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Abstract

In this work, we study optimization problems of the form min, max, f(z,y), where f(z,y) is
defined on a product Riemannian manifold M x N and is u.-strongly geodesically convex (g-
convex) in x and (i, -strongly g-concave in y, for (i, 1, = 0. We design accelerated methods when
fis (Ly, Ly, Lyy)-smooth and M, N are Hadamard. To that aim we introduce new g-convex op-
timization results, of independent interest: we show global linear convergence for metric-projected
Riemannian gradient descent and improve existing accelerated methods by reducing geometric con-
stants. Additionally, we complete the analysis of two previous works applying to the Riemannian
min-max case by removing an assumption about iterates staying in a pre-specified compact set.

1. Introduction

A wide array of recently developed machine learning methods can be phrased as min-max optimiza-
tion problems. This has lead to a renewed interest in optimization methods for min-max algorithms
[11, 27, 29, 30, 37]. Applications include generative adversarial networks [12], and adversarial as
well as distributionally robust classifiers [9, 13], among others. In this work, we study a class of
min-max problems over Riemannian manifolds.

Riemannian optimization, the study of optimizing functions defined over Riemannian mani-
folds, is motivated by the following two reasons. First, some constrained optimization problems
can be expressed as unconstrained optimization problems over Riemannian manifolds. And second,
some non-convex Euclidean problems such as operator scaling [1], can be rephrased as geodesically
convex (g-convex) problems on Riemannian manifolds, which means global minima can be found
efficiently despite nonconvexity. Geodesic convexity is a generalization of convexity to Riemannian
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manifolds. Some examples of machine learning tasks which can be phrased as g-convex, g-concave
min-max problems are the robust matrix Karcher mean, constrained g-convex optimization on man-
ifolds via the augmented Lagrangian, and more generally the distributionally robust version of any
finite-sum, g-convex optimization problem, cf. [20, 42]. Other related Riemannian min-max prob-
lems, which do not satisfy the g-convex, g-concave assumption include projection-robust optimal
transport [18] and geometry-aware robust PCA [42].

Another motivation for studying g-convex settings is its potential to shed light on the non-g-
convex case. Indeed, in Euclidean optimization, a deep understanding of convex problems has led
to optimal methods for approximating stationary points. In fact a variety of these algorithms run
convex methods as subroutines [5, 19, 26].

Table 1: Summary of results and comparison. See Appendix B for the notation. ¢ and § are con-
stants determined by the curvature and diameter of the domain, and are 1 in the Euclidean
case. We use k) for 1/(Ap), where ) is a proximal parameter. In column K, H stands for
Hadamard, R stands for Riemannian. Our contributions are in gray.

Method Complexity Notes K
G-CONVEX
(MP22, PRGD) O(CpL/) small diam. D & Vf(z*) =0 H
(MP22, Thm 4) O(C\/EN) accelerated, g-convex H
PRGD O(CpL/) global, R < L,(f, X)/L H
Algorithm 3 O(WCkrx + ) accelerated, g-convex H
MIN-MAX
(JLV22, RCEG-SCSC) O(/C/3 - L/n+1/5) We remove strong R
(778522, RCEG-CC) 0 (« /C/6 - L D? /5) assumptions (see Section 2) R
RAMMA-SCSC O(¢*04 /Lo SELey | Ly 4 -2y H
Kz Haz fly Hy
5 o (Ly, Ly, Ly, )-smooth case,
RAMMA-SCC O e where L = max{L,, Ly, L} H
RAMMA-CC O(¢*54/ E22 4.¢55, /T, L) H
RAMMA-WC 0 <C 4 AE%L A/C + i) e-stationary point (Theorem 32) H

Main results. Previous works on Riemannian min-max optimization [20, 42] proposed and ana-
lyzed a Riemannian version of the extragradient method, see Appendix A for a detaild discussion
of related works. These important works have two major limitations:

(a) They assume that the smoothness constants in x and y are similar, i.e., they consider the
(L, L, L)-smooth and (u, 1t)-strongly convex case. However, in applications, often the smooth-
ness constants in z and y are quite different, and this can be exploited to achieve faster algo-
rithms.
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(b) They rely on the assumption that the iterates of their algorithms stay in some compact set
specified a priori but without a mechanism to enforce such constraints'. This property is key
to bound penalties in the convergence rates caused by the geometry, as these penalties grow
with increasing distances between the iterates and a saddle point.

We address both these limitations, ensuring bounding geometric penalties. Our main contribution
is a Riemannian Accelerated Min-Max Algorithm (RAMMA), which works in the finer setting
of (Lg, Ly, Lyy)-smoothness and (fiz, /1, )-strong g-convexity, addressing limitation (a), and en-
forces the iterates to stay in a predefined compact set via projections, addressing limitation (b).
RAMMA works by reducing the strongly g-convex, strongly g-concave (SCSC) min-max problem
to a sequence of strongly g-convex minimization problems. Also, via reductions to the SCSC case,
RAMMA can be used to solve g-convex, g-concave (CC) and strongly g-convex, g-concave (SCC)
min-max problems, obtaining the accelerated rate on € in the SCC case for the first time on Rieman-
nian manifolds, cf. Theorem 29. Furthermore, using a variation of RAMMA, which we refer to as
RAMMA-WC, we can extend our analysis to the NC-SC setting, cf. Theorem 30.

In order to implement subroutines used in RAMMA, we prove linear convergence of Projected
Riemannian Gradient Descent (PRGD) for smooth and constrained strongly g-convex functions de-
fined on Hadamard manifolds, which is a fundamental result and an important piece of our min-max
algorithm. The best previous analysis for PRGD [28] was limited to the case where the diameter of
the domain is sufficiently small (¢, < 2) and a point with 0 gradient is inside of this set: we remove
these assumptions. Additionally, we improve the state of the art on accelerated inexact proximal
point algorithms for g-convex Hadamard optimization. Our new method improves the rates from
O(C/vAR) to O(\/C/(An) + ¢) for p-strongly g-convex problems, where A is a proximal param-
eter. To further address limitation (b), we show that, with the right choice of learning rates, the
algorithms from [20, 42] do stay in a ball around the global saddle point, whose radius is two times
the initial distance to the saddle. Table 1 provides a detailed comparison between our results and
prior work. We provide a general version of Sion’s theorem which holds on Riemannian mani-
folds, and improves on prior results [42, Theorem 3.1] by ensuring the existence of a saddle point
f(x*,y*) = maxyey mingex f(z,y) = mingexy maxyey f(x,y) under weak assumptions. In par-
ticular X and ) are not required to be compact in, for example, the strongly g-convex, strongly
g-concave case (see Appendix G).

1.1. Problem Setting

See Appendix B for definitions and notation. In this work, M and N always represent two uniquely
geodesic finite-dimensional Riemannian manifolds of sectional curvature bounded by [£ ..\, Fmax]»
and X € M, Y < N are compact g-convex subsets for which we have access to metric-projection
oracles. We consider the optimization problem mingex maxyey f(z,y), where f : M x N - R
denotes a function with a saddle point at (z*,y*) € X x ), that satisfies V f(z*,y*) = 0. Let
(g, %0) € X x ) be an initial point. Define D ' max{diam(X), diam())}. Our aim is to compute
an e-saddle point of f over X x ), where f satisfies the following Assumption 1, with constants
My fys Ly Ly, Ly We also assume without loss of generality that L, = Ly, and 1, < p1,. Indeed,
we can rescale the manifolds to obtain L, = L, which keeps L, L, [tz L, / [y, P fly CONSEant, as
well as geometric penalties depending on ¢, see Appendix F. Also, if 1, > (1, we can work with the

1. Note that this assumption is not the same as the iterates staying in some compact set a posteriori.
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Algorithm 1 Riemannian Accelerated Min-Max Algorithm RAMMA( f, (zo,yo0),&, X x V)

Input: Sets ¥ < M, Y < N that are g-convex in Hadamard manifolds M and N, (piz, pby)-
strongly g-convex (L, Ly, Ly )-smooth function f : M x N — R, initial point (zo,yo) €
X x Y, accuracy ¢. Define £ & 4max{¢sh,, 3} — 3 = O(C). For T}, é;, see Table 2.
1 1y — (9 g + max{Lay, iz }) ™, 0y < (94y + max{Lyy, p,}) 7!
2: Ay < (max{Ly, Ly} + 9&u,) "
3: & <« RiemaconAbs(¢(z) & maxyey f(2,y),zo,T1, Nz, X, Lines 6-9)
4: y < RiemaconAbs(y — —f(Z,y), yo, T2, Ay, YV, PRGD) © One-Gap-to-Dist
5. return 2, ¢
Subroutine for Line 3: With accuracy £1, solve minge v {¢(z) + ﬁdz(xk, x)} for some zj € X.

6: 1My < (9€py + maX{meﬂy})_l’ X 1/(9€(pee + 1Y) + Lo + ¢z )

7: §r — RiemaconAbs(¢)(y) < maxgex{—f(z,y) — 27171- d*(z1, )}, yo, T3, 1y, Y, Lines 10-11)

8: Tj < RiemaconAbs(xz — f(x,7x) + 277%(12(9:;9, x),x9, Ty, X, X, PRGD) ¢ One-Gap-to-Dist
9: return T

Subroutine for Line 7: With accuracy €3, solve minyey {1 (y) + ﬁcﬂ(yg, y)} for some y; € V.

10: Ty, Yo < RABR(f(LU7y) + ﬁcp(xka ‘/E) - ﬁdQ(y&y)’ (x(]vyO)vTE)a X x y)

11: return g,

function h(x,y) = —f(y,x). We write L - max{Lg, Ly, Lyy}, £z - Ly /1ig, and Ky ot Ly /1y
We assume f satisfies the following Assumption 1 for (L, Ly, Lay, pis, 1ty) and we say a function
is (Lz, Ly, Lay)-smooth if it satisfies (2) and (3) below.

Assumption 1 Let M, N, X, Y be as above, and let g : M x N — R be differentiable. For
any (x,y) € X x Y, it holds: (1) g is (fiz, fiy)-SCSC in X x Y. (2) Vug(-,y) is Ly-Lipschitz in
X and Vg(x,-) is Ly-Lipschitz in Y. (3) Vyg(-,y) and V,g(x,-) are Ly,-Lipschitz in X and Y,
respectively.

2. Riemannian Corrected Extra-Gradient

Previous works provide rates of convergence for Riemannian smooth min-max problems [20, 42]
by using RCEG, a Riemannian adaptation of the extragradient method. The stepsize n of RCEG
depends on the geometric constants ¢, and 1/§,, arising from the Riemannian cosine law (Theo-
rem 7), which are larger the farther the iterates are from each other and from the saddle point. Thus,
the current theory does not yield a complete algorithm unless we can guarantee that given a learning
rate 1 depending on the diameter D of a set X" specified a priori, the iterates of RCEG stay in &'
In the following Theorem 2, we show that for D depending on the initial distance to the saddle, for
both the CC and SCSC cases, the iterates of RCEG stay in the closed ball B((z*,y*), D/2) around
the saddle point. We also note that not relying on this assumption is one of the main difficulties in
the design of our algorithm RAMMA.

Proposition 2 (Riemannian Corrected Extra-Gradient) [|] Let M and N be uniquely geodesic
Riemannian manifolds of sectional curvature bounded by K ., Kmax)- Let [+ M x N’ — R be
a function with a saddle point at (x*,y*), and let D* < d?(zq, z*) + d*(yo, y*), and define D
as any upper bound to 4D. Assume B < B((z*,y*),2D) ¢ M x N. If f is (L, L, L)-smooth
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and (u, p)-SCSC in B, then for Algorithm 2, the primary iterates (x4, y:) and the secondary iterates
(wy, 2¢) satisfy: d*(ze, 2*) + d*(ye, y*) < D? and d*(wy, %) + d*(z,y*) < 4D? and we obtain
an e-saddle point in the u-SCSC and the CC cases in T iterations for, respectively:

2
T=0 £ C—DvLi and T=0 2 C—D .
uw\ 6,  Op € dp

3. Riemannian Accelerated Algorithms for Minimization and Min-Max

In this section, we provide new results for PRGD, an improved accelerated algorithm for strongly g-
convex functions RiemaconRel, and our new accelerated min-max algorithm RAMMA. Theorem 6

Proposition 3 (Projected Riemannian Gradient Descent (PRGD)) [|] Let f : M — R be a u-
strongly g-convex and L-smooth function in a g-convex compact subset X < M of a Hadamard
def

manifold M. For an initial point xy € X and R'= L,(f,X)/L, after

* 2 «
T = min {%CR log (M) .14 2k log (W)}

steps of PRGD with update rule xy. 1 — Px (expm (f%Vf(xt))), we have f(x7) — f(z*) < e,
where k = L/p.

Theorem 4 (Strongly g-Convex Acceleration) [|] Using the definitions and notation of Algorithm 3
to optimize a function f which is fi-strongly g-convex in X, we have f(yr) — f(z*) < € after a

number of iterations T > 2, /§max{/\iﬂ, 9¢} log, (W) = O(/Cry + 0).

Defining ¢(z) = maxy,ey f(, ), one can rephrase the problem min,e y max,ey f(z, y) as mingey ¢(z).
By Theorem 35, if f(-,y) is p,-strongly g-convex, then ¢(z) is as well. Hence, we can use Algo-
rithm 3 to solve this minimization problem. This means that at each iteration, we need to solve the
subroutine mingex{¢(x) + 1/(2n,)d?(&, )} (Line 12 of Algorithm 3), which can be phrased as

mingey maxyey{f(z,y) + 1/(2n,)d*(#,z)}. By Theorem 13 we can exchange the min and the

max, resulting in maxyey mingex{f(z,y) + ﬁdQ(:E, )}, Let ¢(y) € —maxger{—f(z,y) —

ﬁdg(j, x)}, then by Theorem 35 we can interpret the latter min-max problem above as the /i,
strongly g-convex problem minyecy ¥(y). We note that an approximate solution to minyey 1 (y)
does not directly yield an approximate solution for the min-max problem, but we obtain the latter af-
ter some extra algorithmic steps, as we detail in Theorem 6. We can solve this minimization problem
via Algorithm 3 again, which involves solving a proximal step min,ey {1 (y) + 1/(2n,)d*(y,9)} at
each iteration which can be phrased as the min-max problem mine y max,ey{f(z,y)+1/(2n;)d*(#, z)—
1/(2n,)d*(y,9)}. By choosing 7, and 1, such that L, < (4n,m,)~"/?, we ensure that 2 and y have
weak interaction for this last regularized min-max problem. Functions f(z,y) for which the inter-
action between x and y is weak, meaning that L, is small relative to other function parameters, i.e.,
the gradient of f(z,y) with respect to x is only weakly dependent on y and vice versa can be effi-
ciently solved by our Riemannian Alternating Best Response algorithm (RABR), which alternates
between minimizing x — f(x,y;) where y; is kept fixed and maximizing y — f(x¢11,y) where
xt+1 1s kept fixed, cf. Appendix 1.3. Hence, we reduce the original min-max problem to a series of
min-max problems with weak interaction, which we can solve efficiently using RABR.
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Theorem 5 (Convergence rates of RAMMA) [|] Consider a function f : MxN — R as defined
in Section 1.1 with fi, jt, > 0 and let M and N be Hadamard manifolds. Then, Algorithm 1
obtains an e-saddle point after the following number of calls to the gradient and projection oracles:

6 C4.5 & + ﬂ + CLny + <-2 )
Bz My Hoa oy
The central problem of achieving accelerated rates for RAMMA is to show that the iterates stay in
a prespecified compact set in order to bound the geometric constant (. We design an algorithm that
enforces constraints, as opposed to guaranteeing that the iterates of the algorithm naturally stay in a

set, as we did for RCEG in Section 2, see Appendix C for a detailed discussion of the difficulties in
achieving accelerated rates.
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Appendix A. Related Work

Euclidean min-max optimization. The extragradient (EG) algorithm is an optimal algorithm for
solving min-max problems achieving optimal rates of O(L /) for L-smooth and p-SCSC functions.
The convergence of EG was first introduced in Korpelevich [24] under the assumption that the op-
timization was performed over compact sets. It was recently proven in Mokhtari et al. [29, 30] that
this compactness is not needed in either the SCSC case or the CC case. Recently, some works [27,
37] have achieved accelerated rates for more fine-grained smoothness and strong-convexity assump-
tions, where the constants with respect to each variable can differ, among other things, cf. Assump-

tion 1. Lin et al. [27] introduced an algorithm with accelerated rates of O(4 /uf—zy) for (fig, py)-

SCSC and L-smooth functions. Later, [37] proved accelerated rates of 5( % + %ﬁ;’ + ﬁ—;’) for

the more general case of (L, Ly, Lgy)-smooth and (1, pty)-SCSC functions. These accelerated
methods reduce the solution of the SCSC min-max problem to a sequence of better conditioned
strongly convex minimization problems carried out by variants of accelerated proximal point algo-
rithms.

