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Abstract

Recent advances in self-supervised learning (SSL) have shown remarkable progress
in representation learning. However, SSL models often exhibit shortcut learning
phenomenon, where they exploit dataset-specific biases rather than learning gen-
eralizable features, sometimes leading to severe over-optimization on particular
datasets. We present a theoretical framework that analyzes this shortcut learning
phenomenon through the lens of extent bias and amplitude bias. By investigating
the relations among extent bias, amplitude bias, and learning priorities in SSL,
we demonstrate that learning dynamics is fundamentally governed by the dimen-
sional properties and amplitude of features rather than their semantic importance.
Our analysis reveals how the eigenvalues of the feature cross-correlation matrix
influence which features are learned earlier, providing insights into why models
preferentially learn shortcut features over more generalizable features.

1 Introduction

While deep neural networks have shown remarkable success in various learning tasks, recent studies
have revealed a concerning trend: models often exploit unexpected learning behavior, particularly
shortcut learning, which tends to take easier but potentially less reliable paths to solve general tasks
[13]. For example, in image classification tasks, models tend to learn earlier larger background
features than smaller foreground objects [17], potentially leading them to classify cows based on
whether they appear on grass rather than learning actual cow features, or identify camels primarily by
detecting desert backgrounds [5]. This phenomenon is prevalent even in SSL [11, 22, 29, 10].

While previous research has shown that neural networks are vulnerable to spurious correlations in
data [1], several other contributing factors to shortcut learning have been identified. Hermann et al.
[17] find shortcuts emerging from color, size, and background. Rahaman et al. [25], Tancik et al.
[27] find spectral bias that low-frequency features are learned faster than high-frequency features.
While significant progress has been achieved, current theoretical frameworks provide insufficient
explanations for why models consistently induce shortcuts.

Recent studies have demonstrated that SSL models with small weight initialization exhibit stepwise
learning dynamics, where features are learned sequentially based on the corresponding eigenvalues
of the feature cross-correlation matrix [26]. Building on this insight, we analyze the eigenvalue
and eigenvector structure of the feature cross-correlation matrix. This approach provides a novel
theoretical framework for understanding why certain features, regardless of their semantic importance,
are consistently learned earlier in the training process. Our investigation focuses particularly on how
dimensional properties influence learning priority, potentially explaining some observed shortcut
learning phenomena beyond traditional spurious correlations.

The contributions of our work are as follows:
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* We establish theoretical connections between shortcut learning phenomenon, stepwise
learning, and eigenvalue-eigenvector of feature cross-correlation matrix on SSL.

* We extend theoretical research on shortcut learning from supervised learning to SSL.

* We characterize extent bias, a tendency to prioritize features based on their dimensional
extent or spatial coverage rather than their semantic importance.

* We analyze how amplitude and frequency determine which features are learned earlier
in SSL, and characterize amplitude bias, a tendency to prioritize features based on their
amplitude rather than their semantic importance.

2 Related Works

Self-supervised learning SimCLR [7] established a foundational contrastive learning framework
but required large batch sizes to generate sufficient negative pairs for preventing representational
collapse. This limitation prompted research into non-contrastive approaches, leading to innovations
like SimSiam [8] and BYOL [14]. Further research introduced methods focusing on different training
objectives: VICReg [4] introduced variance-invariance-covariance regularization, while Barlow
Twins [31] employed cross-correlation matrix to prevent collapse. DINO [6] advanced the field by
introducing self-distillation with no labels. The success of DINO v2 [23] sparked interest in Joint
Embedding Predictive Architectures (JEPA) [2], with recent work by Littwin et al. [20] revealing
JEPA’s tendency to prioritize learning “related” features over “frequently”” occurring ones.

Learning dynamics Following the introduction of Neural Tangent Kernel (NTK) [18], researchers
have discovered important connections between eigenvalue dynamics and learning behavior, including
spectral bias phenomena [27, 15]. This theoretical framework has enabled deeper analysis of loss
function trajectories and saddle point behaviors [19, 24]. Notably, Simon et al. [26] demonstrated
that these saddle-to-saddle dynamics appear not only in supervised learning but also extend to SSL
settings.

Shortcut learning Shortcut learning was first identified in Geirhos et al. [13], describing how
neural networks take easier but incorrect paths to solve tasks. This phenomenon appears in various
ways: Geirhos et al. [12], Baker et al. [3], Hermann and Lampinen [16] showed that CNNs rely
on object texture rather than object shape, Wu et al. [30] demonstrated that even a single pixel can
mislead model’s decisions, and Hermann et al. [17] revealed that CNNs preferentially learn salient
but potentially irrelevant features like scale and background elements. These shortcuts can arise
from dataset properties, particularly through spurious correlations [1] and implicit biases. Our work
specifically examines how dataset correlations contribute to shortcut learning.

3 Background (Stepwise Nature of SSL [26])

In this section, following Simon et al. [26], we analyze the stepwise learning dynamics of SSL systems
through the lens of toy Barlow Twins models [31]. We first introduce the loss function and gradient
flow dynamics, then derive the connection between cross-correlation matrix and feature learning.
Finally, we examine how the eigendecomposition of feature cross-correlation matrix connects to the
theoretical foundation for our analysis of extent bias, amplitude bias.

Given training data {x i) e R™:¢=1,2,---,n}, the training loss of toy Barlow twins is defined as

=||C—14||%, C= & X0 (WaO)(Wa'O)T +(Wa'®D) (W) T, where ||- ||  is Frobenius
norm, W € R4*™ ig learnable parameters, and C' € R2%4d is cross-correlation matrix of Wz and
W' for another view 2’ from z. Using the feature cross-correlation matrix

1 n

- () 1(3)T 1(3) ()T mxXm

o Z +z ) € R™*™, (1)
we have £ = |[[WIWT — I,||% and C = WI'W . The eigendecomposition of the feature
cross-correlation matrix is I' = VpApVPT with Ap = diag(y1, - ,vm) and Vo = [v1 - vpy] €
R™>™ where v1 > v2 > - -+ > v, are eigenvalues of " and v;’s are the corresponding eigenvectors
for ~;’s
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Using (3), we can express the gradient flow as follows:

aw
Aﬁfz—vwcz-AavmvT—@an )
To analyze eigenvector dynamics of weights, we assume weight initialization is aligned.

