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Abstract

We introduce Action-Triggered Sporadically Traceable Markov Decision Processes (ATST-MDPs), a
reinforcement learning framework for partial observability in which full state observations occur stochas-
tically at each step, with probability determined by the chosen action. We derive Bellman equations
tailored to this setting and establish the existence of an optimal policy. Exploiting the fact that spo-
radic observations reveal the full state, we provide an equivalent formulation in which agents commit to
action sequences between consecutive observations. Under the linear MDP assumption, we show that
the value function over such action sequences admits a linear representation in a finite-dimensional fea-
ture map, enabling standard regression-based methods. As an application, we derive ST-LSVI-UCB, an
optimistic algorithm achieving regret rOp

a

Kd3p1 ´ γq´3q for episodic learning with geometrically dis-
tributed horizons, where K is the number of episodes, d the feature dimension, and γ the discount factor
(episode continuation probability), matching the known rate for linear MDPs with full observability.

1 Introduction

Reinforcement Learning (RL) studies sequential decision-making where an agent interacts with an unknown
environment. Standard formulations assume the agent observes the new environmental state after every
executed action. In practice, however, state observations are often sporadic, as sensing may be costly or
unreliable, and action choices may affect the frequency of observations. For example, in clinical treatment
planning, the clinician needs to make tradeoffs between invasive diagnostic tests that provide accurate patient
state information but carry risks, and less invasive tests that are safer but yield limited insights into the
patient’s condition. In financial portfolio management, traders must balance the costs of acquiring high-
frequency market data against the benefits of informed decision-making.

This class of problems belongs to the general framework of Partially Observable Markov Decision Processes
(POMDPs) [Ast65], where the agent receives noisy partial observations generated from the underlying state.
However, it is well-known that general POMDPs without additional structures are computationally and
statistically intractable [MHC99; Jin+20]. As a result, existing general-purpose POMDP methods lack
specificity for scenarios where state observation availability depends on the agent’s actions.

To address this gap, we propose a novel RL framework characterized by “action-triggered observations,"
where each action a has an associated probability βpaq P r0, 1s of revealing the resulting state upon ex-
ecution. A control policy must therefore simultaneously optimize actions under partial observability and
strategically decide when to trigger observations to reduce uncertainty. We formalize this setting as Action-
Triggered Sporadically Traceable Markov Decision Processes (ATST-MDPs), extending classical MDPs
with the state observation probability function β.
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The ATST-MDP framework captures a range of observation mechanisms pertaining to active perception
[e.g., Baj88]. In particular, the framework subsumes Action-Contingent Noiselessly Observable Markov
Decision Processes (ACNO-MDPs) [NFB21], where observations must be explicitly purchased1, and inter-
mittent feedback models [HS17], where unreliable sensors or communication channels yield only sporadic
state information. Rather than focusing on any particular observation pattern, we analyze ATST-MDPs in
full generality.

Contributions. We establish theoretical foundations for reinforcement learning with action-triggered ob-
servations. Our main contributions are as follows:

• Bellman theory and action-sequence reformulation (Sections 2–3). We formally introduce ATST-
MDPs and derive Bellman optimality equations over the augmented state space. We then develop an
equivalent action-sequence reformulation that circumvents the exponential complexity of the augmented-
state representation, yielding a tractable foundation for algorithm design.

• Learnable linear representation (Section 4). Under the linear MDP assumption, we construct an
action-sequence feature map ψ under which the newly introduced action-sequence value function is
linear in ψ. We further develop data-driven estimators for ψ and establish a non-asymptotic sample
complexity bound of rO

´

d3

ε2p1´γq2

¯

for ε-admissible approximation of ψ from exploratory data. This
guarantee is reward-free and polynomial in all problem parameters.

• Provably efficient episodic learning (Section 5). Building on the Bellman equations and the lin-
ear representation, we propose ST-LSVI-UCB, an optimistic value-iteration algorithm for episodic
learning in linear ATST-MDPs. Given an ε-admissible feature map estimate, the algorithm attains
rO
´

a

d3Kp1 ´ γq´3
¯

regret relative to the optimal policy under identical observation constraints, match-
ing the minimax rate for standard fully-observable linear MDPs.

• Empirical validation (Section 6). We validate ST-LSVI-UCB on several simulated environments, ex-
amining how varying observation frequencies interact with task structure in ATST-MDPs.

Related work. ATST-MDPs overlap with several well-studied settings, yet none directly captures action-
triggered observations. Although the absence of state feedback superficially resembles RL with observation
delays [KE03; Wal+09], the delays in ATST-MDPs are endogenous, induced by the agent’s actions, whereas
classical delays are exogenous. This should not be confused with RL with episodic delays [Hoe+23], where
states are immediately observable but rewards are delayed by multiple episodes. Goal-conditioned RL
[Sch+15; And+18] provides observations only upon goal attainment (state-triggered feedback), which is
orthogonal to our action-triggered mechanism. Many POMDP formulations [PGT03; SV10] model belief
updates under partial observability; however, existing work generally does not exploit the structure induced
by action-triggered observations. A more detailed discussion of related work can be found in Appendix A.

2 Problem Setting

Action-Triggered Sporadically Traceable Markov Decision Processes (ATST-MDPs). The ATST-MDP
framework extends standard MDPs by introducing the action-triggered state observation mechanism. For-
mally, we define an ATST-MDP as a 6-tuple pS,A,P, r, γ, βq, consisting of a measurable state space S, a

1For ACNO-MDPs, each action a has two variants a0 and a1 with βpai
q “ i; a1 reveals the state but incurs an additional cost.
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finite action space A, a transition kernel Pp¨|s, aq P ∆S , a deterministic reward function r : S ˆA Ñ r0, 1s,
a discount factor γ P p0, 1q, and a state observation probability function β : A Ñ r0, 1s.

The dynamics proceed as follows: when the agent is in state s and executes action a, it incurs reward rps, aq

and the environment transitions to a new state s1 „ Pp.|s, aq. Crucially, the state s1 is not necessarily
observed by the agent. With probability βpaq, the action triggers an observational event we term a data-
burst, revealing s1 to the agent. Otherwise, with probability β̄paq “ 1 ´ βpaq, no data-burst occurs and no
state feedback is provided. Reward feedback is also linked to data-bursts: at each data-burst, we allow the
agent to observe the cumulative reward incurred since the previous data-burst. While specific applications
might allow for the revelation of full state-reward trajectories at data-bursts, this work addresses the general
setting where only aggregated outcomes are periodically measurable.

Notation. We write H for the empty sequence. For an arbitrary set U and any n ě 0, let Un denote the
set of length-n sequences over U , so that U0 “ tHu. We identify U1 with U by viewing each u P U as the
length-1 sequence. We write Uďl “

Ťl
i“0 U i for sequences of length at most l, UăN “

Ť8
i“0 U i for the set

of all finite sequences, and UN for the set of infinite sequences over U . We use ‘ to denote concatenation
(e.g., u ‘ v “ pu, vq, pu1, . . . , unq ‘ v “ pu1, . . . , un, vq), with H as the identity so that u ‘ H “ u and
U ˆ tHu “ U . We use the shorthand rns “ t1, . . . , nu. For vectors x P Rd and matrices M P Rdˆd, ∥x∥q
denotes the ℓq-norm, |||M |||q the induced ℓq-operator norm, and λminpMq, ρpMq the minimum eigenvalue
and spectral radius of M , respectively.

3 ATST-MDPs as Decision Processes on the Augmented State Space

Since the state is revealed only at data-bursts, the agent acts under partial observability. As in POMDPs,
the agent must base decisions on its observation history rather than the current state. In a POMDP, the
posterior over the latent state (the belief) is a sufficient statistic for the history, so optimal decision rules can
be taken to depend on the belief alone [KLC98]. In our setting, the information relevant to the current state
is fully captured by the last observed state together with the sequence of actions taken since that observation.
Following the construction for delayed-observation MDPs [Wal+09], we formalize this via the augmented
state space X “ S ˆ AăN, defining the agent’s augmented state as the last observed environmental state
together with the (possibly empty) sequence of actions taken since.

Each augmented state x “ ps1, a1, . . . , anq P X corresponds to a belief distribution bp¨|xq P ∆S : the
marginal over the state obtained by starting from s1 and executing the action sequence pa1, . . . , anq of
length n ě 0. For n “ 0, x “ s1 P S and bp¨|xq “ δs1 . For n ě 1, it is obtained by marginalizing over the
unobserved trajectory:

bp¨|xq “
ş

Sn´1 Pp¨|sn, anq
śn´1
i“1 Ppsi`1|si, aiq dsi. (1)

Thus, in direct analogy to belief states in POMDPs, the augmented state x P X serves as a sufficient statistic
for control in ATST-MDPs: one can view the interaction as a fully observed decision process evolving on
X . Concretely, from augmented state x with true state s, executing action a transitions the environment to
s1 „ Pp¨ | s, aq and updates the augmented state to either x1 “ s1 with probability βpaq or x1 “ x ‘ a with
probability β̄paq. The induced transition kernel on X is PX p¨|x, aq “ βpaq ¨ bp¨|x ‘ aq ` β̄paq ¨ δx‘a, a
mixture of the belief over S and a point mass at x‘ a.

However, unlike general POMDPs, ATST-MDPs possess a special structure: the augmented state evolves
like a renewal process, growing in length until a data-burst resets it to a singleton in S. Trajectories therefore
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decompose into intervals between successive observations, admitting a simpler representation grounded in
S rather than the full X .

We analyze this process on X through augmented policies π : X Ñ A. The following subsections establish
the Bellman equation on X , prove existence of optimal augmented policies, and then introduce an alternative
formulation that exploits the interval structure induced by data-bursts.

3.1 Value-Functions and Bellman Optimality

For any augmented policy π : X Ñ A, we define the action value-function Qπ : X ˆ A Ñ r0, 1
1´γ s as the

expected cumulative discounted reward when starting from augmented state x P X (with latent initial state
s1 „ bp¨|xq), executing action a, and following policy π thereafter. Formally:

Qπpx, aq “ E
”

rps1, aq `
ř8
h“2 γ

h´1rpsh, πpxhqq

ı

,

where x1 “ x, a1 “ a, and the expectation is taken over trajectories generated by s1 „ bp.|xq, sn`1 „

Pp.|sn, anq, xn`1 „

!

sn`1 with probability βpanq

xn‘an otherwise .

The state value-function V π : X Ñ r0, 1
1´γ s is defined accordingly as the expected cumulative discounted

reward when starting from augmented state x and following policy π thereafter, i.e., V πpxq “ Qπpx, πpxqq.
The following theorem establishes the Bellman equation for these value functions, shows that the associated
Bellman operator is a contraction, and guarantees existence of an optimal policy.

Theorem 3.1 (Augmented Bellman Optimality). Let M “ pS,A,P, r, γ, βq be an ATST-MDP with aug-
mented state space X “ S ˆ AăN and consider the set of measurable functions V “ tV : X Ñ

r0, 1
1´γ su.

‚ (Policy Evaluation) For any policy π : X Ñ A,

Qπpx, aq “ Es„bp.|xq

“

rps, aq
‰

` γβpaqEs1„bp.|x‘aq

“

V πps1q
‰

` γβ̄paqV πpx‘ aq.

‚ (Contraction) The Bellman operator T : V Ñ V given by

TV pxq “ max
aPA

␣

Es„bp.|xqrrps, aqs ` γβpaqEs1„bp.|x‘aqrV ps1qs ` γβ̄paqV px‘ aq
(

,

is a γ-contraction on pV, ∥.∥8q.

‚ (Optimality) There exists an optimal augmented policy π˚ : X Ñ A achieving V ˚pxq “ supπ V
πpxq

for all x P X , where V ˚ is the unique fixed point of T.

See Appendix B for the proof. This theorem guarantees existence of an optimal augmented policy, providing
a well-defined objective for learning. The Bellman equations also serve as the foundation of our algorithms.

3.2 From Augmented States to Action Sequences

The augmented state space X “ S ˆ AăN branches over all possible action histories, yet any augmented
policy π traverses only a single branch from each observed state s: the sequence a1 “ πpsq, a2 “ πps; a1q,
a3 “ πps; a1, a2q, and so on, executed until the next data-burst. Since data-bursts fully reveal the state, this
motivates reformulating ATST-MDPs as decision processes on pS,ANq, where at each data-burst the agent
observes s P S and commits to an action sequence a P AN to execute until the next observation.
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Concretely, we define the action-sequence value-function Kπ : S ˆ AN Ñ r0, 1
1´γ s as the expected dis-

counted reward when starting from state s, executing a “ pa1, a2, . . .q until the next data-burst, and follow-
ing π thereafter. Let TDB P N Y t8u denote the (random) index of the first action that triggers a data-burst.
We have

Kπps,aq “ E
”

řTDB
h“1 γ

h́ 1rpsh,ahq ` γTDBV πpsTDB̀ 1q

ı

, (2)

where the first term is the discounted reward accumulated until observation and the second is the discounted
continuation value from the revealed state (0 if TDB “ 8). Introducing the shorthand notation

Rps,aq “ E
”

řTDB
h“1 γ

h́ 1rpsh,ahq

ı

, PV ps,aq “ E
”

γTDBV psTDB̀ 1q

ı

,

we arrive at the equation Kπ “ R ` PV π, which separates the pre-observation discounted reward R from
the continuation operator P.

On the other hand, the following result relates action-sequence value function Kπ back to Qπ and V π.

Proposition 3.2. For any augmented policy π : X Ñ A, let aπ : X Ñ AN denote the induced action-
sequence map, where aπpxq “ pπpxq, πpx ‘ πpxqq, . . .q. Then, for all s P S and a P A: Qπps, aq “

Kπps, a‘ aπps‘ aqq and V πpsq “ Kπps,aπpsqq.

