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Abstract

We propose Markov Chain from Human Feedback (MCHF), an alternative approach for aligning
generative models from pairwise human preferences. Unlike RLHF, which reduces comparisons to
a scalar reward, and NLHF, which preserves pairwise utilities through a KL-regularized minimax
objective, MCHF uses pairwise preferences directly to define a transition mechanism over model
outputs. Given a pairwise utility U(x, y) and a reference model fief, we define a Markov kernel
P(xz,dy) x exp(U(z,y))mef(dy), and take its stationary distribution as the aligned model. We
show that MCHF converges geometrically fast to the stationary distribution, with a convergence
rate governed by the seminorm ||U||g = inf, f |U — g @ f]|, Which quantifies the non-transitive
structure of the pairwise utility. We further show that a mirror-descent algorithm for NLHF, with
an appropriate step size, satisfies an analogous structure-adaptive convergence guarantee. Finally,
through a perturbation analysis, we prove that when ||U|g, is small, MCHF and NLHF agree up to
first order around a RLHF solution, which yields a unified view of reward-based, game-theoretic,
and our Markovian alignment.

1. Introduction

Alignment from human feedback often begins with pairwise comparisons. RLHF reduces such data
to a scalar reward R, typically through a BTL model [3, 9]:

P(x < y) = Osigmoid(R(y) — R(z)) where 0ggmoia(t) = (1 + e )1 D

and then performs KL-regularized policy optimization [2, 4, 13]:
JiRL = argmax / 1u(dy)R(y) — Drr(pelpirer) )
w

More recently, several variants to the standard RLHF have been proposed [1, 6, 8, 10, 16]. However,
this reduction to scalar rewards cannot directly represent cyclic or pair-specific preferences. Nash
Learning from Human Feedback (NLHF) [11] avoids this reduction by computing the minimax
optimization problem:

(UNL, YNL) € argmax argmin // v(dx)u(dy)U(x,y) — Di(p | tiref) + Di(V | pres) ()
1 v

where U (z,y) is a pairwise utility, typically chosen as an increasing function of human’s preference
model P(x < y). More broadly, game-theoretic perspectives on alignment have led to formulations
based on other concepts, including Stackelberg games [5, 15] and multiplayer games [20].
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The original paper [11] argues that NLHF is attractive because it can yield a more diverse
distribution than reward-based alignment methods. More refined analyses have been developed
through the lens of social choice theory [7, 18]. Nevertheless, it is not always clear that such
a pessimistic objective is the right one for fine-tuning generative models. In addition, existing
algorithms (cf. [11, 17, 19]) require repeatedly solving a KL-regularized optimization with an
iteration dependent reward R; and a local regularization term Dy (-|x), which is computationally
difficult for large generative models, as discussed in [11] (see Section 2.3 for details).

At a structural level, however, pairwise comparisons naturally define a directed graph over the
space of possible outputs, where edges encode relative preference information. This perspective is
classical in ranking and social choice, and has also motivated spectral methods for rank aggregation,
in which the stationary distribution of a Markov chain constructed from pairwise comparisons
represents the aggregate ranking [12, 14].

Motivated by this perspective, we propose Markov Chain from Human Feedback (MCHF). We
construct the Markov kernel P from the pairwise utility as P(z, dy) o< exp(U(x, y))pref (dy). We
then iteratively align firef bY firef — frefP — ,ure,:P2 - -+ and take the stationary distribution as pmc.-
Our results can be summarized as follows:

* In Section 2.2, we prove the geometric convergence of MCHEF to the stationary distribution ppmc.
In particular, the convergence rate is governed by the seminorm ||U||g = infy pepoo () U —
g @ f|loo which measures the intransitive part of U. We show that the MCHF implicitly adapts to
the additive structure of U.

* In Section 2.3, we provide a refined convergence rate analysis for NLHF, showing that the NLHF
also adapts to this additive structure of U if step-size is appropriately chosen.

* In Section 2.4, we compare MCHF and NLHF through (1) computational perspective, (2) coupling
perspective, and (3) alignment dynamics. Especially, as for (3), we develop a perturbation analysis
for MCHF and NLHF, showing that when ||U ||g; is small, MCHF and NLHF agrees up to the first
order around the RLHF with reward f(y) = [ puref(dz)U (2, y).

2. Main result
2.1. Definition of seminorm || - ||: Measuring non-additive structure of Utility

Let (X, F, uref) be a probability space. We write ||X||, = [|X||zr(,,,) for the LP norm. Let
U(-,-) : X x X = R be a utility function that encodes preference information. Throughout this
paper, we assume U € L (fief @ firef)-

We now define a seminorm on L (pief @ firef), Which serves as a fundamental complexity
measure for the alignment dynamics of MCHF and NLHF throughout this paper.

Definition 1 Define the seminorm || - || on L (piref @ firef) by

[Ulle = inf  U—-9g& fllc where g& f(z,y) =g(z)+ fy)
g,fELOO(,u,ref)

This seminorm ||U || captures additive defect of the utility; the larger ||U||o is, the more U has a
non-additive structure. Furthermore, when U is antisymmetric, ||U ||q quantifies the non-transitivity
of U: [|Ullg =< esssup, , , [U(z,y) + U(y, z) + U(z, x)| (see Proposition 13).
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Figure 1: Comparison of antisymmetric utility U generated by (8), (—f) & f with f(y) =
[ tiref(dz)U (2, y), and residual U — (—f) & f.

Note that ||U||e < ||U||oo by the definition. In practice, the utility is often taken to be a possibly
nonlinear transformation of the preference model P(x < y). Thus, the value of ||U||g depends both
on the transformation and on the structure of P(z < y). Importantly, there are natural situations in
which [|U g < [|U]oo-

* Suppose U(z,y) = “glmmd P(z < y) where 051g1m01d( ) =logt/(1 —t)and P(x < y) takes
the form P(z < y) = ®(R(y) — R(x) + E(z,y)), where ® is a nonlinear link function and
E(z,y) is a pairwise interaction term. In this case, U(x, y) is close to R(y) — R(z) (and hence
|U||@ is small), whenever @ is close to 0gigmoid and the pairwise interaction term E is small. In
contrast, ||U ||~ can be large, depending on R and E (see Figure 1). In particular, if P(z < y)
follows the BTL model (i.e., ® = 0gigmoia and £ = 0), we have U(z,y) = R(y) — R(x) and
hence ||U||¢ = 0.

* Suppose U(z,y) = P(x y) —1/2 and P(z < y) follows the BTL model. If the reward R
is small, using ogigmoid(z) = 1 + £ + O(23) as z — 0, one can show |U|e = O(||R[3,).
Meanwhile, we can always construct R such that ||U||oc =< ||R|oc; for example, consider the
discrete case |X'| = 2 with R = (y, —v) and let y — 0. In this case, we have |U||a/||U]|c =
O(|[RIIZ) — 0

The exact computation of the seminorm ||U||g can be challenging, since it is essentially an
L°-Linear programming. However, we can estimate ||U||¢ up to a multiplicative order: ||U||e =
|U — § @ flloo» Where (§, f) is a L?-solution (g, f) € infy ¢ ||[U — g @ f||2 (see Proposition 12).

2.2. Definition of MCHIEF, iterative convergence, and equilibrium

Based on the utility function U € L (pyef @ firef ), We define the following Markov kernel P:

P(x,dy) = exp(U(x,y))pref(dy), Z(x) = /exp(U(a:,y))uref(dy) ()

1
Z(x)
where Z(z) is a normalizing constant. Here, the conditional distribution Y| X ~ P(X] -) will move

mass towards preferred directions (where U (z, -) takes large values) while preserving fiyef.
Given the Markov kernel P defined by (4), we iteratively update y,ef by the Markov chain:

Href — ,U/refP — /~LrefP2 Ty
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where pP(dy) = [ p(dz)P(z, dy). Now we claim that the map p — pP is a contraction mapping
on the complete metric space (&, ,dtv), where &, . is the set of probability measure that is
absolutely continuous with respect to fief-

Theorem 2 For any U € L™ (pivef @ furef ), let P be the Markov Kernel defined by (4). Then,
Y, v e Py, drv(pP,vP) <c-drv(p,v),
where the contraction rate ¢ € [0, 1) is given by
¢ = (|[Ul)e) = min(1 — =211 7)) € [0, 1). )

Note that ¢(||U]||e) is an increasing function of ||U||g and strictly less than 1. Thus, by the Banach
fixed-point theorem, we obtain the following result.

Corollary 3 There exists a unique stationary distribution upmc = umcP, and we have

drv (prefP?s imc) < drv (pref, imc) - ¢(||U o)

We emphasize that the contraction rate c¢(||U]||g) is bounded in terms of the semi-norm ||U ||g;, rather
than the naive L°>°-norm ||U ||oc. Thus, the MCHF implicitly adapts to the additive structure of U.

2.3. Refined convergence rate analysis for NLHF

In this section, we propose a mirror descent algorithm for NLHF, which also adapts to the additive
structure of U if the step size is chosen carefully.

Theorem 4 For any step size n) > 0, define the iteration (v, ji;) by

vy = argmin // v(dz)p(dy)U(x,y) + D (v | foref),

’ (©)

puia = axgma [ [ v (dw)n(dy)U (e, y) = Diw(p | toet) =0~ D (1| ),
o

initialized at jiy = jiref. Then, for any 0 < n < HUHE_BQ, it holds that
Dy (pne | pe) < (1+0)"" D (pne | fre)-

Taking n = ||U||5? gives D (i | pe) < (1+[|U|5%) 7 D (UL | firef)- Related last-iterate
convergence guarantees were obtained in, e.g., [19], for the special utility U (z,y) = A\ (P(z <
y) — 1/2). However, their update also regularizes v; by 7! Dk (v | v,_1), and their rate depends
on ||U ||« rather than ||U||g. Since |U||lg < ||U||oo, and ||U||¢y < ||U]|so can occur when U has a
strong additive component, Theorem 4 yields a sharper, structure-adaptive rate.