Riemannian min-max optimization. There are several works studying algorithms for solving
monotone variational inequalities on compact subsets of Hadamard manifolds, which encompass
CC min-max problems as a special case. The algorithms presented in these works are variations of
the inexact proximal point algorithm [4, 25] and the EG algorithm [3, 10] and come with asymp-
totic convergence guarantees. Two recent works [20, 42] based on a variation of the Euclidean
EG called Riemannian corrected extragradient (RCEG) have shown convergence rates for smooth,
unconstrained min-max problems on Riemannian manifolds of bounded sectional curvature that
match the Euclidean EG up to geometric constants for the CC [42] and SCSC [20] case. The
convergence guarantees of RCEG assume that the iterates stay in some pre-specified, compact set
without any mechanism to enforce this. In contrast, the previously mentioned works [3, 4, 10, 25],
treat Riemannian min-max problems over compact sets and and explicitly enforce that the iterates
stay inside these. Jordan et al. [20] additionally analyzes non-smooth min-max problems in the CC
and SCSC case, as well as stochastic versions of both the smooth and non-smooth case. Han et al.
[15] introduce a second-order min-max algorithm for Riemannian manifolds aimed at minimizing
the gradient norm of the f. Huang et al. [17] studies min-max problems in a Euclidean-Riemannian
product space that are non-convex and strongly g-concave.

Riemannian g-convex minimization. Optimization of g-convex functions with rates of conver-
gence has been studied more extensively than min-max problems. Zhang and Sra [40] provided
several first-order deterministic and stochastic methods applying to smooth or non-smooth prob-
lems. A long line of works have tackled the question of acceleration on Riemannian manifolds,
see [28] for an overview. We improve over this work by reducing geometric penalties in the rates,
among other things. Furthermore, some works studied adaptive methods [21], as well as projection-
free [38, 39], saddle-point-escaping [6, 7, 35, 43], and variance-reduced methods [32, 33, 41]. Some
lower bounds were provided by Criscitiello and Boumal [8], Hamilton and Moitra [14]. Analyses
of methods for non-smooth problems that work with in-manifold constraints via projection oracles
were provided in Zhang and Sra [40] and further studied in other works, such as Wang et al. [36].
For the smooth case with in-manifold constraints, Martinez-Rubio and Pokutta [28] provided an
analysis of PRGD under restrictive assumptions: the diameter D of the feasible set is required to be
small enough so that (;, < 2 and the global solution is required to be inside of the set. To the best of
our knowledge, there is no other method or analysis for the smooth setting using a metric-projection
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oracle. We remove both of these assumptions and show that PRGD enjoys linear convergence rates
for strongly g-convex and smooth problems with a projection oracle to an arbitrary g-convex con-
straint.

Appendix B. Definitions and Notations

The following definitions in Riemannian geometry cover the concepts used in this work, cf. [2, 31].
A Riemannian manifold (M, g) is a real C° manifold M equipped with a metric g, which is a
smoothly varying inner product. For x € M, denote by 7, M the tangent space of M at z. For
vectors v, w € T M, we use (v, w), for the inner product of the metric, |[v], = 1/(v, v), for the
corresponding norm, and we omit  when it is clear from context. A geodesic of length ¢ is a curve
v : [0, 4] — M of unit speed that is locally distance minimizing.

A set X is said to be g-convex if every two points are connected by a geodesic that remains
in X. The set X is said to be uniquely geodesic if every two points are connected by one and
only one geodesic. The exponential map Exp, : T, M — M takes a point x € M, and a vector
v € T, M and returns the point y we obtain from following the geodesic from z in the direction v for
length |[v], if this is possible. We denote its inverse by Log, (+), which is well defined for uniquely
geodesic manifolds, so we have Exp, (v) = y and Log, (y) = v. In that case, we use I' (v) € T M
to denote the parallel transport of a vector v in T, M from T, M to T}, M along the unique geodesic
that connects y to z. We write I'*(v) if y is clear from context. We use inj to denote the injectivity
radius at z.

We use B(z, R) to denote a closed Riemannian ball with center  and radius R, and denote
by d(z,y) the distance between x and y, A map Py : M — X is a metric-projection operator if
it satisfies d(x, Px(x)) < d(z, z) for all z € X'. For a uniquely geodesic g-convex set Z a point
z € Z and a closed Riemannian ball X & B(z, D) ¢ Z ¢ M we have Py(z) = z if z € X and
Px(z) = Exp,(DLog,(z)/|Log,(2)]) is a relatively cheap metric-projection operator, cf. [28].

As in the Euclidean space, a differentiable function is L-smooth and p-strongly g-convex in a
uniquely geodesic g-convex set X, if for any two points x, y € X we have, respectively:

fly) < f(@)+{V f(x), Log,(y))+ gdz(% y)and f(y) = f(z) +{V f(z), Log,(y))+ gdz(az Y)-
The latter property is equivalent to

- wd2(xa y),

f(Exp,(t - Log,(z) + (1 — 1) - Log,(y))) < tf(x) + (1 —1)f(y)
for t € [0,1] and also applies to non-differentiable functions. The function is said to be g-convex
if 4 = 0 and (—p)-weakly g-convex if u < 0. Further, it is u-strongly g-concave if —f is -
strongly convex. The function f has L,-Lipschitz gradients in X if for all 2,y € X we have
IVf(x) —T*Vf(y)| < Lyd(x,y). A function f is L,(f, X)-Lipschitz in X if | f(x) — f(y)| <
Ly(f,X)d(x,y) forall z,y € X, where X is omitted if clear from context.

A function f(z,y) is (g, fty)-SCSC in X x Y if it is p,-strongly g-convex in X’ and -
strongly g-concave in ). If p, = 0 we say the function is j1,-SCC, if it is p, = p, = 0, then
it is CC and if it is non g-convex and i,-strongly g-concave it is NCSC For a function f : M x
N — R that is CCin X x Y, a point (&,9) € X x Y is an e-saddle point of f in X x Y if
maxyey f(Z,y) — mingex f(x,9) < ¢, assuming the max and min exist. We define it to be an
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e-saddle point in distance if d* (&, x*) + d* (7, y*) < e, where (z*, y*) is a O-saddle point in X x )
that satisfies f(z*,y*) = mingex maxyey f(x,y) = maxyey mingex f(x,y), whose existence we
can guarantee under mild assumptions, cf. Theorem 13. We do not specify the saddle point is taken
with respect to X x ) when it is clear from context.

The sectional curvature of a manifold M at a point z € M for a 2-dimensional space V < T, M
is the Gauss curvature of Exp, (V) at x. Hadamard manifolds are complete simply-connected
Riemannian manifolds of non-positive sectional curvature. They are uniquely geodesic and Exp,,(-)
is well defined on them for every v € T, M. Given R > 0, and a manifold of sectional curvature

bounded in [K,;,, Fmax]» We define the geometric constants (, = Ry/[#, | coth(Ry/[r]) if
def . def def
Kmin < 0 and ( = 1 otherwise, and dp

min = R\/Epax COL(R\/F o) if Koy > 0and 65 = 1

otherwise. For a set X’ of diameter D, we use (¥ & ¢ p or just ¢ if X is clear from context. For the

product X x ), we abuse the notation and use ( S max{¢¥,¢Y}. Similarly for the notation §%

and ¢. These constants appear in Riemannian optimization analysis via the Riemannian cosine law
Theorem 7 or other similar inequalities. The big-O notation O(-) omits log factors.

Appendix C. Difficulties in Riemannian Accelerated Min-Max AlgorithmRAMMA

Recall that by definition of ¢(z), the subproblem min,cx{¢(x)+1/(2n,)d*(zy, )} can be phrased
as

minmax{f(z,y) + 1/(2n.)d"(z, x1)}.

Let (2}, 1,y*(x},)) be the saddle point of this min-max problem (Theorem 13), and note that for
x*, the best response y* (z*) for this regularized min-max problem is still y*. Intuitively, if we do
not constrain the min-max problem and the subproblems to X x ), our iterates could get far from
our initial point, and this would make us incur greater geometric penalties. Denote by £* and 3* the
unconstrained optimizers. Then, if we considered an unconstrained version of our algorithm, the
point 3, computed in Line 7, would be close to the best response §* (27, ;) and for this point we can
only guarantee that its distance to §* is bounded as d(§* (%} ), 9*(2%)) < (Lay/py)d(E*, 25, 1),
by using Statement 1 of Theorem 39. This would preclude acceleration because of the added extra
polynomial dependency of L, /i, on the convergence rates via ¢, which grows with the distances
between the iterates and the minimizer. For this reason, we constrain the algorithm. In order to
implement a constrained algorithm, we require a linearly convergent subroutine for strongly g-
convex and constrained problems, which did not previously exist. To this end, we use our PRGD
algorithm (Theorem 3).

Another difficulty is that in order to apply the steps explained above, we require an accelerated
algorithm for strongly g-convex optimization that bounds geometric penalties in our setting. Prior
work relies on relative-accuracy proximal solutions which, for our setting, would rely on unknown
quantities. Because of this reason, we designed Algorithm 3 that accesses f by solving proximal
subproblems with absolute accuracy.

Lastly, there is a mismatch between the optimality criterion required for the proximal prob-
lems and the optimality criterion provided by the guarantees of the subroutines we used to solve
them. For example, Line 6 requires computing an approximate minimizer Zj of mingex{¢(z) +
1/(2n,)d?(zy, x)}, but after Line 7 we only obtain an approximate minimizer g, of 1(y). In Ap-
pendix D we discuss the different optimality criteria and in particular show how to relate these
measures in Theorem 6.
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Appendix D. Converting Between Different Optimality Criteria

We now give a brief overview of the different optimality criteria in g-convex and min-max problems,

before we formalize how to guarantee one criterion from another, in Theorem 6. In L-smooth and

p-strongly g-convex optimization there are, among others, two well-known measures of optimality:

The primal gap gap(z) & g(z) — g(«*) and the squared distance to the solution d?(z, z*), where
x def . . . o s e . . .

x* = argmin g(z) is the unique minimizer of g. By strong convexity, one can show that if a point

x has a small gap, then it is also close in distance to the solution, up to some function parameters:

d*(z,z*) < %(g(a:) — ¢g(z*)). In unconstrained optimization, a converse statement also holds,

since g(x) — g(z*) < %d2 (x,z*). Analogously to the Euclidean space, in optimization constrained
to a g-convex closed set X’ a similar result can be obtained after a relatively cheap algorithmic
computation. For the point 2/ & Py (z — 1V f(x)) defined as the result of one step of projected

gradient descent, one can show that gap(z’) < %dQ (x,z*), where now the gap is defined with
respect to the constrained optimum g(z) — mingey g(x) and R is defined as in Theorem 3.

In the optimization of smooth and SCSC functions g : X x Y — R, where X',) are g-
convex closed sets, we have other notions of optimality. Also, define the functions z*(y) o

argmin .y g(z,y) and y*(z) & arg max,ey, g(z,y). We have the following notions of opti-
mality:

* Duality gap gap(z,7) < maxyey 9(Z,y) — mingex 9(2,9) = 9(,y*(7)) — 9(«*(7), 1)
» Squared distance to the solution d*(z, z*) + d* (7, y*);

* Gap in each of the variables:

gap(Z) = g(z,y*()) — g(z*,y*), and gap(y) = g(z*,y*) — g(¥* (7). 7).

We note that gap(z,y) = gap(z) + gap(y) and by optimality of the points involved, all three gaps
are non-negative. The following lemma provides how one can relate these measures.

Lemma 6 [|] Let X < M,Y < N be closed g-convex subsets of the Hadamard manifolds M, N,
respectively. Let g : M x N — R satisfy Assumption 1 in X x Y. The following holds:

1. (Full Gap to One Gap) gap(z) < gap(z,y) and , gap(y) < gap(Z, ).
2. (One Gap to One Dist) d°*(z,z*) < ﬂ%gap(i), and d* (i, y*) < ﬂ%gap(gj).

3. (One Gap to Dist - One Variable Optimization) Suppose gap(y) < e. If we compute an
é-minimizer T’ of the problem min,cy g(x, ), then

4¢ 9 [2L2
P@,a*) + PGy < — + = [ = 4.
Rz [y \ i

4. (Distto Gap) If in addition, v — g(z,7) is I_/Z-Lipschitz in X and y — g(z,y) is L})-Lipschitz
in' ), we have that

_ (= 2L (= =, L
gap(z,y) < d(y*,7) <Lg + Lg/{f) + d(z*,T) (L; + Lgﬁ) .
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Above, we showed that we can essentially guarantee any optimality criterion with another,
by only increasing the accuracy by low polynomial factors depending on the problem parameters,
which translates into logarithmic factors when applied to a method like our Algorithm 1. The most
expensive reduction consists of going from having a low gap(x) or gap(y) to bounding the other
measures Theorem 6.3, for which we require running an accelerated method on one variable. This
is done in Lines 4 and 8 of Algorithm 1. The complexity of the main routine in Algorithm 1 still
dominates these extra algorithmic steps.

Appendix E. Geometric Auxiliary Results

In this appendix, we use the following abuse of notation. Given points x, ¥,z € M, we write y
to mean Log,(y), if it is clear from context. For example, for v € T, M we have (v,y — x) =
—(v,z —y) = {v,Log,(y) — Log,(z)) = {(v,Log,(y)); [[v — y| = [v — Log,(y)[; |z — yl= =
[Log,(2) — Log, ()]; and |y — |, = [Log, (y)| = d(x,y).

In this section, we provide already established useful geometric results that will be used in our
proofs in the sequel.

