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Abstract

Recent advances in self-supervised learning (SSL) have shown remarkable progress1

in representation learning. However, SSL models often exhibit shortcut learning2

phenomenon, where they exploit dataset-specific biases rather than learning gen-3

eralizable features, sometimes leading to severe over-optimization on particular4

datasets. We present a theoretical framework that analyzes this shortcut learning5

phenomenon through the lens of extent bias and amplitude bias. By investigating6

the relations among extent bias, amplitude bias, and learning priorities in SSL,7

we demonstrate that learning dynamics is fundamentally governed by the dimen-8

sional properties and amplitude of features rather than their semantic importance.9

Our analysis reveals how the eigenvalues of the feature cross-correlation matrix10

influence which features are learned earlier, providing insights into why models11

preferentially learn shortcut features over more generalizable features.12

1 Introduction13

While deep neural networks have shown remarkable success in various learning tasks, recent studies14

have revealed a concerning trend: models often exploit unexpected learning behavior, particularly15

shortcut learning, which tends to take easier but potentially less reliable paths to solve general tasks16

[13]. For example, in image classification tasks, models tend to learn earlier larger background17

features than smaller foreground objects [17], potentially leading them to classify cows based on18

whether they appear on grass rather than learning actual cow features, or identify camels primarily by19

detecting desert backgrounds [5]. This phenomenon is prevalent even in SSL [11, 22, 29, 10].20

While previous research has shown that neural networks are vulnerable to spurious correlations in21

data [1], several other contributing factors to shortcut learning have been identified. Hermann et al.22

[17] find shortcuts emerging from color, size, and background. Rahaman et al. [25], Tancik et al.23

[27] find spectral bias that low-frequency features are learned faster than high-frequency features.24

While significant progress has been achieved, current theoretical frameworks provide insufficient25

explanations for why models consistently induce shortcuts.26

Recent studies have demonstrated that SSL models with small weight initialization exhibit stepwise27

learning dynamics, where features are learned sequentially based on the corresponding eigenvalues28

of the feature cross-correlation matrix [26]. Building on this insight, we analyze the eigenvalue29

and eigenvector structure of the feature cross-correlation matrix. This approach provides a novel30

theoretical framework for understanding why certain features, regardless of their semantic importance,31

are consistently learned earlier in the training process. Our investigation focuses particularly on how32

dimensional properties influence learning priority, potentially explaining some observed shortcut33

learning phenomena beyond traditional spurious correlations.34

The contributions of our work are as follows:35
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• We establish theoretical connections between shortcut learning phenomenon, stepwise36

learning, and eigenvalue-eigenvector of feature cross-correlation matrix on SSL.37

• We extend theoretical research on shortcut learning from supervised learning to SSL.38

• We characterize extent bias, a tendency to prioritize features based on their dimensional39

extent or spatial coverage rather than their semantic importance.40

• We analyze how amplitude and frequency determine which features are learned earlier41

in SSL, and characterize amplitude bias, a tendency to prioritize features based on their42

amplitude rather than their semantic importance.43

2 Related Works44

Self-supervised learning SimCLR [7] established a foundational contrastive learning framework45

but required large batch sizes to generate sufficient negative pairs for preventing representational46

collapse. This limitation prompted research into non-contrastive approaches, leading to innovations47

like SimSiam [8] and BYOL [14]. Further research introduced methods focusing on different training48

objectives: VICReg [4] introduced variance-invariance-covariance regularization, while Barlow49

Twins [31] employed cross-correlation matrix to prevent collapse. DINO [6] advanced the field by50

introducing self-distillation with no labels. The success of DINO v2 [23] sparked interest in Joint51

Embedding Predictive Architectures (JEPA) [2], with recent work by Littwin et al. [20] revealing52

JEPA’s tendency to prioritize learning “related” features over “frequently” occurring ones.53

Learning dynamics Following the introduction of Neural Tangent Kernel (NTK) [18], researchers54

have discovered important connections between eigenvalue dynamics and learning behavior, including55

spectral bias phenomena [27, 15]. This theoretical framework has enabled deeper analysis of loss56

function trajectories and saddle point behaviors [19, 24]. Notably, Simon et al. [26] demonstrated57

that these saddle-to-saddle dynamics appear not only in supervised learning but also extend to SSL58

settings.59

Shortcut learning Shortcut learning was first identified in Geirhos et al. [13], describing how60

neural networks take easier but incorrect paths to solve tasks. This phenomenon appears in various61

ways: Geirhos et al. [12], Baker et al. [3], Hermann and Lampinen [16] showed that CNNs rely62

on object texture rather than object shape, Wu et al. [30] demonstrated that even a single pixel can63

mislead model’s decisions, and Hermann et al. [17] revealed that CNNs preferentially learn salient64

but potentially irrelevant features like scale and background elements. These shortcuts can arise65

from dataset properties, particularly through spurious correlations [1] and implicit biases. Our work66

specifically examines how dataset correlations contribute to shortcut learning.67

3 Background (Stepwise Nature of SSL [26])68

In this section, following Simon et al. [26], we analyze the stepwise learning dynamics of SSL systems69

through the lens of toy Barlow Twins models [31]. We first introduce the loss function and gradient70

flow dynamics, then derive the connection between cross-correlation matrix and feature learning.71

Finally, we examine how the eigendecomposition of feature cross-correlation matrix connects to the72

theoretical foundation for our analysis of extent bias, amplitude bias.73

Given training data {x(i) ∈ Rm : i = 1, 2, · · · , n}, the training loss of toy Barlow twins is defined as74

L = ||C−Id||2F , C ≡ 1
2n

∑n
i=1(Wx(i))(Wx′(i))⊤+(Wx′(i))(Wx(i))⊤, where || · ||F is Frobenius75

norm, W ∈ Rd×m is learnable parameters, and C ∈ Rd×d is cross-correlation matrix of Wx and76

Wx′ for another view x′ from x. Using the feature cross-correlation matrix77

Γ ≡ 1

2n

n∑
i=1

(x(i)x′(i)⊤ + x′(i)x(i)⊤) ∈ Rm×m, (1)

we have L = ||WΓW⊤ − Id||2F and C = WΓW⊤. The eigendecomposition of the feature78

cross-correlation matrix is Γ = VΓΛΓV
⊤
Γ with ΛΓ = diag(γ1, · · · , γm) and VΓ = [v1 · · · vm] ∈79

Rm×m,where γ1 ≥ γ2 ≥ · · · ≥ γm are eigenvalues of Γ and vi’s are the corresponding eigenvectors80

for γi’s.81
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Using (3), we can express the gradient flow as follows:82

dW

dt
= −∇WL = −4(WΓW⊤ − Id)WΓ. (2)

To analyze eigenvector dynamics of weights, we assume weight initialization is aligned.83

Assumption 3.1 (Aligned Initialization Simon et al. [26]). At the initialization, we assume that the84

right-singular vectors of W (0) are aligned with the top d eigenvectors of Γ, i.e., the singular value85

decomposition is W (0) = US0V
(≤d)⊤
Γ for a orthogonal matrix U ∈ Rd×d, the top-d eigenvector86

matrix V
(≤d)
Γ = [v1 · · · vd] ∈ Rm×d, and a diagonal matrix S0 = diag(s1(0), · · · , sd(0)) with a87

small initialization sj(0) > 0.88

Under Assumption 3.1, the solution W (t) for the gradient flow (2) can be expressed as follows89

