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Abstract

We introduce Action-Triggered Sporadically Traceable Markov Decision Processes (ATST-MDPs), a
reinforcement learning framework for partial observability in which full state observations occur stochas-
tically at each step, with probability determined by the chosen action. We derive Bellman equations
tailored to this setting and establish the existence of an optimal policy. Exploiting the fact that spo-
radic observations reveal the full state, we provide an equivalent formulation in which agents commit to
action sequences between consecutive observations. Under the linear MDP assumption, we show that
the value function over such action sequences admits a linear representation in a finite-dimensional fea-
ture map, enabling standard regression-based methods. As an application, we derive ST-LSVI-UCB, an
optimistic algorithm achieving regret O(4/Kd3(1 — ~y)—3) for episodic learning with geometrically dis-
tributed horizons, where K is the number of episodes, d the feature dimension, and -y the discount factor
(episode continuation probability), matching the known rate for linear MDPs with full observability.

1 Introduction

Reinforcement Learning (RL) studies sequential decision-making where an agent interacts with an unknown
environment. Standard formulations assume the agent observes the new environmental state after every
executed action. In practice, however, state observations are often sporadic, as sensing may be costly or
unreliable, and action choices may affect the frequency of observations. For example, in clinical treatment
planning, the clinician needs to make tradeoffs between invasive diagnostic tests that provide accurate patient
state information but carry risks, and less invasive tests that are safer but yield limited insights into the
patient’s condition. In financial portfolio management, traders must balance the costs of acquiring high-
frequency market data against the benefits of informed decision-making.

This class of problems belongs to the general framework of Partially Observable Markov Decision Processes
(POMDPs) [Ast65], where the agent receives noisy partial observations generated from the underlying state.
However, it is well-known that general POMDPs without additional structures are computationally and
statistically intractable [MHC99; Jin+20]. As a result, existing general-purpose POMDP methods lack
specificity for scenarios where state observation availability depends on the agent’s actions.

To address this gap, we propose a novel RL framework characterized by “action-triggered observations,"
where each action a has an associated probability 5(a) € [0, 1] of revealing the resulting state upon ex-
ecution. A control policy must therefore simultaneously optimize actions under partial observability and
strategically decide when to trigger observations to reduce uncertainty. We formalize this setting as Action-
Triggered Sporadically Traceable Markov Decision Processes (ATST-MDPs), extending classical MDPs
with the state observation probability function .
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The ATST-MDP framework captures a range of observation mechanisms pertaining to active perception
[e.g., Baj88]. In particular, the framework subsumes Action-Contingent Noiselessly Observable Markov
Decision Processes (ACNO-MDPs) [NFB21], where observations must be explicitly purchasedl, and inter-
mittent feedback models [HS17], where unreliable sensors or communication channels yield only sporadic
state information. Rather than focusing on any particular observation pattern, we analyze ATST-MDPs in
full generality.

Contributions. We establish theoretical foundations for reinforcement learning with action-triggered ob-
servations. Our main contributions are as follows:

* Bellman theory and action-sequence reformulation (Sections 2-3). We formally introduce ATST-
MDPs and derive Bellman optimality equations over the augmented state space. We then develop an
equivalent action-sequence reformulation that circumvents the exponential complexity of the augmented-
state representation, yielding a tractable foundation for algorithm design.

* Learnable linear representation (Section 4). Under the linear MDP assumption, we construct an
action-sequence feature map  under which the newly introduced action-sequence value function is
linear in ¢. We further develop data-driven estimators for ) and establish a non-asymptotic sample

complexity bound of 5(%) for e-admissible approximation of ¢ from exploratory data. This
guarantee is reward-free and polynomial in all problem parameters.

* Provably efficient episodic learning (Section 5). Building on the Bellman equations and the lin-
ear representation, we propose ST-LSVI-UCB, an optimistic value-iteration algorithm for episodic
learning in linear ATST-MDPs. Given an e-admissible feature map estimate, the algorithm attains
5( d3K(1— 7)—3) regret relative to the optimal policy under identical observation constraints, match-
ing the minimax rate for standard fully-observable linear MDPs.

¢ Empirical validation (Section 6). We validate ST-LSVI-UCB on several simulated environments, ex-
amining how varying observation frequencies interact with task structure in ATST-MDPs.

Related work. ATST-MDPs overlap with several well-studied settings, yet none directly captures action-
triggered observations. Although the absence of state feedback superficially resembles RL with observation
delays [KE03; Wal+09], the delays in ATST-MDPs are endogenous, induced by the agent’s actions, whereas
classical delays are exogenous. This should not be confused with RL with episodic delays [Hoe+23], where
states are immediately observable but rewards are delayed by multiple episodes. Goal-conditioned RL
[Sch+15; And+18] provides observations only upon goal attainment (state-triggered feedback), which is
orthogonal to our action-triggered mechanism. Many POMDP formulations [PGT03; SV10] model belief
updates under partial observability; however, existing work generally does not exploit the structure induced
by action-triggered observations. A more detailed discussion of related work can be found in Appendix A.

2 Problem Setting

Action-Triggered Sporadically Traceable Markov Decision Processes (ATST-MDPs). The ATST-MDP
framework extends standard MDPs by introducing the action-triggered state observation mechanism. For-
mally, we define an ATST-MDP as a 6-tuple (S, A, P, r,~, ), consisting of a measurable state space S, a

"For ACNO-MDPs, each action a has two variants a” and a' with 8 (ai) = i; a' reveals the state but incurs an additional cost.



finite action space A4, a transition kernel P(|s, a) € Ag, a deterministic reward function r : S x A — [0, 1],
a discount factor v € (0, 1), and a state observation probability function 5 : A — [0, 1].

The dynamics proceed as follows: when the agent is in state s and executes action a, it incurs reward r (s, a)
and the environment transitions to a new state s’ ~ P(.|s,a). Crucially, the state s’ is not necessarily
observed by the agent. With probability 3(a), the action triggers an observational event we term a data-
burst, revealing s’ to the agent. Otherwise, with probability 3(a) = 1 — S(a), no data-burst occurs and no
state feedback is provided. Reward feedback is also linked to data-bursts: at each data-burst, we allow the
agent to observe the cumulative reward incurred since the previous data-burst. While specific applications
might allow for the revelation of full state-reward trajectories at data-bursts, this work addresses the general
setting where only aggregated outcomes are periodically measurable.

Notation. We write ( for the empty sequence. For an arbitrary set I/ and any n > 0, let ™ denote the
set of length-n sequences over U, so that {° = {(F}. We identify &' with I/ by viewing each u € U as the
length-1 sequence. We write <! = | J\_ U’ for sequences of length at most [, U<N = [ J%, U’ for the set
of all finite sequences, and U/ for the set of infinite sequences over U/. We use @ to denote concatenation
(e.g,u®v = (u,v), (U,...,up) v = (u1,...,un,v)), with & as the identity so that u @ & = w and
U x {F} = U. We use the shorthand [n] = {1,...,n}. For vectors x € R% and matrices M € R4*9, [=ll,
denotes the ¢,-norm, ||M ||, the induced ¢,-operator norm, and Awyin (M), p(M) the minimum eigenvalue
and spectral radius of M, respectively.

3 ATST-MDPs as Decision Processes on the Augmented State Space

Since the state is revealed only at data-bursts, the agent acts under partial observability. As in POMDPs,
the agent must base decisions on its observation history rather than the current state. In a POMDP, the
posterior over the latent state (the belief) is a sufficient statistic for the history, so optimal decision rules can
be taken to depend on the belief alone [KLC98]. In our setting, the information relevant to the current state
is fully captured by the last observed state together with the sequence of actions taken since that observation.
Following the construction for delayed-observation MDPs [Wal+09], we formalize this via the augmented
state space X = S x A=Y, defining the agent’s augmented state as the last observed environmental state
together with the (possibly empty) sequence of actions taken since.

Each augmented state x = (s1,a1,...,a,) € X corresponds to a belief distribution b(-|z) € Ag: the
marginal over the state obtained by starting from s; and executing the action sequence (ay,...,a,) of
lengthn > 0. Forn = 0,z = s; € S and b(-|x) = d5,. For n > 1, it is obtained by marginalizing over the
unobserved trajectory:

b(-1) = §ons P(sns an) T2 Plsie]sir ai) dsy. (1)

Thus, in direct analogy to belief states in POMDPs, the augmented state x € X serves as a sufficient statistic
for control in ATST-MDPs: one can view the interaction as a fully observed decision process evolving on
X. Concretely, from augmented state x with true state s, executing action a transitions the environment to
s’ ~ P(- | s,a) and updates the augmented state to either ' = s’ with probability 3(a) or ' = x @ a with
probability 3(a). The induced transition kernel on X is Py (:|x,a) = B(a) - b(-|z ® a) + B(a) - bzqa, @
mixture of the belief over S and a point mass at = @ a.

However, unlike general POMDPs, ATST-MDPs possess a special structure: the augmented state evolves
like a renewal process, growing in length until a data-burst resets it to a singleton in S. Trajectories therefore



decompose into intervals between successive observations, admitting a simpler representation grounded in
S rather than the full X.

We analyze this process on X through augmented policies 7 : X — A. The following subsections establish
the Bellman equation on X, prove existence of optimal augmented policies, and then introduce an alternative
formulation that exploits the interval structure induced by data-bursts.

3.1 Value-Functions and Bellman Optimality

For any augmented policy 7 : X — A, we define the action value-function Q™ : X x A — [0, ﬁ] as the
expected cumulative discounted reward when starting from augmented state x € X (with latent initial state
s1 ~ b(+]x)), executing action a, and following policy 7 thereafter. Formally:

Q"(,a) = E [r(s1,0) + 757" r(sn, w(an))]

where 1 = z, a; = a, and the expectation is taken over trajectories generated by s; ~ b(.|x), Sp+1 ~

. sny1 with probability 3(an)
]P’(.‘Sn, an), Tn+1 { Zn@®an otherwise ’

The state value-function V™ : X — [0, ﬁ] is defined accordingly as the expected cumulative discounted

reward when starting from augmented state = and following policy 7 thereafter, i.e., V™ (z) = Q™ (x, 7(x)).
The following theorem establishes the Bellman equation for these value functions, shows that the associated

Bellman operator is a contraction, and guarantees existence of an optimal policy.

Theorem 3.1 (Augmented Bellman Optimality). Let M = (S, A, P,r,~, 3) be an ATST-MDP with aug-
mented state space X = S x A<N and consider the set of measurable functions V = {V : X —

[0, 5 13-
e (Policy Evaluation) For any policy m : X — A,

Q™ (x,a) = Eyy(ja) [r(s,a)] +78(a) By i a@ay [V (8")] +78(a) VT (z @ a).

o (Contraction) The Bellman operator T : V — V given by

TV('T) = I(Illeé.lj{ { IEs~b(.|m) [T(Sv a)] + 'Yﬁ(a) Es’~b(.\x(—9a) [V(S/)] + 7,8(@) V(Jj S a) }’

is a y-contraction on (V, ||.||«)-

e (Optimality) There exists an optimal augmented policy 7 : X — A achieving V*(x) = sup, V™ (x)
forall x € X, where V'* is the unique fixed point of T.

See Appendix B for the proof. This theorem guarantees existence of an optimal augmented policy, providing
a well-defined objective for learning. The Bellman equations also serve as the foundation of our algorithms.

3.2 From Augmented States to Action Sequences

The augmented state space X = S x A<N branches over all possible action histories, yet any augmented
policy 7 traverses only a single branch from each observed state s: the sequence a1 = 7(s), ag = 7(s;a1),
ag = 7(s; a1, az), and so on, executed until the next data-burst. Since data-bursts fully reveal the state, this
motivates reformulating ATST-MDPs as decision processes on (S, AN ), where at each data-burst the agent
observes s € S and commits to an action sequence a € A" to execute until the next observation.

