulation, we obtained an analytically tractable setting and
established a sharp capacity threshold at o, = 1/2, corresponding to the scaling p ~ d?/ log p. This
yields a theoretical characterization of linear associative memory capacity in the high-dimensional
limit, with implications for building models that reliably store important factual associations.

Looking ahead, we hope to leverage this decoupled formulation as a tractable framework for study-
ing more complex settings, including multi-layer models and structured embeddings, with the
broader goal of better understanding beneficial memorisation, as opposed to overfitting, in mod-
ern representation learning systems.
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A NUMERICAL EXPERIMENTS

All inputs E and outputs U (for both the original and decoupled problems) are drawn independently
from a d-dimensional Gaussian distribution with zero mean and identity covariance. The goal is to
satisfy all association constraints, namely equations ql'l_'D and (2). To this end, the weight matrix W is
initialized with i.i.d. Gaussian entries of variance d~ " and trained using the following objective.

A linear model fy () = W is trained on randomly normalized data using the empirical loss

. 11
=1 p(F#1)
where in the original problem we have uEf‘ — o forall 11, p € [p], i.e., the same output set is shared

across inputs, whereas in the decoupled problem the vectors {uf,” ) } pe[p) form an independent set for
each p.

For v = 1, this recovers the standard cross-entropy loss.In the limit v — oo, the empirical loss
converges to

R 1E
Loo(W;E,U) =~ 0, — )" , 15
( ) p;_jlmax{ max (u, — )" fur(ey) | (15)
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so that EOO(W; E,U) = 0 if all association constraints in equations (1) and (2) are satisfied, and
is strictly positive otherwise. We remark that in the large-p limit this loss may still vanish even if
O,(1) associations are violated, since the contribution of finitely many errors becomes negligible
when averaged over p.

In the experiments, the loss is optimized using Adam with learning rate 7 = 10~2 for a maximum
of 2048 full-batch optimization steps and v = 5. The training loss, rescaled by log(p), is reported
in figure[2}

The results in figure [I] are obtained by following the common training protocol described above for
20 values of the load parameter o = plog p/d?, evenly spaced between 0.2 and 1.2. For the original
problem we report results for d = 50, 75, 100.

Conducting experiments at larger dimensions is challenging due to memory constraints arising in
the decoupled setting: in this formulation, each input is associated with its own set of p competing
outputs in R?, requiring storage of order O(dp?). Since p log p scales as d? at fixed load, this quickly
becomes prohibitive as d increases. In contrast, in the original problem only a single shared set of
p outputs is stored, resulting in a memory footprint of order O(dp). Each experiment is repeated
10 times with independent random draws of the inputs and outputs. Solid lines report the empirical
mean across repetitions, while error bars indicate the corresponding standard deviation. For clarity,
error bars are displayed only for the original problem.

B CAPACITY FORMULATION OF THE ORIGINAL PROBLEM

The original problem (OP) is defined in equation (I)) and consists of correctly associating each input
pattern with its corresponding output. The volume of solutions, for a given prior on the weight
matrix W, is given by

P
Vop(d, p) = /dWP H (argmaxu We, = ,u) (16)
p=1
Or, equivalently,
P
Vor(d, p) = /dW PW) T TT Ol — up) " We,] . (17)
n=1pFp

Here O(-) denotes the Heaviside step function.

B.1 DIFFICULTIES OF THE ORIGINAL PROBLEM

Already at the annealed level, it is tricky to take the expectation over both the set of inputs and
outputs.

EVop(d, p) = / dW P(W JEUHEQM IT © [(w —u,)"We,] (18)

n=1 p(#1)
Conditionally on W and U = {u,} ,¢), the scores:

u;WeM =: z’; (19)

are Gaussian random variables with zero mean and covariance:

T T R 7]
EG|W7U[ZI‘J‘z§L] =u, WW u, =37 .

