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Abstract

Deep neural network training often exhibits highly anisotropic loss geometry, where a few sharp
dominant Hessian directions coexist with a large flatter bulk. Gradients tend to align dispro-
portionately with these dominant directions, although stable progress often requires movement
through flatter bulk directions [13]. Estimating the dominant subspace is therefore useful but costly
with direct Hessian-based methods. We show that standard Local SGD exposes this geometry
through worker disagreement. We theoretically show that the worker—average gap covariance is
shaped by stochastic-gradient noise and Hessian curvature, causing workers to disagree along sharp,
curvature-sensitive directions. Thus, worker—average gaps provide a cheap Hessian-free estimator
of the dominant subspace. Experiments on MLPs, CNNs, and Transformers show that subspaces
formed by worker—average gaps capture a substantial fraction of the gradient component lying in
the dominant Hessian eigenspace.

1. Introduction

Deep neural networks are optimized in extremely high-dimensional parameter spaces, yet their
training dynamics often exhibit low-dimensional structure [7, 17]. In particular, the training-loss
Hessian is highly anisotropic: a few large eigenvalues define a sharp low-dimensional dominant
subspace, while the remaining directions form a flatter high-dimensional bulk [2, 9-11]. Gradients
along centralized SGD trajectories often concentrate in the dominant eigenspace [1, 3], but recent
evidence shows that useful loss descent can depend substantially on movement through flatter bulk
directions [13]. Thus, identifying the dominant subspace is important for diagnosing and controlling
optimization, but direct Hessian-based estimation is computationally expensive.

We investigate whether distributed training dynamics can reveal the dominant subspace without
explicitly estimating the Hessian. In Local SGD, workers independently take multiple stochastic-
gradient steps before averaging [8, 14], naturally disagreeing on the next iterate. We quantify this
disagreement via worker—average gaps. Prior analyses typically treat these gaps as consensus error
to be bounded [4, 14]. We instead ask whether they reveal useful landscape directions.

We answer this question theoretically and empirically. We show that worker—average gap covari-
ance is shaped by the interaction between stochastic-gradient noise and Hessian curvature, ampli-
fying disagreement along directions that are both noisy and curvature-sensitive. Since SGD noise
is highly anisotropic and curvature-aligned [15, 16, 18, 20], worker—average gaps can serve as a
Hessian-free proxy for the dominant eigenspace. Experiments on MLPs, CNNs, and Transformers
show that worker—average gap subspaces capture, and can be used to suppress, a substantial fraction
of the gradient’s dominant Hessian component. These results recast worker disagreement from a
consensus error into a low-cost source of geometric tool for controlling optimization.

© T. Dimlioglu, K. Topollai & A. Choromanska.
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Figure 1: FC tanh network trained on MNIST-5k using Local SGD with M = 4 workers and 7 = 5.
Left: the Hessian spectrum develops a clear separation between the top 10 eigenvalues and the bulk.
Middle: the gradient direction increasingly aligns with the dominant Hessian subspace, measured
by x10- Right: retaining only the dominant component stalls optimization, indicating that useful
descent is largely carried by bulk directions.

2. Preliminaries and Initial Observations

Setup. We consider distributed empirical risk minimization with A/ workers minimizing f(0) =
+ 25:1 ¢(hg(zn),yn), where hy : X — Y is a neural network with parameters § € R” and £ is
the per-sample loss. The training set is partitioned IID across M workers. We focus on Local SGD
training. At the beginning of each communication round, all workers start from a common parame-
ter vector; each worker then performs 7 local stochastic-gradient steps on its own minibatches; and
the workers synchronize by averaging their parameters. Pseudo-code is provided in Appendix 1.

Notations. Here, we follow the dominant—bulk subspace setup of [13]. Let V£(#) € R” denote
the full-batch gradient and H(0) = V2f(§) € RP*P denote the loss Hessian. Let \;(f) >
-+ > Ap(0) be the eigenvalues of H (), with corresponding eigenvectors u;(6),...,up(d). For
a chosen dimension C, we define the Dominant subspace as Sc(0) = span{u1(0),...,uc(0)},
and refer to its orthogonal complement 85(9) as the Bulk subspace. Following [3, 13], we set C' to
the number of classes in the classification task. We denote the orthogonal projector onto S¢(6) by
Po(0) = X5 up(0)uk ()T, and define PA(0) = I — Po(6).
For any vector v € R, we measure its relative alignment with the dominant subspace using

xc(v;0) := [|[Pc(@)vll2/v]l2 (1

This metric is inherited from Song et al. [13]. Notice that, when x¢(v;#) is close to one, we

say v is aligned with S¢(6) as most of the norm of v lies in the dominant subspace; when it is close

to zero, v lies mostly in the bulk subspace. Next, we verify that the dominant-subspace alignment
observed in centralized SGD also appears along Local SGD trajectories.