[26, Proposition 4.1]: W (t) = US(t)V
(≤d)⊤
Γ for S(t) = diag(s1(t), · · · , sd(t)), where the singular90

values of W (t) evolve as91

sj(t) =
e4γjt√

s−2
j (0) + (e8γjt − 1)γj

which has a limit of γ−1/2
j as t → ∞ and nearly sigmoidal92

s2j (t) ≈
1

γj + s−2
j (0)e−8γjt

=: s̃2j (t). (3)

Solving s̃2j (t) =
1
2s

2
j (∞) at its critical time t = τj , we have93

τj = −
log

(
s2j (0)γj

)
8γj

(4)

around which sj(t) (or s̃j(t)) passes 1
2γ

−1/2
j and rapidly increases from near zero to near the94

saturation γ
−1/2
j .95

In this paper, we focus on the property that the eigenvector feature vj corresponding to a larger γj96

leads to an earlier critical point τj from (4).97

4 Extent bias98

In computer vision tasks, backgrounds typically span larger regions while foreground objects occupy99

more concentrated areas. Recent work by Hermann et al. [17] reveals that CNNs preferentially100

learn these background features over object-specific details, creating a specific form of spurious101

correlation between backgrounds and class labels. For example, cows are often classified based on102

grass backgrounds rather than their distinctive features, and camels are identified through desert scenes103

[5]. This phenomenon points to a underlying learning mechanism we term extent bias, a fundamental104

tendency of neural networks to prioritize features based on their dimensional extent or spatial coverage105

rather than their semantic importance. The connection between extent bias and learning dynamics106

implies the need for understanding a more fundamental mechanism beyond traditional spurious107

correlations. While spurious correlations emerge from dataset-specific relationships, the bias toward108

learning background features is inherent in the learning dynamics of neural networks themselves.109

Through our analysis of SSL systems, we demonstrate that this bias for background features emerges110

naturally from how models learn earlier features with higher extent bias, independent of their semantic111

relevance or predictive power.112

In this section, we investigate how different feature properties influence learning priorities in SSL.113

Through extent bias analysis, we demonstrate how features with larger dimensional coverage are114

learned before those with smaller coverage, regardless of their semantic importance.115

We construct a theoretical framework that identifies dimensional effects in feature learning. By116

analyzing how SSL models process features of varying extent bias, we can directly observe how117

extent bias influences learning priority and connects to the background-foreground learning dynamics118

observed in practice.119
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Figure 1: Effects of extent bias on learning dynamics in SSL. (Left) Stepwise learning curves of
Barlow Twins. There are two (d = 2) learning steps shown with two black dashed vertical lines (also
shown in the other two panels) which indicate the time steps t1 and t2 with t1 : t2 ≈ 1

γl
: 1

γs
=

1
ml

: 1
ms

. The predicted loss (dashed green) of L =
∑d

j=1(λ̃j(t) − 1)2 =
∑d

j=1(s̃
2
j (t)γj − 1)2

using (3) match the empirical result (solid green). (Center) Evolution of eigenvalues λj’s of C during
training. At the beginning, the first eigenvalue λ1 (blue) increases to 1 and then later the second
λ2 (red) follows. We also compare them with the predicted evolution λ̃j(t) (dashed lines). (Right)
Evolution of the feature alignment ||We||2 for e = el (blue) and e = es (red). It shows very similar
behaviors with the eigenvalues λ̃1/2

j (dashed lines). See Theorem 4.5. We use ml = 9, ms = 1. See
Appendix A.1 for more detailed settings.

4.1 Settings120

We first consider the following base input xbase = [bl1
⊤
ml

, bs1
⊤
ms

]⊤ ∈ Rm, where bl, bs
i.i.d.∼ B(p =121

0.5) follow the Bernoulli distribution and take the value ±1 with the equal probability, ml and ms122

indicate the size of larger part and smaller part, respectively, i.e., ml > ms and ml +ms = m, and123

1k is the k-dimensional all-one vector. From now on, we will use the subscript l and s for the indices124

with respect to the larger-part and smaller-part features, respectively.125

Then, to obtain the positive pair (x, x′), we introduce the following data augmentation x = xbase +126

ε and x′ = xbase + ε′, with the noise ε, ε′
i.i.d.∼ N (0m, a2Im) for some a > 0.127

4.2 Learning Dynamics on extent bias128

In this subsection, we discuss the relationship between γj and L, focusing on which features are129

learned earlier. From Section 4.1, we can simplify the feature cross-correlation matrix Γ by analyzing130

the expected values of the augmented features. Based on the definition in (1), we have:131

Γ =
1

2n

n∑
i=1

(x(i)x′(i)⊤ + x′(i)x(i)⊤) = E[xbasex
⊤
base]. (5)

To identify which features drive the loss as stepwise phenomena, we consider basis vectors that132

disentangle individual features. Specifically, we define basis vectors el and es where each vector has133

ones only in the dimensions corresponding to its respective feature:134

el = [1⊤
ml

,0⊤
ms

]⊤, es = [0⊤
ml

,1⊤
ms

]⊤ ∈ Rm.

FA(e) = ∥We∥2 for e = el, es. (6)

By measuring the feature alignment between these basis vectors and the weight matrix through135

FA(e) = ∥We∥2, we can identify which features are being learned at each stage of the training136

process.137

The eigendecomposition of Γ is given by the following proposition:138

Theorem 4.1. For the correlation matrix in (5), we have the eigenvalue matrix ΛΓ and eigenvector139

matrix VΓ:140

ΛΓ = diag ([ml,ms, 0m−2]) , V
(≤2)
Γ = [el/

√
ml es/

√
ms] .

We defer the proof to Appendix B.1.141

We hypothesize that features with larger dimensions are learned faster, regardless of their predictive142

power or potential to cause shortcuts. This is particularly relevant in vision tasks where such features143
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might correspond to larger pixel regions. We experiment using a simple toy model to validate our144

theoretical analysis of dimensional influence on feature learning. In our experimental setup, we used145

two distinct features with different dimensional coverage (ml = 9 and ms = 1), allowing us to146

clearly observe the learning dynamics.147

As shown in Figure 1, the results demonstrate three key phenomena:148

Figure 1 (Left) shows loss trajectory (green line) exhibits two distinct stepwise phenomena, marked149

by black vertical lines. These stepwise decreases precisely align with the abrupt increase in the150

eigenvalue observed in Figure 1 (Center), confirming our theoretical prediction that eigenvalue151

dynamics drives the learning process.152

Figure 1 (Center) shows a clear stepwise pattern in which two distinct eigenvalues of Γ increase153

sequentially. This sequential increase directly corresponds to the learning priority of feature, with the154

higher-dimensional feature (ml = 9) being learned first.155

Figure 1 (Right) shows that, feature alignment measurements ||We||2 from (6) provide direct evidence156

of the learning order: the alignment with e1 (blue line, corresponding to the larger feature dimension)157

increases during the first loss decrease, while e2 alignment (red line) follows during the second phase.158

This learning pattern strongly supports our hypothesis that dimensional coverage determines how159

early the features learned.160

This result suggests that the spatial extent of features, rather than their semantic content, plays a161

crucial role in determining learning priority.162

4.3 Cross-Correlation eigenvalue λ and Loss Relationship163

In this subsection, we analyze the relationship between the eigenvalues λj of cross-correlation matrix164

C.165

Theorem 4.2. Under Assumption 3.1, the eigenvalues λj of feature cross-correlation matrix C =166