Assumption 3.1 (Aligned Initialization Simon et al. [26]). At the initialization, we assume that the
right-singular vectors of W (0) are aligned with the top d eigenvectors of T, i.e., the singular value
decomposition is W(0) = U SQVF(SUI)T for a orthogonal matrix U € R?*?, the top-d eigenvector

matrix Vr(gd) = [v1---vg] € R™*4, and a diagonal matrix Sy = diag(s1(0),- -, s4(0)) with a

small initialization s;(0) > 0.

Under Assumption 3.1, the solution W (¢) for the gradient flow (2) can be expressed as follows
[26, Proposition 4.1]: W (t) = US(t)VF(Sd)—r for S(t) = diag(s1(t),- -, sa(t)), where the singular
values of W (t) evolve as

64’th
\/352(0) + (e85 — 1)

% ast — oo and nearly sigmoidal

sj(t) =

which has a limit of 7, 1

1
2(¢) ~ =: §2(¢). 3
(1) Vi +Sj_2(0)e—8wt 55(0) 3)

Solving §%(t) = 3s%(o0) atits critical time ¢ = 75, we have
log (s7(0)7;)
7= @)
87j

/

around which s;(t) (or §;(t)) passes %yj_l ? and rapidly increases from near zero to near the

saturation ;- 12
In this paper, we focus on the property that the eigenvector feature v; corresponding to a larger ;
leads to an earlier critical point 7; from (4).

4 Extent bias

In computer vision tasks, backgrounds typically span larger regions while foreground objects occupy
more concentrated areas. Recent work by Hermann et al. [17] reveals that CNNs preferentially
learn these background features over object-specific details, creating a specific form of spurious
correlation between backgrounds and class labels. For example, cows are often classified based on
grass backgrounds rather than their distinctive features, and camels are identified through desert scenes
[5]. This phenomenon points to a underlying learning mechanism we term extent bias, a fundamental
tendency of neural networks to prioritize features based on their dimensional extent or spatial coverage
rather than their semantic importance. The connection between extent bias and learning dynamics
implies the need for understanding a more fundamental mechanism beyond traditional spurious
correlations. While spurious correlations emerge from dataset-specific relationships, the bias toward
learning background features is inherent in the learning dynamics of neural networks themselves.
Through our analysis of SSL systems, we demonstrate that this bias for background features emerges
naturally from how models learn earlier features with higher extent bias, independent of their semantic
relevance or predictive power.

In this section, we investigate how different feature properties influence learning priorities in SSL.
Through extent bias analysis, we demonstrate how features with larger dimensional coverage are
learned before those with smaller coverage, regardless of their semantic importance.

We construct a theoretical framework that identifies dimensional effects in feature learning. By
analyzing how SSL models process features of varying extent bias, we can directly observe how
extent bias influences learning priority and connects to the background-foreground learning dynamics
observed in practice.
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Figure 1: Effects of extent bias on learning dynamics in SSL. (Left) Stepwise learning curves of
Barlow Twins. There are two (d = 2) learning steps shown with two black dashed vertlcal lmes (also

shown in the other two panels) which indicate the time steps ¢; and to with ¢; : =~ 'n : 71 =
m% : o~ The predicted loss (dashed green) of £ = 2?21(5\3‘( )—1)2 = Zj 1( 2(t)y; — 1)?

using (3) match the empirical result (solid green). (Center) Evolution of eigenvalues A;’s of C' during
training. At the beginning, the first eigenvalue A; (blue) increases to 1 and then later the second
A2 (red) follows. We also compare them with the predicted evolution A;(¢) (dashed lines). (Right)
Evolution of the feature alignment ||We||2 for e = e; (blue) and e = e, (red). It shows very similar
behaviors with the eigenvalues )\]1-/ 2 (dashed lines). See Theorem 4.5. We use m; = 9, m, = 1. See
Appendix A.1 for more detailed settings.

4.1 Settings

We first consider the following base input Tyae = [by1,),,,bs1,,, ]T € R™, where by, b, i1d. B(p =
0.5) follow the Bernoulli distribution and take the value 41 with the equal probability, m; and m
indicate the size of larger part and smaller part, respectively, i.e., m; > mg and m; + mgs = m, and
1 is the k-dimensional all-one vector. From now on, we will use the subscript [ and s for the indices
with respect to the larger-part and smaller-part features, respectively.

Then, to obtain the positive pair (x, 2"), we introduce the following data augmentation & = T, +

d.
€ and 2’ = Tpyee + &', with the noise ¢, &’ ) N(0,,,a?I,,) for some a > 0.

4.2 Learning Dynamics on extent bias

In this subsection, we discuss the relationship between ; and £, focusing on which features are
learned earlier. From Section 4.1, we can simplify the feature cross-correlation matrix I" by analyzing
the expected values of the augmented features. Based on the definition in (1), we have:

n

1 - .
I=- ;(xmm/(m + /O OT)

&)

=E [xbasext—);se]‘

To identify which features drive the loss as stepwise phenomena, we consider basis vectors that
disentangle individual features. Specifically, we define basis vectors e; and e; where each vector has
ones only in the dimensions corresponding to its respective feature:
T T T 4T
=101 es = 05,1, 17

FA(e ) = |[|[Wel|2 fore = e, es. (6)

By measuring the feature alignment between these basis vectors and the weight matrix through
FA(e) = ||Wel|2, we can identify which features are being learned at each stage of the training
process.

e R™.

The eigendecomposition of I' is given by the following proposition:
Theorem 4.1. For the correlation matrix in (5), we have the eigenvalue matrix Ar and eigenvector
matrix Vp:

=2 = [ey/ /i es/ /).

AF = dlClg ([mh mg, Om,Q])

We defer the proof to Appendix B.1.

We hypothesize that features with larger dimensions are learned faster, regardless of their predictive
power or potential to cause shortcuts. This is particularly relevant in vision tasks where such features
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might correspond to larger pixel regions. We experiment using a simple toy model to validate our
theoretical analysis of dimensional influence on feature learning. In our experimental setup, we used
two distinct features with different dimensional coverage (m; = 9 and m,; = 1), allowing us to
clearly observe the learning dynamics.

As shown in Figure 1, the results demonstrate three key phenomena:

Figure 1 (Left) shows loss trajectory (green line) exhibits two distinct stepwise phenomena, marked
by black vertical lines. These stepwise decreases precisely align with the abrupt increase in the
eigenvalue observed in Figure 1 (Center), confirming our theoretical prediction that eigenvalue
dynamics drives the learning process.