Observation 1: Local SGD gradients align with the dominant subspace. At each synchroniza-
tion round, after worker averaging, we compute the full-batch gradient V f(6) and Hessian H ()
at the averaged parameter 6, form the dominant subspace Sc:(f), and report xc(V f(6);0). Fig-
ure 1 shows the result for a fully-connected (FC) tanh network trained on MNIST [6] with M = 4
workers and communication period 7 = 5. The Hessian develops a clearly separated dominant sub-
space, and the gradient increasingly aligns with this subspace throughout training as shown in left
and middle panels of Figure 1 respectively. We observe the same qualitative behavior for a CNN on
CIFARI1O0 [5] and a Transformer on SST2 [12]; but these results are deferred to Appendix A.2 due
to space constraints. Then, we test whether this dominant-space alignment implies that Local SGD
can be continued using only the dominant component of its communication-round update.
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Observation 2: Local SGD progress is not carried by the dominant component. Starting from
a standard Local SGD checkpoint, we compare standard Local SGD with two projected variants.
Let p© := M Zl 1057 — 6¢ denote the average outer step at communication round ¢. Dom-Local
SGD projects p¢ onto the dominant subspace Sc(6¢), whereas Bulk-Local SGD projects it onto
the complementary bulk subspace 85(9_‘3). As shown in Figure 1 right panel, Dom-Local SGD
stalls after the projection is introduced, whereas Bulk-Local SGD closely tracks standard Local
SGD. Thus, although gradients are strongly aligned with the dominant Hessian subspace, the update
component that sustains training lies primarily in the bulk. More details and results on CIFAR-10
and SST-2 are given in Appendix A.2. Next, we look beyond the average outer step of Local SGD
and analyze the disagreement among local worker parameters, i.e., the gap vector between each
worker parameter and their average, which Local SGD produces naturally during training.

3. Theoretical Characterization of Worker—Average Gaps

We analyze how worker disagreements, i.e., the worker—average gaps, arise within communication
round c. At the beginning of the round, all workers are synchronized at 6¢, so that 0?’0 = 6° for
i1 =1,..., M. Each worker then performs 7 local SGD steps with step size 7:
09’t = 0?’1‘/71 - ngic’t, »c’t = Vf(ﬂc’t*l) + eg’t, t=1,...,T, 2)

where ¢; ' is the stochastic- -gradient noise satisfying E[e; - | Hic’t*l] = 0. Now define the
within—round average and the worker—average gap i from this average as 6% := e Zj” 1 HJC &
At = 65" — 6°* respectively. Notice that, by construction, Y, d>"" = 0, and since workers are
synchronized at the start of the round, df’o = (. After the final local step, the next synchronized
model is §°+! := 7 and the worker—average gap is A{T! := 657 — §°+! = d7. The following
lemma describes the within-round evolution of the worker-average gaps.

Lemma 1 (Linearized worker-average gap dynamics) Assume that f is twice differentiable. For

each local step t € {1,2,...,7} in communication round c deﬁne the local Hessian around the
within-round average by H; := V> f(0%171). Let et M ZJ 1 e? " and Cic’t = ef’t — €%t Then
the within-round worker—average gap approximately satlsﬁes
-1
d5 m (I = nHe)di' ™t = n¢P". 3)

Lemma 1 shows that worker-average gaps are driven by centered stochastic-gradient noise, while
the local Hessian determines how previous gaps propagate through the within-round dynamics.

Theorem 2 (Worker-average gap covariance as propagated stochastic noise) Under the approx-
imation in Lemma 1, suppose that the Hessian does not change substantially within one communi-

cation round, so that H.y =~ H. fort = 1,...,7. Then the final worker—average gap at the end of
communication round c satisfies .
AT =diT Y (T —nH)™ ¢ 4)
t=1

Assume further that the stochastic-gradient noise is independent across workers and local steps,
with Cov (e Ct) = Y. Then the centered worker noise satisfies COV(CCt) = (1 - ;) Z¢ and the
worker-gap covariance is

T—1
1
Cov(as = (1- 37 >0 =S = ®
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The takeaway from Theorem 2 is that the covariance of worker-average gaps at the end of
the communication round, is shaped jointly by the stochastic-gradient noise covariance .. and the
local curvature H.. We next project this covariance onto individual Hessian eigendirections to
characterize where the worker disagreement is largest in the eigenbasis.

Proposition 3 (Directional gap variance under noise—curvature coupling) Ler H. = U.A, UCT
and A, = diag(Aic, ..., Ap,c), where u, ., the r-th column of U, is the Hessian eigenvector
corresponding to eigenvalue X, .. Suppose that the stochastic-gradient noise covariance is approx-

imately diagonal in the Hessian eigenbasis: U, ¥..U, ~ diag (O’ic, ey 01237C> , where Uf’c denotes
the noise variance along Hessian eigendirection u,. .. Then
1 T—1
Var (AT uy0)) =~ (1 - M) ore Y (1= nAre)™. (6)
q=0
We write Var ((Afﬂ,um» ~n*(1- 1) o2 abr(nArc) where Yr(a) = Z;;é(l —a)?,

Furthermore, if the noise variance obeys the empirically supported noise—curvature scaling 037 o X

At where 1 < ~v < 2[18], then

Var ((Af“, um>) o )\ZﬁwT(n)\r,c). @)
Proposition 3 links worker disagreement to Hessian curvature at the eigendirection level. The term
afvc captures how much stochastic-gradient noise is injected along w, ., while 1, (1A, ) captures
how local SGD propagates that noise before synchronization. Recent evidence suggests that af}c
itself grows with curvature, approximately as A\, where 1 < ~ < 2 [18]. Under this coupling,
worker—average gaps tend to become large along high-curvature Hessian directions. Since the dom-
inant subspace is precisely the span of the leading Hessian eigendirections, i.e., the directions with
the largest eigenvalues, this suggests that the span of worker—average gaps can be used as a data-
driven estimator of the dominant subspace.

The detailed proofs of the theory presented here can be found in Section B of the Appendix.