Lemma 7 (Riemannian Cosine-Law Inequalities) For the vertices x,y,p € M of a uniquely
geodesic triangle of diameter D, we have

) 1 1
<Logx(y)7Lng(p)> = ?DdQ(may) + §d2(p,$) - §d2(pay)

and
(Log,(y), Log,(p)) < %dQ(:v, y) + %d2(p, ) — %d2(p, y)

See [28] for a proof.

Remark 8 Actually, in spaces with lower bounded sectional curvature, if we substitute the con-
stants Cp, in the previous Theorem 7 by the tighter constant and ¢ d(p,z) the result also holds. See
[40].

The following lemmas allow us to bound functions defined in some tangent space by other
functions defined in another tangent space. See Kim and Yang [22] for a proof.

Lemma9 Let x,y,p € M be the vertices of a uniquely geodesic triangle T of diameter D, and

let 2% € Ty M, z¥ < TY(2%) + Log, (), such that y = Exp,(rz®) for some r € [0, 1). If we take

vectors a¥ € TyM, a” = Iy (a?) € T, M, then we have the following, for all § = (p:
|2¥ + a¥ — Log, (p)[5 + (€ = 1)[[2¥ + ¥

E—9 r
< |2% + a® = Log, (p)[7 + (£ = 1)[z* + a”|} + TD - la®|3.

Corollary 10 Let z,y,p € M be the vertices of a uniquely geodesic triangle of diameter D, and
let 2% € TyM, 2¥ < TY(2") + Log, (), such that y = Exp,(rz") for some r € [0, 1]. Then, the
following holds

|2¥ = Log, (n)|* + (¢p = DII2Y|* < [|=" — Log, 0)[* + (¢p — D"
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The case r = 1 above is obtained by taking the limit » — 1.

Lemma 11 Let M be a Riemannian manifold of sectional curvature bounded by [k ;.,, K| that
contains a uniquely g-convex set X < M of diameter D < oo. Then, given x,y € X we have the
following for the function &, : M — R, y — %d2(x, Y):

Vo, (y) = —Log,(x)  and  dp|v]® < Hess 4(y)[v,v] < (plvl*.

These bounds are tight for spaces of constant sectional curvature. Consequently, ®,. is 0 ,-strongly
g-convex and (py-smooth in X.

Appendix F. Rescaling the metric to obtain L, = L,

If given (M, g) we rescale the metric g by a factor ¢ € R~g, we obtain that any distance D
is scaled by c. That is, if we consider (M, g), where § = c2g, then if we denote the distance
induced by g by dj(-), we have d(x,y) = cd(x,y) for all ,y € M. And similarly, if the bounds

on the sectional curvature of (M, g) are [k ;,, Kmax ], We obtain that the bounds on the sectional
curvature for (M, g) are (R, Rmax] = C%[/{min, Kmax]- Given a geodesically convex set X,

the geometric constants ¢* and % remain invariant under this tranformation. Indeed, let X’ be a
set of diameter D measured with d(-) and D measured with dg(-). Then, if k_; < O we have
(¥ = Dy/|k ] coth(Dy/[k . ]) = DA/]R | coth(Dy/[&, . [)- For s, > 0itis ¢¥ = 1in
both cases. Similarly, we obtain the result for 5. For a function f: M — R, we have that L-
smoothness and p-strong convexity under g transforms into L-smoothness and [i-strong convexity
under §, for L = L/c? and ji = p1/c? since by definition:

F() < £() + (VF (@), Logy () + o dP(w,y) = f(2) + (VF (@), Logy () + 55 dg(,0)*

and analogously for u-strong convexity. In particular, the condition number E/ f = L/p remains

constant, and for any two points z,y € M we have Iidg(x, y)? = Ld?(z,y). Now, if we have a

function f : M x A/ — R defined as in Section 1.1, and we rescale the metric of M by ¢? S

(Ly/Ly)"/? and rescale the metric of N by ¢3 = (L,/L,)"/?, then we have L, = /L.L, = L,

and Ly /ji, = Ly /iy as well as Ly/fiy = Ly/py, and figfiy = pre(Le/Ly) ™2, (L, /L)~ 12 =
o fty- Finally Ly, = Ly, since

1
Hfo(a:, y) - vxf(xa y/)HI,ﬁ = a“vwf(x7y) - v$f(x7y/>H$

1 1
< = N = — sy,
< o nyd(y> Yy ) c1Ca Lmydg(yv Yy )
= nydf;(ya y/)'

So indeed one can assume without loss of generality that for one such function f, we have L, = L,,.

Appendix G. Generalized Riemannian Sion’s Theorem

We first generalize Sion’s theorem [34, 42] to Riemannian manifolds under mild assumptions, which
in particular are satisfied if f is SCSC, ensuring the existence of a saddle point in this case. For
Riemannian manifolds, this theorem generalizes [42] which required the sets X, ) to be compact.
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Definition 12 A function f : X x Y — R is called inf-sup-compact at (Z,5) € X x Y if the
sublevel sets of f(-, ) and the superlevel sets of f(Z,-) are compact. A function is quasi g-convex
(resp. quasi g-concave) if their level sets are g-convex (resp. g-concave).

Theorem 13 (Generalized Sion’s Theorem) [|] Let M and N be finite-dimensional Riemannian
manifolds. Further, let X < M and Y < N be g-convex and uniquely geodesic subsets. Let
f X xY — R be a function such that f(-,y) is lower semicontinuous and quasi g-convex for
all y € Y, f(x,-) is upper semicontinuous and quasi g-concave for all x € X and that is inf-sup
compact for some (x1,y1) € X x ). Then we have

gg)rflr;leaff(fc y) = r;g;gl};f(x Y).

Corollary 14 For fiy, jty > 0, a (g, jty)-SCSC function f : X x Y — R is inf-sup compact for
any point in X x Y. If we have an f : X x Y — R that is CC, then if X, Y are compact then
flx,y) + Ix(x) — Iy(y) is inf-sup compact for any point, where I¢ denotes the indicator function
of a set C, which is 0 if © € C and it is +00 otherwise. Similarly, if the function is (ji,,0)-SCC and
Y is compact then f(x,y) — Iy(y) is inf-sup compact for any point.

Proof of Theorem 13.
Let Xgup = {z € X' | supyey f(2,y) < a}and X = [\ cpiz € X' | f(z,y) < a}. Note that
Xn={reX| f(z,y) <a,Vye Y}and hence X = X, by the definition of the supremum.
We have that X, < {x € X | f(z,y1) < a}. Foreveryy € Y, {z € X | f(z,y) < a} is closed
because f(-,y) is lower semicontinuous for all y € ) and by the inf-compactness of f(-,y;), we
have {x € X' | f(z,y1) < «a} is compact. It follows that X'~ and X, are also compact. Note
that Xgyp, is a sublevel set of o(z) = sup,cy f(z,y). Define M1 = {z € X | p(x) < (1)},
which is compact because the sublevel sets of ¢ are of the form of X, and it is not empty because
x1 € M. We can write inf,cx ¢(z) = inf,epr, ¢(z) and since ¢ is lower semicontinuous and M
is compact and non-empty, we have mingex () = mingex supyey f(,y). One can analogously,
show that maxyey infzex f(z,y) exists.

The inequality maxycy infzex f(z,y) < mingey supyey f(z,y) holds. In the following, we

show that the reverse inequality also holds. Let @ < mingey SUPyey f(z,y) and ¢, (a) = T ire

X | f(z,y) < a}. By definition of ¢,, and inf-compactness, ¢,, (@) is g-convex and compact. We
have that the collection of complements

o E {65 (0) = r e X | flay) > o},

is an open cover of X'. Assume for the sake of contraction that ¢ is not an open cover of X In this
case there exists an 2y € X such that f(xg,y) < a for all y € ). For this x, it holds in particular
that sup,cy, f (o, y) < . This contradicts the definition of a, since

a < mmsupf(a: y) < sup f(zo,y) < «
y yey

cannot hold.
Since ¢© covers X, it also covers ¢y, (@) = X. The set ¢, () is compact, so it has a finite

cover {¢5 (a a)},_, . and thus {95 (a )}._, . is a finite cover for X'. We have found a set
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Y1 = {y1,...,Ym} such that for all x € X, there exists § € V1, with z € qﬁg(a). This implies
a < maxgey, f(z,y) forall x € X. Let 1 () = maxgey, f(x,7); then M, = {xeX|p1(z) <
¢1(x1)} is compact and non-empty. It follows that infyex ¢1(x) = inf _3; ¢1(2) and hence
mingey ¢1(x) = mingey maxgey, f(x,y) exists. Since o < maxgey, f(x,y) for all z € X,
it holds in particular for & < mingey maxgey, f(z,9). By Theorem 15, there exists a yg € )
with o < mingex f(x,y0) < SUPy ey Milge f(z,y). Consider a monotonic increasing sequence
Q) — Mingex SUpyey f(,y), then since . < sup,ey mingex f(7,y), we have shown the reverse
inequality
min sup f(x,y) < max inf f(z,y).

We have shown that mingex sup,ey f(z,y) and max,ey inf,ex f(, y) exist, i.e., there exists xg =
arg min e y sup,ey f(z,y) and yo = arg max, .y inf,ex f(v,y) and we can write

(o, 9) < Sujgf(xo,y) = nf f(z,40) < f(Z,90), V(z,9)eX xD.
ye ze

Setting T <« x¢ and § < yo we have that
f('IanO) = minf(‘rhy()) = ma’Xf(xﬂuy)'
zeX yey

It follows that

rxrél}grgea;cf(x,y) = maxmin f(z,y),

which concludes the proof. |

The previous proof was inspired by ideas from three different generalizations of Sion’s theorem,
namely from Hartung [16], Komiya [23], Zhang et al. [42]. The following lemma, that we used in
the proof of Theorem 13 above, appeared in [42]. We add the lemma with a proof for completeness.

Lemma 15 Let (M, dpq) and (N, d ) be finite-dimensional, unique geodesic metric spaces. Sup-
pose X = M, Y < N are geodesically convex sets. Let f : X x ) — R be a function such that
f(-,y) is geodesically-quasi-convex and lower semi-continuous and f(x,-) is geodesically-quasi-
concave and upper semi-continuous. Then for any finite k points yi1,...,yr € Y and any real
number o < mingex maxie(r) f (¥, y:), there exists yo € Y s.t. o < mingex f (, yo)-

Proof We prove the lemma for two points, and then the general lemma holds by induction. Suppose
it does not hold, so assume that for such an «, we have min ey f(z,y) < aforany y € ). As a
consequence, there is at least a constant 5 such that

mlnf(m,y) <Oz<5<m1nmax{f(x,y1),f(1:,y2)} (1)
zeX rzeX
Consider the geodesic v : [0,d (y1,y2)] — Y connecting y; and y2. For any t € [0,d (y1,y2)]
and corresponding z = ~(t) on the geodesic, the level sets ¢, (), ¢,(5) are nonempty due to

(1) and closed due to lower semi-continuity of f regarding the first variable. Since f is geodesic
quasi-concave in the second variable, we obtain

flx,z) =z min{f (z,11), f (z,y2)}, VrelX.
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This is equivalent to say ¢,(a) S ¢,(8) S ¢,,(8) U ¢,,(8). We then argue the intersection
by, (B) Ny, (3) should be empty. Otherwise, there exists x € X such that max { f (z,y1) , f (z,y2)}
B, contradicting (1). Next, by quasi-convexity, since level set ¢, (/3) is geodesic convex for any z, it
is also connected. Consider the three facts:

* ¢.(a) = ¢y, (B) U by, (B)
* ¢y, (B) N ¢, (B) is empty
* ¢.(a), By, (B) and ¢, (3) are closed (due to lower semi-continuity), connected and convex

We claim that either ¢,(a) S ¢, («) or ¢,(a) S ¢,,(a) holds for any point z on the geodesic
7. Suppose not, then we can always find two points w1 € ¢, (3), w2 € ¢, () such that wy, ws €
¢, (). Since ¢, () is convex, then there is a geodesic 7y : [0, 1] — & in ¢, («) connecting wy, wa.
Therefore 7 also lies in ¢, (a) ¢, (8) U ¢,, (). Because ¢, (3) N ¢,,(3) is empty, 7! induces
a partition on [0, 1] as Jy N Jo = @ and Jy U Jo = [0, 1] where v (J1) € ¢, (B),7 (J2) S ¢,,(B).
Therefore at least one of .Jy, J2 is not closed. Since + is a continuous map, at least one of ¢, (8)
or ¢,,(8) is also not closed, contradicting known conditions. Since either ¢,(a) S ¢,, () or
¢,(a) < ¢, (), the two sets below

L e 0,11 6y)(e) = 6, (8)},
L& {t e[0,1] | 6 (@) < 6, (,6)}

form a partition of the interval [0, 1]. We prove I; is closed and nonempty. The latter is obvious
since at least y~! (y1) € I;. Now we turn to prove closedness. Let 3, be an infinite sequence in I
with a limit point of ¢. We consider any x € ¢.,;)(«). The upper semi-continuity of f(x,-) implies

limsup f (2,7 (t)) < f(@,7(1)) <@ < B

—00

Therefore, there exists a large enough integer [ such that f (z,7(¢;)) < (. This implies z €
G(1)(B) S ¢y, (B). Therefore for any z € ¢, (a), x € ¢, (B) also holds. This is equivalent to
by (@) S by, (B). Hence by the definition of level set, we know the ¢ € [; and I; is then closed.
By a similar argument, /7 is also closed and nonempty. This contradicts the definition of partition
and hence proves the lemma. n

Appendix H. Proofs of Riemannian Corrected Extra-Gradient

Proof of Theorem 2. We show that if d(z;, *)2 + d(y, y*)? < D? then d(wy, %) + d (21, y*)? <
4D?% and d(z¢41,2%)% + d(yes1,y*)? < D2 Then, these two latter properties are satisfied for all
t = 0, since d(o, 2*)? + d(yo, y*)? < D?. Recall our notation ¢ = ¢;, and § = §,.
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We start by showing that in both the CC and the SCSC cases, the secondary iterates (wy, ;) are
not far from the saddle point:

d?(wy, %) + d? (20, y*) < 2[d*(we, ) + d (e, %) + d* (20, 1) + 4> (w1, y™*)]
@ 2+ 4 L?) (d* (s, 2*) + d*(y1, y*))
@

2+ §><d (21,2%) + d(yr, 5™))

N

4D?,

Here, (1) holds since by definition of w; we have d?(wy, ;) = |9V f (20, v0)||> < 202 L2 (d? (x4, %) +
d?(ys, y*)) and similarly d?(z;, ;) < 2n2L%(d*(z¢, 2*) 4+ d*(ys,y*)). Further (2) holds because
N < 4 /ﬁ. And (3) holds since we have g < 1 and by our hypothesis on x, y;. We bounded
3D < 4D for convenience. Now, since f is u-SCSC, we have that

flwe, y*) = f(2*, 2) = fw,y™) — flwe, 2) + flwy, ze) — f(2, 2)

NE)

(T f (w1, 20) g, () — G (w, ¥)
— (Vi (wr,21), 108, () = Sl (z1,")

— Ve 1) o (1), o8, (7)) = (. a%)
IVt 1) £ 10 () o () = )