4



Concretely, we define the action-sequence value-function K™ : S x AN — [0, ﬁ] as the expected dis-
counted reward when starting from state s, executing a = (a1, as, . . .) until the next data-burst, and follow-
ing 7 thereafter. Let Tpg € N U {00} denote the (random) index of the first action that triggers a data-burst.

We have
Kﬂ(‘g?a’) =E [Z%}E}f fyh_lr(sfhah) + VTDB VW(STDB'H-)] ) (2)

where the first term is the discounted reward accumulated until observation and the second is the discounted
continuation value from the revealed state (0 if 7pg = 00). Introducing the shorthand notation

R(s,a) =E [z{g Wh_lr(sh,ah)] , PV(s,a) =E [WTDBV(STDBH)] ,

we arrive at the equation K™ = R + PV™, which separates the pre-observation discounted reward R from
the continuation operator PP.

On the other hand, the following result relates action-sequence value function K™ back to Q™ and V™.

Proposition 3.2. For any augmented policy 7 : X — A, let a™ : X — AN denote the induced action-
sequence map, where a™(z) = (w(z),m(x ® w(x)),...). Then, forall s € S and a € A: Q" (s,a) =
K™(s,a®a™(s@®a)) and V™ (s) = K" (s,a™(s)).

Consequently, the value functions under two formulations are connected to each other. Together with the
Bellman equations established in the previous section, we are equipped with fixed-point equation structures
that are similar to standard value learning methods. In conjunction with the linear MDP assumptions in
Section 4, this facilitates the design of model-free learning algorithms.

The action-sequence reformulation exploits the renewal structure of ATST-MDPs: data-bursts reset the agent
to a known state, decomposing the problem into intervals between consecutive data-bursts. This key obser-
vation distinguishes ATST-MDPs from general POMDPs, allowing for efficient learning algorithms. Cru-
cially, while A" remains infinite, this structure admits a tractable linear representation, as developed in the
next section.

4 Linearity Enables Efficient Representation

The action-sequence formulation casts ATST-MDPs as decision processes whose actions are infinite se-
quences in AN, While this formulation is conceptually clean, evaluating value-functions K™ remains chal-
lenging without additional structure, as it involves infinitely long action sequences.

To address this issue, in this section, we leverage the linear MDP structure, a widely-used assumption in RL
theory literature. Under linear MDP setup, the value function K™ admits a finite-dimensional representation
amenable to regression-based methods.

Assumption 4.1 (Linear MDP, [Jin+19]). There exists a feature map ¢ : S x A — R? such that:
]P)('|Sv a) = <¢(87a)a /'l’()>7 T(S,G) = <¢(87a)a 0>7

where p : S — R? consists of d finite signed measures over S and 0 € R®. Additionally, it holds that
sUD, 4 |0 (s, a)lly < 1. 18]l < Vd, and |||p|(S)], < V.

For learning problems, it is often assumed that the feature map ¢ is known and the parameters (u, @) are
unknown. In recent literature, linear MDP has emerged as a standard testbed for RL algorithms under
function approximation, while it also covers the classical tabular setting.



Remark 4.2 (Tabular MDPs). Assumption 4.1 subsumes finite (tabular) MDPs: taking the feature map ¢ as
one-hot encoding of state-action pairs yields a valid linear representation [Jin+19]. Therefore, substituting
d = |S||A| into our bounds and constructions recovers the corresponding tabular guarantees.

Under the linear MDP formulation, we can construct the action-sequence feature map 1 : S x AN — R?¢
such that the action-sequence value-function K™ is linear in v for every augmented policy 7 (Theorem 4.4).
We further provide data-driven methods that estimate the feature map v efficiently, with non-asymptotic
guarantees (Theorem 4.6).

4.1 Linearity of Action-Sequence Value Functions

In this section, we establish the linearity of action-sequence value functions by extending the linear MDP
structures.

To start with we define the action matrix M, = {4 p(s)¢(s,a)"ds. This matrix captures how features
evolve under action a: for (s,a,a’) € S x A%, we have Ey p( |5.0)[0(s,a') "] = ¢(s,a) " M. Products of
action-matrices thus propagate features across consecutive actions.

Based on this definition, we can extend the mapping ¢ : S x.A — R?to augmented state x = (51, a1, ..., a,) €
X\Sby ¢(z)" = p(s1,a1) " [}y M,,. The following lemma provides a linear representation of the belief
state.

Lemma 4.3 (Linearity of belief). Under above setup, for any augmented state € X\S, we have

b(-|z) = {p(x),u(-)) and |p(z)[ly <1

Moreover, B (.| [r(s,a)] = (d(z @ a), 8), and for every measurable function V : S — [0,1/(1 —7)],
it holds that By _p(.jz@a) [V (5)] = (@(z @ a), v), where v = {V (s)dp(s) satisfies ||v]|, < %.

Lemma 4.3 reduces expectations of rewards and value-functions under beliefs to inner products in R
To extend this to the action-sequence value function K™ (Section 3.2), we construct a new feature map
Y : SxAY - R¥ Forse S,ae A anda = (a1,asz,...) € AN, we define its value on (s,a®a) € Sx AN
as

Y(s,a®a)’ =3 é(s,a)" (Balip + BalMip(a)), 3)
where I1 5 = [ (=914 714 ], M1 2(a) = [ (1) Mi@) vMofa) |, and matrices M;(a), Ma(a) € R are given
by:

My(a) =Iqg+ 3577 (H 1 az)(Hl 1 Ma,), (4a)
Ms(a) = Zkzl Y (Hi:l 6%)5%(1—[1':1 Ma,). (4b)

Under this construction, the function R is linear in the first d coordinates of v/, and PV'™ is linear in the latter
d coordinates. Putting them together, we can establish the linearity of K™ = R + PV™ in 1.

Theorem 4.4 (Linearity of K”). For any policy m : X — A, let v7 = { V7™ (s)dpu(s) and vi, =

9 [0/(5;’7)] € R24. Then, 4‘[ andfor everyse S and a € AV:

K7(s,a) = (Y(s,a), v7y) and |¢(s,a)f; <1



Although K™ is defined on the infinite-dimensional space S x AV, it is fully characterized by an inner
product in R?? between a bounded feature map and a policy-dependent vector. Thus, given access to ),
regression-based methods can be used to approximate K* = K™ and recover V*(s) = sup,e 41 K*(s, @),
as we demonstrate for episodic learning in Section 5.

4.2 Estimation of the Action-Sequence Feature Map

Unlike learning in fully-observed linear MDP environments, for ATST-MDPs, the feature maps (¢, 1) are
unknown in general, as they depend on transition dynamics of the underlying MDP. In this section, we study
algorithms and guarantees for these estimation problems.

According to Lemma 4.3 and Theorem 4.4, the feature maps ¢ and v/ are determined by the action-matrices
{M,}4e4 and observation probabilities {3, }4c.4. Given estimates {M\a, Ba}ae A (with Ba = f3, if known),
it is natural to define 7,2 via (3)-(4) by substituting M\a for M, and @ for B,. > This raises two questions:
how does the estimation error of { M, 5, }4c.4 impact that of the feature maps? And can we estimate these
functions accurately using data?

We address both below: Theorem 4.6 quantifies how estimation error propagates to 10, and Corollary 4.9
establishes that 5(d3 /€2(1 — ~)?) exploratory transitions suffice. This is substantially easier than recov-
ering the full transition kernel p, which consists of d latent measures with no assumed parametric form.
Notably, the estimation is reward-free: once the feature map is obtained, it applies to any reward function.
This contrasts with “observe before planning” approaches [NFB21; GDB16], which estimate full transition
dynamics and rewards during exploration.

4.2.1 Plug-in estimation for feature maps

To start with, we first formalize what constitutes a good approximation of t): uniform approximation error
bound, bounded norm, and continuity over AY.

Definition 4.5. For ¢ > 0, a function ¢’ : S x AN — R2? is an e-admissible approximation of v if it
holds that: sup; o||(¢" — ) (s, a)|l2 < € supg ,[|[¥' (s, a)|l2 < 1, and ¥’ (s, .) is continuous with respect
to the product topology on AN for every s € S.

The following result establishes that uniform convergence of ]\/Za and 3(1 to their true values yields an ad-
missible approximation with controlled error.

Theorem 4.6. Suppose estimates {M\a, Ba}ae A Satisfy sup e 4 |||]\7a —M,||2 < e and sup, 4 | Bo— Bal < ep
for some € € |0, ;T'dl] and g € (0,1]. Then,

SUD (o ayes | (W — ) (5, @)z < 292 (¢ + £5/V).

P(s,a) < a 32d(e+eg/+/d)
1+16d(e+eg/Vd)/(1—7) 1—y

Moreover, the function 7; (s,a) = -admissible approximation of 1.
See Appendix C.2 for its proof. Theorem 4.6 guarantees admissibility of feature map estimation using
action-matrix and observation-probability estimators with small errors. In the next subsection, we show that
such errors are achievable.

The observation probabilities {3, }ac.4 are often known in practice (see e.g. Nam et al. [NFB21]). In such a case, we simply
let B, = B, for every a € A.



4.2.2 Estimation of {M,, 5;}aca

Let D € Agx 4 be an exploratory distribution over state—action pairs with a feature-induced second-moment
matrix ¥ = E; ,)~p[P(s,a)p(s,a)"], and assume Apin(X) > 0, ensuring that D explores all feature
directions. When 3 is unknown, assume pmin = infyeq P qyopla = a’) > 0, so that each action is
sampled with positive probability.

We draw N independent samples, each consisting of (s,a) ~ D, a next state s’ ~ P(-|s,a), an observa-
tion indicator b ~ Ber(j3,). Given the dataset {s,, ay, 5., bn}\_,, we estimate action-matrices via ridge
regression and observation probabilities via empirical means:

—~ ~ N B
Ma = (XTX—i_Id)_lXTYa’ Ba _ Dineq bnI(an=a)

max{zgzl I(an=a),1}’

where rows of X, Y, € RN*? are ¢(s,,,a,) and ¢(s',, a) respectively. These estimators achieve O(N _%)
rate.

4C?dlog(2Ad/p)

Lemma 4.7. There exists an absolute constant C' > 1 such that for all p € (0,1) and N > N (2

ridge estimators M, satisfyP <SupaeA H\]\/ja — M,|l2 < 4C W) =>1-p.

Lemmad4.8. Forallp € (0,1) and N > 1, empirical means 3(1 satisfy P (s.upae 4l Ba — fa| < 121n(3A/p)> >

Npmin
1—np.

Putting them together Combining these lemmas with Theorem 4.6 yields sample complexity bounds for
constructing an e-admissible approximation of ).

Corollary 4.9. Let 'cZM B denote the normalized feature map @Z from Theorem 4.6, computed using estimates

d log(4Ad/p)
NAmin(2)?2

A/ % for C from Lemma 4.7. Similarly, let 'lZM denote the normalized feature map computed using

the true probabilities 3, and estimates M, from N samples, with the same € and eg = 0.

M, and B constructed from N samples, and estimation error bounds ¢ = AC and eg =

There exists an absolute constant ¢ > 0 such that for all p € (0,1) and € € (0, 1), the following holds:

1. IfN = c- 62(177)2ﬁilr(l)«{g/\(iéjg))Q,d2pmin}’ then JM’ﬁ is e-admissible with probability at least 1 — p.

2. IfN > ¢ i los2Ad)

2O D ()2 then ’lZM is e-admissible with probability at least 1 — p.

The O ( Ez(fliiv)g) complexity is polynomial in all problem parameters and independent of |S

, confirming that
linear structure enables tractable estimation even in continuous state spaces. Knowledge of (5 significantly
affects dependence on the action space: when 3 is known, this dependence is O(log |.A|), whereas unknown
3 incurs O(|.A|) since pmin < 1/|A|. In the tabular case (Remark 4.2), substituting d = |S||.4| yields cubic
complexity O(|S[3|AJ3/€2).