Figure 1 (Center) shows a clear stepwise pattern in which two distinct eigenvalues of I" increase
sequentially. This sequential increase directly corresponds to the learning priority of feature, with the
higher-dimensional feature (m; = 9) being learned first.

Figure 1 (Right) shows that, feature alignment measurements ||We||2 from (6) provide direct evidence
of the learning order: the alignment with e; (blue line, corresponding to the larger feature dimension)
increases during the first loss decrease, while e alignment (red line) follows during the second phase.
This learning pattern strongly supports our hypothesis that dimensional coverage determines how
early the features learned.

This result suggests that the spatial extent of features, rather than their semantic content, plays a
crucial role in determining learning priority.

4.3 Cross-Correlation eigenvalue )\ and Loss Relationship

In this subsection, we analyze the relationship between the eigenvalues \; of cross-correlation matrix

C.

Theorem 4.2. Under Assumption 3.1, the eigenvalues \; of feature cross-correlation matrix C =

WTWT, using the approximation s; = 3; in (3), are approximated as \; = s?vj = §]2qj =: S\j
which have
s Lo, =2y =]
() = g and () {50 012 @
at T; = —log(s3(0)v;)/8v; in (4). For the Barlow Twins loss L = ||C' — I4||3, we have L =
d -
S5\ = 1)? and =4 (75) = Nj(15) = 2.

We defer the proof to Appendix B.3.

Figure 6 in Appendix C shows the relationship between cross-correlation eigenvalue A differentiated
with respect to ¢ and loss derivatives %. The close alignment between the loss derivative and A
derivative curves demonstrates that the decrease in loss is directly driven by A, with larger m; features
learned, and smaller m features learned later. The curves’ relative magnitudes show an approximate
my : mg ratio, which matches our theoretical predictions.

4.4 Weight Singular Value Evolution

To verify the dynamics of weight singular values s;, we propose the following theorem:
Theorem 4.3. Using the approximation (3), the singular values of the weight matrix W satisfy

§i(rj) = 1/\/2v; and §(1j) = \/27;

at the critical point t = ;.
We defer the proof to Appendix B.4.

Figure 7 in Appendix C shows two key aspects of singular value dynamics during training. First,
the singular values s; evolve to their theoretical limits 1/,/7; and 1/,/7s, as predicted by our
analysis. Second, the derivatives of these singular values exhibit peaks at their respective critical
points, with magnitudes that follow the predicted /27; : /27 ratio. These results provide strong
empirical validation of our theoretical framework, demonstrating that both the convergence values
and learning priority on different features are governed by their corresponding eigenvalues in the
feature cross-correlation matrix I'.
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4.5 Aligned Initialization and Subspace Alignment

To justify our alignment initialization assumption in Assumption 3.1, we first define the following
subspace alignment metric:

Definition 4.4 (Subspace Alignment). We define subspace alignment of two subspaces Im(A) and
Im(B):

SA(A, B) = ||AT B|[%/d,

where Im(A) = {Av € R™ : v € R4}, A = [ay---aq], B = [by---bg] € R™*? and a;,b; € R™
are unit vectors.

Note that 0 < SA(A, B) < 1and it attains SA(A, B) = 0 whenIm(A4) L Im(B),and SA(A, B) =1
when Im(A) = Im(B). Figure 10 (Top) in Appendix D empirically validates Assumption 3.1 using
the subspace alignment metric. The model becomes aligned rapidly in the early stages of training,
satisfying the assumption.

4.6 Orthogonal Feature Learning

Our analysis shows that features are learned as orthogonal to each other, where each feature is acquired
independently without interference from others. This orthogonal learning pattern is particularly
evident in the evolution of the model’s weight matrix singular vectors. To formalize this observation,
we analyze how the left singular vectors of the weight matrix align with the feature vectors during
training.

Theorem 4.5. Under Assumption 3.1, the left singular vectors u of W (t) learn features orthogonally:

Proji <2y (Wep) = (ulTWel,u;rWel) = (v/A,,0),
PrOjU(§2)(WeS) = (ul—rwe&u;rwes) = (Oa V As)a

where uy, us are the corresponding left singular vectors for the singular values sy, Ss.

Figure 11 shows orthogonal learning pattern that features are learned independently and sequentially,
supporting our theoretical analysis of stepwise learning dynamics.

4.7 Non-linear multi layer network

Nonlinearity exhibits distinct learning dynamics compared to linearity. Therefore, we aim to investi-
gate whether extent biass also exists in multilayer perceptrons (MLPs). We experiment with a 3-layer
network, using leakyReL U as the activation function, for understanding non-linear feature learning
dynamics. Our non-linear network experiments demonstrate that extent bias persists beyond linear
models. As shown in Figure 14 in Appendix G, the non-linear network exhibits remarkably similar
stepwise learning patterns to those observed in linear models Figure 1. Key similarities include: simi-
lar eigenvalue evolution patterns, consistent stepwise loss reduction phases. These results suggest that
extent bias is a fundamental learning phenomenon that transcends network architecture complexity,
rather than being merely an artifact of linear models.

4.8 Practical Study on Colored-MNIST Dataset

We conducted experiments using a Colored-MNIST dataset, where we adjusted the ratio of digits
pixels relative to the total image pixels. We tested three different ratios: 0.05, 0.10, and 0.15. In this
dataset, we set the correlation between background and label to 70% for both training and test sets,
making it difficult for a model that predicts solely based on background to achieve accuracy higher
than 70%. According to our hypothesis, since backgrounds have larger extent bias than objects, the
test set accuracy would rapidly increase from an initial 10% (random choosing) to 70% (as the model
learns background features), then plateau for a period, before slowly rising to 100% (as it learns
object features). We also hypothesized that this plateau period would decrease as the ratio of label
pixels increases in the images, with shorter plateaus observed in the 0.15 ratio condition compared to
0.05.

Figure 2 supports our hypothesis. Across all pixel ratio conditions (0.05, 0.10, 0.15), test accuracy
exhibited a consistent pattern: a rapid increase from initial 10% to 70%, followed by a plateau period,
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Figure 2: Extent bias effects on spurious datasets. ResNet18 on the Colored MNIST dataset. (Left)
Loss decreases even though the error rate doesn’t decrease. (Right) The error rate has a plateau
at 70%, which corresponds to the correlation between background and object. The lengths of the
plateaus become shorter as the object’s pixel ratio increases. See Appendix A.2 for more detailed
settings.

and then a gradual ascent to 100%. Notably, as the object pixel ratio increased, the duration of the
plateau phase decreased. The loss function continued to decrease even when accuracy remained
stagnant at 70%. This suggests a extent bias where larger objects are prioritized during the learning
process. The pattern reflects how the model initially achieves 70% accuracy by relying on background
features, which statistically occupy larger regions, before progressively learning object features.
Furthermore, this indicates that larger extents occupy greater eigenvalues, implying a reduction in the
critical point 7;.

