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ABSTRACT

Despite great achievements in algorithm design for Personalized Federated Learn-
ing (PFL), research on the theoretical analysis of generalization is still in its early
stages. Some theoretical results have investigated the generalization performance of
personalized models under the problem setting and hypothesis in convex conditions,
which can not reflect the real iteration performance during non-convex training. To
further understand the real performance from a generalization perspective, we pro-
pose the first algorithm-dependent generalization analysis with uniform stability for
the typical PFL method, Partial Model Personalization, on smooth and non-convex
objectives. Specifically, we decompose the generalization errors into aggregation
errors and fine-tuning errors, then creatively establish a generalization analysis
framework corresponding to the gradient estimation process of the personalized
training. This framework builds up the bridge among PFL, FL and Pure Local Train-
ing for personalized aims in heterogeneous scenarios, which clearly demonstrates
the effectiveness of PFL from the generalization perspective. Moreover, we demon-
strate the impact of trivial factors like learning steps, stepsizes and communication
topologies and obtain the excess risk analysis with optimization errors for PFL.
Promising experiments on CIFAR datasets also corroborate our theoretical insights.
Our code can be seen in https://github.com/Yingqiliu1999/Understanding-the-
Stability-based-Generalization-of-Personalized-Federated-Learning.

1 INTRODUCTION

With the rapid development of data and model scales in Machine Learning, PFL effectively improves
local performance via flexible client cooperation with heterogeneous data. Although the studies of
algorithm design has made considerable progress in PFL, their theoretical analysis is still scarce. Due
to the data and training limitations in the real world, theoretical analysis of FL/PFL usually includes
two aspects: optimization properties and generalization properties. In this work, we mainly focus on
the generalization properties of PFL, which come from the overfitting gap between the training and
testing datasets.

Currently, the existing generalization analysis for PFL is mainly obtained in three ways: 1) high-
probability generalization bounds with concentration 1nequa11t1es based on the PAC hypothesis
complexity like VC dimension complexity ( ),
Rademacher complexity ( , ); 2) mformatlon theoretlcal dlstances between the
output hypothes1s and the prlor from PAC-Bayes generahzauon (

); 3) the privacy-preserving ability of the change in output hypothesis When the algorlthm
is exposed to attacks ( , ). Most upper bounds above only depend on the problem
setting and hypothesis in the convex condition, which can not apply to the commonly used non-
convex functions such as neural networks and can not reflect the real iteration performance during
personalized training. In other words, they are weak at evaluating the effectiveness of algorithm
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Table 1: Main results on the upper generalization bounds of PFL. m is total nodes number, T is training
rounds, 7 is local learning stepsize, K is local learning step, n is the selected nodes number and A is about
communication topology, o is data hetegeneity and NC representation non-convex condition.

Tpye || Reference Algorithm Analysis Tools |m T n K n/A o] NC
( ) SGD Uniform Stability v Vv vV x X X v

SGD ( ) FedAvg Uniform Stability v v v v v v X
FL ( ) FedAvg On-average Stability v v o x v V Vi v
( ) D-SGD Uniform Stability v v v o x Y X v

( ) D-SGD On-average Stability v v v x Vv X v

( ) C-PFL VC Dimension Complexity || v X x x X X X

( ) C-PFL Rademacher Complexity vV X X X X X X

PFL ( ) C-PFL PAC-Bayes Complexity v X X X X X X
Ours C-PFL Uniform Stability v v v v v v v

Ours D-PFL Uniform Stability v v v v v v v

design and hyperparameter selection while building the relationship between global collaboration and
local fine-tuning. Despite the optimization design above, the upper generalization bound of PFL has
a great significance with both communication topology and data heterogeneity. This insight offers a
deeper understanding of the fundamental nature of PFL. To this end, we aim to establish a framework
for algorithm-dependent generalization analysis in PFL, which is designed to align closely with the
training process and provide a clear and community-accessible foundation for further research.