Note that our refined rate still requires choosing n = || U ||E_92, whose exact value may be hard to
compute in practice, even though it can be estimated up to multiplicative constants by Proposition
12-13. A further computational issue is the local regularization Dk (p | 14¢). Indeed, the update (6)
can be written as

() ocexp(~ [ mldy)U (e, y) ) per(de),  pesa(dy) oc exp( g [ () e,y )i ),

where i (dy) = (dpe/dpires)” T pres (dy). Thus, while 14 is obtained by an exponential tilt of
fref, updating ju¢+1 requires sampling from the geometric mixture £} of y1; and fuef, which is difficult
in practice [11, Section F.1].
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2.4. Comparison between MCHF and NLHF

Computational perspective As discussed above, for general U, last-iterate convergence of NLHF
typically requires the local regularizer =Dy (14 | j¢—1). Consequently, each iteration must update
the reward and sample from a geometric mixture of p;—1 and pief, Which can be computationally
challenging.

By contrast, MCHF requires implementing the conditional sampler P(z, dy), but we just need to
implement it only once. Once such a sampling block is available, the alignment procedure simply
consists of repeatedly applying the same Markov kernel. In this sense, MCHF can be viewed as
attaching a preference-guided conditional sampling module on top of the existing architecture that
generates samples from fi,ef.

Coupling perspective The key difference between NLHF and MCHF lies in their update dynamics.
For simplicity, consider an antisymmetric utility U and the iterations

fitac = Higc P, [N = argmax/ﬂml(dx)ﬂ(dy)(](%?J) — D (pt | phref ) (7
m

initialized at e = u3; = prer. Note that when ||U||ls < 1 and U is antisymmetric, the NLHF
iteration uf\,L also converges to unp (see Theorem 18).
To compare the updates, define the induced couplings

mmc(de, dy) = pe—1(dx)P(z, dy), L (da, dy) = pe—1 (do) g (dy),

whose second marginals are i}, and p , respectively. By the definition of the iterates and P, one
can show that both couplings maximize the same objective F'(7) but over different feasible sets:

mmc = argmax F(m), @y = argmax F(mw), F(m)= // U(z,y)m(dz,dy) — DL (7 | ti—1 @ Liref),
JmCdy)=pe—1() A w=pu 1 ®p
Thus, NLHF restricts the coupling to be independent, whereas MCHF optimizes over all couplings
with first marginal y;—1. In this sense, MCHF can exploit more of the pairwise preference structure
than the product coupling induced by NLHF.
This perspective also reveals a practical distinction. Since MCHF defines a conditional distri-
bution P(x, -), it naturally supports inference-time refinement: starting from an output x, one can
repeatedly run the Markov chain by P until the user is satisfied. This resembles the inference-time
alignment mechanism in Stackelberg game-based alignment [15]. In contrast, NLHF directly updates
a marginal distribution and does not provide such a conditional refinement mechanism.

Alignment dynamics Let upc(U) be the stationary distribution of the Markov kernel P(z, dy)
exp(U(x,y))pref(dy), and let un (U) be the NLHF solution (3) based on the utility function U.

Suppose ||U||e = 0. Then by Proposition 12, we have U (z,y) = §(z) + f(y) with f(y) =
[ tiref(dz)U (2, y). Moreover, by the definitions of MCHF and NLHF, if U = ¢ @ f, then both
umc(U) and puni (U) collapse to the RLHF solution (2) with reward f. In summary,

Ule=0 = U=gaf = umcU)=pn(U)=pr(f)

where piri (f)(dz) o< exp(f(2))prer (dz).
We aim to provide a quantitative version of this claim: if ||U][g is small but not exactly zero,

how far are pumc(U) and pn (U) from pgp (f)? For simplicity, we focus on antisymmetric utilities
satisfying U (z,y) = —U (y, x). See Section E for the general utility case.
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Theorem 5 Suppose U € L™ (pref @ [iref) Is antisymmetric, and let f = [ pref(dx) Uz, y).

Let p(U) = dp(U)/dues be the density for x € {MC,NL}, and let pRL(f) = dprL (f)/djires.
Then,

Vs € {MC,NL}, [|p«(U) = pre(f) — pro(f) © (U = (=) ® f)"pre(f)

LY (peef) O(HUHEB)7

where ® denotes entrywise multiplication and K*h(-) = [ pref(dz) K (z,-)h(z).

We can view pre (f) +or(H)OU - (=)o f)*pRL(f) as a first-order approximation of p, (U)
around U = (—f) @ f. In particular, the second term captures the non-additive structure of the utility
U. Interestingly, MCHF and NLHF agree up to the first-order term. Thus, by the triangle inequality,

drv(une(U), pmc(U)) = 27 I (U) — pmc(U)]l1 = o(|U]| ).

We emphasize that the right-hand side is o(||U||g ), not merely O(||U||).
The next theorem claims that MCHF and NLHF coincide at the iteration level.

Theorem 6 Let i}, and piy, be the iterations defined in (25), and let p (U) = dpl(U)/dpues be
the density for x € {MC,NL}. Then, for each x € {MC,NL},

Hpi pRL(f) ( ( f) ® f) 1HLI(Mref) - O(HUH@)7
vt =2, |[ph(U) = pru(f) = pru(F) © (U = (=H) @ ) PRe(D 11y = 01U l)-

Thus, the MCHF and NLHF iterations also agree up to first order. Moreover, since the first-order
approximation is the same for all ¢ > 2, this implies that most of the update is completed within the
first two iterations.

Finally, we verify Theorem 5 by numerical simulation. We set 1. to be the uniform distribution
on a discrete space with |X'| = 20, and generate utility U as

Ulx,y) =2~ Hog % Plx<y) = @(R(y) — R(z) + 0.5E(x, y)), ®
where @ is the CDF of the standard normal distribution. We generate R ~ N (0, [,,), and take
E € R™™ as an antisymmetric matrix whose off-diagonal entries are drawn from N(0,1). We
visualize U in Figure 1, which suggests that ||U||qy < ||U||. Figure 2 plots MCHF, NLHF, RLHF,
and the first-order approximation given by Theorem 5. We observe that MCHF and NLHF nearly
coincide, and that their deviation from RLHF is accurately captured by the first-order approximation.

—a— MCHF — RLHF

0.2 NLHF — RLHF
ox 0.1
00 /‘ M
g
g -0.
5

Density normalized by pres

05

123 45 6 7 8 910111213 14 15 16 17 18 19 20 12 3 4 56 7 8 91011 1213 14 15 16 17 18 19 20
States (sorted by R) States (sorted by R)

Figure 2: Comparison of MCHF, NLHEF, RLHF, and the first-order approximation in Theorem 5.
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Appendix A. Perturbation analysis

We analyze the sensitivity of the equilibrium distribution to perturbations in U. This is important
because, in practice, the utility function U may be updated as new preference data become available.
We may also consider a setting in which U is taken to be an increasing transformation of the
preference model P(x > y), which is itself estimated, for example, by logistic regression as in the
original paper [11]. In this case, estimation error in P induces a perturbation in U. It is therefore
important to understand how such perturbations affect the resulting equilibrium.

We show that both MCHF and NLHF are locally Lipschitz with respect to perturbations of U
under the L°° metric. The proofs of the theorem stated in this section are given in the subsequent
sections.

A.1. MCHF
First, we discuss the sensitivity of MCHF. Let
c(|Ulg) = min(1 —e~?I1¥le T7]jg) < 1

be the constant given by Theorem 2, which upper bounds the Lipschitz constant of the map u — uP
under the TV distance.

Theorem 7 AFor any U ,U € L (tiref @ furef), let P and P be the Markov kernels (4) constructed
Jrom U and U, respectively. Then, forall t > 1,

1= (c(llUlle) A e(lT1l))"
1= c(|Ufle) Ae(lT]])

. 1 .
drv (frefPY, prefP?) < §HU ~Ulloo -

See Section C.2 for the proof. Combining this result with Corollary 3, and letting pmc(U)
and pmc(U) denote the stationary distributions of P and P, respectively, we obtain the following
corollary.

Corollary 8 For any U, Ue L (firef @ fref),

U~ Ullo

. 1
d U), U)) <= ) '
vlmc(U) imeU)) < 5 =00y A ellTl)

Since ¢(||U]|g) is always strictly less than 1, we conclude that the map U — umc(U) is locally
Lipschitz.

A.2. NLHF

We now turn to NLHF and first establish the following stability result.
Theorem 9 For any U, Ue L (firef @ fiyef),

Dyt (e (O) | (0)) < 2||U = U oo
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This theorem follows from the strong convexity induced by the KL regularization term. Combined
with Pinsker’s inequality, dtv < +/ Dk /2, it yields

drv (ue(U), unc (D)) < U = U132

Thus, the map U — uyi(U) is globally Holder-1/2 continuous. The next theorem shows that this
map becomes Lipschitz when the domain is suitably restricted.

Theorem 10 If |U||e A ||U|lq < 1, then

7y < L IU = Ulloo
d U U - - .
TV (,UNL( ), N ( )) 2 1_ UTNe AT 1)
Compared with Corollary 8, this result shows that U — uyi (U) is also locally Lipschitz as a map
from || -|| oo to d1v, but the domain is restricted to the smaller set {U € L™ (fiyef @ piref) = ||U|le < 1}.
We next show that py| satisfies a global pseudo-Lipschitz bound.

Theorem 11 There exists an absolute constant C' such that, for any U, Ue L™ (fref @ fref),
drv (anc(U), e (D)) < C(L+ |UNS + 1TIE)IT = Ul

The proof of this theorem requires a different technique from the preceding arguments. We first
establish the differentiability of the map € — un (U + €F) for fixed U, E € L (firef @ fivef) and
then bound the L' norm of its derivative.

Appendix B. Characterization of seminorm || - ||

Proposition 12 Fix U € L (pref ® fivef). Define O(U) as the rectangle defect:
O) = (@) = U(z,y) = Ua',y) + Ulz,y)|.

z,x' .y’
Let (§, f) be a solution to ming ¢ [|U — g @ fl|2. Then
OW) = [Ulle < U =g & fllLe

More precisely, 10(U) < |Ulle < |U — § & fll < D).

The minimizer of the L? projection problem ming ¢ [|[U — g @ f/||2 is not unique, but one solution
is given explicitly by

i@) = [ UG ppmrldy) ~m. Fw) = [Vl pur(do),

where m = [[ U(z, y) pref (d) pires (dy).

When U is antisymmetric, we obtain a sharper characterization.

Proposition 13 Suppose U € L (ief @ piref) is antisymmetric, i.e., U(x,y) = —U(y, ). Define
A(U) as the triangle defect:

A(U) =esssup |U(z,y) + Ul(y, z) + U(z,z)|.

x7y7z

Letf = [ puref(dz)U(z,y). Then
1Ulle = AU) = U = (=f) & fllo-

~ A~

More precisely, A(U) < |Ulle < [|U — (=) ® fllo < A(U).