WΓW⊤, using the approximation sj ≈ s̃j in (3), are approximated as λj = s2jγj ≈ s̃2jγj =: λ̃j167

which have168

λ̃j(τj) =
1

2
and λ̃′

i(τj)

{
= 2γj if i = j,

≈ 0 if i ̸= j
(7)

at τj = −log(s2j (0)γj)/8γj in (4). For the Barlow Twins loss L = ∥C − Id∥2F , we have L =169 ∑d
j=1(λj − 1)2 and −dL

dt (τj) ≈ λ̃′
j(τj) = 2γj .170

We defer the proof to Appendix B.3.171

Figure 6 in Appendix C shows the relationship between cross-correlation eigenvalue λ differentiated172

with respect to t and loss derivatives dL
dt . The close alignment between the loss derivative and λ173

derivative curves demonstrates that the decrease in loss is directly driven by λ, with larger ml features174

learned, and smaller ms features learned later. The curves’ relative magnitudes show an approximate175

ml : ms ratio, which matches our theoretical predictions.176

4.4 Weight Singular Value Evolution177

To verify the dynamics of weight singular values sj , we propose the following theorem:178

Theorem 4.3. Using the approximation (3), the singular values of the weight matrix W satisfy179

s̃j(τj) = 1/
√

2γj and s̃′j(τj) =
√

2γj
at the critical point t = τj .180

We defer the proof to Appendix B.4.181

Figure 7 in Appendix C shows two key aspects of singular value dynamics during training. First,182

the singular values sj evolve to their theoretical limits 1/
√
γj and 1/

√
γs, as predicted by our183

analysis. Second, the derivatives of these singular values exhibit peaks at their respective critical184

points, with magnitudes that follow the predicted
√
2γl :

√
2γs ratio. These results provide strong185

empirical validation of our theoretical framework, demonstrating that both the convergence values186

and learning priority on different features are governed by their corresponding eigenvalues in the187

feature cross-correlation matrix Γ.188

5



4.5 Aligned Initialization and Subspace Alignment189

To justify our alignment initialization assumption in Assumption 3.1, we first define the following190

subspace alignment metric:191

Definition 4.4 (Subspace Alignment). We define subspace alignment of two subspaces Im(A) and192

Im(B):193

SA(A,B) = ||A⊤B||2F /d,

where Im(A) = {Av ∈ Rm : v ∈ Rd}, A = [a1 · · · ad], B = [b1 · · · bd] ∈ Rm×d and ai, bi ∈ Rm194

are unit vectors.195

Note that 0 ≤ SA(A,B) ≤ 1 and it attains SA(A,B) = 0 when Im(A) ⊥ Im(B), and SA(A,B) = 1196

when Im(A) = Im(B). Figure 10 (Top) in Appendix D empirically validates Assumption 3.1 using197

the subspace alignment metric. The model becomes aligned rapidly in the early stages of training,198

satisfying the assumption.199

4.6 Orthogonal Feature Learning200

Our analysis shows that features are learned as orthogonal to each other, where each feature is acquired201

independently without interference from others. This orthogonal learning pattern is particularly202

evident in the evolution of the model’s weight matrix singular vectors. To formalize this observation,203

we analyze how the left singular vectors of the weight matrix align with the feature vectors during204

training.205

Theorem 4.5. Under Assumption 3.1, the left singular vectors u of W (t) learn features orthogonally:206

ProjU(≤2)(Wel) := (u⊤
l Wel, u

⊤
s Wel) = (

√
λl, 0),

ProjU(≤2)(Wes) := (u⊤
l Wes, u

⊤
s Wes) = (0,

√
λs),

where ul, us are the corresponding left singular vectors for the singular values sl, ss.207

Figure 11 shows orthogonal learning pattern that features are learned independently and sequentially,208

supporting our theoretical analysis of stepwise learning dynamics.209

4.7 Non-linear multi layer network210

Nonlinearity exhibits distinct learning dynamics compared to linearity. Therefore, we aim to investi-211

gate whether extent biass also exists in multilayer perceptrons (MLPs). We experiment with a 3-layer212

network, using leakyReLU as the activation function, for understanding non-linear feature learning213

dynamics. Our non-linear network experiments demonstrate that extent bias persists beyond linear214

models. As shown in Figure 14 in Appendix G, the non-linear network exhibits remarkably similar215

stepwise learning patterns to those observed in linear models Figure 1. Key similarities include: simi-216

lar eigenvalue evolution patterns, consistent stepwise loss reduction phases. These results suggest that217

extent bias is a fundamental learning phenomenon that transcends network architecture complexity,218

rather than being merely an artifact of linear models.219

4.8 Practical Study on Colored-MNIST Dataset220

We conducted experiments using a Colored-MNIST dataset, where we adjusted the ratio of digits221

pixels relative to the total image pixels. We tested three different ratios: 0.05, 0.10, and 0.15. In this222

dataset, we set the correlation between background and label to 70% for both training and test sets,223

making it difficult for a model that predicts solely based on background to achieve accuracy higher224

than 70%. According to our hypothesis, since backgrounds have larger extent bias than objects, the225

test set accuracy would rapidly increase from an initial 10% (random choosing) to 70% (as the model226

learns background features), then plateau for a period, before slowly rising to 100% (as it learns227

object features). We also hypothesized that this plateau period would decrease as the ratio of label228

pixels increases in the images, with shorter plateaus observed in the 0.15 ratio condition compared to229

0.05.230

Figure 2 supports our hypothesis. Across all pixel ratio conditions (0.05, 0.10, 0.15), test accuracy231

exhibited a consistent pattern: a rapid increase from initial 10% to 70%, followed by a plateau period,232
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Figure 2: Extent bias effects on spurious datasets. ResNet18 on the Colored MNIST dataset. (Left)
Loss decreases even though the error rate doesn’t decrease. (Right) The error rate has a plateau
at 70%, which corresponds to the correlation between background and object. The lengths of the
plateaus become shorter as the object’s pixel ratio increases. See Appendix A.2 for more detailed
settings.

and then a gradual ascent to 100%. Notably, as the object pixel ratio increased, the duration of the233

plateau phase decreased. The loss function continued to decrease even when accuracy remained234

stagnant at 70%. This suggests a extent bias where larger objects are prioritized during the learning235

process. The pattern reflects how the model initially achieves 70% accuracy by relying on background236

features, which statistically occupy larger regions, before progressively learning object features.237

Furthermore, this indicates that larger extents occupy greater eigenvalues, implying a reduction in the238

critical point τj .239

5 Amplitude Bias240

In regression tasks, the phenomenon of spectral bias has been observed, wherein low-frequency241

components are learned more rapidly than high-frequency components during the training process.242