S Amplitude Bias

In regression tasks, the phenomenon of spectral bias has been observed, wherein low-frequency
components are learned more rapidly than high-frequency components during the training process.
Conversely, in classification tasks, a phenomenon known as frequency shortcut [28] has been observed,
wherein the model preferentially learns the distinctive Fourier components of the input during the
training process. While these studies have primarily focused on supervised learning, we extend this
investigation to the SSL, seeking to understand whether similar learning dynamics persist within SSL
frameworks.

5.1 Settings

To analyze how frequency and amplitude bias affect learning dynamics, we consider input data
Thase € R composed of two sinusoidal components with different frequencies:

Thase [t} = cpbp sin(fht) + ¢ib; sin(flt), ®)
where f, = %’rk‘ and f; = %k’ represent different frequencies for some integers k and k', by, b; i
B(p = 0.5) follow the Bernoulli distribution and take the value +1. Suppose f;, < f; to examine
the learning dynamics between low and high frequency components. The coefficients ¢, and ¢;
control the amplitude of each sinusoidal component, allowing us to investigate how magnitudes affect
learning earlier. The Bernoulli variables by, and b; introduce phase reversal in the signal. The time
vector ¢ spans the input dimension m. We use the same augmentation with (4.1) to generate positive
pairs (z, ') by adding Gaussian noise.

5.2 Learning Dynamics on Amplitude Bias

Similar to Section 4.2, we consider basis vectors e;, and ¢; that isolate individual features: e;, =
ch singfht) and e; = ¢;sin(fit), where 0 < t < m. Note that these two are orthogonal since
n = >~k and fi= %k' with k # k’. Similar to Theorem 4.1, the cross-correlation matrix I" for the

data generated from (8) can be expressed as follows:

Theorem 5.1. Under (8), the correlation matrix I' has

Ar = diag ([0,3771/27012771/27 Om_g]) , F(S2) =len €] .
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Appendix A.3 for more detailed settings.

We defer the proof to Appendix B.2.

From (9), we observe that eigenvalues are proportional to the squares of the coefficients ¢ and c7.
This implies that the learning dynamics are more strongly influenced by the amplitude rather than the
underlying frequency.

To validate our theoretical analysis of amplitude bias effect on learning dynamics, we conduct
experiments using input data defined in (8). Especially, we set c;, > ¢;. This configuration shown in
Figure 4 in Appendix A, allows us to examine how high-amplitude ¢;, sin(fy,¢) and low-amplitude
¢ sin( fit) affects feature amplitude bias. More details about the experiment are in Appendix A.3.

Our analysis reveals two dominant eigenvalues. The large eigenvalue corresponds to the high-
amplitude feature, and small eigenvalue corresponds to the low-amplitude component. The eigen-
vectors of I" are shown in Figure 5 , Appendix A. The first eigenvector, which corresponds to the
largest eigenvalue, captures the dominant high-amplitude oscillation. The second eigenvector, which
matches next-largest eigenvalue, captures the low-amplitude oscillation. Other eigenvectors are noise,
corresponding to eigenvalues that are almost 0.

5.3 Cross-Correlation eigenvalue )\ and Loss Relationship

We analyze how the eigenvalues A relate to the loss dynamics. The relationship follows similar
patterns to those observed in Section 4.3, but with coefficients c;, and ¢; rather than m; and m.

Figure 8 in Appendix C shows the close relationship between the derivatives of cross-correlation
eigenvalues %, % and dd—f. The peaks in these derivatives occur at the critical points with mag-
nitude; proporti.or.lal to the corresponding coefﬁc_ie;nts Yhot Y = c%l : 612 (see (9)). This shows our
theoretical predictions Theorem 4.2 matches empirical result.

5.4 Weight Singular Value Evolution

We now analyze how the singular values of the weight matrix evolve during training. Similarly to the
extent bias case, we expect the singular values s; to converge to theoretical limits determined by the
feature coefficients.

Figure 9 in Appendix C shows the evolution of singular values s;, and s; of weight matrix W (Left)
and their derivatives (Right). The singular values converge to their theoretical limits 1/, /7; predicted
by Theorem 4.3, where v; = c? . At the critical points 7;, the derivatives achieve their maximum
values of /27;, showing that rates of feature learning are proportional to the coefficients. These

results confirm that the feature coefficients, rather than their frequencies, govern both the convergence
values and rates of feature learning.

5.5 Aligned Initialization and Subspace Alignment

To validate Assumption 3.1 about alignment between the weight matrix singular vectors and eigen-
vectors of I', we measure the subspace alignment metric as defined in the extent case Definition 4.4.
Figure 10 (Bottom) in Appendix D empirically validates our assumption through subspace alignment
measurements. As discussed in Section 4.5, the model achieves alignment rapidly in the early stages
of training, even with small random initializations.
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5.6 Orthogonal Feature Learning

Similar to the extent case, we investigate how the weight matrix learns different frequency components
orthogonally as shown in Theorem 4.5. The orthogonal learning pattern reveals how frequency features
are acquired independently despite their different spectral characteristics.

Figure 12 in Appendix E shows the trajectories of weight matrix in terms of their alignments
with frequency components e;, and e;. The blue trajectory shows the first learning phase where
uq aligns with the high-amplitude feature (¢, sin( f5t)), followed by the red trajectory showing wus
aligning with the low-amplitude feature (¢; sin( f;t)). This sequential, orthogonal learning pattern
demonstrates that feature learning is primarily determined by coefficient magnitudes rather than
frequency characteristics, supporting our analysis in Theorem 4.5.

5.7 Non-linear multi layer network

Same as Section 4.7 in Appendix G, we conduct experiments with a 3-layer network using leakyReLU
activations to analyze how amplitude coefficients affect learning dynamics in non-linear settings.

Figure 15 in Appendix G demonstrates amplitude bias effects in non-linear networks is similar
to linear networks on Figure 3. These results confirm that amplitude bias persists in non-linear
architectures, suggesting amplitude magnitude remains a primary determinant of feature learning
priority regardless of network complexity.