10
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B.1. Proof of Proposition 12
Take (g, f) € argming rer2 U — g @ f2 as

g(l‘) = /U(xvy),uref(dy)_m7 f(y) = /U(:U’y),uref(dx)v m= // U(xvy),uref(dx),uref(dy)

Here, we have §, f € L% by U € L™ (firef @ firer). and hence [|U|je < [|[U — § & f|| holds by the
definition of ||U||. Thus, it suffices to show 4 !0(U) < ||U||g and |U — § @ f|leo < O(U).

Proof of 4 '0(U) < |U|| Fix arbitrary g, f € L°°, and set U, sy = U — g & f. Then for every
x,2’,y,%, noting that the g- and f-terms cancel,

U(I‘/, y/) - U(l‘, y/) - U(l’/, y) + U(l‘a y) = Ug,f(xl’ y/) - Ug,f(xv y,) - Ug7f(33l, y) + Ug,f(xv y)7
Thus, taking esssup,, , .+ ,» on both sides, the LHS is [J(U), while using the triangle inequality for

the RHS, we get
O(U) < 4[[Ug.flloo

Since this holds for every f, g, taking inf, rcr on the RHS, we complete the proof.
Proof of |[U — § & f|loc <O(U) By the definition of § and f, for all (z, ),

U =90 Hla) =U) - [V ald) = [V pnalds) + [ [ UG (e st
= // (U(x,y) U, y)—U(z,y) + U(J:’,y/)>uref(d$’)uref(dy’).

Hence, taking esssup,, , | - | on both sides,

U0 Fle < esssug / / 2.) = UG, 9) = Ula) + U i (02 s ()|
2.) = Ue'sy) = Uley/) + UG )
;tyx Y’
=)

so the proof is complete.

B.2. Proof of Proposition 13

We first claim ||U||g = infy [|[U — (= f) @ f]|oo. To prove this, it suffices to show inf, ¢ ||U — g ®
flloo = inff [|[U = (= f) @ flloo- Letus fix g, f € L and let h = 271 (g + f). Note

1 1
(-W@h=sg0f-feg

and the [|[U + f ® glloo = || = U 4+ 9 & f|oo since U is antisymmetric. Therefore, by the triangle
inequality,

. 1 1
H}fHU— (=@ flloe <MIU = (=h) @ hlloc < SlIU =9 ® flloo + 51U+ F @ glloo = U =9 & fll.

Taking inf, ; on the RHS, we obtain the claim.

Therefore, we have ||U|lg < ||[U — (f) @ flloo for f(y) = [ pues(dz)U(x,y). Furthermore,
using ||U||g = inf¢ ||U — (—f) @ f||o and the same argument as that of Section B.1, one can show

37IA(U) < ||[U]lg and [U = () & flloo < A(U). Thus, we complete the proof.

11
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Appendix C. Proof of MCHF
C.1. Proof of Theorem 2
We prove dty (1P, vP) < (1 — e 2IUl®)dry (1, v) and drv(uP, vP) < ||U|lgdTv(p, v) separately.

C.1.1. PROOF OF dty(uP,vP) < (1 — e 2IVl®)dry (11, v) VIA MINORIZATION LEMMA

Let L' = L) and L§ = {h € L' : [ per(dy)h(y) = 1}. We denote the L, norm as
1l = IfllLs. We also write L% = L (et ® prer) and [Ullow = U]z gy for any
U € L (fref @ firef) When the context is clear. For any U € L% (fief @ firef ), define the Markov
transition density P € L (fiyef @ firef) @S

exp(U(z,y))
[ et (dy') exp(U (2, y"))’

and we define the bounded linear operator P* : L' — L' as

P*f(y) = / irer (42) /() P, ).

For all u,v € &, ., we can write the TV distance as

P(z,y) =

€))

dv
inv(r) = 5|
TV(N V) 2 d/‘ref d:uref
_ 4+ * Mo
o) = 317 (Gl )

Since dZ“f df:e - € Li={h e L': [ pet(dy)h(y) = 0}, it suffices to show the following lemma.

Lemma 14 (Minoritation lemma) Forany U € L (et ®@firef ), let P be the Markov density given
by (9). Then, the map h — P*h is a contraction mapping on L} = {h € L' : [ pt(dy)h(y) = 0}
and with its contraction rate given by

P*hl[
sup || - H <1 —exp(—2||UH69)
heLl:h#0 12111

where ||U||g = infy 1 |U — g @ f/|oo-
Proof Letusfix g, f € L andletU, s = U — g ® f. Define py € L™ as

pry) = e}(pg(y)), Z = /uref(dy’) exp(f(y'))

so that py is a valid density with respect to fref, i.., ps(-) > 0 and [ pri(dy)py(y) = 1. Now, we
can rewrite the Markov density P as

exp(U(z,y))
Pley) = )y exp(U @ 7))
exp(U(z,y) —g(z) — f(y)) exp(f(y))
[ er(dy) exp(U(x, /) — g(a) — (') exp(f(y))

_ exp(Ug,f (2, y))ps(y)
e (dy') exp(Ug, f (2, 9)ps (y')

(10)

12
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Then, for almost every (z, y) with respect to the product measure fief® firef, nOtng [ puref (dy )ps(y') =
L

N exp(—[[Ug,flloc) ps(v) =5
P 2 WUl Tl sy P

where we take & as § = exp(—2||Uy f|lc) € (0, 1]. If we define P as

then P satisfies P(x,-) > 0 and [ puef(dy)P(z,y) = 1, that is, P is a valid Markov transition
density with respect to Lif. Rearranging this,

P(z,y) =6 psy) + (1 = 8) P(z.y).
For any h € L} such that h # 0, noting [ et (dz)h(z) = 0, we get
Phy) = [ (o) Pl ()
— ;1) [ pt(d)he) + (1= &) [ pes(de) Pl )h(a)
— (1-5)P*h(y).

Taking the Li-norm and using the fact (a.k.a. Data Processing Inequality):
120 = [ sir(an)| [ (@) Pl p)h)| < [ (s () Pl )@ = [ )] = 1.

where we have used the Fubini’s theorem and the fact that P is the Markov transition probability, we
get .
[1P*hlly < (1 =0)[[P*hllL < (1 = 6)[|A]x

so that

P*h
PRl 5
heL}:h#0 A1

Since 6 = exp(—2[|Uy,t|lc0) and [|Uy t|lco = ||U — g @ f||c0, taking inf s on the RHS, we complete
the proof of (14). [ |

C.1.2. PROOF OF d1y(uP,vP) < ||U||lgdtv(p, v)

It suffices to show
PRIy

nerihzo 1l

< [IUlle-

We prove this using the following two lemmas.

13
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Lemma 15 (Doeblin-Dobrushin characterization) For any P € L™ (piref ® firef),

P*h 1
sup I lh < esssup = ||P(x,) — P(2,-)|}1
heL}:h#£0 HhHl x,x’ 2

where P*h(y) = [ puef(dz)h(z)P(z,y).

Lemma 16 (Lipschitz continuity of Gibbs measure) Fix a probability measure p and define the
map G : L>°(u) — L>®(u) as

_ exp(g(y)
9lo) = [ udy)exp(g(y))

Then, for all g,g € L* (), we have

1G(9) = G(D L1y < lg = 9llLee ()

Applying Lemma 15, we have

P*h 1
1P gssup L1P(e,) — PG, )
h€Lg:h#0 172/l zal 2

Recall that for any g, f € L>, P(x,y) can be written as follows (see (10) for the derivation):

Ple.y) = exp(Ug,s(z,y))ps () () = exp(f(y))
’ J et (dy’) exp(Uyg, g (2,9/))ps (y') J e (dy') exp(f(y'))

where U, f = U — g @ f. Therefore, letting ¢ (dy) = prer(dy)ps(y) be the exponentially tilted

probability measure by f, using Lemma 16 o = iy and g(y) = U, (2, y) and §(y) = Uy ¢ (2, y),

we have

1P(2,) = P, )l < |Ug,p(x, ) = Ug,p (@, M poo gy = 1Ug,5 (5 2) = Ug,p (@, )l 100 uer):

where the second equation follows from since 1ty and pef are absolutely continuous with respect to
each other. Thus, by the definition: esssup,, | f(y)| = || fl| o (o)

[P*hl[x 1 /
< esssup - esssup |Uy r(z,y) — Uy (2, y)|
hGL(l):h;éO HhH1 z,z’ 2 Y
< esssup |Uy ¢(z, )| triangle inequality
‘,‘E7y
= [1Ug,1lloo

Since Uy s =U — g® f and g, f € L (purer) are arbitrary, taking inf, ¢ on the RHS, we complete

the proof of supj,c 1.2 H]Hjhiﬁlllll < ||U||g- Below, we prove the intermediate lemmas we used.

14
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C.1.3. PROOF OF LEMMA 15

Below we denote || X ||, = || X|| (4, for simplicity. Note that [ P*h[[; can be represented as

:U'ref)

1Pl = sup | [ sl )P (o)

I fllo<1

Using Fubini’s theorem, for all f € L°°,
[ @t )P0 = [ st s @) [ st Plap)ho) = [ nldohiz)Ps (o)

where Pf(z) = [ puef(dy)P(z,y) f(y). Since [ prer(dz)h(z) = 0by h € L{, for any constant
c € R, we have

[ metldoh@P(a) = [ perldo)h@) (PFa) - o).
Now we let ¢ = 27! (esssup,, Pf(x) + essinf, Pf(z)) € R so that
esssup | P (x) ] < ;(esss.up P (x) ~ essinf Pf(z).
Combined with Holder’s inequality
| [ eldn)n()(P (@)~ )| < [l - 5 (esssup Pf(z) ~ essint P (z).

Notice that for almost every x, 2/,

3 (P1@) = P@)) = 5 [ mestdn) ) (Play) — PG.0)

2
1
< 1P )~ P - 1l

Therefore, taking esssup,, ./, we are left with

1 . 1 /

= (esssup Pf(x) — essinf Pf(:z:)) < [ f]loo - €sssUp =||P(x,-) — P(x', )|

2 = x vz 2
Putting all together, we obtain

1
| [ ) £0) PG| < 1l bl esssup 3 [Pla.c) = Pl
x,x’

forall f € L and h € L}. Taking supremum of f such that || ||« < 1, we complete the proof.

