On the Convergence and Stability of Distributed Sub-model Training

Yuyang Deng Fuli Qiao Mehrdad Mahdavi
Accenture Penn State Penn State
Abstract client’s data, and W c R? is some bounded convex

As learning models continue to grow in size,
enabling on-device local training of these mod-
els has emerged as a critical challenge in fed-
erated learning. A popular solution is sub-
model training, where the server only dis-
tributes randomly sampled sub-models to the
edge clients, and clients only update these
small models. However, those random sam-
pling of sub-models may not give satisfying
convergence performance. In this paper, ob-
serving the success of SGD with shuffling,
we propose a distributed shuffled sub-model
training, where the full model is partitioned
into several sub-models in advance, and the
server shuffles those sub-models, sends each
of them to clients at each round, and by the
end of local updating period, clients send back
the updated sub-models, and server averages
them. We establish the convergence rate of
this algorithm. We also study the general-
ization of distributed sub-model training via
stability analysis, and find that the sub-model
training can improve the generalization via
amplifying the stability of training process.
The extensive experiments also validate our
theoretical findings.

1 INTRODUCTION
We consider optimizing the following objective

i F(w) = 30 (W) = Een, [Uwi €]}
M

collaboratively in a distributed setting with N clients,
where f;(w) is the local loss function realized by ith
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set. To solve the problem with communication effi-
ciency and data privacy, a widely employed method is
FedAvg (McMahan et al.,[2017) and its variants, where
multiple devices (clients) collaborate to train a shared
machine learning model without exchanging their data.
One major limitation of FedAvg is that each client must
maintain a local model with the same complexity as
the global model. In modern machine learning (ML),
where model complexity can reach millions or even bil-
lions of parameters, many clients may lack the memory
and computational resources needed to store and opti-
mize the full model. Moreover, devices participating
in collaborative learning greatly vary in computational
and storage capacity and can only confine to ML mod-
els that meet their resources for training. A common
approach to address this issue is partial training where
the server selects sub-models proportional to the com-
putational resources available on each device, either
randomly or based on predefined rules (e.g., rolling or
static partitioning), and then distribute them to the
clients. The clients only update these sub-models and,
after a few rounds of local updates, send the updated
sub-models back to the server for aggregation. The
representative works include PruneFL (Jiang et al.,
2022), IST (Yuan et al., 2019), HeteroFL (Diao et al.l
2020), FedRolex (Alam et al.l |2022)), and ReeFL (Lee
et all, [2024)).

Despite the empirical success of this training paradigm,
the convergence of distributed sub-model training has
not been well understood. A key research question
we seek to rigorously address is: how does sub-model
training, in comparison to full-model training, affect
both the convergence and generalization . Investigating
this could provide insights into the trade-offs between
computational efficiency and model performance in
resource-constrained federated settings. A few recent
studies have begun to explore this question, primarily
from an optimization perspective, highlighting both
the benefits and limitations of sub-model training in
federated learning. (Shulgin and Richtérik} 2023) stud-
ied distributed fully synchronized sub-model training
algorithm on quadratic objective, and showed that the
convergence result will suffer from a residual error,
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unless the objective and masking scheme admit some
benign properties. (Demidovich et al., [2023]) studied
similar algorithm, and proved convergence to the opti-
mal point of the masked objective for general strongly
convex losses. For nonconvex loss, (Mohtashami et al.|
2022) studied single machine setting, where N = 1,
and proved that sub-model training converges to first
order stationary point of the masked objective. Their
convergence bound include factors that quantifies the
alignment between gradient on the masked and non-
masked models; however, it remains unclear whether
these quantities can be effectively controlled. (Zhou
et all, 2024)) and (Wu et al., 2024} investigate the con-
vergence of sub-model training with local updates on
general nonconvex loss functions, making it the most
relevant prior work to this study. However, their bound
depends on the sum of the norms of the intermediate
solutions; if these norms are too large, the convergence
bound becomes vacuous.

A desired bound should ezplicitly show how sub-model
selection strategy affects the convergence and general-
ization due to model drift caused by partial updating.
In this paper, we present the first concrete conver-
gence analysis of distributed sub-model training with
different sampling schemes. We first consider FedAvg
with Bernoulli random sub-model sampling. Then we
consider rolling sub-model training method, where the
server partitions the full model into R pieces and at the
beginning of each epoch, it shuffles these sub-models
and sequentially assigns them to the clients to be up-
dated locally. We establish the convergence rate of
both sampling schemes in convex and non-convex set-
tings, highlighting the impact of partial training as
captured through sampling. In nonconvex setting, we
show that sub-model training will converge to the sta-
tionary point of an alternative objective induced by
masking. To study the generalization of sub-model
training, we further provide the generalization analysis
of distributed sub-model training with random and
rolling masking, and find that masking can enhance
generalization by stabilizing the training process, as
long as the residual optimization error from partial
training remains controlled.

Contribution. The main results of this work include:

o We establish the rigorous convergence rate of dis-
tributed sub-model training with random sub-
model selection (Section [2) and shuffled rolling
sub-model selection (Section . We show that
under strongly convex and smooth setting, they
both enjoy an O(ﬁ) rate plus a residual error
due to model masking, where R is the number
of communication rounds and K is that of local
steps.

o We further establish the convergence results of the
two algorithms under nonconvex setting. We show
that, under the algorithm dynamic, the model
will finally converge to the stationary point of an
alternative objective function induced by model
masking. To the best of our knowledge, this is
the first rigorous analysis of the convergence of
permutation-based methods in sub-model train-
ing, thoroughly examining the interaction between
model drift from partial training on sub-models
and the impact of permutation-based sub-model
assignments on convergence.

o We analyze the generalization ability of distributed
sub-model training with random and rolling mask-
ing (Section, and find that masking can improve
the generalization via stabilizing the training pro-
cess, as long as the residual optimization error
from partial training is controlled.

e We conduct thorough experiments that corrobo-
rate our theoretical results (Section .

Additional related works, empirical results, and omitted
proofs can be found in the appendix.

2 DISTRIBUTED SUB-MODEL
TRAINING VIA RANDOM
SAMPLING

We consider the FedAvg (a.k.a. Local SGD) to opti-
mize the objective in Eq.[I} The algorithm proceeds
for R communication rounds, where at round r, each
client, upon receiving the global model from the server,
independently performs K local updates using its local
data to compute gradients to update its local model
parameters accordingly. After completing the K local
steps, the clients send their updated parameters to the
central server, which averages the models across all
clients to produce a global model for the next round.
This periodic averaging allows for reduced communi-
cation frequency and efficient use of bandwidth while
enhancing convergence stability.

Adapting FedAvg for system heterogeneity is key to
enabling collaboration among clients with varying com-
putational power. A simple solution is distributed
sub-model training using random sub-model sampling,
which is first proposed in (Alam et all [2022). At
the beginning of rth communication round, the server
generates a d-dimensional Bernoulli random masking
m! ~ Ber(p;) (each coordinate is 1 with probability p;,
otherwise 0) for ith client and distributes the masked
global model w’. = m! ® w, to the client to perform
the following update locally for K steps :

W1 = W —1mmy O Vfi(m; ©w, 5§ ),
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Algorithm 1: Randomly Masked FedAvg

Input: Initial model wy = 0, masking
probabilities pi,...,pn and stepsizes 7.

fori=1,...,N do

forr=0,...,R—1do

Server generates Bernoulli random
masks m7, ..., mY; for each client,
according to probability pi,...,pn.

Server distributes wi = m? ® w,. to ith

user.
for k=0,...,K—1do
an,k+1 =

wi = nmj OV fi(m] ©w} ;&)
end

The ith client sends W; x back to server.
Server averages models w;. 1 =

Pw (% S (Wi + (1= m) o w,))

end

end

Output: w =

im0 Vi (m; 0 wr))

where m; ~ Ber(p;).

11

where 5; i is the data point uniformly randomly sam-
pled from ith client’s dataset. Each client updates only
a subset of the model parameters, with the number of
updated parameters determined by the masking proba-
bility p;. For clients with limited capacity, the server
can assign a smaller p; to reduce their computational
burden. After K local steps, ith client sends model
m; ® w, g to server, and server averages the received
models:

N
1 .
Wrp1 = PW (N Z(W;K + (1 - m:) O] W’r‘)) .

i=1

where Pyy(+) is the projection operator onto convex
set W. In words, server will fill the parameters not
selected by m] with old parameters of the last round
model, i.e., w,, and then average all clients models.
After that, server distributes mzHl O W1 toith client.
The pseudo-code of the algorithm is depicted in Algo-
rithm [l

2.1 Convergence in Convex Setting

To study the convergence of this simple algorithm, we
make the following standard assumptions.

Assumption 1 (Smoothness). We assume Vi € [N],
fi(x) is L-smooth, i.e.,

Vx,y  |[Vfi(x) = Vfi(y)ll < Lllx =yl

Assumption 2 (Strong convexity). We assume Vi €
[N], fi(x) is L-smooth and u-strongly convex

W,y 5 fily) 2 fi3) + (Vi) y = %) + Slly = x|

We denote the condition number by x = L/p.

Assumption 3 (Bounded variance). The variance of
stochastic gradients computed at each local function is
bounded, i.e., Vi € [N],YW € W, Em, ~Ber(p,).¢l/m; ©
V/fi(m; ©w;€) —m; © V fi(m; © w)l]?] < 6°.
Assumption 4 (Bounded domain). The domain W C
R9 is a bounded convex set, with diameter W under £o
metric, i.e., Yw € W, ||w| < W.

Assumption 5 (Bounded gradient). The gradients
computed at each local function are bounded, i.e., Vi €
[N], supwew IV fi(w)|| < G.

Definition 1. We define the masked heterogeneity at
optimum as follows:

Im; © V f;(m; © w*(p))||* < o2

1 N
N Z Eminer(pi)
=1

where w*(p) =
arg Minwew % 2511 B~ Ber(p) [fi(ms © w)].

Assumptions [I] 2| [] and [5] are standard in convex
optimization. Assumption [3]is the bounded variance of
masked gradients which becomes small if the masking
probability p; is high. Definition [1] is also standard in
Local SGD analysis (Khaled et al.| [2020)), but here it
is adapted to the masked gradients.

Theorem 1. Let Assumptions[1}[5 hold. Then Algo-
2

rithm with n = % and R > %log(Ksz) will

output the solution w, such that the following statement

holds:

F(w) — F(w")
B A ~ 2 ~ 2 2
<10 ]EHWO2 \27v I N nat;r 2/-65 _ d
K2R 2R [2NKR
5L 4\ 2G? +2w21? X
—ts | — d(1 —p;),
+(M+L> ~ iﬂ( Pi)

Residual error due to masked updates

we

N
* : 7 1
where w* := arg min F(w), = N 21)1‘%
=

(L := min p; [, L := max i L, 7:=L/j.
o= min it max p /i

Here we achieve an O(# + ﬁ) rate plus residual
error due to masked updates. If each client chooses
masking probability to be 1, i.e., enabling full model
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training, the residual error vanishes and we recover the
convergence of heterogeneous Local SGD (Woodworth
et all, 2020b; [Khaled et al., 2020)).

B Comparison to existing works. (Shulgin and
Richtérik, [2023|) studied the special scenario where
f(w) is quadratic, and also proved that the convergence
rate will suffer from a residual error. (Demidovich
et _all, |2023)) studied single machine and distributed
fully synchronized versions of Algorithm [T} and proved
convergence to the optimal point of the masked objec-
tive, i.e., the minimizer of Fp(w) := Egmop[f(m O wW)]
where D represents a distribution on masking vector.

2.2 Convergence in Nonconvex Setting

In this section, we will present convergence result of
Algorithm [I] in nonconvex setting. We will need the
following heterogeneity measure.

Definition 2. We define the masked gradient dissimi-
larity as follows:

1 N
max 3 Em, [mi 0 Vfi(m; 0 w) - VE(wW)|* = G,
where m; ~ Ber(p;),i = 1,...,N and Fy(w) :=
N
% Zi:l EmiNBGT(Pi) [fz(ml © W)]
Similar definition can be found in the classical Local
SGD analysis (Woodworth et al., 2020b)), but here

dissimilarity is defined over the masked objective. A
more aggressive masking scheme will result in a smaller

2
Theorem 2. Let Assumptions [1] and [J hold. Then
Algorz'thm with n = © (ﬁ) guarantees that the
following statement holds for Fy, as defined in Eq. @):

R
1
R L E IV

LE[Fy(wo)] | K
SO( VEE | R

K52+ 52
R  NVRK )

We can see that sub-model training will converge to
the stationary point of an alternative objective induced

by masking, not the raw objective F'(w). We achieve
2
O( \/11%7 + Klgp) rate, analogous to the rate of FedAvg

with full model training (Haddadpour and Mahdavi,
2019).

B Comparison to existing works. (Mohtashami
et all, 12022)) studied single machine sub-model train-
ing setting, i.e., N = 1. Given a fixed sequence of
masks at each iteration, i.e., my, ..., mp, they perform
update wy11 = wy — nmy © VF(m; © wy;&). They
proved 371, vl [lm; © F(m; © wo)|* < O(J),

(mOVF(w), mOVF(mOwy))
[m:OVF(m:Ow:)]|?
is not shown how small the a; can be. If a;s approach

zero, the convergence measure loses significance. (Zhou
et all, 2024))studies a similar algorithm and examines
convergence via the gradient norm; however, their anal-
ysis yields a bound that depends on the norm of history
models, i.e., ||w¢||. With the model’s norm uncontrolled
in the bound, it is possible that the convergence bound
becomes vacuous.

where a; 1= . However, it

H On the stationary points of /' and F}. In (Zhou
et all, 2024), the authors proved the convergence of the
model to the stationary point of F'; with residual error
depending on norm of iterates, i.e., ||w,||. Indeed, our
result can also be translated to the stationarity of F,
by using norm of iterates. To see this, assume w, is €
stationary point of Fy,. If we evaluate F’s gradient at
w,. we have:

IV F (%)
< 2| VF (Wo)|* + 2 ||V Fp (We) — VF(Wo)|
< 2¢2

L
¥ ZE m; © Vfi(m; ©w.)] = VF(W,)

=1

+2

N
1
2 2 201G |12
< 2 -‘v-N;d(l_pi)(G + L* [[Wel[%).
Thus, of F, 1is also

\/262 + % 21111 d(1 —p;)(G? + L? ||v~v€|\2)-stationary
point of F'.

any e-stationary point

3 DISTRIBUTED SUB-MODEL
TRAINING VIA ROLLING
MASKING

Another popular algorithm for distributed sum-model
training is via rolling masking (Alam et al. [2022)),
where each of the whole model parameters is divided
into several pre-defined sub-models,

where m? is such that j to (j + s;) mod d coordinate

is 1 and rest are zero, s; is the sub-model size for ith
client. At the beginning of eth epoch, server generates
a permutation o, : [R] — [R] and shuffles the clients’
sub-model according to o.:

mfe(l) Ow,..., me(R) O w.