S Episodic Learning and Regret Analysis

We now turn to the problem of episodic learning in unknown systems. Consider an agent interacting with a
linear ATST-MDP over K episodes (with the protocol given in Figure 1), where each episode & has random



Episodic Learning under ATST-MDP

For each episode k = 1,2,..., K:
The environment initializes the cumulative reward G = 0.
The agent selects a burst-dependent policy 7*.
The adversary selects and reveals the initial state s}.

The agent initializes the augmented state as 2 = s¥.

Forrounds h = 1,2,...:
1. The agent plays af = 7*(z%) and incurs the (unobserved) reward % = 7(sF, a¥).
The environment updates G} = G5 _; + r}’ and samples s} | ~ P(- | sf, af).
2. With probability 1 — +y (termination), the environment reveals (L, Gﬁ) and ends episode k.
With probability 3(a}) (data-burst), the environment reveals (s}, GF).

»

4. The agent sets o, = si_, if a data-burst occurs; otherwise =} | = a2} @ af.

Figure 1: Execution protocol for an ATST-MDP over K episodes with geometric horizons.

length H¥ ~ Geom(1 — =), a standard reformulation of discounting in which «y acts as a continuation
probability. The agent observes states and cumulative undiscounted rewards only at data-bursts or episode
termination, when the termination symbol L ¢ S is returned. At the start of each episode, the agent selects a
burst-dependent policy 7F = (wﬁ)le, where an augmented policy 7% : X — A governs behavior between
the (u—1)-th and u-th data-bursts. This allows the policy to change across data-bursts within an episode; the
linearity results of Section 4 extend directly, with V™ and K™ defined as expected total discounted rewards

under this mechanism.

Performance is measured by regret against an optimal augmented policy 7* : X — A, whose existence was
established in Section 3:

Ric = Yoy (V¥(s5) — V™ (sh)).

This is the natural benchmark: 7* operates under the same observation constraints as the agent. Comparison
to the (non-augmented) optimal policy for the underlying fully-observed MDP (which corresponds to an
ATST-MDP with observation probabilities 3 = 1) is not meaningful: the performance gap can grow linearly
in K, since that policy may exploit state information unavailable to the agent.

Feature map access. Since the action-sequence feature map 1) (3) may be unknown, we assume the agent
has access to an e-admissible approximation @ with known e (Definition 4.5). By Section 4.2, such an
approximation can be efficiently constructed from exploratory data.

5.1 Least-Squares Value Iteration for ATST-MDPs

Algorithm 1 adapts Least-Squares Value Iteration with Upper Confidence Bounds [Jin+19] to the linear
ATST-MDP setting. The algorithm takes as input an e-admissible approximation ) of @ and an effective
horizon parameter H that controls both value iteration depth and the amount of history retained.

At episode k, the algorithm uses the effective history H* = (s7,a”, R", s?\,)ivjl, comprising information
from the first I data-bursts of each previous episode. Each tuple in H* records: an observed state s” € S,
the action sequence a’ € AN intended from that state, the undiscounted reward R™ accumulated until the



Algorithm 1 ST-LSVI-UCB

Input: e-admissible approximation of the action-sequence feature map 12 : S x AN — R?4_ discount factor
.
Parameters: effective horizon H, regularizers A and p.

1: forepisode k =1,..., K do

2:  — Planning phase: backward value iteration —

3:  Compile history H* = (s a’, R™ sN)Nk

4 Set AF = \I + ZT:I @bT(wT) and initialize K (s,a) = ﬁ for (s,a) e S x ANandu > H.
5: foru=H-1,...,1 do

6: Set wk (Ak) ZT 1 b Vi* with values V' = mm{RTH} + maxge g KF (s}, a).

T Set K5(37a :mln{ws,a Z+p”¢57a”A§lv7 ﬁ}’ where "p&a - 1[)(3 Cl,) and Aﬁlv ( ) g
8:  end for

9: — Execution phase: burst-to-burst rollouts —

10:  Setwu = 1 and receive initial state s¥.
11:  while episode k continues do

12: Choose a¥ € argmax,. sv KE(sF a).

13: Execute actions from a” until either:

14: (1) data-burst: receive st | € S and RY;

15: (2) termination: receive s®_; = 1 and RE.

16: Set u < u + 1 and break if the episode terminated.

17:  end while

18: end for

next data-burst, and the subsequent observed state s, € S U { L }. Here N* =S ¥ ! min{B¥ H}, with B¥
the number of data-bursts in episode k. To ease notation, we write ¢T = 1,0(5 ,a”)and Y7 = YP(sT,a’).

Each episode, ST-LSVI-UCB operates in two phases. The planning phase performs backward value itera-
tion, computing weights w’ that define value-functions K¥ : S x AN — [0, (1 —~)71]. These functions
aim to approximate the optimal K*(s,a) = (¢ (s, a), v] 2> using the estimated feature map t, with a UCB
bonus encouraging exploration. The execution phase follows the greedy policy, selecting action sequences
a’ that maximize K¥(s¥, .) and executing them until the next data-burst.

Optimization over A". Lines 7 and 12 require solving max,. qv K* 4 (8, a). Despite the infinite dimen-
sionality of AN this reduces to optimizing a continuous function over {1/)(8 a) : a € AV}, a compact subset
of R?¢ when 1,[) is e-admissible, guaranteeing existence of a maximizer. Our analysis assumes access to an
optimization oracle.

In practice, when +y is bounded away from 1 and Sp,in = minge 4 5(a) > 0, distant actions have exponen-
tially decaying influence, enabling approximation via horizon truncation: optimizing over A% contributes
O((7(1 — Bmin))") to approximation error. Alternatively, one may restrict optimization to a structured class
of action sequences, such as eventually periodic sequences. In Section 6, we demonstrate the viability of
such restrictions empirically.
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5.2 Theoretical Guarantees

Given confidence parameter p € (0, 1), number of episodes K, and an e-admissible feature map 1/: with

€ <+/(1—7)/K, we set

H=["EODD) 41 A=1, p=c-dHV,

where ¢ = log(2dK H /p) and ¢ > 0 is an absolute constant.

We have the following theoretical guarantee.

Theorem 5.1 (Regret of Algorithm 1). There exists an absolute constant ¢ = 1, such that under the above
setup, with probability at least 1 — p, the total regret of Algorithm 1 is

O(WBK1 =~)32 + d*(1 — ) 2 + e /R K3(1 — 7)~50),
where O omits polylogarithmic factors independent of p.

The proof is in Appendix D. For € = O(Il(;\/%), the third term becomes lower-order and the bound reduces

to O(y/d3K (1 —~)~3), matching the rate for fully-observable linear MDPs [Jin+19]. By Corollary 4.9,

the required accuracy € < ;(;\/% can be achieved with high probability from 5(K 2d* /(1 — ~)*) exploratory

samples; this approximation is reward-free, so once ) is constructed it applies to any reward function.

6 Numerical Experiments

ST-LSVI-UCB (Algorithm 1) assumes oracle access for optimizing over the infinite action-sequence space
AN, In practice, one may restrict optimization to a finite candidate class A%9 < AY when near-optimal
policies can be expected to generate sequences from such a class. Eventually periodic sequences with
bounded prefix and period lengths are a convenient choice: in many partially observable control tasks,
effective behavior consists of a short corrective prefix followed by a repeating stabilization pattern, e.g.,
classical cartpole balancing [BSA83]. Moreover, under the linear MDP Assumption 4.1, the feature map
(s, a) for eventually periodic a € AN admits a closed form via a Neumann-series argument (Lemma C.11).

We evaluate ST-LSVI-UCB on two tabular ATST-MDP environments (Figures 2a—2b) with state space S =
{s1,...,s6}, action space A = {0,1}, discount factor v = 0.99, and uniform observation probabilities
B(a) = p* € {0.05,0.1,0.2,0.5}. We restrict optimization to eventually periodic sequences of the form

A4 — {{b}P@ ({1—b}L1 @{b}L2)°O :be{0,1}, Pe[5], L1,L2€{0,...,10}, L1+ Ly # 0},

i.e., a prefix of P repeated actions followed by an alternating periodic pattern. This yields |.A%4| = 1012
candidate sequences after removing equivalent representations.

RiverSwim [SLO8] is a standard exploration benchmark consisting of six states arranged in a chain. The
agent starts in s1, where a small reward is available, while sg yields a large reward. Action 1 (right) attempts
to move against the current and may fail, whereas action 0 (left) moves with the current and always succeeds.
The optimal policy always selects action 1, but the agent must explore extensively against the current to
discover this.
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(1,7

(a) RiverSwim. Dashed arrows denote transitions for (b) RiverBalance. Dashed arrows denote transitions for
moving left (deterministic); solid arrows for moving moving left; solid arrows for moving right. Moving away
right (stochastic). from center is deterministic; toward center is stochastic.

Figure 2: Transition diagrams for the two benchmark environments.

Riverswim RiverBalance

— B'=0.05
B'=01

Running mean of (1 - y)-scaled episode returns
°
Running mean of (1 - y)-scaled episode returns
°
2

— p'=02

— B'=05 0.0

30000 40000 50000 [ 5000 10000 15000 20000 25000
Episode Episode

0 10000 20000

(a) RiverSwim. (1 — <)-scaled running average of  (b) RiverBalance. (1 — 7)-scaled running average of

episodic reward versus episode, averaged over 5 simula- episodic reward versus episode, averaged over 5 simu-
tions. All settings converge to the optimal policy; smaller lations. All settings plateau; larger 5* achieves higher
B* converges faster. reward.

Figure 3: Performance on the two benchmark environments.

RiverBalance is a novel variant we introduce that rewards staying near the center, in states s3 and s4. The
current pulls the agent away from the center, so the optimal policy must repeatedly steer back and balance
actions to remain there.

Figures 3a—3b show the average cumulative reward over episodes for ST-LSVI-UCB with access to the exact
action-sequence feature map ¢ and effective horizon H = 100, for varying observation probabilities 5* €
{0.05,0.1,0.2,0.5}. In RiverSwim, all settings converge to the optimal policy, with smaller 5* converging
faster: infrequent observations induce longer open-loop commitments, which encourage early exploration.
In RiverBalance, all settings improve and then plateau, with larger 5* attaining a higher average reward.
This is consistent with the fact that sustaining high reward requires state-dependent corrections to steer back
toward the rewarding center, which are more effective when observations are more frequent.

The contrasting behaviors highlight a key feature of ATST-MDPs: the role of observation frequency depends
on whether near-optimal control requires state-dependent corrections. When it does not (RiverSwim), sparse
observations can accelerate learning by encouraging longer open-loop commitments. When it does (River-
Balance), more frequent observations enable tighter closed-loop stabilization and higher reward; with sparse
observations, performance degrades gracefully and the algorithm still learns a policy that is near-optimal for
the corresponding observation regime.

7 Discussion and Future Work

This work introduces ATST-MDPs, a novel framework that captures the challenges of reinforcement learning
in environments where state observability is action-triggered and sporadic. We derived Bellman optimality
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equations, showed a linear representation for the induced action-sequence value functions, and provided ap-
proximation guarantees for learning the action-sequence feature map from off-policy data. Building on this
structure, we proposed ST-LSVI-UCB and proved low regret for episodic learning with geometric horizons,
assuming accurate feature-map estimation.

Several interesting questions remain open for future research. First, ST-LSVI-UCB assumes access to an
optimization oracle over action-sequences. Designing efficient approximation schemes, such as restricting
to finite-depth action trees or developing tractable surrogate objectives, would significantly enhance practical
applicability. Second, while we establish off-policy methods for estimating action-matrices and data-burst
probabilities, a fully online algorithm that adaptively refines these estimates during learning would provide
a more robust and practical solution.