C.1.4. PROOF OF LEMMA 16
Let h(z) = g(x) — g(z) and define the interpolator g; € L> for ¢ € [0, 1] as

Vi e [0,1], g =g+th

15
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so that gg = g and g; = g. Now we define the tilted probability measure y; as

pe(dy) = G(gt) (y)pu(dy).

Note that 1y and u are absolutely continuous with respect to each other. Then,

9(9) 0@l = swp | [ Faymnlde) - f@ho(dn)| = sup|oy(1) = 05(0)

[1fllLoo(uy<1 [1fllLoo (<1

where

exp(g:(z))
vt € [0,1], /f x)py(dx) /'u(dx)f(w)fu(d:r’)exp(gt(x’))'

Taking the derivative of ¢ (), noting % gt(z) = h(x), and h is bounded,

J u(da') exp(ge(2')) (")

i _ o) exp(gi())h(x) _ ) f(x) ex z
dtqﬁf(t) /M(d ) ( )f (ge(2)) /u(d (@) explay(@) (f,u (dz') exp(gi(z
(@) (

p(dz’) exp(ge (2’
= /ut(d:c)f(:zr)h(:n) - (/ pu(dx : (/ Het da:)h(:n))

= COVXN,ut(f(X)v h(X))

Using the Cauchy—Schwarz inequality |[Cov(X,Y)| < /Var(X)Var(Y) < || X||co||Y||co, noting
that p; and p are absolutely continuous with respect to each other, we obtain the uniform upper
bound:

=@ O] < A fllzoe e - Il zoe uey = 17l 2o g 1Pl oo ) -

Therefore, we get

L d
1660 =6@h = sw_lor)) =00 < sw [ IG s < i~

Ifllpeo <1

This completes the proof.

C.2. Proof of Theorem 7

Let c and ¢ be the Lipschitz constants (given by Theorem 2) of y — Py and p — Isu, respectively.

Consider the iterations R
= pe—1P, fir = fie—1P,
initialized with po = jig € &,,. Using the triangle inequality, and the Lipschitz continuity of
p—= P,
drv (e fir) < drv(pe—1P, fu-1P) + drv(fie—1P, fi—1P)
< c-dyv(p-1, fu—1) + drv(fu-1P, fu—1P).

16
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By the definition of TV distance,

N . A 1
drv(fit—1P, fu—1P) = 5 S

By Fubini’s lemma, for any measurable function f with || f||- < 1,

;‘/f(y)[(ﬂth)(dy) - (ﬂt,lls)(dy)]‘
Y / et () £ (1) / fiu—1(da) (P(z,y) — P(z,y))

Y / Ao (dz) / e (d9) £ () (P(,y) — P(a,y)

;/ Atl(dx)‘/lﬁref(dy)f(y)(P(gU’y) — Pa,y))

; / fiu1(d2)| P, ) = P(@, ) [ fllee <1

1

IA
o

IN

2
1 ~ .
S §||U - UHoo Ht—1 < Href

Therefore,

N . 1 A
drv(pe, fir) < ¢ drv(pe—1, fie—1) + §HU — Ul|oo-

Iterating this inequality and using the initial condition pg = fig, we get

. 1 2 s
drv (i, fie) < 50U = Ullow 3.

By symmetry, the same upper bound also holds with ¢ replaced by ¢. Thus, we complete the proof.

C.3. Differentiability of MCHF

sup | [ 1) (e P)(dy) = (e-rP) )] |

< [t [V ) - Ol by Lemma 16 with i = it 9() = Ue, ) and g

Letus fix U, E' € L (furef @ firef ). For each € € R, let pe be the unique stationary distribution of the

Markov transition density P, defined by
exp(Ue(,y))

PE(:L"y) = Uﬁ(l'vy) EU($7y)+EE($7y)7

[ wes(dy) exp(Ue(,y/))

Now we define the linear operator P* : L1 — L; as

Pri(y) = / et (d2) () Po(, ).

Let pe be the stationary distribution of the Markov kernel P.(x,dy) = P.(x,y)uref(y) and let

Pe = j:r; be its density. Note that this p. satisfies

PXpe = pe, / piref (dy)pe(y) = 1.

The next theorem calculates the derivative of p. in € using the Implicit function theorem.

17
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Theorem 17 The map € — pe is differentiable at ¢ = 0 in the sense that

Pe — Po
€

lim ’
e—0

-], =0

where the derivative pg € L(l) is given by
-1
o= (=) 1) (v [ west@onto)Pute ) (Bl [ ) Pole ) Bl )

where Ly = {f € L' : [ pues(dy) f (y) = 0}.
Proof Let f. = p. — 1, which lies in L} by [ puef(dy)pe(y) = 1. Define F : L} x R — L} as
F(f,e)=U—-F)(f+1)

so that F(f, €) = 0. Note that the image of F is included in L} by the fact that [ i,ef(dy) Pe(z,y) =
1.

Below, we derive the derivative of f, in the Banach space (L{, || - ||1). Notice that F is linear in
[, especially the Jacobian D¢ F(f,€) : L§ — L{ with respect to f is given by

DfF(fae):I_Pe*'

Now we claim that I — P has a bounded inverse on L(l). Noting that for all h € L(l], Lemma 14
implies that there exists a constant ¢ = ¢(U) € [0, 1) such that

PG Rl < - [|A]l1

Since 0 < ¢ < 1, (I — P) has the inverse (I — P§)~! = 332 (Pg)! and its operator norm is
bounded by 1/(1 — c) since for all h € L},

o o0 oo o0 1
I =P~ Rl = 11D (P Rl < D IR Rl =D llhlh = Tl
t=0 t=0 t=0

Thus, Y52 (Pg)! is the bounded inverse of (I — Pg) on L.
On the other hand, for the derivative with respect to €, one can show that

D) = = [ es(do) (F() + DP9) (ECo) — [ (') (o) B ).

Therefore, by the Implicit function theorem for the Banach space (L}, || - ||1), f. is differentiable at
€ = 0 in the sense that £
. e — JO ¢
lim || — folh =0
e—0 €

where the derivative f is given by

o= (=) 1ay) (v [ utao) o @Pote ) (B~ [ e oo/ E ) )

Substituting f. = p. — 1, we complete the proof. |

18
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Appendix D. Proof for NLHF

D.1. Geometric convergence under TV when ||U||g < 1

Theorem 18 The algorithm (6) with n = oo (i.e., no local regularization term) satisfies
drv(ve, vne) < |Ulledry (pes pnc),  drv(pes1, pne) < [[U]Jedrv (v, o).

Thus, if |Ulle < 1, we have dry(pe, pne) < U2 - drv (piref, pnL)-

Here, the convergence rate is bounded by ||U ||, rather than ||U||. Thus, similarly to the MCHF
update in Corollary 3, this algorithm implicitly adapts to the additive structure of U.

dut dv},
Proof Let p, = %, qr = VN|;’ PNL = d,U»NL’ and gy dvn so that
re

dﬂre o duref L= m
q¢ = argmin(q, Upy) + w(q), gnL = argmin(g, Upni) + w(q),
qEA™>® qeEA™>®
pe+1 = argmax (g, Up) — w(p), pnL = argmax(gne, Up) — w(p)
PEA>® PEA>®

By Lemma 20-(1) and || U* || = ||U||e, we have

lae — anillh < Ul llpe — i, e — onell < U e llg: — anc 1,

which completes the proof. |

D.2. Proof of Theorem 4

Lemma 19 Let X be a convex subset of a Hilbert space (H,()) and consider the minimization
problem

in ¢
min (p) +w(p),

where both ¢ and w are differentiable and convex. We further assume that { is relatively L-smooth
with respect to w in the sense that

Vp,q € X, Dy(pllq) < LDy(pllq),

where Dy,(pllq) = h(p) — h(q) — (Vh(q),p — q) denotes the Bregman divergence associated with a
convex function h € {{,w}. Now we consider the (proximal) mirror descent iteration

. 1
prer = argmin{ (VE(pr), p) + w(p) + ~Du(plpe) }-
peX n

Then for any n < 1/L, letting p, € argmin ¢(p) + w(p) be the minimizer, we have
1

t
D .
) Dulpelpo)

Du(pilp) < (

19
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We will prove Lemma 19 in Section D.2.1. Let us show Theorem 4 using Lemma 19. Define py|
and gy as

dpnL _dun

d,uref r NG dﬂref ‘

PNL =

Consider the density simplex

A (feL®: f() >0, / et (dy) £ (y) = 1},

which is a convex subset of the Hilbert space L? with the usual inner product (f, g) = [ pirer(dz)g(z) f(z),
and define the linear operator h — Uh by Uh(z) = [ pef(dy)U(x,y)h(y), and let U* be its adjoint
operator. Then, (pnL, gnL) solves the following minimax optimization problem:

argmax min (q, Up) +w(q) —w(p) where w(p)= / tref (dy)p(y) log p(y)
pero qeEA>®

If we define the convex function £ : A®® — R as
t(p) = —( min (¢, Up) + w(f]))
qEA>
then py is the solution to the following convex optimization problem:

pNL € argmin £(p) + w(p).
PEAX

Now we claim that ¢ is relatively ||U |2 -smooth with respect to w.

Lemma 20 FixU € L (juref®firef), and foreachp € A, let {(p) = —(mingea~ (g, Up)+w(q))
and q, € argmin e oo (q, Up) + w(q). Then,

L lgp = gl < [IUllellp — P'llx for all p, p" € A
2. Lis ||\U||4-smooth with respect to w, i.e., Dy(pl|q) < ||U||%Dw(p|lq)
where ||U||q = infy tere |U — g @ f||oo-

Thus, combined with Lemma 20-(2), we may apply Lemma 19 with

L=[U|3,  wp) = /uref(dy)p(y) logp(y),  tp) = —(gggw, Up) +w(Q))

and conclude that for any 7 < 1/||U||2, the iteration (g, p;) defined by

g = arg;nin{(q, Up) + w(q)}

per = axgmin{ (V().) + w(p) + - Dulolp)

= arguin{ (. Up) + w(p) + =Du(plp0)}

satisfies that

1 \¢
Dupellpe) < (77) Dl o)

Finally, letting 11(dy) = p(y)dpret(dy) and v(dz) = q(z)vref(d), noting that w(p) = Dkr (4 firef)
and D,,(p|q) = Dk (u|v), we obtain Theorem 4.