Then, ith client will optimize on those sub-models
sequentially at each round. At the beginning of rth
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Algorithm 2: Rolling Masked FedAvg
Input: Initial model wy = 0, pre-defined

SR N
masking vectors {{mz} }
j=1
fore=0,...,7—1do
Server generates random permutation
o.: [R] — [R].
We1 = We
forr=1,...,Rdo
Server distributes w/ . = m
to ith user.
fori=1,...,N do
for k=0,..., K —1do
. . . Ue( )
er,r,k-&-l - Wé,r,k —nm; " ©
Vi owl el )

, stepsizes 7.

=1

oe(r

7 @ we.,

end
ith Client sends w? . ;- back to
server.

end
Server averages models W, ,1 =

P SN (Wi, e +t@-mi*M)ow. )
w N

Wer+1l = Wer K

end
Wet1 = We,R+1
end
Output: w =
11N XL, miOVfi(m]Owr)
Pw (WT — LN 2i=1 ! R

round, it performs the following local updates:

oe(r

8, k= m?* " o Vfmi" o Wi lrk)

i R i
We,r,k+1 - we,r,k - nge,r,k'

After K local steps, ith client sends model mfem ®
W, r Kk to server, and server averages the local models:

1 N i oe(r
We,r41 = Pw (N Zi:l(we’r’K + (1 —m; ( )) O] We,r)) .

In words, server will fill the parameters not selected
by me(T) with old parameters of the model from last
round model w, ., and then average all clients models.
Next, server distributes mfc(TH) O W r41 to ith client
to proceed another round of local updates. The pseudo-
code is depicted in Algorithm [2}

3.1 Convergence in Convex Setting

Assumption 6 (Bounded variance). The variance of
stochastic gradients computed at each local function is
bounded, i.e., Vi € [N],Vr € [R],Yw € W, E¢[|m] ©
Vfi(m] © w; £) —mj © V fi(mj © w)|[?] <%

Definition 3. Given a masking configuration m =
[[ml ...,mR]]N e {0, l}dNR, we define the masked

i i 11i=1
gradient dissimilarity as follows:

1%% 10V fim! ©w) - VEa(w)| <
Lneav’éNiR,.:u:le" ] o) = VFa(w)[ < G

where F(w) = £ SN 52?21 fi(m?! ©w).

Assumption [6] and Definition [3] are analogous to As-
sumption [3] and Definition [2] but here the masking
vectors are deterministic.

Theorem 3. Let Assumptions 1} [3 [{ [J and[@ hold.
. 2
Then Algom'thm@ with n = © (f%gT) and T >

512k2log T will output the solution W, such that with
probability at least 1 — v, the following statement holds:

. \ LE [|wo — w*|?
F(W)— F(w*) <0 (%)

L 10 w?log(RK/v) k(A 1og*(T) 62 log(T)
uT?R w?>T?R? u?>TN
L 1\G+W2L2EE 2
S T e A 1|
+(M+L) NR ;;Hm H

Restdual error due to masked updates

The first part of the rate is contributed from shuffled
Local SGD, and the second part is due to masking
updates. If each mask m! = 1, i.e., full model training,
we can get rid of this residual error. Note that our
algorithm is different from Cyclic FedAvg (Cho et al.
2023)), where they do the shuffling on the client level,
and for each communication round, a subset of clients
are picked to do local updates.

The proof of theorem is deferred to Appendix [D] We
note that in our convergence analysis, we account for
the partitioning of the full model into R sub-models.
At each epoch, the server shuffles and sequentially as-
signs these sub-models to clients, introducing analytical
challenges due to model drift from partial training and
the effects of permutation-based assignments. Our
technical contribution lies in jointly addressing these
challenges to establish convergence, an aspect that is
interesting in its own right.

Remark 1. (Deng et all |2024]) proposed and studied
similar algorithm, but in their work, the clients directly
optimize the full models, while in ours, clients optimize
local models and server performs averaging periodically.
Another relevant work is (Cho et al.l, |2025), where they
studied Local SGD with cyclic client participation. The
main difference is that they do client-level shuffling and
at each round server only picks a subset of clients to
participate training.
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3.2 Convergence in Nonconvex Setting

In this section, we will present convergence result of
Algorithm [2] in nonconvex setting.

Theorem 4. Let Assumptions[1], [3 and[3 hold. Then
Algorithm withn = © (L\/Il(iRT guarantees that with

probability at least 1 — v, for Fy, defined as in Eq.
the following holds true:

eI

o (LE[mem

E ||V Fn(we)|”

K2<2 52
TL? N\/RKTL)

The convergence rate here matches that of the random
masking case, measured by the gradient norm of an al-
ternative objective Fy,, induced by sub-model selection
scheme.

B On the stationary points of F and F,,. We
can also translate stationarity of Fy, to that of F as
follows. Similar to random masking setting, we can also
translate the stationarity between F' and Fy,. Assume
W, is € stationary point of F,, if we evaluate F’s
gradient at w. we have:

RKT

IVEW)|? < 2|V Fm(W 2

< 2¢2

P + 2| VFm(We) — VF(W.)

2

N
5 E% S ml O Vfi(m! 0 W) - V(W)
< 2€? +le 1RZJ )

4 ON THE STABILITY OF MASKED
TRAINING

1| (G2 4 22 ).

In this section, we will study the generalization abil-
ity of distributed sub-model training with Bernoulli
and rolling based masking. Formally, for a learn-
ing algorithm A and training dataset & drawn from
distribution D, the generalization error is defined as
€gen ‘=B a5 |[LD(A(S)) — Ls(A(S))|. A classical way
to study the above error is algorithmic stability. We
adopt the following definition of stable federated learn-
ing algorithm from (Sun et al., [2024)).

Definition 4. A federated learning algorithm A is
said to have e-on-average stability if given any two
neighboring datasets S and S | then Vi € [N],j € [n]

Eas.q:, [L(A(S); 2 ;) = L(ASD); 21 ;)| < e.
where S and S are the two dataset only differing at
Jth point of ith client’s dataset, i.e., S ={...,2;,...}
and S = { zl . }

’»%,90

An immediate implication of e-on-average stability is
the following lemma on generalization error.

Lemma 1. (Sun et all, (2024)) If A is an e-on-average

stable algorithm, then

€gen < Bas |Lp(A(S)) — Ls(A(S))| < e

Lemma [I] indicates that any e-on-average stable algo-
rithm will admit the expected generalization error no
larger than € as well. Hence, to study the generaliza-
tion of Algorithm [I} it suffices to bound the difference
between the models trained on raw training set and
one-point-perturbed dataset as

Eas.s, [(AS):2;) -

) Z,]

UASD); 2,

< B, GlAGS) - AsY)|.

_ A(g(i))”_

Hence, we are aimed at studying ||.A(S)
We will make the following assumption.

Assumption 7 (Convexity). We assume f;(x)’s are
convez, t.e., VX,y : fi(y) > fi(x) + (V[i(x),y — x).

Assumption 8 (Point-wise Smoothness).
V€ € 2, Vil(;€) is lg-Lipschitz, i.e.,

We assume

Vw,w' e W |[|[Vil(w; &) — Vild(wW'; )| < lo||lw—w].

We assume
and Wy =

Assumption 9 (Bounded L., norm).
that G = maXyew,ic[N] IV fi(w)l o
maXwew |[|[W|| o,

Theorem 5. [Stability of Random Masking] Let As-
sumptions[1}, [3, [f] and[7 hold. We assume each client
has n training data drawn from its distribution. Let w
and W' be the output model of Algorithm |1 on dataset
S and SW. Then, if we choose n = @ and R to be
sufficiently large, it holds that E ||W — W’'|| is bounded
by

0 d-Wax n o2+ 462
vNn Nn ’

where
P nax = max [pilgWI (Di’Dj)2
i3

+ (pi +pj — Pip;j) (Gio + L2W020):|

and p = % ZZJ\L1 pi-

Remark 2. Even though we assume each client has
the same amount of data, the analysis can be easily ex-
tended to the case where ith client has n; data samples,
but we have to assume our ob]ectwe is also weighted

accordingly, i.e., F(w) = ZZ 1 fi(w).
Corollary 1. Let Assumptions [1], [3, [{] and [7 hold.
Then, if we choose n = 3 " and R to be sufficiently
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large, Algorithm admits the generalization error €gen
bounded by

G-O <d'\pmax + 0*2‘+52> .
VNn Nn

Remark 3. We can see that the main heterogeneity
term depends on the masking probability. A smaller
masking probability {pi}i]\il will result in a smaller
max; ; p;dlyW1(D;, D;). Hence masking improves the
generalization (empirical risk vs population risk) by
stabilizing the training process, as validated by our ex-
periments. However, a lower masking probability p; will
also increase the residual error of the convergence or
empirical risk, as stated in Theorem[1 Consequently,
the above theorem implies that masking can enhance
generalization, as long as the residual optimization er-
ror from partial training remains controlled.

Remark 4. A related work to ours is (Fu et all 2023),
which also studies the gemeralization error of sparse
training, and has similar conclusion that sparsity can
improve the algorithmic stability. The main difference
to ours is that they consider reqularized ERM algorithm,
while our analysis is built for an iterative distributed
optimization algorithm.

Theorem 6. [Stability of Rolling Masking] Let As-
sumptions[1), [3, [f] and[7 hold. We assume each client
has n training data drawn from its distribution. Let w
and W' be the output models of Algorithm @ on dataset
S and SO, respectively. Then, if we choose n = RNK"

and T > /&, we have E||W — W'|| is bounded by:

o \Ijmax+ o2+ 62
vVNn Nn ’

where W ax i =

dmle max Wl(Dia Dj) + v Dmax (GOO + LWOO)
,J

. . -/
_ j ._ j j
dm = max; ; Hml . Diax :=max; j v [|m] —m], ||o.

Here we achieve similar \/ﬁ rate as random masking,
depending on the size of the largest sub-model (dp, ),
data heterogeneity ( W1 (D;, D;) ) and sub-model drift (
Dinax ). It indicates that rolling masking can also enjoy
a more stable training dynamic, leading to a better
generalization rate. The smaller sub-model will also
mitigate the impact of data heterogeneity as reflected
by term dml( maxm W1 (Dz; D]>

Remark 5. Notice that the full-space Lipschitz con-
stant is related to the coordinate-wise constant by
L? ~ d-12. Our refined bound d, - ZW2,, strictly
scales with the subnetwork size d,,. When d,, < d,
this bound is significantly tighter than the full model
training with dependence on L3W 2

max-*

5 EXPERIMENTS

In this section, we present a comprehensive evaluation
of different masking algorithms through a series of
experiments designed to assess their performance across
various scenarios. Additional results are reported in

Appendix [B]
5.1 Experiment Setup

Datasets and Models. We evaluate the perfor-
mance of different masking in the following scenarios.
We train pre-activated ResNet18 models on CIFAR-10
and CIFAR-100. We modify the ResNet18 architec-
ture by replacing batch normalization with static batch
normalization and incorporating a scalar module after
each convolutional layer.

Data Heterogeneity. To create non-IID data distri-
butions for CIFAR-10 and CIFAR-100 into 100 clients
respectively, we follow FedRolex (Alam et al., 2022), re-
stricting each client to have access to only L labels. We
evaluate two levels of data heterogeneity. For CIFAR-
10, we set L = 2 as high data heterogeneity and L = 5
as low data heterogeneity, which corresponds to the
Dirichlet distribution with o = 0.1 and « = 0.5, re-
spectively. For CIFAR-100, we set L = 20 as high data
heterogeneity and L = 50 as low data heterogeneity,
which also corresponds to the Dirichlet distribution
with @ = 0.1 and a = 0.5, respectively. Results for
high data heterogeneity and low data heterogeneity are
both presented in the following subsections.

Model Heterogeneity. For ResNet18, client model
capacities 8 = {1,1/2,1/4,1/8,1/16} are used for eval-
uation, i.e., 1/16 means the client model capacity is
1/16 of the largest client model capacity (full model).
We vary the number of kernels in the convolutional
layers while maintaining the same number of nodes in
the output layers.

5.2 Convergence of Masked Training

Model-Heterogeneous Setting. We compare the
performance of rolling and random masking in model-
heterogeneous scenarios, following prior work where
client capacities are uniformly distributed and the
global server model is the same as the largest client
model. Fig. and Fig. show the global model
testing loss under high data heterogeneity, indicat-
ing that rolling masking outperforms random in both
datasets. Similarly, Fig. and Fig. illustrate the
corresponding global model testing accuracy. Consis-
tent with the loss results, rolling masking outperforms
random in both datasets. Under low data heterogeneity,

Fig. and Fig. show the global model testing
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Figure 1: Global testing loss/accuracy of rolling and
random masking under high data heterogeneity.

Table 1: Generalization of random masking and full
model training under high data heterogeneity.

Global Loss Diff.

[0.9744 — 0.9618] = 0.0126
[0.7592 — 0.7402| = 0.0190

Global Accuracy Diff.

|66.124 — 65.74] = 0.384
|74.322 — 75.81| = 1.488

Random masking
Full model

Random masking
Full model

loss, while Fig. and Fig. show the global model
testing accuracy, respectively. They demonstrate that

the results under low data heterogeneity follow the high
data heterogeneity.

Model-Homogeneous Setting. We compare
global model testing loss/accuracy for CIFAR-10 in
two model-homogeneous cases: all clients have the
largest capacity model (8=1) and all clients have the
smallest capacity model (5=1/16), representing the
upper and lower performance bounds. For the global

testing loss, Fig. and Fig. show that in both

cases, rolling masking outperforms random. For global
testing accuracy, Fig. and Fig. are also con-
sistent with the conclusion. Additionally, the largest
model consistently achieves better performance than
the smallest model. Similarly, the global testing loss
shown in Fig. and Fig. [4(b)] and the global testing
accuracy shown in Fig. [4(c)| and Fig. |4(d)| show that
low data heterogeneity has the same conclusion as the
high data heterogeneity in both scenarios.