Overall, we present the first algorithm-dependent generalization for the typical PFL method Partial
Model Personalization with uniform stability in non-convex conditions and evaluate the excess risk
for both Centralized PFL (C-PFL) and Decentralized PFL (D-PFL). Intuitively, each shared and
personalized update may introduce a specific impact on the generalization errors. Therefore, we
decompose the generalization errors into aggregation errors and fine-tuning errors, then establish a
generalization analysis framework corresponding to the gradient estimation process of the person-
alized training. From our analysis, some results can be concluded that larger learning steps, larger
learning rates, and denser network connections will hurt the generalization performance for both
C-PFL and D-PFL, meaning that better testing performance is the trade-off between communication
cost and computational efficiency. Besides, with different aggregation modes in the shared variables,
we demonstrate that C-PFL generalizes better than D-PFL, which aligns with the conclusion of the
generalized FL ( , ). Moreover, with the analysis of data heterogeneity, we can clearly
see how PFL outperforms FL and Pure Local Training in the perspective of generalization. Combined
with the convergence analysis, we obtain the excess risk and find that personalized performance is
the trade-off between optimization and generalization.

We list our analysis with the existing bounds of SGD/D-SGD and PFL methods in Table 1. From
comparisons, our results innovatively achieve the biased gradient estimation from multi-local up-
dates and analyze the generalization interaction between personalized and shared variables during
aggregation and local training. In summary, our main contributions are as follows:

* New framework of generalization analysis for PFL under non-convex conditions. We
build up the first algorithm-dependent generalization analysis framework for PFL with the
biased gradient from multi-local updates. It is consistent with the personalized training
progress and bridges PFL, FL and Pure Local Training with the clever heterogeneity analysis,
which reveals the effectiveness of PFL for personalized aims. We also extend it to the
decentralized scenarios with different communication topologies.

* New results for upper generalization bounds and excess risks for PFL. Our algorithm-
dependent results achieve comparable bounds and reflect the iteration nature, effectiveness of
algorithm design as well as the hyperparameters selection of PFL. Then combined with the
optimization errors, we obtain the excess risk analysis and find that the better performance
is the trade-off between optimization and generalization.

* Massive experiments verify theoretical findings. Our experiments on CIFAR datasets
with different models under non-convex conditions strongly support our theoretical insights.
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2 RELATED WORK

Generalization for PFL. PFL is proposed to find the greatest personalized models for each client
(related work in Appendix A). Generalization analysis represents the performance in the unseen data
of a well-train model, which is defined as the difference between the population risk and empirical risk.
Various statistical methods have been introduced into PFL, including methods based on PAC-based
analysis, Differential Privacy analysis, and PAC-Bayes analysis. For PAC-based analysis,

( ) derives the VC dimension complexity bound of a mixture of local and global models, and
finds the optimal mixing parameter. ( ) derives the Rademacher complexity bound
of the clusters, data interpolation, and model interpolation. ( ) analyzed the stability
and excess risk of both FL and local SGD under different data heterogeneity, but failed to extend
them to the non-convex condition. For Differential Privacy analysis, ( ) assumes that
the algorithm satisfies (e, §)-differentially private condition and proposes the lower generalization
bound with the noisy perturbation. For PAC-Bayes analysis, ( ) gives an upper bound
of averaged generalization error on the Bayesian variational inference method and illustrates that the
convergence rate of the generalization error is minimax optimal up to a logarithmic factor.

Stability for generalization. The stability-based methods measure the sen51t1v1ty of the data
perturbation of an algorithm via uniform stability ( s ; s ),
Bayes stability ( s ), model stablhty ( s ; R ), on-average
stability ( ; s ), and so on. More
information can be seen from the 1ntr0duct10n in ( ). For the generalization bounds in FL,

( ) develop the stability analysis for minibatch SGD and local SGD for convex, strongly
convex and nonconvex problems. ( ) show that the generalization performances of
FedAvg, FedProx and Scaffold are closely related to the data heterogeneity and the convergence
behaviors when training. ( ) discuss the better generalization performance between
the Central FL and Decentralized FL. In decentralized training, ( ) extend the stability-
based generalization to D-SGD and discuss the topology effect of it. ( ) refine the
stability analysis for the minimax problem in a decentralized manner.