Additionally, ATST-MDPs offer a novel perspective on RL with stochastic delays (e.g., Bouteiller et al.
[Bou+21]). Classical models treat delays as exogenous; here they are endogenous, with actions shaping the
distribution of observation times. A unifying view allows round-dependent data-burst probabilities 5 (a):
when (3, is action-independent, one recovers some exogenous delay models. Analyzing how different delay-
generation mechanisms affect learning and regret presents a promising research direction.

Overall, our results establish a foundation for learning under action-triggered state-dependent observations,
and the flexibility of our formulation opens pathways toward addressing information constraints across a
wide range of sequential decision-making problems.

References

[Ast65] K. J. Astrom. “Optimal Control of Markov Processes with Incomplete State Information”. In:
Journal of Mathematical Analysis and Applications 10.1 (1965), pp. 174-205.

[MHC99] O. Madani, S. Hanks, and A. Condon. “On the undecidability of probabilistic planning and
infinite-horizon partially observable Markov decision problems”. In: AAAI 10.315149.315395
(1999).

[Jin+20]  C. Jin, S. Kakade, A. Krishnamurthy, and Q. Liu. “Sample-efficient reinforcement learning of
undercomplete POMDPs”. In: Advances in Neural Information Processing Systems 33 (2020),
pp- 18530-18539.

[Baj88] R. Bajcsy. “Active perception”. In: Proceedings of the IEEE 76.8 (1988), pp. 966—-1005. DOTI:
10.1109/5.5968.

[NFB21] H. A. Nam, S. L. Fleming, and E. Brunskill. “Reinforcement learning with state observation
costs in action-contingent noiselessly observable markov decision processes”. Proceedings of
the 35th International Conference on Neural Information Processing Systems (NeurIPS). NIPS
’21. Red Hook, NY, USA: Curran Associates Inc., 2021. ISBN: 9781713845393.

[HS17] M. Hausknecht and P. Stone. Deep Recurrent Q-Learning for Partially Observable MDPs.
2017.

[KEO3] K. Katsikopoulos and S. Engelbrecht. “Markov decision processes with delays and asynchronous
cost collection”. In: IEEE Transactions on Automatic Control 48.4 (2003), pp. 568-574.

[Wal+09] T.J. Walsh, A. Nouri, L. Li, and M. L. Littman. “Learning and planning in environments with
delayed feedback™. In: Autonomous Agents and Multi-Agent Systems 18 (2009), pp. 83-105.

13


https://doi.org/10.1109/5.5968

[Hoe+23]

[Sch+15]

[And+18]

[PGTO3]

[SV10]

[KLC98]

[Jin+19]

[GDBI16]

[BSAS83]

[SLO8]

[Bou+21]

[SS12]
[CYW24]

[Lio+22]

[Bel+20]

[Wan+25]

D. van der Hoeven, L. Zierahn, T. Lancewicki, A. Rosenberg, and N. Cesa-Bianchi. A Unified
Analysis of Nonstochastic Delayed Feedback for Combinatorial Semi-Bandits, Linear Bandits,
and MDPs. 2023. arXiv: 2305.08629 [cs.LG]. URL: https://arxiv.org/abs/
2305.086209.

T. Schaul, D. Horgan, K. Gregor, and D. Silver. “Universal Value Function Approximators”.
Proceedings of the 32nd International Conference on Machine Learning. Ed. by F. Bach and
D. Blei. Vol. 37. Proceedings of Machine Learning Research. Lille, France: PMLR, 2015,
pp- 1312-1320.

M. Andrychowicz, F. Wolski, A. Ray, J. Schneider, R. Fong, P. Welinder, B. McGrew, J. Tobin,
P. Abbeel, and W. Zaremba. Hindsight Experience Replay. 2018.

J. Pineau, G. Gordon, and S. Thrun. “Point-based value iteration: an anytime algorithm for
POMDPs”. International Joint Conference on Artificial Intelligence. 2003.

D. Silver and J. Veness. “Monte-Carlo Planning in Large POMDPs”. Advances in Neural In-
formation Processing Systems. Ed. by J. Lafferty, C. Williams, J. Shawe-Taylor, R. Zemel, and
A. Culotta. Vol. 23. Curran Associates, Inc., 2010.

L. P. Kaelbling, M. L. Littman, and A. R. Cassandra. “Planning and Acting in Partially Observ-
able Stochastic Domains”. In: Artif. Intell. 101 (1998), pp. 99—-134.

C. Jin, Z. Yang, Z. Wang, and M. 1. Jordan. Provably Efficient Reinforcement Learning with
Linear Function Approximation. 2019.

Z. D. Guo, S. Doroudi, and E. Brunskill. A PAC RL Algorithm for Episodic POMDPs. 2016.
arXiv: 1605.08062 [cs.LG].URL: https://arxiv.org/abs/1605.08062.

A. G. Barto, R. S. Sutton, and C. W. Anderson. “Neuronlike adaptive elements that can solve
difficult learning control problems”. In: IEEE Transactions on Systems, Man, and Cybernet-
ics SMC-13 (1983), pp. 834-846. URL: https : / / api . semanticscholar . org/
CorpusID:1522994.

A. L. Strehl and M. L. Littman. “An analysis of model-based Interval Estimation for Markov
Decision Processes”. In: Journal of Computer and System Sciences 74.8 (2008). Learning The-
ory 2005, pp. 1309-1331. 1SSN: 0022-0000. DOI: https://doi .org/10.1016/ 7.
jcss . 2007 .08 .009. URL: https://www. sciencedirect .com/science/
article/pii/S0022000008000767.

Y. Bouteiller, S. Ramstedt, G. Beltrame, C. Pal, and J. Binas. “Reinforcement Learning with
Random Delays”. International Conference on Learning Representations. 2021.

T. Smith and R. Simmons. Heuristic Search Value Iteration for POMDPs. 2012.

Q. Cai, Z. Yang, and Z. Wang. Reinforcement Learning from Partial Observation: Linear Func-
tion Approximation with Provable Sample Efficiency. 2024.

P. Liotet, D. Maran, L. Bisi, and M. Restelli. Delayed Reinforcement Learning by Imitation.
2022.

C. Bellinger, R. Coles, M. Crowley, and 1. Tamblyn. Active Measure Reinforcement Learning
for Observation Cost Minimization. 2020.

T. Wang, J. Liu, B. Lee, Z. Wu, and Y. Wu. OCMDP: Observation-Constrained Markov Deci-
sion Process. 2025.

14


https://arxiv.org/abs/2305.08629
https://arxiv.org/abs/2305.08629
https://arxiv.org/abs/2305.08629
https://arxiv.org/abs/1605.08062
https://arxiv.org/abs/1605.08062
https://api.semanticscholar.org/CorpusID:1522994
https://api.semanticscholar.org/CorpusID:1522994
https://doi.org/https://doi.org/10.1016/j.jcss.2007.08.009
https://doi.org/https://doi.org/10.1016/j.jcss.2007.08.009
https://www.sciencedirect.com/science/article/pii/S0022000008000767
https://www.sciencedirect.com/science/article/pii/S0022000008000767

[Sel+14]

[AB10]

[KTO18]

[CL25]

[Sat+17]

[SR23]

[KSJ23]

[Put94]

[Verll]
[Trol5]
[APS11]

Y. Seldin, P. Bartlett, K. Crammer, and Y. Abbasi-Yadkori. “Prediction with Limited Advice
and Multiarmed Bandits with Paid Observations”. Proceedings of the 31st International Con-
ference on Machine Learning. Ed. by E. P. Xing and T. Jebara. Vol. 32. Proceedings of Machine
Learning Research. Bejing, China: PMLR, June 2014, pp. 280-287.

J.-Y. Audibert and S. Bubeck. “Regret Bounds and Minimax Policies under Partial Monitoring”.
In: Journal of Machine Learning Research 11.94 (2010), pp. 2785-2836.

R. Klima, K. Tuyls, and F. A. Oliehoek. “Model-Based Reinforcement Learning under Period-
ical Observability”. AAAI Spring Symposia. 2018.

G. Chen and S.-C. Liew. Intermittently Observable Markov Decision Processes. 2025.

Y. Satsangi, S. Whiteson, F. A. Oliehoek, and M. T. J. Spaan. “Exploiting submodular value
functions for scaling up active perception”. In: Autonomous Robots 42.2 (Aug. 2017), pp. 209—
233. 1SSN: 1573-7527.

J. Shang and M. S. Ryoo. Active Vision Reinforcement Learning under Limited Visual Observ-
ability. 2023.

M. Krale, T. D. Simao, and N. Jansen. Act-Then-Measure: Reinforcement Learning for Partially
Observable Environments with Active Measuring. 2023.

M. L. Puterman. “Discounted Markov Decision Problems”. In: Markov Decision Processes.
John Wiley & Sons, Ltd, 1994. Chap. 6, pp. 142-276. 1SBN: 9780470316887.

R. Vershynin. Introduction to the non-asymptotic analysis of random matrices. 2011.
J. A. Tropp. An Introduction to Matrix Concentration Inequalities. 2015.

Y. Abbasi-yadkori, D. Pdl, and C. Szepesvari. “Improved Algorithms for Linear Stochastic Ban-
dits”. Advances in Neural Information Processing Systems. Ed. by J. Shawe-Taylor, R. Zemel,
P. Bartlett, F. Pereira, and K. Weinberger. Vol. 24. Curran Associates, Inc., 2011.

15



A Additional Related Work

POMDPs and planning under partial observability. Classical work on decision making with incom-
plete state information is captured by POMDPs; see the survey of [KLC98] and subsequent algorithmic
advances such as point-based value iteration (PBVI) [PGTO03] and heuristic search value iteration (HSVI)
[SS12]. Recent progress includes statistical and computational guarantees for learning and planning in
partially observed settings [CYW24]. Much of this line is theoretical and algorithmic, with empirical val-
idations on standard POMDP benchmarks; deep implementations typically combine belief updates with
function approximation, but the core guarantees are model-based and non-neural.

RL with delayed observations (and augmented states). Early formulations analyze delayed MDPs and
augmented-state reductions that stack the last observed state with a queue of intervening actions [KEO03;
Wal+09]. More recent work examines random delays in deep RL, showing robustness and performance
trade-offs under synthetic and real latency processes [Bou+21], and explores imitation/learning pipelines
that must handle delayed feedback [Lio+22]. This area mixes theory (augmented-state equivalence, stability)
with empirical deep RL; implementations often use standard neural agents (e.g., DQN/actor-critic) evaluated
under injected delays.

Goal-conditioned reinforcement learning. Goal-conditioned RL provides observations (and learning
signals) when goals are achieved. Universal Value Function Approximators (UVFA) [Sch+15] parametrize
value functions by goals, and Hindsight Experience Replay (HER) [And+18] augments replay with achieved
goals to improve sample efficiency. These works are predominantly empirical deep RL (CNN/RNN policies
and value functions on robotics and navigation tasks), with limited formal regret analysis.

Paid observations and information acquisition. Another related line studies decision making when ob-
servations incur explicit costs. In RL, agents may choose when to acquire measurements or labels, trading
reward for information [Bel+20; NFB21; Wan+25]. In online learning, closely related “label-efficient" and
budgeted feedback models investigate how querying constraints affect regret [Sel+14; AB10]. This area
blends theoretical formulations (budget/constraint design, regret) with empirical demonstrations; deep im-
plementations appear mainly in application-driven studies.

Intermittent observations and unreliable sensing. A practical motif is intermittently available observa-
tions due to sensing/communication failures. Deep Recurrent Q-Learning (DRQN) [HS17] tackles partial
observability (flickering screen) by replacing feedforward policies with RNNs, showing empirical gains
under dropped observations. Subsequent empirical studies examine control with sporadic measurements
or packet loss [KTO18]. More recent formulations introduce intermittently observable MDPs with model-
ing/algorithmic structure beyond ad-hoc masking [CL25]. This line is largely empirical deep RL.