5.8 Discussion

Figure 13 in Appendix F shows that a learning process is driven primarily by feature coefficient
magnitude rather than frequency characteristics. The key observation is that the first learned features
are those with large coefficients, independent of their spectral properties. This finding parallels
frequency shortcut [28] in classification tasks, but reveals a different underlying mechanism. While
frequency shortcut suggests models preferentially learn distinctive Fourier components, our results
demonstrate that amplitude magnitude—not frequency characteristics—primarily determines feature
learning priority.

6 Conclusion

In this work, we establish a theoretical connection between eigendecomposition of the feature cross-
correlation matrix, shortcut learning, and stepwise learning behavior in SSL. We provide insights
into how dimensional feature properties influence the learning process in SSL frameworks. This
work not only explains observed shortcut learning phenomena but also offers a theoretical lens for
understanding and potentially mitigating such learning biases. This theoretical framework lays the
groundwork for developing more robust SSL algorithms. Future work should focus on leveraging
these insights to design mechanisms that encourage learning of generalizable features despite their
potentially lower extent bias or amplitude bias.
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A Experimental Details

A.1 Extent bias Experiment

For the extent bias experiment shown in Section 4.1, we train the model using 400 epochs. The
augmentation noise parameter a was set to 0.01. We use a dataset size of n = 1000 samples with
feature dimension m = 10. We also use learning rate = 6 - 10~* and scaling factor 5 - 101,

A.2  Colored MNIST Experiment

For the Colored MNIST shown in Section 4.8, we train the model using default augmentation
(RandomResizedCrop, RandomHorizontalFlip, RandomColorJitter, RandomGrayscale, Random-
GaussianBlur, RandomSolarization) with augmentated image size 42 x 42. We use background colors
as [[255, 0, 0], [0, 255, 0], [0, 0, 255], [255, 255, 0], [255, 0, 255], [0, 255, 255], [0, 123, 123], [123,
0, 123], [123, 123, 0], [123, 0, 0]][digit]. We trained ResNet18 with 60 epochs, AdamW [21] with
learning rate = 4 x 1076,

A.3 Amplitude Experiment

For the amplitude experiment shown in Section 5.1, we train the model using 500 epochs. The
augmentation noise parameter a is set to 0.1. We use a dataset size of n = 1000 samples with feature
frequ%récy fn =222, fi = 322%. We also use learning rate 7 = 5 - 107, scaling factor 3 - 10~ and
m = 96.

0 20 40 60 80
t

Figure 4: Input data © = Zpase + €. Toase[t] = bpep sin(fnt) + by sin(fit), where ¢, = 1,¢ =
0.5, fp = 2232, f = 228, m = 96.

0.1 01 02
0.0 0.0
0.0
—0.1 0.1
0 20 10 60 80 0 20 10 60 80

0 20 40 60 80
vy index v, index v3 index

Figure 5: The eigenvectors v;’s of I" for ¢ = 1,2, 3 (from Left to Right). (Left) The first eigenvector
that correspondent to the largest eigenvalue indicates the (high frequency) feature with a high

amplitude ¢y, sin (fxt), (Center) the second the (low frequency) feature with a low amplitude feature
¢; sin (fit), (Right) the third (and beyond) noise, where ¢; < ¢p,.

B Proofs

B.1 Proof of Theorem 4.1
Through matrix analysis, we can express:

_ T _ 1m, Xmy Oms Xmy
I'= E[xbasexbase] ~lo 1
mpXmsg Mg XMmg
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a3s  which has two eigenvectors e;/||e;|| and e;/||es|| correspond to nonzero eigenvalues. We get the
439 eigenvalues m; and mg from the following equation:

det(T' — AI) = det(Lmy, xm, — Mmyxcm,) det(Lm, xm. — Mm.xm.) = 0.
440 Finally, we can get the eigendecomposition I' = Vp ArVr where

AF = dlag ([mh mg, 0m72]) 5

V(<d) Lel Le .
N N TN o

441 B.2 Proof of Theorem 5.1

442 The cross-correlation matrix I' for this input can be expressed using (5):

I'= E[Ibasext—;se]
= R[c2b? sin(ft) sin(fut) " + c?b2 sin(fit) sin(fit) " + cpeibpbysin(fut) sin( fit) T + cpeibpby sin(fit) sin(fi,t) ']
= ¢ sin(fut) sin(fat) " + ¢ sin(fyt) sin(fit) .
443 Using the orthogonality between sin( fj,¢) and sin(fit) (fn # fi), where t € N,

T = ¢ sin(ft) sin(fnt) " + ¢ sin(fit) sin(fit) ",
Tsin(fut) = ci | sin(fnt)||* sin(fnt),
Tsin(fit) = || sin(fit)||* sin(fit).
444 We find eigenvector and eigenvalue as:

Ar = diag ([}||sin(fut)][, | sin(/it) |, 0n—2])

<2)

Vi = (e e

445 With f = %k for some integer k, we have

|sin(fx)||2/0msm /ml—cos 2f$)d:c

1 {x sm(2fx)}m _m sin2fm) _m
— 3

2 2 2 4

0

446 Finally, we have

Ar = diag ({chg 6?1721 Om_QD ,

VSSQ) = [eh 6[].

447 B.3 Proof of Theorem 4.2
448 We have
Aj(t) = 83 (t)y; = (14 X;(0) " te 50t~

449 and thus if we plug in 7; = —1log(A;(0))/8;, i.e., exp(—87;7;) = A;(0), then we have \(15) =
450 (14 1)~' = 1. The derivative /\’ (t) att = 7; is given as follows:

Nj(t) = —(L 4+ X;(0)"Lem®1) 72 (=87, A;(0) e )
= =X ()(=874,(0)"Te ™)
Nj(75) = =X (75) (=837, (0)A(0))
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451 Using the equations

d d
_ T 2 _ 2. T
C= E Ajuju; and CF = E Ajugug
=1

j=1
452 we get the loss

L=|C~1I|%=Tr((C—1I)(C~-1)=Tr(C? —2Tr(C)+d

u
U
SH

454 B.4 Proof of Theorem 4.3
455  First, we have
8j(t) = (75 + 552(0) exp(=8;1))~1/2,
5i(1j) = (v + 57 2(0)A;(0)) /2
= (295)7%.
456 and its derivative is given as follows:

53 (t) = f%(’yj + 5]72(0) exp(foyjt))*?’m(78'yjsj_2(0) exp(—8v;t)),

5(73) = —5 (1 + 5720001 (0)/2(=82572(0),0)
= —5(23)2(-872)

= (29)"/%.
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C Derivatives

i
P37 AU O U SO RSO O —— dAydt
dAs/dt
------ —de/dt

10

0 500 1000 1500 2000 2500 3000 3500 4000
Step

4 et i kit i ———- == —————

Flgure 6 Derivatives d>;5l (blue), and — (black dashed). The derivative ‘D‘l (77) (solid

blue) (Ts) (solid red) are approx1mately equal to 27[ = 2m; (dashed blue), 2v, = 2m8 (dashed
red).