20
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D.2.1. PROOF OF LEMMA 19
Let G(p) = ¢(p) + w(p) and define the surrogate objective
Gi(p) = U(pe) + (VUpe),p — p) + 0~ Du(pllpe) +w(p).

Then pyy1 € argmin,c y G¢(p). By the definition of Bregman divergence,

G(p) = U(p) +w(p)
= U(pe) + (VL(pt),p — pt) + De(pllpe) +w(p) by De(pllpe) = €(p) — £(pe) — (VL) p — pr)
= Gi(p) + De(pllpr) — 0~ D (plIp2)-

Using the assumption Dy(p||p:) < LDy (p||p:) and the non-negativity of the Bregman divergence
Dy(p||pt) > 0, the approximation error G(p) — G¢(p) can be controlled as

—n" Dy (pllpe) < G(p) — Ge(p) < —(n = L) Dy (p|[pe)- (11)

Now, since p;41 € argmin G(p) and G is convex and differentiable, we have

(VGi(pt41):q — peg1) = 0 Vg € X.

Equivalently, by the definition of Bregman divergence,

D¢, (qllpt+1) < Gi(q) — G(pe41), Vg € X.

Applying this with ¢ = p., we get

(0" 4+ DDy (pellpe+1) = Da, (pellpe+1)  since Gy(p) = (n™" + 1)w(p) + linear terms
< Gi(p«) — G¢(pe+1)
< (F.) + 07" Dupaller)) = (Fesa) + (7 = L) Du(praller)) by (1)

<0 Du(pllp) = (17" = DDulprallp)  since F(p.) < Flpesa)
<0 Dulpellpe),

where the last step uses 1 > L and D,,(-|-) > 0. Dividing both sides by =1 + 1 and iterating
completes the proof.

D.2.2. PROOF OF LEMMA 20

Fix g, f € L andlet U, y = U — g @ f. Then, we can rewrite {(p) as

U(p) = — (qrenAigo@, Ug,rp) + (a0 9) + (p. f) + w(q))-

By the envelope theorem, £ is differentiable with its derivative given by

Vi(p) = —Uy sap + f, (12)
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Here, gy, is the solution of ming(q, Uy rp) + (g, 9) + (p, ) + w(g), which can be written explicitly
as

_ oxp(=Uy,gp(x))e9")
[ tiref (da’) exp(=Ug, sp(a’))e=9(")"
Then, for any p,p’ € A, using [|U f||~ < [|U]lsl|f]l1 by the Cauchy—Schwarz inequality and

Lemma 16 with 1y (dz) oc ™9 o6 (dx), noting that i, and juef are absolutely continuous with
respect to each other,

qp() (13)

lgp — allv < || = Ug,pp + Uy pp'll oo,y by (13) and Lemma 16 with pi_g(d) oc €79 pye(da)

=l = Ugp + Uy pp |l I oo (ueg) = 1 zoc (ueer)
< U slloollp = 2'lln Cauchy-Schwarz.

Since g, f € L*° are arbitrary, taking inf, scr on the RHS, we complete the proof of ||, — g, [[1 <

1Ullellp = #'ll1-
Now, using the derivative form (12),

IVUp) = VP )loe = | = Uy sap + U s [l by (12)
< HU;,f oo llgp — qp I Cauchy—Schwarz
< |UgslloolUllellp = p'lI1 Cauchy—Schwarz.

Again, since g, f € L are arbitrary, taking inf, rcroc on the RHS, we get
p,p' € A%, [[VE(p) = VL)oo < [UZ]lp — #'ll1- (14)
Therefore, letting ¢(t) = ¢(tp + (1 — t)q), we have
De(pllg) = €(p) — £(a) — (Vla),p — q)

1
— /0 ¢'(t)dt — (Vi(q).p — q)
1
— /0 (Ve(tp+ (1 —t)q) — Vi(q),p — q)dl

1
< / IVe(tp + (1 — 1)) — VU@)llsollp — allidt
0

1
S/ IUNE It = @)ll1llp — gll1dt by (14)
0
_1 U 2 . 2
= LU Ip - af?
< [|U|1ZDuw(pllq) by Pinsker’s inequality

where the last inequality follows from Pinsker’s inequality Dy, (p|lq) > 3|p — ¢||? for w(p) =

[ et (dy)p(y) log p(y). Therefore, ¢ is relatively ||U |2,-smooth with respect to w.
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D.3. Proof of Theorem 9

Let (uni(U),vnL(U)) be the solution to the NLHF with utility U € L% (pref ® firef) and let
p(U) = denlY) - e showed in Section D.3 that p(U) is the solution to the strongly convex

o . d/J“ref
optimization:

p(U) = argmin Gu(p) = u(p) + w(p), fo(p) = ~( min (g, Up) + w(q))

pEA>® qEA®®

where w(p) = [ pref(dz)p(2)log p(z). Since Gy is strongly convex with respect to w, p(U) also
solves

p(U) € argmin Gy (p) — Dw(pl|p(U)).
pPEA>®

Then, forany U, U € L™ (firef®jiret ), using this optimality of p(U) against p(U7), noting D, (p(U)||p(U)) =
0, we have

Gu(p(U)) < Gu(p(U)) — Du(p(U)|p(U)).

Rearranging this inequality,

=
A
Q
g
=
S
|
Q
-
s
S

< Gu(p(U)) = Gy(p(0)) + Gy (p(U)) — Gu(p(U)) pU) € arg;nin Gy (p)
<2 Sup_ IGu(p) — Gp(p)l (15)

Here, letting g, € argmin, (g, Up) + w(q),

Gu(p) = —(ap, Up) — w(qp) +w(p)

—(
—(gp, (U = U)p) = (g, Up) — w(gp) + w(p)
~(gy: (U = U)p) = min((q, Up) + w(q) ) + w(p)
—(

gp, (U = U)p) + Gy (p),
so that
Gu(p) = Gy (p) < [(gp, (U = U)D)| < llgpllallplillU = Ullos = |U = Ulloe
for all p € A*°. By symmetry, the above inequality also holds with U and U swapped. Thus, we get

sup |Gu(p) — Gy (p)| < IU = Ullco.
PEA>®

Combined with (15), we get
Dw(p(U)Hp(U)) <2V = Ullos.

Substituting p(U) = duni (U)/dpves and w(p) = [ pires(d2)p(2) log p(z), we have D, (p(U)||p(U)) =
Dy (e (0] en (U)) and hence complete the proof.
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D.4. Proof of Theorem 10

Let (uni(U),vnL(U)) be the solution to the NLHF with utility U € L% (pref ® firef) and let

p(U) = d‘f#rg]) and ¢(U) = thdNTLrifU)' Note in passing that for any U, U,

4(U) = axgmin(q, Up(U)) + w(g),  q(U) = axgmin(q, Up(D)) + wlg).

Now we define an intermediate ¢ as

g = argmin(g, Up(U)) + w(q)
geEA™>®

and decompose ||q(U) — ¢(U)||1 as
la(U) = (@)l < lla(U) = dlls + 17 = a(D)]]r-
For the first term, we may apply Lemma 16 with ¢ = Up(U) and § = Up(U) and obtain
lg(U) =l < [Up(U) = Up(U)llc < U = Ullollp(@) 11 = U = Ullcc-

For the second term, we apply Lemma 20-(1) and obtain

~

G = a(@)lh < [Uls|lp(U) = p(0)]1-
Combining the above displays, we get
lg(U) = g(D)|h < U = Ulloo + Ul |lp(U) = p(0)]11-

Here, swapping U and U, the above inequality also holds with ||U|| replaced by ||U||e. Thus, we
get
l¢(U) = q(U)|x < lU = Ulloo + (IUll& A [U]l&)]lp(U) — p(U)][1-

A~

Applying the same argument to the pair (p(U), p(U)) which satisfy

p(U) = argmin(p, ~U*q(L)) + w(p), p(U) = argmin(p, ~U*q(U)) + w(p),

noting | — U*||¢ = ||U]|, it also holds that
lp(U) = @)l < U = Ulloo + (IUlles AT |)lla(U) = a(0) 1.

Combining the above two displays,

lp(U) = (@)1 < U = Ulloo + (Ul A HUH@)(HU— Ulloo + (1Ulles A 1T |)12(U) —p(U)Ill)-

Rearranging this,
(1 = (IUlle A IIUH@)Q) Ip(U) = (@)l < 1+ [Ulle AU U = Ulloo-

By the assumption ||U || A |U|le < 1, we may divide by (1 — (|U]|e A |U]|le)?) = (1 — (|U]|e A
U)X+ (J|U|le A ||U]le)) and complete the proof.
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D.5. Proof of Theorem 11
We denote || - |, = || [| Lo (uer) @0 U loo = [|U || Loo (e p1.r) fOT simplicity. Now for each ¢ € [0, 1],

let u; be the solution to the following minimax problem

1y € argmaxmin(EyNu7x~V [tU(az, y)+ (1 — t)U(ac, y)] — D (| peref) + DKL(I/“,Lref)).
L v

Our goal is to bound dv (41, po). Now we claim that the density p,(y) = ;- tf((cg’;) is differentiable in

t in the sense that there exists p; € L' such that

. DPt+e — Pt
lim || 222

e—0 €

- pt”l = Oa
and there exists an absolute constant C' such that the L1 norm of the derivative is bounded as
Il = [ (@) lin(0)| < O+ (14 40+ (1 = TS) U = Ul (16)

forall ¢ € [0, 1]. Then, by Fubini’s theorem,

drv(p1, po) = ;/Mref(dy)’pl(y) —po(y)‘

= ;/Mref(dy)’/olpt(y)dt’
% / et () /0 1 [P (y)ldt

s [t [ nestaniin)

1
U Tl /0 a1+ [t + (1 — )T by (16)

IA

ol ol

<

Here, by the triangle inequality for the semi-norm || - ||, one can show fol dt|[tU + (1 — )U |8, <
C'(||UNIS + |U||S,) for an absolute constant C”. Then we get

drv (L (U), (D)) < 2710C7 |0 = Olloe - (14 [T11S + U3 ).