Rolling Masking
Random Masking

Rolling Masking
Random Masking

Global L
Global L

Epoch : Epoch

(a) CIFAR-10 (b) CIFAR-100

Rolling Masking
Random Masking

Rolling Masking
Random Masking
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(c) CIFAR-10 (d) CIFAR-100

Figure 2: Global testing loss/accuracy of rolling and
random masking with low data heterogeneity.

Table 2: Generalization of random masking and full
model training under low data heterogeneity.

Global Loss Diff.

10.501 — 0.5164 = 0.0154
10.4379 — 0.471] = 0.0330

Global Accuracy Diff.

|83.014 — 82.92| = 0.094
|85.46 — 84.62| = 0.840

Random masking
Full model

Random masking
Full model

5.3 Generalization of Masked Training

We evaluate the generalization of random masking and
full model training (FedAvg) under both high and low
data heterogeneity. To quantify generalization, we mea-
sure the gap between the global model’s training and
testing performance, considering both loss and accu-
racy. Specifically, we compute the difference between
the global model’s training loss (evaluated on local
training data) and its test loss, as well as the difference
between training accuracies (evaluated on local train-
ing data) and test accuracies for the global model. A
smaller difference indicates better generalization and
less overfitting to the local training distribution. Tab.
and Tab. 2 show that random masking achieves smaller
global loss and accuracy differences compared to full
model training, under both cases. It suggests that ran-
dom masking not only mitigates the adverse impact
of non-i.i.d. data distributions but also enhances the
stability and robustness of the global model compared
to FedAvg training.
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Figure 3: Global testing loss/accuracy of rolling and
random masking under the largest and smallest client
model capacity under high data heterogeneity.

6 CONCLUSION

This paper provides a comprehensive analysis of sub-
model training in federated learning, addressing a sig-
nificant gap in the rigorous convergence analysis of this
approach. We have established convergence bounds
for both randomly selected sub-model training and the
partitioned model variant, demonstrating the impact
of masking probability on residual error. Additionally,
our stability analysis reveals that sub-model training
can enhance generalization by stabilizing the training
process. The empirical results corroborate our theoreti-
cal findings, highlighting the effectiveness of sub-model
training in improving on-device local training for large
learning models.
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APPENDIX

Organization The appendix is organized as follows:

 In Appendix[A] we discuss additional related works.

o In Appendix [B] we provide additional experimental results and setup details.
 In Appendix [C] we provide the proof of randomly masked FedAvg.

e In Appendix @] we provide the proof of masking with rolling (FedRolex).

e In Appendix [E] we provide the proof of the stability of the masked training method.

A ADDITIONAL RELATED WORKS

Convergence analysis of FedAvg. FedAvg (or Local SGD) (McMahan et al., 2017) was used as a solution
to reduce communication cost and protect user data privacy in distributed learning. FedAvg is firstly proposed
by (McMahan et al., |2017) to alleviate communication bottleneck in the distributed machine learning. (Stich),
2018) was the first to prove that local SGD achieves O (1/T') convergence rate with only O(v/T) communication
rounds on IID data for smooth strongly-convex loss functions. (Haddadpour et al.,[2019) analyzed the convergence
of local SGD on nonconvex (PL condition) function, and proposed an adaptive synchronization scheme. (Khaled
et all, [2020) gave the tighter bound of local SGD, which directly reduces the O(v/T) communication rounds in
(Stich, 2018) to O(N), under smooth strongly-convex setting. (Yuan and Mal [2020)) proposed the first accelerated
local SGD, which further reduced the communication rounds to O(N'/?3). (Haddadpour and Mahdavi, 2019)
gave the analysis of local GD and SGD on smooth nonconvex functions in non-IID setting. Li et al (Li et al.
2019)) analyzed the convergence of FedAvg under non-1ID data for strongly convex functions. (Woodworth
et all, [2020alb)) investigated the difference between local SGD and mini-batch SGD, in both homogeneous and
heterogeneous data settings.

Distributed/federated Sub-model training. Distributed/federated sub-model training is proposed to solve
clients’ insufficient computation and memory issue in federated learning, especially in this large language model
era. (Diao et al 2020]) proposed the first federated learning algorithm with heterogeneous client model capacity.
(Alam et al. 2022) propose FedRolex, which allows the clients to pick the suitable sub-model to optimize according
to their capacity.

From the theoretical perspective, (Mohtashami et al.; |2022) is the first to study the sub-model training where
they considered the single machine setting, where N = 1, and proved that SGD with masked model parameter
will converge to first order stationary point of the masked objective. (Shulgin and Richtarikl, 2023)) studied
single machine sub-model training algorithm and considered the special scenario where f;(w) is quadratic, and
proved that the convergence rate will suffer from a residual error unless the objective and sub-model sampling
schema have some benign property. (Demidovich et al.l [2023) studied similar algorithm, and proved convergence
to the optimal point of the masked objective for general strongly convex losses. For nonconvex regime, (Zhou
et all, |2024), (Fang et all [2024) and (Wu et al. 2024) studied convergence of the distributed sub-model training
algorithm with local updates on general nonconvex loss function, but their bound depends on the norm of history
iterates, i.e., ||w|. When the model’s norm is large, the convergence bound becomes vacuous.

Low-rank Federated Learning. Another line of works that reduce client computation/communication burden
are low-rank federated learning (Qiao et al., [2021; Hyeon-Woo et al.| 2021} [Yao et al., [2021; |Cho et al., |2024)).
(Qiao et al., [2021)) propose FedDLR, where the clients only send low-rank model to server at communication stage.
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Server then performs averaging, decomposes the averaged model into low-rank version again, and sends them
back to clients. They also propose an adaptive rank selection which boosts the performance. (Hyeon-Woo et al.)
2021)) proposed FedPara, where the clients directly optimize on low-rank models instead of full model, to meet
the local computation and memory constraints.

Other Model Heterogeneous Federated Learning. Besides sub-model and low-rank federated learning,
there is also a body of works for model heterogeneous federated learning, via knowledge distillation (Zhu et al.,
2021} |Lin et al. |2020; |[Sun and Lyul [2020; |Guha et al.| 2019 |Chen and Chaol 2020} [Li and Wang), |2019; [Sattler
et all, 2021). (Li and Wang} [2019)) proposed the first knowledge distillation based method for model heterogeneous
federated learning, where they leveraged a public dataset to compute the ’consensus’, and force each client’s
model to behave close to this consensus, to share knowledge among clients. (Zhu et al.l |2021)) proposed the first
data-free distillation method for federated learning, where they try to learn a data generator to generate synthetic
clients’ data for model distillation.

B EXPERIMENT DETAILS

We provide the data settings in Tab. [3]and experimental results under low data heterogeneity in this section.

Table 3: Dataset Description
Dataset  # of Training Clients # of Training Examples # of Testing Examples
CIFAR-10 100 50,000 10,000
CiFAR-100 100 50,000 10,000

The experiments are conducted on 2 NVIDIA 6000 GPUs. To compare ours with HeteroFL (Diao et al., [2020)),
which is referred to as static masking in our experiments. We conducted experiments using CIFAR-100 with high
data heterogeneity and the ResNet18 model, and client model capacities are 1/4 and 1/8 of the full model size.
Client selection is 10% of clients are randomly selected from a pool of 100 clients per global epoch. The results
are shown in Tab. [d] indicating that ours outperforms HeteroFL.

Table 4: Comparisons of global model performance with HeteroFL using CIFAR-100 with ResNet18.

Method Global Accuracy Global Loss
Static Masking (HeteroFL) 34.37% 2.5026
Roll Masking (Ours) 35.30% 2.4681

Communication Efficiency and Computational Cost Analysis. We provide measurements of communica-
tion cost per epoch and GPU wall-time per epoch across CIFAR-100 and CIFAR-10 under model-heterogeneous
and model-homogeneous settings.

We observe that in the model-heterogeneous settings, as shown in Tab. [§] and Tab. [6] rolling Masking consistently
communicates fewer parameters than Random Masking while also achieving higher testing accuracy, demonstrating
a superior communication-accuracy trade-off. Moreover, in both model-heterogeneous and model-homogeneous
settings (Tab. m and Tab. , rolling Masking yields lower GPU walltime per epoch, indicating that it is
computationally more efficient than Random Masking.

C PROOF OF CONVERGENCE OF RANDOMLY MASKED FEDAVG

In this section, we provide detailed proofs for the results and theorems on sub-model training with random
masking omitted from the main body. We begin by outlining several general results that serve as helper for the
main proofs, and then provide the proofs of Theorem [1] (strongly convex setting) and Theorem [2 (nonconvex
setting) in Subsection and Subsection respectively.
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Table 5: Comparisons of communication cost and GPU walltime on CIFAR-100 under the model-heterogeneous
setting with low data heterogeneity.

Method Comm. Cost/Epoch ~ GPU Walltime/Epoch
Random Masking (low data heterogeneity) 0.389838 (model rate) 0:00:09.161714
Rolling Masking (low data heterogeneity) 0.388406 (model rate) 0:00:08.922342

Table 6: Comparisons of communication cost and GPU walltime on CIFAR-10 under the model-heterogeneous
setting with high data heterogeneity.

Method Comm. Cost/Epoch ~ GPU Walltime/Epoch
Random Masking (high data heterogeneity) 0.392070 (model rate) 0:00:09.700524
Rolling Masking (high data heterogeneity)  0.382314 (model rate) 0:00:09.633329

C.1 Proof of Convex Setting

In this subsection, we are going to prove Theorem [I] We begin with a high-level sketch of the proof to briefly
illustrate our strategy before presenting the detailed argument. Consider an alternative objective induced by
masking:

Fp(w) = % Zjvzl EmiNBer(pi)[fi(mi © W)], (2)

where p = [p1,...,pn] and define w*(p) := arg miny ey Fp(w) as the optimal model given p. Apparently, when
p =1, Fp(w) becomes original objective F'(w). Our proof relies on a key Lipschitz property of w*(p). That is,
if each f;(w) is strongly convex and with bounded gradient, then

[w*(p) —w* ()] < c-[lp -1,

for some constant ¢ depending on G, p and p. As a result, we can decompose the objective value into (1)
convergence error of the sub-model training to w*(p) and (2) residual error due to masking:

5L 4\ 262 42212 &
) d(1 — p;).

F)-Fw) < Sl w5 + ) 2

=1

It remains to prove the convergence of Algorithm |1|to w*(p), which can be achieved by standard Local SGD
analysis.

We now proceed to the formal proof, making each step of the argument precise. We start by showing the strong
convexity of the alternative objective induced in Eq. 2

Proposition 1. F,(w) is pup 1= % Zf\il pipe strongly convez, and Ly := % Zf\;lpiL smooth.

Proof. The proof mainly follows Lemmas 9 and 11 in (Demidovich et al., 2023)). We first examine the smoothness
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Table 7: Comparisons of communication cost and GPU walltime on CIFAR-10 under the model-homogeneous
setting with low data heterogeneity and the largest model size.

Method Comm. Cost/Epoch GPU Walltime/Epoch
Random Masking (low data heterogeneity) 1.0 (model rate) 0:00:10.088458
Rolling Masking (low data heterogeneity) 1.0 (model rate) 0:00:09.967106

Table 8: Comparisons of communication cost and GPU walltime on CIFAR-10 under the model-homogeneous
setting with high data heterogeneity and the smallest model size.

Method Comm. Cost/Epoch GPU Walltime/Epoch
Random Masking (high data heterogeneity) 0.0625 (model rate) 0:00:05.758695
Rolling Masking (high data heterogeneity) 0.0625 (model rate) 0:00:05.757487

and convexity parameter of F. For smoothness:

N
Fo(w + Aw) Z mi~Ber(po) i (M © (W + Aw))

Z\H

IA
=]~
'Mz Ik

L
Em,~Ber(p:) (fz(ml OWwW)+ (m; ©Aw, Vf;(m; ©w)) + 3 |lm; ® AW|2)

i=1

N
:FP(W < Z m;~ Ber(p;) mZQsz(szW)>

L1
2N - B ser(po) ((Mi)?Aw, Aw)

+

M=

= Ip(w) + (Aw, VI, (w) +**szL”AWH

where M; is the diagonal matrix with m; is its diagonal entries.

For convexity we have:

Fo(w+ Aw) =

2=
-

s
I
—

B, er(pn) (Ji(m; © ) + (m; © Aw, Vfi(m; © w)) + & my © Aw]?)

v
2=
M-

N
Il
-

N
:Fp(w < Z m;~Ber(p;) szVfL(szW)>

1
+ H ZEmleer(pl) < AW AW>

So Fp is pp := = Zij\ilpiu strongly convex and Ly := Ei]ilpiL smooth. O
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Lemma 2. Given a N-dimensional vector p € [0,1]V, we define

w*(p) := arg minyeyy {(ID(p, w) = % vazl Em;~Ber(p:) fi(m; © w)} Then the following statement holds:

i} i 2G2 + 2W2L2
[w*(1) —w*(p)|l < AN

Proof. First, according to optimality conditions we have:

(w —w"(p), V2@(p,w"(p))) >0,
(w—w"(1), V2@(1,w"(1))) > 0

Substituting w with w*(1) and w*(p) in the above first and second inequalities respectively yields:

(W*(1) —w*(p), V2@ (p,w*(p))) > 0,
(w*(p) — w"(1), V2@(1,w"(1))) > 0.

Adding up the above two inequalities yields:

(w"(1) = w*(p), Vo@(p, w"(p)) — V2®(1,w"(1))) > 0, 3)
Since ®(p, -) is pp strongly convex, as shown in Proposition [1, we have:
(w*(1) = w*(p), V2@(p, w* (1)) = V2@(p, w*(p)) > ppllw*(1) — w(p)||*. (4)

Adding up and yields:
(W*(1) = w*(p), V2@(p, W (1)) — V2@(1,w" (1)) > prplw*(1) — w*(p)|*.
Now we examine the smoothness of V,®(p, w) in terms of the first variable.