4. Worker—Average Gaps as a Dominant Subspace Estimator

We test our theoretical claims in Section 3 by constructing a subspace from observed worker gaps
during standard Local SGD and measuring its alignment with the top Hessian eigenspace. To
form the gap-based proxy subspace, we maintain a FIFO buffer of worker—average gaps collected
during standard Local SGD training. At synchronization round ¢, we insert the observed gaps
{Af}f\i Il into the buffer (Not M due to linear dependence). We denote the current buffer by
Z. = [z1,..., 28] € RPXB where each buffer entry zj is a previously observed worker-average
gap A¢, B is the buffer capacity, and D is the number of model parameters. We construct the gap
subspace from the Gram matrix G, = ZcT Z.. Let G, = VCQCVCT be its eigendecomposition. We
form the orthonormal basis Q. = Z.V.Q. 1 ®. Then Q. € RP*Be (B, is the retained rank) has
orthonormal columns and spans the column space of the gap buffer. Additional implementation
details are given in Appendix A.3.

Recall that Pc denotes the orthogonal projector onto the dominant Hessian subspace, obtained
from the top-C' Hessian eigendirections. Similarly, we define Pp, = Q.Q/! as the projector ob-
tained from the worker—average gap subspace. For a vector v, we measure how much of its true
dominant component is removed by the proxy filter I — Pg_ using

_ PeI = Pa vl
[ Povlly

pe(v) =1 @®)
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Figure 2: Dominant-component removal fraction achieved by worker-gap subspaces of different
buffer capacities. The worker-gap subspace captures a large portion of the true dominant Hessian
component across architectures, with coverage improving as the buffer capacity increases. (Curves
are shown with exponential moving average smoothing for clarity.)
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Thus, p.(v) measures the fraction of the true dominant component of v suppressed by the worker-
gap proxy subspace ().. Larger values indicate that the gap subspace more effectively captures the
Hessian-based dominant directions. In our experiments, we evaluate this quantity on the full-batch
gradient v = V f(6°) at the averaged model ¢ at communication round ¢, similar to the setup
described in Observation 2 of Section 2.

To assess effectiveness across architectures and data modalities, we run experiments on three
model—dataset pairs: a tanh FC network on MNIST, a ReLU CNN on CIFARI10, and a 2-layer
Transformer on SST2. For each dataset, we train on a subset of 5k samples using standard Local
SGD with M = 4 workers and communication period 7 = 5. Additional experimental details
are provided in Appendix A.3. Following [3, 13], we set C' = 10 for MNIST and CIFARI0,
and C' = 2 for SST2. Accordingly, for MNIST and CIFARI10, we sweep FIFO buffer capacities
B € {12,24, 36, 48}. For SST2, we sweep B € {3,6,9,12}. Results are shared in Figure 2.

Figure 2 shows that the worker-gap subspace removes a substantial fraction of the gradient’s
dominant Hessian component across all three settings. Larger buffer capacities consistently improve
this removal, showing that having more recent worker—average gaps capture more of the dominant
eigenspace. The effect is strongest for SST2, where even small bufters remove most of the dominant
component, while MNIST and CIFAR10 improve more gradually with rank. Overall, these results
support our theory that worker disagreement concentrates along sharp, curvature-sensitive direc-
tions, making worker—average gaps an effective Hessian-free proxy for the dominant subspace.

5. Conclusion and Future Work

In this work, we showed that the worker—average gaps naturally produced by Local SGD carry use-
ful information about sharp directions in the loss landscape. Our theory links worker—average gaps
to stochastic-gradient noise and Hessian curvature, showing that under a noise—curvature coupling
[18], gaps become large along high-curvature Hessian directions. This motivates using their span
as a Hessian-free dominant-subspace estimator, which empirically captures a substantial fraction of
the dominant Hessian component across model—dataset pairs. Appendix C provides additional re-
sults on the effect of 7 on the quality of the gap-based subspace; together with preliminary filtering
experiments showing that suppressing the gap-estimated dominant component and amplifying its
orthogonal complement can accelerate optimization. We view the design of optimization mecha-
nisms that leverage worker—average gaps as a promising direction for future work.
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Appendix A. Experiment Details and More Results

Here, we provide more details of the experimental setup. To run the experiments, we use Python
3.11.15 programming language, PyTorch 2.8.0 framework with torchvision 0.23.0 and CUDA 12.6.
We used 3 machines, each equipped with 4 x GTX 1080 GPUs to run the experiments.

A.1l. Local SGD Training

We consider distributed empirical risk minimization with M workers minimizing

N
Z (hg(xy),

where hy : X — ) is a neural network with parameters § € RP, and ¢ denotes the per-sample loss.
The training set is partitioned IID across the M workers. We denote the local dataset on worker %
by D;, so that, for equal-size partitions,

LM
= MZfi(6)7 fi(0
=1

Local SGD proceeds in communication rounds. We use ¢ to index communication rounds and s to
index local steps within a communication round. At the beginning of communication round c, all
workers are initialized from the same averaged model #¢. Each worker then independently performs
T stochastic-gradient steps on minibatches sampled from its local data:

2 \

Z ((hg(x

(z,y)€D;

0 = 00—V fpe (67%), s =0...,m—1,

where B;° is the minibatch sampled by worker ¢ at local step s of communication round c. After T
local steps, the workers synchronize by averaging their local parameters:

M

. 1
gt = 6T
M i=1

Thus, compared with fully synchronized minibatch SGD, Local SGD communicates only once
every 7 local updates which reduces the time spent on communication by a factor of 7. In our
experiments, we also record the worker—average gap vectors before synchronization,