Since 27'C(C’ is an absolute constant independent of all other quantities, the proof of Theorem 11 is
complete. Thus, the rest of the goal is to show (16). Notice that it suffices to prove the following
lemma:

Lemma 21 Fix U, E € L®(lyef @ firef). For any € € R, let pi be the solution to the following
minimax problem

lte € argmax myin (EyN#,xNV [U(:p, y) + eE(x, y)] — Dy (| peref) + DKL(V\,uref)). 17

n
Then, the density p.(y) = f > (dy) is differentiable at € = 0 in the sense of
. Pe — Do .
lim | — ol =0,
e—0
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where the norm of its derivative bounded as

/ B0 |rer(dy) < C - (1+ U]S.) - | E ]l

where C'is an absolute constant.

Indeed, if the above lemma holds, then replacing U by tU + (1 — ¢)U and E by U — U, we obtain
(16). Thus, it suffices to show Lemma 21.

D.5.1. PROOF OF LEMMA 21

Notation We first fix notation. Let L? = L?(ju,ef) be the Hilbert space with usual inner product

<f7 g) = ff(z)g(z),uref(dz)' For any Ue Loo(:u'ref X Mref)v let us write HUHOO = HUHLOO(uref®uref)-
Now we define the linear operators U as

N U0 = [ U Gmetdy)

and let U* be its adjoint operator such that (g, U f) = (U*g, f) for all f,g € L?. Note that U is a
bounded operator with operator norm bounded as

Ul 2o = sup [[Ufllec < sup [[Ullcollfllt < sup [|U]loll fll2 = IU]]oo-
[ £ll2=1 [ fll2=1 I fll2=1

Next, let A>° C L be the density simplex defined as
A = {p e L™ :p(') > 07/Nref(dz)p(z) = 1}'

Notice that for any p € A, it induces a tilted probability measure p(dy) = p(y)pref(dy). We
define the operator G taking value in A*° as

_ eplf@)
f,uref(dx,) exp(f(x’))

For each p € A, define the linear operator .J, : L? — L3 as .J, = Diag(p) — pp* or more precisely

G:L® =A™, f—=G(f)(z)

Jy 1?5 I3 Frr 1ol (2) = 2 1)~ p(2) [ ()1 ()

where L = {h € L? : [ pef(dz)h(z) = 0} C L?. Notice that J, is bounded, self-adjoint, and
positive semidefinite operator on L2. Indeed, for any f,g € L?, letting p,(dz) = p(2)uref(dz) be
the tilted probability measure by the density p € A°°, one can show

(f,JIpg) = Covzap,(f(2),9(Z))

from which we conclude that J, is self-adjoint and positive semidefinite operator. Moreover, the
operator norm ||.Jp||2_, 12 is bounded by ||p||c because the Cauchy—Schwarz inequality yields

(F Tp)| < VK 2ty F(Z) -\ Va1 21y 9(2) < 1 22000 1002200 < 12l 1122y 191220
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. . d 1/2 1/2
where the last inequality follows from || f|[12(,,) < HﬁHL{”(nref) Nl 22y = HpHoé Il £ lloo

for any f € L2. Therefore, by the spectral theorem, there exists a bounded self-adjoint positive
semidefinite operator 7" such that T" - T" = J,,. We denote such 7" by J,} 2

Finally, the two operators G, .J), are related via Fréchet derivative: DG = Jgy). That is, for any
f,0f € L*, by the quotient rule, it holds that

G(f+0f) =G(f) + Jg(s)0f + o(ll6floo)-
We now claim that the density of NLHF, p(U) = duni(U)/dpuef, is Fréchet differentiable.

Theorem 22 Fix U, E € L (pref ® pivef). For any € € R, let (pie, V) be the solution to the
following minimax problem

max myin (Eywu,ajwu [U(x,y) + eE(x,y)] — Drw (] prer) + DKL(”!M@))-

Let pe(y) = :r ;((d dz/)) and q.(z) = :r;(?;ug) be their densities. The map € — (pe, q¢) is differentiable at

€ = 0 in the sense that

lim || (pe — po) — poll2 = lim |[e " *(ge — q0) — doll2 =0
e—0

e—0
where the derivatives are given by
Po = (I + JPOU*JQOU)_I(JPOE*QO - JPOU*‘]QOEPO)
do = —(I + JoUJpoU*) " (Jgo Epo + JooU Ty E*q0)
where I+Jp,U* Jg,U and I+Jy, U Jp,, U* have bounded inverses on L3 = {h € L? : [ jiref(dz)h(z) =
0} C L%

Proof Letz. = p.—1and y. = g.—1so thatz,y. € L3. We then define F : Rx L3x L3 — L3x L3
as the residual of the fixed point equation:

(Fery) _ (@t 1) - G(U + By + 1)
Flesy) = (F§<e,x,y>) = <<y+ 1)~ G(—(U + eE)(x + 1)))

so that F'(e,z,y.) = 0 for all e. Our goal is to show the differentiability of x. (as a map from
R to L?) via the Implicit function theorem on the subset L% of Hilbert spaces L?. First, note
that F indeed takes values in L3 x L3 since G maps from L* to the density simplex A*. Thus
F:Rx L3 x L — L% x L3 is well-defined.

Let U. = U + eE. We next compute the derivative of F' with respect to (z, y). For perturbations
(6x,6y) € L3 x LE, using

G(f+0f) =G(f) + Jg)0f + o([10flloo)
and the bound ||Uedx| oo < ||Uelloo||d2 |1 < ||Uel|oo||0]|2, we obtain
Fi(e,x + 0,y + 0y) = Fi(e, 2,y) + 02 — Jgwy (y+1) U 0y + o[|6z[2 + [[0y]l2),

F2(67x + 5$7 Y+ 5y) = F2(€7:I;a y) + 53/ + Jg(—Ue(;c-s-l))Ue(Sl“ + O(Hém||2 + ||5y||2)
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In particular, at the solution (., ¥, ), where p. = xc + 1 and g = y. + 1, we have p. = G(UZ¢.) and
ge = G(—U.pe), and hence

Dy F(e,xc,ye) = [ I _JPGUG} .

Jq Ue I
Here the derivative is understood as a bounded linear operator from L2 x L3 to L3 x L3 since J,, J4,

map L? to L%.
We now show that D, , F'(0, 20, yo) is an isomorphism on L3 x L2. Let (r1,72) € L3 x L3.

Solving
I —J,U*| (ox\ (1
JooU I dy)  \r

0y =19 — JgUodx.

gives

Substituting this into the first equation yields the Schur complement equation
(I + Jpo U*JqOU) dx =11+ Jp, U ra.

Thus it is enough to show that (I + J,,U*J,,U) has a bounded inverse on L2. Indeed, once éx

is obtained from the Schur complement equation, ¢y is given by oy = ro — Jy,Udz, and the

boundedness of the inverse follows from the boundedness of (I + Jp,U*Jy,U) "L, J,,U*, and Jy, U.
On L3, write

I+ JpU*JU=1+AB, A=JY? — B=J/2U*J,U.
The operators A and B are bounded on Lg. Moreover,

BA = JY2U*J, UJL?

is self-adjoint and positive semidefinite on L(QJ since Jg, and J,, are self-adjoint positive semidefinite.
Hence
(h, (I + BA)h) 2 = [|h3 + (h, BAh) 12 > |[h]]3.

By the Lax-Milgram theorem, I + B A has a bounded inverse on L2, with
I+ BAY oy < 1.
Therefore I + AB is also invertible on L2, with inverse
(I+AB)'=1-A(I+BA)™'B.
Consequently, I + J,,U*J,, U has a bounded inverse on L2, and hence

Dy (0, 20, y0) — [ ! ‘“’POU}

JoU 1

has a bounded inverse on LZ x L3.
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We may therefore apply the Implicit Function Theorem on the Hilbert space LZ x LZ. Since
F(e,xe,yc) = 0, the map € — (z,y) is differentiable at ¢ = 0 as a map into L3 x L3. Since
pe = 1+ . and g. = 1 + y., this is equivalent to the differentiability of € — (p,, gc) in L?.

It remains to compute the derivative. Differentiating F'(e, z, ye) = 0 at € = 0, we obtain

o (0
Dz‘,yF(07.’EO7yO) <y0> +8€F(07{E07y0) = <0> i

Since py = @ and o = o, it is enough to compute the system with (¢, o) replaced by (po, go)-
The partial derivative with respect to € is

0€F1(07 xo, 2/0) = _JpoE*qm aeFQ(()? Zo, yO) = JquPO-
4o 1035
JoU I qo —JgwEpo)

150 - JpoU*qo = JpoE*q()v
JooUpo + go = —J4o Epo.

Therefore

Equivalently,

Substituting go = —J4,Upo — J4, Epo into the first equation gives
(I + JPOU*JQOU)pO = JPOE*QO — JIpo U*Jqupo'

Hence )
Po= (I + JpoU*JqoU) ™ (JpoE*qo — JpoU* Jgo Epo).