Nowadays, almost all upper generalization bounds of PFL based on the complexity theory ignore
the impact of algorithm design and the iteration nature. Therefore, we try to propose the stability-
based generalization analysis to answer how algorithm design and hyperparameter selection impact
the generalization capacity. Meanwhile, we extend the non-trivial analysis to D-PFL with various
communication network topologies. Extensive experiments also corroborate our theoretical findings.

3 PROBLEM FORMULATION

In this section, we first propose the problem setup for C-PFL and D-PFL. Then we present the uniform
stability for generalization error and combine it with convergence error to obtain the excess risk.

3.1 PROBLEM SETUP

Personalized Federated Learning. Compared to typical FL methods, PFL focuses on the average
minimization with the personalized models rather than the consensus one. Partial Model Personaliza-
tion is one of the most significant strategies in PFL, which decouples the model as the personalized
variables to satisfy the individual requirements and the shared variables to leverage the collective
knowledge. We consider the typical setting with m clients, where each client ¢ owns the local training
data ¢; and it satisfies the data distribution D;. For each client, the model parameter w; € R< are
partitioned into two parts: the shared variables v € R% and the personalized variables v; € R%
fori = 1,...,m. To simplify the presentation, we denote V' = (v1, ..., v,,) € Ré+Fdm So the
full model on client 7 is denoted as w; = (u,v;). f; (such as cross-entropy function) denote the loss
function for each client, &; is the specific data for client ¢. The Population Risk Minimization F' of
PFL is defined as follows:

m

min Z F; (w,v;), where F;(u,v;)=Egnp, fi(u,v:;&). (1

u,V

From engineering purposes, we set the feature extraction layers (close to the input) as the shared
variables u and the linear classification layers (close to the output) as the personalized variables v; as
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( ); ( ); ( ); ( ). Meanwhile,
we alternately update the shared variables and personalized variables to distinguish the generalization
effects between them explicitly. Algorithm 1 illustrates the specific process. We set V,, as stochastic
gradients of the shared variables u and V,, as stochastic gradients of the personalized variables v;,
respectively. Personalized variables v; first perform the local updating with the shared variables u
fixed in Line 2, then the shared variables u update with the personalized variables v; fixed in Line 5.

C-PFL and D-PFL. We consider both C-PFL
and D-PFL in Algorithm 2. For C-PFL, the
only central server first distributes the shared
variables u® to the n selected clients in Line
3, then aggregates the updated shared vari-
ables u ™! to u!*! from the selected clients
in Lme 7. Different from the general FL,
partial model personalization only aggregates
the shared variables u; in the central server,
while keeping the personal variables v; on the
client side. We focus on the case of the av-
eraged aggregation, which means o; = 1/n.
For D-PFL, it allows clients to communicate
with their neighbors in a peer-to-peer man-
ner without the central server. The commu-
nication can be modeled as an undirected
connected graph G = (N,V, W), where
N = {1,2,...,m} is the set of all clients,
Y C N x N is the set of communication
channels, and the gossip/mixing matrix W
present as below records whether the com-
munication connects or not between any two
clients. Set G; as the neighbors set for each
client in the undirected graph.

Definition 1 (The gossip/mixing matrix
( s ). The gossip ma-
trix W = [w; ;] € [0,1]*"™ is assumed to
have these properties: (i) (Graph) If i # j
and (3,7) ¢ V, w; ; = 0, otherwise, w; ; >
0; (ii) (Symmetry) W = W T, (iii) (Null
space property) null{I — W} = span{1},
(iv) (Spectral property) I = W > —1. Un-

Algorithm 1: Local updating for PFL.

Input :Local steps K, local learning rate nu and 75,
initialize uf o =u’, and vf 0=}

Output : For each client, locally update ut“, vt
for local update round k = 0,1, ..., K, — 1 do

vavfz‘(uﬁ,m Uf,kv ‘gf,k)

+1

t t
‘ Vi k1 < Uik —
end

for local update round k = 0,1, ..., K —1do

t t t

‘ Ui g1 & Ui — NuVaufi(ui g, v5 KU7£Z k)-

end
t+1 t+1 t

wltt — ul K Vi Uik,

Algorithm 2: C-PFL and D-PFL.