ASTL = 99T — getl) i=1,...,M,

which quantify the disagreement accumulated by the local workers during the communication pe-
riod. These gaps are the basic objects used to construct the gap-based subspace estimator analyzed
in the main text. Pseudo-code is provided in Algorithm 1.
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Algorithm 1 Local SGD with Worker—Average Gaps

Require: Number of workers M, communication period 7, number of communication rounds C,
learning rate n
1: Initialize global model #°
2: forc=0,1,...,C —1do
3:  for each worker¢ = 1,..., M in parallel do
4 Set 67 « ¢
5 fors=0,1,...,7—1do
6: Sample minibatch B;*
7
8
9

9;" < Vofpes (077
c,s+1 c,s c,s
0; — 0,7 —ng;
end for

10:  end for
11:  Compute the worker average ! = L S~ 07"
12: Compute worker—average gaps AT = 957 — get1) i=1,...,M.
13: end for
14: return ¢

A.2. Dominant-Bulk Subspace Phenomenon in Local SGD Training

Hyperparameters. We train all models using Local SGD with M = 4 workers and communica-
tion period 7 = 5, i.e., each worker performs five local SGD steps between consecutive synchro-
nizations. Training is run for 10,000 local steps, corresponding to 2,000 communication rounds.
The local optimizer is vanilla SGD without momentum, and we do not use weight decay. The per-
worker batch size is set to 50. For each dataset, we randomly select 5,000 training samples, which
we denote by MNIST-5k, CIFAR10-5k, and SST2-5k. We use mean squared error (MSE) as the
training loss f for all experiments. We follow the experimental protocol of [13], which covers mul-
tiple architectures and data modalities. Below, we provide the architectural details of the models
used in our experiments.

FC tanh: We train a fully connected neural network with two hidden layers and tanh ac-
tivations on MNIST-5k. Each hidden layer has width 200. Thus, the three linear weight ma-
trices have sizes [input_size,200], [200,200], and [200, output_size], with corresponding
bias vectors of sizes [200], [200], and [output_size]. Since the model is trained on MNIST,
output_size = 10.

CNN ReLU: We train a convolutional neural network with ReLU activations on CIFAR10-
Sk. The network consists of two convolutional blocks, each using 32 output channels. Each block
applies a 3 x 3 convolution with stride 1 and padding 1, followed by a ReLLU activation and 2 x 2
max pooling. After the two convolutional blocks, the feature map is flattened and passed to a linear
classifier. Since the model is trained on CIFAR10, the output dimension is set to 10.

Transformer: For SST2-5k, we train a small Transformer encoder for binary classification. The
model uses token and positional embeddings with hidden dimension 64. The maximum sequence
length is set to the dataset-specific value used in preprocessing. The encoder has two Transformer
layers, each with two attention heads. Each layer contains a multi-head self-attention block followed
by a residual connection and LayerNorm, and a feed-forward block consisting of two linear layers
with a ReLU activation between them, again followed by a residual connection and LayerNorm. No
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dropout is used. The final sequence representation is obtained by mean pooling over the sequence
dimension, and a linear classifier maps the pooled representation to two output classes. The classifier
head is initialized with zero weights and zero bias.

The learning rate is set to = 0.05 for FC tanh and it is set to = 0.005 for CNN ReLU and
Transformer experiments.

To obtain the leading eigenvalue—eigenvector pairs of the Hessian, we use the Lanczos algo-
rithm. The Hessian is evaluated on the full training subset, i.e., using all 5,000 samples from the
corresponding dataset. We compute the Hessian spectrum and collect the relevant training statistics
every 25 local steps, which corresponds to every 5 communication rounds since 7 = 5. Unless
stated otherwise, both the leading Hessian eigenvalue—eigenvector pairs and the full-batch gradients
are evaluated at the synchronized model #¢ at the beginning of a communication round, before the
workers perform their local updates. In other words, these quantities are computed at the com-
mon parameter vector obtained from the most recent synchronization, prior to the subsequent local
exploration phase.
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Figure 3: Evolution of Hessian eigenvalues during Local SGD training. Across all three settings,
a small number of dominant eigenvalues separates from the remaining spectrum, confirming the
dominant-bulk Hessian structure.
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Figure 4: Alignment between the gradient and the dominant Hessian eigenspace over training.
Gradients become increasingly aligned with the dominant subspace, consistent with the dominant-
space concentration observed in centralized training.
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Observation 1: Gradients along Local SGD iterates align with the dominant subspace. We
first measure the alignment of the full-batch gradient with the Hessian’s Dominant subspace along
the Local SGD trajectory. Specifically, at each synchronization round, after parameter averaging,
all workers share the averaged parameter vector . We compute the full-batch gradient V f(6) and
Hessian H (), form the dominant subspace Sc(f), and report xo(V f(0);0). We perform this
analysis on three model-dataset pairs: a fully-connected tanh network on MNIST, a ReLU CNN on
CIFAR10, and a 2-layer Transformer on SST?2.

Figure 4 plots xc(V f(6); 0) over training for all three model—dataset pairs, and Figure 3 shows
the corresponding evolution of the Hessian spectrum. Across all settings, the full-batch gradients
remain strongly aligned with the dominant subspace, while the leading Hessian eigenvalues stay
well separated from the rest of the spectrum. These observations mirror the dominant-subspace
alignment previously reported for single-worker SGD, and motivate the next question: whether
training can be carried out using only the Dominant or Bulk components of the Local SGD update.
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Figure 5: Training loss under Local SGD and updates restricted to the dominant or bulk subspaces.
Suppressing the bulk component slows or stalls progress, while retaining the bulk component pre-
serves useful descent, indicating that effective learning relies strongly on the flatter bulk directions.