2

1
108y, (141), 108y, (£)) = 1081, (1), g, () = L (wy, )

|~

1 1
+ 2 o (yrs):Jog, () — dlog, (), og, (57) L (z1,y"),
)

where we used the ;i-SCSC property in (1) and the definition of the iterates 1, y;4+1 in 2). We
now use the Riemannian cosine inequalities to obtain the inequalities below, cf. Theorem 7, [40,
Lemma 1]. The first two inequalities use the fact that the diameters of the geodesic triangles with
vertices wy, Ty, ™ and zy, y;, y*, respectively, are upper bounded by 4D < D, because all of those
points are in B & B((z*,y*),2D) and this ball is geodesically convex and uniquely convex and
hence it contains the triangles. If x_; > 0, we have that (, = 1 for any ¢ > 0, so we can just use
Theorem 7 to obtain the last two inequalities. If k_; < 0, we use the more fine-grained inequality
[40, Lemma 1]. This lemma establishes the cosine inequalities with constants ¢ d(we,e*) and ¢ (2™
respectively. The inequalities also hold for greater values of these constants, so we use ¢ because
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we already established that d(wy, x*), d(z, y*) < 2D < 4D.
—2(10g,, (71),10g,, (%)) < —6d*(wy, x¢) — d*(wy, ) + d* (x4, %)
—2(l0g., (y¢), log., (y*)) < —0d>(z1, ys) — d*(21,y*) + d*(y1, y*) 3
20108, (T141), 108y, (2*)) < Cd?*(we, 2e41) + d*(wy, 2*) — d* (2441, 2%)
2<10th (Y1), IOth (y*)> < Cd2(2t,yt+1) +d? (zt,y ) d2(yt+17y*)-
We can further bound the following term using the update rules and gradient Lipschitzness,
d*(wi, we41) = [ 108y, (T141) > = [10gy, (1) = 0V f(wi, 22)|?
= [T Vaf (@e, y) = nVaf (wr, 20)[? @
= 2772 (Hrgjfvxf(xtvyt) - vwf(wtvyt)HQ + vaf(wtvyt) - vﬂ:f(wt7 Zt)H2)
< 202 L2 (d*(w, ) + d°(2e, yy)).-
Analogously, we obtain
& (2, y41) < 207 LP(d* (wy, m1) + d* (21, 4r)).- (5)
Using the triangle inequality and (a + b)? < 2a? + 2b%, we have
—HdQ(wt,x*) < %dQ(wt,xt) — *d (Z‘t, ),
(6)

Md2(zt) *) < %d2(2t7yt) - 7d (yt) )

So finally, we now bound (2) using (3) in combination with (4) to (6). We will use the following
inequality to study the CC and SCSC cases separately.

0< f(wtay*) - f(x*azt)

< 5 l6CPL2 =6+ i) + (1= Do)~ Ba’)]
1
+ %[(4C772L2 — 6+ pn)d® (2, y0) + (1 - %n)dQ(yt,y*) — d*(ye+1, "))

Case CC We have p = 0. It follows that for n < we have by (7) that

_0
4{[42’
dz(xt+1,$*) + d2(yt+lay*) < d2<yt7y*) + d2($t,x*) < DQ'

Case SCSC  We have p > 0. It follows that for n < min {4 /ﬁ, % }, we have by (7) that

E1) (@, y*) +d (w1, 2%) < &y y*)+ (i, 2%) < D.

e 2 +d (o y”) < (1= 5

Now to conclude the first statement, recall D < d((xo, o), (z*, y*)) and D > 4D by definition.
Since we just showed that the iterates do not go farther than 2D < D/2 to (z*, y*), then they stay

def

in the closed ball B = B((z*,y*), D/2), whose diameter is D. Therefore, our choice of 7 in the
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pseudocode in Algorithm 2 is a valid one. Note that the knowledge of this set 5 is not needed for
the algorithm.

For the second statement, we note that the proofs of the convergence rates stated in the propo-
sition were provided by Jordan et al. [20] for the SCSC case and by Zhang et al. [42] for the CC
case under the following additional assumption: when 7 is chosen with respect to some geomet-
ric constants d, and (), then the iterates do not leave a set of diameter D that contains (z*,y*).
We showed that the iterates satisfy this assumption for our choice of learning rate 1 and there-
fore the convergence follows. Note that Jordan et al. [20] proves for the SCSC case that (z7, yr)
is an ¢’-saddle point in distance. By Statement 4 of Theorem 6, we have that gap(zp,yr) <
[d(zp,2*) + d(yr,y*)]LD (1 + L/u). This holds, as by assumption V f(z*,y*) = 0 and hence

L,(f(x,y)) < LD. Hence, we have that gap (z7, yr) < 2LD (1 + %) V/¢'. Thus after

r—o(L [y L),
uw\ op Op

iterations of RCEG, we obtain a e-saddle point for the SCSC case.

Algorithm 2 Riemannian Corrected Extragradient (RCEG)

Input: Initialization (z¢,yo), f : M x N — R, manifolds M and N/, g-strong convexity constant
1 (for SCSC), smoothness L, bound D > 4D = 4(d?(zo, x*) + d*(yo, y*)) /2.

. ) s [ s
: For SCSC, choose 1 <— min { 8L2’%D, 22} for CC, choose 1) < 4L2’én

—

2: (wo, 20) — (expyo (—1Vaf (20, 50)), €xD,, (NVy f (20, 90)))

3. Zp < 20, Wo < W

4: (21,91) — (€xXPyy (=0 Ve f (wo, 20) + 108y, (%0)), exp., (1Vy f (wo, 20) + 10g., (¥0)))

5: fort=1toT —1do

6: (wy,2) < (expxt(_nvxf(mtayt))vexpyt (Vy f (2, u1)))

7o (@11, Y1) — (€XPy, (=0 Vaf (we, 2¢) + 108, (2¢)), exp,, 0V f(wr, 2¢) + log,, (yt)))

8: if u = 0 then ¢ Geodesic averaging for CC
9: (¢, Z) < (expﬁ,ti1 (t_l log, , (wt)) ,eXps, (t_l log;, | (zt))>

10:  end if

11: end for

Output: (zp,yr) if u > 0, else (wp_1, 27_1)

Consider the convex-concave setting. It directly follows from Zhang et al. [42, Theorem 4.1]
that RCEG is non-expansive in the “main” iterates xz;, y;. We copy the second last inequality from
the proof and adapt the notation as well as correction a minor numerical error and simplifying
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(= Cv=Cand §y =&y = 0.
0< f(Be,y*) — f(@*, 90) < = [(4CL°0* = 6)d*(we, &) + d°(wy, 2*) — d* (w41, 27) |

[(4CL*0* — 6)d* (ye, ) + d*(ye, y*) — d*(yes1,y™)]

3\»—‘3\»—~

1

Choosing the optimal stepsize 7 = 57~ and noting that the dual gap is nonnegative we get that

~S

the main series is non-expansive,

d2($t+1’$*) + d2(yt+1>y*) < dg(yt,y*) + d2(9ﬁt>$*)-

Note that the reason we care about expansivity is to bound the geometric deformation. We now
specify that both ¢ and d, depend on the distances d(Z;, *) and d(g;, y*), meaning that we have to
show non-expansivity for the secondary iterates Z¢, g, which we will do in the following,(we use z;
to simplify the notation)

d* (%, 2%) < 2d° (24, 2%) + 2d% (24, Z)

< (24 202 LH)d? (%, 2%) = (2 + ;C) (2, 2%)

< §d2(zt,z*) < §d2(zo,z*)
2 2
In the first inequality we use the triangle inequality. In the second line we used the update rule
% = exp,,(—nF(z)) and smoothness and then the definition of 7). The last line follows by the
definition of the geometric constants and the non-expansivity of the main iterates. Since the main
iterates are non-expansive, we can now conclude that the secondary iterates are only a small constant
further away from the saddle point than the initialization.

Appendix I. Proofs of convergence rates for our Accelerated Algorithms

I.1. Acceleration for G-Convex Functions

We use RiemaconAbs to refer to Algorithm 3 for p-strongly g-convex minimization. We write
RiemaconAbs(f, g, T, X, subroutine) to specify the output of the algorithm initialized at x
for optimizing the function f constrained to X, run for 7" steps and making use of the subroutine
subroutine. The subroutine solves a proximal problem approximately, effectively implementing
an approximate implicit Riemanian Gradient Descent (RGD) step. In the pseudocode, we use the
notation IT¢o(p) to refer to the Euclidean projection of a point p onto a closed convex set C.

Proof of Theorem 4. We note that itis ¢ = 4¢,,, —3 < 8(p, —3 = O((p,)- Let ks = 5 and let

c X 2f’ sothat A, = (1+c¢)¥forall k > 1,and a;, = £((1 +¢)F — (1 +¢)F7 1) = €e(1 + ) !
for all £ > 1. We also note that in order to satisfy 4/§/k < 1/3, to be used later, we only use
u-strong g-convexity of f, instead of ji-strong convexity, where p S min{f, 1/(9¢\)}. We want to

show the following is almost a Lyapunov function for our problem
. 1z (&
v (Fl) = £+ G = o+ M)
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Algorithm 3 RiemaconAbs(f, xg, T ore, A\, X, subroutine). Absolute accuracy criterion.

Input: Finite-dimensional Hadamard manifold M of bounded sectional curvature, feasible g-
convex compact set X of diameter Dy. Initial point z9p € X < M. Function f : M — R
that is ji-strongly g-convex in X'. Parameter A > 0. Final iteration 7" or accuracy €. If ¢ is
provided, compute the corresponding 7" and vice versa, cf. Theorem 4, subroutine to solve
the proximal problems of Lines 5 and 12.

¢4y, — 3 0 €is 0(Cpy)

o min{z, 1/(9€N)}

k= 1/(An)

€ e (8yErY?)1

yo < é-minimizer of the proximal problem minyex{f(y) + 55d*(z0,y)}

Z) < 2 < 0€TyyM

Ay —1

for k =1to T do
Ap = L+ 1/(2vER)*
ay, — §(Ay — Ay _y) B
Ly < Expykfl (ﬁzféil + Akjjrlak yk—l) = Expykfl (ﬁzféil)
Y, < é-minimizer of problem minyex{f(y) + %dz (x,y)} o Approximate implicit RGD
v, < —Log, (y)/A o Approximate subgradient
274, Log, (Bxpy, , (07))
2k — AT (A 20+ %’“(—)\ - %)v,f) © Mirror Descent step
zpf T3 (%) + Log,, (2, © Moving the dual point to T}, M
Zh 11 B(0,Dx) (z%) € Ty, M o Easy projection done so the dual point is not very far

: end for

: return yr.

RN R R

_
=4

—_
J—

o Coupling

—_—

p—
A

—_— = = =

in the sense that we can show

. 2271 d% (zy,2%)
If we show (8), then we can conclude the theorem since for 7' > 24/&k logy (=)

would have

, W€

Ur ¥ . iAW Apiq
flyr) — fa") < — < — + 28(k+ 1) =L < — + 28(k+ 1)
r Ar Ap Ap cAp
® , @c -
< 232, /6 2 2 4 2 =&,
\2TC+45/-$ \/§\2+2 €

where in (1) we used ¢ = 1/(2v/€r) < 1/6 (by \/€/k < 1/3and € = 1) and so (1 + ¢)'/¢ > 2.
We also bounded 1 + ¢ < 2. For 2), we used & & ¢/(8+/k3€) and ¥y < f(yo) — f(z*) <
A"1d%(xy, x*) due to Theorem 21 and the definition of yo. In short, we find an e-minimizer for

—1 42
T = O(y/Crilog (2Ll
We now focus on proving (8). We can assume without loss of generality that z; = 0. We
work in the tangent space of x, all of the time except when applying Theorem 17 that moves lower
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bounds, so according to our notation, points z*, y,_1, and gy, should be interpreted as Logmk (x*),

Log,, (yx—1) and Log,, (yx), respectively. We note that our choice of dual point z;,* comes from
optimizing the regularized lower bound that we have at iteration k:

2

Ty

) A 2
zzk:argmln < k41 >|z;§i1—xl|i '( )yk—/\ Ty —
xETzk/\/{ H

. N " )
D At + ¢ [(1+ &) v - %xk] @ At~ ¢ (A+2) o
Akfl + ak/5 Ak‘—l + ak/£ '

The equality (1) can be obtained by just taking a derivative and checking when we have global
optimality. Equality (2) uses x, = 0and \vf = x, — yr = —y. The definition of z* as
the arg min above is derived from minimizing a convex combination of the previously computed
regularized lower bound, a quadratic with minimizer at z;* |, plus the new bound which we obtain
by Theorem 16. Indeed, one can check that the second summand is a quadratic that has the same
minimizer as the right hand side in Theorem 16. In order to show (8), by Theorem 17 it is enough
to show

w(€—1)

A (1) = 7o) + Bl =i, + M

||Zkk||2 —2(k + 1)é>

(10)
<y (S - 1) + 1ty - o, + M 2 ).
The following identities involving our parameters will be useful in the sequel
Ap = A1 + ap /€ (11)
Ay (z, — yp—1) = —ag(z, — 2. ,) (equiv. to) yp—1 = —Aikl 2 (12)
Yk = — AU}, (13)

We regroup the terms in (10) with evaluations of f to the left hand side to yield A, ,(f(yx) —
flyr—1)) + (a,/€) - (f(yx) — f(«™)) and then we apply Theorem 16 twice to show that it is enough
to prove:

i a
Ay 1 V8 Yk — Yk—1) — Ak—lZHykfl — yl* + ?k@;fa yp —¥) — ?ZHQ: — yi?

[Ak 1(l2ghy =2 I + (€ = Dl ) — A (2 — 2% + (6 = Dl %))
Note that the errors with respect to € cancel each other. Now, we will just check that the terms

involving (z*,-) and |2*|? cancel each other, given our choice of z;*. Indeed, for |z*|* we have
the following weights on each side:

G

which holds by (11). Then, on each side of the inequality we have the following that holds by our
choice of z,*, and (13)

Qp o Qp . 1 x H x
(z*, —f% + ?k§ (= A)vg) = (&¥, ZAkfl ) (_2%5) - ZAk ) (_QZkk»-
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We remove those terms involving z*, and we use the properties (12) and (13) and the definition of
2. so the only variables left are a;, A,_;, A;, vf and 2" ;:

2 u aj Apa
M AT + a5 = A NI = P 2 s
ay, 2 A Moy g2
— Lo A l
o - S0
<“Ak1£r|z;§i1\2—”(Azuz;:ilm2<A+2> [ofI2 — 200, =7 YAy, % <A+2>)
4 4 A 3 Iz 3 jz

The strategy now is to complete squares to make appear a factor proportional to —|avf + bz | |2
on the left hand side, and show that we can prove the inequality without that term, where a,b € R.
We pick a so that —a?||[vf||? is precisely the term involving |[vf|? that we have above, if we move
all of those to the left hand side. In other words, after completing squares we will just need to prove
that the resulting factor multiplying | z;* [ ? is non-positive. Let’s first regroup all the coefficients

with respect to |[vf |2, [[27*,]? and (v}, z;* | > and place them on the left hand side:

v A Ay . [ pap /€ 2\?
(Wi 2150 - a <1 + 2) ( A, o 4 R OV PR Z)\2Ak + 127 A+ m

poap pg pué Aj

(14)

So now we pick —a? as the resulting factor multiplying |vf]?, i.e., —a? o —AAL(1 + %) +

41# a’“i £ (A + 2)? and therefore we have

2 2
o _ (200> _ Ap A4 1
b° = 4a2 = 1+ 9 1 Ak 4@2 .