So we get:

p
EVop(d, p) :/dWP(W) Ev [T [E.oowvmnosey ] © (24— 24)
n=1 p(F#1)
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Since orthant probabilities for Gaussian vectors with generic covariance matrices are not available
in closed form, the problem must be simplified in order to proceed. A similar difficulty arises,
in an even more pronounced form, in the quenched computation, where more complicated orthant
probabilities would appear.

C GARDNER ANALYSIS OF THE DECOUPLED PROBLEM

The decoupled problem (DP) is defined in equation (2). In this appendix section, we provide a
complete replica derivation of both the annealed volume, Er v Vpp(d, p; E, U), and the quenched
volume, Eg 7 log Vpp(d, p; E,U).

The approach closely follows the classical analysis of the storage capacity of the perceptron;
see INishimori| (2001)); [Engel & Van den Broeck| (2001) for pedagogical treatments, as well as the
original pioneering work |Gardner & Derridal (1988). As highlighted throughout the main text, the
key difference between the model we consider and the standard perceptron is that each constraint
involves an extensive number of conditions.

We state here a classical result, which we will leverage in both commutations to argue the concen-
tration of the covariance of the scores.

Theorem C.1 (Hanson—Wright Inequality (Rudelson & Vershynin, 2013)). Ler X =
(X1,...,Xq) € R? be a random vector with independent components X; which satisfy

IEXZ‘ =0 and HXlez S K.

Let A be an n X n matrix, and consider a constant ¢ > 0. Then, for every t > 0,

t2 t
P(|XTAX —EXTAX| >t SQexp[—cmin( , )]
(| | ) KA Al K2[|A]

C.1 ANNEALED COMPUTATION

The problem doesn’t depend on the norm of W, so let’s introduce:

W (20)
dlww ]|

then, the decoupled problem takes the following form:

pEp]

p
Vor(d, p) = /dW P(W) H 1 (argmaxugj‘)TWeu = u) . (21)
p=1

The independence between output sets corresponding to different inputs, allows decouple the con-
straints: while in the original problem we had equation (I8)), here instead we can bring in the expec-
tation over the outputs set U (*):

p
EVpp(d,p) = /dW P(W) H EyuEe, H S} [(u}(j‘) - u/()lt))TWBN}
p=1 p(F#1)

that is, decoupling the constraint, we have p independent problems:

EVoe(d, p) = / AW P(W)

P
EUEe f[ C] |:(’U,1 — UP)TWQ}‘| . (22)

p=2

Like in the original problem, we consider the scores:

Zp = u;VT/e (23)
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which conditionally on W and e are Gaussian random variables with zero mean and correlation:

EU‘Wﬁ[ZPZU] = 5/70 HW€H2 =: 5/)0 Qe-
We rewrite the decoupled annealed volume as:

D p

]EVDP(d, p) == /dW P(W) lEeEZW’SNN(O’Qe) H © (Zl — Zp) . (24)

p=2
The problem now is that the variance )¢ is itself random because it depends on e.

We want to exploit concentration of quadratic forms to argue that Q¢ concentrates to its expectation
value:

Q =B w[Q] =Te(WWT) (25)

By the Hanson—Wright inequality (see theorem [C.T)), we have

— — t2 t
P(‘eTWWTe —Tr(WWT)| > t) < 2exp [—cmin( — >] .
IWWTE IWww T

We now record two simple observations. By the chosen normalization of W, we have

IWW T =d .
Moreover,
— WWwT|2
|| HF 42 ||WWT||2

Substituting these identities into the Hanson—Wright bound yields, independently of the choice of
the prior,

~— WwT|?
P(le™WW'Te—Q| >t) < 2exp {—cmin(d2 t2”7, dt)} . (26)
<| | ) WW %

No additional assumptions on W are required, since the inequality

T2
W
[WW T2~
always holds. So, we conclude:
P(|Q° — Q| >t) <27, ¢ >0. Q27)

p

P
[ P@ B x00r) [T 01 - 2)

p=2

EVop(d, p) /OOO dQ/dWP(W)cS <Q Tr(WWT)> l

dWWT
(28)

Let us note that

E.n(0,Qe1,)

H@%—%Jz&wmm@@pﬂiﬂm
p=2

which is independent of Q¢. Here ® denotes the cumulative distribution function of a standard
normal random variable.