2

N N
1 1
[Va®(p,w) — Vad(1,w)||” = N ;EmiNBeT(:ﬂi) m; © Vfi(m; ©w)] — N ; 1oVfi(low)
1 N 2
< 5 2 B er o) [0 © Vfi(mi © w)] = 16 V(10 w)|
i=1
| X
< N (2G2Emi~Ber(pi) |mz - 1”2 + 2W2L2Emi~Ber(pi) |ml - 1”2)
i=1
2G? + 2W2? &
=—————) d1-p) (5)

N

i=1

Finally, putting pieces together will conclude the proof:

R
VPO ) (] Y1 - ) 2 il () ()

i=1

2G2 + o2 | & . .
= [T | D d(L = py) = W (p) — W (D).
pipN i=1

Lemma 3 (Optimality Gap). Let ®(p,w) := & Zfil Emi~Ber(pn) fi(m; O©W) . Let W = Pyy(W — £ Vi ®(p, W)).
If we assume each f; is L-smooth, p-strongly convex and with gradient bounded by G, then the following statement
holds true:

O

5L 4\ 262 + 2?2
=2y 2" A E d(1 = p,
2/lp + L) N ( pl))

BIF(W) ~ F(w")] < SLE|W — w'(p)| + ( =1

where w* = arg minyey F(w).
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Proof. Define @Wfb(p, w) = % Zf\il m; © V f;(m; ®w) According to property of projection, we have:

0< <w — W, L(W — W) + @w@(pﬁv)>

= (w— W, L(W — W) + Vy®(1,%)) + <w W, Va®(p, W) — VW d(1, w7v)> .
T

For Ty, we notice:

=L(w—w,W—W)+L{(W—-—W,W—w)+(W—W, Vid( )
= L(w—w,W—w)—L|w—w|>+ (w— W, Vo®(1,W))

1 - - . . -
< L(lw = W* + 5 W = %) = LW = W|* + (w — W, Vw®(1,W))

®

where at last step we used Young’s inequality. To bound #, we apply the L smoothness and p strongly convexity
of ®(1,-):

(W —W, Vi, @(1,W))

(W =W, Vo ®(1,W)) + (W — W, Vi ®(1,W))
<P(1,w) - (1,W) — g W — w|* + ®(1,W) — ®(1,W) + % W — W
< B(1w) — @1, W) ~ & - w4 W
Putting above bound back yields:
Ty = (w—W, L(W — W) + Vy®(1,W)) < &(1,w) — ®(1, W) + L ||w —w|* - =

Now we switch to bounding 7. Applying Cauchy-Schwartz yields:

(W = . Vo (p. ) — V(1)) < % lw — wl? + g ¥ — Wl + % [Fwep.w) - qu>(1,v~v)H2

N 2
To bound vacb(p,vv) - qu>(1,v~v)‘

, we follow the same steps in :

N
Z ;O Vfi(m; ©W) ——Zl@VfZ(l(Dw)

1=1 =1

H%@(p,m - v2q>(1,v~v)H2

| /\

N
Z |m; © Vfi(m; 0W) — 16 V(1o w)|?

N
¥ Z (262 mi; = 1)* + 2022 fm; — 1)

I /\

262 + aw2r2 &
Z [, — 1% (6)

Putting pieces together yields:

4 9G? + ow2r? &
w|?+ — Z [m

5L
< — A —— |lw —
0<®(1,w)—o(1,w)+ 1 ||w 7

2
. — 17,
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Re-arranging terms and setting w = w*(1) = arg minyeyy (1, w) yields:

5L

. . o2y 1267 + w22 & )
O(Lw) — (1w (1)) < = [|w "+ ZII i — 1"
Taking expectation over randomness of m; yields
X 5L w2 2G2 + o212 Y
B[B(1,W) — (1, w*(1)] < “FE W —w|* + 2 =0 S a1 — )

i=1
At last, due to the Lipschitzness property of of w*(-) as shown in Lemma [2} it follows that:

2w~ w(D)? < 2B —w ()] + 2B (p) — w (1)

5L ,  BL2G%+2W22 &
< *]EHW w*(p)[” + 7%7de(1 - i),

i=1

as desired.

Next we are going to present technical lemmas for proving convergence of Algorithm I 1| to w*(p). For notational
convenience, we drop the subscript and use w* to denote w*(p), and we define fi(w) == Em,~Ber(p:) [fi (0 ©W)].
We define virtual local iterates Wy ; be such that,for j € supp(m;), w ryk[j] = wnk[ j]; for j ¢ supp(m

W, .[7] = w.[j]. An important property is that, mj © Vfi(m}; © W, €) =mj © Vfi(m! ® w, 1. €). Hence, the

local updates can be equivalently viewed as conduct on the gradients queried on v~vi7 6 1€,

-1, N
Wrp1 = Pw (Wr - Z N Z@k)
k=0 1 =1

where g;;,k =m; ® Vfi(m; ® W;k,gﬁk)

Lemma 4. For Algorithm[1, under the condition of Theorem[d], the following statement holds true:

N
1 1 . S
E [y s1 = w > < (1= im)E [[w, —w*|* = Snk 3" (Filw,) = filw"))
i=1
N K-1
=1 2 Kn%*
+277 Z EHW W’"H N
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Proof. According to updating rule we have:

K1, N
Elwer —w*=E|lw,—nY =Y &,-w
k=0 i=1
K-1, N K-1, N 2
w12 - N -
= E jw, = w’| E<HZNZwat—W >+E 1> N 2B
k=0 = i=1 k=0 = i=1
K1, N 2
%112 ~q
=E|w, —w*[|"+E|~n Nzgfnk
k=0 = =1

K-1, N
_E<”Z szz®vfi(mf®\ili), w,._w*>
k=0 = i=1
nz Zgrk:
K-1, N
E<" > 2o O Vim0 W,,), w, w*>
k=0 i=1

=E|w, —w" H +E

N 2

K-1 1 N - ]
(1% R Vi v ) 12 Y
k=0 =1

where at last step we use the fact Epyr[m{ © Vf;(m] © ﬁvi)k)] = Vﬂ(vﬁﬁk) Since f; is L; = p; L smooth and p;

strongly convex, and by definition L= max;e[n] Li, fi = min;eny p4q, We have

~ ~ Kn262
E w1~ w' < (1= KR w, —w [ —gK S (Fitw,) = Fi(w?)) + 2

1 N K-1 ‘ 9
L 22 D ElWig = wil|”+0°E

K1, N
Z szfQVfi(mIQWi,k)
k=0 i=1

i=1 k=0
N
< (1= inKOE [[w, — w[|* =K Z(fz w,) = fi(w"))
1 N K-1 -
+77LNZ E|wip —w.||
i=1 k=0
K-1 1 N ) ~ 2
+2°K Y DB |mi @ Vim0 W) - mi o Vim ow,)
k=0 i=1
1 & ’ Kn?5?
27172 r T
+2n°K°E N;miQVﬁ(mi@wr) + N
1L - .
< (1= KO vy —w | = (1 — 4P K2L) 5 3 (fitw,) = fitw))
N K-1 K 2

7 2727 1 i 2 U
+(nL+2nLK)NZZEHWMC*WTH + N
i=1 k=0
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where the last step is due to (Demidovich et al |2023| Lemma 4) that

<2 i_\’: ( i(W*))-

N 2
1
NZmZ@Vﬂ(m’{@wr

i=1

Since n < 4L, we can conclude the proof.

Lemma 5. For Algorithm[1, under the condition of Theorem[d], the following statement holds true:

N
% > E|wi, - W,«HQ < 5K (80°KLE (Fp(w,) — Fp(w")) + 4n°Ko? + n°K6?)

Proof. According to local updating rule we have:

i 2
Bl = v
=1+ r JE 15y = we |* + KE | i ||
<1+ ﬁ)E [Wr 1 — WTH2 + KE|jnm] © Vf;(m] © Wi,k71)f|2 + 1P Ko?
1 .
< (1 B[ = e[+ 2KE [y} © Vfi(m] © W,

2P LK || Wiy — W ||* 4 P K67
2 ~ 4 2 r3 r3 *
< (U =B [y = wil|” + 802K LE (fiw,) - fi(w"))
+ 4 KE |m} © Vfi(m] © w*)||* + nK 5>

k
<0 ) (SPRIE (Filws) — (%)) + 402 KE ] © Vfi(m} & w)|* + 72K ?)

< 5K (8K LE (fi(w,) = fi(w")) + 4n*KE ] © Vfi(m] © w*)[* + 1*Ko?)

AN
—

where the fourth step is due to 2p°L2K < 715 and (Demidovich et al., 2023, Lemma 4) that

E |m] © Vfi(m] © w,)||” < 2E |m] © Vfi(m] © w,) - m] © Vfi(m] © w*)|

+2E [lm] © Vf;(m] © w*)|*
< 4LE (filw,) = filw")) + 2B |jm} © V fi(m] © w)|*.
Summing ¢ = 1 to N yields:
N
1 i 2 %
N ZE Wi —we||” < 5K (80 KLE (Fp(w,) — Fp(w*)) + 4n*Ko? + n*K4?),
which conclude the proof.

C.1.1 Proof of Theorem [

Proof. Evoking Lemma [4] yields:

N
1
E[[wys1 = w|* < (1= im)E |[w, —w*|* = SnK Z(flwr Jiw*))
N K-1
2 Kn?s?
+2nLN;ME||w —wol[ T+ =
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We plug in Lemma [5| and get
* ~ * 1 *
E Wyt — w2 < (1= in)E [w, — w2 = S (F(w,) = F(w"))

i K262
+29L 5K (SPKLE (F(w,) — F(w")) + 4P Ko? +PK6) + =

~ * 1 : *
)Y (QnK L+ 2772L2K)40772K3> (Fp(wy) — Fy(w"))

_ K252
+ ol - 5K (4n?Ko? + 2 Ko?) + — 2

Since we choose 1 < mﬁ’ we know (%nK —(nL+ 2772L2K)40772K3) > 0, so we can drop this term and get:

~ Kn?5?
B flwpa —w? < (1= i) wy —w | + 20E - 5K (4 Ko? + 72 Ko?) + 10
Unrolling the recursion yields:
52
E s — ' < (1= k) E [wo — w4 255K (4n°Ko? 4 K0%) + 2 (7)
Plugging in n = logﬁ(% will conclude the proof:

2
~ 1 N r *
EHWO — w*||2> n 0 Ky Zi:l val(“ )

* 12
E|wgr—w"| §O< [i2R2

C.2 Proof of Nonconvex Setting

In this subsection, we are going to prove Theorem Since constrained non-convex stochastic optimization
suffers from residual noise error unless a large mini-batch is used (Ghadimi et al., 2016, here we assume an
unconstrained setting, i.e., W = R?. We present the following technical lemma, first.

Lemma 6. For Algorithm/[1], under the condition of Theorem[d], the following statement holds true:

N
SB[ < 5K (4P KE [V Fp(w )P+ 47 K G+ 7 K?)
=1

Proof. According to local updating rule we have:

E|w!, —w,|’
1
K-1
1
K-1
< (1 B[ wi [P 2K [yl © Vi (m] © w2 27 K [y — v

=1+ )EHVV:’,kq _WTHQ‘FKEH??@i}kAHQ

<(1+ E [|% 4y — wo||* + KE | pm] © Vfi(m] oW ,_,)||* + n* K8

+ n? K §*

2
K1
+4n*KE |m] © V f;(m] © w,) — VFy(w,)|* + n* K6

<(1+ JE[|W oy — W || + 42 KE |V Fy (w,)||

2 .
<> (14 ) (P KE [V F (w,) [P + 47 KE [m] © Vf(m] ©w,) = VFp(w,)| + 17 K6%)

-

Il
-

J
< 5K (4 KE||VEp (w,)|* + 4n*KE [m] © Vfi(m] © w,) = VEp(w,)|* +n*Ks?)
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; 272 1
where the fourth step is due to 2n°L*K < .
Summing for ¢ = 1 to N yields:

N
% S E (Wi, —w.||* < 5K (4772KIE IV Fp(w,) | + 4> K2 + n2K52> ,

which concludes the proof.

C.2.1 Proof of Theorem [2]

Proof. From Lp-smoothness of F}, (Proposition , we have

ElFp (wr11)] < BlFp(w,)] 4 E (VFp(w,), Wrps — W) + 2w, 1 — wi
K-—1

N
< E[Fp(w,)] - E <VFp(W7')a n ;,Zm © V fi(mj ®Wt)>

k=0 =1

Ly K§?

+ 2N

I K-1, N N
SE ngﬁgmmm(mmvvz)

PRy N
= E[Fp(w,)] — EnK <VFP(WT)’ K Z N ZVfl(Wi)>

k=0 = i=1
K-1 N 2
L 1 r r ~ 1 772LPK52
. . . 1 2 1 2 1 2 . .
Applying the identity (a, b) = 3 [|a]|” + 5 [[b]|” — 5 [[a — b]|” yields:
1 1 11 Y ’
2 F (ot
B[Py (w 1)) < E[Fp(w,)] ~ 2nKE [VEp(w,)|* — JuKE | = 3 1 3" Vi)
k=0 i=1
2
+1KVF( ) 1Iillzvf( 0
277 P K k=0 N i=1 o
K—1 N
Lp o 1 _ Ly K 6>
ZP L2 K2R il T (m? @ L 7P
1
= E[Fp(wr)] - 5nKE IV Fp (w1
K—1 N 2
1 L 1 1 .
_ - K e 2K2 E - - r : T ~ 7
(277 2] K 2 N;mz © Vfi(m] © W)
K—1 N
1 1 1 = "L, KV? n?L K§>
- K F ») — — . 2 7 P P

where V' := sup;c(n) Em HVfl —mOoVfi(mo W)H Since we choose n < <, we know
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%nK — %772K2 <0.

1
E[Fp(Wri1)] < E[Fp(w,)] — JKE IV Fp(w,)|)?
1 I R
+ 5nK HVFP(WT) - % kZ:O N Z;Wi(wt)
n LK (0° +V?)
N

N
1 1 1 .. »
< E[Fp(w,)] = 5nKE |VE(w,)l + 50K = > + > I lw, - wi’

| PLK (@ +V?)
2N
Plugging in Lemma [6] above yields:

B[Py (wy41)] < B[Fp(w,)] — S0KE [V Ep(w,)]?