2

For this computation to be valid, we need to show our choice for —a“ is non-positive. We recall it
holds that Ay = (1 +¢)*, A4, = (1 +¢)* ", q, = Ec(1 + )" anduse k = 5, and ¢ = 2\}@.
So —a? < 0 if and only if (1) below holds:

é<1+4/<a+4,‘-€2>: 13 <()\,u+2 )@Azfz (1—#0)2:1

1+4k AN\ (1 + 2 a2 c?

And this inequality is clearly satisfied, since we assumed x > 1. Indeed, drop the two first sum-
mands on the right hand side and multiply by 1 + 4x.

So now we can just add 2ab{v{, z.* ) + a?[vE|* + 0?20k |2 = |vf — 2% |* = 0 to the left
hand side of (14) and show the resulting inequality, in order to prove the result. So it is enough to
prove the resulting factor multiplying |z;* ,||* is non-positive:

A A \? 1 a2
a2 <1+2“> (1— Z;) ()\Ak(4+u>\)—uci’flf(/\g+2)2)

_opaf pEA | pEAL,
44, 4 44,

2 1
o g = L AR + ek,

-1

< 0.
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Now, this inequality holds by substituting the values of A4,, A, ,, a,, using £ = (Au)~! and
c = ﬁ and doing some simple computations. Indeed, by substituting, combining the last two
summands, dividing by (1 + ¢)*~2/4, reducing the 4 + p\ to 2 + p and simplifying terms, we
obtain it is enough to prove

AL+ o)F262(2 + M) B
AMe(1+e)F — (1 + ¢)F22E( M\ + 2)
From here, the inequality follows by operating out and comparing terms. If we just substitute the

value of ¢? = 1/(2¢k) in the instances where there is ¢* or 2, then  disappears from the equation
and one can compare terms to reach the result, by using ¢ € (0, 1), £ > 1. |

Al +e)e? —c£<0

We now prove the auxiliary lemmas that were used to prove Theorem 4.

Lemma 16 (Approx. st. g-convexity by approx. subgradient) Letyy be an € minimizer of hy,(x) o

def

mingex {f(x) + %aﬂ(azk, x)}, and let v = —\~ lLogxk (yx). Then, for all x € X, we have
£@) 2 £) + O = e, + Glo — w2, — (5 +2) ¢
r) =z J\Yk Vi T — Yk )z, 1 L= Ykllz, i €

Proof Let v} ' argmin,,y hy(z). The function hy, is (% + u)-strongly g-convex because by
Theorem 11 the function %dg(xk, x) is 1-strongly g-convex in a Hadamard manifold. This strong
convexity and optimality of the point y; yield (D below. Besides, we have

®
Fa) 3 (£00) + gyl - oo + (55 + 5 ) @i

@ 1 1 1
>(f<yk>+%|xk—yk||§k—e)—||mk ol + (545 ) ok - ol2

1 1 N
= fyk) + vk, @ = Yr)a, + Ifﬂ—ykllxk T > T = Yk U = Yiw, + S IE — wnlz,) — €

V)

V@)

F) + o~y + o~ il (;M 5) (Gov o) I - w2, -2

2 .
At ) B
(15)

where in (2) we used the é-optimality of g, for Ay (-) and we used for the last summand that in a
Hadamard manifold we have d(z,y) > |z — y|. for any three points x, y, z.
In (3), we used Young’s inequality:

1
Fle) + < = ey, + o = wellz, —

1 ; p 2 11 ’ .2
o (34 0) =D, = ~le w2 = 2 (50 0) - il

and grouped some terms. Finally, in (4) we used —Hyk - ka > —d? (yj, yr) and then (% + p)-
strong convexity of y, along with &-optimality of yx: (} + M)Hyk yk||§k < h(yk) — hi(y)) < e.
|
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Lemma 17 (Translating potentials with no geometric penalty) Using the notation in Algorithm 3,
we have

Apoa(leghy =212, + (€= Dl )2,) — Aellzgt — 22, + € = D2tz
< Al =2, +(€—1)HZ;§’“ 1 )
= Al = 2[5, + (€ = DI 5, — e — 224 15,)-

Proof Firstly, by the projection step in Line 17, we have
y 2 y 2 Y Y
lzet = oty = 155 =215, and (€= DI, = € - DIZSE 16)
since the operation is a simple Euclidean projection onto the closed ball B(0, D) in T, M. Now,

the following holds

H “Yk—1

G =, + E=DIRS 5, = Iaky = 22, + Gp — DIzt l2, + € = Gl 5,

@ . A +a,\? -
St o 6= DI 2, + (6 Go) [ (H5EE) 1) 12
k—1

® 3(6—-1) A +a\?
> Ity =", + € - DI, + K (B ),

Yk—1

)

where (1) is due to Theorem 10, with y < z, and z < yx_1 and to d(z,,p) < d(z, yk_1) +
d(yr—1,p) < |27 |y, + D < 2D for any p € M. Inequality 2) uses the definition of z,. In(3),
we used the definition of § = 4, D 3 that implies £—G, D = ,(5 —1). Now, we use Theorem 9
with y «— yp, © — x;, 2° = —vf - ()\ + )/Ak, a® — 2% (A, _1/AL), so that 2% + a® = z*
and 2¥ + a¥ = zJ* and

_ [[Log,, (yr)l AHU,’;H ¢4, @

T -1~ 4 < P
Iz epl- 2O DA a5 K

We will now explain why (1) holds. But first note that by the previous inequality, by the choice of
parameters and the fact that 7 < 1, the assumptions in Theorem 9 are satisfied. Also, note that 2)
holds by the assumption on A. We have (1) above if and only if the following holds

€A, < \/Eak (—\E 14 4/£> , (18)

and this is implied by ¢ < \/%cg - 3k, by substituting the values of A, ; and a;, and using 3x <

4k — \/Kk/§ < 4k — A/K/& + 1, which comes from our assumption x > 9¢ > £. Consequently, a
sufficient condition is ¢ > 1/(3+/&k), which is satisfied by our choice ¢ = 1/(2+4/k).
The result in Theorem 9, applied as above results in

2
: 2 5—1 r Ai 2 2
=l + €= DI, + S5 (T ) St P 2 1t — "B + (6= D2
(19)

29



ACCELERATED METHODS FOR RIEMANNIAN MIN-MAX ENSURING BOUNDED GEOMETRIC PENALTIES

Combining (17) multiplied by A, ; with (19) multiplied by A, , we obtain that in order to conclude,
it suffices to show

We substitute the value of r and after simplifying we obtain that we want to show

4
6“42—1 — S(Gz + 2akAk—1) (ak (1 + A,U,) — fAk> < 0

After substituting the value of A,, A, ,, a,, operating out and dividing by (1 + ¢)3*=3, we obtain
that the previous inequality is equivalent to

3 3
1+ 38%(1 4 ¢)c® + 66c + 6£c® < 32 (1 + 4k)c® + 66 (1 + 4k) = g +6&c+ = + 12
K K
where in the last equality we used ¢? = 1/(4¢k). This inequality holds. After simplifying the
terms 6£c we get that the left hand side is < 1 + (HC)

c=1/(2/¢rk) <land k > 1.

—I— 2 < 7 where we used the value of

Corollary 18 [|] If in addition to the assumptions from Theorem 4, f is also L-smooth in X,
Algorithm 3 with A = 1/L and PRGD as subroutine, yields an e-minimizer after O(¢ rC 32, /k + )
gradient and metric-projection oracle calls, where R < (L,(f,X)/L + 2Dx)/¢ and Dy is the
diameter of X.

Proof of Theorem 18. By Theorem 4, it suffices to run Algorithm 3 for
N G
T > 2|5 4 9e?10g, <W>
Al €

iterations in order to obtain an e-minimizer. We use A = 1/L, and recall £ = O({ ). Step k of Algo-
(

rithm 3 requires computing a é-minimizer of mingey hy(z), where hy(2) < f(z) + + 3 d® (g, @)

and 2 :
8\/5 (W) 3

We implement the subroutine with PRGD with learning rate 7, where L’ < L(1 + ¢) is a bound
on the smoothness of A, cf. Theorem 11. We require the following number of steps

L'(pD%
2¢ ’

/ L

where R = L,(h, X')/L'. We can bound

maxgey |V ()| + Ld(x, zy) @ maxzex{||Vf(2)|/L} +2Dx

fis L(1+¢) ¢
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where in (1) we used that for all z € X, it is

®
d(z,z),) < d(yg—1,7;) + d(2,yk—1) < d(yk—1,2"7") + Dx < 2Dx.

where (2) holds by definition of x;, and the fact yx_1,2 € X, while (3) is due to the projection
defininig 27"

The condition number of h is bounded by
L/
ﬁ SAL+¢<1+¢.

So we have

L(1+ Q)¢pDRA/ (52 +9€)%¢
T'>1+2(p(1+()log [ 4 . ;

The complete complexity of RiemaconAbs is

T =TT = O(CaC2r/k + Q).
m

Corollary 19 Under the assumptions from Theorem 18, if a global minimizer z* € arg min , f(x)
is in X, so that V f(x*) = 0, then AlgN()rithm 3 with A\ = 1/L and PRGD as subroutine, as in
Theorem 18 yields an e-minimizer after O(¢ 32, [k + () gradient and metric-projection oracle calls.

Proof By the assumption on z* and the smoothness assumption, we have that L,(f,X') < LDy
and since ¢ > Dax+/|K,, |, We obtain R < (L,(f,X)/L + 2Dx)/¢ = O( : ) and thus

| min|

(r = O(1). We obtain the result by applying Theorem 18. Note that we can also use PRGD with
RiemaconRel and Theorem 23 and similarly itis ¢ , = O(1). [

Note that Martinez-Rubio and Pokutta [28, Theorem 6] had to assume a mild condition on the
Hadamard manifold and obtained overall query complexity 5({ 2\/E) whereas we obtain lower
complexity in the general Hadamard case with bounded sectional curvature. Note that to compare
to Martinez-Rubio and Pokutta [28, Theorem 6] we would run our algorithm for X a ball of center
xo and radius an upper bound on d(xp,z*) and in such a case the implementation of the metric-
projection oracle consist of computing a direct and an inverse exponential and simple operations,
cf. [28, Proposition 14], so it does not increase the order of our computational complexity. We note
that [28] provided another instantiation of their algorithm for g-convex minimization but under the
assumption of having access to a projection oracle that is not a metric-projected oracle.

Remark 20 We can obtain the accelerated result for the g-convex case with reduced geometric
penalties via a reduction to the p-strongly g-convex case. Assume the existence of a global minimizer
x* and let D/2 > d(xo,2*). Given an ¢ > 0, we optimize the regularized function f.(x) <
f+ ﬁd(wo,x)? Denote by ¥ to the minimizer of f.. We have d(zo,z}) < d(xg,z*) < D/2

(see [28, Lemma 10]). We run Algorithm 3 on f. on a ball B(xy, D/2). We have that f- is strongly
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g-convex with constant 25, cf. Theorem 11. Hence, the algorithm finds an ¢ /2 minimizer x1 of f.

after T' = O(C 44/ ¢D?/()\e)) iterations. By definition, it is d(xq, z*) < D/2 so the regularization
at x* is S5 d(xo, 2*)? < £ and thus xq is an e-minimizer of f:

flzr) < fe(or) <fa($*)+ <f(a:*)+a.

NG

I.2. Convergence of Projected Gradient Descent

Proof of Theorem 3. Below, we prove that for any point x; € X', PRGD yields

f(@ev1) — f(2%) < (f(2e) — f(27)) (1 - 4Ll2Rt> ; (20)

where Ry = |V f(x)| /L. Recall our notation L, (f, X) for denoting the Lipschitz constant of f in

def

X. Given (20) above, and defining R = L,(f, X)/L, we have by applying (20) T times from xy,
that the following holds

T T-1
flar) = () < min {(f(w - (1 4£<R> Syt (1 4541) } |

since by Theorem 21 we have f(x1) — f(z*) < %cﬂ(azo, x*). The result follows by bounding the
right hand side of the expression above by € and reorganizing.
We now prove (20). The following holds:

® L
arn) < mig | 1(0) + g P o, 0) |

Lp, o?

min {af(a:*) + (1 —a)f(xy) + 5 dz(:z:*,ﬂft)}

L(g,

) () - 1))

Above, we used Theorem 21 to conclude (1), and (2) results from restricting the minimum to
the geodesic segment between z* and x; so that x = Exp,, (ax™ + (1 — a)x;). We also use g-
convexity of f. In (3), we used strong convexity of f to bound 4d*(z*,z;) < f(zs) — f(a*).
Finally, in (4) we substituted o by the value that minimizes the expression, which is z/(2L( R.)-
The result in (20) follows by subtracting f(z*) to the inequality above. The final statement is a
direct consequence of (20) and the definition of R, along with f(z1) — f(2*) < #dQ (o, x*)
which holds due to Theorem 21.

|
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Lemma 21 (Dist to Gap and Warm Start) Let M be a Hadamard manifold X = M be a uniquely
g-convex set of diameter D, T € X, and g : M — R a g-convex and L-smooth function in X with
a minimizer at ©* € argmin,y g(x). Assume access to a metric-projection operator Px on X
and let ' = P (Expy (—+Vg(7))), and R = d(2',7) = |Vg(z)|/L. The following holds for all
pe X:

CpLl o,
9(2') = g(p) < >T=d*(z,p).
In particular, we have

L
o)~ g(a*) < B2 (3.0,
See [28, Lemma 18 (Warm start)] for a proof.

L.3. Convergence of Riemannian Alternating Best Response

We use RiemaconRel to refer to the accelerated algorithm for p-strongly convex functions pre-
sented in [28, Theorem 4], and RiemaconRel(f, zo, T, X', subrout ine) to specify the output of
the algorithm initialized at x( for optimizing the function f constrained to &, run for 7" steps and
making use of the subroutine subroutine.

Fact 22 (Convergence of RiemaconRel) Let M be a finite-dimensional Hadamard manifold of
bounded sectional curvature, and consider f : X < M — R, a g-convex function in a compact
g-convex set X of diameter Dy, A\ > 0, and z* € argmin,.y f(z). Define & S 4Cop — 3.
If f is p-strongly g-convex then, running RiemaconRel as defined in [28, Theorem 4] for T' =

(90& /+/1X) log(pd?(x0, 2*) /) iterations, returns a point yr that satisfies f(yr) — f(z*) < e.
See [28, Theorem 4] for a proof.

Corollary 23 [|] If f as defined in Fact 22 is in addition L-smooth, then RiemaconRel with
X = 1/L and PRGD as subroutine, yields an e-minimizer after O((p¢ 2\/K) gradient and metric-
projection oracle calls, where R < (L, (f, X)/L +2Dx)/C.