10
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The function F(p) can be evaluated explicitly by observing that if z ~ AN(0,1), then ®(2) ~
U(0,1), yielding

_ 1
F(p) =E,yon[2?'] = o 29)

Although the dependence on the empirical covariance Q)¢ drops out in this annealed computation, it
is instructive to compare scales: the energetic contribution decays only polynomially in p, whereas
the concentration of Q¢ around its expectation occurs at an exponential rate (cf. equation (27)). This
separation of scales indicates that fluctuations of Q¢ do not affect the leading-order behaviour of
the volume in the high-dimensional limit. In the quenched computation this cancellation no longer
occurs, but a closely related argument is required to control the convergence of Q°.

We therefore obtain
EVpp(d,p) =p " = e PP,
which already at the annealed level identifies the correct scaling regime

d* ~ plogp.
C.2 QUENCHED COMPUTATION: DERIVATION OF CLAIM 1.
Here we present the full derivation supporting our claim on the optimal storage capacity in sec-

tion The strategy follows the outline discussed in section We begin by computing the
expected replicated volume of the decoupled problem.

The key advantage of the DP is that the constraints are independent:

EV / (H dW® P(W® > ﬁ EU(“)Eeu ﬁ H (C) |:(ul(lﬂ) — uE)H))TWaeH}

=1 a=1p(#p)

Consequently, thanks to this independence we simply have p decoupled constraints:
n P p
EVZ(d, p) / (H AW P(W®) ) EE [[[]© {(u1 - up)TWae” .30

a=1 p=2
The constraints are independent of the norm of the replicated weight matrices. Therefore, we define:

—~ 2we
W= ——— 3D
v |[wel|
Let’s proceed similarly to the annealed computation. We introduce the variables:
a _  Tirra
Z, = U, Wee, (32)

which conditionally on e and W is a Gaussian random variable; but now it’s correlated with its
replicated counterparts:

Euj(weucpm ez 2] = poe W W' Te =: 8,0 Ql. (33)
These overlaps are themselves random, with they’re expectation over e being:
Quv = Eejwey, o [Qf] = Tr(WW"T). (34)

Again, we argue that these random variables concentrate to their expected value.

The Hanson-Wright inequality in this case reads:

— ~ 12 t
P(‘eTWaWbTe— Qab| > t) <2exp|—cmin| ——— , ——— .
[WeWbT |3 [WeweT|

11
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Now we make two important observations. First of all we can bound the operator norm:

4|wewbT
dwe|[[wer]|
Moreover, we can also bound the Frobenius norm:

|WeWwbT|| = <4d ' <d .

AW dd W2

[Wew T = < <4d'<d
@R [WrR T a2 [welwe
Putting all together, we conclude for a single overlap that:
P(Q%, — Qup| > t) < 2e U, ¢ > 0. (35)

Now, to argue the concentration of the whole overlap matrix we leverage the union bound and we
get:

IP( max ]Qab Qab\ > t) < on?e ol c>0. (36)

1<a,b<n

The replicated decoupled problem becomes:

EVis(d,p) = /(HdWa a) /Hd@e Qav) | E.onon, ®Q)HH® —%

a>b a=1 p=2
(37)
Let’s introduce, for a generic overlap matrix (), the following quantity:
Fop(@) = Eeano1,00) H H CIE (38)

a=1 p=2
or, equivalently, by exploiting the independence over the index p, it can be written in the form
of equation (TT).