Consequently, the value functions under two formulations are connected to each other. Together with the
Bellman equations established in the previous section, we are equipped with fixed-point equation structures
that are similar to standard value learning methods. In conjunction with the linear MDP assumptions in
Section 4, this facilitates the design of model-free learning algorithms.

The action-sequence reformulation exploits the renewal structure of ATST-MDPs: data-bursts reset the agent
to a known state, decomposing the problem into intervals between consecutive data-bursts. This key obser-
vation distinguishes ATST-MDPs from general POMDPs, allowing for efficient learning algorithms. Cru-
cially, while AN remains infinite, this structure admits a tractable linear representation, as developed in the
next section.

4 Linearity Enables Efficient Representation

The action-sequence formulation casts ATST-MDPs as decision processes whose actions are infinite se-
quences in AN. While this formulation is conceptually clean, evaluating value-functions Kπ remains chal-
lenging without additional structure, as it involves infinitely long action sequences.

To address this issue, in this section, we leverage the linear MDP structure, a widely-used assumption in RL
theory literature. Under linear MDP setup, the value functionKπ admits a finite-dimensional representation
amenable to regression-based methods.

Assumption 4.1 (Linear MDP, [Jin+19]). There exists a feature map ϕ : S ˆ A Ñ Rd such that:

Pp¨|s, aq “ xϕps, aq, µp¨qy, rps, aq “ xϕps, aq, θy,

where µ : S Ñ Rd consists of d finite signed measures over S and θ P Rd. Additionally, it holds that
sups,a ∥ϕps, aq∥2 ď 1, ∥θ∥2 ď

?
d, and ∥|µ|pSq∥2 ď

?
d.

For learning problems, it is often assumed that the feature map ϕ is known and the parameters pµ,θq are
unknown. In recent literature, linear MDP has emerged as a standard testbed for RL algorithms under
function approximation, while it also covers the classical tabular setting.
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Remark 4.2 (Tabular MDPs). Assumption 4.1 subsumes finite (tabular) MDPs: taking the feature map ϕ as
one-hot encoding of state-action pairs yields a valid linear representation [Jin+19]. Therefore, substituting
d “ |S||A| into our bounds and constructions recovers the corresponding tabular guarantees.

Under the linear MDP formulation, we can construct the action-sequence feature map ψ : S ˆ AN Ñ R2d

such that the action-sequence value-function Kπ is linear in ψ for every augmented policy π (Theorem 4.4).
We further provide data-driven methods that estimate the feature map ψ efficiently, with non-asymptotic
guarantees (Theorem 4.6).

4.1 Linearity of Action-Sequence Value Functions

In this section, we establish the linearity of action-sequence value functions by extending the linear MDP
structures.

To start with we define the action matrix Ma “
ş

S µpsqϕps, aqJds. This matrix captures how features
evolve under action a: for ps, a, a1q P S ˆ A2, we have Es1„Pp.|s,aqrϕps1, a1qJs “ ϕps, aqJMa1 . Products of
action-matrices thus propagate features across consecutive actions.

Based on this definition, we can extend the mappingϕ : SˆA Ñ Rd to augmented state x “ ps1, a1, . . . , anq P

X zS byϕpxqJ “ ϕps1, a1qJ
śn
i“2Mai . The following lemma provides a linear representation of the belief

state.

Lemma 4.3 (Linearity of belief). Under above setup, for any augmented state x P X zS, we have

bp¨|xq “ xϕpxq,µp¨qy and ∥ϕpxq∥2 ď 1.

Moreover, Es„bp¨|xq

“

rps, aq
‰

“ xϕpx‘ aq, θy, and for every measurable function V : S Ñ r0, 1{p1 ´ γqs,

it holds that Es1„bp¨|x‘aq

“

V ps1q
‰

“ xϕpx‘ aq, vy, where v “
ş

V psqdµpsq satisfies ∥v∥2 ď
?
d

1´γ .

Lemma 4.3 reduces expectations of rewards and value-functions under beliefs to inner products in Rd.
To extend this to the action-sequence value function Kπ (Section 3.2), we construct a new feature map
ψ : SˆAN Ñ R2d. For s P S, a P A, and a “ pa1, a2, . . .q P AN, we define its value on ps, a‘aq P SˆAN

as
ψps, a‘ aqJ “ 1

2 ϕps, aqJ
`

βaI1,2 ` β̄aM1,2paq
˘

, (3)

where I1,2 “ r p1́ γqId γId s, M1,2paq “ r p1́ γqM1paq γM2paq s, and matrices M1paq,M2paq P Rdˆd are given
by:

M1paq “ Id `
ř8
k“1 γ

kp
śk´1
i“1 β̄aiqp

śk
i“1Maiq, (4a)

M2paq “
ř8
k“1 γ

kp
śḱ 1
i“1 β̄aiqβakp

śk
i“1Maiq. (4b)

Under this construction, the functionR is linear in the first d coordinates of ψ, and PV π is linear in the latter
d coordinates. Putting them together, we can establish the linearity of Kπ “ R ` PV π in ψ.

Theorem 4.4 (Linearity of Kπ). For any policy π : X Ñ A, let vπ “
ş

S V
πpsqdµpsq and vπ1,2 “

2
”

θ{p1´γq

vπ

ı

P R2d. Then, ∥vπ1,2∥2 ď 4
?
d

1´γ and for every s P S and a P AN:

Kπps,aq “ xψps,aq, vπ1,2y and ∥ψps,aq∥2 ď 1.
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Although Kπ is defined on the infinite-dimensional space S ˆ AN, it is fully characterized by an inner
product in R2d between a bounded feature map and a policy-dependent vector. Thus, given access to ψ,
regression-based methods can be used to approximateK˚ “ Kπ˚

and recover V ˚psq “ supaPAN K˚ps,aq,
as we demonstrate for episodic learning in Section 5.

4.2 Estimation of the Action-Sequence Feature Map

Unlike learning in fully-observed linear MDP environments, for ATST-MDPs, the feature maps pϕ,ψq are
unknown in general, as they depend on transition dynamics of the underlying MDP. In this section, we study
algorithms and guarantees for these estimation problems.

According to Lemma 4.3 and Theorem 4.4, the feature maps ϕ and ψ are determined by the action-matrices
tMauaPA and observation probabilities tβauaPA. Given estimates txMa, pβauaPA (with pβa “ βa if known),
it is natural to define pψ via (3)–(4) by substituting xMa for Ma and pβa for βa. 2 This raises two questions:
how does the estimation error of tMa, βauaPA impact that of the feature maps? And can we estimate these
functions accurately using data?

We address both below: Theorem 4.6 quantifies how estimation error propagates to ψ, and Corollary 4.9
establishes that rOpd3{ϵ2p1 ´ γq2q exploratory transitions suffice. This is substantially easier than recov-
ering the full transition kernel µ, which consists of d latent measures with no assumed parametric form.
Notably, the estimation is reward-free: once the feature map is obtained, it applies to any reward function.
This contrasts with “observe before planning” approaches [NFB21; GDB16], which estimate full transition
dynamics and rewards during exploration.

4.2.1 Plug-in estimation for feature maps

To start with, we first formalize what constitutes a good approximation of ψ: uniform approximation error
bound, bounded norm, and continuity over AN.

Definition 4.5. For ϵ ě 0, a function ψ1 : S ˆ AN Ñ R2d is an ϵ-admissible approximation of ψ if it
holds that: sups,a∥pψ1 ´ ψqps,aq∥2 ď ϵ, sups,a∥ψ1ps,aq∥2 ď 1, and ψ1ps, .q is continuous with respect
to the product topology on AN for every s P S.

The following result establishes that uniform convergence of xMa and pβa to their true values yields an ad-
missible approximation with controlled error.

Theorem 4.6. Suppose estimates txMa, pβauaPA satisfy supaPA |||xMa´Ma|||2 ď ε and supaPA |pβa´βa| ď εβ
for some ε P r0, 1´γ

2
?
d

s and εβ P r0, 1s. Then,

supps,aqPSˆAN∥p pψ ´ψqps,aq∥2 ď 16d
1´γ pε` εβ{

?
dq.

Moreover, the function rψps,aq “
pψps,aq

1`16dpε`εβ{
?
dq{p1´γq

is a 32dpε`εβ{
?
dq

1´γ -admissible approximation of ψ.

See Appendix C.2 for its proof. Theorem 4.6 guarantees admissibility of feature map estimation using
action-matrix and observation-probability estimators with small errors. In the next subsection, we show that
such errors are achievable.

2The observation probabilities tβauaPA are often known in practice (see e.g. Nam et al. [NFB21]). In such a case, we simply
let βa “ pβa for every a P A.
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4.2.2 Estimation of tMa, βauaPA

Let D P ∆SˆA be an exploratory distribution over state–action pairs with a feature-induced second-moment
matrix Σ “ Eps,aq„Drϕps, aqϕps, aqJs, and assume λminpΣq ą 0, ensuring that D explores all feature
directions. When β is unknown, assume pmin “ infa1PA Pps,aq„Dpa “ a1q ą 0, so that each action is
sampled with positive probability.

We draw N independent samples, each consisting of ps, aq „ D, a next state s1 „ Pp¨|s, aq, an observa-
tion indicator b „ Berpβaq. Given the dataset tsn, an, s

1
n, bnuNn“1, we estimate action-matrices via ridge

regression and observation probabilities via empirical means:

xMa “ pXJX`Idq´1XJYa, pβa “

řN
n“1 bn Ipan“aq

maxt
řN

n“1 Ipan“aq,1u
,

where rows of X,Ya P RNˆd are ϕpsn, anq and ϕps1
n, aq respectively. These estimators achieve OpN´ 1

2 q

rate.

Lemma 4.7. There exists an absolute constant C ě 1 such that for all p P p0, 1q and N ě
4C2d logp2Ad{pq

λminpΣq2
,

ridge estimators xMa satisfyP
ˆ

supaPA |||xMa ´Ma|||2 ď 4C
b

d logp2Ad{pq

NλminpΣq2

˙

ě 1 ´ p.

Lemma 4.8. For all p P p0, 1q andN ě 1, empirical means pβa satisfy P
ˆ

supaPA |pβa ´ βa| ď

b

12 lnp3A{pq

Npmin

˙

ě

1 ´ p.

Putting them together Combining these lemmas with Theorem 4.6 yields sample complexity bounds for
constructing an ϵ-admissible approximation of ψ.

Corollary 4.9. Let rψM,β denote the normalized feature map rψ from Theorem 4.6, computed using estimates
xMa and pβa constructed from N samples, and estimation error bounds ε “ 4C

b

d logp4Ad{pq

NλminpΣq2
and εβ “

b

12 lnp6A{pq

Npmin
for C from Lemma 4.7. Similarly, let rψM denote the normalized feature map computed using

the true probabilities βa and estimates xMa from N samples, with the same ε and εβ “ 0.

There exists an absolute constant c ą 0 such that for all p P p0, 1q and ϵ P p0, 1q, the following holds:

1. If N ě c ¨
d3 logp2Ad{pq

ϵ2p1´γq2 mintλminpΣq2,d2pminu
, then rψM,β is ϵ-admissible with probability at least 1 ´ p.

2. If N ě c ¨
d3 logp2Ad{pq

ϵ2p1´γq2λminpΣq2
, then rψM is ϵ-admissible with probability at least 1 ´ p.

The rOp d3

ϵ2p1´γq2
q complexity is polynomial in all problem parameters and independent of |S|, confirming that

linear structure enables tractable estimation even in continuous state spaces. Knowledge of β significantly
affects dependence on the action space: when β is known, this dependence is Oplog |A|q, whereas unknown
β incurs rOp|A|q since pmin ď 1{|A|. In the tabular case (Remark 4.2), substituting d “ |S||A| yields cubic
complexity rOp|S|3|A|3{ϵ2q.

5 Episodic Learning and Regret Analysis

We now turn to the problem of episodic learning in unknown systems. Consider an agent interacting with a
linear ATST-MDP over K episodes (with the protocol given in Figure 1), where each episode k has random
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Episodic Learning under ATST-MDP

For each episode k “ 1, 2, . . . ,K:
The environment initializes the cumulative reward Gk0 “0.
The agent selects a burst-dependent policy πk.
The adversary selects and reveals the initial state sk1 .
The agent initializes the augmented state as xk1 “ sk1 .

For rounds h “ 1, 2, . . .:
1. The agent plays akh “ πkpxkhq and incurs the (unobserved) reward rkh “ rpskh, a

k
hq.

The environment updates Gkh “ Gkh´1 ` rkh and samples skh`1 „ Pp¨ | skh, a
k
hq.

2. With probability 1 ´ γ (termination), the environment reveals pK, Gkhq and ends episode k.
3. With probability βpakhq (data-burst), the environment reveals pskh`1, G

k
hq.

4. The agent sets xkh`1 “ skh`1 if a data-burst occurs; otherwise xkh`1 “ xkh ‘ akh.

Figure 1: Execution protocol for an ATST-MDP over K episodes with geometric horizons.

length Hk „ Geomp1 ´ γq, a standard reformulation of discounting in which γ acts as a continuation
probability. The agent observes states and cumulative undiscounted rewards only at data-bursts or episode
termination, when the termination symbol K R S is returned. At the start of each episode, the agent selects a
burst-dependent policy πk “ pπkuq8

u“1, where an augmented policy πku : X Ñ A governs behavior between
the pu´1q-th and u-th data-bursts. This allows the policy to change across data-bursts within an episode; the
linearity results of Section 4 extend directly, with V π and Kπ defined as expected total discounted rewards
under this mechanism.

Performance is measured by regret against an optimal augmented policy π˚ : X Ñ A, whose existence was
established in Section 3:

RK “
řK
k“1

`

V ˚psk1q ´ V π
k
psk1q

˘

.