Lo K(V? +6%)
2N

+ %nKE%K (4772KE |V Fp (%) ||” + 4 K2 + n2K62) +
— BlFp(owr)] — (0~ 107 KL ) B[V (o)
P Ly K (V? +62)
2N
< E[Fp(w,)] — inKE IV Fyp(w,)||” +20° K3L2¢2 + 5P K3 L2 5

n Lo K(V? +6%)
2N

+200° KPLYCS + 5  KP L6 +

Re-arranging terms yields:

E (|75 (w, )||? < 4oVl = B (Wrsn)] anLp(V? 4 5%)

+ 80" K*LACE + 200" K2 L76° +

nkK 2N
Summing over r =1 to R yields:
% TZiE IV Fp(w)|* < 4E[i‘;§¥0)] + 8072 K2L2¢, + 2007 K2L28% + —477L"(2V; =5,
Finally plugging in n = L\/ﬁ will give the desired rate:
LY EIVR I <0 (LEET;%”” T Njﬁ()

D PROOF OF CONVERGENCE OF ROLLING

In this section, we are going to present convergence proof of Algorithm [2] At the start of each epoch, the server
shuffles these sub-models and assigns them sequentially to clients. This introduces complexity in analysis due
to the interaction between both the model drift caused by partial training on sub-models and the impact of

permutation-based assignments on convergence.
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D.1 Proof of Convex Setting

In this section, we will present proof of Algorithm [2|in convex setting (Theorem . We present useful lemmas
first.

Proposition 2. Define function Fu(w) = 3 vazl i Z?Zl f,»(mf Ow). If each f; is L smooth and u strongly

convez, then Fy, is also L smooth and p strongly convex.

Proof. We first examine the smoothness and convexity parameter of Fy,. For smoothness:

N
Fn(w+ Aw) = Z

IS

IN

1 N 1 d ) . . L ; 2
NZEZ <fi(m§®w)+<mg®AW, Vfi(mg®w)>+§ng®AWH )

N
— Fu(w)+ { Aw, %Z%ng © Vfi(m? @w)>

N
L 1 2 2

For convexity:

1 L1 ¢ ‘
Fm(w—i—Aw):NZEZfi(mf(D(W—i—AW))
> 1 N 1 d ; } R o j p j . ,
_deZ(fz‘(mi@w)+<mi® w, fi(mi®w)>+§Hmi@ WH)

= Fn(w) + <Aw, N Z pi me © V fi(m] ®W)>

d
> Fn(w) + (AW, VEm(w)) + & Zumm ZM?) | Awlf?

I

= F (W) + (Aw, VEm(w)) + g |Aw]|?.

So Fy, is also L smooth and p strongly convex. O

R

Lemma 7. Given a mask m = [[m},... m! ]]Z L €10, 1}dNR, we define

w*(p) := arg minyew {(ID(m,w) =% Zzl\il + ijl fi(m?! © W)}
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We further define m = [[1,...,1]]1-]\;1 and w*(m) := argminy, F(w). If each f; is p strongly convex, and
supwew |V fi(w)|| < G, then the following statement holds:

L . [2G2 + oaw2L2 .
[w*(m) — w*(m)| < W\\m—m“-

Proof. We define ®(m, w) := %% ZZ 1 Z 1 fl(m ® w). First, according to optimality conditions we have:

(w —w"(m), Vo@(m, w*(m)))
(w —w"(m), Vo®(m, w"(m)))

Substituting w with w*(m) and w*(m) in the above first and second inequalities respectively yields:

(w*(m) — w*(m), V2@ (m, w*(m))) >0,
(w*(m) — w*(m), V2@ (m, w* (m))) > 0.
Adding up the above two inequalities yields:
(w*(m) — w"(m), Vo®(m, w*(m)) — V2@ (m, w*(m))) > 0. (8)
Since F(m, ) is u strongly convex, as shown in Proposition [2| we have:
(w*(m) — w*(m), Vo@(m, w" (m)) — Vo®(m, w*(m)) > pw*(m) — w*(m)]*. 9)

Adding up and @ yields:
(w*(m) — w(m), Vo@(m, w*(m)) — Vo@(m, w*(m)) > ufw*(m) — w*(m)]*

Now we examine the smoothness of Vo®(m, w) in terms of the first variable.

[V2®(m, w) — V@ (m, w)||>

1L 1
T T

1

2

M:u

N R
m] © V fi(m] © w) ZEZ © Vfi(m] ©w)
1 =1 j=1

1 ffl . | 2
< ¥ Lm0 Vitml ow) -l 0 Vs 0w
S CULRIRERIER)

2G2+2W2L2

== .

Finally, using \/@ smoothness of Vo®(-, w) will conclude the proof:

2G? 4 2W2L?

NI (m) = w (m)[m —m| > pljw” (m) - w* (m)|

2G2 + 2W2L2
[ > () = )]
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Lemma 8 (Optimality Gap). Let ®(m,w) := + Zfil + 25:1 film} & w) .
Let v = Py (W — + VW ®(m, w)). If we assume each f; is L-smooth, p-strongly convex and with gradient bounded
by G, then the following statement holds true:

. . . 2oL 4 2G2+2W2L2
F) - Plw') < 20w - wim o+ (24 1) 2ESEEE >l =11

where w* = arg miny ey ©(1, w).
Proof. From Lemma we know Vi ®@(-, w) is 4/ % Lipschitz and we know

w*(a) is kg = @ Lipschitz. According to property of projection, we have:

0< (w—W, L(W— W) + Vy®(m, W))
= (wW—W, L(W = W) + Vou@®(1,W)) + (W — W, Vo ®(m, W) — Vyu®(1,W)).

T1 T2

For Ty, we notice:

(W =W, L(W — W) 4 Vy®(1,W))

—L(W—W, W—W) 4+ L(W—W, W—W)+ (w—W, Vu®(1,W))
=L{w—w,W—w)—L||Ww—w|>+(w—W,;, Vo ®(1,W))

1
< L(|w —w|* + 1w = WI[*) = L|[W — W|[* + (w — W, Vo ®(1,W))

®

where at last step we used Young’s inequality. To bound #, we apply the L smoothness and u strongly convexity
of ®(1,-):

(W =W, Vo ®(1,W)) = (W — W, Vyu®(1,W)) + (W — W, Vyu®(1,W))

IN

- - - . L. ..
(1, w) — (1, %)~ B s — w4 D1, 5) D1, ) + % W
- - L. . .
< (L, w) = B(1L,Ww) — LW —w|’ + 5w — |
Putting above bound back yields:

1 L L
(3 W L85 )+ V{1, 9)) < 0L w) — 0L, %) + o~ w] - (34 - 2) T

Now we switch to bounding 7. Applying Cauchy-Schwartz yields:

L
(W ¥, T (m, W) ~ V(L) < 7 [[w = W]+ 5 [ W+ 7 [Vab(m, %) — V{1, )

o 4202+2W2L2
A e

2

<L|| w2+ 2w
—||w—w —||w —
— 4 4

where at last step we apply 4/ % smoothness of Vo®(-, w). Putting pieces together yields:

4 2G? +2W?2L?

<o(1 —o(1,w —~f — -w
0.< B(1,w) — (1,W) + £ W —wlf + ¢ w—w|? + T2

lm — 1]
Re-arranging terms and setting w = w*(1) = arg minyeyy ®(1, w) yields:

) 42G2 4 2W2L2 )
_ * < x 27 e _ i
O(1,w) —P(1,w"(1)) < L|w— || + T VR |lm — 1]
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At last, due to the kg-Lipschitzness property of of w*(-) as shown in Lemma [7] it follows that:
Llw —w*(1)|* < L|w — w*(m)|* + L w* (m) — w*(1)||?
2G? + 2W?L?

< 2L||w — w* 249
<2L[w — w*(m)|]" + INR

Ljm —1[?,
as desired.

O

Lemma 9 (Recursion between each round). For Algorz'thm@ under the assumptions of Theorem@ the following
statement holds:

1 | N Kl
We,r4+1 = Wer — nﬁ Z Kmfﬁ(r) © Vfi(m;"ﬁ(r) OWe,p) — UN Z re rk
i=1 i=1 k=0
where E _ 77% Zf\Ll Z}If:fol ( Jp(r) @Vf( 0'6(7’) ®We,r,k) 0'(’(7’ @sz( (r) ®We’l“ka§e7nk)) and
ri k= ”C(r) ® H! ok (mfe(r) © wa,k - mfcm © We,,,), Hfimk € R are some real matriz such that
H, , =< LL

Proof. According to updating rule we have

K-1

M:

m?em © Vfi(m?em O Werki &l k)
—0
1

Wer+1 = Wer — nﬁ
1

~.

k
K—

=i

©
I
—
£
I
o

=W, —1 m!* " o VM"Y Owe k) — €,

Notice the following fact:

70 oV owl, ) =m0 Vim " ow.,)
+m " ovim T owl ) -ml" o vim ow.,)
— %™ o Vfim® ™ 6w, T)
+ mae(T) o Herk ( oe(r) o) We e mtife(T) ®We,7') )

7
Cerk

Hence we can conclude that:

N K-1
oe(r oe(r 1
We,r41 = Wer_nisz () QVfZ( ()QWE,T‘)_nNZ rerk
i=1 i=1 k=0

O

Lemma 10 (Recursion between each epoch). For Algom'thm@ under the assumptions of Theorem@ the following
statement holds:

N K-1
We,R — Z—URKVF ZA <77NZZ erk+£er>
R—2

+ 7]2K2 Z Ar+1 ZMUe(""rl)Hz r+1MUe(T+1) Z vage(J)( )7

11 7=0 =1

where A = H:ER—l (I —nKy Zf\;l M?E(W)HQWM?C(T’O .
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Proof. Define ffc(r) (w) := fi(mfﬁ(r) ©® w). According to Lemma |§| we have

| N oK1
Wertl — We = We o — ZKVfUE(T nﬁz rerk
i=1 k=0
1 oe(r)
= Wer — We — nKN Z Vfl (W€>
i=1
N | NOE-1
Z (V7O wer) = VIO (wWe)) =3 30D v — e
i=1 i=1 k=0
Applying mean-value theorem on the V f; e(r) (+) yields:
| X
Wer4+l — We = Wep — We — UKN Z vf:e(r) (We)
i=1
| N K-l
K — vae(r)QHz (T)Q(Weyﬁwe)fnﬁz SR

N
— 1 oe(r)pyi ae(r) 1 oe(r)
_<I—nKZIM H. M (we’r—we)—nKNE‘ VT (we)
—1

1 N
N Z Terk — Ee,r' (10)
i=1

Unrolling the recursion from r = R — 1 to 0 yields:
R—1 N K-1
N S PLALARES 3) S |
r=0 7.:1 k=0
According to summation by partzr 0 'A,b, = Ap_, ZR 'b, — Zf{:_oQ (A1 — A)) Z;":o b, we have

R—-1 1 N R—2
Wer = We == (”KN >V (we)> K Y (A - A)Y va’e(” (we)
: i=0

]0 i=1
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Lemma 11 (Local model deviation). For Algorithm @ under the assumptions of Theorem @ the following
statement holds with probability at least 1 — v:

R-1K-1

DI ZEHWer W]

r=0 k=0 i=1
<A48n*RKS¢C+ (12 (6R** K°L? + 18RS K" L*) + 48 RK®) E |V Fm(w.)|?
+12 (48R*n*K°L* 4+ 432R*n° K" L") Glog(2RK /v)

+ 216R%y 4K5L26 + 602 RK36%.

and for any i € [N] we have

R-1K-1

> D Elwer = Wi

r=0 k=0
< 48°RK>G + (12 (6R%p* K°L? + 18R°I° K" L*) + 487° RK®) E |V Fn(w)||*
+12 (48R*n* K°L? + 432R*n° K" L*) Glog(2RK /v)

52
+ 216R3*n*K°L? — ~ T 6n°RK362.
Proof. According to updating rule we have:

3 2
7
E|[we.r = we g

1 i 2 oe(r oe(r i % 2
= (1 + K—l) E||we, —we .|| +n*KE Hmz &V fi(mf" ®We,r,k;£e,r,k)H

1 ; oe(r oe(r i i 2
e

< (1 ' Kl_l) E [wer — Wl |+ 20°KE [m ") 0 VA (mf ) w4 s
+ 2P KR | W', — we ||
< (1 g ) Blwer ol 4P KE ) 0 i 0w

2
+4n°KE Hml ©Vfi(m N0 We ) — mfe(r) ® Vfi(mfc(r) @We)H +n?K6?

+ 2P KLPE||w! ), — wwH2
1 i 12 a2 oe(r) (ryoe(r) ?
< 1+K—1 EHWe,r We,r’kH + 4n°KE ||m; O V fi(m; O we)
+ AP KL°E |[we,, — we|> + 77 K8% + 2 KL2E || Wi, — we || -
Due to 2772KL2 < ﬁ, we have
i 2 2 i 2 2 oe(r) 2
E[wey =Wl < (14 =7 ) Ellwer = whil* + 4 KEHVfi (we)H (11)
+ 42K L2E |we, — wo|* + n? K42, (12)
Due to we have
1 XN
oe(r—1 i oe(r—1
We,r — We = (I - nKN ;M1 ( )He,rflMi ( )> (We,T—l - WE)
| N K-l
oe(r—1
*UKNZVf ( ) e 777NZ rer 1,k — er—laT:L"'aR'

i=1 i=1 k=0
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Unrolling the recursion yields:

We,r — We

r—1 p+1 ,
:Z H (I—UK ZMUG(”Hl T,M;»Te(r)>

p=0r'=r—1

Ap
1 N 1 N K-1 _
( N Z Ue p) T’N Z Z r;%k — gem) .
i=1 i=1 k=0

According to summation by partzz;é A,b,=A,_, E;;é b — Y2 (Ai — Ay) ZJ o b; we have

We,r — We
r—1 p+1 1 N , . , 1 N
:Z H (IUKNZM’LUE»@ )Hi,wM?e“ )) <UKNva;Te(P)(We)>
p=0r'=r—1 i=1 i=1
r—1 p+1 1 N , . , 1 N K-1 .
+ Z H (I - UKN Z M?E(T )Hle,r’M?g(r )> <_77N Z ré,p,k - £e,p)
p=0r/=r—1 i=1 i=1 k=0
r—1 1 N r—2 D 1 N )
=Y (—nKN > Vi <we>> D (A A Y <—nKN > fo*”(we))
p=0 i=1 p=0 §=0 i=1
r—1 p+1 , 1 N K-1 .
—I—Z H (I—’I]K ZMJe(T H1 T/MO-C(T )) <_77NZ ré,p,k _£e7p>
0 =1 i=1 k=0
-« 1 )
— Oe(P
=y <_77KN Z Vi (we)>
p=0 i=1
r—2 p+2 1 N ) )
oe(r i oe(r
+> 11 (InKNZMi H M )
p=0r'=r—1 =1
1 N N
Oe 1 i Oe 1 oe(Jg
2K2NZM1 (p+ )H er11\/-[ (p+ )Z ( va; (])(We)>
i=1 =0 i=1