We aim to show that this quantity, which involves orthant probabilities of correlated Gaussian ran-
dom vectors, decays only polynomially in p.

C.2.1 CONSIDERATIONS ON THE ORTHANT PROBABILITIES (PROOF OF LEMMAI))

The function F), ,(Q) enforcing the memory constraint of this problem for a given input, can be
rewritten in this way:

Fup(Q) = Eepono) | (Pomwo {Ya € Inl, = < 2})"'|

Let’s find a lower bound for a generic Q with strictly positive diagonal elements.

Fup(@) 2 Exponio.q) [I{Va € [n], 28 2 ta}} (Peuno {Va € [],2* < 2£})" |

forany ty,...,t, € R. Trivially this other bound follows :

Fn’p(Q) > Ezle(O,Q) []I{Va S [n], Z? > ta}} (Psz(O,Q) {Va = [n], 2% < ta})P—l}

Now let’s take t, = t \/Qqq. for some t € R. Let D = diag(Q) and let ©® = D~/>QD"/>

p—1
Fop(Q) =Pz v, z){ m%n] Z > t} (PENN(O,E){ ma ¢ < t})

12
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By Slepian inequality (Vershynin, [2018)), we can lower-bound these probabilities by less correlated
variables:

p—1
Fop(Q) > Pz a0, ){ m%n] 2 > t} (PENN(O,]In){ gé%[lﬁ 2" < t})

where we used that diag(2) = L.
Now, these are just the tails of Gaussian random variables.

Let ®(z) be the cumulative distribution function of a standard Gaussian. Then,

Fop(@Q) = (‘I)(—t)(l - q)(_t))p_l)n

In particular, this is valid for any ¢, then it’s valid for the ¢ that maximises this expression. Let
x; = ®(—t) € [0, 1], then the lower bound is maximised by z; = p~!. That is, asymptotically:

Fop(Q) > e o8

As a note, this lower bound corresponds to the value that this function take in the annealed calcula-
tion (setting n = 1), see equation (29).

C.2.2 FURTHER CONSIDERATIONS ON THE OVERLAPS

We now define the overlap matrix as

Qup = d>To(WW"T). (39)
By definition[31] the corresponding normalised overlap reads
4d(2ab

a bT
Qu = Te(WW*T) = iy

Since the prior on the weight matrices has i.i.d. standard Gaussian entries, the operator norms con-
centrate around their typical value (Vershynin, |2018), and therefore

Qab = Qup + 0a(1),

where 04(1) denotes a term vanishing as d — oc.

Moreover, having shown that the energetic term decays only polynomially in p, namely that
Fop(Q) Z e 87,

we can safely approximate _
Fop(QF) = Frp(Q). (40)

Indeed, the overlaps @"‘ concentrate exponentially fast in the embedding dimension d (see equa-
tion (35))), whereas plogp ~ d? in the scaling regime of interest. As a consequence, fluctuations of

Q¢ do not affect the leading-order behaviour of the energetic term.

Finally we can write the replicated volume as:

EVpe(d, p) / H dQap / (ﬁ dw® P(Wa)> ﬁ ) (Tr(W“WbT) 20, )eplog(Fn 2(Q))
a=1

a>b a>b
(41)

Since the solution space for this problem is convex—that is, the set of configurations of W satisfying
all constraints—we expect that, for any number of patterns p for which a solution exists, the solution
is replica symmetric. Moreover, note that the problem is purely a vectorial problem.

13
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C.2.3 REPLICA SYMMETRIC ANSATZ

Let’s use the Fourier representation of the delta function to rewrite the replicated volume.

EVp(d, p) / Hanb dQab / HdW“ (W) exp{ ZQab (Tr(Wew®T)— szab)+ploanp<Q>}

a>b a>b

Since the constraints are linear in W, the solution set is convex. By log-concavity of the Gibbs
measure, this implies that the problem is replica-symmetric (Talagrand} 2010; Barbier et al., [2022).