Proof of Theorem 23. By Fact 22, it suffices to run RiemaconRel for

90¢ pd® (o, 2*)
T// — 71 /7 AUy )
VA og( €

iterations in order to obtain an e-minimizer. Note £ = O(C). We use A = 1/L. Note that
RiemaconRel uses a series of restarts, so in the following, k refers to the k-th iteration in one of the
calls to [28, Algorithm 1]. This detail can be ignored in the following, as we bound k uniformly by
T" in (22). Step k of RiemaconRel requires computing a ox-minimizer of min,ey hx(x), where
hi(z) = f(z) + 2 d* (), ) and oy, S d2(xp, xF)/(T8A(k + 1)%). We solve the prox problem
using PRGD with learning rate %, where L/ & L(1 + () is a bound on the smoothness of A, cf.
Theorem 11. By Theorem 3, this requires

2D

L/CRD%(>

/,[/, 2Jk
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iterations, where L’ and p’ are smoothness and strong g-convexity constants of / respectively and
R = |Vh(zo)|/L'. We can bound
maxgey [Vf(2)| + Ld(z,2x) _ maxgex [Vf(2)[/L + 2Dx

L1+ ) = ¢ ’
where the last inequality uses d(X', x;) < 2Dy, cf. [28]. We have that ’, the condition number of
h, is bounded by ' < % < AL + ¢ < 1 + (. By the definition of x’ and bounding k& < T”, we
obtain

R <

T' > 1 4 4CxC1log(T8CCR(T" + 1)2) = 1 + 4¢ ¢ log(78¢Cp(k + 1)2). 22)

All in all RiemaconRel requires
T =T'T" = O(Cr¢*Vk)

calls to the gradient and metric projection oracle respectively. |

Consider a specific class of functions f(z,y) for which the interaction between z and y is
weak, meaning that L, is small relative to other function parameters, i.e., the gradient of f(z,y)
with respect to x is only weakly dependent on y and vice versa. If the interaction between x and y is
weak enough, alternating between minimizing x — f(z, y¢) where y, is kept fixed and maximizing
y — f(zi+1,y) where x4 is kept fixed is sufficient to converge to the saddle point and can be
solved efficiently. The approach of computing the optimal value of x for a fixed y, or vice versa,
can be seen as the best response of x given a fixed y, hence the name. In particular, for the case of
L., = 0, x and y have no interaction and it suffices to independently compute the best response for
z and y once to solve the min-max problem. Our Riemannian Alternating Best Response (RABR)
algorithm implements this approach by repeatedly applying approximate best responses using the
algorithm RiemaconRel, cf. Appendix 1.3. RABR applies only to a limited class of problems, but
it will be used as a subroutine for RAMMA. RABR is inspired by the Euclidean algorithm of Wang
and Li [37, Algorithm 1].

Theorem 24 (Convergence of RABR) [|] Let f satisfy Assumption I with L, < %, [figfly. Then
Algorithm 4 requires T' = 5({ rC 2 fRa T Ky) calls to the gradient and projection oracles to ensure
d(wr,a*) + d*(yr, y*) < =, where R = max {Ly(f(-,y), X)/La, Ly(f(,-), ¥)/Ly} /C + DG

Proof of Theorem 24. We begin by connecting the inexactness of the iterates (z;, y;) from Algo-
rithm 4 to the number of RiemaconRel iterations,

d*(zes1, 2" (yr)) @ j[f(ﬂftﬂ, yt) — f(@* (), ve)] (23)

€T

@ -
< 2d% (x4, x* e a .
(zt, 2" (y)) exp <90€\/@>
We used strong g-convexity of z — f(z,y;) in (1), and (2) follows from running RiemaconRel on
f (-, y) for T, iterations starting from z; and ending up with x;, 1. Noting that since — f (441, -) is
strongly g-convex, we can repeat the arguments for y,

(Y11, ¥ (2041)) < 3[f(ilﬂt+1,?fk(ilftﬂ)) — f(@ey1,ye41)] (24)
)

< 2d(yt, y* (2e41)) exp (9OE\T/y'T ) '
Y
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Note that we use RiemaconRel instead of our RiemaconAbs in Algorithm 4, since the absolute
error criterion of RiemaconAbs creates an unwanted dependence between the required precision of
the proximal problems and the precision of the original problem. Choosing T, = 90¢,/k, log(512)
and T;, = 90, /&y log(512), it follows from (23) and (24) that,

1
d* (241, 2% (1)) < T%dz(wtax*(yt)) (25)
1
(Y1, y* (2e41)) < Q—%dz(yt,y*(:rt+1)) (26)
Further,
* @ * k *
d(zer1,2%) < d(wepr, 2% (ye)) + d(@™(ys), %) (27
@ 1 17
< = * 0 # *
d(a,2) + e (), 2*)
3 1 17L
< 7d %k xyd * .

We used the triangle inequality in (1), and (2) follows from (25) and the triangular inequality again.
Finally, (3) uses Theorem 39, noting that 2* = x*(y*). For y, we follow the same argument and
then use (27) in (1) below

d(Wer1,y") < dWer1, ¥* (2e41)) + dy™ (we41),¥%) (28)
1 17
< Ed(yt,y*) + Ed(y*(fcm),y*)
@® 1 17L,, [ 1 17L
< 7d * Ty 7d * Iyd *
16 (Y6, y™) + T <16 (x4, 2%) + T (Y, y )>

2
< < 1 17%L,,

17L
o L) Gy, g Y (g, ).
T 162/@;@) (Y1, y") + (24, 27)

16241,

Now we define C' < [y /1 and obtain

162 16241,

C (17Lg\> 1 172L,,2\°
2| = il C| =+ 22 d2 *
" (C ( 1641, > i (162 i (162,“:0”1/) (:97)
@ 1 17?1 1721 1 1172
(@, 27) (162 T 162 4> 204y y") (1624 * <162 T 162>>

3
g(d2(mt, z*) + Cd*(ys, y¥)).

® (1 1700\
o) + Oy’ 22 1+ € (12 ) ) lana”

<

~

where (1) follows from (a + b)? < 2a® + 202, (27) and (28). Inequality (2) is obtained by using
L., < %, /Itz [y, Which holds by assumption, and by the definition of C. By expanding the previous
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inequality, it follows

3 T
v+ Cl () < (2) (@lana®) + OPlanny").

Now we study two cases. If C' > 1, we have (1) below

T
Eoray o) D (2) 2 By o)+ 0000) D (2) 2 (o) 4 Bl

where @ is due to py < Ly and L, = L,. Recall that we assumed the latter without loss of
generality. Similarly, if C' € (0, 1) we have, for C' < 1

3 - 3\' L
d2<xT,x*>+d2<yT,y*><() Ha (2 (0, 2%) + (o, >)<() Ly (2 (w0,0%) + (0 "))
) Iy ) Iy

Thus, for all C' > 0, we obtain
2 3 T 2 * 2 *
d*(wr, 2*) + Py, y*) < (5 ) maxre, sy} (d (2o, 2%) + d*(v0,4™)) - (29)

Hence, we require

T o <log <(d2($0, *) + d*(yo, y*)) (Ka + Hy))) 7

€

iterations of Algorithm 4 to ensure d? (x7, 317”‘~)—i—cl2 (yr,y*) < e. By Theorem 23, each RiemaconRel
call requires T, = O((g(+/kz) and Ty = O(CR(,/Ry) calls to the gradient and metric projection
oracle respectively. In total, RABR requires

(T, T, + T,T,) = O(CpCP/Fim + Fiy)

calls to the gradient and metric projection oracle. |

Algorithm 4 Riemannian Alternating Best Response RABR(f, (o, o), T ore, X x ))
Input: G-convex subsets X < M, Y < N of Hadamard manifolds M and N/, initialization
(z0,y0) € X x Y, function f : M x N' — R that is (f14, i,y )-SCSC and (Lx,Ly,ny)—smooth,
T (if ¢ is given, compute T', see Theorem 24). Define £ <= 4 max{(s\,, Gt —3=0(Q)
1 Ty < 90€4/kz 1og(512), Ty < 90&, /Ry log(512)
2: fort=0to7T — 1do
3: @441 < RiemaconRel(f(-,yt), z¢, Tz, X, PRGD)
4 yi+1 < RiemaconRel(— f($t+1, ), y¢, Ty, Y, PRGD)
5: end for
Output: (z7,yr)

36



ACCELERATED METHODS FOR RIEMANNIAN MIN-MAX ENSURING BOUNDED GEOMETRIC PENALTIES

I.4. Convergence analysis of RAMMA

We first prove this important proposition, that describes how to go from one measure of convergence
to another, possibly after performing some optimization steps.
Proof of Theorem 6. Statement 1 follows from the non-negativity of the gaps and gap(z) +
gap(y) = gap(Z, ). Statement 2 follows from the strong convexity of ¢, and ¢,,.

We now prove Statement 3. By strong concavity of ¢, we have d*(g,y*) < %gap(y) < ?Tz
The optimizer of g(-, 7) is z*(§), so by fi-strong g-convexity of this function and optimality of Z’,
we have d?(Z/, *(7)) < ;—i Thus, we have

d2(ff',ﬂf*)+d2(ﬂ,y*)®2d(x o*()? + 2d(2*(7), 2%)* + d*(7,y")

= 30)
@ 46 2L3 46 2¢ [2L2 (
Y 2( = ry

N:p P He o Hy

We used the triangular inequality and Young’s in (D and for the second summand of (2) we used the
(Lyy/fir)-Lipschitzness of z*(-), due to Theorem 39.
Under the assumption of Statement 4, we have that

_ - L .
=d(y*,7) <Lg - L;_xy> +d(z*,7) <L§ - Lg_‘”y> .
Mo Hy

We used Theorem 39 in (1) above. |

Before we go on to prove Theorem 5, we briefly discuss a technical detail.

Remark 25 (Saddle point assumption) In Section 1.1 we assume for the sake of clarity that f
admits a saddle point (x*,y*) € X x Y satisfying V f(x*,y*) = 0. However, it is not necessary
to assume that the saddle point has zero gradient and a slightly weaker assumption suffices to show
our convergence result. From now on, let (z*,y*) € X x Y be a saddle point in X x ) which does
not necessarily have zero gradient, and let (#*,7*) € M x N, be a global saddle point such that
Vf(&*,9%) = 0. Then, it suffices to assume that d*(xo, &*) + d*(yo, §*) < D?. This allows global
saddle points to lie outside X x ). We also note that in fact, our algorithms can work without any
assumption on d*(xg, *) + d*(yo, §*) by using an upper bound of this distance in our algorithmic
parameters.

Proof of Theorem 5. The total number of gradient and metric-projection oracle calls of Algorithm 1
can be calculated as follows
Ty (T3T5 + T4) + TQ,
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Table 2: Overview of precision and iteration parameters for RAMMA

Number of iterations Required precisions
-0 q — o ( 2Ly’ -1 2 — & (Wmﬂz)%
T =00 ) 61_84#0(/@% +1) G =T
N5 Lay+L
L0 o Bk et
~ 2 3
T3 =0 ( ch ) g3 = — 1t 2(/;-7677;0) , &3 = es(nyy) 3%/ (8vE)
vy 64C,3§< |
px+n_
~ 5 x ;1 xTx 3gq2
Ty = O(CE e +Q) q = (et e
~ 2
T5 = O(C3\/Lz77x + Lyny +C) &5 = 8332(2%?)

where 77 to T5 refer to the complexity of the different routines, which are provided in Theorems 26
to 28. We provide an overview of the required ¢;, €;, T; in Table 2. We have that

~ L L
1115315 = O C4 T+ Y+ ¢ .
HaflyTly — Haofylle  HaHyTlzTy

Recall that we assumed without loss of generality that p, < .. We analyze some cases now. If
pte < Ly, we have that 0, = Lyy + 9€ e, 1, " = Lay + 94, and

L L 2LL
0] < z U ¢ ) -0 (ny I 43) .
HafbyNy Pyl Pa by zy Pz [y

If Lyy < fia, pty, we have that ;1 = (1 + 98) pee, 1,1 = (1 + 9€) 1y and

L. L
O( oLy« );om@+@m<%.
HallyTly — HaelyNz  HzlyTzTly

If py < Lyy < iz, we have ;1 = (1 + 9{)/1;,;,7];1 = Ly + 9& 1, and it is

L L LL ’L
O( T4 ¥ 4 ¢ >:O<§(nm+ny)+ L ,C Ly +§3).
Bz fbyTly Pyl Rz fyTlzT)y o by mln{,um, My}

All in all the worst case complexity is

Ly L ’LL,
O( R EE >—O<U+C(I€x+/€y)+<3>.
HxlbyTly  PzlyTNz  HxPyTlzTly Moy

Hence

~ LL,
T\T5Ts = 0(§9/2\/W + kg + Ky + (). (31)
zHy

Further, we have

Ty =0 (g?’ o & C) .
Ha Tz
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It holds that I I
O</ix+<:> =O(C2+I€xC+ T 21:y+€ :z:y)7
Hea Tz K Kz
and hence
~ L:):L:): LCL‘
TTy = O(CP |¢® + kol + 52 + < . (32)
K K
Finally
~ L., +L
Ty =O0(C3, ¢+ y;y). 33)
Y

Using (31) to (33), we conclude that

~ LL,
T = O(CQ/Q\/U + Ky + Ky + (%),
Ha fy

where we used p, < ji, which we recall that was assumed to hold without loss of generality. We
note that the dependence on ¢ is logg(s_l) and the log contains a polylog expression on D and the
smoothness and strong convexity constants of f. |

Lemma 26 (Guarantees of Lines 1-5) Running Lines 1-5 of Algorithm 1 with T} = 5( ufnz)

and Ty = 6((3 ¢+ L”’Z*ZL?’) ensures that gap(&,7) < e.

Proof We show the lemma by first finding sufficient error criteria 1 and 5 for obtaining gap(Z, ) <
¢ and then we compute the number of iterations 77 and 75 required to achieve these error criteria.
Error criterion Let f, < f(-,y) and fy = f(z,-), then using Statement 4 of Theorem 6, we

have that

Loy p (1)

gap(#, §) < d(&,2*)(Ly(fa) + Z”;yh(fﬁ) A0,y (Lp(fy) + = (34)

< C(d(&,2*) + d(g,y"))

where Ly, (f) and L,(f,) denote the Lipschitz constant of f, and f, respectively and

L, L,
C = max{Ly(fs) + Tpr(fy)aLp(fy) + =2 Ly(f2)}

Yy Ha

Recall that by assumption, we have that V. f(2*, 9*) = V, f(2*,3*) = 0. We leverage this fact in
order to bound the Lipschitz constants. We have for some z € X

Ly(fy) = Iéle%?{ IVyfy ()l = r;le%g( IVyf(@,y) + Vy (&%, y) - Fz*vyf(f%*a?]*)ﬂ

35
< maﬁiLyd(g}*,y) + Layyd(z,2*) < D(Ly + Lgy) (3)
ye
and similarly
Ly(fy) = 1;16%‘3( IVafu(@)| < D(Ly + Lay). (36)
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Since & is an e1-minimizer of the problem mingcy ¢(z) and § is an eo-minimizer of the problem
mingey — f(Z,y), Statement 3 of Theorem 6 implies that

2
dQ(i,:L‘*) + dQ(@,y*) < @ + @ <2Lx§/ + 1> . 37
Hy Ha Hy

Using (37), we obtain

deg 26y [2Lgy°
gap(:f:,g))éC(sQ—i-sl( = +1>>.
Hy Ha Hy

It suffices to choose

-1
epr 2Lz pye
< e 1), ey < S 38
SR Te ( 1,2 + 25355 (38)

in order to ensure that gap(&, ) < e.
Complexity By Theorem 4, computing Z with RiemaconAbs takes, by the choice of the corre-

sponding €1, computed in (38):
T =0 < ).
Mz

Using Theorem 4 and by definition of \,, we have that running RiemaconAbs in Line 4 requires

~ L, L
TQ”IO(\/C y+ y+C2>
Hy
def

iterations. Further, computing a o-minimizer of miney E, (y), where F, (y) < — f (&, y)Jrid2 (y,7)
using PRGD costs Ty' = O(i( ), where

e L A
R Y+ </ Y- <1+¢
[y + Ay fy + Ay

is the condition number of Fy. Note we used A, U= (max{Lyy, Ly} + 9€uy) = L. We now show
that R < 2D in order to bound (p < (yp = O(C). We bound R < L,(F,)/(L, + A, 1), where

Lp(Fy) is the Lipschitz constant of Fy(y) fory € Y and y € ). Note that V, f(2*,y*) = 0 by
assumption. Hence, for all x € X

Ly(Fy) < max |V, F(y)|
yey
= rgl;leajg{ I - Vyf(f, y) — )‘;1 1Ogy(g) + Fg* Vyf(f*, Q*)H
< mapc | = V£ (@9) £ Vo f (% 9) + ThV, £ 57)] + mase g d(w. )
< (Ly + Lay + A, 1)D.