Active sensing and perception. Active perception frames sensing as a decision problem: agents select
actions that improve informativeness while pursuing task reward. Active-perception POMDPs [Sat+17]
formalize this, and recent deep RL approaches study active vision and act-then-measure protocols that in-
terleave task actions with targeted measurements [SR23; KSJ23]. These works are primarily empirical and
use deep neural networks (vision backbones with policy/value heads), sometimes with recurrent modules
for memory; theoretical analysis focuses on tractable planning surrogates and approximate belief updates
rather than regret.
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B Augmented Policies: Proofs

In this section, we prove existence of the optimal augmented policy 7* : X — A. The argument follows by
classic application of the Banach fixed-point theorem for the Bellman optimality operator (e.g., see [Put94]).
First, we restate and prove Theorem 3.1.

Theorem 3.1 (Restated). Let M = (S, A, P,r,v,3) be an ATST-MDP with augmented state space X =

S x AN and consider the set of measurable functions V = {V : X — [0, ﬁ]}
(i) (Policy Evaluation) For any policy 7 : X — A,

Q™ (x,a) = Ey (o) [r(s,a)] +78(a) By i amay [V (s")] +78(a) VT (z @ a).
(ii) (Contraction) The Bellman operator T : V — V, defined by

TV (2) = max { Eevp( ) [r(s; @)] +78(0) By v p@a) [V ()] +1B(@) V(e @a) |, (5

is a y-contraction on (V. ||.||«)-
(iii) (Optimality) There exists an optimal augmented policy * : X — A achieving V*(z) = sup, V7 (x)
forall x € X, where V'* is the unique fixed point of T.

Proof. We prove each claim in turn.

(i) Policy Evaluation. The quantity Q7 (x, a) is the expected return when starting from augmented state x,
taking action a, and following 7 thereafter. The term [E..p |,)[7(s, a)] captures the expected immediate re-
ward. After executing a, the next augmented state depends on whether a data-burst occurs: with probability
(a), the next state s’ ~ b(- | x@a) is observed and the continuation value is V™ (s’); with probability 3(a),
no new state is observed, the augmented state transitions to x @ a, and the continuation value is V™ (z @ a).
Taking expectations and discounting by + yields the claimed expression.

(ii) Contraction. For any V € V, define Qy : X x A — |0, ﬁ] by

Qv (2, a) = Equp( ) [7(5:0)] + 78(a) Eg i ja@a) [V (5)] +7B(a) V(z @ a),
so that TV (z) = max, Qv (, ). Fix arbitrary V,U € V. For every z € X,
[TV (2) = TU ()] = [max, Qv (z, a) — max, Qu(w,a)
< IHC?X\QV(%G) — Qu(z,a)|
max [y8(a) By~ [(V = U)()] +B(a) (V = U)(z ®a)
max (78(a) |V = U, +7B(@) IV = U]l..)
YNV = Ulls

N

Thus T is a y-contraction on (V, | - |0 )-

(iii) Optimality. By part (i), the function V*(x) := sup, V™ (z) is a fixed point of T. Part (ii) and the
Banach fixed-point theorem imply V* is the unique such fixed point. Any policy 7* : X — A satisfying

™ (fL‘) € ar%g}‘ax { IEs~b(.|z) [T(S’ a)] + ’Yﬁ(a) Es’~b(.\m@a) [V*(S,)] + 'YB(G) V*(l' S CL)}

for all z € X achieves V™ = V*, since * attains the supremum in the Bellman equation at every aug-
mented state. The existence of such a measurable selector follows from standard arguments [Put94]. O]
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Proposition B.1 (Restated). For any augmented policy m : X — A, let a™ : S — AN denote the induced
action-sequence map, where a™(s) = (m(s), n(s @ (s)),...). Then, forall s€ S and a € A: Q™(s,a) =
K™(s,a®a™(s@®a)) and V™(s) = K" (s,a™(s)).

Proof. Fixm: X — A. For s € S, the induced action-sequence map can be written in the short recursive
form
a™(s)1 = 7(s), a™(s)p41 = W(S(Jaa”(s)l;h) (h=1),

i.e., it is the sequence of actions chosen by 7 along the branch obtained by appending past actions.

Start from 1 = s and take a; = a. On rounds with no data-burst, the augmented state updates as .1 =
xp, @ ap, hence apy1 = m(xp41). Therefore the executed (infinite) action sequence is

(a1,a2,...) =a®a™(s®a).

By the definition (2) of K™ (s, a) as the expected discounted reward from executing a until the first data-
burst and then continuing with 7, we get

Q7 (s,a) = K”(s, a®a”(s® a)).
Finally, V™ (s) = Q™ (s, 7(s)) and a™(s) = 7(s) ® a" (s ® w(s)), so
V7T(s) = K" (s, a™(s)). O
Additionally, we provide formulas for R and PV, obtained by conditioning on Tpg.

Lemma B.1. Forall z € X and a € AN, it holds that

R(z,a) = ZZO:I ’Yh_l (H?;ll 7((11')) Es~b(|3n) [T(Sva’h)]7
PV (2,a) = 357, 7" (115 Blai) ) Blan) Eviiz o [V

where Tj, = x @ (a;)"~} € X for every h e N.

Proof. LetP(.|a) denote the probability measure of Tpg over N U {00} when the agents commits to playing
sequence of actions a = (ay,as,...) € AYN. Then, it holds that P(Tpg > h | a) = 1—[?:—11 (a;) and
P(Tps = h | @) = ([1'= B(a:))B(as) forall h e N.

Then, by conditioning on Tpg, we can write

R(l‘, a’) = Es1~b(.|x) [Z}j;lfl ’Vhilr(sha ah)’ I =, (ai);'ﬂ:)li = al:TDB]

= X" (TS B@)) Bz [r(s,an)],

PV (2,0) = Eqy i) |77V (s70051) 21 = 2. (@)% = vy
= Y1 V" Ey b je@(ar,..an) [V (8)] - P(Tpp = hla)
= v (TS Ba) ) Blan) By iz [VE()]:

Thus, both formulas are correct. OJ
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C Linear ATST-MDPs: Proofs

C.1 Linearity of Belief and Action-Sequence Value-Function

In this subsection, we prove: Lemma 4.3 and Theorem 4.4.

Lemma C.1 (Restated). Forall x € X\S, b(.|z) = ¢(z) " u(.) and ||p(z)]|, < 1.
Moreover, for everymap V : S — [0,1/(1 — )] and (z,a) € X x A, it holds that

Esp( o) [r(s,0)] ={p(z®a), 0), and Eg_ p(juea) [V ()] = (pxDa), v),
where vector v = [V (s)dp(s) satisfies ||v]l < /L.
Proof. We prove these claims separately:
1. Linearity of belief: Fix z € X\S and let z = (s1; ay, ..., an). Then, the belief b(.|z) satisfies
b(.|z) = §gas [Hfzg P(5i|5i—17ai—1)] P(s|sa,an) ds;
=St [T (i1 ai1) Tha(s) | $lsa,an) () ds,
= ¢(s1,a1)" [HiA—Q (Ss m(si)o(si, az’)Td&')] w(.)
= (p(x), u(.)).

2. Norm bound: From Assumption 4.1, sup, , ||[¢(s,a)||, < 1. Consider any z € X\S and a € A.
Then, using linearity of belief, we can write

$r®a) = ¢(x) M(a) = L¢<x>m<s>¢<s,ams —Ey oy b(s,a)T,

from which the result follows by Jensen’s inequality due to convexity of [?-norm

l6(z ®a)lls = [Eqns (5,0, < Bonni (s, @)l < 1.

3. Linearity of expected reward and value-function: From Assumption 4.1, r(s,a) = ¢(s,a)'6.
Now, for all (z,a) € (X\S) x A, we have:

IEs~b(.|:z:) [’I”(S, a)] = SS ¢($)Tu(8)¢(s, CL)TBdS = gb(a:)TM(a) 0 = ¢(.%' S a)T 6.
Similarly, for all z € X\S, it holds that
Ep( o) [V(s)] = §s @(2) T u(s)V (s) ds = ()T v,

where v = {4 p(s)V (s)ds satisfies ||v|, < sup, [V (s)] - [|[n](S)], < %.
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Theorem 4.4 (Restated). Define v], = 2 [0/ (5; '7)] € R?, where v™ = § V™ (s)dp(s).
Then, for every x € X and sequence a € AV:
KW(IL',CL) = <’l/J((L',CL), ’UT’2>'

4V/d

Moreover, it holds that sup,,  ||[¢(z, a)|l, < 1 and HUTQHQ <19

Proof. Follows immediately from the following Theorem C.1, we prove linearity in 1) for both R and PV"™
in the decomposition K™ = R + PV, O

Theorem C.1 (Linearity of R and PV with respect to v). For every x € X, sequence a € AY, and function
VS —[0,(1—~)"1), it holds that

R(z,a) = ¢(:1;,a)T [29/%11_ 7)] and PV(z,a) = w(x,a)T [21}] ,

where v = {5V (s) dp(s) satisfies ||v||, < 1i Moreover, sup,, , || (7, a)ll, <

Proof. Using Lemmas B.1 and 4.3, we write

s~b(.|z@(a,a1,...,ap—_1))

R(z,a®a) = By jo)[r(s, )] + Bla) Y~ (1_[?:_11 B(az‘)> E [7(s, ax)]
ke

1
— p(x®a) 6 + Bla) Z (T Bla)) d(a @ (a,01,,x)) O
k=

$r®a)’ (I+Bla >2§=nk<nf: 3an) (T, M(a)) ) 6
$(z®a)T (B(a)] + B(a)Mi(a)) O

— 1o(@®a) (Ba) - (1 =)+ Bla) - (1= 7)Mi(a)) (26/(1 - 7))
— (z,a)" [29/8177)] 7
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To bound the l5-norm, we write

(e, a@a)lle < 52 - |$la@a) + Bla) Xy 1 (T TS Blar) bz @ a,an, o ar))|
LBy p@@a) + Blayy X7 M1 Blar)) Blar)dla @ (a, .y )|

< (1‘” AT 3 (Bl + B S (S Ba)B(an)

(

where (a) uses the fact that sup,, ||¢(a)

_l_

2

N

2
1= v +
S+ 1) =<t

N

I <1

C.2 Approximation of the Action-Sequence Feature Map: Proofs

In this subsection, we prove Theorem 4.6. A key technical tool is Lemma C.2 provided below.

Theorem 4.6 (Restated). Assume M, € R gnd 3, € [0, 1] satisfy supge4 \HM Myll2 < € and
SUPge A |Ba Ba| < e for some e € |0, 2\f] andeg € [0,1]. Let 1 : Sx AN — R2? be the estimated action-
sequence feature map obtained from (3) by replacing action-matrices M, and data-burst probabilities [,
with their estimates My, B, in computation. Then, it holds that SUP; gl (Pp—1p)(s,a)s < 16d (€+85/\f)

'l/:(s,a) isa 32d(6+€5/\f)

Moreover, function Y¥(s,a) = 6ot en VB —

-admissible estimation of 1.

At the core of the proof is the following more general lemma, which bounds the estimation error in the
feature vector 1) using that of action-matrices.

Lemma C.2. Assume estimates M satisfy supge 4 |||M — M,||2 < € and define norm-corrected estimates
Mg = a/ (1 + eVd). Also, suppose that estimates Ba € [0, 1] satisfy supge4 | Ba — Ba| < €p. Let

1/) 1,bc XxA— ]RQd be the estimated action-sequence feature maps obtained from ¥ by replacing Mg, 5o
with their estimates M (or Me ~) and Ba, respectively. Then, for all s € S and a € AV, it holds that

4d?
— (e + 65/d3/2).

e = )(s @)l < 1

Moreover, ife < (1/y — 1)/V/d, then it holds that

4d (1 —17)

I =)@l < o7

(e 4+ e5/Vd).

Taking this lemma as given, let us prove Theorem 4.6.