Accordingly, we adopt the replica-symmetric ansatz for () and Q:
o=@ Qu =10 oo =1Q, Qup =i,  Va#b. (42)

Let us define the entropic term

J(Q,4) log/ (H awe p ) eXp{ QZ W% - qur W“W”T)} .43
a>b
Then the replicated volume takes the form

n

EVip(d,p) = / dQdqdQdg exp { —id® Y QEQW +plog ., (Q"%) + J(Q,4) ¢ . (44)

a>b
The term coupling the overlaps with their conjugate variables can be expanded as
n(n 1) o A 2
—Z;)Q B=nQQ+ 5 14=nQQ~ 5 qq+0(n%), (45)
so that we can express the RS replicated volume as
Ao . A n o A
EVip(d,p) = /dQ dgdQ dq exp{=id* (nQQ = 5 ) +plog Fr,p (Q™) + 7(Q,9) + O(n)}
(46)

C.2.4 ENTROPIC TERM: GAUSSIAN PRIOR

To evaluate the entropic term, we need to specify a prior on the weight matrices. As a natural choice
for full-rank matrices, we consider i.i.d. Gaussian entries:

1 Y
e

POV = = s

We can now compute the entropic term .J (Q, G)- The trace decomposes entry-wise, and the integral
factorises into d? identical copies of an n-dimensional Gaussian integral:

R 2
J(Q,q) = log/HdW“ (W) exp{ Z WavvbT —dQIOg/an\/l;% emzw’ w:—%logdet(M),

where w € R™ and M ,;, = (1 + 2Q — q) ab + §. The eigenvalues of M are 1 + 2@ — ¢ with
multiplicity n — 1 and 1 + 2Q + (n — 1) with multiplicity 1, giving
A d? N R N R
J(Q.d) = % [log(1+2Q + (n—1)d) + (n— 1) log(1 +2Q — q) -

Expanding for n — 0 and keeping only the terms linear in n:

A nd? A q
(@9) 5 [los( )t 5
We are left with determining the energetic term. In section[D] we evaluate it at the replica-symmetric
ansatz in the limit ¢ 1 @, corresponding to the capacity threshold, obtaining
q

log F, »(Q%%) = —nlog(p )m- (47)

We will take this limit explicitly after deriving the saddle-point equations in the high-dimensional
regime d,p — oo.

14
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Saddle point equations The replica-symmetric calculation of the replicated volume of the decou-
pled problem leads to the expression

A ~ 2 ~ il
EVpe(p) = [ dQdgaQ i exp (o (QQ ~ dai) + 108 7. (0%) - (1081420 )+ T ) .

In the high-dimensional regime d,p — oo, the integral is dominated by its saddle point, so that by
the Laplace method

. d? . q
logEVZ.(d,p) ~ extr < nd> —144) +1og F, RSy _ I (10 14+2Q —g +)}
BEVinldp) ~ extr (o (@0~ $a) +log Fop(@) = 5 (lox(1+20— i) + b —

In the capacity threshold limit ¢ 1 @, the energetic term takes the form log F;, ,(Q®S) =
—nlog(p) ﬁ, from which the natural scaling of the load emerges:

_ plogp
==

(48)

Substituting the expression for the energetic term and writing the problem in terms of the load «,
the extremisation becomes

A . q 1 N q
logEVZ.(d,a) ~ extr nd? {QQ—qu—a —(log 14+2Q -4 +A>}.
Belc: @) Qa.Q.d ’ Q—-q 2 ( ) 1420 -3