And thus it holds that R < 2D. Therefore, the total complexity of computing § is

~ L L
T = TQITQH =0 (Cg <+ m) .
Hy

40



ACCELERATED METHODS FOR RIEMANNIAN MIN-MAX ENSURING BOUNDED GEOMETRIC PENALTIES

Lemma 27 (Guarantees of Lines 7-8) Running Lines 7-8 of Algorithm 1 with T3 = O ( u;fw)
and Ty = 6(C§W) ensures that gap;,(Ty,) < €

Proof We show the lemma by first finding sufficient error criteria €3 and €4 for obtaining gap,, (Zj) <
€1 and then computing the number of iterations 73 an T required to achieve these error criteria.

Error criterion Let G, (z) & f(z,y) + 21 d*(xy, ) and Gy (y) = f(z,y) + ﬁdz(xk,x),then
we have

@

gap,(Tx) < gapy(Tx, Ur)

®

Ly
Mz

Ly
Hy

< de.o) (LG + 2206 ) + ) (L) 22 4 1,6

(39
Cr(d(E, zi) + d(9, yy.))

® "

< C’k\/Q(dz(:)}, k) + d*(9,y})).

Here (1) and (2) hold by Statements 1 and 4 in Theorem 6, respectively, and (3) holds with

L, L,
Ck = max {Lp(Gx) + =Ly (Gy), Lp(Gy)—2

N }
L 1y p(Gy)

Finally, (4) follows from a+b < 1/2(a? + b2). We bound the Lipschitz constant of G, by bounding
the following, for all x € X

X 1 N .
IVaF (2, )| = [Vaf(z,y) £ Vo f (z,57) - . log,(zx) — T3 Vo f(&*,§*)| < D(Ls + Loy + 5 ),

xT

and thus L,(Gy) < D(Ly + Lyy + 1, %). Similarly, we obtain L,(G,) < D(Ly, + Ly;,). Since
Uk is an ez-minimizer of the problem mingcy ¢ (y) and Zj is an e4-minimizer of the problem
mingex {f(x, Jx) + ﬁdQ(xk, x)}, Statement 3 in Theorem 6 implies that

. ~ dey 25 2L 42
dz(ﬂﬁk’x;:) + dz(yk,yif) S ———— +— (y +1). (40)
pr + 0zt py \ (g +nzt)?

Then, using (40) and (39), we have that

4 2 2L 102

Ma:+77x1 :uy Mac'i'n;

3
We have that &, = £1(=2)® Hence, choosing

4/€
3 -1 3
fye1? (HaTe) o (pa + ) (pamz)’er

€3 = 4 =
64C2¢ (Lﬁ@; +1) 128CF¢

(41)

~

suffices to satisfy gap, (Zx) < &1
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Complexity By Theorem 4, and using £3 computed in (41), we have that computing ¥, takes

iterations. Further, by Theorem 18, we have

— O(CrC2\/Fr + Q)

where &, is the condition number of G, (z). Further, let Fy(z) < f(x,§) + ﬁd%xk,m) +

ﬁwaﬂ(az, ), where Ay = (L + (3" + 9€u,). We bound the Lipschitz constant L, (F}) for all
x € X by bounding

IVE (@) < [Vaf (@, §) = ng Hloga(ar) — A" log, () — D5 Va f(2%,5%)]

<
(42)
< D(L, +Lzy+nm + A, )

Thus L,(Fy) < D(Ly + Ly +n;'A;"). Hence,

Ly(Fy) _ (Lo + Loy + 15" + 25

= =] — < — — ) < 2D.
L+ (ng™ + (A Ly +Cng + (g

And so (; < (yp = O((). Further, the condition number of G;.(x) can be bounded by

L LD Sl
= ——— + VA — ”21<1+§.
be + 1z + Az be + 1z + Az

Finally, we obtain N
Ty = O(¢" ke + ).

Lemma 28 (Guarantees of Lines 10-11) Let gap, refers to the gap of the problem min max{f(z,y)+

%dZ(a:k, )——dQ(yg, y)}. Running Lines 10-11 of Algorithm 1 with Ts = O(¢? v/ Lane + Lyny + ¢)

ensures that gapg(yg) < és.

Proof We show the lemma by first finding a sufficient error criterion €5 for obtaining gap,(Zy, 7s) <
€3, and then we computing the number of iterations 75 required to achieve it. This bound implies
the result since by Statement 1 of Theorem 6, it is gap,(yr) < gapy(Te, Ye).

Error criterion Write h(z,y) < f(z,y) + T d*(x, xp) — yd2(y, y¢). Then, we can bound the
Lipschitz constant of h(-, 3,) as

Lp(h(-,ge)) = max [Vohi(z, ge)|
= max |V f(2,5e) = 0y log, (wr) £ Vo f (2, 5%) = T3 Vo (@%,57)]  43)
< D(n;' + Ly + Lyy).
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and similarly, for any x € X, we bound the Lipschitz constant of /(Zy, -) as follows

Ly(h(2e,-)) < max [Vyh(@e y)| < Dln,* + Ly + Lay)- (44)

we have that for

Lyyn-'+L,+L Loy(n:Y+ L, + L
Cg=DmaX{ a:y(na; + Lg + my)+ny—1+Ly+ny7 xy(ny Yy xy)

-1
g 4 Lo+ Loy b
L /le Ny x xy}

and defining
def 532(My77y)
3256’42 ’

the following holds, as desired:

gap,(Z¢, Ue)
@® L
< dm,xz)( o

2 ?

< Cold(ze, 22) + d(e, yi)]

Lo(h(50)) + Ly(h(ze. ->>) + (e ul) (Zy Lo(h(-,20)) + Ly(h(e, -)))

Cov/2es5 @2 ea(nyhy) 2/ (81/€) © €3 (45)

We used Statement 4 in Theorem 6 for (1) and the definition of Cy in (2). Theorem 24 implies
d*(Ze, %) + d* (e, yj) < 5 which was used for (3) along with (a + b)? < 2a” + 2b%. We defined
e5 in order to satisfy (4). The definition of the accuracy £3 that we require in RiemaconAbs was
used in (5).

Complexity By Theorem 24, and the definition of €5, computing ¥, takes

Ts = O(CrC/Fa + Ry + €),

iterations of RABR, where £, is the condition number of X(-, 7¢) and &, is the condition number of
hy. Using (43) and the definition of 7., we have

maXyey Lp(h('7y)) < D(n;1 + Ly + Lacy)

R < c < c
Lx‘i',Tz Lx"'n*z

<2D

and similarly, by (44) and the definition of 7, it holds

maxgex Ly(h(z,-))

R < c
Ly—i-ﬁ

< 2D.

Hence, we have (p < (yp = 5(() Given that K, < 1L, + ¢ and &y, < Lyn, + ¢, we conclude
that

T5 = 6(<3\/LG90 + Lyny + C)
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I.5. The NCSC, CC and SCC Cases

By means of regularization, we can reduce the CC and SCC cases to the SCSC case and use Al-
gorithm 1 to solve such problems. Interestingly, we require regularization in both variables even if
the function is strongly g-convex with respect to one of them, because regularizing in both variables
guarantees d((zo, yo), (2%, 9¥)) < d((zo,yo), (x*,y*)) and this is a crucial property in our analysis
to reduce geometric penalties, see Theorem 25. We used (27, §) to denote the global saddle point
of the regularized problem.

Corollary 29 (SCC or CC to SCSC) [|] Let f : M x N — R be a function as defined in Sec-
tion 1.1 and let M and N be Hadamard manifolds. Via regularization, Algorithm I obtains an
e-saddle point of f after the following number of calls to the gradient and metric-projected oracles,
in the (jiz,0)-SCSC case:

2 2
5 C9/2\/CQL N LyD N (D" LayL | _ 5 <<11/2 LD ) ‘
Kz € Elbg M€

Similarly, if the function is (0,0)-SCSC, i.e., it is CC, via regularization, Algorithm 1 takes

- 2 LD2 LD2 2 N 9 2 D2 CllLl,L
(o757 (1532 20t

9 9 3 £

We note that similarly to the Euclidean case, if L;, = 0 we naturally recover the accelerated
convergence of optimizing one problem on each variable separately, up to geometric constants and
log factors. If L,, = L, = L,, we obtain that, up to geometric penalties and log factors, the
convergence rates result in the product of the accelerated rates for each problem individually.

Further, using RAMMA-WC, a modification of RAMMA described in Theorem 34 we can find
an e-stationary point of ¢.

Theorem 30 [|] Let X < M,Y < N be Hadamard manifolds. Let f : X x Y — R be 1,,-SC in
y and let f be (Ly, Ly, Ly,)-smooth. Then the output of RAMMA-WC is an e-stationary point (see

Theorem 32) of ¢ with probability at least 2/3 after O (C 48¢L A/C+ i) calls to the gradient and

3
Proof of Theorem 29. Let (Z,y) € X x ) be the initial point of our algorithm, and define the
following regularized function

felz,y) = fla,y) + —5d* (T, 2) — —d(7,y).

Interestingly, we require the use of this function for both the CC and the SCC case. That is, we
require regularizing both variables even when the function is strongly g-convex with respect to one.
This is done in order to show that the global saddle point of the regularized problem (&%, §*) is not
further away from the initial point (Z, y) than the global saddle point (£*, §*) of the unregularized
problem , i.e. d*(z,2}) +d*(y,9F) < d*(Z,2%)+d?(¥, §*) = D? which is required in order bound
the geometric penalties. Now let (£, §) be an £/2 saddle point of f., i.e.

projection oracle.

e

N < f
r;leajgcfs(:v,y) min f(z,9) < 5
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Let y*(#) = arg max,y f(Z,y), then

. . . . . . . . £
max fe(&,y) > fo(,y"(2)) = f(2,5"(2)) + 5 d*(@,2) — ——5d*(5,5") = f(&,y%(2)) - .
yey 4D 4
Similarly, for z*(§) = argmin,» f(z, %), we have mingcx fo(z,9) < f(2*(9),9) + §. Combin-
ing these inequalities, we conclude

g &

max f (&, y)—min f(z, §) = f(&,y"(2)) =/ (27(9), §) < max fe(@,y)—min fe(z, §)+ 1+ <e

Hence if (Z, y) is an £/2-saddle point of f. it is an e-saddle point of f. By Theorem 36 and by the
definition of X and )), we have that the saddle point of f. satisfies d?(z, %) + d*(y,9") < D?
which is required to use Algorithm 1 on f.. Recall that the complexity of the algorithm is

5((9/2\/@ YWy Fop + oy + (),
Pz Ly

where the variables noted with a tilde are the constants of f-. B
We first analyze the SCC case. We have ji, = p, + ¢/(2D?), iy = ¢/(2D?), Ly < Ly +
Ce/(2D?) and therefore the condition numbers are

Ly +(55: L Ly+ (55 2L,D?
fip = . >2D% QEDQ <= +¢ and Ry = Y QEDQ < 4
,ux"'ﬁ Ha Ny""ﬁ €

Note that L, is not influenced by regularization. First, assume that L, > I:x, then L = Ly
(recall that L, = L, without loss of generality)

CLLy, - 2(Lyy*D* _ 2(LnyD2'
Fla fly Hz€ M€
Now assume that L, < L, then L = L, + ¢ ﬁ and

(LLyy _ ClLay(Le + Copa) _ 2(nyLD2 *Lay _ 20LayLD? . ¢2L

[ by Pz fly b Hz€ o Kz e

All in all, we have

2 2 2
(gLnyJerJFHerCQ)_ <6L+D<W+Ly>>:6<gL<LD +C>>'
iz fly fo € fhe Ha \ €

The resulting complexity is

2 2
o C9/2\/C L CLeylD7) 5 <<11/2 LD )
Ha Hz€ Haz&

~ Now we proceed to analyze the CC case. We have ji; = p, + e/(2D?), iy = €/(2D?),
Ly < Ly + C¢/(2D?) and therefore the condition numbers are

Ly + (55 2L,D? Ly, + (5% 2L,D?
Fp = — <25D2< 4+ ¢ and Ry = Y C26D2< I +¢.
Mz + 55 € Py + 3p2 <
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First, assume that L, > iz, then L = Ly, (recall that L, = L, without loss of generality)

CLLy,, - 4CLL,,D*
i [y e

Now assume that L, < L, then L = L, + ¢ ﬁ and

¢LL,, _ 4(LoyLsD* N 2¢?L,, D?
P fly h g € '
Together, we have that

~ (CLL ~ ((LLy,D* (?L,,D?* D2%*(L,+ L
o L Ry Ry + (%) =0 ¢ o g SCLayD” | DLe +Ly)Y
o [y € € €

Thus, the complexity is bounded by

2 2 2 2 2
o (e \/Lw L LyD? | (LoD (LD . <) :5<C11/2LD>_

9 3 9 9 3

L.6. Convergence of RAMMA-WC

When f(x,y) is not g-convex with respect to x, finding a saddle point can be intractable. Even if
f(z,-) is a constant function, the problem reduces to an non-g-convex problem. However, we can
still find a stationary point of ¢(z) & maxyey f(x,y). We consider a notion of stationarity based
on the gradient of the Moreau envelope of ¢ as defined in the following.

Definition 31 (Moreau envelope) Let f : M — R U {+00} be a g-convex, proper and lower
semicontinuous function, where M is a uniquely geodesic Riemannian manifold of sectional cur-
vature in [Kmin, Kmax|- Then the Moreau envelope of f at x with parameter 1 is Myp; : M — R
defined as

M,p(z) = inf {f(z) + 2177612(3;, z)} .

We note that since f(-,y) is Ly-smooth in X', it is also L,-weakly g-convex, and thereby ¢ is
also L,-weakly g-convex in X’ by essentially the same argument in Theorem 35. We now define
our notion of stationarity.