Similarly, eliminating pg instead gives
. -1
Go =~ (I + JgUJpsU") ™ (Jas BP0 + JaoU Ty ")

Here, the bounded invertibility of I + J,,UJp,U* on L3 follows from the same argument as
I+ J,,U*J,,U above. This completes the proof. n

We have shown that the derivative is given by
o = (I + JpsU*JgeU) ™ (Jpy B*Go — JpoU* Jgo Epo)
in the sense of lim._q || ™' (pe — po) — Pol|2 = 0. The rest of our goal is to bound the L1 norm of py.
Lemma 23 Forany U € L™ (pyef X pref), D € A, and f € L2, it holds that

Vfe L2

[ JpU fllr < [Uloollf I
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Proof Letting 11(dz) = p(2) e (dz) be the tilted measure induced by p € A, for any f € L2,
HJPUful = /Uref(dz)‘p(z)Uf(z) _p(z)/Nref(dz,>p(zl>Uf(zl)
= [waa)|os) - [ wa@vse)

< NUfll oo E[IX = |EX]]] < | X]loo
S NSl zoo () p < firef
< NUllsoll £111,

where the last inequality follows from the Cauchy—Schwarz inequality. |

Lemma 24 Forany U € L (firef @ firef), g € L? and p,q € A®,
I+ 50 7,0) gl < (G 0+ TR o + 1+ 310 Y g
Proof See Section D.5.2. n
Let us finish the proof of Lemma 21. We fix f,g € L andlet U, ; = U — g @ f. Forany h € L2,
using Jg,1 = 0 and (1, h) = 0, we have
JpUh = Jgo(U — g @ f)h 4 Joo1(f, h) + J4o9(1, h) = JgUg th

and hence J,,U operates on L3 as
Jqu\Lg = JoUg,s

By the same argument, we have
‘]POU*|L8 = JPOU;:f
Thus, we can rewrite pg as
po=(I+ ‘]POU*‘]QOU)il(JpoE*qo - JpoU*JQOEpﬂ)
-1
= (I + JPOU;,fJ!IoUgyf) (JPOE*QU - JPOU;,quoEpo)'
From Lemma 20, noting ||po|/1 = ||qo|l1 = 1, we get
HJPOE*qO - JpOU;’quOEpOHI < H*]poE*CIOHI -+ HJpoU;,quoEpOHI

< [1Elleollgolls + Ug.sllool| Ellcolpollx
= (L4 [1Ug,sllo) 1 Eloo-

Combined with Lemma 24, we have

. 21 1
IPolls < (51 + 10351202 1Uslloe + 1+ 5 1Ugslloc ) (1 + 11Uy

o) [[ Bl -
Here, expanding the RHS, we can find an absolute constant C' such that

IPolly < C(1L+ [[Ug IS 1B -

Since g, f € L are arbitrary, taking inf, s on the RHS, with ||U||g = inf, ¢ ||U — g @ f|0. We
complete the proof of Lemma 21.
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D.5.2. PROOF OF LEMMA 24

Let f = (I + J,U*J,U)"tg. We aim to bound | f||1 by ||g||1. If we define h = J,U £, the triple
(f; h, g) satisfy

f+JUh =
—JUf+h=0.

Now, for any p € A™, we rewrite the operator J,, as J, = D v Dyp— pp* where D /v and 2%
are bounded linear operators on L? defined as

D 5f(2) = Vp(2)f(2), pp*f(2) =p(2)(p, )

Substituting this into the previous system, letting uy = D zU f, up, = D ﬁU*h, we are left with

J+Dpun—p-ch=9g

(18)
—D gus+q-cy+h=0
where we defined the scalars ¢y, ¢y as
cn = (p, Uh) = (\/p, D sU"h) = (\/p, un),
Here, from the first equation, taking L1 norm || - ||; and using triangle inequality, we see
£l < 1D punlly + enllplls + gl < llunllz + lenl + [lgllx 19

where the second inequality follows from ||p||; = 1 and the Cauchy—Schwarz inequality applied to
1D punllt = [ tres(d2)]/p(x)un(z)] < ||p|]}/2\|uhH2. From this result, we see that it suffices to
bound the ||uy|2 and [cp| = |(/P, un)|-

Now, multiplying the first equation in (18) by D /U and the second equation by D U™, letting

A:D\/aUD\/ﬁ,
noting D 5/p = pand D _5./q = g, we have
up + Aup, — cpAy/p=D ,4Ug

N . (20)
—A Uf+uh+CfA \/5:0.

Here A is a bounded linear operator on L? with its operator norm bounded by ||U|| . Indeed, using
the Cauchy—Schwarz inequality and p, g € A, for any f € L™ with || f|l2 < 1,

IAfI3 = 1D ygUD 5 f 13

- / et (d) (V/2(2) / et ()T (2,9) () /0(9))°
2

< llqllx -eSSEup(/ pref (dy)U (2, y) f(y) p(y))

< lalh - 101 [ erla) £ )| V50))

< lglly - I1U1% - IF13 - liplla
= UI% by [lglly = [lplls = Tand [|fll2 <1
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Now we solve the system for (u s, up) and (¢, c). Substituting the second equation uj, = A*uy —
cyA*\/qin (20) to the first equation, rearranging it, we get

(I + AA )uy = cy AA*\/q + chAy/p+ D 7Ug.

Now we claim that (I + AA*) has a bounded inverse on L?. Indeed, (I + A*A) is coercive since
AA* is a self adjoint positive semidefinite linear operator on L2. Moreover, the operator norm is

bounded as
IAA* 22 < Al 2 < U2

Thus, by the Lax-Milgram theorem, (I + AA*) has a bounded inverse, and letting
T =(I+AA7,
the spectrum of 7' is controlled as
vieL?, (1+|UI%)IfIZ < (A TF) < IFI5. 3y

Then, uy can be solved as

up =T (s AA" /G + enAyp+ D gUg) = ep(I = T) g+ e TAYD+TD, ;5Ug

where we used I —T = T A* and TAA* = 1—T, which follow from the definition 7' = (I+AA*)~L.
By the same argument, (I + A*A) has a bounded inverse on L?, and letting

S=(I+A44)7",
the spectrum of S is controlled as
VFeLr (LTI IFIE < (F.5F) < IIfI3 (22)
and u s can be solved explicitly as
up = cp(I — S)\/p—cy- SA*\/q+ SA*D zUg
Putting all together, we get

up=cy(I =T)\/qg+cTAYp+TD zUg
up, = cp(I — S)\/p — cfSA*\/q+ SA*D 7Ug.

Taking the inner products (/q,-) and (,/p,-) on the first equation and the second equation re-

spectively, recalling ¢; = (/7. uy) and ci, = (/P un), with (/B ) = (/7. v@) = 1 since
p,q € A, we are left with

cf = ci(1= Vo, TVQ) + en(Va, TAVP) + {3, TD 5Ug)
ch = en(1 = (P, Svp)) — ¢ (VP SAV) + (Vp, SA™D zUg)
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Noting that ¢y and ¢;, are cancelled out, using the identity T'’A = A*S from the definition of S and
T, we are left with the linear system of (cy, cp,):

a —| [ef (vVa,TD 5Ug) -

Since ||\/p||2 = [[1/gll2 = 1, using the established bound of the spectrum of S and 7" (21)-(22), we
know

L3 s Zumsum

1 1 1
— e ca<l, /< B <1, [y <5 (23)
1+ U11% 1+ U11% 2

Here || < 1/2 follows from the fact that ||T'A|| 12—, 12 = \/||[(TA) (T A)*||2_, 1> where (T A) (T A)* =
AA*(I + AA*)~2, whose spectrum is given by o(1 + o) =2 with o € [0, +00) where o is the spec-
trum of AA*. Since inf,>¢x/(1 + z)? = 1/4, taking square root, we get | T A||;2_,z2 < 1/2. By
the same argument, ||SA*||;2_.;2 < 1/2 holds.

Now, using the lower bound of « and 3 in (23), the determinant of the matrix is strictly positive:

o =y 9 1
det =af+v*> —.
[v 8 } T TR
Therefore, that matrix is invertible, and we obtain

R | fvesoe)

Taking the absolute value and using the estimate of |/, ||, [y| from (23), with [(\/q, T D zUg)| <
1D sUgll2 and [(\/p, SA*D zUg)| < 2_1|]D\/§Ug|]2, the following inequality holds for each
coordinate:

eyl 22| 1 2711 212 5/4
< + ||U D U = + ||U D ~U
With [[p||1 = 1, we have

1D U3 = / e () (/B () / U@, 9)g(0) et (dy))?

< lpll - 1013 - gl
= (IUllsollgll1)?,

so we get

5/4
[Cf} < (14 012?10 o9l [ / } . 24)
|cn| 1

Let us finish the proof. By the second equation of (20),

up, = cp(I — S)\/p — cfSA*\/q+ SA*D ;Ug.
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Taking || -
obtain

2, using |1 — S|z 2 < 1 [[SA*|[ 1202 < 1/2and [[D zUgll2 < [[Ulllg

1, We

lunllz < lenl + 27 er| + 27Ul llglls-

Combined with the upper bound || f||1 < [|un||2 + |cn| + |lg]/1 from (19),

_ — _ Cc _
1513 = bl + 2 s+ 27 10l + el + gl = 272,20 [01] 2721070+ 1)l

Finally, substituting the upper bounds of [|c|, |cp|] in (24), with [271,2] - [5/4,1]T = 21/8, we
complete the proof.

Appendix E. Dynamical analysis for general utility

We provide dynamical analysis of MCHF and NLHF for general U. Note that Theorem 5 and
Theorem 6 in the main document hold as corollaries of the general theorem.
For any U € L (piref @ piref), we define the linear operators U, U* : L' (pivef) — L' (firef) as

Uf(x) = / et (U (@, 9) F ), U*F(y) = / et () f(2)U (2, ).

For any p € L°(uyef) such that p(-) > 0 and ||p[/z1(,,,) = 1, define the linear operator J,, :
L*(piref) — L (pivef) as J, = Diag(p) + pp* or more precisely

Jpf(z) = pla) f () — p(a) / et (dz)p(a) ().

For x € {MC,NL, RL}, let p, = j::f be the density with respect to p.ef. The next theorem gives a

Taylor expansion of ppc and py around a given additive utility g & f.
Theorem 25 Forany U € L (pivef @ piref) and f,g € L (puref), it holds that
[Pmc(U) = PRL(S) = Jppe(5) (U = 9 ® F)*PRU) | 1 ) = 01U = 9 & flloo),
IPNL(T) = PRL(S) = Tppu () (U — 9@ f)* PRL(=9)I L1 (o) = 01U — 9 © fll0)

Whel"e ” . ||OO = || . HLOO(Mref(X)Mref)'

Note that the above theorem holds for any f,g € L™ (uef) and any U € L (figef & firef)
(possibly non-antisymmetric). If we take the L2 solution (g, f) € argmin, ¢ |U — g @ f||2 for

Theorem 25, using |[U — f @ §loo = ||U]|e from Proposition 12, we get

lpmc (U) = pru(f) = T, 5y (U = 3@ F)pRUD L1 ) = 01U 1)
loni () = pru(f) = T (77 (U = 3@ F)PRU=D)]| 11 ) = 01U 1 0)-

We see that the MHCH and the NLHF differs in their first order term by pyef( f ) and pref(—3).
Next, we characterize the dynamics of the algorithm for MCHE.