: Total communication rounds 7', number of
selected clients n, initial the shared and
personal variables u°, v° = {v?}7,

Output : Personal solution u” and v¥' = {vf }7,.

C-PFL:

for communication round ¢ = 0to 7 — 1 do

Sample clients |S*| = n uniformly randomly and
distribute the shared variables u?.
for client i € S* in parallel do

Input

uﬁl 1 . Local updating (ut, vh)
end
t+1 1 t+1
u < n Z est 'LL
end
D-PFL:

for communication round ¢t = 0to 7 — 1 do
for client i € [m] in parallel do
‘ uﬁl, ¥+1 « Local updating (u!, v})

end
Receive shared variables u!

t+1 ot
Ui 4 Diegi) Willls

*1 with matrix W:

der these properties, the eigenvalues of W 15 end

satisfies 1 = A (W) > (W) > -+ >

A (W) > —1. A = max{|A(W

s [Am (W

)|} and 1 — X € (0,1] is a spectral gap of W

measuring the speed of communication parameters converge to their average value ( ,

3.2 STABILITY AND EXCESS RISK

Generalization Stability. Recalling the unseen data distribution D; in the population risk function
in Formula (1), we select the sample &; from the local datasets S; and estimate the expectation to
represent the real distribution. The training process is rewritten as the Empirical Risk Minimization:

P V)= =S filun), where i (wv) = g 3 U (n,0560)]

i=1 &i€S;
Assuming the joint datasets of local dataset S; as S, we consider a solution .A(S) of a specific
algorithm A trained on S, the generalization error between the population risk in (1) and empirical
risk in (2) can be defined as e = Es A[F'(A(S)) — f(A(S))] = E[F(u, V) — f(u, V)]. This joint
impact caused by both the algorithm A and the datasets S may cause a bad performance from a
well-trained model on the testing dataset, which is called overfitting. Motivated by the previous
studies in ( ), we use the uniform stability bound to explore the generalization
performance of PFL.

©))

min
u,V
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Definition 2. (Uniform Stability) Considering a new joint dataset S, which differs from the vanilla
dataset S at most one data sample z. The e-uniformly stability for algorithm A is defined as below:

sup E[f(u, V) = f(@Viz)] < e 3)
zj~{Di}
The generalization error can be bound by e < € ( , ), if the algorithm A satisfies the

e-uniformly stability.
Excess Risk. Considering (u*, V*) as the optimal model that can be achieved by the algorithm .4 on
the dataset S, the real test performance E[F'(A(S))] can be measured by the excess risk as follows:
&p = E[F(A(S))] - E[f (v, V7)]
<E[F(u,V) = f(u, V)] +E[f(u, V) = f(u", V7)]. ©)

Eq: generalization error Eo: optimization error

Actually, if the optimal parameter (u*, V*) could fit the personalized datasets well, the loss function
E[f(u*,V*)] will tend to zero when the training time is large enough. Therefore, the real risk
of the well-trained model (u, V') on the test datasets can be bounded by the generalization and
optimization error. &g represents the performance risk of (u, V') between the training datasets and
testing datasets, while o represents the empirical risk between the theoretical optimum (u*, V*)
and the obtained one (u, V'). Utill now, most existing studies about PFL focus on the optimization
error o of general C-PFL and D-PFL, but there is still little work to discuss their generalization
nature. To further understand the optimization progress of the algorithm design and the iteration
nature of personalization, we provide a comprehensive analysis of their excess risks.