Conversely, in classification tasks, a phenomenon known as frequency shortcut [28] has been observed,243

wherein the model preferentially learns the distinctive Fourier components of the input during the244

training process. While these studies have primarily focused on supervised learning, we extend this245

investigation to the SSL, seeking to understand whether similar learning dynamics persist within SSL246

frameworks.247

5.1 Settings248

To analyze how frequency and amplitude bias affect learning dynamics, we consider input data249

xbase ∈ Rm composed of two sinusoidal components with different frequencies:250

xbase[t] = chbh sin(fht) + clbl sin(flt), (8)

where fh = 2π
m k and fl =

2π
m k′ represent different frequencies for some integers k and k′, bh, bl

i.i.d.∼251

B(p = 0.5) follow the Bernoulli distribution and take the value ±1. Suppose fh < fl to examine252

the learning dynamics between low and high frequency components. The coefficients ch and cl253

control the amplitude of each sinusoidal component, allowing us to investigate how magnitudes affect254

learning earlier. The Bernoulli variables bh and bl introduce phase reversal in the signal. The time255

vector t spans the input dimension m. We use the same augmentation with (4.1) to generate positive256

pairs (x, x′) by adding Gaussian noise.257

5.2 Learning Dynamics on Amplitude Bias258

Similar to Section 4.2, we consider basis vectors eh and el that isolate individual features: eh =259

ch sin(fht) and el = cl sin(flt), where 0 ≤ t ≤ m. Note that these two are orthogonal since260

fh = 2π
m k and fl =

2π
m k′ with k ̸= k′. Similar to Theorem 4.1, the cross-correlation matrix Γ for the261

data generated from (8) can be expressed as follows:262

Theorem 5.1. Under (8), the correlation matrix Γ has263

ΛΓ = diag
([
c2hm/2, c2lm/2,0m−2

])
, V

(≤2)
Γ = [eh el] .
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Figure 3: Amplitude bias effects on learning dynamics in SSL. See the caption of Figure 1. Note
that the time steps t1 and t2 with t1 : t2 ≈ 1

γh
: 1

γl
= 1

c2h
: 1

c2l
. We use ch = 1, cl = 1/2. See

Appendix A.3 for more detailed settings.

We defer the proof to Appendix B.2.264

From (9), we observe that eigenvalues are proportional to the squares of the coefficients c2h and c2l .265

This implies that the learning dynamics are more strongly influenced by the amplitude rather than the266

underlying frequency.267

To validate our theoretical analysis of amplitude bias effect on learning dynamics, we conduct268

experiments using input data defined in (8). Especially, we set ch > cl. This configuration shown in269

Figure 4 in Appendix A, allows us to examine how high-amplitude ch sin(fht) and low-amplitude270

cl sin(flt) affects feature amplitude bias. More details about the experiment are in Appendix A.3.271

Our analysis reveals two dominant eigenvalues. The large eigenvalue corresponds to the high-272

amplitude feature, and small eigenvalue corresponds to the low-amplitude component. The eigen-273

vectors of Γ are shown in Figure 5 , Appendix A. The first eigenvector, which corresponds to the274

largest eigenvalue, captures the dominant high-amplitude oscillation. The second eigenvector, which275

matches next-largest eigenvalue, captures the low-amplitude oscillation. Other eigenvectors are noise,276

corresponding to eigenvalues that are almost 0.277

5.3 Cross-Correlation eigenvalue λ and Loss Relationship278

We analyze how the eigenvalues λ relate to the loss dynamics. The relationship follows similar279

patterns to those observed in Section 4.3, but with coefficients ch and cl rather than ml and ms.280

Figure 8 in Appendix C shows the close relationship between the derivatives of cross-correlation281

eigenvalues dλh

dt , dλl

dt and dL
dt . The peaks in these derivatives occur at the critical points with mag-282

nitudes proportional to the corresponding coefficients γh : γl = c2h : c2l (see (9)). This shows our283

theoretical predictions Theorem 4.2 matches empirical result.284

5.4 Weight Singular Value Evolution285

We now analyze how the singular values of the weight matrix evolve during training. Similarly to the286

extent bias case, we expect the singular values sj to converge to theoretical limits determined by the287

feature coefficients.288

Figure 9 in Appendix C shows the evolution of singular values sh and sl of weight matrix W (Left)289

and their derivatives (Right). The singular values converge to their theoretical limits 1/√γj predicted290

by Theorem 4.3, where γj = c2j
m
2 . At the critical points τj , the derivatives achieve their maximum291

values of
√
2γj , showing that rates of feature learning are proportional to the coefficients. These292

results confirm that the feature coefficients, rather than their frequencies, govern both the convergence293

values and rates of feature learning.294

5.5 Aligned Initialization and Subspace Alignment295

To validate Assumption 3.1 about alignment between the weight matrix singular vectors and eigen-296

vectors of Γ, we measure the subspace alignment metric as defined in the extent case Definition 4.4.297

Figure 10 (Bottom) in Appendix D empirically validates our assumption through subspace alignment298

measurements. As discussed in Section 4.5, the model achieves alignment rapidly in the early stages299

of training, even with small random initializations.300
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5.6 Orthogonal Feature Learning301

Similar to the extent case, we investigate how the weight matrix learns different frequency components302

orthogonally as shown in Theorem 4.5. The orthogonal learning pattern reveals how frequency features303

are acquired independently despite their different spectral characteristics.304

Figure 12 in Appendix E shows the trajectories of weight matrix in terms of their alignments305

with frequency components eh and el. The blue trajectory shows the first learning phase where306

u1 aligns with the high-amplitude feature (ch sin(fht)), followed by the red trajectory showing u2307

aligning with the low-amplitude feature (cl sin(flt)). This sequential, orthogonal learning pattern308

demonstrates that feature learning is primarily determined by coefficient magnitudes rather than309

frequency characteristics, supporting our analysis in Theorem 4.5.310

5.7 Non-linear multi layer network311

Same as Section 4.7 in Appendix G, we conduct experiments with a 3-layer network using leakyReLU312

activations to analyze how amplitude coefficients affect learning dynamics in non-linear settings.313

Figure 15 in Appendix G demonstrates amplitude bias effects in non-linear networks is similar314

to linear networks on Figure 3. These results confirm that amplitude bias persists in non-linear315

architectures, suggesting amplitude magnitude remains a primary determinant of feature learning316

priority regardless of network complexity.317

5.8 Discussion318

Figure 13 in Appendix F shows that a learning process is driven primarily by feature coefficient319

magnitude rather than frequency characteristics. The key observation is that the first learned features320

are those with large coefficients, independent of their spectral properties. This finding parallels321

frequency shortcut [28] in classification tasks, but reveals a different underlying mechanism. While322

frequency shortcut suggests models preferentially learn distinctive Fourier components, our results323

demonstrate that amplitude magnitude—not frequency characteristics—primarily determines feature324

learning priority.325

6 Conclusion326

In this work, we establish a theoretical connection between eigendecomposition of the feature cross-327

correlation matrix, shortcut learning, and stepwise learning behavior in SSL. We provide insights328

into how dimensional feature properties influence the learning process in SSL frameworks. This329

work not only explains observed shortcut learning phenomena but also offers a theoretical lens for330

understanding and potentially mitigating such learning biases. This theoretical framework lays the331

groundwork for developing more robust SSL algorithms. Future work should focus on leveraging332

these insights to design mechanisms that encourage learning of generalizable features despite their333

potentially lower extent bias or amplitude bias.334
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A Experimental Details418

A.1 Extent bias Experiment419

For the extent bias experiment shown in Section 4.1, we train the model using 400 epochs. The420

augmentation noise parameter a was set to 0.01. We use a dataset size of n = 1000 samples with421

feature dimension m = 10. We also use learning rate η = 6 · 10−4 and scaling factor 5 · 10−1.422

A.2 Colored MNIST Experiment423

For the Colored MNIST shown in Section 4.8, we train the model using default augmentation424

(RandomResizedCrop, RandomHorizontalFlip, RandomColorJitter, RandomGrayscale, Random-425

GaussianBlur, RandomSolarization) with augmentated image size 42×42. We use background colors426

as [[255, 0, 0], [0, 255, 0], [0, 0, 255], [255, 255, 0], [255, 0, 255], [0, 255, 255], [0, 123, 123], [123,427

0, 123], [123, 123, 0], [123, 0, 0]][digit]. We trained ResNet18 with 60 epochs, AdamW [21] with428

learning rate η = 4× 10−6.429

A.3 Amplitude Experiment430

For the amplitude experiment shown in Section 5.1, we train the model using 500 epochs. The431

augmentation noise parameter a is set to 0.1. We use a dataset size of n = 1000 samples with feature432

frequency fh = 2 2π
24 , fl = 32 2π

24 . We also use learning rate η = 5 · 10−5, scaling factor 3 · 10−3 and433

m = 96.