1/v—1
Vd

Proof of Theorem 4.6. For ¢ € |0, ;;\/g], we have ¢ < . So, by the second case of Lemma C.2,

4d (1 — )
(1 —~(1 +eVd))?

sup, o (4 — ¥)(s, )2 < (e +ep/Vd) < i (e +ep/Vd),
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which proves the first statement. Now, we have to show that fz; is W—admissible estimation of ).

16d(e+es/V/d)
I—y

1% = )(s,a)|l2 <

Letey = . Then, for every s, a write following

I(& — (s, a)ll2 LeldGal o 32d(e + e5/Vd)

1+ e 1+ e = 1—~ ’
> I =) (s, @)l [leb(s, alla _ e 1
ya)ll2 < + + =1
(s, @)z I+ e 1+ e 1+62 1+e

So, we only have to show continuity of 1; (s,.) with respect to the product topology on AN and the standard
topology on R??. This follows from the formula of '(p which is based on the y-discounted summation of
matrix products. Each term is bounded in operator norm as shown by Lemma C.4:

PITT Tl < 7 VAL + vy < V- (52)

where exponent term 1;” € (0, 1) ensures convergence and therefore continuity for ’lz; and @Z . O

C.2.1 Proof of Lemma C.2

The following lemmas are used to prove Lemma C.2.

Lemma C.3. Foralln e Nand ay,...a, € A, it holds that || [T}, My, |2 < Vd.
Proof. Using the Linear MDP Assumption 4.1, we can write
[Ty Mo, = | ()05, T Mads = | a(5){(si01..00)) s
Then, by spectral-Frobenius inequality, it follows that
Iy Mol < \/zl-e[d] I E——)

< A/ Sicgy (131(8))? - sup,e [ d() 3
= 11l(S)l - sup ll9()1l, < Va

where the final inequality follows from Assumption 4.1 and Lemma 4.3. O

Lemma C.4. Suppose that for every a € A, estimate M, € R4 satisfies 1M, — M, lo <e
Then, for alln € N and ay, . .. a, € A, it holds that || [ [}, M\ai lla < Vd(1 + ev/a)".

Proof. Let B, = M, — M, so that M, = M, + E, and || Ea||2 < ¢
Also, let X0 = M, and X! = E,. Then, we can write

ITTizy Maglle = T2y (Mo, + Ea)ll2
< Dpegoye T X2l

(a)

< Sheqoupn (VAT = 0) + 15 = 1) - | B, v
<Vd- Zbe{0,1}n(5\/>)HbH1
= Vd(1 +eVd)",
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where (a) follows by bounding consecutive blocks of neighbouring X? matrices as H|X 0Xx 8z+ Lo X QT ll2 <

v/d using Lemma C.3 and pairing each such block (except maybe one) with a neighbouring matrix X L
which has | X2 = | E.]l2 < Vd. O

Lemma C.5. Let ¢ € [0, 1). Suppose matrices A, B € R™? satisfy || Alls < Vd and |A — Bl|s < . Then,
= B/(1 + eV/d) satisfies |A — B'||s < 2¢

Proof. Let A” = A/(1 + £+/d). Using the triangle inequality, we can write

A= B2 <|A= Al + A" = B'll2 < N Afl2 + 1A = Bll2 < 2de.

1+sf 1+s\f

Lemma C.6. Under the conditions of Lemma C.4, let M. o= M, /(1 4+ &v/d). Then, we have

I Hz«llz\%—m1Maz-m2< <1+ev3>“-1ne, ©6)
Ty M — Ty Ma,ll2 < 2d )

Proof. To show (6), we write

ir k—
ITTE ) Mo =TT Madllz < S5y TS Ma,) (Mo, = May) (TTiper Ma)ll2

k=177
< oy NTTES Mo, ll2 1M, — Moy ll2 I T gy 1 Ma,ll2
(a)

< Do (\/3(1 +Vde)F e \/@ <d(1 +evd) !

where (a) follows from Lemmas C.3 and C.4.

Similarly, to prove (7), we write

. —
ITTi M, =TT Madllz < Sy TS M) (Mg, = May) (TTi—pesr Ma)lz
o By
< SRou TS Mg llo 105, — May o I T ey Moz

< i (Vd - 2de - \/d) = 2d? ne,
where (b) follows from Lemmas C.3, C.4, and C.5. O

Lemma C.7. Let sequences (a;);Zy, (i), with values in [0, 1] be such that sup,ey |a; — bi| < & for some
€ [0,1]. Leta; = 1 — a; and b; = 1 — b; for every i € N. Then, it holds that

VRENv |H?1 4_H?1ai| ne, 3
Wy e (0,1), S, AT bobs — (T2 @)ax] < - ©)

Proof. To prove (8) for arbitrary n € N, we simply write:

k
| H:'L=1 bi — H?:l ai| < Zk 1] Hz 1 @ H?:k bi — l_[i=1 a; H?=k+1 bil
k—1
= Dot br —ar] [TiZ) ai H?:k+1 bi

< ne.
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To prove (9) for arbitrary -y € (0, 1), consider the finite supremum over all appropriate pairs of sequences:

S = sup Sk |(H )bk—(nk Laag| < X010 =

a,be[0,1]N: sup; |a;—b;i|<e

with intention to show that S < 725-. Then, for all a, b € [0, 1]" such that sup, |a; — b;| < &, we can write:

Sy VRIS bo)br — (Hf S anag] < ylby— an| + X7, 7 b — @] - ([T 5i)bil
+ Zk 2 7@ - 1T bo)be — (125 @i)ax
e-(1+ 32,1 1(Hk 1bz+1)bk+1)
+- Zkzl Y |(Hi:_11 bi+1)bk+1 - (Hi:ll az‘+1)%+1|
< 2e + 95

Therefore, it holds that S < 2¢ + yS and so S < 12_—3 O

Proof of Lemma C.2. Let éa =1- Ba € [0, 1] to ease notation.
From Lemma C.3, it follows that matrices M (a), Mz(a) from (4) satisfy

M1 (a)ll2 < 1+ X520 A* (T Ba) Ty Ma)llz < X0 7*Vd
IMa(a)ll2 < S5y V(TS Ba) B I Ty Ma)le < Xy (T B

N

4 (10a)
Ba;)Bap Vd < V. (10b)

Part 1: We prove the result for 4} first. Suppose € [0, (1 —1/v)/4/d), so that v(1 + e+/d) € [0, 1).
Let M\l(a), M\g(a) denote estimates for matrices M (a), M1(a) computed using estimates M,, 3.

Note that for all ¢ € [0,1), >, c"n = Tz and sup,, " n < - Then, using Lemmas C.3, C.6, and
C.7, we can write:

1M1 (a) — Mi(a)ll2 < X2, AT al)(l—L M) = (T Ba) (TR M)l
<SP I Ma, — 15, Ma,ll2
0 A (T By =TI B[ I TR Ma
<SP A+ evd) Tk ed + Zk“o_l VFkeg/d

_ _1(1+evd) d
— (1—y(14eVd))? 1+€e\f )? 56\/7

< m(e +56/\F)

1322(a) = Ma(@)ll2 < Y77, VIS o) Bow (TTH M) = (T o) Ban (1T Mol
< supgen (v* - Iy Mo, =TT, M)

+ 5| (T Bas) B = (TS Ba) B I T, Mol
< supgeny V(1 4+ evad) ik ed
A (T BBy — (T Ba) B |V

1 ed
< 1—(1+evd)  1+evd + ﬁ . 66\/8

< —'y(l2+f (6-1—85/[).
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From (3), we have that
P(s,a®a)’ = 3d(s@a)’ (Baliz + BaMiz(a)),
where I12 = [(1-7)1 v1] € R™*%d and Mis(a) = [ (1-+)Mi(a) 7M2(a) | € RE*24,

Then, using the fact that ||¢(s, a)||, < 1, it follows that

(% — ) (s, a®a)ll2 < LI [ =@ —1) (@) v(Fa—Ma)(a) ] T |2
+ 1180 — Bal - | [0 (T-Mi(@) v(I-M(a)) ] T |2
(a) —~ —~
S (A= = M) (a2 + 57 (M — M) (a)|l

+5ep(1 = 7)1+ Vd/(1—7)) + 5ep7(1 + Vd)
(2 % (8+€I3/\f) +2€5\/7

4d(1—y)
S m . (E + 65/\/7)

where (a) follows from (10) and (b) from the bounds on H|JT/[\1 (a)—M;i(a)]|2 and H\J/\J\g(a) — Ms(a)]|2 above.
Part 2: Here, we will prove the result for 'LZC using similar approach. Suppose € € [0, 1).

Let M. f(a), J/\J\Qc(a) denote estimates for matrices M;(a), M (a) computed using estimates M; o Ba.

Using Lemmas C.3, C.6, and C.7, we write:

I375(@) = Ma(@)lls < i I M5, =TT Ml
+ 3207 ‘Hz T 5 I T M
< Ml 2d? k5+2k 17 kegVd
|||M5<a>sz<a>|||2<supkeN( T Mg, =TT Mallz)
+ LT B agﬁak—(r{zl ) B 1 T Moz
< supgey 7* 2d%ke +ZZO=1 7 ‘(Hz 1 az)ﬁak - (Hz—l az)ﬁak Vd

< 2y 2oVd o (e 4 e /V/d).

As in Part 1, we conclude that

1(the — ¥)(s,a@a) |2 < S [ [ (- (TEs—M)(@) 4(FTs—M2)(@) | 12
+ 1180 = Bal - | [ =1 U=M1(@) v(I-72(@)) ] ||2
< 3= NOF = M) (@)lls + 37 (M5 — Mo)(a)l»
+3ep(1 =) (1 +Vd/(1=7)) + 5 ep7(1 +Vd)
< L - (de + ep/Vd) + 2e5Vd
< % (de + e5/Vd),

where (c) follows from the bounds on || M\f(a) — M;(a)]|2 and |||]\//.720(a) — M>s(a)]|2 above.
This concludes the proof of both statements. O
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C.3 Off-policy Evaluation

In this subsection, we prove Lemma 4.7, which will follow from Lemma C.8, provided below. We also prove
Lemma 4.8. Corollary 4.9 follows immediately from these lemmas, by setting c5 = £+v/d small enough in
Theorem 4.6 and picking dataset size in Lemmas 4.7 and 4.8 large enough for the resulting uniform bounds
to hold with probabilities 1 — p/2 each.

For the sake of notation, let (") := ¢(s,,a,) and y((ln) = ¢(s!,a), so that X, Y, € RV*? have rows

n?
x(), y((ln) respectively. Then, ¥ = E[+ X " X] = B[N &) ()T
Recall that we consider ridge estimators M, = (XTX + M) XTY,.

Observe that E[y((ln) | $n,an] = M, z, and ||y£n)||2 < 1 almost surely. Moreover, for 2 = y((ln) -

M,x,,, it holds that Hz((ln) |l2 < 2. In the matrix form, we consider Z, := Y, — X M,.

Lemma C.8 (Restated). There exists absolute constant C > 1 such that for all p € (0,1) and N >

%W, by choosing A = 1, with probability at least 1 — p, it holds that

d log(2Ad/p)

sup [|M> — M,||, < 4C .
aeﬁlll p all2 N ()2

Proof. We will show that this claim holds for the same C' > 1 as in Lemma C.8.

Fix arbitrary p € (0,1) and N > %&‘;‘W. As Amin(X) < ||Z]l2 < 1, for this NV, it holds that
P(E) = 1 — p, where £ denotes the event from Lemma C.8.

Conditioned on event &, for every a € A, it holds that

1M} — Mgl < [(XTX 4+ Mg) 7' X Zy — MXTX + My)~ Myl

|

HXTX + ML) 2 X7 Zallz + AXTX + Aa) ™ 2 [| Mol
_ X" Zallz +Ad . C\/Nlog(2Ad/p) +Vd

T Anin(XTX) + XA T Nuin(2) — C+/Ndlog(2/p)

< 2C\/Ndlog(2Ad/p) _ a0 d log(2Ad/p)

NAmin(E)/2 ]\D‘min(E)2 .