Observation 2: Local SGD training cannot be performed in the Dominant Subspace. Starting
from checkpoints obtained during standard Local SGD training, we compare three continuation
runs: standard Local SGD, Dom-Local SGD, and Bulk-Local SGD. Let #¢ denote the synchronized
average model at the beginning of communication round c. All workers are initialized from this
point, 95’0 = 6°, and perform 7 local SGD steps to obtain 6;"". We define the average outer step
over the communication round as

1 < _
P=7 > 05T — 6 9)
i=1
Thus, standard Local SGD updates the synchronized model as
0t = 6° + p°. (10)

To isolate which part of this displacement is responsible for training progress, we also consider
projected continuation runs. Let Sc(6¢) denote the dominant subspace at #¢, and let P¢ be the
orthogonal projection matrix onto this subspace. Dom-Local SGD keeps only the component of the
average outer step in the dominant subspace,

Gl = 6° + PLp", (an
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whereas Bulk-Local SGD keeps only the complementary bulk component,
6T = 0° + (I — PE)p°. (12)

In all three cases, the local trajectories are generated in the same way; the only difference is whether
the resulting communication-round displacement is used directly, projected onto the dominant sub-
space, or projected onto the bulk subspace.

Figure 5 shows that Dom-Local SGD fails to sustain training, with the loss either stalling or
diverging after the projection is introduced. In contrast, Bulk-Local SGD closely matches standard
Local SGD and sometimes converges slightly faster. Thus, despite the strong dominant-subspace
alignment of full-batch gradients, the communication-round updates that sustain training are pri-
marily carried by the bulk component. This dominant—bulk separation is consistent with the phe-
nomenon previously observed in single-worker SGD training.

For completeness, we also share how train accuracy, test loss and test accuracy changes for
different model—dataset pairs in Figures 6, 7 and 8 respectively.
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Figure 6: Training accuracy under Local SGD and updates restricted to the dominant or bulk sub-
spaces.
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Figure 7: Test loss under Local SGD and updates restricted to the dominant or bulk subspaces.
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Figure 8: Test accuracy under Local SGD and updates restricted to the dominant or bulk subspaces.

A.3. Dominant Subspace Estimation using Worker-Average Gaps

To form a proxy subspace for estimating the dominant Hessian subspace, we maintain a FIFO buffer
of worker—average gaps collected during standard Local SGD training. At synchronization round c,
the worker—average gap is

| M
am - Ly
j=1

Equivalently, since all workers start the round from the same synchronized parameter vector 9?’0 =
0;?’0, if p§ == 6,7 — 95’0 denotes the outer displacement or progress of worker ¢, then

Thus, the worker—average gap is exactly the deviation of each worker’s accumulated local update
from the cross-worker average accumulated update.

Since Zf‘i 1 A§ = 0, at most M — 1 linearly independent gaps are obtained from each synchro-
nization round. We insert these gaps into a FIFO buffer

Ze=[21,...,2p] € RP*B,

where each buffer entry z; is a previously observed worker—average gap Af’, B is the buffer capac-
ity, and D is the number of model parameters. We form the proxy subspace using the full effective
rank of the current buffer. Concretely, we compute the Gram matrix

G.:= 2/ Z.,

keep the eigenvectors whose eigenvalues are above a small relative threshold, and write the retained
eigendecomposition as

Gc‘/c = ‘/CQC

We then construct an orthonormal basis for the retained column space of Z. as

Q. = Z V0712,
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The resulting subspace

Se := span(Qc)

is our worker-gap proxy for directions of large recent worker disagreement. Its effective rank is
B. = dim(S,), which equals the number of retained eigenvalues of G.. In practice, this is typically
the buffer size B, except when some eigenvalues of G fall below the relative threshold 1078,

Algorithm 2 summarizes the construction of the worker—average gap subspace and the dominant
component removal metric p used in our experiments. At each synchronization round, we first
compute the deviations of the local worker parameters from their synchronized average and insert
these vectors into a FIFO buffer. We then compute an orthonormal basis for the span of the buffered
gaps using the Gram matrix Z, Z., which avoids explicitly forming a large D x D covariance
matrix. The resulting basis (). defines the proxy projector Py, = Q.Q!. Given the dominant
Hessian basis Uc, we measure how much of the true dominant component of the full-batch gradient
ge = V f(6°) is removed by the gap-subspace filter I — P, using the ratio p.(gc).

Algorithm 2 Worker—Average Gap Subspace and Dominant Component Removal

Require: Local worker parameters {6; ’T}Zj-‘il at synchronization round c, buffer capacity B, relative
threshold €, dominant Hessian basis U¢, full-batch gradient g,
I: Compute the synchronized average 6 + - >°M 057
2: Compute worker—average gaps A{ < 677 — 6, 1=1,....M -1 (only M — 1 are
linearly independent since Zf\i LAY =0)
3: Insert {A f\i Il into the FIFO buffer and discard the oldest entries if the buffer size exceeds B

4: Let the current buffer be Z, = [21, ..., 2p,] € RP*Be where B. < B is the current number of
stored gaps

Form the Gram matrix G < ZcT Ze.