This is the natural benchmark: π˚ operates under the same observation constraints as the agent. Comparison
to the (non-augmented) optimal policy for the underlying fully-observed MDP (which corresponds to an
ATST-MDP with observation probabilities β ” 1) is not meaningful: the performance gap can grow linearly
in K, since that policy may exploit state information unavailable to the agent.

Feature map access. Since the action-sequence feature mapψ (3) may be unknown, we assume the agent
has access to an ϵ-admissible approximation pψ with known ϵ (Definition 4.5). By Section 4.2, such an
approximation can be efficiently constructed from exploratory data.

5.1 Least-Squares Value Iteration for ATST-MDPs

Algorithm 1 adapts Least-Squares Value Iteration with Upper Confidence Bounds [Jin+19] to the linear
ATST-MDP setting. The algorithm takes as input an ε-admissible approximation pψ of ψ and an effective
horizon parameter H that controls both value iteration depth and the amount of history retained.

At episode k, the algorithm uses the effective history Hk “ psτ ,aτ , Rτ , sτN qN
k

τ“1, comprising information
from the first H data-bursts of each previous episode. Each tuple in Hk records: an observed state sτ P S,
the action sequence aτ P AN intended from that state, the undiscounted reward Rτ accumulated until the

9



Algorithm 1 ST-LSVI-UCB

Input: ϵ-admissible approximation of the action-sequence feature map pψ : S ˆAN Ñ R2d, discount factor
γ.
Parameters: effective horizon H , regularizers λ and ρ.

1: for episode k “ 1, . . . ,K do
2: — Planning phase: backward value iteration —
3: Compile history Hk “ psτ ,aτ , Rτ , sτN qN

k

τ“1.
4: Set Λk “ λI `

řNk

τ“1
pψτ p pψτ qJ and initialize Kk

ups,aq “ 1
1´γ for ps,aq P S ˆ AN and u ě H .

5: for u “ H ´ 1, . . . , 1 do
6: Set wk

u “ pΛkq´1
řNk

τ“1
pψτVτ,ku with values Vτ,ku “ mintRτ,Hu ` maxaPAN Kk

ù 1psτN ,aq.
7: Set Kk

ups,aq“min
␣

pψJ
s,aw

k
u`ρ∥ pψs,a∥Λk

inv
, 1
1´γ

(

, where pψs,a “ pψps,aq and Λkinv “ pΛkq´1.
8: end for

9: — Execution phase: burst-to-burst rollouts —
10: Set u “ 1 and receive initial state sk1 .
11: while episode k continues do
12: Choose aku P argmaxaPAN Kk

upsku,aq.
13: Execute actions from aku until either:
14: (1) data-burst: receive sku`1 P S and Rku;
15: (2) termination: receive sku`1 “ K and Rku.
16: Set u Ð u` 1 and break if the episode terminated.
17: end while

18: end for

next data-burst, and the subsequent observed state sτN P SYtKu. HereNk “
řk´1
k1“1mintBk1

, Hu, withBk

the number of data-bursts in episode k. To ease notation, we write pψτ “ pψpsτ ,aτ q and ψτ “ ψpsτ ,aτ q.

Each episode, ST-LSVI-UCB operates in two phases. The planning phase performs backward value itera-
tion, computing weights wk

u that define value-functions Kk
u : S ˆ AN Ñ r0, p1 ´ γq´1s. These functions

aim to approximate the optimal K˚ps,aq “ xψps,aq,vπ
˚

1,2y using the estimated feature map pψ, with a UCB
bonus encouraging exploration. The execution phase follows the greedy policy, selecting action sequences
aku that maximize Kk

upsku, ¨q and executing them until the next data-burst.

Optimization over AN. Lines 7 and 12 require solving maxaPAN Kk
ups,aq. Despite the infinite dimen-

sionality of AN, this reduces to optimizing a continuous function over t pψps,aq : a P ANu, a compact subset
of R2d when pψ is ε-admissible, guaranteeing existence of a maximizer. Our analysis assumes access to an
optimization oracle.

In practice, when γ is bounded away from 1 and βmin “ minaPA βpaq ą 0, distant actions have exponen-
tially decaying influence, enabling approximation via horizon truncation: optimizing over AL contributes
Oppγp1´βminqqLq to approximation error. Alternatively, one may restrict optimization to a structured class
of action sequences, such as eventually periodic sequences. In Section 6, we demonstrate the viability of
such restrictions empirically.
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5.2 Theoretical Guarantees

Given confidence parameter p P p0, 1q, number of episodes K, and an ϵ-admissible feature map pψ with
ϵ ď

a

p1 ´ γq{K, we set

H “ r
logpKp1´γq´1q

1´γ s ` 1, λ “ 1, ρ “ c ¨ dH
?
ι,

where ι “ logp2dKH{pq and c ą 0 is an absolute constant.

We have the following theoretical guarantee.

Theorem 5.1 (Regret of Algorithm 1). There exists an absolute constant c ě 1, such that under the above
setup, with probability at least 1 ´ p, the total regret of Algorithm 1 is

rO
`

a

d3Kp1 ´ γq´3ι2 ` d2p1 ´ γq´2ι` ϵ
a

d2K3p1 ´ γq´5ι
˘

,

where rO omits polylogarithmic factors independent of p.

The proof is in Appendix D. For ϵ “ Op
1´γ

K
?
d

q, the third term becomes lower-order and the bound reduces

to rOp
a

d3Kp1 ´ γq´3q, matching the rate for fully-observable linear MDPs [Jin+19]. By Corollary 4.9,
the required accuracy ϵ ď

1´γ

K
?
d

can be achieved with high probability from rOpK2d4{p1 ´ γq4q exploratory

samples; this approximation is reward-free, so once pψ is constructed it applies to any reward function.

6 Numerical Experiments

ST-LSVI-UCB (Algorithm 1) assumes oracle access for optimizing over the infinite action-sequence space
AN. In practice, one may restrict optimization to a finite candidate class Aseq Ă AN when near-optimal
policies can be expected to generate sequences from such a class. Eventually periodic sequences with
bounded prefix and period lengths are a convenient choice: in many partially observable control tasks,
effective behavior consists of a short corrective prefix followed by a repeating stabilization pattern, e.g.,
classical cartpole balancing [BSA83]. Moreover, under the linear MDP Assumption 4.1, the feature map
ψps,aq for eventually periodic a P AN admits a closed form via a Neumann-series argument (Lemma C.11).

We evaluate ST-LSVI-UCB on two tabular ATST-MDP environments (Figures 2a–2b) with state space S “

ts1, . . . , s6u, action space A “ t0, 1u, discount factor γ “ 0.99, and uniform observation probabilities
βpaq “ β˚ P t0.05, 0.1, 0.2, 0.5u. We restrict optimization to eventually periodic sequences of the form

Aseq “

!

tbuP ‘
`

t1´buL1 ‘ tbuL2
˘8

: b P t0, 1u, P P r5s, L1, L2 P t0, . . . , 10u, L1`L2 ‰ 0
)

,

i.e., a prefix of P repeated actions followed by an alternating periodic pattern. This yields |Aseq| “ 1012
candidate sequences after removing equivalent representations.

RiverSwim [SL08] is a standard exploration benchmark consisting of six states arranged in a chain. The
agent starts in s1, where a small reward is available, while s6 yields a large reward. Action 1 (right) attempts
to move against the current and may fail, whereas action 0 (left) moves with the current and always succeeds.
The optimal policy always selects action 1, but the agent must explore extensively against the current to
discover this.
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s1 s2 s3 s4 s5 s6

p1, r“ 5
1000

q

0.4 0.6 0.6 0.6 0.6
p0.6, r“1q0.6
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1

0.35

0.05

1

0.35

0.05

1

0.35

0.05

1

0.35

p0.4,r“1q

1

(a) RiverSwim. Dashed arrows denote transitions for
moving left (deterministic); solid arrows for moving
right (stochastic).

s1 s2 s3 s4 s5 s61

0.15 0.15 p0.15, r“1q

p0.15, r“1q 0.15 0.15

1

0.85

1

0.85

1

p0.85, r“1q

p0.85, r“1q

1

0.85

1

0.85

(b) RiverBalance. Dashed arrows denote transitions for
moving left; solid arrows for moving right. Moving away
from center is deterministic; toward center is stochastic.

Figure 2: Transition diagrams for the two benchmark environments.

(a) RiverSwim. p1 ´ γq-scaled running average of
episodic reward versus episode, averaged over 5 simula-
tions. All settings converge to the optimal policy; smaller
β˚ converges faster.

(b) RiverBalance. p1 ´ γq-scaled running average of
episodic reward versus episode, averaged over 5 simu-
lations. All settings plateau; larger β˚ achieves higher
reward.

Figure 3: Performance on the two benchmark environments.

RiverBalance is a novel variant we introduce that rewards staying near the center, in states s3 and s4. The
current pulls the agent away from the center, so the optimal policy must repeatedly steer back and balance
actions to remain there.

Figures 3a–3b show the average cumulative reward over episodes for ST-LSVI-UCB with access to the exact
action-sequence feature map ψ and effective horizon H “ 100, for varying observation probabilities β˚ P

t0.05, 0.1, 0.2, 0.5u. In RiverSwim, all settings converge to the optimal policy, with smaller β˚ converging
faster: infrequent observations induce longer open-loop commitments, which encourage early exploration.
In RiverBalance, all settings improve and then plateau, with larger β˚ attaining a higher average reward.
This is consistent with the fact that sustaining high reward requires state-dependent corrections to steer back
toward the rewarding center, which are more effective when observations are more frequent.

The contrasting behaviors highlight a key feature of ATST-MDPs: the role of observation frequency depends
on whether near-optimal control requires state-dependent corrections. When it does not (RiverSwim), sparse
observations can accelerate learning by encouraging longer open-loop commitments. When it does (River-
Balance), more frequent observations enable tighter closed-loop stabilization and higher reward; with sparse
observations, performance degrades gracefully and the algorithm still learns a policy that is near-optimal for
the corresponding observation regime.

7 Discussion and Future Work

This work introduces ATST-MDPs, a novel framework that captures the challenges of reinforcement learning
in environments where state observability is action-triggered and sporadic. We derived Bellman optimality
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equations, showed a linear representation for the induced action-sequence value functions, and provided ap-
proximation guarantees for learning the action-sequence feature map from off-policy data. Building on this
structure, we proposed ST-LSVI-UCB and proved low regret for episodic learning with geometric horizons,
assuming accurate feature-map estimation.

Several interesting questions remain open for future research. First, ST-LSVI-UCB assumes access to an
optimization oracle over action-sequences. Designing efficient approximation schemes, such as restricting
to finite-depth action trees or developing tractable surrogate objectives, would significantly enhance practical
applicability. Second, while we establish off-policy methods for estimating action-matrices and data-burst
probabilities, a fully online algorithm that adaptively refines these estimates during learning would provide
a more robust and practical solution.

Additionally, ATST-MDPs offer a novel perspective on RL with stochastic delays (e.g., Bouteiller et al.
[Bou+21]). Classical models treat delays as exogenous; here they are endogenous, with actions shaping the
distribution of observation times. A unifying view allows round-dependent data-burst probabilities βtpaq:
when βt is action-independent, one recovers some exogenous delay models. Analyzing how different delay-
generation mechanisms affect learning and regret presents a promising research direction.

Overall, our results establish a foundation for learning under action-triggered state-dependent observations,
and the flexibility of our formulation opens pathways toward addressing information constraints across a
wide range of sequential decision-making problems.
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A Additional Related Work

POMDPs and planning under partial observability. Classical work on decision making with incom-
plete state information is captured by POMDPs; see the survey of [KLC98] and subsequent algorithmic
advances such as point-based value iteration (PBVI) [PGT03] and heuristic search value iteration (HSVI)
[SS12]. Recent progress includes statistical and computational guarantees for learning and planning in
partially observed settings [CYW24]. Much of this line is theoretical and algorithmic, with empirical val-
idations on standard POMDP benchmarks; deep implementations typically combine belief updates with
function approximation, but the core guarantees are model-based and non-neural.

RL with delayed observations (and augmented states). Early formulations analyze delayed MDPs and
augmented-state reductions that stack the last observed state with a queue of intervening actions [KE03;
Wal+09]. More recent work examines random delays in deep RL, showing robustness and performance
trade-offs under synthetic and real latency processes [Bou+21], and explores imitation/learning pipelines
that must handle delayed feedback [Lio+22]. This area mixes theory (augmented-state equivalence, stability)
with empirical deep RL; implementations often use standard neural agents (e.g., DQN/actor-critic) evaluated
under injected delays.

Goal-conditioned reinforcement learning. Goal-conditioned RL provides observations (and learning
signals) when goals are achieved. Universal Value Function Approximators (UVFA) [Sch+15] parametrize
value functions by goals, and Hindsight Experience Replay (HER) [And+18] augments replay with achieved
goals to improve sample efficiency. These works are predominantly empirical deep RL (CNN/RNN policies
and value functions on robotics and navigation tasks), with limited formal regret analysis.

Paid observations and information acquisition. Another related line studies decision making when ob-
servations incur explicit costs. In RL, agents may choose when to acquire measurements or labels, trading
reward for information [Bel+20; NFB21; Wan+25]. In online learning, closely related “label-efficient" and
budgeted feedback models investigate how querying constraints affect regret [Sel+14; AB10]. This area
blends theoretical formulations (budget/constraint design, regret) with empirical demonstrations; deep im-
plementations appear mainly in application-driven studies.