ST () () 1 L
+p§w£[_1 (I nK — ZM “HL M )(‘”NZ ré’p’k—ge’p>,

i=1
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Taking expected norm on both side yields:

E [[we,r — we®

r—1 1 N oo (p)
= 3’ K*E ZN;vai P(w
2
r—2 p+2 , p 1 N o)
+3p' Ky [T O +nKLP RIS 5 3 VT (we)
p=07r'=r—1 7=0 i=1
r—1 pt+l / | NoE-1 2
+ 37‘2 H (1+nKL)*"E 5y Teprt&ep
p=07r/=r—1 i=1 k=0
r—1 r—2 D 1 N 2
< 3n2K2 Z vao'e(p) +37’]4K47"29L2]E Z ZV Ue(J)
p= O p=0 j:O =1
r—1
+ 187727“2 ZKL2 Z E|[wh i = Weo|l” + 18 Y E €|
i= k=0 p=0

According to Hoeffding-Serfling inequality (Schneider} 2016, Theorem 2) we know

r—1
SRS
p= O i=1
17"—1 1 N ()

2 Te (P 2 2

< 27?||VF, We)_?g)ﬁi;vfi (Wo|| + 272 |[VFm(we)||
8 —1Ylog(2
< 92 = F )1 2/V) |V Em (we) |12
T

Similarly we know

2

P N
S v )| <260+ 126 B g )2 B

j=0"" i=1 ptl
For E H£87p||2, we have
2
E €.l
| N K-l 2
) v Z (m?e(p) o) Vfi(m?"‘(p) O Wepi) — ae(p) ® Vf;(m ae(p) O We it fe,p,k))
i=1 k=0
62
< 2K27
=n N
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Putting piece together yields:

Elwer— W6H2

< 32K? (16rGlog(2/u) + 2 ||VFm(we)H2>
r—2
+3n K'Y 9L (16(p +1)Glog(2RK /v) + 2(p + 1) ||VFm(we)||2)
p=0

r—1 K-1
62
+18n°r Y KL? Z ZE Wi — Wen|” + 182 K2 <
p=0 k=0 =1
< 3n2K? (16rGlog(2RK/u) + 212 HVFm(we)HQ)
2 3
+ 2Tt KA L2 (16r2Glog(2RK/u) + 2 ||VFm(w€)||2>
r—1 K-1 5
180 Y KL ) | ZE [ 182 K2 <
p=0 k=0 =1
= (48r? K2 + 43273  K* L) Glog(2RK /v) + (6121 K2 + 180  K* L?) ||V Fm(w.)||°
r—1 1 1 N 9 52
2 2 i 2, 2772
+ 187 rpZ::KL Z N;EHwem = wepl” + 1807 K
Plugging above bound back to yields:

E[[wer Wi |

< (1 + 2_1) E[|wer — w4 4P KE ||V wo)|| + K52

K
+ 4’ KL ((48r772K2 +432r°n* K*L?) Glog(2RK [v) + (6r°n> K> + 18r*n* K" L?) ||VFm(we)||2)

AP K L2 (1807 Sl:KLQ Kflj iENjE i w P s 1set 2
n ner N Hw&p’k Ww’” + 18r*n* K N/
p:O k=0 =1

Unrolling the recursion from k to 0 yields

, k K’ 9
Efwer —wi P < S (1 + K2_1> <4n2KE [vre0 )|+ n2K52)

k’'=0

k,
+ Z (1 + ) 4K L?

: ( (48rm2 K2 + 43273 K4 L?) Glog(2/v) + (6r2n° K2 + 18r*n* K4 L?) HVFm(we)H2)

k k! r—1 K-1
2 2 2 2 2 9 5 9 252
+£<1+K1) 4n°KL (1877 rp;KL Z_: lZEHw ok — Wepl||” + 187K N>
< 12 KB [V 70 (wa) |+ 30 K257

+120° K2 L? ((48Rn*K? + 432R%*n* K'L?) Glog(2/v))
122 K212 ((6327721(2 +18R* KAL) ||VFm(we)H2>

R—-1 K-1 N

2
+ 1202 K21 (187}2R S K12y %ZE Wi s = We||” + 18327;2K2fv> :

p=0 k=0 i=1
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We further sum above inequality over £k =0 to K — 1 and get

R-1K-1 1 N ) 9 ) R—1 1 N 2 )
S Y Elwer — Wil 127K ST S Y B[O w4 32 RIS
r=0 k=0 1=1 r=0 i=1

+122RK3 L2 ((48Rn2K2 + T2R*M KAL) Glog(2/v) + (6R*n2 K2 + 6 R K L2) ||VFm(we)||2)

R-1K-1 N
1

i 2 52
+ 120 RK5L? (18772RKL2 ;0 kzzo N ;E [We k= Weol| + 18R2n2K2N> :

Re-arranging the terms yields:

R-1K-1 1 N ‘ 5 R—1 1 N 2
(1= 216y B2 L) S 37 = B ffwe = wh | < 120°K° Y L B[V
1 r=0 k=0 i=1 r=0 1=1

)
+ 3n°RK36>
+ 120 RK®L? ((48Rn°K? + 432R*n* K*L?) Glog(2RK /v))
4 120?RKL2 ((63%%{2 + 18R K1L?) HVFm(we)Hz)
52
+12°RK3L? (18R2n2K2N> :

Hence we conclude that

Ty Ly ' 2 2 3R711 - (r) 2 2 7352
;;N;EHwe,r—we,r,mH < UK ;N;E”Vfi wolll* + 62 RE?

+12 (48R*y*K°L* 4+ 432R*n° K" L") Glog(2RK /v)
+12 (6R3 ) K°L? + 18R K" L) |V P (w.)|?

52
216 R KO L2 —.
+ 216R°n N

Finally, recall the definition of gradient dissimilarity and get

R—-1

1 N 9 R—1 1 N
> BV COwo|| <23+ Y B[V w) - VE(w)
r=0 =1 r=0 i=1

which concludes the proof. The proof of second statement follows the same reasoning. O

2
+ 2RE ||[VFE(w.)|?,

D.1.1 Proof of Theorem [3|

In the convergence analysis of Theorem [3] we account for the fact that the full model is partitioned into R
sub-models. At the start of each epoch, the server shuffles these sub-models and assigns them sequentially to
clients. This introduces complexity in analysis due to the interaction between both the model drift caused by
partial training on sub-models and the impact of permutation-based assignments on convergence. Our technical
contribution is to tackle these challenges jointly to establish the convergence, which could be interesting by its own.
Here we briefly illustrate our proof strategy. Consider an alternative objective induced by a mask configuration
m:

1 N 1 <R }
S - (m?
Fu(w) = 30 53 flmd o w) (15)
and define w*(m) := argmingecw Fin(w) as the optimal model given a masking configuration m =
[[m},.. .,mf]]il € {0, 1}dNR. Apparently, when m = 1, Fy,(w) becomes original objective F(w). Our

proof relies on a key Lipschitz property of w*(m). That is, if f;(w) is strongly convex and with bounded gradient,
then

[w*(m) —w*(1)[| < ¢ [fm -1,
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for some constant ¢. As a result, we can decompose the objective value into (1) convergence error to w*(m) and
(2) residual error due to masking:

[l — 1|2,

. ~ 2L 4\ 2G? +2W?2L2
F(W) — F(w*) < 2L||w — w*(m)|* + (/L + ) 267 +2W LT

L NR

Then the heart of the proof is to prove the convergence of Algorithm [2/to w*(m). Algorithm [2| performs a variant
of Local SGD where each client shuffles its local component function fi(m} ® w),..., fi(m!* ® w), and conduct
local updates on one of them for K steps during one communication round.

Having outlined the key ideas, we turn to rigorously establish the convergence rate.

Proof. Due to updating rule we know

E[Wer1 = w*[|* = E[Pw(we,r) — W

§E||WC7R—W6+W6—W*H2
<E|we — W + 2 (we — W, =KV Fin(we))
ISRV 3~ Lo o)
* 272 oe () pyi oe(r oe(J
+2<W€_W i K ZATJFQNZMi He,rMi ;N;Vﬁ (W€)>

r=0 i=1
K—

R—-1 N 1
* 1 i 2
+2 <We -—w, Z AT <77N Z Z re,r,k + ge,r) > +E ”We - We,R” )

r= i=1 k=0

where we plug in Lemma

Applying Cauchy-Schwartz inequality and taking the expectation over randomness of £ yields:

E Wi —w|?

<E|we —w*|]> +2(we — w*, —)REKV Fy(we))

R—2 N r N
1 ) 1 )
* 272 e (r)pyi oe(r) oe(d)
+2[|we — W[ ||[n°K ;:O Ar+2N E M, He,rlui ]‘E:o N ;:1 V [ (We)

+2lwe — w7l +E we = we gl

=1
R—-1 1 N K-1 .
Z Ar <77N Z Z rle,r,k + ge,r)
r=0 i—=1

7 k=0
< (1 - unRK)E||w, — W*||2 —NRK (Fn(we) — F(W"))

>0
R—2 r 1 N )
272 * R oe(J
+ 27K [[we — w| | D (1+nKL)"L ZN,ZWZ' (we)
r=0 7=0 i=1
T
R—1 1 N K-1
* 7 2
ORI O STRRTEE 1 90 SEM | FE A
r=0 i=1 k=0

Notice that we choose 1 such that nK L < %, so we know (1 +nKL)* <e<3.
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To bound 77, we again use Hoeffding-Serfling inequality:

R-2 T 1 N )
D 3L D VI w
r=0 j=0"" i=1

R—2 r N
1 1 oe(4)
<N 3L VFm(we)—;ZNZVfi (We)|| + 7 [VEm(we)|
r=0 7=0 i=1
R—2
log(2RK
< 3L< GWHHVFm(we)n)
r=0

2R3/2
< 3L < 3 \/G8log(2RK /v) + R? |VFm(we)||) .
Hence we can bound T} as:

2R3/2

Ty < 20°K?||w, — W*|| (3L < \/G8log(2RK /v) + R? ||VFm(we)||)>

= 4Ln*K? |w, — W*|| R*?\/8G 10g(2RK /v) + 3L R*K? ||V Fin (w.)||?
<ALn’K? (

\/7}%1/2 [we — W*|| - 4/nLK R\/G8 log(QRK/u))

+ 6L RPK? [we — W[ |V Fen (we)|

< AL’ K? ( R|lwe — w*||* + 4nLR’KG log(2RK/V))

16nLK
+ 6L RPK? [[we — W || |V Fn(we) |
1

= JIRI ||lwe - w*||? 4 167> K> L R? G log(2RK /v) + 3L R2K? ||V Fm (w.) ||

+3L*R2K? |we — W*|°.

To bound 75 we notice

1 } 1 R-1K-1 1 ]
T, < 61 (4\/RK Iwe = W4 ee ( L D lwers = We,rH>>

6 ] sgp (BBl W ‘ 2
< o st (S5 z )
5 R-1K-1 | N ,
S gnRK”WC -w || +4877 L— Z | erk W€77H .
r=0 k=0 z:l

We plug in Lemma [TT] and get

R—-1K-1

1S,
4877[/ N Z sze,r,k — We,T
r=0 k=0 =1

I

< 48P LRK3C + 48nL (12 (6R** K°L? + 18R°1° K" L) + 487° RK®) E |V Frn (W) ||
+576nL (48R*n*K°L? + 432R*)° K" L*) Glog(2RK /v)

62
+ 10368R3n5K5L3N + 288 Ly RK 362,
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Putting pieces together yields:

E|lwe i1 —w*|?
3
< (1= SunRE - SLPRAK? ) B, — W < RE (Fm(w) ~ Fin())
+ (16n°K’L*R® + 576nL (48R°n*K°L* 4+ 432R*n° K" L*)) Glog(2RK /v)
+E|we — we gl + 4829 LRK3¢
+ (3456 R K°L? 4 10368R°n" K" L® + 2304L7° RK® + 3Ln? R*K?) E |V Fm(w.)|?

2
+ 10368337751(%3% + 288LnPRK362.

s ~ 2log(T?)
Due to our choice of n = ARKT and T > 128k Llog T,

210g(T2) _ 1
we know nRK < WRK512r log T2 RK = 55572

1
2 P2 12
<
3 RK’L < = nRK
2304

2562L "

3456
3456 R3°P KO3 < ———
n = 561"

10368
10368R°n" K" L5 < RK.
" = 25661

2304Ln°RK3 RK

IN

RK

Hence we have:

E|lweyr —w|?
3
< <1 — gHnRE — 3L772R2K2> E|we — w*|* = nRK (Fi(We) — Fin(W"))
+ (16° KPL*R? + 576nL (48R’n* K°L? + 432R*n° K" L*)) Glog(2RK /v)
+E|we — we gl + 4820 LRK3¢
nRK

2
+ IGTE IV Fm(we)l
2

B
+ 10368R3n5K5L3N + 288L1° RK36?
3
< (1 - g/”?RK - 3L772R2K2> E|w. —w*|?
7 -~ &
— g (Fm(we) = Fin(%7))
+ (16n° K®*L*R? 4 576nL (48R°n*K°L? + 432R*° K" L*)) Glog(2RK /v)

62
+E|we — we gl + 4820 LRK3¢ + 10368R3775K5L3N + 288 Li* RK362,

where at last step we use the L smoothness of F}, such that
|V Fn(we)||? < 2L (Fn (We) — Fan(W*)). It remains to bound ||weq1 — wel*.
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We again evoke Lemma

E Hwe,R - We||2

< 3||NREV F(w,)|?
2

R-2 7142 r N
’ 1 :
474 27’ 12 oe(d)
+3°K*RY . [ (1 +nKL)>* L°E Zﬁzvfi (w
r=0 r'=R—-1 7=0 i=1
R—1 | N K1 2
+3E(D A, (nNZ ek +se,,«>
r=0 i=1 k=0

2
R—-2 r

< 3E [nREV Fon(we)|* + 27L0*K*R Y E Z ZW"C @ (w,)
r=0 j= 0 =1
2

R—1 1 N K-1 R—-1 )
27TR E|n— 27TLR E
+ ;) nN;kZO Terk + Tgo Hé.e,'rH

2
R—2 r

< 3R|[nREV F(w.)|* + 27L°n*K*R > " E Z vaaem( )
r=0 7=0 i=1

T
R-1 | N K-l ) 52
2 2 1 2 P2 712
+27°RK L NZ E|wi, . —w.. || +2m*R*K ¥
r=0 =1 k=0
Ts
For T1, we know that
R—2
Ty <2 r’E||VEm(w)|?
r=0

R—2 r N
1 1 ;
2 oe(5)
+ 2 TEZO r“E ; E N Z:E Vi (We) = VEn(we)

3 log(2RK
<2R—EHVF (we)lI? +2Z r2g 08 2RE/Y)
r=0 T
< 2RE ||V FEm(we)|* + 16R*Glog(2RK /).

with probability at least 1 — v.