Compute the eigendecomposition G.V, = V{2,

Retain eigenpairs whose eigenvalues satisfy w, > ewmax(Ge)

Let V't and Q" denote the retained eigenvectors and eigenvalues
Construct the orthonormal gap-subspace basis Q. « Z.V} ¢ (Qzet)
10: Compute the dominant Hessian projector Po <— UcU, g

11: Compute the worker-gap projector Pg_ < Q.Q)

Y oW

—-1/2

| Pc(1-Pg.)gel],
) ) [Pcgelly
13: return Gap-subspace basis . and dominant component removal ratio p.(g.)

12: Compute the dominant component removal ratio p.(g.) < 1 —

In section 4, we share the EMA smoothed p.(-) curves for clarity. For completeness, we also
share the plots with the raw values in Figure 9.

Appendix B. Theoretical Characterization of Worker-Average Gaps

Here, we provide full proofs of the theory presented in the main body of the paper. The derivations
of Lemma 1, Theorem 2 and Proposition 3 are presented in Subsections B.1, B.2 and B.3
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Figure 9: Raw dominant-component removal fraction achieved by worker-gap subspaces of dif-
ferent buffer capacities. The worker-gap subspace captures a large portion of the true dominant
Hessian component across architectures, with coverage improving as the buffer capacity increases.

B.1. Linearized worker-average gap dynamics

We consider Local SGD training with M workers. Let 0} ' denote the parameter vector of worker ¢
after ¢ local steps in communication round ¢, where ¢ = 0, ..., 7. At the beginning of each round,
all workers are synchronized:

0 =6°, i=1,...,M.

Each worker performs local SGD updates using stochastic gradients of the form

A R CH A R a3

7

Thus,
05 = 00" = |V + e (14)

To describe the relative motion of the workers within a communication round, define the within-
round average

| M
net . c,t
6ot = > 68, (15)
j=1
and the worker deviation from this average
t . pot  peft
d;" = 67" — 6. (16)
By construction,
M
At =0 d =0
i=1
After 7 local steps, the next synchronized model is
éc—H = éc,‘r
and the worker—average gap at communication round ¢ + 1 is

A= 67T — gt = 17

(2
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We next linearize the population gradient around the within-round average §*~!. Define the
local Hessian B
Hep = V261, (18)

Then B
Vf(eic,tfl) — Vf(907t_1) + Hc’td,?’til + R;’t, (19)

where Rf’t denotes the higher-order Taylor remainder.
Averaging (14) across workers gives

M M
_ _ 1 _ 1
gt =gt — i SV 4t el= i et (20)
j=1 j=1
Define the centered worker noise
e @21
Subtracting (20) from (14) yields
LM
dit = di = | VAT = 5 DOV | g (22)
j=1

Using (19) and jj\il d?t_l = 0, we obtain

a7 = (1= nHeo) '™ = et = (R =R, (23)
where
| M
peCt . e c,t
R = > RS
j=1
Ignoring the higher-order terms gives the approximate recurrence
dit m (I = nHeg) d7*" = ¢ (24)

This recurrence shows that the shared center gradient cancels across workers: worker deviations
are driven by centered stochastic-gradient noise, while the local Hessian determines how existing
deviations are propagated.

B.2. Worker-average gap covariance as propagated stochastic noise

We now specialize the recurrence (24) to obtain an explicit covariance expression. Assume that the
Hessian does not change substantially within one communication round, so that

Hc,t%Hc; tzl,...,’i—.

Then
i~ (I —nHe)d?' ™ — ¢l (25)
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For a noise vector injected at local step s, define the propagation matrix from step s to the end of
the local phase as
Acs =T —nH.)"°. (26)

Unrolling (25) from d5° = 0 gives
AT =diT m =) AclCES. 27)

This expression shows that worker—average gaps are not merely raw stochastic-gradient noise.
Rather, the noise injected at each local step is propagated through the local optimization dynamics
before synchronization. Assume that the stochastic-gradient noise is independent across workers
and local steps, with

Cov(efh) = 2.

Since

we have

Using independence across workers,

1\? M—1
Cov(cot) — <1 _ ) 5o M1y

M M?
1
- <1 - M) .. (28)
Starting from (27), and assuming E[(;""] = 0, the gap covariance is
T
Cov(AF) 2y Z AcsE [ &5 (cohT } AT, (29)
s=1 /=1

By independence across local steps, the cross terms vanish for s # ¢, and therefore

Cov(AST) = 72 Z Ac,s Cov(¢E*)ALL. (30)
s=1
Substituting (28) gives

Cov(ASt!) ~ ( ) ZACSE Al (31)

Using A. s = (I — nH.)"~*, the symmetry of H,, and reindexing with ¢ = 7 — s, we obtain

T—1
1
c+1 ~n2 - - q - q|
Cov(A;™) =1 <1 M> quo(f nH)%.(I —nH,.) (32)

Thus, the worker-gap covariance is shaped jointly by the stochastic-gradient noise covariance ..
and the local curvature H..
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B.3. Directional gap variance under noise—curvature coupling

Equation (32) shows that the worker-gap covariance is determined by the interaction between the
local curvature H, and the stochastic-gradient noise covariance .. To interpret this expression
directionally, let

H.=UAU,], Ae = diag(M\1 e, -, AD.e),

where u, ., the r-th column of U,, is the Hessian eigenvector associated with eigenvalue A, .. As-

sume that the noise covariance is approximately diagonal in this Hessian eigenbasis:

Ul S.U. ~ diag (07, ..., 0D.) -

)

Equivalently, afjc denotes the stochastic-gradient noise variance along Hessian eigendirection ;. ..
Projecting (32) onto u, . then gives

7—1
1
Var ((AST u, ) =~ n? (1 — M> op . 2(1 — A e)?e. (33)
q=0
Define L
Uola) ==Y (1— )
q=0
Then (33) can be written as
1
Var ((AST u, ) = n? (1 — M) o7 e (MArc). (34)

Thus, the worker deviation along a Hessian eigendirection is controlled by two factors: the stochastic-
gradient noise strength a%c along that direction, and the curvature-dependent local-dynamics factor
Vr(NArc).