Intermittent observations and unreliable sensing. A practical motif is intermittently available observa-
tions due to sensing/communication failures. Deep Recurrent Q-Learning (DRQN) [HS17] tackles partial
observability (flickering screen) by replacing feedforward policies with RNNs, showing empirical gains
under dropped observations. Subsequent empirical studies examine control with sporadic measurements
or packet loss [KTO18]. More recent formulations introduce intermittently observable MDPs with model-
ing/algorithmic structure beyond ad-hoc masking [CL25]. This line is largely empirical deep RL.

Active sensing and perception. Active perception frames sensing as a decision problem: agents select
actions that improve informativeness while pursuing task reward. Active-perception POMDPs [Sat+17]
formalize this, and recent deep RL approaches study active vision and act-then-measure protocols that in-
terleave task actions with targeted measurements [SR23; KSJ23]. These works are primarily empirical and
use deep neural networks (vision backbones with policy/value heads), sometimes with recurrent modules
for memory; theoretical analysis focuses on tractable planning surrogates and approximate belief updates
rather than regret.
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B Augmented Policies: Proofs

In this section, we prove existence of the optimal augmented policy π˚ : X Ñ A. The argument follows by
classic application of the Banach fixed-point theorem for the Bellman optimality operator (e.g., see [Put94]).
First, we restate and prove Theorem 3.1.

Theorem 3.1 (Restated). Let M “ pS,A,P, r, γ, βq be an ATST-MDP with augmented state space X “

S ˆ AăN and consider the set of measurable functions V “ tV : X Ñ r0, 1
1´γ su.

(i) (Policy Evaluation) For any policy π : X Ñ A,

Qπpx, aq “ Es„bp.|xq

“

rps, aq
‰

` γβpaqEs1„bp.|x‘aq

“

V πps1q
‰

` γβ̄paqV πpx‘ aq.

(ii) (Contraction) The Bellman operator T : V Ñ V , defined by

TV pxq “ max
aPA

␣

Es„bp.|xqrrps, aqs ` γβpaqEs1„bp.|x‘aqrV ps1qs ` γβ̄paqV px‘ aq
(

, (5)

is a γ-contraction on pV, ∥.∥8q.
(iii) (Optimality) There exists an optimal augmented policy π˚ : X Ñ A achieving V ˚pxq “ supπ V

πpxq

for all x P X , where V ˚ is the unique fixed point of T.

Proof. We prove each claim in turn.

(i) Policy Evaluation. The quantity Qπpx, aq is the expected return when starting from augmented state x,
taking action a, and following π thereafter. The term Es„bp.|xqrrps, aqs captures the expected immediate re-
ward. After executing a, the next augmented state depends on whether a data-burst occurs: with probability
βpaq, the next state s1 „ bp¨ | x‘aq is observed and the continuation value is V πps1q; with probability β̄paq,
no new state is observed, the augmented state transitions to x‘ a, and the continuation value is V πpx‘ aq.
Taking expectations and discounting by γ yields the claimed expression.

(ii) Contraction. For any V P V , define QV : X ˆ A Ñ r0, 1
1´γ s by

QV px, aq “ Es„bp.|xqrrps, aqs ` γβpaqEs1„bp.|x‘aqrV ps1qs ` γβ̄paqV px‘ aq,

so that TV pxq “ maxaQV px, aq. Fix arbitrary V,U P V . For every x P X ,
ˇ

ˇTV pxq ´ TUpxq
ˇ

ˇ “
ˇ

ˇmaxaQV px, aq ´ maxaQU px, aq
ˇ

ˇ

ď max
a

ˇ

ˇQV px, aq ´QU px, aq
ˇ

ˇ

“ max
a

ˇ

ˇ

ˇ
γβpaqEs1„bp.|x‘aqrpV ´ Uqps1qs ` γβ̄paq pV ´ Uqpx‘ aq

ˇ

ˇ

ˇ

ď max
a

`

γβpaq ∥V ´ U∥8 ` γβ̄paq ∥V ´ U∥8

˘

“ γ ∥V ´ U∥8 .

Thus T is a γ-contraction on pV, } ¨ }8q.

(iii) Optimality. By part (i), the function V ˚pxq :“ supπ V
πpxq is a fixed point of T. Part (ii) and the

Banach fixed-point theorem imply V ˚ is the unique such fixed point. Any policy π˚ : X Ñ A satisfying

π˚pxq P argmax
aPA

!

Es„bp.|xqrrps, aqs ` γβpaqEs1„bp.|x‘aqrV
˚ps1qs ` γβ̄paqV ˚px‘ aq

)

for all x P X achieves V π˚

“ V ˚, since π˚ attains the supremum in the Bellman equation at every aug-
mented state. The existence of such a measurable selector follows from standard arguments [Put94].
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Proposition B.1 (Restated). For any augmented policy π : X Ñ A, let aπ : S Ñ AN denote the induced
action-sequence map, where aπpsq “ pπpsq, πps ‘ πpsqq, . . .q. Then, for all s P S and a P A: Qπps, aq “

Kπps, a‘ aπps‘ aqq and V πpsq “ Kπps,aπpsqq.

Proof. Fix π : X Ñ A. For s P S, the induced action-sequence map can be written in the short recursive
form

aπpsq1 “ πpsq, aπpsqh`1 “ π
`

s‘ aπpsq1:h
˘

ph ě 1q,

i.e., it is the sequence of actions chosen by π along the branch obtained by appending past actions.

Start from x1 “ s and take a1 “ a. On rounds with no data-burst, the augmented state updates as xh`1 “

xh ‘ ah, hence ah`1 “ πpxh`1q. Therefore the executed (infinite) action sequence is

pa1, a2, . . .q “ a‘ aπps‘ aq.

By the definition (2) of Kπps,aq as the expected discounted reward from executing a until the first data-
burst and then continuing with π, we get

Qπps, aq “ Kπ
`

s, a‘ aπps‘ aq
˘

.

Finally, V πpsq “ Qπps, πpsqq and aπpsq “ πpsq ‘ aπps‘ πpsqq, so

V πpsq “ Kπ
`

s, aπpsq
˘

.

Additionally, we provide formulas for R and PV , obtained by conditioning on TDB.

Lemma B.1. For all x P X and a P AN, it holds that

Rpx,aq “
ř8
h“1 γ

h´1
´

śh´1
i“1 β̄paiq

¯

Es„bp.|rxhq

“

rps, ahq
‰

,

PV px,aq “
ř8
h“1 γ

h
´

śh´1
i“1 β̄paiq

¯

βpahqEs1„bp.|rxh`1q

“

V πps1q
‰

.

where rxh “ x‘ paiq
h´1
i“1 P X for every h P N.

Proof. Let Pp.|aq denote the probability measure of TDB over NY t8u when the agents commits to playing
sequence of actions a “ pa1, a2, ...q P AN. Then, it holds that PpTDB ě h | aq “

śh´1
i“1 β̄paiq and

PpTDB “ h | aq “ p
śh´1
i“1 β̄paiqqβpahq for all h P N.

Then, by conditioning on TDB, we can write

Rpx,aq “ Es1„bp.|xq

”

řTDB
h“1 γ

h´1rpsh, ahq

ˇ

ˇ

ˇ
x1 “ x, paiq

TDB
i“1 “ a1:TDB

ı

“
ř8
h“1 γ

h´1Es„bp.|x‘pa1,...,ah´1qqrrps, akqs ¨ PpTDB ě h|aq

“
ř8
h“1 γ

h´1
´

śh´1
i“1 β̄paiq

¯

Es„bp.|rxhq

“

rps, ahq
‰

,

PV px,aq “ Es1„bp.|xq

”

γTDBV psTDB`1q

ˇ

ˇ

ˇ
x1 “ x, paiq

TDB
i“1 “ a1:TDB

ı

“
ř8
h“1 γ

hEs1„bp.|x‘pa1,...,ahqqrV ps1qs ¨ PpTDB “ h|aq

“
ř8
h“1 γ

h
´

śh´1
i“1 β̄paiq

¯

βpahqEs1„bp.|rxh`1q

“

V πps1q
‰

.

Thus, both formulas are correct.
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C Linear ATST-MDPs: Proofs

C.1 Linearity of Belief and Action-Sequence Value-Function

In this subsection, we prove: Lemma 4.3 and Theorem 4.4.

Lemma C.1 (Restated). For all x P X zS, bp.|xq “ ϕpxqJµp.q and ∥ϕpxq∥2 ď 1.
Moreover, for every map V : S Ñ r0, 1{p1 ´ γqs and px, aq P X ˆ A, it holds that

Es„bp.|xq

“

rps, aq
‰

“ xϕpx‘ aq, θy, and Es1„bp.|x‘aq

“

V ps1q
‰

“ xϕpx‘ aq, vy,

where vector v “
ş

V psqdµpsq satisfies ∥v∥2 ď
?
d

1´γ .

Proof. We prove these claims separately:

1. Linearity of belief: Fix x P X zS and let x “ ps1; a1, ..., a∆q. Then, the belief bp.|xq satisfies

bp.|xq “
ş

S∆´1

”

ś∆
i“2 Ppsi|si´1, ai´1q

ı

Pps|s∆, a∆q dsi

“
ş

S∆´1

”

ś∆
i“2ϕpsi´1, ai´1qJµpsiq

ı

ϕps∆, a∆qJµp.q dsi

“ ϕps1, a1qJ

„

ś∆
i“2

´

ş

S µpsiqϕpsi, aiq
Jdsi

¯

ȷ

µp.q

“ xϕpxq, µp.qy.

2. Norm bound: From Assumption 4.1, sups,a ∥ϕps, aq∥2 ď 1. Consider any x P X zS and a P A.
Then, using linearity of belief, we can write

ϕpx‘ aqJ “ ϕpxqJMpaq “

ż

S
ϕpxqJµpsqϕps, aqJds “ Es„bp.|xqϕps, aqJ,

from which the result follows by Jensen’s inequality due to convexity of l2-norm

∥ϕpx‘ aq∥2 “

∥∥∥Es„bp.|xqϕps, aq

∥∥∥
2

ď Es„bp.|xq ∥ϕps, aq∥2 ď 1.

3. Linearity of expected reward and value-function: From Assumption 4.1, rps, aq “ ϕps, aqJθ.
Now, for all px, aq P pX zSq ˆ A, we have:

Es„bp.|xq

“

rps, aq
‰

“
ş

S ϕpxqJµpsqϕps, aqJθ ds “ ϕpxqJMpaqθ “ ϕpx‘ aqJ θ.

Similarly, for all x P X zS, it holds that

Es„bp.|xq

“

V psq
‰

“
ş

S ϕpxqJµpsqV psq ds “ ϕpxqJv,

where v “
ş

S µpsqV psqds satisfies ∥v∥2 ď sups |V psq| ¨ ∥|µ|pSq∥2 ď
?
d

1´γ .
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Theorem 4.4 (Restated). Define vπ12 “ 2
”

θ{p1´γq

vπ

ı

P R2d, where vπ “
ş

S V
πpsqdµpsq.

Then, for every x P X and sequence a P AN:

Kπpx,aq “ xψpx,aq, vπ12y.

Moreover, it holds that supx,a ∥ψpx,aq∥2 ď 1 and
∥∥vπ12∥∥2 ď 4

?
d

1´γ .

Proof. Follows immediately from the following Theorem C.1, we prove linearity in ψ for both R and PV π

in the decomposition Kπ “ R ` PV π.

Theorem C.1 (Linearity of R and PV with respect to ψ). For every x P X , sequence a P AN, and function
V : S Ñ r0, p1 ´ γq´1s, it holds that

Rpx,aq “ ψpx,aqJ

«

2θ{p1 ´ γq

0d

ff

and PV px,aq “ ψpx,aqJ

«

0d
2v

ff

,

where v “
ş

S V psq dµpsq satisfies ∥v∥2 ď
?
d

1´γ . Moreover, supx,a ∥ψpx,aq∥2 ď 1.

Proof. Using Lemmas B.1 and 4.3, we write

Rpx, a‘ aq “ Es„bp.|xqrrps, aqs ` β̄paq

8
ÿ

k“1

γk
´

śk´1
i“1 β̄paiq

¯

E
s„bp.|x‘pa,a1,...,ak´1qq

“

rps, akq
‰

“ ϕpx‘ aqJθ ` β̄paq

8
ÿ

k“1

γk
´

śk´1
i“1 β̄paiq

¯

ϕpx‘ pa, a1, ..., akqqJθ

“ ϕpx‘ aqJ
´

I ` β̄paq
ř8
k“1 γ

kp
śk´1
i“1 β̄paiqq p

śk
i“1Mpaiqq

¯

θ

“ ϕpx‘ aqJ
`

βpaqI ` β̄paqM1paq
˘

θ

“ 1
2ϕpx‘ aqJ

`

βpaq ¨ p1 ´ γqI ` β̄paq ¨ p1 ´ γqM1paq
˘

p2θ{p1 ´ γqq

“ ψpx,aqJ
”

2θ{p1´γq

0d

ı

,

PV px, a‘ aq “ βpaqγ E
s„bp.|x‘aq

V psq ` β̄paqγ
8
ÿ

k“1

γkp
śk´1
i“1 β̄paiqqβpakq E

s„bp.|x‘pa,a1:kqqq

V psq

“ βpaqγ ϕpx‘ aqJv ` β̄paqγ
8
ÿ

k“1

γk
´

śk´1
i“1 β̄paiq

¯

βpakqϕpx‘ pa, ..., akqqJv

“ ϕpx‘ aqJ
´

βpaq γI ` β̄paqγ
ř8
k“1 γ

kp
śk´1
i“1 β̄paiqqβpakq p

śk
i“1Mpaiqq

¯

v

“ ϕpx‘ aqJ
`

βpaq γI ` β̄paqγM2paq
˘

v

“ ψpx,aqJ
”

0d
2v

ı

.
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To bound the l2-norm, we write

∥ψpx, a‘ aq∥2 ď
1´γ
2 ¨

∥∥∥ϕpx‘ aq ` β̄paq
ř8
k“1 γ

kp
śk´1
i“1 β̄paiqqϕpx‘ a, a1, ..., akqq

∥∥∥
2

` 1
2

∥∥∥βpaqγ ϕpx‘ aq ` β̄paqγ
ř8
k“1 γ

kp
śk´1
i“1 β̄paiqqβpakqϕpx‘ pa, ..., akqq

∥∥∥
2

(a)
ď

´

1´γ
2 ¨ p1 `

ř8
k“1 γ

kq `
γ
2 ¨ pβpaq ` β̄paq

ř8
k“1p

řk´1
i“1 β̄paiqqβpakqq

¯

ď

´

1´γ
2 ¨ 1

1´γ `
γ
2 ¨ 1

¯

“
1`γ
2 ď 1.

where (a) uses the fact that supx1

∥∥ϕpx1q
∥∥
2

ď 1.