Extremising over the auxiliary variables Q and § yields

A Q@—2¢ 1 q
Q=55—5—5 0=—5—— (49)
2Q—q? 2 (@Q—q)?
Substituting back, the problem reduces to
log EVip(d, o) ~ eq)?(tr nd* o(Q, q, ), (50)
.q
where the resulting action is
1 Q q q
@quaa =35 Y IOgQ + -« .
( )=yt Q-9 2Q-q) Q-—q¢
which only depends on the ratio ¢t = ¢/Q. To see this, we substitute ¢ = ¢() to obtain
1 Q 1 1 t t
ta)=—-——=+-1 —log(1l —t¢ — .
p(@ta) =5 — o + 5 logQ +  log( )+2(1_t) aT—

Extremising over () yields dg¢ = —% + % = 0, so that = 1. Setting ) = 1 and renaming
t — q, the action reduces to

1 q q
= —log(1 — — . 51
plg,@) = 5 log( q)+2(1_q) T S
As g — 1 the free entropy diverges. In this limit the action, to leading order, is:
1 1 «a
= —log(1 — - 52
¢l @) = 5 log( q)+2(1_q) - (52)

Now, extremising also with respect to g yields:
1-¢=2(; —a),

from which we conclude that the critical load is a. = 5. Finally, taking the replica limit n — 0, the
expected log-volume of the solution space is

1 1 B o,
- ElogVpp(d, ) = lim lim — (EVpp —1) = ¢(¢", @), (53)

which is positive for o < % and diverges to —oo as a 1 2 5, signalling the disappearance of solutions.
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D ABOUT THE ENERGETIC TERM.

In this appendix we analyse the energetic term enforcing the constraints. We recall its definition
in equation (II). Equivalently, in the quenched calculation it appears in the form given in equa-

tion (38):

np
Fn,p(Q) = EZNN(O,HP®Q) H H (C) [z‘f — zz] .

a=1p=2

Computing this quantity for a general covariance matrix () is intractable, as no closed-form expres-
sion is available. However, for specific choices of () it can be evaluated explicitly. In particular, we
compute F), ,(Q) at the replica-symmetric ansatz

RS — , RS — ¢, Va#b e [n]. (54)

We perform the change of variables
Z5 =21 — 2, pP=2,...,p.

These variables are Gaussian with zero mean and covariance

E[Z3Z)] = Qi (14 6p0) = (44 (Q — @)dap) (14 5po)- (55)
Such a correlation structure can be realised, for instance, by the representation

Zg =a(A+m,) +/Q — q (£ +x5),
where {7, },>2, {{ }acn)> {7}, and A, are independent standard Gaussian random variables.

With this parametrisation, taking the expectation with respect to z7 yields

p n
q
Fopl@) = Bn | (B J[ @ (4 5=+ ) ) |, 56)
! e 13 Va—q"
where @ denotes the standard normal cumulative distribution function, n ~ N(0,I,_;) and we
called ¢ := ¢/Q and By = |/ 15.

Since the quenched computation requires taking the limit n — 0, we expand anp(QRS) to first
order in n. This yields

Fop(QRS) = 14 nEy , [log f(t; A, )] +O(n?), (57)
where
P
FtA ) = Ee [ @&+ Be(ny, + 1) (58)
p=2

Computing this expectation analytically is challenging. Our strategy is therefore to derive matching
upper and lower bounds and show that they coincide at leading order.

In both cases, a useful quantity is the maximum of the shifted Gaussian variables A + 7,, namely

ap = max(\ +1,) = A + maxn, ~ v/2logp, (59
pElp] PEIP]

where we used that p — 1 ~ p for large p.
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Lower Bound. Tt holds that, for all p € [p],
(& — Be(A+1,)) > (€ — Bray).