1.2

1/ Vs S e e Sme——————

Ss '/
& 06 /
/4
Ny - ~7
0.0 -7
0 500 1000 1500 2000 2500 3000 3500 4000 0 500 1000 1500 2000 2500 3000 3500 4000
Step Step

Figure 7: Evolution of s,(¢) and s;-(t). (Left) Evolution of singular values s; (solid blue) and s,
(solid red) of W during training. They converge near to 1/,/9; = 1/3 (dashed horizontal blue) and
1/,/7s = 1 (dashed horizontal red), respectively. The predicted singular values (dashed blue, dashed
red) match the empirical result (nght) Evolution of the derivatives ds’ (solid blue) and ds* (solid
red). The derivatives ‘fit (1), ¢ < (7s) are approximately equal to / 271 (dashed horlzontal blue),

v/27s (dashed horizontal red). The predicted derivatives of singular values (dashed blue, dashed red)
also match the empirical result. We use m; = 9 and mg = 1.
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s dAp/dt
------ —dc/dt
———————————————————T/—,—-"-:fd*\\- ——————————————
—60
0 50 100 150 200 250

Step

Figure 8: Derivatives % (blue), 4! (red), and — £ (black dashed). The derivative 922 (7,) (solid

blue), % (71) (solid red) are approximately equal to 27, = 20,2L(dashed blue), 2v; = 2cl2 (dashed red).
See Figure 6 together.

0.4

1N7 _— T e ————
. . Sh il -
& 02 / gls
yn === ~
A
0.0 e
0 100 200 300 400 500

Step

Figure 9: Evolution of s;(t) and s)(t). See the caption of Figure 7. (Left) They converge near
to 1/ = 1/y/c3% and 1/,/5 = 1/4/c}2 . (Right) The derivatives “% (1), %L (7;) are
approximately equal to \/27y, v/27;. We use ¢, = 1 and ¢; = 1/2.
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s D Subspace Alignment
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Figure 10: Evolution of subspace alignment SA(V(Sd)7 Vr(gd)) (d = 2) between the top-d right

singular vectors of W and eigenvectors of I". We use the data (Top) from Section 4.1 and (Bottom)
from Section 5.1. See Appendix A.
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E Orthogonal Feature Learning

w— Projy=2(Wey)
Projyc=a(Wes)

1.0

0.8

1500, 7, <

2000
S%e 5 ’
P 25004000

’

3500, 0.0

Figure 11: Visualization of the trajectory of We; and We, on the subspace spanned by w1, us
during training. The high-dimensional feature We,, (blue solid line) aligns with u; and the low-
dimensional feature We; (red solid line) aligns with us. Dashed lines are predicted trajectory (see

Theorem 4.5).

Projy=a(Wey)
e Projy=2(Wep)
1.0
0.8
06
B
T0.4
~~~~~~~~~~~~ 0.2
~~~~~~~ 0.0
1.0
0.8
o ) 06
100 ” 0.4 Y
200 - =
Step 300 0.2
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Figure 12: Visualization of the trajectory of We;, and WWe; on the subspace spanned by w1, us
during training. See the caption of Figure 11.
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w0 F Right Singular Vectors of W/

0.2 0.1 0.1
0.0 0.0 0.0
—0.2 -0.1 —0.1
0 20 10 60 80 0 20 40 60 80 0 20 40 60 80
vy index vy index vy index
0.2
0.2 01
0.0
0.0 0.0
0.2
02 —0.1
0 20 10 60 80 0 20 40 60 80 0 20 40 60 80
v, index v, index v, index

Figure 13: The first two right singular vectors (Top/Bottom) of 17/ during training (from Left to
Right). (Left) At ¢ = 0, the two singular vectors are just noise. (Center) A little after ¢ = 7, the first
singular value reaches the plateau as shown in Figure 3 and only the (high frequency) feature with a
high amplitude is learned. (Right) At the convergence, the model learns the two features.
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G Non-linear Experiments

2.0 1.00
(]
1.5 = 0.75
n <
8 2
310 5 0.50
20
0.5 M 0.25 — A
— /\5
00 i 0.00 = i
0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400

Step Step

Figure 14: Effects of extent bias on learning dynamics in non-linear network. (Left) Stepwise
learning curves of Barlow Twins. There are two (d = 2) learning steps shown with two black dashed
vertical lines (also shown in the other two panels) on empirical result (solid green). (Right) Evolution
of eigenvalues A;’s of C' during training. At the beginning, the first eigenvalue \; (blue) increases to
1 and then later the second A, (red) follows. We use same inputs in Figure 1.

2.0 1.00
15 ‘ 0.75

2 i i E
S10 | : 0.50
0.5 l 0.25
; ! 0.00

0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400
Step Step

Eigenvalue

Figure 15: Amplitude bias effects on learning dynamics in non-linear network. (Left) Stepwise
learning curves of Barlow Twins showing two distinct learning phases with vertical dashed lines
marking critical transition points during training. The green line shows empirical loss decreasing in
two clear stages. (Right) Evolution of eigenvalues A; of correlation matrix C during training. The
eigenvalue )\; (blue) increases first, followed by the eigenvalue )\, (red), demonstrating amplitude-
based learning prioritization. We use same inputs in Figure 3.
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H Limitations

Our study has several limitations due to its simplified assumptions. While our theoretical analysis
provides valuable insights into the relationship between extent bias and shortcut learning, several
limitations should be acknowledged:

* Linear Network Assumption: We focus on one-layer linear networks, which may not capture
the complexities of multi-layer non-linear neural networks.

* Feature Independence: Our assumption of independent features may not reflect the complex
interdependencies in practical scenarios.

* Augmentation Limitations: Augmentation Limitations: Our basic augmentation approach
may not fully represent the sophisticated strategies used in modern SSL methods.

Future work could address these limitations by extending the theoretical framework to non-linear
networks, incorporating feature interactions, and analyzing the impact of more complex augmentation
strategies.