0 20 40 60 80
t

−1

0

1

x

Figure 4: Input data x = xbase + ϵ. xbase[t] = bhch sin(fht) + blcl sin(flt), where ch = 1, cl =
0.5, fh = 2π

m 32, fl =
2π
m 8,m = 96.
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v1 index

−0.1

0.0

0.1
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0.0

0.1
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v3 index
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Figure 5: The eigenvectors vi’s of Γ for i = 1, 2, 3 (from Left to Right). (Left) The first eigenvector
that correspondent to the largest eigenvalue indicates the (high frequency) feature with a high
amplitude ch sin (fht), (Center) the second the (low frequency) feature with a low amplitude feature
cl sin (flt), (Right) the third (and beyond) noise, where cl < ch.

434

B Proofs435

B.1 Proof of Theorem 4.1436

Through matrix analysis, we can express:437

Γ = E[xbasex
⊤
base] =

[
1ml×ml

0ms×ml

0ml×ms
1ms×ms

]
,

12



which has two eigenvectors el/∥el∥ and es/∥es∥ correspond to nonzero eigenvalues. We get the438

eigenvalues ml and ms from the following equation:439

det(Γ− λI) = det(1ml×ml
− λIml×ml

) det(1ms×ms
− λIms×ms

) = 0.

Finally, we can get the eigendecomposition Γ = VΓΛΓVΓ where440

ΛΓ = diag ([ml,ms, 0m−2]) ,

V
(≤d)
Γ =

[
1

√
ml

el
1

√
ms

es

]
.

B.2 Proof of Theorem 5.1441

The cross-correlation matrix Γ for this input can be expressed using (5):442

Γ = E[xbasex
⊤
base]

= E[c2hb2h sin(fht) sin(fht)⊤ + c2l b
2
h sin(flt) sin(flt)

⊤ + chclbhbl sin(fht) sin(flt)
⊤ + chclbhbl sin(flt) sin(fht)

⊤]

= c2h sin(fht) sin(fht)
⊤ + c2l sin(flt) sin(flt)

⊤.

Using the orthogonality between sin(fht) and sin(flt) (fh ̸= fl), where t ∈ N,443

Γ = c2h sin(fht) sin(fht)
⊤ + c2l sin(flt) sin(flt)

⊤,

Γ sin(fht) = c2h|| sin(fht)||2 sin(fht),
Γ sin(flt) = c2l || sin(flt)||2 sin(flt).

We find eigenvector and eigenvalue as:444

ΛΓ = diag
([
c2h|| sin(fht)||2, c2l || sin(flt)||2,0m−2

])
,

V
(≤2)
Γ = [eh el]

⊤
.

With f = 2π
m k for some integer k, we have445

|| sin(fx)||2 =

∫ m

0

sin2(fx)dx =

∫ m

0

1− cos(2fx)

2
dx

=
1

2

[
x− sin(2fx)

2

]m
0

=
m

2
− sin(2fm)

4
=

m

2
.

Finally, we have446

ΛΓ = diag
([

c2h
m

2
, c2l

m

2
,0m−2

])
,

V
(≤2)
Γ = [eh el] .

B.3 Proof of Theorem 4.2447

We have448

λ̃j(t) = s̃2j (t)γj = (1 + λj(0)
−1e−8γjt)−1,

and thus if we plug in τj = − log(λj(0))/8γj , i.e., exp(−8γjτj) = λj(0), then we have λ̃j(τj) =449

(1 + 1)−1 = 1
2 . The derivative λ̃′

j(t) at t = τj is given as follows:450

λ̃′
j(t) = −(1 + λj(0)

−1e−8γjt)−2(−8γjλj(0)
−1e−8γjt)

= −λ̃2
j (t)(−8γjλj(0)

−1e−8γjt)

λ̃′
j(τj) = −λ̃2

j (τj)(−8γjλ
−1
j (0)λj(0))

= 2γj .
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Using the equations451

C =

d∑
j=1

λjuju
⊤
j and C2 =

d∑
j=1

λ2
juju

⊤
j ,

we get the loss452

L = ||C − I||2F = Tr((C − I)(C − I)) = Tr(C2)− 2Tr(C) + d

=

d∑
j=1

λ2
j − 2

d∑
j=1

λj + d =

d∑
j=1

(λj − 1)2.

Thus, we get the following equation:453

dL
dt

(τj) =

d∑
i=1

2(λi(τj)− 1)λ′
i(τj)

≈
d∑

i=1

2(λ̃i(τj)− 1)λ̃′
i(τj)

≈ 2(λ̃j(τj)− 1)λ̃′
j(τj)

= −λ̃′
j(τj) = −2γj .

B.4 Proof of Theorem 4.3454

First, we have455

s̃j(t) = (γj + s−2
j (0) exp(−8γjt))

−1/2,

s̃j(τj) = (γj + s−2
j (0)λj(0))

−1/2

= (2γj)
−1/2.

and its derivative is given as follows:456

s̃′j(t) = −1

2
(γj + s−2

j (0) exp(−8γjt))
−3/2(−8γjs

−2
j (0) exp(−8γjt)),

s̃′j(τj) = −1

2
(γj + s−2

j (0)λj(0))
−3/2(−8γjs

−2
j (0)λj(0))

= −1

2
(2γj)

−3/2(−8γ2
j )

= (2γj)
1/2.
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C Derivatives457
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Figure 6: Derivatives dλl

dt (blue), dλs

dt (red), and −dL
dt (black dashed). The derivative dλl

dt (τl) (solid
blue), dλs

dt (τs) (solid red) are approximately equal to 2γl = 2ml (dashed blue), 2γs = 2ms (dashed
red).
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Figure 7: Evolution of sj(t) and s′j(t). (Left) Evolution of singular values sl (solid blue) and ss
(solid red) of W during training. They converge near to 1/

√
γl = 1/3 (dashed horizontal blue) and

1/
√
γs = 1 (dashed horizontal red), respectively. The predicted singular values (dashed blue, dashed

red) match the empirical result. (Right) Evolution of the derivatives dsl
dt (solid blue) and dss

dt (solid
red). The derivatives dsl

dt (τl),
dss
dt (τs) are approximately equal to

√
2γl (dashed horizontal blue),√

2γs (dashed horizontal red). The predicted derivatives of singular values (dashed blue, dashed red)
also match the empirical result. We use ml = 9 and ms = 1.