34



MARKOV CHAIN FROM HUMAN FEEDBACK

Theorem 26 Consider the iteration i}, = ,uf\,l_clP initialize at NRAC = Uref. Then,

[Pic — PR — Ty (U~ 9@ 1)Ll = o(IU — 9 fc)
vt 22, lpvc = PRUUS) = Tpeu(n (U = 9@ )" pru()]lr = o(|U = 9 @ flloo).
Next, we discuss iterative algorithms for NLHF.
Theorem 27 Consider the following iteration:
ph. € argma [ o4 (d)u(dy)U (. 9) ~ Dicc (i | e
g (25)
i € axgmin [ v{do)ud ()0 (2,9) + D (v | )

with 1/,9”_ = tiref. Then, the densities pk, = duky, /dpwes and qfy = dvfy /dpires satisfy
Ipae — PRUCS) = Jpe () (U — g & )11 = o(|U — g & £l 1)

V> 1, lane — PRU(=9) + Jpe (=) (U = g @ Flpru(f)]1 = o(|U = g @ f||z~)
vt >2, i — pRU(S) = Tp (U — 9@ £ prL(=9) 1 = o(|U — g & fllz=).

E.1. Proof of Theorem 5

If U is antisymmetric, substituting (g, f) = (—f, f) for Theorem 25, noting that .J, X p = (Diag(p)—
pp*) Xp = Diag(p) Xp for any antisymmetric X due to p* Xp = 0, and using ||U — (—f) D fllco =
|U||e from Proposition 13, we complete the proof.

E.2. Proof of Theorem 6

When U is antisymmetric, the update of v from p and the update of x from v in the definition

of iterates (25) can be written as the same mapping. Thus, if we define the new iterate i}, as

fing ' = pb and 32 = vf,, and substituting —g = f = f to Theorem 27, we complete the proof.

E.3. Proof of Theorem 25
E.3.1. MCHF

We write U as
U—gaf

U=9g®f+ef, E=-—""7""—
U =9 fllo

e=U-9& [l

and let
Pe =pmc(g @ f +€E).

Notice that pg = pmc(9 @ f) = pro(f). Applying Theorem 17, we have
[pe — po — epoll1 = o(e)

where pg is given by
o= (125 13) " (v [ st@siinte) o) (B [ st oo/ Bl
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where

_ exp(g(z) + f(y)) _ exp(f(y)) _ _
F ) = ) exoo) + F07) T el exp( 7))~ PR = 20l

Note that P*h = 0 for any h € L since

Fihy) = [ pr(dola) Pata,y) = ([ st (o) molo) = 0

and hence .

(T=r) ) =1

On the other hand, substituting Py(z,y) = po(y), we have

/pd@mm)%@y /Md@f%wa(yO
= /Mref(dx)po(:r)po /,Uref dy')po(y E(x,y/))
= 0)( [ pestdaln(0)Ee0) ~ [

= po(v) (B*po(y) — / pet (A 0 () E*o(v))
= Jpo E"po(y)-

/‘ref dl‘ Mref dy )pO( )Po(y,)E(%y,))

Therefore, the derivative pg is given by
Po = Jpo E*po
and hence
[pe = po — €Jpy E*poll1 = ofe).

Note that eJ,, E*py = Jp, (eE)*py since Jp, and E* are linear operators. Therefore, substituting
Pe =pmc(U), po = pru(f), eE* = (U —g @& f),and e = | U — g & f||oo, we complete the proof

for MCHF.
E.3.2. NLHF

We write U as

U-gaf

U=g®f+eE, E= — """
U -9 flloo

e=U-9& [l

and let
Pe=DNL(gD [+ €E), qe=pn(g® f+€E).

Note that pg = pro(f) and g9 = prL(—g). By Theorem 22, we have

|pe — po — €poll2 = o(e)
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where the derivative is given by

Po = (I + Jpo (9@ f)*Jqo (g @ f))_l<JpoE*qo - Jpo (9 D f)*Jqup0>
= (T4 Jpo (f ® 9) o (98 1)) (Ipo E*qo — Jpo (f & 9)Jgo Epo).

Now, forany h € L2 = {h € L*: [ pret(dy)h(y) = 0},
(F @ 90)@) = [ s ()] © 9)(w h(v)
~ [ el (@) + 9)hw)
= / tiref (AY)g(y) R (y)-

Thus, (f @ g)h is a constant. Since .Jp, is a mean-subtracting operator, we get Jp,, (f & g)h = 0 and
hence

Ipo (f ® 9) [12= 0.
By the same argument, we also get
(9@ f) | 2= 0.

Since the image space of .J,,, and .J,, are both L2, we get

(U4l @)l M) Iz) =1
Tpo E*qo — Jpo (f © 9)Jgo Epo = Jpo E*qo
and hence
Po = Jpo E*qo-
Substituting po = prL(f), 90 = pri(—9), E= (U —g® f)/e,and e = ||[U — g ® f||o0, We get
[PNL(T) = PRU(S) = Ty (1) (U = 9 @ ) prL(=9)]l2 = o([|U = g & fl[o0)-

Since || - ||z1 < || - ||2, this completes the proof.

E.4. Proof of Theorem 26

We write U as

U=g@f+¢E, E:m, e=[U =g flle
and let
pe=Flp.t, pl=1
where
Pog) = OGS S E ) ep(f(y) +ery)

[ et (dy) exp((9 @ [+ €E)(x, ) [ twer(dy’) exp(f(y') + €E(x,y))
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Then it suffices to show

lim [le™ (pc — po) — BollL = 0

e—0
where

b = Jore () (U — g ® f)*1 t=1

T ())({U =g @ f)pru(f) t>2

Note that p}, = pro(f) forall ¢ > 1 and Py(x,y) = pro(f)(y). Furthermore, by the chain rule,
we have

0.P.(x,y) = Pu(r,y)E(z.y) — Pu(z,y) / et (dy') Po(z, oV E 2, o)

Taking € = 0,

Po(a,y) = pro(H) () E(y) — pro(f)() / et (PR () () E 2, o)

By the chain rule, p(l) = Py1 is differentiable with derivative given by

3300 = P5100) = [ s (@) (0 (@B ) =m0 (D) [ s (oo (1)) Ew. )
:pRL(f)(y)/,ulref(dx)E’(m y pRL // Href dl‘ Mref dy )pRL(f)( ) ( y)

= pru(f) (W) E"L(y) — pru(f) () / e (dy)pRu(F) (Y ) E*1(y)
JPRL( )(U —99 f)*l
For t = 2, by the chain rule, p? is differentiable at ¢ = 0 with derivative given by
b6 = Fspo(y) + Powg
Since Py 1= 0and pj € Lg, we get j§ = PZph(y). By the same calculation for p, we get
pg = JpRL(f)(U -9 @ f)*p(]j
Since p{, = pro(f), we obtain
56 = Jp (U — 9@ F)*prL(f).

Now we suppose that p! is differentiable at e = 0 with derivative given by pfy = J, (1) (U — g @
)*pru(f). Since pf) € L{ and ply = pro(f), by the chain rule, pi ! is differentiable with derivative
given by

o' = B3ph + Py = Popb = Ty (U = 9@ F)'h = Jpey (1)U = 9 ® f) Pru(f)-

By induction, this completes the proof.
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E.5S. Proof of Theorem 27
We write U as

U-gaf

U=g®f+eE, E=—— 97
U -9 fllo

e= U9 flle
and let p. = duf\lL(U)/d,uref and ¢ = thNL(U)/d,uref where

finL € argmax / v (dz) p(dy)U (2, y) — Dii (1| fref)
n

i € axgmin [ v{do)d (d9)0(2,9) + D (v | )
14
with 1, = pref. Note that p! and ¢! satisfies

PL=G((g® f+eE)¢), qt=G(—(9® f +€E)pl)

with ¢° = 1. Noting pp = pro(f) and go = pres(—9), it suffices to show

it = { B t=1
Jor () E*PRUL(—g) > 2

and
Vi > 17 QS = _JqRL(—g)EpRL(f)'

Now, by the chain rule, p! is differentiable at e with derivative given by
pe = JpB'qc.
Taking € = 0, noting ¢ = 1 and p{ = prer(f), we get

po=J,

PRL

(f)E*l.
By the same argument, applying the chain rule for ¢! = G(—(g @ f + ¢E)p}l), we get
gt = J(—Epl — (9 & f + €E)pp).
Taking € = 0, recalling that J,(g @ f) |1= 0 and p; € Lg, we get
G = Jgs (—Epp) = —J Epy = —Jpe (—g) EPRL(S)

Now we assume that ¢’ is differentiable for ¢ > 1. Then, by the chain rule for p'*! = G((g @ f +
eE)*ql), ptt is also differentiable with derivative given by

Pt =T (B g+ (9@ f + €E)*qY).
Taking € = 0, using J,(g & f) | 1= 0 and gt € L}, we get
].76+1 = Jp6+1 (E*qh+ (g @ f)*qé) = Jp6+1E*q€) = JpRL(f)E*pRL(—g)
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Now we further assume that pgﬂ is differentiable. Then applying the chain rule for ¢t =

G(—(g@ f + eB)pttt), we know that ¢!+ is also differentiable with
G = =T (B 4 (g f +e)pctt).
Taking e = 0, using Jy(g @ f) ;1= 0 and pitt e L}, we have

¢t = —Jq(gHEpf)H = —Jpr () EPRLS).

By induction, this completes the proof.

40



	Introduction
	Main result
	Definition of seminorm : Measuring non-additive structure of Utility
	Definition of MCHF, iterative convergence, and equilibrium
	Refined convergence rate analysis for NLHF
	Comparison between MCHF and NLHF

	Perturbation analysis
	MCHF
	NLHF

	Characterization of seminorm 
	Proof of Proposition 12
	Proof of Proposition 13

	Proof of MCHF
	Proof of theorem:contraction
	Proof of dTV(Metapost, Metapost)(1-e-2U) dTV(, ) via minorization lemma
	Proof of dTV(Metapost, Metapost)UdTV(, )
	Proof of Lemma 15
	Proof of Lemma 16

	Proof of theorem:stabilityanalysis
	Differentiability of MCHF

	Proof for NLHF
	Geometric convergence under TV when U<1
	Proof of theorem:convergencenlkl
	Proof of Lemma 19
	Proof of Lemma 20

	Proof of th:minimaxholder
	Proof of th:nashlipschitz
	Proof of th:nashpseudo-lip
	Proof of Lemma 21
	Proof of Lemma 24


	Dynamical analysis for general utility
	Proof of theorem:taylorequilibriumanti
	Proof of theorem:tayloriterationanti
	Proof of theorem:taylorequilibrium
	MCHF
	NLHF

	Proof of theorem:taylormciteration
	Proof of theorem:taylornliteration