3.3 BASIC ASSUMPTIONS

Assumption 1 (Smoothness). For each client i = {1,...,m}, the function F is continuously
differentiable. There exist constants L., Ly, L.y, Ly, such that for each client i = {1,...,m}:

* Vufi(u;,v;) is Ly~Lipschitz with respect to u; and L,,,~Lipschitz with respect to v;

* Vofi(ui,v;) is Ly—Lipschitz with respect to v; and L.~Lipschitz with respect to u;.
Assumption 2 (Bounded Variance). The stochastic gradients in both C-PFL and D-PFL have
bounded variance. That is to say, for all u; and v;, there exist constants o,, and o, such that:

2

E[||Vafi(ui vi; &) — Vaufilui, v)]|7] < o2, 5
2

E[vafi(uuvi;fi) - vai(umvi)H | <ol (6)

Assumption 3 (Partial Gradient Diversity). There exists a constant 62 that reflects the data
heterogeneous degree:

Ve fiu,vi) — Vufi(U7V)||2 <62, Vu, V.

Assumption 4 (G-Lipschitz). For A(S) ,A(g ) € R which are well trained by an e-uniformly

stable algorithm A on dataset S and S, the personalized objective f(u,V') satisfies G-Lipschitz
continuity between them:

1F(A(S)) = FIAE)I < GIA(S) = A(S)]- o

Assumptions 1, 2 and 3 are mild and commonly used in the Convergence analysis of FL and PFL (
s ; : , ). Assumptlon 4isa Vanant of the vanilla L1psch1tz
continuity assumptlon Wthh is widely used in the uniform stability analysis ( , ;

> 5 b} 5 ’ N 2 > 5 ’ 7)'

4 THEORETICAL ANALYSIS

In this section, we present the generalization analysis and the excess risk analysis for both C-PFL and
D-PFL. We state the main theoretical results and discussions as follows.
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4.1 STABILITY AND EXCESS RISK FOR CENTRALIZED PERSONALIZATION

Theorem 1 (Stability of C-PFL). Under Assumption 1~ 4, let the active ratio per communication

. . _ 1 b _
round be n/m, and assume the learning rates satisfy n, = O (m) = ®TE and n, =

O (tKiJrk) = tlé:’jrk They decay per iteration T = tK + k, where i, and ., are the specific

constants and satisfy pi,, < % and [, < % Let U = supy, v, » f (u, vi; 2), then the generalization
bound of C-PFL satisfies:

E[If ",V 520) = f@ V752

wlu wLy 3
nUro (TKu)u 2G(0u +84) (TKU>“ <1 \ L TKu)MLu) 2Gao,

mS mSL, ( mSL,’

<
- Ly 70

To To

To simplify subsequent analysis, we assume pL = max{ Ly, iy Ly} and K = max{K,, K,}. By

2G(0u+0u) Ly +0oy Lu)
nUL, L,

. il HE T .
selecting 7o = [ } " (TK)TE, we can minimize the bound with Ty:

1
G((ow + 6u)Lo + avLu)] TRy )

[ 4
E [Hf(uT,VT;zj) - f(uT,VT;Zj)II} S g { LuLy

Remark 1 (Influencal factors of C-PFL). From the stability-based results above, severe data
heterogeneity (larger gradient diversity §,,), more selected clients n and more local epochs K,, and
K, increase the time of training on only different samples, which leads to a larger generalization gap
and worse generalization performance. In contrast, the generalization gap can be alleviated with
more total clients m and the number of samples S involved.

Remark 2 (Special cases of C-PFL). If we remove all personal variables v;, the problem (2)
nuLy
degenerates to the classical FL problem FedAvg. The stability reduces to O ((nK W) Tt [ m) by

removing the K., and o, in the result, which is compatible with the upper bound O ((nK T) T / m)

of the stability of central FL algorithm FedAvg ( , ) with multiple local update. That
is to say, the upper bound of the stability is only related to the training paradigm, no matter
whether training for the consensus model or the personalized models. This finding builds the bridge
between the stability of FL and PFL. If we remove all shared variables wu, the stability of C-PFL

can be reduced to O ((nKUT)%/mS), which is the stability bound of the whole FL system
with partial participation ratio n/m and local updates K.,,. For further consideration, we set full
participation n/m = 1 and only one local update K,, = 1, our results can degrade to O (T% /S)
on each client, which is aligned with the vanilla SGD in ( ).