NN

Note that we use the fact that || M, || < v/d from Lemma C.3. O

Lemma C.8 (Concentration). There exists an absolute constant C' such that for all p € (0,1) and N >
C? - dlog(2Ad/p), event £ = Ex N (Naeala), where

Ex Amin(XTX) = Nmin(3) — Cy/Ndlog(2/p),
Eat X Zulla < C/Nlog(24d/p),

occurs with probability at least 1 — p.

Proof. Tt will suffice to show that there exists constant C' such that for every N > C? - dlog(2Ad/p), it
holds that P(€x) > 1 — L and P(E,) > 1 — & foralla € A.
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Part 1: Observe that rows in matrix X are independent sub-Gaussian vectors that are uniformly bounded in
la-norm by 1, because sup, , [|[@(s, a)||, < 1. Using Theorem C.9, fix absolute constants C and ¢; so that

YN €N V=0, P(IXTX ~ NS < Nmax{3,0%)) > 1 - 2exp(~ext?) ford = O/t

Then, we claim that P(€x) > 1 — § if we select C' > C; + 4/2/cy.

Note that the minimal eigenvalue of X " X can be bounded from below as follows:
Amin(XTX) = Apin(NE) — | XX — NS|o.
So, by setting t = 4/log(4/p)/c1, we obtain that, for all N > C - dlog(2/p), it holds that

P(Ex) =P (JIXTX = NSl < € v/Ndlog(2/p))

>P(IXTX - N3l < N - ©ist)

>1—2exp(—cit?) =1- 5.

Part 2: We claim that P(£,) > 1 — 5% for every action a € A if we select C' > 8.

Observe that for every action a € A, ZaT X = 27]:;1 S((ln), where matrices S((L") = z((Ln) (a:("))T are indepen-
dent and satisfy the following properties:

Uniformly bounded:  [|S(™ [z = [|2{]]2 [|&™]|2 < 2
Centered: E[S™] = E [E[z,g"> | w(")](w("))T] — E[0(z™)T] = 04xa.

Moreover, it holds that
[ELSE (S T < B [ 113 B [ 1) e o] | < 1,
IE[(S) TSNz < E [n\w(”)(w(”)ﬂn? E[ 1201 w<n>]] <4,
which implies that the variance statistic of the sum satisfies
V(2] X) < Sy max {IELSE (S8) 1, WEL(SE™)TSE ]} < 4.

By Theorem C.10, we have that

—¢2 _ 42
V20, PIX Zalle > t) < 2d-exp (g5 ) < 2d-exp (F4).

So, for N > C? - log(2Ad/p), fixing t = /16N log(4Ad/p) < N, yields

P(E) 2P (IX Zallz <t) 21— 2d-exp (F4) 21— 2d-exp (5l ) = 1 - &5

Conclusion: To sum up, the choice of the absolute constant C' = max{C} + +/2/c1, 8} guarantees that for
allpe (0,1)and N > C? - dlog(2Ad/p), it holds that P(£) > 1 — p. O
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Theorem C.9 (Theorem 5.39 (5.40) from [Verl1]). Let A be N x d matrix whose rows A; are independent
sub-Gaussian vectors in R? with common second moment matrix Y. Let K := maxe[n] || Ailly, denote
the maximal sub-Gaussian norm among the rows. Then, there exist constants ¢ and C' that depend only
on the value of K, such that, for every t = 0, the following inequality holds with probability at least
1 — 2exp(—ct?):

CVd +t
—

Theorem C.10 (Theorem 6.1.1 (Matrix Bernstein) from [Tro15]). Let S, ...,.S, be independent R-valued
centered random matrices with common dimensions dy x do, and suppose that for some L = 0, it holds that
ISkll2 < L for every k € [n] almost surely. Consider their sum Z := Y,;_, Sy and let v(Z) denote the
variance statistic of the sum:

|||%ATA — Y|l < max{6,6%} where §=

v(Z) i= max {|E[ZZ 7], IE[Z Z]l]>}

Then, for all t = 0, it holds that

42
BlZl2 > 1) < (dr + da) - exp (M) |

Lemma C.11 (Restated). For all p € (0, 1), empirical mean estimators Ba satisfy

) 12In(3A
P (Supae.A ’ﬁa - /8a| < M) =1 —Pp.

Proof. For every a € A, let N, = 21]7\,[:1 I(a, = a) and S, = 25:1 bp I(a, = a), so that & = Su/Ng.
Also, let p, = E[I(a; = a)], so that pyin = infae 4 pq.

By Multiplicative Chernoff Bound, for fixed a € A and arbitrary € € (0, 1), we have

P(N, < %Npa) < exp(—Np,/8),
IP)(|Sa - Na/Ba| = |(N - Sa) - Na5a| > eN, maX{Ba»BaHNa) < QGXP(*52NG max{ﬁa,ga}/?’)a

which allows us to write

P(|Ba — Bal = €) = P(|Sa — Nafa| = eNo)
< P(|Se — Nafa| = eNa|Na > 5Npa) + P(Ny < 5Npa)
< 2exp(—e2Np, max{B,, Ba}/6) + exp(—Np,/8)
< 3exp(—e*Npmin/12).

Therefore, by the uniform confidence bound, for every p € (0, 1), it indeed holds that

n In(3A
P <SupaeA ’/Ba - /Ba| < w> =1-—np.
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C.4 Closed Form for Eventually Periodic Action Sequences

Lemma C.11. Let P = O, L 1 andﬁx sequence a = GPTC_B(C_Bt 1aper) with preﬁx aPt = (al, - CLP)
AP and period a*®* = (ap,1,...,ap,1) € AF. Define UP* = ¥ Hz (Ba, My,), WP = 4L HPJ;DLH(B%
Then:

Ml (a) — (I)Il)r + \Ilpr (Id _ \prer)fl @Ifer’

MQ(CL) _ q)Qpr + \I}pr (Id _ \I/per)—l (I)ger’

where the specific summations are

Py — V(T8 BaMa,)

orer =2 J(Hﬁzﬂﬁm M,,)
@Sf—zkl V(TS BaiMa,) Bay Ma,

B = 37 ¥ (TLZET BaiMai)Bap; Map.;-

Proof. Lemma C.3 implies that for every n € N and every sequence (ay, ..., a,) € A", it holds that

P(H?:l Mai) <1

Hence I; — P is invertible. The claim then follows from the Neumann-series (von Neumann) argument,
with the same reasoning applied to all finite prefixes. O

We remark that this computation requires O(P + L) matrix multiplications and one matrix inversion, yield-
ing O((P 4 L)d?) complexity per sequence.

D Episodic Learning: Proofs

In this section, we prove Theorem 5.1. Our proof adapts the approach of Jin et al. [Jin+19] for ATST-MDPs
with geometric horizons.

For notational convenience, let s = | forall k € [K] and u > B* + 1. Let R* = min{R", H}.

For burst-dependent policy 7 = (7,,);~; and n € N, let 7(,,) = (Tu1n-1);~; denote the burst-dependent
policy obtained by shifting the original policy by n — 1 data-bursts ahead. Then, we introduce notation
KT = K™w and V7 = V™),

D.1 Some Technical Lemmas
In this sections, we state some technical lemmas used in the proof of the main result. The proofs of these
lemmas are deferred to later subsections.

First, we need the following lemma, which bounds the growth of the estimator’s norm.

Lemma D.1 (Bound for wk). Forall (k,u) € [K] x [H — 1], |wF||z < 4y/dkH3/A.
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Proof. For every vector v € R?¢, we have
o wh| = [oT (A7 S TR + supg KL,y (s, @)
k
< T ol (A7) 20
k k ~
<2t ([ ol S8
<2H - ||v||yVEH/X - V2d,

where the last step follows from the fact that N* < kH and Fact D.9. O

Based on this lemma, we can establish the following concentration result.

Lemma D.2. Under the setting of Theorem 5.1, let c, be the constant parameterizing p (i.e., p = c,-dH+/1).
There exists an absolute constant C, independent of c,, such that for all fixed p € [0,1], if we let £ denote
the event that

Vb (K] x [H =115 [T 7V () — BV (T an]| |, <O v

vhe[K]: S @TR ~BRsaT])| |, <C-HaP
where x =log(2(c, + 1)dK H /p), then P(£) = 1 — p/2

See Section D.3 for the proof of this lemma.

To further simplify the notations, we let e2 = € - 5pv/ K H. Note that €2 > e||wu\|2 + €p by Lemma D.1.
This constant will be used throughout the rest of the proof. Also, let ¥* = 1)(s*, ak) be equal to 0 € R?
when sk = 1.

We also need the following two lemmas. The first lemma provides lower bounds on the estimated action-
sequence value-functions on the event that the concentration bounds hold true.

Lemma D.3 (UCB). Under the setting of Theorem 5.1., conditioned on event £ from Lemma D.2,
KF¥(s,a) = K*(s,a) — (H —u) - e

forall (s,a,u,k) e S x AN x [H] x [K].

Additionally, we need the following lemma, which provides a recursive relation on a term arising from the
error decomposition.

Lemma D.4 (Recursive formula). For k € [K], u € [H], we define

* 85 = Vik(sh) = Vi (sh),
* Chi = E[oy, | si,ai] — 050
Then, conditioned on the event £, we have that for every (k,u) € [K] x [H — 1]:
Ty < Oppy + Chpr + 2PH¢ZH(M)*1 + €.

See Section D.4 for the proof of Lemma D.3 and D .4.
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D.2 Proof of Theorem 5.1

Given lemmas in Section D.1, we are ready to prove Theorem 5.1. To start with, let us recall the statement
of the theorem.

Theorem 5.1 (Restated). Suppose Algorithm 1 is executed with e-admissible feature map 1,’b\ fore < /(1 —7)/K.

There exists an absolute constant ¢ > 1, such that, for all fixed p € (0,1), ifwe set H = | W 1+1,

A=1,and p = c-dH+/v with 1 = log(2dK H /p), then with probability at least 1 — p, the total regret is at
most

O(WBK(1 —~)32 +d®(1 —7) 2+ e - /2K3(1 —7)75).

Proof. We condition on the event £ from Lemma D.2, which occurs with probability at least 1 — p/2. Then,
using Lemmas D.3 and D.4 and the choice of e, we can write:

K K
Ri =), [V*(s’f) ~ Vlfrk(s’f)] < ) (0F + Hey)

k=1 k=1
K H K K H-1

< Z ZCS‘FZ(S?{-F?/)Z H¢ZH(A1¢)71 +2KHey
k=1u=1 k=1 k=1 u=1
K H K K H-1 _

< Z Z Ci]j + Z 5’;{ +2p Z H’d’ﬁ”(/\k)—l +4K Hes.
k=1u=1 k=1 k=1 u=1

* To bound the first component, we use Azuma-Hoeffding for the martingale difference sequence {C{j}u k
(ordered chronologically with respect to rounds/episodes and including B¥ < v < H with s* = 1),
which satisfies |¢¥| < % For all ¢ > 0, we have

P (SIS <) > 1-exp (gmiia= ) -

Hence, with probability at least 1 — p/4, we have that

D0 DG < V/BKH(L—7)72 - \/log(4/p).

* To bound the second component, observe that for each k € [K]

4 k
ok = Vii(sly) — Vi (sly) < Wzt g < W=
and use Chernoff inequality for binary indicators I(H* > H). For all § > 1, it holds that

3 6_5 K"}/H_l
P (Zle H(Hk = H) > (1 +5)K’yH 1) < (W)

< exp (%) < exp(—0K~yH71/3).