Definition 32 Consider a p-weakly g-convex function f : M — R and a g-convex and compact
set X < M. We call & € X an e-stationary point of f in X, if

VM (2)] < e,

where N M, ¢ (x) is the gradient of the Moreau envelope of f with parameter 1).
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Algorithm 5 Riemannian Inexact Proximal Point Algorithm RIPPA-WC(f, xg, T or €, 1, X,

subroutine)

Input: Function f : M — R that is p-weakly g-convex in X, initialization 29 € X < M, T,
n € [0, p~ 1), uniquely geodesic set ¥ = M

11 0 —ne?/(24(1 + (un) ), with p = —p + 17!
2: fort =1toT do
3: X441 < o-minimizer of z — {f(z) + ﬁdQ(m, xt)}
4: end for
5: Sample 7 from {1, ..., 7'} uniformly
Output: .

In the following, we introduce our algorithm RIPPA-WC, which converges to a stationary point of
a weakly g-convex function with probablity > 2/3.

Theorem 33 Consider a function f : M — R, where M is a Riemannian manifold of sectional
curvature in [Kmin, Kmax)- Let X < M be a uniquely geodesic subset of M and let | be p-weakly

g-convex in X. Then, after
o o (@) = mingex f(@)
e2n

iterations, Algorithm 5 outputs an e-stationary point of f with probability at least 2/3.

Proof We write x¥, , for the exact optimizer of h;(z) = f(x) + %dQ (x,z¢), hence

Fatn) + 5o (o) = mindf (@) + 5@} < f@)

1 1 1
%dz(ﬁﬂyﬂ%) — f(wi41) — %d2<$t+1vmt) < flog) — %dQ(th,%) — f(xi41)

1 @
<

%d2($t+179€t)

f(xzkﬂ) +

f(@e) = f(ze1) + 0
(46)
where (1) by the inexactness criterion in the definition of 2;, ;. Note that /;(z) is p-strongly convex
with e —p + 11, hence we have
2 20

& (w41, 274,) < u (he(xr41) = he(afyq)) < e 47

Using the fact that (a + b)2 < 2a? + 2b? as well as (46) and (47) we conclude
& (w4, xfq) < 2% (g, wp4n) + 242 (240, 274

< dnlf(@e) — f(oe) + o] + ‘;"
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Summing the previous inequality from ¢ = 0,...,T — 1 and dividing by 7'n%, we obtain

T-1
1 A(f(xo) — fzr)) | 4o 1
d?(zy, 2t |) < + 21+ =
@ 4Af 52
<

7_1_7,
nT 6

where A ' f(xo) — f(x*) and 2* € argmin .y f(z). Here (D) follows by the definition of ¢ and
by f(z*) < f(xr). Choosing =, uniformly from {xt}te , We can write

T-1

1
f Z d2($tvm;fk+1) =E [dQ(xTax;k+1)] .

By Markov’s inequality we have that

[SSRIN )

P (d(2r,0%,,) < 3E[d(2r,0%,,)]) =

Hence, for T > Af

, we have with probability at least 2/3 that,

1, 3 'S
ﬁd (T7,07 1) < ST ; (z,2141) <

124 f 5
nT 2

A
™

and hence %d(xT,x;‘fH) < e. Note that by Danskin’s Theorem VM, (x;) = %log% (@, ).
Hence, since d(x,, 2% ) = |log, (z¥,,)| = n|VM,s(x,)| we have that VM, ;(z;)| < e with
probability at least 2/3, which concludes the proof. |

Using RIPPA-WC, we find a stationary point of ¢. However, solving the resulting proximal
problems is challenging. In the following, we introduce RAMMA-WC, which specifies how to
implement prox subroutines similarly to RAMMA.

Definition 34 (RAMMA-WC) Consider an algorithm which consists of running RAMMA with
. . . e € ~ A . €

the following modifications: Set 1, = 1/(3max{Lyy, L,}), T1 = O(nz—;‘;) with Ay < ¢(x0) —

mingey ¢(x). Replace Line 3 in RAMMA with RIPPA- WC(qﬁ( ), o, Th, Nz, Lines 6-9). remove

Line 4. We refer to this algorihm as RAMMA-WC.

Proof of Theorem 30. Note that any L-smooth function is also L-weakly g-convex, hence, we
have that ¢ is at most L,-weakly g-convex. While it does not improve the final complexity, we use
p < L, as the weak convexity constant of ¢ for the sake of generality. In RAMMA-WC, we run
Algorithm 5 on ¢(z) = maxyey f(x,y) = f(z,y*(x)) for T} iterations. Hence, we have from
Theorem 33 that the output £ € X of Theorem 33 satisfies the following, with probability at least
2/3:

|V My ()] < &1

In the following, we discuss the complexity of solving the prox subroutine of Algorithm 5 ac-
counting for the changes to the inner loops of RAMMA. First, note that the total complexity of
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RAMMA-WC is T' = T1(T5T5 + T4). Here T is the complexity of running RiemaconAbs on
U(y) = maxgex —{f(z,y) — ﬁdQ(x, xk)}, Ty is the complexity of running RiemaconAbs on
x— f(z, k) —i—ﬁdz (g, ) and T5 is the complexity of running RABR on f(x,y)+ ﬁdQ (x,x))—

ﬁdQ(y, y¢). We have by Theorem 33 that Ty & O (Ei‘;; ) . Since minyey ¥(y) is an optimization

¢
HyTly
in the SCSC case (see Theorem 27). Now consider the min-max problem we want to solve using

RABR;i.e.,

probem in y, its complexity is not affected by changes in x. Hence we have T3 = 5( ) as

min max {h(a:, Y) = fz,y) +

1 2 _ 1 2 _
2eX ye)y —d (JI,IE) Td (:%y)} .

21, Ty

First note that while f(-,y) is no longer strongly g-convex, the choice of 7, ensures that Exy <
%\/m is still satisfied for h(x,y). In order to compute the value of 75, we need to know the
condition numbers k,(h), £y (h) of h with respect to = and y, respectively. We have r,(h) =
O (Lyny + () as in the analysis of the SCSC case (see Theorem 28). In the following, we show that
by our choice of 7, k. (h) and also stays as in the SCSC case (see Theorem 28),

L+ ¢nyt 3
:7C77_1<7(anx+C):O(Lwnm+<)'
—p+ N

Kz (h) 5

Hence we still have T5 = 5(( 3\/ Lynz + Lyn, + ¢). In order to obtain the complexity of T}y, we
consider the following optimization problem,

rxrégrfl {Fk(x) e (x, k) +

1
%d2 (xk, x)} .

First, note that due to the regularization term, Fy, is (—p + Ne D)-strongly convex and can be solved
via RiemaconAbs and we have by Theorem 27 that Ty = O((354/k(F}) + ¢), where r(F},) is the
condition number of F}. Noting that

Lo+ ;¢ _ Ly
wFk) = —ptnt o <max {p, Ly} " C) ’

it follows that Ty = 5(( 35 m + (). We now go on to compute 717575:

~ (3PN, | Lone + Lyn, + ~ [ CPA L L
TTyT =0 (S 2o [l iy ¥ G 5 (¢ [ L by ¢ )
€ Ny Hy € NeflyMy — Nzly  Nzllyty

Recall that we assume wlog that L, = L.
Casel p < L;y,and py < Lyy, so we have 7, = m and n, = L;yl. Then

L L L,L? L2 L L3
g 2C = C(LoLay + —2 | + | =22 ) + [ P12, + 2 ).
Nalyly — Nply  NeNyly My My Hy

Case2 p < Ly, and p, > Ly, so we have 1, = i and 7, = L;yl. Then

2

= (CLyLyy) + (inLy> +(¢*L2,) -

Y

L L
—+ S+ 2(
Nallylly — Nzly  NxTyly
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Case3 p> Lyy, py < Lyy, so we have n, = m and 7, = p~'. Then
L L L.L Ly, p? Lyyp?
4+ L+ 2C =<pxwy+pLxC>+<yp>+(c2p2+c xyp>‘
NaMytby — Nzly  MzMyky Hy Hy Hy

Cased p > Lgy, iy > Lyy, so we have 1, = ﬁ and 1, = p~'. Then

L, L ¢ p2L
5t —(CpLx)+(y>+(62p2)-
NxMyMy — NzHy  NzTyly My

For all cases combined, setting L = max{L,, Ly, L.y} and using p < L we have that
L L
— + S+ QC =O<§L2+C>.
Nelyly  Nzly  NzTlyHy Hy

Which yields
4
~ AyL L
TI5375 = O ¢ 2¢ C+—1.
€ Hy

We have shown that the complexity is dominated by 777575 and the resulting complexity is 7' =
~ 4
O(C ?2¢L4 /¢ + ;TLy)’ which concludes the proof. |

1.7. Technical Results

Lemma 35 Let M, N be Riemannian manifolds and let X < M, Y < N be g-convex subsets that

are uniquely geodesic. Let f : X x Y — R be such that f(-,y) is lower semicontinuous, f(zx,-)
is upper semicontinuous, and f(z,y) is (jiz,0)-SCSC in X x Y. Then ¢(x) & supyey f(,y) is
g -strongly g-convex in its domain. Also, if f is sup-compact, ¢(x) is well defined for all © € X

and it holds ¢(x) = maxyey f(z,y).

Proof Let 1, z2 be two points in the domain of ¢ and let -y be the geodesic joining v(0) = x; and
v(t) = xo with ¢ € [0, 1]. Then, we have for all y € ) that

tl—t)pa o
—d
2

t1—t)pa o
—d
2

f(v(®),y) @tf(xl,y) + (1 —t)f(x2,y) — (z1,72)

@ to(z1) + (1 —t)p(x2) —

(x1,x2).

Here, (1) holds by s,-strong g-convexity of f(-,y) and (2) uses the definition of ¢. Since the
inequality holds for all y, it also holds for the supremum, proving that ¢ is u, strongly g-convex.
Now we show that if f is sup-compact for some & € X, then ¢(x) = maxyey f(x,y) for
all z € X. To that aim, we show that the superlevel sets of f(x,-) are compact for all x € X.
We have that {y € Y|f(Z,y) > «} is compact because f(Z,-) is sup-compact. We have that
Vo ={y e V|f(z,y) = o,V € X} = (exly € V|f(z,y) = a} is closed because f(x,) is
upper semicontinuous. Further, Y~ < {y € V|f(Z,y) = a}, hence )~ is compact since it is the
intersection of a closed and a compact set. By the extreme value theorem, an upper semicontinuous
function reaches its maximum over a compact set, hence ¢(x) = maxyey f(z,y). [
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Lemma 36 [|] Consider a function f : M x N — R as described in Section 1.1. Further, let
h(z,y) = f(z,y) + ﬁd%j‘:,x) — %dQ(g,y) with

(#*,7*) < arg min arg max h(z, y).

reM yeN
Then, d*(&,%*) + d*(§,§*) < d*(§,9%) + d*(z,2*), where (&*, ") is the unconstrained saddle
point of f.

Proof of Theorem 36. Note that by Theorem 13, h admits an unconstrained saddle point (Z*, 5*).
We have that,

1 2(~ ~% 1 2(~ ~% 1 2(~ ~% 1 20~ %
— — —d _
1 1 1 1
< Sk Ak 205 kN 2(~ ok\ Ak o~k 2~ k) 2/~ ok

=h(Z*,§%) — h(z%,7") < 0.

It follows that
]

Proposition 37 [|] Consider a g-convex function f : X — R, where X < M is a compact convex
subset of a Riemannian Manifold M. Then for x* € arg min,. y f(x), it holds that

(Vf(z¥),log,x(y)) = 0,Vy € X. 48)
And analogously if f is g-concave and x* € arg max .y f(x). That is
(Vf(27),log,(y) < 0,Vy e X. (49)

Proof of Theorem 37. Let f be g-convex and 2* € argmin, y f(z). Then F(t) ¥ f(z* +
t(x — «*) for t € [0,1] reaches it’s minimum at ¢ = 0. Hence we have that 0 < F'(0) =
V{f(x*),log,«(x)). The proof for the g-concave case works analogously. [ |

Lemma 38 For a p-strongly g-convex function f : X — R where X < M is a compact g-convex
subset we have

Ed(a",y) < fy) - f(a*)
pd?(x,y) < (og,(y), Ty V f(y) — Vf(x)) (50)
= (log, (), T4V f(x) — Vf(y))
where * = arg min,. y f(x). Equivalently if f is u-strongly g-concave then
Ed(a™y) < fla™) - ()
pd?(z,y) < (—log,(y), TV f(y) — Vf(z)) (1)
= (—log,(x), Vf(z) =TyV f(y))

where ¥ = arg max,y f(x).
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Proof By strong convexity, we have

Ba2(a*,y).

F@®) < fly) + VF(@7), —logex (y) — 5

Using (48), we conclude that
SPEY) < J) I,
Further, by strong convexity, we can write
f() < £(y) + (Vf(2), ~ log, (y)) — Sd*(.y)
F(y) < £(@) + (Vf(y), ~log,(2)) — Td*(x.y).

Adding both inequalities, we get

pd*(z,y) <V f(y), —log,(z)) + (Vf(x), —log,(y))
=TV f(y) — Vf(z),log,(y))
( )

= T4V f(z) = V[(y),log,(x))
where the last two equalities follow from transporting the scalar products to 7, and 7, respectively.
The proof for the strongly g-concave follows by the same argument. |

Lemma 39 Assume f satisfies Assumption 1, define y*(x) ' arg max,cy f(7,y), *(y) S

def

arg maxyey f(2,y), d(x) = maxyey f(2,y) and ¥(y) = mingey f(x,y) then

1. y*(-)is oo-Lipschitz.

2. x*(+)is Luzy -Lipschitz.
3. @(x) is pg-strongly g-convex.
4. W(y) is py-strongly g-concave.

Proof By Theorem 37, we have

(logyx 2y (y), Vy f (2, y*(2)))
(logyx () (y), Vy f (2, 9™ (2)))

Sum up (52) with y = y*(z) transporting the scalar product to 7« .y and (53) with y = y*(x),

<0, Vye) (52)
<0, Vye)y (53)

(log s () (™ (2)), Vi f (2, 5*(2) = TV OV, f(@, y* (2))) < 0.

Then since f(z, -) is p1,-strongly g-concave, we have by Theorem 38

iy (¥ (@), 47 (2)) + Qogye () (™ (2)), TV OV, f (@, y* (2)) = V f (2, 5% (2)) < 0.
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Summing these two equations we get

pyd* (™ (), y*(2)) + Qogys (o) (¥*(2)), Vy f (2,5%(2)) = Vy f(z,5*(2)) < 0.

Further,
d(y*(x),y*(2)) < d~(y* (@), ¥ (2) )y~ ogye o) (¥ (2)), Vi f (2,5 (2) = Vy [ (2,4%(2)))
<y V(@ y™(2) = Vi f2,5%(2))]
ny T,z
s Hy o )

where we used gradient Lipschitzness. This concludes the proof for Statement 1. The proof of
Statement 2 works in the same way using strong g-convexity instead of strong g-concavity. The
proofs of Statements 3 and 4 follow directly by Theorem 35. |
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