Personalization performs better than no per-
sonalization and Pure Local Training. Con- Taple 2: Comparison with FL, PFL, Pure
sidering the impact of data heterogeneity, we Local Training.

list the comparison of generalization bounds for

FL, C-PFL, and Pure Local Training in Table Algorithm ‘ Generalization Bound

2. When the data heterogeneity is more severe, nUro i\ ML 2G(0+5,)
PFL significantly improves generalization capabil- FL o (W + (ﬁ) W)
ities from no personalized methods by eliminating o(mUm 4 ( T, ) Bulu oG (o)
the influence of the gradient diversity and outper- PEL mS 70 mSLy
forms Pure Local Training through collaboration n (%) T Luv)2Gou)
with other clients. Specifically, for the consensus i ul N
model w in FL, we assume that the global gradi- Local @ (% + (%) 2%’)

ent diversity mainly from heterogeneity satisfies
LS IVF; (w;) — VF(w)||> < 2. Correspondingly, for the personalized model (u,v;), the
heterogeneity from the shared variables d,, satisfy = > | ||V, F; (u,v;) — Vo F(u, V) I? < o2

shown in the Assumption 3. When the data distribution is non-iid between each client (4, 6, # 0),
PFL performs better than FL since the gradient diversities satisfy §2 < (53 during personalized
training. As for the generalization performance of Pure Local Training, though it is not affected by the
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gradient diversities from data heterogeneity, the upper bound may be larger without the collaboration
among m clients, which is consistent with the empirical experience. This analysis builds up the bridge
among FL, PFL and Pure Local Training, which first demonstrates the effectiveness and necessity of
personalized design from the generalization perspective.

Remark 3 (Comparisons with generalization bounds of C-PFL). The generalization bounds compared
in Table 4 in Appendix B calculate the complexity of the PAC problem in infinite space as the
generalization error. Although considering the nature of the learning problem, they cannot analyze
the impact of algorithm design and personalized iterative nature. Therefore, we highlight our
contributions as follows: 1) conduct the generalization analysis in the non-convex condition, which is
based on the more realistic assumptions adapted to the neural networks; 2) analyze the effectiveness
of algorithm design and hyperparameters selection; 3) illustrate the error propagation between model
aggregation and local training with the iteration nature.

Corollary 1 (Excess risk of C-PFL.). Assuming that the number of dataset samples S is fixed
and combining with the convergence bounds of eo < E [f(w”) — f(w*)] = O (l/ﬁ) proposed
in ( ), the excess risk of C-PFL satisfies that £ < E[F(A(S))] — E[f(w*)] =
L

O (VT + (nKT) ™ /m).

Remark 4 (Influential factors of the excess risks for C-PFL). Assuming that the smoothness
constants L, the gradient variance o,, and o, the gradient diversity d,,, and the total client number
m are fixed in a specific analysis, the excess risk of C-PFL is decided by the number of active clients
n, the local intervals K,, and K,, the total communication rounds T. Therefore, we can adjust the
hyperparameters n, K,,, K, and T to optimize the testing performance during training. The preferred
choice of the number of active clients n and the local intervals K,, and K, are the same as that in the
stability analysis, but increasing the communication rounds T leads to better convergence but worse

generalization performance due to the training overfitting. That is to say, the better performance for
C-PFL is the trade-off between optimization and generalization.

4.2  STABILITY AND EXCESS RISK FOR DECENTRALIZED PERSONALIZATION

In this section, we first provide the stability analysis of PFL with the peer-to-peer communication in
the non-convex objectives. Then we combine its convergence performance to obtain the excess risk.
Theorem 2 (Stability for D-PFL). Under Assumption 1~ 4, let clients communicate with each

i _to- i i - D SR R /Y
other in a peer-to-peer manner, and assume the learning rates satisfy n,, = O ( T k) = R.TE

andn, = O (tK +k) = tK’iﬁ They decay per iteration T = tK + k, where (1, and p,, are the

specific constants and they satisfy i, < % and i, < Li Let U = supy v, - f(u,vi; 2), then the
generalization bound of D-PFL satisfies:

~ H Loy
B [T, V75 2) = fT P72y < U0 4 2O 200G (A2 Omrea ) (TR T
m

S SLy To
. L, (0
12\/EI@AUULW TK, O\ i 20,G (TK,\"*™"
mSLy Ly o SL, To '
where k) = (%)a A(ml Iy (1 a)e/\ln — + /\1: T and X are the widely used coefficient to measure

different communication connections.