15



0 50 100 150 200 250
Step

−60

0

60

120

2 h

2 l

d l/dt
d h/dt

d /dt

Figure 8: Derivatives dλh

dt (blue), dλl

dt (red), and −dL
dt (black dashed). The derivative dλh

dt (τh) (solid
blue), dλl

dt (τl) (solid red) are approximately equal to 2γh = 2c2h(dashed blue), 2γl = 2c2l (dashed red).
See Figure 6 together.
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Figure 9: Evolution of sj(t) and s′j(t). See the caption of Figure 7. (Left) They converge near

to 1/
√
γh = 1/

√
c2h

m
2 and 1/

√
γl = 1/

√
c2l

m
2 . (Right) The derivatives dsh

dt (τh),
dsl
dt (τl) are

approximately equal to
√
2γh,

√
2γl. We use ch = 1 and cl = 1/2.
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D Subspace Alignment458
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Figure 10: Evolution of subspace alignment SA(V (≤d), V
(≤d)
Γ ) (d = 2) between the top-d right

singular vectors of W and eigenvectors of Γ. We use the data (Top) from Section 4.1 and (Bottom)
from Section 5.1. See Appendix A.
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E Orthogonal Feature Learning459
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Figure 11: Visualization of the trajectory of Wel and Wes on the subspace spanned by u1, u2

during training. The high-dimensional feature Weh (blue solid line) aligns with u1 and the low-
dimensional feature Wel (red solid line) aligns with u2. Dashed lines are predicted trajectory (see
Theorem 4.5).
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Figure 12: Visualization of the trajectory of Weh and Wel on the subspace spanned by u1, u2

during training. See the caption of Figure 11.
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F Right Singular Vectors of W460
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Figure 13: The first two right singular vectors (Top/Bottom) of W during training (from Left to
Right). (Left) At t = 0, the two singular vectors are just noise. (Center) A little after t = τ1, the first
singular value reaches the plateau as shown in Figure 3 and only the (high frequency) feature with a
high amplitude is learned. (Right) At the convergence, the model learns the two features.
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G Non-linear Experiments461
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Figure 14: Effects of extent bias on learning dynamics in non-linear network. (Left) Stepwise
learning curves of Barlow Twins. There are two (d = 2) learning steps shown with two black dashed
vertical lines (also shown in the other two panels) on empirical result (solid green). (Right) Evolution
of eigenvalues λj’s of C during training. At the beginning, the first eigenvalue λ1 (blue) increases to
1 and then later the second λ2 (red) follows. We use same inputs in Figure 1.
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Figure 15: Amplitude bias effects on learning dynamics in non-linear network. (Left) Stepwise
learning curves of Barlow Twins showing two distinct learning phases with vertical dashed lines
marking critical transition points during training. The green line shows empirical loss decreasing in
two clear stages. (Right) Evolution of eigenvalues λj of correlation matrix C during training. The
eigenvalue λl (blue) increases first, followed by the eigenvalue λs (red), demonstrating amplitude-
based learning prioritization. We use same inputs in Figure 3.
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H Limitations462

Our study has several limitations due to its simplified assumptions. While our theoretical analysis463

provides valuable insights into the relationship between extent bias and shortcut learning, several464

limitations should be acknowledged:465

• Linear Network Assumption: We focus on one-layer linear networks, which may not capture466

the complexities of multi-layer non-linear neural networks.467

• Feature Independence: Our assumption of independent features may not reflect the complex468

interdependencies in practical scenarios.469

• Augmentation Limitations: Augmentation Limitations: Our basic augmentation approach470

may not fully represent the sophisticated strategies used in modern SSL methods.471

Future work could address these limitations by extending the theoretical framework to non-linear472

networks, incorporating feature interactions, and analyzing the impact of more complex augmentation473

strategies.474

I Supplementary Studies475

I.1 Non-linear Feature Learned Measurement476

Nonlinearity exhibits distinct learning dynamics compared to linearity. Therefore, we aim to investi-477

gate whether extent biases also exists in multilayer perceptrons (MLPs). We define a measurement of478

feature learning as:479

Definition I.1. (Feature Learning Distance). When a model f(·, θ) has sufficiently learned a specific480

latent feature vector ef , f(X, θ) contains information about ef for input X = p(ef ) ∈ Rm where481

p represents some non-linear transformation function. Consequently, if a simple linear probing482

function g can extract ef from f(X, θ), we can define that the model f has meaningfully learned ef .483

Furthermore, to quantify the degree of learning, assuming an optimally trained probe g, we define a484

feature learning metric485

FLD(k) = min
g

Eef∈Pk

[
MSE(g(f(X, θ)), ef )

||ef ||22

]
, (9)

where Pk is distribution of feature k.486

I.2 Non-linear on extent bias487

We experiment on Section 4.7, for understanding non-linear feature learning dynamics. Figure 14488

shows this results.489

0 100 200 300 400
Step

0.0

0.5

1.0

1.5

2.0

L
os

s

0 100 200 300 400
Step

0.00

0.25

0.50

0.75

1.00

E
ig

en
v
al

u
e

l

s

0 100 200 300 400

0.00

0.25

0.50

0.75

1.00 FLD(es)
FLD(el)

Figure 16: Effects of extent bias on learning dynamics in non-linear network. (Left) Stepwise
learning curves of Barlow Twins. There are two (d = 2) learning steps shown with two black dashed
vertical lines (also shown in the other two panels) on empirical result (solid green). (Center) Evolution
of eigenvalues λj’s of C during training. At the beginning, the first eigenvalue λ1 (blue) increases
to 1 and then later the second λ2 (red) follows. (Right) Evolution of the feature learning distance
FLD(e) for el (blue) and es (red). See Definition I.1. We use ml = 9, ms = 1. See Appendix A.1
for more detailed settings.

From Figure 16, we observe FLD(el) drop earlier than FLD(es). Therefore, the phenomenon of el490

being learned before es is consistent with the linear case.491
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Figure 17: Amplitude bias effects on learning dynamics in non-linear network. (Left) Stepwise
learning curves of Barlow Twins showing two distinct learning phases with vertical dashed lines mark-
ing critical transition points during training. The green line shows empirical loss decreasing in two
clear stages. (Center) Evolution of eigenvalues λj of correlation matrix C during training. The eigen-
value λh (blue) increases first, followed by the eigenvalue λl (red), demonstrating amplitude-based
learning prioritization. (Right) Evolution of feature learning distance FLD(e) for high-amplitude
feature el (blue) and low-amplitude feature es (red), confirming that features with higher amplitude
coefficients (ch) are learned before those with lower amplitude (cl), even in non-linear architec-
tures. Note that FLD decreases as the network learns to represent the corresponding feature. We use
ch = 1, cl = 0.5 and a 3-layer network with leakyReLU activations. See the caption of Figure 16.
See Appendix A for additional experimental details.