In particular,
P

IT ¢ = BiA+m,)) = B¢ — Biay)”. (60)
=1
Therefore we obtain the lowe/r} bound
Exq[log f(t; A,n)] 2 Ea, 10g [Ecnnro,) ®(€ — Brap)”] - ©61)
Let us compute the inner expectation. For any € > 0,
, Brap+(14+e)ap  —£%/2 »
Benon®E~Aan)" 2 [ 7 e o ale— )

(62)

Ite  —(Beta)’a}/2
=a de ———— P(za,)?.
. —— ()

Since ay, is large and a,, ~ /2log p, we may use the approximation
6—1211?,/2

V2T zay,

2

O(zay) =~ 1— ~1—p ",

which yields

» 14¢ 5 1 p
Eern0)®(€ — Biap)” Z ap /1 da p(Be) (1 N pw) .
—&

Taking the limit p — oo, we observe that

0, Tz <1,
1 P
lim <1—> ={el, =1,
p—00 pw
1, x> 1.

From this we obtain the lower bound
_ _ 2
Een(0.)®(€ — Brap)” 2 ap(1+e) et p= Pt

In particular, we are interested in the behaviour as ¢ — 1, where /3, becomes large. Taking logarithms
yields
t

1-1¢

E)\,n [IOg f(tv /\7 77)] Z -

where we have neglected O(log log p) terms.

log p, (63)

Upper Bound. A first naive bound follows from

P
T (€ - 8iz0) < @€ — Bray),
p=1

which yields the rough estimate

4

E)\,n [IOg f(t7 )‘7 77)] S - 1_ ta

and does not match the lower bound. However, one can do better.

DO =

Fix an arbitrary integer k which does not diverge with p. Then

p
[T (¢ - 8iz) < D€ — Brap—)", (64)

p=1
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where a,,_j, denotes the (p — k)-th order statistic of the variables {z,}, i.e.
a1 < - S ap_g < ap.
This implies the upper bound

E)\,n [IOg f(t; )‘v 77)] < Eap_k, log [EENN(O,l)(D(g - ﬁtapfk)k} . (65)

We now compute the inner expectation explicitly. Observe that

k
k
Eerno)®(€ = Beap—k) = Ee [ [ EennioyI(0 < € — & — Bray1).
i=1
Introducing the variables y; = & — & — Brap_p, the vector y = (y1, . . ., yx) is Gaussian with mean
Elyi] = —Brap—k,
and covariance matrix ¥;; = 1 4 ;5. Therefore,

k k 1 Taw—1
E ~ P(E—Bra,— = d ——€X — = + 15:a,— by + 15:a,_ .
e (0,1) (E—Brap—k) /[o,oo)k y et @n) P{ 2(2/ Brap—r) (y + 1B,a, k)]
Expanding the quadratic form yields
—15242 17x" 1
e 2Ptk 1
= d*y exp [—QyTZly — BtapleEly} .

v/det(27X) [0,00)%

Rescaling y — (Biap—k)y, we obtain

e—%ﬁfaﬁ,leE*H

1
= d*y exp [—yTZ_ly — 1TZ_1y} .
Brap—k+/det(27E) J(0,00)% 2(Brap—k)?
In the limit B;a,_; — oo, the first term in the exponential becomes negligible. Using the Sherman—
Morrison formula,
1
»leop - ——11"
SIS
so that
1’2 1= ———.
k+1
Therefore,

k 2 2
e~ 20Ty B p—k

Eenr0,1)P(€ — Btapfk)k o~

where C}, is a finite constant depending only on k.

Ck
Btap—k‘ ’

Since k is fixed and a,,_j ~ /2 log p to leading order, taking logarithms yields

k
Exq[log f(t; A n)] <

Lt
——— —— logp.
Er11—¢t 8P

As this bound holds for any fixed k, we may take k large so that kiﬂ 1 1, which matches the lower
bound.

Conclusion. We conclude that, in the joint limit of large p and large /3; (equivalently ¢ — 1),

t
Exp[log f(t; A n)] =~ — log p, (66)

1-t¢
up to O(log log p) corrections.

Putting everything together, the energetic term in equation becomes

t
Fop(Q™) ~ 1= nlogp — +0(n?), (67)
and therefore

t
log F, ,(Q®%) ~ —nlogp T3 + O(n?). (68)
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