For T5, we again evoke Lemma

Ty <487° RK3¢ + (12 (6R**K°L? + 18R°n° K" L) + 480* RK®) E |V Frn (W) |)?
+12 (48R** K°L? + 432R*n° K" L*) Glog(2RK /v)

52
+ 216R3n 4K5L2 +6n*RK352.
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Putting pieces together yields:

Efwetr — W6H2

< 3E |nREKV Fm(w.)|? + 27L2 K*R (2R3]E IV Em ()| + 16R2Glog(2RK/u))
+ 27T RK L? (48772RK3C + (12 (6R** K°L? + 18R*°K'L*)) E ||VFm(we)H2)
+ 2T RKL? (487° RK®) E |V Frn (W) ||
+ 27 RKL? (12 (48R*n* K°L? + 432R*n° K" L*) Glog(2RK /v))

62 62

+ 27T*RK L* (216R3 4K5L2 + 6172RK352) + 27172R2K2N

= (3*R*K* +54L°*n'R'K* + 1944R4776K6L4 +5832R°n* K L®) E |V Fn (we) ||

+ 12967 RZK* LK ||V Fn (we) ||
+ (2T*RK L?12 (48R*n*K°L? + 432R*n° K" L*) + 432L*n* R* K*) Glog(2RK /v)

+ 27 RK L* (216R3 4K5L2(]5V + 6772RK362) + 27772R2K2(]5V +1296n* R?K*L2C.

Due to our choice of nn = 4:}%?;) and T > 512x2log T,

2log(T?) _
we know nRK < RK51212 Tog T2 RK = 256/1L

1

3
3?R2K? < RK RK
" = opep M8 = 1617
54 1
2 4414
541 R K* < e LnRK T LnRK
1944 1
1944R* KO < RK < RK
K = 95651 16L"
5832 1

2RO KPLE <
S832H"n = 2567L77R < e

1296 1
K < — nRK.
< S5gep 1S ppt

12960 R2K* L% <

Hence we know

)
El[wesr = we|* < 10 nRKE |V Fn(w.)|

+ (3240 RKL? (48R°n*K°L? + 432R*"S K" L") + 432L%1* R*K*) Glog(2RK /v)
52 52
+ 27T RK L* (216R3 4K5L2 + 6172RK362) + 27772R2K2N
+ 12960 R K* L*¢2. (16)

Putting pieces together yields:

3 y
E|we —w"|* < <1 — gHniK + 3L772R2K2> E|we - w||* - *nRK( m(We) = Fm (W)
>0
+ (16n° K°L*R* 4+ 576nL (48R*n*K°L* 4+ 432R*)° K" L*)) Glog(2RK /v)
52

52

+ 4823 LRK3( + 10368 R>7 5K5L3 + 288Ln°RK36% + 27772R2K2

+ (3240 RKL? (48R°n*K°L? + 432R4 n°K7L*) + 432L°n* R*K*) Glog(2RK/u)
+27T?RKL? (216R3 4K5L2fv + 6n2RK352)

+1296n* R2ZK4L2 ¢
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Due to our choice of n, we know 3Ln?R2K? < 3LnRK =£— seers < %unRK. We unroll the recursion from 7" to 0 to
get:

T
E [Wepr — w2 < (1 - ilmRK> E [wo — w1
+4 (160> K*kLR + 576x (48Rn* K*L* + 432R*°K°L")) Glog(2RK /v)
+4-48%2KkK?C+4 - 10368327741(4@2% +4-288kn?K25% + 4 - 2777RK512V
+4(324nKL (48R*n* K°L? + 432R"° K" L*) + 4326 L’ R* K®) Glog(2RK /v)
+4-27nkL <216R3 4K5L25 + 6n23K352>
+4-1296n° RK3KLC.

Plugging n = il;“%%jlf yields:

E|wo — w*||® r210g(2RK V) rC log?(T) 62 1log(T)
E —wr? < _ -7 —_= 7 — ).
[wr =w" < O ( T2 o uT?R HO\Terre ) YO\ Tern

D.2 Proof of Convergence in Nonconvex Setting (Theorem

In this section we will present the proof of convergence of Algorithm [2] in nonconvex setting. Since constrained
non-convex stochastic optimization suffers from residual noise error unless a large mini-batch is used (Ghadimi
et all, [2016), here we assume an unconstrained setting, i.e., W = R%.

Proof. From the smoothness of Fy, and Lemma [I0} we have

L
Fin(Wet1) < Fim(We) + (VEn(We), Wep1r — W) + 9 [Wet1 — W6H2

L
S Fm(We) - nRK HVFm(WE)Hz + <VFm(We)7 ge> + 5 ||We+1 - VVe”2

where

R-2 r N

= K2 Z Arpr— ZMMTH)HE THMUF (r+1) Z ;7 vaoe(y)

= 7=0 i=1

R—-1 1 N K-1 _
- Z A?” <77N Z Z r’é,r,k + £e,r> .
i=1 k=0



Yuyang Deng, Fuli Qiao, Mehrdad Mahdavi

Taking expectation over randomness of samples yields:

E[Fm(Wet1)]

L
< E[Fm(we)] —nRKE ||VFm(We)||2 +E(VFn(we), he) + gE [Wet1 — W6H2
< E[Fm(we)] = nRKE ||VFm(We)||2

R—1 1 N K-1 .
+E(VFn(w.), " K*h.) +E <VFm<we>, -> A, (77 > rk> >

=0 N 1 k=0
Ty r= =

2

T

L
+ §E [Wet1 — We”2

where
R—2 r+2 1 N
_ 1 ooV ppi e ()
h, = <I —nK ZM H. . M; >
r=0 r'=R—1 =1
1 N T 1 N
oe(r+1 i oe(r+1 oe(g
. NZMl ( )He,r+1Mi ( )Zﬁzv‘fz (])(We)~
i=1 j=0 i=1
For T;:

1
T, =E(VF, 2K?h,)) < n?K’E | —— ||[VFm K ||h|| .
1 ( (We), m e) <1 \/U—KII (we)ll VK [|h.]

Then we bound |h.|| as

R—2 r N
1 .
h|| < 1+nKL)EL N v W (w,
[he | ;(n) ;N;ﬁ (We)

and applying Hoeffding-Serfling inequality (Schneider, [2016, Theorem 2) gives:

T

1Y :
Z N vai%(j)(we)

j=0"" i=1

R-2
YL
r=0

3
™)

IN

r N
1 1 o
L{||VEm(we) = =" 5= > VI (we)| 47 [V Em(we)|
0 i=1

j=

3

o 9

R—

S ( Gw +r VFm(we)|>

IN

=0

3

IN
~

3/2
(2= VaSTa@RE ) + 12 |9 E) ).
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Putting pieces together yields:

Ty <P KPE [||V Fm(we) || el
2R3/2

st%HW%mmw(

VS B ERE[] + B[V (o))

< 2LE l % IV Fn(wo) (4\an3/2K3/2R\/G8 10g(2RK/V))]
+ 3L R KE [V Fon (we) ]

{nKR

<LE IV Fm (we)|? +(128Ln3K3R2Glog(2RK/u))}

+3Ln* REKE |||V Fan(we)

KR
- (77 Tt 3Ln2R2K2> E [||va(we)||2} +128L%n° K® R*Glog(2RK /v).

For T5 we have:

R—1 | MK
<VF We), ZAr (ﬂNZ ré,r,k >
e

VRE |V Fm(we)|| ==

<nE

1
VRK

_1
“NRKE |V Fm(we)|)? 4+ n—

W~

RK

2
ForIEHZf;Ol ( Zz 1ZK 1r2rk)H we have

R—1 | K1 2 R—1 | N K- 2
E A, (N Z > ré,r,k) <RY (1+nKL)*" N Z ek
r=0 1=1 k=0 r=0 i=1 k=0
R-1K-1 L ,
< RK (LKL > Wi = Wer|
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We plug in Lemma [I1] to get

R—-1 1 N K-1
E ZA’<NZ re7k:>

1=1 k=0

2

R-1K-1

K> > (14nKL)*"

r=0 k=0
: (48772RK3< v (12 (6R**K°L2 + 18RS KLY E ||VFm(we)||2))
+ (1 +nKL)* (487° RK®) E |V Fn(we) |1
R—1K-1

+RK Y Z 1+nKL)*?12 (48R*n* K°L? + 432R*n° K" L*) Glog(2RK /v)
r=0

O

R-1K-1
+ RK (1+nKL)*? (216R3 4K5L2(]5V + 6172RK362)
r=0 k=0

N

< 9R*K? (48772RK3C + (12 (6R*n*K°L? + 18R°n° K" L") + 487> RK®) E |V Fn (W) H2)
+9R?K?12 (48R*n*K°L? + 432R*" K" L*) Glog(2RK /v)

52
+9R*K? (216R3 4K5L2 + 6n2RK352)
Putting pieces together yields:

2
1

RK

R—1 1 N K-1 )
T A (Nz )

1
T, < ZURKE IV Fn (We)H + N5
i=1 k=0

1
é ZURKE HVFm(We)Hz

+ IRK (4877 RK3C) E |V Fou(w, ) ||
+ (12 (6R*n* K°L? + 18RS K" L*) + 481> RK®) E ||V Fm(w,)|?
+ 9RK12 (48R*n* K°L? + 432R*n° K" L*) Glog(2RK /v)

+ 9nRK (216R3 4K5L2fv + 6772RK362>

Plugging T7 and T» back yields:
ElFm(Wet1)]
< E[Fm(we)]
1
- (R - SLPRK? ) BV Fn(ow)
— 9RK (12 (6R*y*K°L? + 18R K"L*) E ||VFm(w5)||2> E ||V Fm(we)]|?

+ 9NRK (487°RK®) E ||V Fm(w,)|?
+ 128L** K3 R*Glog(2RK /v)
+ 9NRK - 48n°RK3 + IRK12 (48R*n* K°L? + 432R*n° K" L*) Glog(2RK /v)

52 L
+ 9nRK (216R3 4K5L2 + 6772RK352> + S [Wesr - we|®.
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From we know

E|wer — WeH2
b 2
< —
< JgMRKE |V (W)
+ (324 RKL? (48R*n*K°L? + 432R*)S K" L*) + 432L°1* R*K*) Glog(2RK /v)
2

, 5 . 52
+27T*RKL? (216R3774K5L2N + 6772RK352) + 27772R2K2N

+1296n* RZK1L2¢2.
Putting pieces together yields:

E[Fm(we+1)]
< E[Fm(we)]

3
- (1677RK - 3Ln2R2K2> E ||V Fm(we)|?

—9 (12 (6R*P°KOL? + 18Ry K®L*) + 481° R*K*) E ||V Fyn(we) ||
+ 128 L% K® R*Glog(2RK /v)
+9-48n°R*K*¢ + 108 (48R*n° KOL? + 432R°n" K®L*) Glog(2RK /v)

52

+9 (216R4775K6L2N + 6n3R2K462>

L
+3 (324 RK L? (48R’n*K°L? + 432R*n° K" L*)) Glog(2RK /v)

L
+ 5432L2n4R3K4Glog(2RK/V)

L 2 2 3,4 175 262 2 352 2 p2 262
+ 2T REL? ( 216R% KL - + 6" RK®6% | + 270" R* K
+ 648n* RZKA L3¢

Since n < —— for some sufficiently large ¢, we know

VRKT

1
3P R*K?L < 6—477RK,

1
6487°R*K°L? < LS

1
~ nRK
TS
L RK
6a T

162n" R K8 L4

IN

432 R K*

IN

Hence we have

T

1

= B[V Em(w)|
e=1

<o (Flou))

2
+0 (LQnQKQRGlog@RK/u) +n?RK3¢ + nRKf\f)
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Since we choose n = © (L\/}%W) we have

T
1
7 2BV Fn(we) I

-0 (LE[Fm(wo)] N KGIlog(2RK/v) K22 N 52 )
- RKT T TL>  NVRKTL)

E STABILITY OF MASKED TRAINING METHOD

In this section, we will present the proof of Theorem [5] We define two helper quantities:

1:2),max = vrvne?lgg Hg‘?XEmlEm] ”mz © vfz(mz © W) — my © vfj(mj © VV)H2
and
2 i i i’ i’ 2
mymax = glea%iljnia}%l m! ©Vfi(m] ®w)—m ©Vf(m ® W)H )

We first introduce the following technical lemma.