Recent work on SGD noise and loss curvature suggests that the first factor is itself coupled to
curvature. In particular, when the SGD noise covariance is expressed in the Hessian eigenbasis, its
diagonal entries approximately obey

2 24
Ur,c X )‘T,w

1<~vy<2

with superlinear scaling v > 1 observed in cross-entropy classification settings, while mean-squared
error yields v =~ 1. Under this empirically supported noise—curvature relation, (34) gives

Var (<A§+17 Ur,0>) X /\;Y,cwf(n)‘r,c)' (35)

This expression directly links worker disagreement to Hessian curvature: directions with larger Hes-
sian eigenvalues induce larger stochastic-gradient noise, and therefore larger worker-average devi-
ations, up to the modulation introduced by - (A, ). Hence, under the observed noise—curvature
coupling, worker-average gaps are expected to concentrate along high-curvature Hessian directions.
This provides a theoretical motivation for using the span of worker-average gaps as a data-driven
estimator of the dominant curvature subspace.
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Appendix C. Additional Results

In this section, we provide additional experimental results.

C.1. Effect of the Communication Period on the Gap-Based Subspace

We investigate how the quality of the worker—average gap subspace changes with the communica-
tion period 7. To this end, we repeat the experimental setup described in Section 4 that uses three
model—dataset pairs: a tanh fully connected network on MNIST-5k, a ReLU CNN on CIFAR-10-5k,
and a 2-layer Transformer on SST-2-5k. As in the main experiments, Local SGD is performed with
M = 4 workers.

For each setting, we construct the worker—average gap subspace using a FIFO buffer of recent
gaps and evaluate its ability to capture the dominant Hessian subspace. We set the number of
dominant Hessian directions to C' = 10 for MNIST-5k and CIFAR-10-5k, and to C' = 2 for SST-
2-5k. For MNIST-5k and CIFAR-10-5k, we sweep buffer capacities B € {12, 24,48}, while for
SST-2-5k, we sweep B € {3,6,12}. We measure the effectiveness of the gap-induced subspace
using the dominant component removal ratio p.(v) defined in Equation 8, evaluated throughout
training. We repeat the analysis for communication periods 7 € {2, 5, 10}. This way we can assess
whether more frequent synchronization, which produces shorter and more locally linear worker
trajectories, leads to a more accurate gap-based estimator of the dominant Hessian subspace.

We report the results in Figures 10, 11, and 12. In each plot, curves corresponding to the same
communication period are grouped using the same color family, with different shades indicating
different buffer ranks. Different communication periods are shown using distinct colors.

The effect of the communication period is consistent across FC-Tanh and CNN-ReLU. Smaller
communication periods yield substantially higher dominant component removal. In particular,
7 = 2 consistently achieves the largest p.(v), followed by 7 = 5, while 7 = 10 gives the weak-
est removal. A striking observation is that the 7 = 2, B = 24 configuration is approximately as
effective as the 7 = 5, B = 48 configuration in both settings. This suggests that more frequent
synchronization can compensate for a smaller gap buffer, because shorter local trajectories produce
worker—average gaps that more faithfully reflect the local curvature—noise geometry around the syn-
chronized model. This trend is also consistent with the constant-Hessian approximation used in the
gap covariance analysis in Section B.2: for smaller 7, the Hessian is more likely to remain approx-
imately stable over the local trajectory, whereas for larger 7, nonlinear trajectory drift and Hessian
variation can make the collected gaps a less accurate proxy for the dominant Hessian subspace at
the synchronization point.

The Transformer on SST-2-5k shows a weaker dependence on the communication period. Across
most buffer ranks and communication periods, the dominant component removal quickly becomes
large and remains close to one throughout training. This is likely because the dominant subspace di-
mension in this setting is only C' = 2, making it easier for even a small worker-gap buffer to capture
the relevant directions. Overall, these results support the view that worker—average gaps provide an
effective Hessian-free estimator of the dominant subspace, with the strongest and most consistent
performance obtained when synchronization is frequent and the buffer has sufficient rank.
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Figure 10: Communication period ablation for FC trained on MNIST-5k
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Figure 11: Communication period ablation for CNN trained on CIFAR10-5k
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Figure 12: Communication period ablation for Transformer trained on SST2-5k

C.2. Can We Accelerate Optimization by Filtering Out the Dominant Component?

In this section, we operationalize the use of worker—average gap-based subspaces and ask whether
training can be accelerated by suppressing the estimated dominant directions and amplifying the
orthogonal component. Our focus here is not on generalization or test performance, but rather on
training. We evaluate whether the proposed filtering changes the rate at which the training loss
decreases by suppressing the estimated optimization steps along the high-curvature directions.
Inspired by the update modification in [19], we propose the following: Using the proxy subspace
construction from Appendix A.3, we modify the Local SGD synchronization step as follows. At

communication round c, let
1 M
o c
p = iV E - p;
1=

denote the standard Local SGD average outer displacement. Given the current gap-based basis ).,
whose columns span the worker-gap proxy subspace S., we decompose p° into its component inside
the estimated dominant subspace and its orthogonal complement:

T _
pﬁom = QCQC pc’ pcbulk = pc - pglom'

We then replace the standard Local SGD synchronization update p¢ with the filtered update

c . c c
Psit ‘= ®Pdom + YPbulks

and synchronize all workers to
g0 = 990 4 pe ..