C.2 Approximation of the Action-Sequence Feature Map: Proofs

In this subsection, we prove Theorem 4.6. A key technical tool is Lemma C.2 provided below.

Theorem 4.6 (Restated). Assume xMa P Rdˆd and pβa P r0, 1s satisfy supaPA |||xMa ´ Ma|||2 ď ε and
supaPA |pβa´βa| ď εβ for some ε P r0, 1´γ

2
?
d

s and εβ P r0, 1s. Let pψ : SˆAN Ñ R2d be the estimated action-
sequence feature map obtained from (3) by replacing action-matrices Ma and data-burst probabilities βa
with their estimates xMa, pβa in computation. Then, it holds that sups,a∥p pψ´ψqps,aq∥2 ď 16d

1´γ pε`εβ{
?
dq.

Moreover, function rψps,aq “
pψps,aq

1`16dpε`εβ{
?
dq{p1´γq

is a 32dpε`εβ{
?
dq

1´γ -admissible estimation of ψ.

At the core of the proof is the following more general lemma, which bounds the estimation error in the
feature vector ψ using that of action-matrices.

Lemma C.2. Assume estimates xMa satisfy supaPA |||xMa ´ Ma|||2 ď ε and define norm-corrected estimates
xM c
a “ xMa{p1 ` ε

?
dq. Also, suppose that estimates pβa P r0, 1s satisfy supaPA |pβa ´ βa| ď εβ . Let

pψ, pψc : X ˆA Ñ R2d be the estimated action-sequence feature maps obtained fromψ by replacingMa, βa
with their estimates xMa (or xM c

a) and pβa, respectively. Then, for all s P S and a P AN, it holds that

∥p pψc ´ψqps,aq∥2 ď
4d2

1 ´ γ
¨ pε` εβ{d3{2q.

Moreover, if ε ă p1{γ ´ 1q{
?
d, then it holds that

∥p pψ ´ψqps,aq∥2 ď
4d p1 ´ γq

p1 ´ γp1 ` ε
?
dqq2

¨ pε` εβ{
?
dq.

Taking this lemma as given, let us prove Theorem 4.6.

Proof of Theorem 4.6. For ε P r0, 1´γ

2
?
d

s, we have ε ă
1{γ´1

?
d

. So, by the second case of Lemma C.2,

sups,a∥p pψ ´ψqps,aq∥2 ď
4d p1 ´ γq

p1 ´ γp1 ` ε
?
dqq2

¨ pε` εβ{
?
dq ď

16d

1 ´ γ
¨ pε` εβ{

?
dq,
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which proves the first statement. Now, we have to show that rψ is 32dpε`εβ{
?
dq

1´γ -admissible estimation of ψ.

Let ϵ2 “
16dpε`εβ{

?
dq

1´γ . Then, for every s,a write following

∥p rψ ´ψqps,aq∥2 ď
∥p pψ ´ψqps,aq∥2

1 ` ϵ2
`
ϵ2∥ψps,aq∥2

1 ` ϵ2
ď 2ε2 “

32dpε` εβ{
?
dq

1 ´ γ
,

∥ rψps,aq∥2 ď
∥p pψ ´ψqps,aq∥2

1 ` ϵ2
`

∥ψps,aq∥2
1 ` ϵ2

ď
ϵ2

1 ` ϵ2
`

1

1 ` ϵ2
“ 1.

So, we only have to show continuity of rψps, .q with respect to the product topology on AN and the standard
topology on R2d. This follows from the formula of pψ, which is based on the γ-discounted summation of
matrix products. Each term is bounded in operator norm as shown by Lemma C.4:

γn|||
śn
i“1

xMai |||2 ď γn ¨
?
dp1 ` ε

?
dqn ď

?
d ¨

´

1`γ
2

¯n
,

where exponent term 1`γ
2 P p0, 1q ensures convergence and therefore continuity for pψ and rψ.

C.2.1 Proof of Lemma C.2

The following lemmas are used to prove Lemma C.2.

Lemma C.3. For all n P N and a1, . . . an P A, it holds that |||
śn
i“1Mai |||2 ď

?
d.

Proof. Using the Linear MDP Assumption 4.1, we can write
śn
i“1Mai “

ż

S
µpsqϕps, a1qJ

śn
i“2Maids “

ż

S
µpsqϕpps; a1, ..., anqqJds.

Then, by spectral-Frobenius inequality, it follows that

|||
śn
i“1Mai |||2 ď

c

ř

iPrds

∥∥∥şS µipsqϕpps; a1, ..., anqqJds
∥∥∥2
2

ď

b

ř

iPrdsp|µi|pSqq2 ¨ supxPX ∥ϕpxq∥22
“ ∥|µ|pSq∥2 ¨ sup

xPX
∥ϕpxq∥2 ď

?
d,

where the final inequality follows from Assumption 4.1 and Lemma 4.3.

Lemma C.4. Suppose that for every a P A, estimate xMa P Rdˆd satisfies |||Ma ´ xMa|||2 ď ε.

Then, for all n P N and a1, . . . an P A, it holds that |||
śn
i“1

xMai |||2 ď
?
dp1 ` ε

?
dqn.

Proof. Let Ea “ Ma ´ xMa so that xMa “ Ma ` Ea and |||Ea|||2 ď ε.

Also, let X0
a “ Ma and X1

a “ Ea. Then, we can write

|||
śn
i“1

xMai |||2 “ |||
śn
i“1pMai ` Eaiq|||2

ď
ř

bPt0,1un |||
śn
i“1X

bi
ai |||2

(a)
ď

ř

bPt0,1un

´?
d
śn
i“1rIpbi “ 0q ` Ipbi “ 1q ¨ |||Eai |||2

?
ds

¯

ď
?
d ¨

ř

bPt0,1unpε
?
dq∥b∥1

“
?
dp1 ` ε

?
dqn,
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where (a) follows by bounding consecutive blocks of neighbouring X0
a matrices as |||X0

al
X0
al`1

. . . X0
ar |||2 ď

?
d using Lemma C.3 and pairing each such block (except maybe one) with a neighbouring matrix X1

a ,
which has |||X1

a |||2 “ |||Ea|||2 ď
?
d.

Lemma C.5. Let ε P r0, 1q. Suppose matrices A,B P Rdˆd satisfy |||A|||2 ď
?
d and |||A´B|||2 ď ε. Then,

B1 “ B{p1 ` ε
?
dq satisfies |||A´B1|||2 ď 2ε.

Proof. Let A1 “ A{p1 ` ε
?
dq. Using the triangle inequality, we can write

|||A´B1|||2 ď |||A´A1|||2 ` |||A1 ´B1|||2 ď ε
?
d

1`ε
?
d

¨ |||A|||2 ` 1
1`ε

?
d

¨ |||A´B|||2 ď 2dε.

Lemma C.6. Under the conditions of Lemma C.4, let xM c
a “ xMa{p1 ` ε

?
dq. Then, we have

|||
śn
i“1

xMai ´
śn
i“1Mai |||2 ď dp1 ` ε

?
dqn´1 nε, (6)

|||
śn
i“1

xM c
ai ´

śn
i“1Mai |||2 ď 2d2 nε. (7)

Proof. To show (6), we write

|||
śn
i“1

xMai ´
śn
i“1Mai |||2 ď

řn
k“1 |||p

śk´1
i“1

xMaiq pxMak ´Makq p
śn
i“k`1Maiq|||2

ď
řn
k“1 |||

śk´1
i“1

xMai |||2 |||xMak ´Mak |||2 |||
śn
i“k`1Mai |||2

(a)
ď

řn
k“1

´?
dp1 `

?
dεqk´1 ¨ ε ¨

?
d
¯

ď dp1 ` ε
?
dqn´1 nε

where (a) follows from Lemmas C.3 and C.4.

Similarly, to prove (7), we write

|||
śn
i“1

xM c
ai ´

śn
i“1Mai |||2 ď

řn
k“1 |||p

śk´1
i“1

xM c
aiq pxM c

ak
´Makq p

śn
i“k`1Maiq|||2

ď
řn
k“1 |||

śk´1
i“1

xM c
ai |||2 |||xM c

ak
´Mak |||2 |||

śn
i“k`1Mai |||2

(b)
ď

řn
k“1p

?
d ¨ 2dε ¨

?
dq “ 2d2 nε,

where (b) follows from Lemmas C.3, C.4, and C.5.

Lemma C.7. Let sequences paiq
8
i“1, pbiq

8
i“1 with values in r0, 1s be such that supiPN |ai ´ bi| ď ε for some

ε P r0, 1s. Let sai “ 1 ´ ai and sbi “ 1 ´ bi for every i P N. Then, it holds that

@n P N, |
śn
i“1 bi ´

śn
i“1 ai| ď nε, (8)

@γ P p0, 1q,
ř8
k“1 γ

k|p
śk´1
i“1

sbiqbk ´ p
śk´1
i“1 saiqak| ď 2ε

1´γ . (9)

Proof. To prove (8) for arbitrary n P N, we simply write:

|
śn
i“1 bi ´

śn
i“1 ai| ď

řn
k“1 |

śk´1
i“1 ai

śn
i“k bi ´

śk
i“1 ai

śn
i“k`1 bi|

“
řn
k“1 |bk ´ ak|

śk´1
i“1 ai

śn
i“k`1 bi

ď nε.
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To prove (9) for arbitrary γ P p0, 1q, consider the finite supremum over all appropriate pairs of sequences:

S “ sup
a,bPr0,1sN: supi |ai´bi|ďε

ř8
k“1 γ

k|p
śk´1
i“1

sbiqbk ´ p
śk´1
i“1 saiqak| ď

ř8
k“1 γ

k “ 1
1´γ ,

with intention to show that S ď 2ε
1´γ . Then, for all a, b P r0, 1sN such that supi |ai ´ bi| ď ε, we can write:

ř8
k“1 γ

k|p
śk´1
i“1

sbiqbk ´ p
śk´1
i“1 saiqak| ď γ|b1 ´ a1| `

ř8
k“2 γ

k|sb1 ´ sa1| ¨ |p
śk´1
i“2

sbiqbk|

`
ř8
k“2 γ

k|sa1| ¨ |p
śk´1
i“2

sbiqbk ´ p
śk´1
i“2 saiqak|

ď ε ¨ p1 `
ř8
k“1p

śk´1
i“1

sbi`1qbk`1q

` γ ¨
ř8
k“1 γ

k|p
śk´1
i“1

sbi`1qbk`1 ´ p
śk´1
i“1 sai`1qak`1|

ď 2ε` γS.

Therefore, it holds that S ď 2ε` γS and so S ď 2ε
1´γ .

Proof of Lemma C.2. Let pβ̄a “ 1 ´ pβa P r0, 1s to ease notation.
From Lemma C.3, it follows that matrices M1paq,M2paq from (4) satisfy

|||M1paq|||2 ď 1 `
ř8
k“1 γ

kp
śk´1
i“1 β̄aiq|||p

śk
i“1Maiq|||2 ď

ř8
k“0 γ

k
?
d ď

?
d

1´γ , (10a)

|||M2paq|||2 ď
ř8
k“1 γ

kp
śk´1
i“1 β̄aiqβak |||p

śk
i“1Maiq|||2 ď

ř8
k“1p

śk´1
i“1 β̄aiqβak

?
d ď

?
d. (10b)

Part 1: We prove the result for pψ first. Suppose ε P r0, p1 ´ 1{γq{
?
dq, so that γp1 ` ε

?
dq P r0, 1q.

Let xM1paq,xM2paq denote estimates for matrices M1paq,M1paq computed using estimates xMa, pβa.