I Supplementary Studies

I.1 Non-linear Feature Learned Measurement

Nonlinearity exhibits distinct learning dynamics compared to linearity. Therefore, we aim to investi-
gate whether extent biases also exists in multilayer perceptrons (MLPs). We define a measurement of
feature learning as:

Definition I.1. (Feature Learning Distance). When a model f(-, #) has sufficiently learned a specific
latent feature vector ey, f(X, #) contains information about e for input X = p(ey) € R™ where
p represents some non-linear transformation function. Consequently, if a simple linear probing
function g can extract ey from f (X, #), we can define that the model f has meaningfully learned e;.
Furthermore, to quantify the degree of learning, assuming an optimally trained probe g, we define a
feature learning metric

MSE(g(f(X,0)),ey)
llesll3

FLD(k) = minE, cp, ; ©))
g

where Py, is distribution of feature k.

1.2 Non-linear on extent bias

We experiment on Section 4.7, for understanding non-linear feature learning dynamics. Figure 14
shows this results.

. i i 1.00
20 i ! 1.00

) 0.75
Z0.75 °
£ 050 0.50

3] 0.25 0.25

i : 0.00 = i
0 100 200 300 400 0 100 200 300 400
Step Step

0.00

Figure 16: Effects of extent bias on learning dynamics in non-linear network. (Left) Stepwise
learning curves of Barlow Twins. There are two (d = 2) learning steps shown with two black dashed
vertical lines (also shown in the other two panels) on empirical result (solid green). (Center) Evolution
of eigenvalues \;’s of C during training. At the beginning, the first eigenvalue A; (blue) increases
to 1 and then later the second As (red) follows. (Right) Evolution of the feature learning distance
FLD(e) for ¢; (blue) and e, (red). See Definition I.1. We use m; = 9, m, = 1. See Appendix A.1
for more detailed settings.

From Figure 16, we observe FLD(e;) drop earlier than FLD(ey). Therefore, the phenomenon of e;
being learned before e is consistent with the linear case.
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Figure 17: Amplitude bias effects on learning dynamics in non-linear network. (Left) Stepwise
learning curves of Barlow Twins showing two distinct learning phases with vertical dashed lines mark-
ing critical transition points during training. The green line shows empirical loss decreasing in two
clear stages. (Center) Evolution of eigenvalues A; of correlation matrix C during training. The eigen-
value \j, (blue) increases first, followed by the eigenvalue \; (red), demonstrating amplitude-based
learning prioritization. (Right) Evolution of feature learning distance FLD(e) for high-amplitude
feature el (blue) and low-amplitude feature es (red), confirming that features with higher amplitude
coefficients (c) are learned before those with lower amplitude (c;), even in non-linear architec-
tures. Note that FLD decreases as the network learns to represent the corresponding feature. We use
cn = 1,¢; = 0.5 and a 3-layer network with leakyReLU activations. See the caption of Figure 16.
See Appendix A for additional experimental details.

L3 Non-linear on amplitude bias

Using Definition 1.1, we experiment on Section 5.7. Figure 17 demonstrates amplitude bias effects in
non-linear networks. The results show that features with higher amplitude (cy,) are learned before
those with lower amplitude (¢;), consistent with our linear model findings. Specifically, F LD(ep,)
decreases earlier than F'L D(e;), mirroring the eigenvalue increase patterns observed in the left and
center panels. These results confirm that amplitude bias persists in non-linear architectures, suggesting
that amplitude magnitude remains a primary determinant of feature learning priority regardless of
network complexity. This provides additional evidence that deep learning models respond more
sensitively to amplitude characteristics than frequency properties, even when non-linearities are
introduced.

1.4 Eigenvalues on Shift Augmentation
Zhase = Cq SIN(fol + €4) + cpsin(ft + €)
€a,s €b i U(—m,m)

I'= E[‘rbaSE‘r;:zse]
I = E[c? sin( foi + €4) sin(foj + €4) + cacpsin(foi + €4) sin(fpj + €)
+ cacysin(fyi + €) sin( foj + €q) + 2 sin(foi + ) sin(fpj + €)]

ey T(exp(i(0, + €4))) Im(exp(i(6y + €1)))]

co [Im(exp(i(0y + €4)))|Ee, [Im(exp(i (0 + €5)))]
Im(Ee, [exp(i(fa + €a))]) Im(Ee, [exp(i(6s + €5))])
Im(E,, [exp(i€,) exp(if,))]) Im(E, [exp(iep) exp(iby))])
Im((1) exp(ifla)) Im(p(1) exp(i6s))

We can define u,das u = p+ a,d = p — o, = 2.

E, e, [sin(f, + €4)sin(6y + )] = E
E

_ exp(iu) —exp(id) _ exp(ip) exp(ia) — exp(—ia) _ exp(in)

wll) = i(u—d) T i 2i ai infa) =0

So,
E, ., [sin(f, + €4) sin(6p + €,)] = 0
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s07  Similar,

El[sin(0, + €,) sin(fp + €,)] = —%E[cos(@a + 0y + 2¢,) — cos(0, — 6)]

= —%E[cos(@a + 6y + 2¢,)] + %cos(ﬁa —6)

1/ 1 1
= —— 3 2 _ o _
5 /a [b . cos(0q + 0p + 2z)dx] + 5 cos(0q, — 0p)

11 1

= =15 [8n(0a + 0 + 2b) — sin(0 + 0 + 2a)] + 5 cos(0a — 6)
11 : 1

=17 [2cos(0g + O + a + b) sin(b — a)] + 3 cos(6, — 6p)

s08 we assumed b — a = 2,

1
E[sin(, + €,) sin(0p + €,)] = 3 cos(f, — 6p)

so9 finally, we get
c? c?
Py = 2 cos(fali = ) + 2 cos(fy(i — )

s10 s symmetric circulant matrix when f, = a3F, f, = b3T,

c2 N ,
¢j = = cos(fag) + 5 cos(fo])
N-1
Ap’k = cjw_k]
j=0
1 T
Ve = ﬁ [1,wk7w2k,...,w(N Dk

27 2 2
w= exp(%) = COS(%) + isin(%)

511 This is symmetric, so eigenvalues are real. The eigenvectors can be expressed either in complex form
512 or as pairs of real vectors. Using properties of Discrete Fourier Transform (DFT) matrix on Ar z,

O(k#lanN_laalth_lb)

Arp={% (k=lyork=N—1,)
% (k=lpork=N—1)
513 Finally, we can derive as:
2 2 2 2
ar=dig (|5 5.5, F. 00ma) ).
VF(S4) = {leh cos Leh sin L81 cos L€l sin:| .