Here, o controls how strongly we retain the gap-estimated dominant component, while ~y controls
the scaling of the orthogonal component. Thus, choosing a@ < 1 suppresses directions in §C, and
choosing v > 1 amplifies the component orthogonal to the worker-gap subspace. The special case
«a = v = 1 recovers standard Local SGD.
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Similar to the experiment setup before, we train FC tanh on MNIST-5k, CNN ReLLU on CIFAR-
10-5k, and a 2-layer Transformer on SST-2-5k. In all settings, we perform training with Local SGD
using M = 4 workers and communication period 7 = 5. Each stochastic mini-batch has size 50,
and training is run for 10,000 local steps, corresponding to 2,000 communication rounds. Since
our goal is to evaluate whether the Local SGD update modification leveraging gap-subspaces can
improve optimization, we first perform a careful learning-rate sweep for each setting. We select the
learning rate n that achieves the lowest final training loss. The sweep values are listed below, with
the selected learning rate shown in bold.

* FC tanh: [0.001,0.005,0.01,0.05,0.1,0.2,0.3,0.4,0.5]
¢ CNN ReLU: [0.001,0.005,0.01,0.02,0.03,0.04, 0.05]
* Transformer: [0.01,0.02,0.03,0.04,0.06,0.08,0.1,0.2]

Next, we examine how the training loss evolves under two variants of the filtered Local SGD
update: (i) fixing v = 1.0 and sweeping «, and (ii) fixing @ = 1.0 and sweeping ~y. For the
FC-TANH and CNN-RELU experiments, we set the FIFO buffer capacity of the gap-based proxy
subspace to B = 24. For the Transformer experiments, we set B = 6. Recall that the effective rank
of the proxy subspace is determined by the number of retained directions in the buffer span.

i) Fixing v = 1.0 and varying «.. In this setting, we fix v = 1.0 and sweep
a €{0.0,0.1,0.25,0.5,1.0,1.25,1.5,1.75, 2.0}.

When a = 1.0, the filtered update reduces to standard Local SGD, and we mark this baseline curve
in black. We report the results in Figures 13, 14, and 15. In each figure, the left panel shows
the training loss curves for v < 1.0, corresponding to suppression of the gap-estimated dominant
component, while the right panel shows the curves for oo > 1.0, corresponding to amplification of
this component.

As can be seen from Figures 13, 14, and 15, across all three settings, suppressing the gap-
estimated dominant component tends to improve the optimization trajectory relative to standard
Local SGD. When v = 1.0 and @ < 1.0, the training loss decreases faster and often reaches a lower
final value than the o = 1.0 baseline. This effect is especially visible in the Transformer experiment,
where reducing the weight on pg_  leads to a noticeably faster late-stage decrease in training loss.
Conversely, amplifying the same component by setting o > 1.0 slows down optimization and leads
to worse final training loss. The degradation becomes more pronounced as « increases, particularly
for the Transformer model, where large « values also introduce visibly higher instability. These
results support the view that the worker-gap subspace captures directions that are detrimental to fast
optimization, and that suppressing the corresponding component of the Local SGD outer update can
accelerate training.

ii) Fixing o = 1.0 and varying ~. In this setting, we fix o = 1.0 and sweep
v € {0.0,0.1,0.25,0.5,1.0,1.25,1.5,1.75,2.0}.

When v = 1.0, the filtered update reduces to standard Local SGD, and we mark this baseline curve
in black. We report the results in Figures 16, 17, and 18. In each figure, the left panel shows the
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training loss curves for v < 1.0, corresponding to suppression of the component orthogonal to the
gap-estimated dominant subspace, while the right panel shows the curves for v > 1.0, correspond-
ing to amplification of this orthogonal, bulk component.

As can be observed in Figures 16, 17, and 18, suppressing the estimated bulk component by set-
ting v < 1.0 substantially slows down optimization and leads to a much higher final training loss,
across all three settings. In particular, small values of v prevent the training loss from decreasing
effectively, suggesting that the orthogonal component p{ . carries much of the useful descent sig-
nal. Conversely, amplifying this component with v > 1.0 consistently accelerates optimization and
reaches a significantly lower final training loss than standard Local SGD. The improvement is es-
pecially clear in the Transformer experiment, where larger v values lead to a much faster late-stage
drop in training loss. At the same time, very large values of  can introduce additional instabil-
ity, as seen from the noisier loss curves for the largest amplification factors. Overall, these results
complement the a-sweep: suppressing the gap-estimated dominant component and amplifying the
orthogonal bulk component both improve the rate at which the training loss decreases.
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Figure 13: FC TANH model trained on MNIST-5k. We fix v = 1.0 and vary «.
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Figure 14: CNN ReLU model trained on CIFAR10-5k. We fix v = 1.0 and vary a.
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Figure 15: Transformer model trained on SST-5k. We fix v = 1.0 and vary a.
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Figure 16: FC TANH model trained on MNIST-5k. We fix o = 1.0 and vary ~.
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Figure 17: CNN ReLU model trained on CIFAR10-5k. We fix o« = 1.0 and vary 7.
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Figure 18: Transformer model trained on SST2-5k. We fix o = 1.0 and vary ~.
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