Note that for all c P r0, 1q,
ř8
n“0 c

n n “ c
p1´cq2

and supn c
n n ď 1

1´c . Then, using Lemmas C.3, C.6, and
C.7, we can write:

|||xM1paq ´M1paq|||2 ď
ř8
k“1 γ

k|||p
śk´1
i“1

pβ̄aiqp
śk
i“1

xMaiq ´ p
śk´1
i“1 β̄aiqp

śk
i“1Maiq|||2

ď
ř8
k“1 γ

k|||
śk
i“1

xMai ´
śk
i“1Mai |||2

`
ř8
k“1 γ

k
ˇ

ˇ

ˇ

śk´1
i“1

pβ̄ai ´
śk´1
i“1 β̄ai

ˇ

ˇ

ˇ
|||
śk
i“1Mai |||2

ď
ř8
k“1 γ

kp1 ` ε
?
dqk´1k εd`

ř8
k“1 γ

kkεβ
?
d

“
γp1`ε

?
dq

p1´γp1`ε
?
dqq2

¨ εd
1`ε

?
d

`
γ

p1´γq2
¨ εβ

?
d

ď
dγ

p1´γp1`ε
?
dqq2

pε` εβ{
?
dq,

|||xM2paq ´M2paq|||2 ď
ř8
k“1 γ

k|||p
śk´1
i“1

pβ̄aiq
pβakp

śk
i“1

xMaiq ´ p
śk´1
i“1 β̄aiqβakp

śk
i“1Maiq|||2

ď supkPN

´

γk ¨ |||
śk
i“1

xMai ´
śk
i“1Mai |||2

¯

`
ř8
k“1 γ

k
ˇ

ˇ

ˇ
p
śk´1
i“1

pβ̄aiq
pβak ´ p

śk´1
i“1 β̄aiqβak

ˇ

ˇ

ˇ
|||
śk
i“1Mai |||2

ď supkPN γ
kp1 ` ε

?
dqk´1k εd

`
ř8
k“1 γ

k
ˇ

ˇ

ˇ
p
śk´1
i“1

pβ̄aiq
pβak ´ p

śk´1
i“1 β̄aiqβak

ˇ

ˇ

ˇ

?
d

ď 1
1´γp1`ε

?
dq

¨ εd
1`ε

?
d

` 2
1´γ ¨ εβ

?
d

ď 2d
1´γp1`ε

?
dq

¨ pε` εβ{
?
dq.
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From (3), we have that

ψps, a‘ aqJ “ 1
2 ϕps‘ aqJ

`

βaI12 ` β̄aM12paq
˘

,

where I12 “ r p1´γqI γI s P Rdˆ2d and M12paq “ r p1´γqM1paq γM2paq s P Rdˆ2d.

Then, using the fact that ∥ϕps, aq∥2 ď 1, it follows that

∥p pψ ´ψqps, a‘ aq∥2 ď 1
2 ||| r p1´γqpxM1´M1qpaq γpxM2´M2qpaq s

J
|||2

` 1
2 |pβa ´ βa| ¨ ||| r p1´γqpI´M1paqq γpI´M2paqq s

J
|||2

(a)
ď 1

2 p1 ´ γq |||pxM1 ´M1qpaq|||2 ` 1
2 γ |||pxM2 ´M2qpaq|||2

` 1
2 εβp1 ´ γqp1 `

?
d{p1 ´ γqq ` 1

2 εβγp1 `
?
dq

(b)
ď

2 dp1´γq

p1´γp1`ε
?
dqq2

¨ pε` εβ{
?
dq ` 2εβ

?
d

ď
4 dp1´γq

p1´γp1`ε
?
dqq2

¨ pε` εβ{
?
dq

where (a) follows from (10) and (b) from the bounds on |||xM1paq´M1paq|||2 and |||xM2paq´M2paq|||2 above.

Part 2: Here, we will prove the result for pψc using similar approach. Suppose ε P r0, 1q.

Let xM c
1paq,xM c

2paq denote estimates for matrices M1paq,M1paq computed using estimates xM c
a,
pβa.

Using Lemmas C.3, C.6, and C.7, we write:

|||xM c
1paq ´M1paq|||2 ď

ř8
k“1 γ

k|||
śk
i“1

xM c
ai ´

śk
i“1Mai |||2

`
ř8
k“1 γ

k
ˇ

ˇ

ˇ

śk´1
i“1

pβ̄ai ´
śk´1
i“1 β̄ai

ˇ

ˇ

ˇ
|||
śk
i“1Mai |||2

ď
ř8
k“1 γ

k 2d2kε`
ř8
k“1 γ

kkεβ
?
d

ď
2dγ

p1´γq2
¨ pdε` εβ{

?
dq,

|||xM c
2paq ´M2paq|||2 ď supkPN

´

γk ¨ |||
śk
i“1

xM c
ai ´

śk
i“1Mai |||2

¯

`
ř8
k“1 γ

k
ˇ

ˇ

ˇ
p
śk´1
i“1

pβ̄aiq
pβak ´ p

śk´1
i“1 β̄aiqβak

ˇ

ˇ

ˇ
|||
śk
i“1Mai |||2

ď supkPN γ
k 2d2kε`

ř8
k“1 γ

k
ˇ

ˇ

ˇ
p
śk´1
i“1

pβ̄aiq
pβak ´ p

śk´1
i“1 β̄aiqβak

ˇ

ˇ

ˇ

?
d

ď 2d2ε
1´γ `

2εβ
?
d

1´γ ď 2d
1´γ ¨ pdε` εβ{

?
dq.

As in Part 1, we conclude that

∥p pψc ´ψqps, a‘ aq∥2 ď 1
2 ||| r p1´γqpxMc

1´M1qpaq γpxMc
2´M2qpaq s

J
|||2

` 1
2 |pβa ´ βa| ¨ ||| r p1´γqpI´M1paqq γpI´M2paqq s

J
|||2

ď 1
2p1 ´ γq |||pxM c

1 ´M1qpaq|||2 ` 1
2γ |||pxM c

2 ´M2qpaq|||2

` 1
2 εβp1 ´ γqp1 `

?
d{p1 ´ γqq ` 1

2 εβγp1 `
?
dq

(c)
ď 2d

1´γ ¨ pdε` εβ{
?
dq ` 2εβ

?
d

ď 4d
1´γ ¨ pdε` εβ{

?
dq,

where (c) follows from the bounds on |||xM c
1paq ´M1paq|||2 and |||xM c

2paq ´M2paq|||2 above.

This concludes the proof of both statements.
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C.3 Off-policy Evaluation

In this subsection, we prove Lemma 4.7, which will follow from Lemma C.8, provided below. We also prove
Lemma 4.8. Corollary 4.9 follows immediately from these lemmas, by setting εβ “ ε

?
d small enough in

Theorem 4.6 and picking dataset size in Lemmas 4.7 and 4.8 large enough for the resulting uniform bounds
to hold with probabilities 1 ´ p{2 each.

For the sake of notation, let xpnq :“ ϕpsn, anq and ypnq
a :“ ϕps1

n, aq, so that X,Ya P RNˆd have rows
xpnq,y

pnq
a respectively. Then, Σ “ Er 1

NX
JXs “ Er

řN
n“1 x

pnqpxpnqqJs.

Recall that we consider ridge estimators xMa “ pXJX ` λIdq´1XJYa.

Observe that Ery
pnq
a | sn, ans “ MJ

a xn and ∥ypnq
a ∥2 ď 1 almost surely. Moreover, for zpnq

a :“ y
pnq
a ´

Maxn, it holds that ∥zpnq
a ∥2 ď 2. In the matrix form, we consider Za :“ Ya ´XMa.

Lemma C.8 (Restated). There exists absolute constant C ě 1 such that for all p P p0, 1q and N ě
4C2d logp2Ad{pq

λminpΣq2
, by choosing λ “ 1, with probability at least 1 ´ p, it holds that

sup
aPA

|||xMλ
a ´Ma|||2 ď 4C

d

d logp2Ad{pq

NλminpΣq2
.

Proof. We will show that this claim holds for the same C ě 1 as in Lemma C.8.

Fix arbitrary p P p0, 1q and N ě
4C2d logp2Ad{pq

λminpΣq2
. As λminpΣq ď |||Σ|||2 ď 1, for this N , it holds that

PpEq ě 1 ´ p, where E denotes the event from Lemma C.8.

Conditioned on event E , for every a P A, it holds that

|||xMλ
a ´Ma|||2 ď |||pXJX ` λIdq´1XJZa ´ λpXJX ` λIdq´1Ma|||2

ď |||pXJX ` λIdq´1|||2 |||XJZa|||2 ` λ |||pXJX ` λIdq´1|||2 |||Ma|||2

ď
|||XJZa|||2 ` λ

?
d

λminpXJXq ` λ
ď

C
a

N logp2Ad{pq `
?
d

NλminpΣq ´ C
a

Nd logp2{pq

ď
2C

a

Nd logp2Ad{pq

NλminpΣq{2
“ 4C

d

d logp2Ad{pq

NλminpΣq2
.

Note that we use the fact that |||Ma|||2 ď
?
d from Lemma C.3.

Lemma C.8 (Concentration). There exists an absolute constant C such that for all p P p0, 1q and N ě

C2 ¨ d logp2Ad{pq, event E “ EX X pXaPAEaq, where

EX : λminpXJXq ě NλminpΣq ´ C
a

Nd logp2{pq,

Ea : ∥XJZa∥2 ď C
a

N logp2Ad{pq,

occurs with probability at least 1 ´ p.

Proof. It will suffice to show that there exists constant C such that for every N ě C2 ¨ d logp2Ad{pq, it
holds that PpEXq ě 1 ´

p
2 and PpEaq ě 1 ´

p
2A for all a P A.
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Part 1: Observe that rows in matrix X are independent sub-Gaussian vectors that are uniformly bounded in
l2-norm by 1, because sups,a ∥ϕps, aq∥2 ď 1. Using Theorem C.9, fix absolute constants C1 and c1 so that

@N P N, @t ě 0, P
´

|||XJX ´NΣ|||2 ď N maxtδ, δ2u

¯

ě 1 ´ 2 expp´c1t
2q for δ “ C1

?
d`t?
N

.

Then, we claim that PpEXq ě 1 ´
p
2 if we select C ě C1 `

a

2{c1.

Note that the minimal eigenvalue of XJX can be bounded from below as follows:

λminpXJXq ě λminpNΣq ´ |||XJX ´NΣ|||2.

So, by setting t “
a

logp4{pq{c1, we obtain that, for all N ě C ¨ d logp2{pq, it holds that

PpEXq ě P
´

|||XJX ´NΣ|||2 ď C ¨
a

Nd logp2{pq

¯

ě P
´

|||XJX ´NΣ|||2 ď N ¨ C1

?
d`t?
N

¯

ě 1 ´ 2 expp´c1t
2q “ 1 ´

p
2 .

Part 2: We claim that PpEaq ě 1 ´
p
2A for every action a P A if we select C ě 8.

Observe that for every action a P A, ZJ
a X “

řN
n“1 S

pnq
a , where matrices Spnq

a :“ z
pnq
a pxpnqqJ are indepen-

dent and satisfy the following properties:

Uniformly bounded: |||Spnq
a |||2 “ ∥zpnq

a ∥2 ∥xpnq∥2 ď 2

Centered: ErSpnq
a s “ E

”

Erzpnq
a | xpnqspxpnqqJ

ı

“ Er0pxpnqqJs “ 0dˆd.

Moreover, it holds that

|||ErSpnq
a pSpnq

a qJs|||2 ď E
„

∥xpnq∥22 ¨ E
”

|||zpnq
a pzpnq

a qJ|||2

ˇ

ˇ

ˇ
xpnq

ı

ȷ

ď 4,

|||ErpSpnq
a qJSpnq

a s|||2 ď E
„

|||xpnqpxpnqqJ|||2 ¨ E
”

∥zpnq
a ∥22

ˇ

ˇ

ˇ
xpnq

ı

ȷ

ď 4,

which implies that the variance statistic of the sum satisfies

νpZJ
a Xq ď

řN
n“1max

!

|||ErS
pnq
a pS

pnq
a qJs|||2, |||ErpS

pnq
a qJS

pnq
a s|||2

)

ď 4N.

By Theorem C.10, we have that

@t ě 0, Pp|||XJZa|||2 ě tq ď 2d ¨ exp
´

´t2{2
4N`2t{3

¯

ď 2d ¨ exp
´

´t2{8
N`t

¯

.

So, for N ě C2 ¨ logp2Ad{pq, fixing t “
a

16N logp4Ad{pq ď N , yields

PpEaq ě P
´

∥XJZa∥2 ď t
¯

ě 1 ´ 2d ¨ exp
´

´t2{8
N`t

¯

ě 1 ´ 2d ¨ exp
´

´t2

16N

¯

“ 1 ´
p
2A .

Conclusion: To sum up, the choice of the absolute constant C “ maxtC1 `
a

2{c1, 8u guarantees that for
all p P p0, 1q and N ě C2 ¨ d logp2Ad{pq, it holds that PpEq ě 1 ´ p.
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Theorem C.9 (Theorem 5.39 (5.40) from [Ver11]). Let A be N ˆ d matrix whose rows Ai are independent
sub-Gaussian vectors in Rd with common second moment matrix Σ. Let K :“ maxiPrNs ∥Ai∥ψ2

denote
the maximal sub-Gaussian norm among the rows. Then, there exist constants c and C that depend only
on the value of K, such that, for every t ě 0, the following inequality holds with probability at least
1 ´ 2 expp´ct2q:

||| 1
NA

JA´ Σ|||2 ď maxtδ, δ2u where δ “
C

?
d` t

?
N

.

Theorem C.10 (Theorem 6.1.1 (Matrix Bernstein) from [Tro15]). Let S1, ..., Sn be independent R-valued
centered random matrices with common dimensions d1 ˆ d2, and suppose that for some L ě 0, it holds that
|||Sk|||2 ď L for every k P rns almost surely. Consider their sum Z :“

řn
k“1 Sk and let νpZq denote the

variance statistic of the sum:

νpZq :“ max
!

|||ErZZJs|||2, |||ErZJZs|||2

)

.

Then, for all t ě 0, it holds that

Pp|||Z|||2 ě tq ď pd1 ` d2q ¨ exp

˜

´t2{2

νpZq ` Lt{3

¸

.

Lemma C.11 (Restated). For all p P p0, 1q, empirical mean estimators pβa satisfy

P
ˆ

supaPA |pβa ´ βa| ď

b

12 lnp3A{pq

Npmin

˙

ě 1 ´ p.

Proof. For every a P A, let Na “
řN
n“1 Ipan “ aq and Sa “

řN
n“1 bn Ipan “ aq, so that pβa “ Sa{Na.

Also, let pa “ ErIpa1 “ aqs, so that pmin “ infaPA pa.

