NetSciX2026: International School and Conference on Network Science
February 17/7-20"", 2026 - Auckland, New Zealand
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Extended Abstract

Synchronization [1] is a widespread phenomenon observed in systems ranging from flashing
fireflies to neuronal firing. Real-world networks often involve simultaneous, feedback-driven
interactions among multiple agents, known as higher-order interactions [2]. In our study, the
dynamics of an adaptive multilayer network with N Kuramoto oscillators undergoing both pair-
wise and higher-order interactions have been investigated. The equation of motion governing
the dynamics of our model system on such a network of / layers with pairwise and higher-order
interactions is represented as,
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where, € and & are the coupling strengths corresponding to the pairwise and higher-order
interactions, B is the phase lag, f,; is the adaptation function associated with pairwise in-
teractions, and fj; is the adaptation function associated with higher-order interactions. ; is
the natural frequency of the system where i = 1,2,...,N and [ = 1,2,...,L, with N being the
number of oscillators in each layer and L being the number of layers. Using the Ott-Antonsen
formalism, we reduce the N-dimensional Eq. 1 to a two-dimensional one:
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r; is defined as the global order parameter and phase ¢; for the /" layer. For layers 1 and
2, the pairwise adaptation functions are f,; = (Ar;+ B)”i, and the higher-order functions are
fni=(Ar; +B)", where i # j, i.e., the first layer is influenced by the global order parameter of
the second layer and vice versa.

We first take f5; = 0 and explore the dynamics with a linear form of the adaptation function
and discover a tiered transition to synchronization, along with continuous and abrupt routes
to synchronization. For nonlinear adaptation forms, three different kinds of tiered transition
to synchronization, viz., continuous tiered, discontinuous tiered, and tiered transition with a
hysteretic region, are observed as illustrated in Fig.1. Our system also shows multiple routes
to synchrony, as displayed in Fig.1(a). We also investigate the routes of the transitions to
synchronization and discover that an extra saddle-node bifurcation occurs in the case of tiered
transitions in adaptive multilayer networks with higher-order interactions.

Next, we consider a non-zero phase lag f; = f in Eq. 1. By appropriately tuning the phase
frustration parameter, we demonstrate that phase lag effectively mitigates explosive behavior
even in the presence of higher-order interactions in adaptive multilayer networks, converting
the transition from first-order to second-order (illustrated in Fig. 2). As the phase lag increases,
the hysteresis width progressively narrows, and the abrupt transition gives way to a smooth,
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continuous one. Thus, phase lag allows us to control the occurrence of discontinuous transitions
to synchrony and transform them to smooth and gradual ones.

Our study shows that introducing order-parameter adaptations in higher-order multilayer
networks alters system dynamics and reshapes the route to synchronization. We further demon-
strate that incorporating phase lag can suppress explosive transitions in such adaptive multilayer
systems.
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Figure 1: Tiered transitions to synchronization in adaptive multilayer systems with higher-
order interactions: The stable analytical solutions are plotted in red while the unstable solu-
tions are shown in dashed blue. r; denotes the global order parameter of layer-1. (a) Discontin-
uous tiered transition to synchronization (b) Continuous tiered transition (c) Tiered transition
with a hysteretic region.
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Figure 2: Discontinuous transitions to synchronization changes to continuous ones in the
presence of a phase lag in adaptive multilayer systems with higher-order interactions.
The stable analytical solutions are plotted in red while the unstable solutions are shown in
dashed blue. The green markers signify the forward continuation and the yellow triangles show
the backward continuation of €. (a) The system shows a first-order transition to synchro-
nization with § = 0. (b) With a low value of 3, the system shows a first-order transition to
synchrony. (c) The system shows a second-order transition to synchrony in both layers.