I.3 Non-linear on amplitude bias492

Using Definition I.1, we experiment on Section 5.7. Figure 17 demonstrates amplitude bias effects in493

non-linear networks. The results show that features with higher amplitude (ch) are learned before494

those with lower amplitude (cl), consistent with our linear model findings. Specifically, FLD(eh)495

decreases earlier than FLD(el), mirroring the eigenvalue increase patterns observed in the left and496

center panels. These results confirm that amplitude bias persists in non-linear architectures, suggesting497

that amplitude magnitude remains a primary determinant of feature learning priority regardless of498

network complexity. This provides additional evidence that deep learning models respond more499

sensitively to amplitude characteristics than frequency properties, even when non-linearities are500

introduced.501

I.4 Eigenvalues on Shift Augmentation502

xbase = ca sin(fat+ ϵa) + cb sin(fbt+ ϵb)

ϵa, ϵb
i.i.d.∼ U(−π, π)

503

Γ = E[xbasex
⊤
base]

Γij = E[c2a sin(fai+ ϵa) sin(faj + ϵa) + cacb sin(fai+ ϵa) sin(fbj + ϵb)

+ cacb sin(fbi+ ϵb) sin(faj + ϵa) + c2b sin(fbi+ ϵb) sin(fbj + ϵb)]
504

Eϵa,ϵb [sin(θa + ϵa) sin(θb + ϵb)] = Eϵa,ϵb [Im(exp(i(θa + ϵa))) Im(exp(i(θb + ϵb)))]

= Eϵa [Im(exp(i(θa + ϵa)))]Eϵb [Im(exp(i(θb + ϵb)))]

= Im(Eϵa [exp(i(θa + ϵa))]) Im(Eϵb [exp(i(θb + ϵb))])

= Im(Eϵa [exp(iϵa) exp(iθa))]) Im(Eϵb [exp(iϵb) exp(iθb))])

= Im(φ(1) exp(iθa)) Im(φ(1) exp(iθb))

We can define u, d as u = µ+ α, d = µ− α, α = 2π.505

φ(1) =
exp(iu)− exp(id)

i(u− d)
=

exp(iµ)

αi

exp(iα)− exp(−iα)

2i
=

exp(iµ)

αi
sin(α) = 0

So,506

Eϵa,ϵb [sin(θa + ϵa) sin(θb + ϵb)] = 0
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Similar,507

E[sin(θa + ϵa) sin(θb + ϵa)] = −1

2
E[cos(θa + θb + 2ϵa)− cos(θa − θb)]

= −1

2
E[cos(θa + θb + 2ϵa)] +

1

2
cos(θa − θb)

= −1

2

∫ b

a

[
1

b− a
cos(θa + θb + 2x)dx] +

1

2
cos(θa − θb)

= −1

4

1

b− a
[sin(θa + θb + 2b)− sin(θa + θb + 2a)] +

1

2
cos(θa − θb)

= −1

4

1

b− a
[2 cos(θa + θb + a+ b) sin(b− a)] +

1

2
cos(θa − θb)

we assumed b− a = 2π,508

E[sin(θa + ϵa) sin(θb + ϵa)] =
1

2
cos(θa − θb)

finally, we get509

Γij =
c2a
2
cos(fa(i− j)) +

c2b
2
cos(fb(i− j))

is symmetric circulant matrix when fa = a 2π
N , fb = b 2πN ,510

cj =
c2a
2
cos(faj) +

c2b
2
cos(fbj)

ΛΓ,k =

N−1∑
j=0

cjω
−kj

VΓ,k =
1√
N

[
1, ωk, ω2k, . . . , ω(N−1)k

]⊤
ω = exp(

2πi

n
) = cos(

2π

n
) + i sin(

2π

n
)

This is symmetric, so eigenvalues are real. The eigenvectors can be expressed either in complex form511

or as pairs of real vectors. Using properties of Discrete Fourier Transform (DFT) matrix on ΛΓ,k,512

ΛΓ,k =


0 (k ̸= la, N − la, lb, N − lb)
c2a
2 (k = la or k = N − la)
c2b
2 (k = lb or k = N − lb)

Finally, we can derive as:513

ΛΓ = diag
([

c2a
2
,
c2a
2
,
c2b
2
,
c2b
2
, 0m−2

])
,

V
(≤4)
Γ =

[
1√
N

eh,cos
1√
N

eh,sin
1√
N

el,cos
1√
N

el,sin

]
.

where514

eh,cos = ca cos(fat),

eh,sin = ca sin(fat),

el,cos = cb cos(fbt),

el,sin = cb sin(fbt).
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1. Claims516

Question: Do the main claims made in the abstract and introduction accurately reflect the517

paper’s contributions and scope?518

Answer: [Yes]519

Justification: The abstract and introduction clearly state our main contributions: (1) establish-520

ing theoretical connections between shortcut learning, stepwise learning, and dataset’s cross521

correlation’s eigendecomposition in SSL, (2) extending theoretical research on shortcut522

learning to SSL, and (3) characterizing extent bias and amplitude bias in learning dynamics.523

These claims accurately reflect the scope of our work as demonstrated in Section 4, and524

Section 5 where we provide both theoretical foundations and empirical validation.525

Guidelines:526

• The answer NA means that the abstract and introduction do not include the claims527

made in the paper.528

• The abstract and/or introduction should clearly state the claims made, including the529

contributions made in the paper and important assumptions and limitations. A No or530

NA answer to this question will not be perceived well by the reviewers.531

• The claims made should match theoretical and experimental results, and reflect how532

much the results can be expected to generalize to other settings.533

• It is fine to include aspirational goals as motivation as long as it is clear that these goals534

are not attained by the paper.535

2. Limitations536

Question: Does the paper discuss the limitations of the work performed by the authors?537

Answer: [Yes]538

Justification: We acknowledge the limitations of our work in Appendix H. Our analysis539

primarily focuses on linear networks, which may not fully capture the complexities of540

deep non-linear architectures used in practice. We also assume feature independence which541

simplifies analysis but may not reflect real-world feature interdependencies. Additionally,542

our augmentation approach is more basic than sophisticated strategies used in modern SSL543

systems. We suggest future research directions to address these limitations.544

Guidelines:545

• The answer NA means that the paper has no limitation while the answer No means that546

the paper has limitations, but those are not discussed in the paper.547

• The authors are encouraged to create a separate "Limitations" section in their paper.548

• The paper should point out any strong assumptions and how robust the results are to549

violations of these assumptions (e.g., independence assumptions, noiseless settings,550

model well-specification, asymptotic approximations only holding locally). The authors551

should reflect on how these assumptions might be violated in practice and what the552

implications would be.553

• The authors should reflect on the scope of the claims made, e.g., if the approach was554

only tested on a few datasets or with a few runs. In general, empirical results often555

depend on implicit assumptions, which should be articulated.556

• The authors should reflect on the factors that influence the performance of the approach.557

For example, a facial recognition algorithm may perform poorly when image resolution558

is low or images are taken in low lighting. Or a speech-to-text system might not be559

used reliably to provide closed captions for online lectures because it fails to handle560

technical jargon.561

• The authors should discuss the computational efficiency of the proposed algorithms562

and how they scale with dataset size.563

• If applicable, the authors should discuss possible limitations of their approach to564

address problems of privacy and fairness.565
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• While the authors might fear that complete honesty about limitations might be used by566

reviewers as grounds for rejection, a worse outcome might be that reviewers discover567

limitations that aren’t acknowledged in the paper. The authors should use their best568

judgment and recognize that individual actions in favor of transparency play an impor-569

tant role in developing norms that preserve the integrity of the community. Reviewers570

will be specifically instructed to not penalize honesty concerning limitations.571

3. Theory assumptions and proofs572

Question: For each theoretical result, does the paper provide the full set of assumptions and573

a complete (and correct) proof?574

Answer: [Yes]575

Justification: All theoretical results in our paper are presented with complete assumptions576

and rigorous proofs. Each theorem explicitly states its assumptions and corresponding proofs577

are provided in Appendix B with detailed derivations. We use a consistent numbering system578

for cross-referencing and provide proof sketches in the main paper to build intuition before579

directing readers to the complete proofs.580

Guidelines:581

• The answer NA means that the paper does not include theoretical results.582

• All the theorems, formulas, and proofs in the paper should be numbered and cross-583

referenced.584

• All assumptions should be clearly stated or referenced in the statement of any theorems.585