Lemma 12. Assuming that the partial derivative Vl(x; &) is lg-Lipschitz continuous with respect to the data
input & for any coordinate k. Then for Algorithm 1, the following statement holds true:

> max < max [2pid - LW (D;, D;)? + 4d(p; + pj — 2pip;) (G2 + L*WZ2)] . (17)

p,max
’ ,J

Proof. By definition, the target quantity can be decoupled using the triangle inequality:
la —b]|* < 2|la — ¢||* + 2||c — b||*. By introducing the cross-term m; ® V f;(m; ® w), we have:

2
< 2Em, ||m; © (Vfi(m; © w) — Vf;(m; © w))||
Term A: Subspace Statistical Heterogeneity

+2Em, m, [m; © Vfj(m; ©w) —m; © Vf;(m; ©w)|’ (18)

Term B: System Heterogeneity Variance

Bounding Term A (Statistical Heterogeneity):

To obtain a tight bound for highly sparse subnetworks, we evaluate the squared norm coordinate-wise rather than
trivially relaxing the mask projection. Let m; j € {0,1} denote the k-th coordinate of the mask m;. Term A can
be written as:

d
Term A = Ep,, Z m; ;. (Vi fi(m; © w) — Vi fj(m; © w))?
kzl )
= Em, m; (/ Vib(m; © w; £)dD;(§) — /ka(mz‘ ®W;§)dpj(f)) ] ; (19)
k=1 3 3

where we used the fact that m?, = m,; ; for binary variables. Under the coordinate-wise [,-Lipschitz assumption,
we apply the Kantorovich-Rubinstein duality to bound the discrepancy by the 1-Wasserstein distance:

( [t oavie - [ vkz<x;5>dbj<a>) < BW\(D,, D,)2. (20)
13 3
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Substituting this upper bound back into , the dependency on the non-linear gradient function is fully decoupled
from the mask. Since E[m, ;] = p;, we obtain:

d
Term A < Z [m; x| - 2W1(D;, D;)* = pid - 2W1(D;, D;)>. (21)

Bounding Term B (System Heterogeneity):
To tightly bound the system heterogeneity, we further decouple the effect of the mask on the gradient output and
input by introducing the cross-term m; © V f;(m; © w):
Term B < 2Em, m, ||m; © (Vf;(m; © w) — Vf;(m; ©w)) ||2
+ 2B, m, [|(m; — my) © V;(m; © w)||?
< oy m, [V (5 © W) = V(1 © W)|* + 2B, m; |(m; —my) © Vfi(my o W)l (22)
Under Assumptions 2 and 3, the gradients and optimization weights are bounded coordinate-wise by G, and W,

and f; is L-smooth. For any fixed realization of m; and mj, their distance can be measured by the Hamming
distance ||m; — m;||o. The two sub-terms can be bounded as follows:

L Vfj(m; ©w) = Vf(m; © w)|]? < L?||(m; — my) © w|? < L?||m; — myl|(W2,.
2. [[(m; —my) © Vfi(m; ©w)|]? < [|m; —m;[oGZ,

Therefore, Term B < 2(L2W2, + G2 Em, m; [[lm; —mjlfo].

o)
Since m; ~ Ber(p;) and m; ~ Ber(p;) are independent, the probability that their k-th coordinates differ is given
by P(m; , # m; ) = pi(1 —p;) + p;(1 —p;) = p; +p; — 2p;p;. Thus, the expected Hamming distance is exactly:

B, m, [[lm; —myjllo] = d(pi +p; — 2pip;)- (23)
Substituting this expectation yields the final bound for Term B:

Term B < 2d(p; + pj — 2pip;) (G + L*W2). (24)

Final Synthesis:
Substituting the bounds for Term A and Term B back into Equation , and taking the supremum
over all weights w and client pairs, we obtain:

< max [2p;d - FW1(D;, Dj)* + 4d(pi + pj — 2pip;) (GZ% + L*WZ)] . (25)
irj

p max

This completes the proof. O

Lemma 13. For Algorithm[3, the following statement holds true:

max < dm - (f max Wi (D;, Dyr)? 4 4Drax (G2, + L*WZ) .
7,1
Proof. Definitions. Let Wyax := max; # W1(D;, D;/) denote the maximum 1-Wasserstein distance between any

two clients’ data distributions. Let Dyyay := max; ;i j [|m) —m?, ||0 be the maximum Hamming distance between
any two predefined masks.

Proof of the Upper Bound for (2, ..

To upper bound the worst-case divergence (2

m,max’

we decouple the error into statistical heterogeneity and system

(mask) heterogeneity. For simplicity in notation, let m; := mg and my := mf,/ .
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By applying the triangle inequality ||a — b[|? < 2|ja — ¢||*> + 2||c — b||?,
with the cross-term m; ® V fi; (m; ©® w), we obtain:

Jmy © Vfi(m ©w) —ms © Vfy(ms 0w)|?
<2|m; ® (Vfi(m; ©w) = Vfy(m ©w)) ||2

Term A: Statistical Heterogeneity

+2{lm; @ Vfy(m ©w) —my O Vi (ms ©w)l (26)

Term B: System Heterogeneity

Bounding Term A (Statistical Heterogeneity):

Instead of trivially relaxing the mask projection (i.e., using |[m ® v||? < ||v||?), which yields an overly loose bound
for highly sparse subnetworks, we treat the mask m; as a projection operator onto a lower-dimensional subspace.

Let supp(m;) denote the support set of the mask, and let d,,, = ||jm||o be the exact number of active parameters
in this subnetwork. Term A can be written exactly as the squared norm restricted to this subspace:

Term A = Hm1 ® (Vfi(m1 Ow) = Vfir(m GW))H2

= Z (/g Vil(m; © w;§)dD; (&) — /gvke(ml ©) W;f)dDi'(§)>2~ (27)

k€supp(my)
where V¢ is the partial derivative with respect to the k-th coordinate.

To bound this tightly, we assume the gradient discrepancy caused by data heterogeneity is uniformly bounded
across coordinates. Let the partial derivative Vl(x; &) be lg-Lipschitz continuous with respect to the data input
& for any coordinate k. Applying the Kantorovich-Rubinstein duality coordinate-wise yields:

\ /5 V(o D (€) — /5 Vel(x: €)dDy (5)\ < LWA(Ds, Dy). (28)

Substituting this into , we sum the bounds strictly over the d,, active coordinates rather than the entire
dimension d:

Term A< Y (lWi(Dy, Dy))?
kesupp(my)
=d,, - BW(D;, Dir)?
<dy, - W2

max-*

(29)

Bounding Term B (System Heterogeneity):
We further decouple the effect of the mask on the gradient output and the gradient input by introducing the
cross-term my © V fir (my © w):

2
Term B < 2||(m; — my) @ Vfir(m; & w)|* +2 [m2 @ (Vfir(my ©w) = Vfy(my©w))||
< 2[|(my — m3) © V fir(m © w)|* + 2|V fir (1 © w) = Vi (m2 © w)|* (30)
Under Assumptions 2 and 3, we bound the two sub-terms using the Hamming distance ||m; — maz||o:

1. The first sub-term is bounded by the non-zero elements of the mask difference:
I(my —my) © V firl[* < lmy — mylfo - |V firl|Z < DinaxG2.
2. The second sub-term is bounded via L-smoothness and the bounded weight space:

IV fir (my © w) = V fir(mz © w)||* < L || (my — ms) © wl?
< L?my — malofwll%, < Dinax LW,
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Substituting these back yields the bound for Term B:
Term B < 2Dpax (G2, + L*WZ,) . (31)

Final Synthesized Bound:

By substituting the statistical bound and the system heterogeneity bound back into the original
decoupled inequality , and taking the supremum over all weights w € W and all client/mask combinations,
we arrive at the final upper bound:

) ) . y 2
CA— max max m! ©Vf;(m] ©w)—m] ©Vf,(m] W)H
’ weW i,j5,i 5’
< dp - GW oy + 4Dmax (G2, + L*W3) . (32)
This completes the proof. O

Lemma 14. For Algorithm[1, under the condition of Theorem/[d] the following statement holds true:
E Wi = wo|* < 5K (42KE |V Ep(wp)l* + 472K R, + 12K 5?)

Proof. According to local updating rule we have:

E W, — w.

1 ~ 4 ~1i
= (1 B s e K o
<(1+ %)E 19 1oy = wi||* + KE [Jpm] © V fi(m] © Wi, + 72 Ko?
< (14 B Wy — i + 2KE [} © Y (m] )

+ P LK ||y — wo |+ P K6

2 .
< (1t B[ Wiy = Wi+ 4P KE |V (w,)|° + 407K G + 77K

2 ,
(1+ ﬂ)k_j (4772KE IV Fp(w,)|* + AP K ax + 772K52)

-

<

<
Il
—_

< 5K (4 KE [V (w,)|* + 47° K2 s + 1 K0?)
where the fourth step is due to 2n?L2K < -, which conclude the proof. O
E.1 Proof of Theorem [5
Recall the output of Algorithm

E [ —w'|

N
Pw <WR - (l/L)% Zmi © Vfi(m; QWR)>

) =1 N
—Pw (W}z - (1/L)% Zmi O Vfi(m; ® W%:))
1 B
WR— Wp — (/L) ;mi © Vfi(m; © wgr)
<E =

N
+ (1/L)% Zmi ® Vfi(m; © wpg)

i=1

< 2E|wgr — wh|l.
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Hence it suffices to bound E |[wr — w||.

For the client ¢ with perturbed data, by the updating rule we know with probability 1 — %

i /1
E er,k+1 - W rk+1 H

<E|w zc—W/i,k—n(ml‘"@Vfi(mf@Wi,m i,k) m; © V f;(m] ®er7 rk))H

<E HWT,;,C — W;)k” .

With probability %, we have

i 1
E er,k—o—l - W rk+1 H

<E Wf-,k—wli-,k—77(mg@vfi(sz@Wf-,kéﬁf-,k) m; © V fi(m] ®W7ka£f-,k))“
<E Wi,k_W/f",k_n(m;QVfi(mZ@Wi,k?fi,k) m; OV f;(m] @era rk))H
+ || (mi © Vsimi © W i) —mi © Vii(mi 0w €h ) |
<E|wj,—w rkH"'nEHm ®sz(m @Wykyf},k)H
+nE ‘m O V fi(m] @er: r,k H
<E||wiy = Wi+ 7B IV Ep(w)]| + nE [V Fp(w',)|
+2n||w', — W,i-,k H + 216 + 21Cp max

X V— J _ - .
For j # i, we have E HWT+1 \4 ’"“H <E HWT’Kf1 W g IH <E Hw w’7||. Combining two cases we have

2776 2n<pmax [
2 e = w
R TR T ] ke

1 & : : 1 & :
N ZE H“&kﬂ - Wli,k-ﬁ-lH < N ZE Hwik
j=1 Jj=1
1 1 .
SB[V Fp (w0 + < [V Ep(w')]

Performing telescoping sum from k = K — 1 to 0 yields:

K
2nKo  2nK(p max 2 i
e S -y | AN

1 1 ,
+ o IKE [V Ep(w,)[| + <= nKE [VEp(w',)]l.

Performing telescoping sum from r = R — 1 to 0, and using the fact wo = wy, yields:

R K
2nRK§ QnRKCp max n
8 op ot N

E —wg| <
HWR wg| Nn Nn

R R
1 1
+ 5 WKZEHVF (Wr)\|+anZEHVF( ol

QT]RK(S ZURKCp max 277 i
< 2 2D B Wy
< 2RI | IRy, 2 gz R

R R
1 1 2 1 1 2
T W R 7 2 BIVE(w)I* + 5 nRK E;]EHVFP(W Il
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To bound E Hwi & — Wrk||, evoking Lemma |14 gives:

. . 2
E|lw!, —w,i < \/E Hwi,k Wk ‘ < \/5K (402 KE [V (w)|I* + 402 K GG gy + 17K 62).

Hence we have

< 2nRK§ n 2NRK (p max

_ /
Ellwr —w'rl < —F— Nt (33)
R K
ZZ \/51( (4172KE IV Fp (W) |2 + 402 K G2 s + 772K62)
+ —nRK ZIEHVF (w,)||* + —nRK ZIEHVF DIIP. (34)

Now we will bound the gradient norm E ||V F} (w,)|I”. Due to Eq.@ we have

|2 a2 1 .
Ellwy i1 —w*[|" <E|lw, — w*[|" = onK (Fp(w,) — Fp(w™))

8
+29L - 5K (4°Ko? + n*K4§?) + K"TQ‘SQ
Due to the fact ||VFp(wT)||2 < 2L (Fp(w,) — Fp(w*)) we have
E w1 —w* <E|w, —w*|* - 16L77K]E IV Fp (w,)[|*
+2nL - 5K> (4772Kaf + 772K52) + KnTW

Summing over r = 1 to R and dividing both sides by R yields:

Kn?5?

N

Ele —
R

*|2 5
,KZEHVF (w,)||> < v + 2L - 5K% (4n*Ko? + n? K6?) +

r=1

R
1
— EZ]EHVFP(WT)HQ <

r=1

16RL

16LE ||w; — w

32Lns2
nKR '

N

*||2 .
” +32L% 5K (4n*Ko? +n*Ké&%) +

Plugging above bound back to yields:

Ellwg — w'g|

R

MRKS  29RKCoax 2

< ZRKO | 2nREG +ZZK\/5K(4772KE|VFp(wr)||2+4n2K<g,maX+n2K52)
r=1

Nn Nn
1 16LE ||wy — w*|? . 32LnH2
2—nRK 3212 5K (4n2Ko2 4+ n2K§2) + —1—
25 \/ KR + (4P Kof +n?Ko?) + —
NRK (0 + (p,max)
Nn
=0 RKn L Lné?
22 12K (mKo2 + n2 K62 2 K?2 52
+ A" <17KR+ (1 Ko? +12K8?) + — ) (Cp.max +02)

T B 2
L IEE, \/ L\ jex (172Ka$+772K52)+—L77N§ ) .
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Choosing n = VR]}@ and \/%n > L will conclude the proof:

0+¢ - Nn vV Nn L2
E _ ! < P,max 2 2 2
[wr —w'r[ <O JNn F \/F H R TR N)
6+< max ]- 52
<0 2 +02+624+ ——
VNn VNn F KN)

Finally, applying Lemma [T2] will conclude the proof.

E.2 Proof of Theorem

Recall the output of Algorithm
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< 2E ||wp — W/ .

Hence it suffices to bound E ||wp — w/||.

For the client ¢ with perturbed data, by the updating rule and convexity of f;, we know with probability 1 — %

i "
E Hwe,r,k+1 - W e,r,k+1 H

/%

%
we,r,k e,r,k

<E — nm UC(T)Gvfl( UC(T)QWeTIw érk)

— nm QVfl( )Qwerkﬂgli,r,k)
<E Hwemk — Weﬂ.’kH .

- W



On the Convergence and Stability of Distributed Sub-model Training

With probablhty =, we have
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To bound E ||w, — we .|| and E |[w'. — w'c ||, we evoke (L4):
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Hence we have
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. j i .
For j # i, we have E Hwe,r,k-s-l —w'’ e k'HH <E Hwe ok~ W emkH‘ Combining two cases we have
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Performing telescoping sum from £ = K — 1 to 0 yields:
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Performing telescoping sum from r = R — 1 to 0, and using the fact wo = wy, yields:
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Note the fact that




Yuyang Deng, Fuli Qiao, Mehrdad Mahdavi

where we apply the Jensen’s inequality and concavity of square root function. Hence we have
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Now we plug in Lemma [5}
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ElWer1 = Wep|| SEflwe — W'
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Performing telescoping sum yields:
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Now we will bound the gradient norm E ||V Fy (w,.)||>. Due to Eq., we have
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Choosing 1 = 7 g}é and T' > /4 yields:
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Plugging Lemma [L3] will conclude the proof.