Then, by Fact D.7, with probability at least 1 — p/4, by setting 6 = 3log(d/p) 1, it holds that

K~yH-1
S Lok <A+ OKATTI 1 — )]
(K~4M~1 + 3log(4/p)) (1 — )"

6log(4/p)(1—») "

NN N
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« To bound the third component, let A¥ = AF + 3771 125, ('(Z’Jj,)T Then, write the following
K <H 7 K H 7
VAR Y [0 VSRRV 20 yARSVO W L T N
(@) K
< VH-Si /Sl 209y
+VH - T(det (A1) > 2det(A%))y/H /X

< VAKH I, S ()T (AF) 1t
H2/X -3 T(det(AR1) > 2det(AF))

e K+1 e K+1
\/ \/210 d(ftAAl )> VH2)\"1. logQ(th )>

det(AT)

CUWEH \/dlog(2KH) + 4H - dlog(2K H),

where (a) follows from Fact D.8, (b) from Fact D.10, and (c) from the following inequality

det(AK'H) < ()\max(AK+1) ) 2d
~

2d
dei (AT i) < (M)~ (14 KH)M < (2K H)™

In conclusion, we have that with probability at least 1 — p
R(K) < /RKH(1L )2 - v/log(4/p)
+ 6log(4/p)(1 =)~
+2p- (MKH - \/dlog(2K H) + 4H - dlog(2KH))
+4KH -5epvVKH
<01-\/m+62-d2H2L+03~6KH-\/m,

for some absolute constants ¢y, ¢, c3. O

D.3 Proof of Lemma D.2
In Theorem 5.1, we have H = [W] +1,A=1,and . = log(2dK H/p).
From Lemma D.1, ||wF|s < 4+/dkH3/\. Hence, by combining Lemmas D.12 and D.13 for function

class V(4+/dkH?3/\, p, \), we show that for all ¢ > 0, with probability at least 1 — p/4: for all (k,u) €
[K] > [H = 1],

2

|22 v (s — Yk 7 an)]| R

+4d* log (1 16p f) +log< )] + w.

EH 4\ 16V dkH3
(Aky1 <(1 e [dlog +2d10g( )

Weset A = 1and p = ¢,-dH /i and pick ¢ =

(1_%. Then, there clearly exists absolute constant C; > 0,
independent of ¢, such that

2

|V sR) PV T a0, < O e los(2(e, + 1)K H]p).
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For the second part, we will use the concentration of self-normalized process, where R Is",a” € [0,H]isa
H-sub-Gaussian. By applying Theorem D.11, we can find absolute constant C3 > 0 independent of ¢, such

that with probability at least 1 — p/4: forall k € K],
< 4H? {d log (@) +log (;)}

< Cy - H%dlog(2kH /p).

NF TR DT T AT 2
| R - RR s e

Finally, set C' = 4/max{C, C2} to finish the proof.

D.4 Proof of Lemmas D.3 and D.4

The proof relies on the following technical lemma.

Lemma D.S. Under the setting of Theorem 5.1, there exists an absolute constant c, > 1 such that for
p = ¢p-dH /v and arbitrary burst-dependent policy 7, on the event & from Lemma D.2, for all (z, a, k,u) €
X x AN x [K] x [H —1]:

<’¢($, Cl,), w1]j> - K;r(x’ a) = ]P)<V1f+1 - VuTrJrl)(wv a) + Aﬁ(x’ a)v
where Ak (2, a) satisfies |AF(z,a)| < p [t (z, @)l ar)—

See Section D.4.1 for the proof of this lemma. Taking this lemma as given, let us now proceed with the
proofs of Lemma D.3 and D.4.

Proof of Lemma D.3. We set K% (s,a) = ﬁ > K*(s,a). Moreover, for all u € [H — 1], we have that
Ky (s,a) = (s, a),wi) + pllib(s, a)l| Ak
> ((s, @), wy) + pllyp(s, @)l ary 1 — (ellwyll2 + pe/VA)

2 K*(s,a) + P(VE, — V¥)(s:0) — e
K

=
= *(S,a)ﬁ-si/I’laf:/( u+1—K*)(5/’a/)_€2,

where (a) follows from Lemmas D.5 and the choice of €.
Then, the statement follows by trivial induction over u from v = H tou = 1. O

Proof of Lemma D.4. We can write the following by Lemma D.5 for all s, a:
Kl(s,a) — KT (s,a) = (§(s, @), wk) + pllib(s, a)l| )1 — (s, a), w )

< (@(s,a),wh) + pllp(s, a)llar)1 — (B(s,a), w] ) + e

<PV = Vi) (s,a) + 20 [9(s,@) | g1 + €2
From the choice of 7%, we have that

ok — Kk(s ak) — K™ (sk, ak)
P(VE — Vi) sk, ab) + 2p[l9p(sk, ab) [ aey-1 + €2
= 5u+1 + (o + 2p||¢u||(l\k)*l + €.

Note that this holds even when s =1,as0 < OJ
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D.4.1 Proof of Lemma D.5

We first state and prove the following lemma.

Lemma D.6 (Burst-dependent version of Theorem 4.4). Under Assumption 4.1, for arbitrary burst-dependent
policy © = (m,)*_; and u € N, it holds that: for all (x,a) € X x AV,

va(z7a') = <’¢(x,a), w3>7

where w] = 0/ (1- ) satisfies |[wT || < ‘11%/&.
SS u+1 S) v
Proof. Follows by decomposition K7 = R + PV, | and Theorem C.1. O

Now we turn to the proof of Lemma D.5. As (¢") w™ =

n K7 (s™,a”) by Lemma D.6, we have the
following

w) —wy = (A")” 1ZT VT[R4 VE L (53] - w]
D ol 1¢T[R + V(Y - KT(s7,a)]}

)
— Ak wg+gAk>*12iVLz/77[fo< R) — PV (57 aT)]

qi1 q2
+ WY TS TPV, - Vi) (ST aT)]+ (AT (R B[R o)
Q3 q4
+ (A SN T [E[R[s7,a7] — B[R7lsT, 7))+ (A) T SN (g — 97)T
g5 g6

We bound these six components separately. Note that
E o~ k ~
[$(e,a)T(A") T 97| < B [, a) T (AF) 71T
k 1/2 B~ 1/2
|2 I @)ty | |2 7R
< VEH ||¢p(x,a)||pry-1 - Vd
= VARH - |3 (2,)]] ()1

A

* To bound q;, using Lemma D.6, write

(. a), q)] < M| a1 (2, @) )
< VAWl 192, @) gy 1 < L [l (2, @) )

* To bound g2 and g4, we use event & so that

|<'z,b(:n,a),q2 + Q4>| < c- dHﬂ ||¢('T’a)||(/\k)*1 3

for some absolute constant C' > 0 independent of c,,.
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* To bound g3, using Theorem C.1, observe that for some vector v such that ||v||, < %f;l:

P(VE, - Via)(25a) = ((z,a),v).

Then, we can write

(p(z,a),q3) = P(z,a),v) — Ap(z,a)" (A") v

~-
Cc1

+ (@) ()OI (T - $7) T,

Cc2

where c1, ¢ can be bounded as follows:

1] < VATl (@, @)l ary-1 < B2 - [l9b(, @)| gry

kA~
ea] < (e, @) (AF) S, 7 - el
< VAkH - (2, @) | eyr - € Y9 < 8/ RPRA(L— )2 - |4p(, @) ey -

* To bound g5, note that, as rewards are bounded to [0, 1], we have
[E[R"|s",a”] - E[R7|s",a"]]| <" (1—y)~".

By Fact D.7, for H > w, 'yH < ﬁ, so we have

H

[(p(,a), q5)] < 1= - [, 0) T (A 2N, )

< u_;jim NY(z, a)ll(ary < dH - [[eb(z, a) || pry—

* To bound gg, we write

ez, a), gs)| < el|wl |z - [z, @) T(AF) "L 3N 7|
< e N dRH - |9 (x, )| gn)
< ANERKH(L — )72 - |9 (x, @) | ()

To sum up, for our choice of A = 1 and € < 1777 we have that
Ab(w,a) < (25 + O) - dH /X - 1(a, @) | )1 -

Finally, observe that c, appears in x only under the logarithm and C' is an absolute constant. There-
fore, we can select ¢, as an absolute constant large enough such that for ¢ > log(2), ¢, - v/t = (25 +

C)r/t +log(c, +1),ie. p=c, - dH /L = (25 + C)dH /X forall K, H, d, p.

D.5 Some Basic Facts

In this section, we collect some basic algebraic facts used in the proofs.
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V810" it holds that v < min{ 122, L} < 2

Fact D.7. Forn > 28U&( >

Proof. Aslog(l/z) = 1 — x for z > 0, we can write

7" = exp (—Hlog(1/7)) < exp (—log(K(1—7)™1)) = PTV

Moreover, as 1/z = e~* for x > 0, we also have

1
7" = exp (=nlog(1/9)) < s < Ay
The final inequality follows trivially. O

Fact D.8. Let A, B € R4 be positive definite matrices and € R%. If A > B, then

el < el | S

Fact D.9. Let (z,,))\_; be an RP -valued sequence and \ > 0. Then, for Ay = NI + Z -1 x,x,), it holds
that

N
2

Z [Znl[(a )1 < D-

n=1

Proof. Proof is exactly the same as in Lemma D.1 from [Jin+19]. ]

Fact D.10 ([APS11]). Let (x,)%_; be an RP-valued sequence such that ||z, ||, < 1 for every n € N. Let
Ao € RP*P satisfy Amin(Ao) = 1 and define Ay = Ao + Z _1 xnx for everyn € N. Then, it holds that:
forall N € N,

1og[1°g ] lewnHA— 21og[11(;gg((AAZ))]

D.6 Concentration Inequalities

Theorem D.11 (Self-Normalized Bound for Vector-Valued Martingales, [APS11]). Let {¢;}> ; be a R-
valued stochastic process with corresponding filtration {F.}F_, such that €|F._y be zero-mean and o-
sub-Gaussian for every 7 = 1. Let {{;}X_ be an RP-valued stochastic process where (s € Fr_1. Let
A € RP*P pe q positive deﬁmte matrix and define Ay = M\ + 2721 ¢l for N = 1. Then, forall § > 0,
with probability at least 1 — 9, it holds that

1/2 —1/2
W20 D G < 2%l0g (det(AN) det(A) ) |
(An)~t R
Lemma D.12. Let V < RS be an arbitrary function class such that, for every V € V, sup |V (s)| < ﬁ

Let {s.}>_, be a stochastic process on state space S with corresponding filtration {F;}% o Let {¢-}7 4
be an RD-valued stochastic process where (. € Fr_1 and ||(-||2 < 1. Let Ay = AT + 2721 ¢-Cl. Then,
for all 6 > 0, with probability at least 1 — 6, it holds that for all N = 0 and V € V

HZ]TV=1 ¢ {V(sr) —E[V(sy) | Frma }H oy < ﬁ {Dlog (N+)\> + log (/\gs)] N BN;E2’

where N is the e-covering number of V with respect to dist(V, V') = sup, |V (s) — V'(s)].
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Proof. The result follows by applying Theorem D.11 for each element in the e-covering and using the union
bound for the left-hand side, as was done in the proof of Lemma D.4 from [Jin+19]. O

Lemma D.13 (Covering number bound, [Jin+19]). Let ¢ : S x AN — RP be an arbitrary state-action-
sequence feature map, such that supg , [¢(s,a)|l, < 1. For L, B,\ > 0, let V(L, B, \) denote the follow-
ing parametric class of mappings from S to [0 L ]:

L
{V(.) = min{ﬁ,snpaeAN C(,a)Tw+p|¢(,a)|ly-1}: ||lwly < L,pe[0,B],A > )\I} .
Then, the covering number N of V(L, B, \) with respect to dist(V, V') = sup,es |V (s) — V'(s)| satisfies

log N < D log(1 + AL /<) + D? log (1 + 8D1/QBQ/(/\52)) .

Proof. Accounting for the fact that we use a different feature map ¢ : S x AY — RP, the proof follows
similarly to Lemma D.6 from [Jin+19]. O]
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