• The proofs can either appear in the main paper or the supplemental material, but if586

they appear in the supplemental material, the authors are encouraged to provide a short587

proof sketch to provide intuition.588

• Inversely, any informal proof provided in the core of the paper should be complemented589

by formal proofs provided in appendix or supplemental material.590

• Theorems and Lemmas that the proof relies upon should be properly referenced.591

4. Experimental result reproducibility592

Question: Does the paper fully disclose all the information needed to reproduce the main ex-593

perimental results of the paper to the extent that it affects the main claims and/or conclusions594

of the paper (regardless of whether the code and data are provided or not)?595

Answer: [Yes]596

Justification: We provide comprehensive details to reproduce our experimental results in597

Section 4 and Section 5, with additional specifics in Appendix A.598

Guidelines:599

• The answer NA means that the paper does not include experiments.600

• If the paper includes experiments, a No answer to this question will not be perceived601

well by the reviewers: Making the paper reproducible is important, regardless of602

whether the code and data are provided or not.603

• If the contribution is a dataset and/or model, the authors should describe the steps taken604

to make their results reproducible or verifiable.605

• Depending on the contribution, reproducibility can be accomplished in various ways.606

For example, if the contribution is a novel architecture, describing the architecture fully607

might suffice, or if the contribution is a specific model and empirical evaluation, it may608

be necessary to either make it possible for others to replicate the model with the same609

dataset, or provide access to the model. In general. releasing code and data is often610

one good way to accomplish this, but reproducibility can also be provided via detailed611

instructions for how to replicate the results, access to a hosted model (e.g., in the case612

of a large language model), releasing of a model checkpoint, or other means that are613

appropriate to the research performed.614

• While NeurIPS does not require releasing code, the conference does require all submis-615

sions to provide some reasonable avenue for reproducibility, which may depend on the616

nature of the contribution. For example617

(a) If the contribution is primarily a new algorithm, the paper should make it clear how618

to reproduce that algorithm.619
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(b) If the contribution is primarily a new model architecture, the paper should describe620

the architecture clearly and fully.621

(c) If the contribution is a new model (e.g., a large language model), then there should622

either be a way to access this model for reproducing the results or a way to reproduce623

the model (e.g., with an open-source dataset or instructions for how to construct624

the dataset).625

(d) We recognize that reproducibility may be tricky in some cases, in which case626

authors are welcome to describe the particular way they provide for reproducibility.627

In the case of closed-source models, it may be that access to the model is limited in628

some way (e.g., to registered users), but it should be possible for other researchers629

to have some path to reproducing or verifying the results.630

5. Open access to data and code631

Question: Does the paper provide open access to the data and code, with sufficient instruc-632

tions to faithfully reproduce the main experimental results, as described in supplemental633

material?634

Answer: [Yes]635

Justification: Yes636

Guidelines:637

• The answer NA means that paper does not include experiments requiring code.638

• Please see the NeurIPS code and data submission guidelines (https://nips.cc/639

public/guides/CodeSubmissionPolicy) for more details.640

• While we encourage the release of code and data, we understand that this might not be641

possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not642

including code, unless this is central to the contribution (e.g., for a new open-source643

benchmark).644

• The instructions should contain the exact command and environment needed to run to645

reproduce the results. See the NeurIPS code and data submission guidelines (https:646

//nips.cc/public/guides/CodeSubmissionPolicy) for more details.647

• The authors should provide instructions on data access and preparation, including how648

to access the raw data, preprocessed data, intermediate data, and generated data, etc.649

• The authors should provide scripts to reproduce all experimental results for the new650

proposed method and baselines. If only a subset of experiments are reproducible, they651

should state which ones are omitted from the script and why.652

• At submission time, to preserve anonymity, the authors should release anonymized653

versions (if applicable).654

• Providing as much information as possible in supplemental material (appended to the655

paper) is recommended, but including URLs to data and code is permitted.656

6. Experimental setting/details657

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-658

parameters, how they were chosen, type of optimizer, etc.) necessary to understand the659

results?660

Answer: [Yes]661

Justification: Section 4.1 and Section 5.1 detail our experimental setup, while Appendix A662

provides comprehensive information about hyperparameters, training procedures, and imple-663

mentation details. Extent bias experiments, we specify relevant parameters including dataset664

size, feature dimensions, learning rates. All essential information needed to understand and665

reproduce our results is included.666

Guidelines:667

• The answer NA means that the paper does not include experiments.668

• The experimental setting should be presented in the core of the paper to a level of detail669

that is necessary to appreciate the results and make sense of them.670

• The full details can be provided either with the code, in appendix, or as supplemental671

material.672
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Question: Does the paper report error bars suitably and correctly defined or other appropriate674
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Answer: [Yes]676

Justification: Yes677
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• The answer NA means that the paper does not include experiments.679

• The authors should answer "Yes" if the results are accompanied by error bars, confi-680

dence intervals, or statistical significance tests, at least for the experiments that support681

the main claims of the paper.682

• The factors of variability that the error bars are capturing should be clearly stated (for683

example, train/test split, initialization, random drawing of some parameter, or overall684

run with given experimental conditions).685

• The method for calculating the error bars should be explained (closed form formula,686

call to a library function, bootstrap, etc.)687

• The assumptions made should be given (e.g., Normally distributed errors).688

• It should be clear whether the error bar is the standard deviation or the standard error689

of the mean.690

• It is OK to report 1-sigma error bars, but one should state it. The authors should691

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis692

of Normality of errors is not verified.693

• For asymmetric distributions, the authors should be careful not to show in tables or694

figures symmetric error bars that would yield results that are out of range (e.g. negative695

error rates).696

• If error bars are reported in tables or plots, The authors should explain in the text how697

they were calculated and reference the corresponding figures or tables in the text.698

8. Experiments compute resources699

Question: For each experiment, does the paper provide sufficient information on the computer700

resources (type of compute workers, memory, time of execution) needed to reproduce the701

experiments?702

Answer: [No]703

Justification: Our experiments do not require a lot of resources. We used a single L40s GPU704

for training Resnet18, and used L4 GPU for linear model.705

Guidelines:706

• The answer NA means that the paper does not include experiments.707

• The paper should indicate the type of compute workers CPU or GPU, internal cluster,708

or cloud provider, including relevant memory and storage.709

• The paper should provide the amount of compute required for each of the individual710

experimental runs as well as estimate the total compute.711

• The paper should disclose whether the full research project required more compute712

than the experiments reported in the paper (e.g., preliminary or failed experiments that713

didn’t make it into the paper).714

9. Code of ethics715

Question: Does the research conducted in the paper conform, in every respect, with the716

NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?717

Answer: [Yes]718

Justification: Our research fully complies with the NeurIPS Code of Ethics.719
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• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.721

• If the authors answer No, they should explain the special circumstances that require a722

deviation from the Code of Ethics.723
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• The authors should make sure to preserve anonymity (e.g., if there is a special consid-724

eration due to laws or regulations in their jurisdiction).725

10. Broader impacts726
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societal impacts of the work performed?728

Answer: [Yes]729
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technology is being used as intended but gives incorrect results, and harms following752
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11. Safeguards758

Question: Does the paper describe safeguards that have been put in place for responsible759

release of data or models that have a high risk for misuse (e.g., pretrained language models,760

image generators, or scraped datasets)?761

Answer: [NA]762
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