By Multiplicative Chernoff Bound, for fixed a P A and arbitrary ε P p0, 1q, we have

PpNa ď 1
2Npaq ď expp´Npa{8q,

Pp|Sa ´Naβa| “ |pN ´ Saq ´Naβ̄a| ě εNamaxtβa, β̄au|Naq ď 2 expp´ε2Namaxtβa, β̄au{3q,

which allows us to write

Pp|pβa ´ βa| ě εq “ Pp|Sa ´Naβa| ě εNaq

ď Pp|Sa ´Naβa| ě εNa|Na ą 1
2Npaq ` PpNa ď 1

2Npaq

ď 2 expp´ε2Npamaxtβa, β̄au{6q ` expp´Npa{8q

ď 3 expp´ε2Npmin{12q.

Therefore, by the uniform confidence bound, for every p P p0, 1q, it indeed holds that

P
ˆ

supaPA |pβa ´ βa| ď

b

12 lnp3A{pq

Npmin

˙

ě 1 ´ p.
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C.4 Closed Form for Eventually Periodic Action Sequences

Lemma C.11. Let P ě 0, L ě 1, and fix sequence a “ apr ‘ p‘8
t“1a

perq with prefix apr “ pa1, . . . , aP q P

AP and period aper “ paP`1, . . . , aP`Lq P AL. Define Ψpr “ γP
śP
i“1pβ̄aiMaiq, Ψper “ γL

śP`L
i“P`1pβ̄aiMaiq.

Then:

M1paq “ Φpr
1 ` Ψpr pId ´ Ψperq´1Φper

1 ,

M2paq “ Φpr
2 ` Ψpr pId ´ Ψperq´1Φper

2 ,

where the specific summations are

Φpr
1 “

řP´1
k“0 γ

kp
śk
i“1 β̄aiMaiq

Φper
1 “

řL´1
j“0 γ

jp
śP`j
i“P`1 β̄aiMaiq

Φpr
2 “

řP
k“1 γ

kp
śk´1
i“1 β̄aiMaiqβakMak

Φper
2 “

řL
j“1 γ

jp
śP`j´1
i“P`1 β̄aiMaiqβaP`jMaP`j .

Proof. Lemma C.3 implies that for every n P N and every sequence pa1, . . . , anq P An, it holds that

ρ
`
śn
i“1Mai

˘

ď 1.

Hence Id ´ Ψper is invertible. The claim then follows from the Neumann-series (von Neumann) argument,
with the same reasoning applied to all finite prefixes.

We remark that this computation requires OpP `Lq matrix multiplications and one matrix inversion, yield-
ing OppP ` Lqd3q complexity per sequence.

D Episodic Learning: Proofs

In this section, we prove Theorem 5.1. Our proof adapts the approach of Jin et al. [Jin+19] for ATST-MDPs
with geometric horizons.

For notational convenience, let sku “ K for all k P rKs and u ą Bk ` 1. Let Rτ “ mintRτ , Hu.

For burst-dependent policy π “ pπuq8
u“1 and n P N, let πpnq “ pπu`n´1q8

u“1 denote the burst-dependent
policy obtained by shifting the original policy by n ´ 1 data-bursts ahead. Then, we introduce notation
Kπ
u “ Kπpuq and V πu “ V πpuq .

D.1 Some Technical Lemmas

In this sections, we state some technical lemmas used in the proof of the main result. The proofs of these
lemmas are deferred to later subsections.

First, we need the following lemma, which bounds the growth of the estimator’s norm.

Lemma D.1 (Bound for wk
u). For all pk, uq P rKs ˆ rH ´ 1s, ∥wk

u∥2 ď 4
a

dkH3{λ.
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Proof. For every vector v P R2d, we have

|vJwk
u| “

ˇ

ˇ

ˇ
vJpΛkq´1řNk

τ“1
pψτ rR

τ
` supaK

k
u`1psτN ,aqs

ˇ

ˇ

ˇ

ď
řNk

τ“1 |vJpΛkq´1
pψτ | ¨ 2H

ď 2H ¨

c

”

řNk

τ“1 ∥v∥
2
pΛkq´1

ı ”

řNk

τ“1∥ pψτ∥2pΛkq´1

ı

ď 2H ¨ ∥v∥2
a

kH{λ ¨
?
2d,

where the last step follows from the fact that Nk ď kH and Fact D.9.

Based on this lemma, we can establish the following concentration result.

Lemma D.2. Under the setting of Theorem 5.1, let cρ be the constant parameterizing ρ (i.e., ρ “ cρ ¨dH
?
ι).

There exists an absolute constant C, independent of cρ, such that for all fixed p P r0, 1s, if we let E denote
the event that

@pk, uq P rKs ˆ rH ´ 1s :
∥∥∥řNk

τ“1
pψτ rV k

u`1psτN q ´ PV k
u`1psτ ,aτ qs

∥∥∥
pΛkq´1

ď C ¨ d
1´γ

?
χ,

@k P rKs :
∥∥∥řNk

τ“1
pψτ rR

τ
´ ErR

τ
|sτ ,aτ ss

∥∥∥
pΛkq´1

ď C ¨Hd1{2?
ι

where χ “ logp2pcρ ` 1qdKH{pq, then PpEq ě 1 ´ p{2

See Section D.3 for the proof of this lemma.

To further simplify the notations, we let ϵ2 “ ϵ ¨ 5ρ
?
KH . Note that ϵ2 ě ϵ∥wk

u∥2 ` ϵρ by Lemma D.1.
This constant will be used throughout the rest of the proof. Also, let ψku “ ψpsku,a

k
uq be equal to 0 P R2d

when sku “ K.

We also need the following two lemmas. The first lemma provides lower bounds on the estimated action-
sequence value-functions on the event that the concentration bounds hold true.

Lemma D.3 (UCB). Under the setting of Theorem 5.1., conditioned on event E from Lemma D.2,

Kk
ups,aq ě K˚ps,aq ´ pH ´ uq ¨ ϵ2

for all ps,a, u, kq P S ˆ AN ˆ rHs ˆ rKs.

Additionally, we need the following lemma, which provides a recursive relation on a term arising from the
error decomposition.

Lemma D.4 (Recursive formula). For k P rKs, u P rHs, we define

• δku “ V k
u pskuq ´ V π

k

u pskuq,

• ζku`1 “ Erδku`1 | sku,a
k
us ´ δku`1.

Then, conditioned on the event E , we have that for every pk, uq P rKs ˆ rH ´ 1s:

δku ď δku`1 ` ζku`1 ` 2ρ∥ψku∥pΛkq´1 ` ϵ2.

See Section D.4 for the proof of Lemma D.3 and D.4.
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D.2 Proof of Theorem 5.1

Given lemmas in Section D.1, we are ready to prove Theorem 5.1. To start with, let us recall the statement
of the theorem.

Theorem 5.1 (Restated). Suppose Algorithm 1 is executed with ϵ-admissible feature map pψ for ϵ ď
a

p1 ´ γq{K.

There exists an absolute constant c ě 1, such that, for all fixed p P p0, 1q, if we setH “ r
logpKp1´γq´1q

1´γ s`1,
λ “ 1, and ρ “ c ¨ dH

?
ι with ι “ logp2dKH{pq, then with probability at least 1 ´ p, the total regret is at

most

rO
`

a

d3Kp1 ´ γq´3ι2 ` d2p1 ´ γq´2ι` ϵ ¨
a

d2K3p1 ´ γq´5ι
˘

.

Proof. We condition on the event E from Lemma D.2, which occurs with probability at least 1´ p{2. Then,
using Lemmas D.3 and D.4 and the choice of ϵ2, we can write:

RK “

K
ÿ

k“1

”

V ˚psk1q ´ V πk
1 psk1q

ı

ď

K
ÿ

k“1

pδk1 `Hϵ2q

ď

K
ÿ

k“1

H
ÿ

u“1

ζku `

K
ÿ

k“1

δkH ` 2ρ
K
ÿ

k“1

H´1
ÿ

u“1

∥ψku∥pΛkq´1 ` 2KHϵ2

ď

K
ÿ

k“1

H
ÿ

u“1

ζku `

K
ÿ

k“1

δkH ` 2ρ
K
ÿ

k“1

H´1
ÿ

u“1

∥ pψku∥pΛkq´1 ` 4KHϵ2.

• To bound the first component, we use Azuma-Hoeffding for the martingale difference sequence tζkuuu,k

(ordered chronologically with respect to rounds/episodes and including Bk ă u ď H with sku “ K),
which satisfies |ζku | ď 2

1´γ . For all t ě 0, we have

P
´

řK
k“1

řH
u“1 ζ

k
u ď t

¯

ě 1 ´ exp
´

´t2

8KHp1´γq´2

¯

.

Hence, with probability at least 1 ´ p{4, we have that

K
ÿ

k“1

H
ÿ

u“1

ζku ď
a

8KHp1 ´ γq´2 ¨
a

logp4{pq.

• To bound the second component, observe that for each k P rKs

δkH “ V k
HpskHq ´ V πk

H pskHq ď
IpskH‰Kq

1´γ ´ 0 ď
IpHkěHq

1´γ ,

and use Chernoff inequality for binary indicators IpHk ě Hq. For all δ ě 1, it holds that

P
´

řK
k“1 IpHk ě Hq ą p1 ` δqKγH´1

¯

ď

´

e´δ

p1`δq1`δ

¯KγH´1

ď exp
´

´δ2KγH´1

2`δ

¯

ď expp´δKγH´1{3q.

Then, by Fact D.7, with probability at least 1 ´ p{4, by setting δ “
3 logp4{pq

KγH´1 ě 1, it holds that
řK
k“1 δ

k
H ď p1 ` δqKγH´1p1 ´ γq´1

ď pKγH´1 ` 3 logp4{pqqp1 ´ γq´1

ď 6 logp4{pqp1 ´ γq´1.
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• To bound the third component, let Λku “ Λk `
řu´1
u1“1

pψku1p pψku1q
J. Then, write the following

řK
k“1

řH
u“1 ∥ pψku∥pΛkq´1 ď

?
H ¨

řK
k“1

b

řH
u“1 ∥ pψku∥2pΛkq´1

(a)
ď

?
H ¨

řK
k“1

b

řH
u“1 2∥ pψku∥2pΛk

uq´1

`
?
H ¨

řK
k“1 IpdetpΛk`1q ą 2 detpΛkqq

a

H{λ

ď
?
2KH ¨

b

řK
k“1

řH
u“1p pψkuqJpΛkuq´1

pψku

`
a

H2{λ ¨
řK
k“1 IpdetpΛk`1q ą 2 detpΛkqq

(b)
ď

?
2KH ¨

c

2 log
´

detpΛK`1q

detpΛ1q

¯

`
?
H2λ´1 ¨ log2

´

detpΛK`1q

detpΛ1q

¯

(c)
ď 4

?
KH ¨

a

d logp2KHq ` 4H ¨ d logp2KHq,

where (a) follows from Fact D.8, (b) from Fact D.10, and (c) from the following inequality

detpΛK`1q

detpΛ1q
ď

´

λmaxpΛK`1q

λminpΛ1q

¯2d
ď

´

λ`KH
λ

¯2d
“ p1 `KHq2d ď p2KHq2d.

In conclusion, we have that with probability at least 1 ´ p:

RpKq ď
a

8KHp1 ´ γq´2 ¨
a

logp4{pq

` 6 logp4{pqp1 ´ γq´1

` 2ρ ¨

´

4
?
KH ¨

a

d logp2KHq ` 4H ¨ d logp2KHq

¯

` 4KH ¨ 5ϵρ
?
KH

ď c1 ¨
?
d3KH3ι2 ` c2 ¨ d2H2ι` c3 ¨ ϵKH ¨

?
d2KH3ι,

for some absolute constants c1, c2, c3.

D.3 Proof of Lemma D.2

In Theorem 5.1, we have H “ r
logpKp1´γq´1q

1´γ s ` 1, λ “ 1, and ι “ logp2dKH{pq.

From Lemma D.1, ∥wk
u∥2 ď 4

a

dkH3{λ. Hence, by combining Lemmas D.12 and D.13 for function
class Vp4

a

dkH3{λ, ρ, λq, we show that for all ε ą 0, with probability at least 1 ´ p{4: for all pk, uq P

rKs ˆ rH ´ 1s,∥∥∥řNk

τ“1
pψτ rV k

u`1psτN q ´ PV k
u`1psτ ,aτ qs

∥∥∥2
pΛkq´1

ď 4
p1´γq2

„

d log kH`λ
λ ` 2d log

´

1 ` 16
?
dkH3

ε
?
λ

¯

`4d2 log
´

1 `
16ρ2

?
d

ε2λ

¯

` log
´

4
p

¯

ȷ

` 8k2H2ε2

λ .

We set λ “ 1 and ρ “ cρ ¨dH
?
ι and pick ε “ d

p1´γqkH . Then, there clearly exists absolute constantC1 ą 0,
independent of cρ, such that∥∥∥řNk

τ“1
pψτ rV k

u`1psτN q ´ PV k
u`1psτ ,aτ qs

∥∥∥2
pΛkq´1

ď C1 ¨ d2

p1´γq2
logp2pcρ ` 1qdKH{pq.
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For the second part, we will use the concentration of self-normalized process, where Rτ |sτ ,aτ P r0,Hs is a
H-sub-Gaussian. By applying Theorem D.11, we can find absolute constant C2 ą 0 independent of cρ such
that with probability at least 1 ´ p{4: for all k P rKs,∥∥∥řNk

τ“1
pψτ rR

τ
´ ErR

τ
|sτ ,aτ s

∥∥∥2
pΛkq´1

ď 4H2

„

d log
´

kH`λ
λ

¯

` log
´

4
p

¯

ȷ

ď C2 ¨H2d logp2kH{pq.