514  where

€h,cos = Ca COS(fql)
€hsin = Ca SIN(fat),
(fot)
(fot)

)

fot),

€l,sin = Cp sin(fot).

€l,cos = Cp COS
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction clearly state our main contributions: (1) establish-
ing theoretical connections between shortcut learning, stepwise learning, and dataset’s cross
correlation’s eigendecomposition in SSL, (2) extending theoretical research on shortcut
learning to SSL, and (3) characterizing extent bias and amplitude bias in learning dynamics.
These claims accurately reflect the scope of our work as demonstrated in Section 4, and
Section 5 where we provide both theoretical foundations and empirical validation.

Guidelines:
¢ The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

 The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We acknowledge the limitations of our work in Appendix H. Our analysis
primarily focuses on linear networks, which may not fully capture the complexities of
deep non-linear architectures used in practice. We also assume feature independence which
simplifies analysis but may not reflect real-world feature interdependencies. Additionally,
our augmentation approach is more basic than sophisticated strategies used in modern SSL
systems. We suggest future research directions to address these limitations.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

 The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.
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566 * While the authors might fear that complete honesty about limitations might be used by

567 reviewers as grounds for rejection, a worse outcome might be that reviewers discover
568 limitations that aren’t acknowledged in the paper. The authors should use their best
569 judgment and recognize that individual actions in favor of transparency play an impor-
570 tant role in developing norms that preserve the integrity of the community. Reviewers
571 will be specifically instructed to not penalize honesty concerning limitations.

572 3. Theory assumptions and proofs

573 Question: For each theoretical result, does the paper provide the full set of assumptions and
574 a complete (and correct) proof?

575 Answer: [Yes]

576 Justification: All theoretical results in our paper are presented with complete assumptions
577 and rigorous proofs. Each theorem explicitly states its assumptions and corresponding proofs
578 are provided in Appendix B with detailed derivations. We use a consistent numbering system
579 for cross-referencing and provide proof sketches in the main paper to build intuition before
580 directing readers to the complete proofs.

581 Guidelines:

582 * The answer NA means that the paper does not include theoretical results.

583 * All the theorems, formulas, and proofs in the paper should be numbered and cross-
584 referenced.

585 * All assumptions should be clearly stated or referenced in the statement of any theorems.
586 * The proofs can either appear in the main paper or the supplemental material, but if
587 they appear in the supplemental material, the authors are encouraged to provide a short
588 proof sketch to provide intuition.

589 * Inversely, any informal proof provided in the core of the paper should be complemented
590 by formal proofs provided in appendix or supplemental material.

591 * Theorems and Lemmas that the proof relies upon should be properly referenced.

592 4. Experimental result reproducibility

593 Question: Does the paper fully disclose all the information needed to reproduce the main ex-
594 perimental results of the paper to the extent that it affects the main claims and/or conclusions
595 of the paper (regardless of whether the code and data are provided or not)?

596 Answer: [Yes]

597 Justification: We provide comprehensive details to reproduce our experimental results in
598 Section 4 and Section 5, with additional specifics in Appendix A.

599 Guidelines:

600 * The answer NA means that the paper does not include experiments.

601 * If the paper includes experiments, a No answer to this question will not be perceived
602 well by the reviewers: Making the paper reproducible is important, regardless of
603 whether the code and data are provided or not.

604 * If the contribution is a dataset and/or model, the authors should describe the steps taken
605 to make their results reproducible or verifiable.

606 * Depending on the contribution, reproducibility can be accomplished in various ways.
607 For example, if the contribution is a novel architecture, describing the architecture fully
608 might suffice, or if the contribution is a specific model and empirical evaluation, it may
609 be necessary to either make it possible for others to replicate the model with the same
610 dataset, or provide access to the model. In general. releasing code and data is often
611 one good way to accomplish this, but reproducibility can also be provided via detailed
612 instructions for how to replicate the results, access to a hosted model (e.g., in the case
613 of a large language model), releasing of a model checkpoint, or other means that are
614 appropriate to the research performed.

615 * While NeurIPS does not require releasing code, the conference does require all submis-
616 sions to provide some reasonable avenue for reproducibility, which may depend on the
617 nature of the contribution. For example

618 (a) If the contribution is primarily a new algorithm, the paper should make it clear how
619 to reproduce that algorithm.
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(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: Yes
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

 Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: Section 4.1 and Section 5.1 detail our experimental setup, while Appendix A
provides comprehensive information about hyperparameters, training procedures, and imple-
mentation details. Extent bias experiments, we specify relevant parameters including dataset
size, feature dimensions, learning rates. All essential information needed to understand and
reproduce our results is included.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
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7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: Yes
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

e It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the computer
resources (type of compute workers, memory, time of execution) needed to reproduce the
experiments?

Answer:

Justification: Our experiments do not require a lot of resources. We used a single L40s GPU
for training Resnet18, and used L4 GPU for linear model.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: Our research fully complies with the NeurIPS Code of Ethics.
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.
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* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

10. Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: We discuss broader impacts in Section 6. Positively, our work could lead
to more robust machine learning models that are less susceptible to shortcut learning,
potentially improving fairness and reliability in real-world applications. Understanding
extent bias may help address issues where models learn background correlations rather than
meaningful object features.

Guidelines:

» The answer NA means that there is no societal impact of the work performed.

o If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA|

Justification: Our work is primarily theoretical with controlled toy experiments that do not
produce models or datasets with potential for misuse. We do not release pre-trained models,
generative systems, or scraped datasets that would require safeguards against harmful
applications.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.
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12.

13.

14.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: We properly cite all relevant prior work including Simon et al. [26] and Zbontar
et al. [31] whose theoretical frameworks we build upon. For the Colored-MNIST dataset
adaptation in Section 4.8, we acknowledge the original MNIST dataset Deng [9] which is

in the public domain. No proprietary or restrictively licensed code or data was used in our
research.

Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA|

Justification: Our paper does not introduce new datasets or code libraries intended for
community use beyond the experimental validation of our theoretical claims

Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA|

Justification: Our research is purely theoretical and computational, involving no human
subjects, crowdsourced data collection, or human evaluation.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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15.

16.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: No human subjects were involved in our research, so IRB approval was not
required or sought.

Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA|

Justification: No large language models were used in the development of our research
methodology, theoretical analysis, or experimental design.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.

30