Finally, set C “
a

maxtC1, C2u to finish the proof.

D.4 Proof of Lemmas D.3 and D.4

The proof relies on the following technical lemma.

Lemma D.5. Under the setting of Theorem 5.1, there exists an absolute constant cρ ě 1 such that for
ρ “ cρ ¨dH

?
ι and arbitrary burst-dependent policy π, on the event E from Lemma D.2, for all px,a, k, uq P

X ˆ AN ˆ rKs ˆ rH ´ 1s:

xψpx,aq,wk
uy ´Kπ

u px,aq “ PpV k
u`1 ´ V π

u`1qpx,aq ` ∆k
upx,aq,

where ∆k
upx,aq satisfies |∆k

upx,aq| ď ρ ∥ψpx,aq∥pΛkq´1 .

See Section D.4.1 for the proof of this lemma. Taking this lemma as given, let us now proceed with the
proofs of Lemma D.3 and D.4.

Proof of Lemma D.3. We set Kk
Hps,aq “ 1

1´γ ě K˚ps,aq. Moreover, for all u P rH ´ 1s, we have that

Kk
ups,aq “ x pψps,aq,wk

uy ` ρ∥ pψps,aq∥pΛkq´1

ě xψps,aq,wk
uy ` ρ∥ψps,aq∥pΛkq´1 ´ pϵ∥wk

u∥2 ` ρϵ{
?
λq

(a)
ě K˚ps,aq ` PpV k

u`1 ´ V ˚qps;aq ´ ϵ2

ě K˚ps,aq ` inf
s1,a1

pKk
u`1 ´K˚qps1,a1q ´ ϵ2,

where (a) follows from Lemmas D.5 and the choice of ϵ2.
Then, the statement follows by trivial induction over u from u “ H to u “ 1.

Proof of Lemma D.4. We can write the following by Lemma D.5 for all s,a:

Kk
ups,aq ´Kπk

u ps,aq “ x pψps,aq,wk
uy ` ρ∥ pψps,aq∥pΛkq´1 ´ xψps,aq, wπ

k

u y

ď xψps,aq,wk
uy ` ρ∥ψps,aq∥pΛkq´1 ´ xψps,aq, wπ

k

u y ` ϵ2

ď PpV k
u`1 ´ V π

k

u`1qps,aq ` 2ρ ∥ψps,aq∥pΛkq´1 ` ϵ2.

From the choice of πk, we have that

δku “ Kk
upsku,a

k
uq ´Kπk

u psku,a
k
uq

ď PpV k
u`1 ´ V πk

u`1qpsku,a
k
uq ` 2ρ∥ψpsku,a

k
uq∥pΛkq´1 ` ϵ2

“ δku`1 ` ζku`1 ` 2ρ∥ψku∥pΛkq´1 ` ϵ2.

Note that this holds even when sku “ K, as 0 ď ϵ2.
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D.4.1 Proof of Lemma D.5

We first state and prove the following lemma.

Lemma D.6 (Burst-dependent version of Theorem 4.4). Under Assumption 4.1, for arbitrary burst-dependent
policy π “ pπuq8

u“1 and u P N, it holds that: for all px, aq P X ˆ AN,

Kπ
u px,aq “ xψpx,aq, wπu y,

where wπu “ 2

«

θ{p1 ´ γq
ş

S V
π
u`1psqdµpsq

ff

satisfies ∥wπu ∥ ď 4
?
d

1´γ .

Proof. Follows by decomposition Kπ
u “ R ` PV π

u`1 and Theorem C.1.

Now we turn to the proof of Lemma D.5. As pψτ qJwπu “ Kπ
u psτ ,aτ q by Lemma D.6, we have the

following

wk
u ´wπu “ pΛkq´1řNk

τ“1
pψτ rR

τ
` V k

u`1psτN qs ´wπu

“ pΛkq´1
!

´λwπu `
řNk

τ“1
pψτ rR

τ
` V k

u`1psτN q ´Kπ
u psτ ,aτ qs

)

` pΛkq´1řNk

τ“1
pψτ pψτ ´ pψτ qJwπu

“ ´λpΛkq´1wπu
looooooomooooooon

q1

` pΛkq´1řNk

τ“1
pψτ rV k

u`1psτN q ´ PV k
u`1psτ ,aτ qs

loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

q2

` pΛkq´1řNk

τ“1
pψτ rPpV k

u`1 ´ V πu`1qpsτ ,aτ qs
loooooooooooooooooooooooooomoooooooooooooooooooooooooon

q3

` pΛkq´1řNk

τ“1
pψτ rR

τ
´ ErR

τ
|sτ ,aτ ss

looooooooooooooooooooooomooooooooooooooooooooooon

q4

` pΛkq´1řNk

τ“1
pψτ rErR

τ
|sτ ,aτ s ´ ErRτ |sτ ,aτ ss

loooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooon

q5

` pΛkq´1řNk

τ“1
pψτ pψτ ´ pψτ qJwπu

loooooooooooooooooooomoooooooooooooooooooon

q6

.

We bound these six components separately. Note that

|ψpx,aqJpΛkq´1řNk

τ“1
pψτ | ď

řNk

τ“1 |ψpx,aqJpΛkq´1
pψτ |

ď

”

řNk

τ“1 ∥ψpx,aq∥2pΛkq´1

ı1{2 ”
řNk

τ“1∥ pψτ∥2pΛkq´1

ı1{2

ď
?
kH ∥ψpx,aq∥pΛkq´1 ¨

?
d

“
?
dkH ¨ ∥ψpx,aq∥pΛkq´1 .

• To bound q1, using Lemma D.6, write

|xψpx,aq, q1y| ď λ ∥wπu ∥pΛkq´1 ∥ψpx,aq∥pΛkq´1

ď
?
λ ∥wπu ∥2 ∥ψpx,aq∥pΛkq´1 ď 4

?
dλ

1´γ ¨ ∥ψpx,aq∥pΛkq´1 .

• To bound q2 and q4, we use event E so that

|xψpx,aq, q2 ` q4y| ď C ¨ dH
?
χ ¨ ∥ψpx,aq∥pΛkq´1 ,

for some absolute constant C ą 0 independent of cρ.
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• To bound q3, using Theorem C.1, observe that for some vector v such that ∥v∥2 ď 8
?
d

1´γ :

PpV k
u`1 ´ V π

u`1qpx;aq “ xψpx,aq,vy.

Then, we can write

xψpx,aq, q3y “ xψpx,aq,vy ´ λψpx,aqJpΛkq´1v
looooooooooomooooooooooon

c1

`ψpx,aqJpΛkq´1řNk

τ“1
pψτ pψτ ´ pψτ qJv

looooooooooooooooooooooooomooooooooooooooooooooooooon

c2

,

where c1, c2 can be bounded as follows:

|c1| ď
?
λ ∥v∥2 ∥ψpx,aq∥pΛkq´1 ď 8

?
dλ

1´γ ¨ ∥ψpx,aq∥pΛkq´1

|c2| ď |ψpx,aqJpΛkq´1řNk

τ“1
pψτ | ¨ ϵ∥v∥2

ď
?
dkH ¨ ∥ψpx,aq∥pΛkq´1 ¨ ϵ ¨ 8

?
d

1´γ ď 8
a

ϵ2d2kHp1 ´ γq´2 ¨ ∥ψpx,aq∥pΛkq´1 .

• To bound q5, note that, as rewards are bounded to r0, 1s, we have

|ErR
τ
|sτ ,aτ s ´ ErRτ |sτ ,aτ ss| ď γHp1 ´ γq´1.

By Fact D.7, for H ě
logpKp1´γq´1q

1´γ , γH ď 1?
KH

, so we have

|xψpx,aq, q5y| ď
γH

1´γ ¨ |ψpx,aqJpΛkq´1řNk

τ“1
pψτ |

ď
?
dkH

p1´γq
?
KH

¨ ∥ψpx,aq∥pΛkq´1 ď dH ¨ ∥ψpx,aq∥pΛkq´1

• To bound q6, we write

|xψpx,aq, q6y| ď ϵ∥wπu ∥2 ¨ |ψpx,aqJpΛkq´1řNk

τ“1
pψτ |

ď ϵ ¨ 4
?
d

1´γ ¨
?
dkH ¨ ∥ψpx,aq∥pΛkq´1

ď 4
a

ϵ2d2kHp1 ´ γq´2 ¨ ∥ψpx,aq∥pΛkq´1

To sum up, for our choice of λ “ 1 and ϵ ď

b

1´γ
K we have that

∆k
upx,aq ď p25 ` Cq ¨ dH

?
χ ¨ ∥ψpx,aq∥pΛkq´1 .

Finally, observe that cρ appears in χ only under the logarithm and C is an absolute constant. There-
fore, we can select cρ as an absolute constant large enough such that for ι ě logp2q, cρ ¨

?
ι ě p25 `

Cq
a

ι` logpcρ ` 1q, i.e. ρ “ cρ ¨ dH
?
ι ě p25 ` CqdH

?
χ for all K,H, d, p.

D.5 Some Basic Facts

In this section, we collect some basic algebraic facts used in the proofs.
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Fact D.7. For n ě
logpKp1´γq´1q

1´γ it holds that γn ď mint
1´γ
K , 1

np1´γq
u ď 1?

Kn
.

Proof. As logp1{xq ě 1 ´ x for x ą 0, we can write

γn “ exp
`

´H logp1{γq
˘

ď exp
`

´ logpKp1 ´ γq´1q
˘

“
1´γ
K .

Moreover, as 1{x ě e´x for x ą 0, we also have

γn “ exp
`

´n logp1{γq
˘

ď 1
n logp1{γq

ď 1
np1´γq

.

The final inequality follows trivially.

Fact D.8. Let A,B P Rdˆd be positive definite matrices and x P Rd. If A ľ B, then

∥x∥A ď ∥x∥B

d

detpAq

detpBq
.

Fact D.9. Let pxnqNn“1 be an RD-valued sequence and λ ą 0. Then, for ΛN “ λI `
řN
n“1 xnx

J
n , it holds

that
N
ÿ

n“1

∥xn∥2pΛN q´1 ď D.

Proof. Proof is exactly the same as in Lemma D.1 from [Jin+19].

Fact D.10 ([APS11]). Let pxnq8
n“1 be an RD-valued sequence such that ∥xn∥2 ď 1 for every n P N. Let

Λ0 P RDˆD satisfy λminpΛ0q ě 1 and define ΛN “ Λ0 `
řN
n“1 xnx

J
n for every n P N. Then, it holds that:

for all N P N,

log

„

logpΛN q

logpΛ0q

ȷ

ď

N
ÿ

n“1

∥xn∥2Λ´1
n´1

ď 2 log

„

logpΛN q

logpΛ0q

ȷ

.

D.6 Concentration Inequalities

Theorem D.11 (Self-Normalized Bound for Vector-Valued Martingales, [APS11]). Let tετu8
τ“1 be a R-

valued stochastic process with corresponding filtration tFτu8
τ“0, such that ε|Fτ´1 be zero-mean and σ-

sub-Gaussian for every τ ě 1. Let tζτu8
τ“1 be an RD-valued stochastic process where ζτ P Fτ´1. Let

Λ P RDˆD be a positive definite matrix and define ΛN “ λI `
řN
τ“1 ζτζ

J
τ for N ě 1. Then, for all δ ą 0,

with probability at least 1 ´ δ, it holds that

@N ě 0 :
∥∥∥řN

τ“1 ζτετ

∥∥∥
pΛN q´1

ď 2σ2 log

˜

detpΛN q1{2 detpΛq´1{2

δ

¸

.

Lemma D.12. Let V Ă RS be an arbitrary function class such that, for every V P V , sups |V psq| ď 1
1´γ .

Let tsτu8
τ“1 be a stochastic process on state space S with corresponding filtration tFτu8

τ“0. Let tζτu8
τ“1

be an RD-valued stochastic process where ζτ P Fτ´1 and ∥ζτ∥2 ď 1. Let ΛN “ λI `
řN
τ“1 ζτζ

J
τ . Then,

for all δ ą 0, with probability at least 1 ´ δ, it holds that for all N ě 0 and V P V∥∥∥řN
τ“1 ζτ

␣

V psτ q ´ ErV psτ q | Fτ´1s
(

∥∥∥2
pΛN q´1

ď 4
p1´γq2

„

D
2 log

´

N`λ
λ

¯

` log
´

Nε
δ

¯

ȷ

` 8N2ε2

λ ,

where Nε is the ε-covering number of V with respect to distpV, V 1q “ sups |V psq ´ V 1psq|.
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Proof. The result follows by applying Theorem D.11 for each element in the ε-covering and using the union
bound for the left-hand side, as was done in the proof of Lemma D.4 from [Jin+19].

Lemma D.13 (Covering number bound, [Jin+19]). Let ζ : S ˆ AN Ñ RD be an arbitrary state-action-
sequence feature map, such that sups,a ∥ζps,aq∥2 ď 1. For L,B, λ ą 0, let VpL,B, λq denote the follow-
ing parametric class of mappings from S to r0, 1

1´γ s:

!

V p.q “ mint 1
1´γ , supaPAN ζp.,aqJw ` ρ ∥ζp.,aq∥Λ´1u : ∥w∥2 ď L, ρ P r0, Bs,Λ ľ λI

)

.

Then, the covering number Nε of VpL,B, λq with respect to distpV, V 1q “ supsPS |V psq ´ V 1psq| satisfies

logNε ď D logp1 ` 4L{εq `D2 log
´

1 ` 8D1{2B2{pλε2q

¯

.

Proof. Accounting for the fact that we use a different feature map ζ : S ˆ AN Ñ RD, the proof follows
similarly to Lemma D.6 from [Jin+19].
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