To simplify subsequent analysis, we assume pL = max{ i, Ly, ttyL,} and K = max{Ku7 K,}. By
1

2G (04,48, ) L2 (14+6y/mky)+2G0, Ly Ly, (m461/mk )
UmL,L?

) TFul .
selecting 7o = ] (TK)THeL 2 , We can minimize

the upper generalization bound:

E [IF@", V7 525) = £@ V752l
an

<2 {7(0”5 WG 1 4 gymin) + 28 4 YA Lw )} i (UTK) ™ .

nn

Ly Lv mLy,
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Gt

Fully-connected Exponential Grid Ring

Figure 1: Illustration of various network topologies in DFL.

Remark 5 (Influential factors of the decentralized stability). The stability of D-PFL is impacted
by the number of samples S, total clients m, total iterations T K,, and T K,, data heterogeneity §,,
as well in the analysis of C-PFL. It is worth noting that it is also decided by the communication
topologies k) in decentralized FL.Table 3 below and Figure 1 show the different topological diagrams
and their properties.

« @

For Kx = (%) )\(lnl%)a + (l—a)Qe)\ In % +
)\127&1 , when A — 1, the upper bound for Table 3.: k2 and Spectral Ga.lp 1 — X of communication

n 5 topologies( s ; s ).
rix is mainly decided by O (1/(X (In 1))).
And when A — 0, the upper bound afor Network Topology | K Spectral Gap 1 — A
#ix is mainly decided by O (1/(A (In §)%)). Fully-connected 0 ’
From the analysis above, we can clearly see Disconnected 1 0
that denser communication topology with Ring O(m?) ~ 1672/3m?
a smaller k) leads to better generalization Grid O(minm)  O(1/mlogs(m))
performance in D-PFL. Therefore, the fully Exponential O(lnm) 2/(1 + loga(m))

connected topology achieves the best gener-
alization performance of shared variables and is compatible with the central ones.

Remark 6 (Special cases of D-PFL). If we remove all personalized variables v;, the problem (2)
degenerates to the classical DFL algorithm DFedAvg. By removing all personal constants in the proof,

—_ u Lu
the stability of D-PFL reduces to O ((1 + 6y/mrx/m) T (K, T) rHi ), which is compatible
with the upper bound of the stability of decentralized federated learning DFedAvg in ( )

L

of O ((1 + 6y/mky/m) T (KT)Tnt ) The degradation analysis of the shared variables w is
the same as in C-PFL.

Remark 7 (Comparisons with generalization bounds of D-PFL). The mere generalization analysis
of D-PFL can be seen for Dis-PFL in ( ), which acquires a generalization lower
bound through the lens of differential privacy with the inspiration in ( ). It describes the
relationship between the remaining model and generalization performance at each iteration point
and suggests that a more sparse network leads to better generalization performance. However, it
lacks of an understanding of the algorithm design, the impacts with different training parameters as
well as the communication topologies in decentralized scenarios.

Corollary 2 (Excess risk of decentralized partial model personalization). Assum-
ing that the number of dataset samples S is fixed and combining with the conver-

gence rates of eo < E[f(w?)— f(w*)] = (9(1/(1—)\)2\/T) provided in
( ), the excess risk of D-PFL satisfies £ < E[F(A(S))] — E[f(w*)] =
0 (1/(1 — N2VT + (1 + 6y/miy /m) T (KT)%).

Remark 8 (Influential factors of the decentralized excess risks). Our analysis shows that the
excess risk of D-PFL is highly influenced by the number of the local interval K, and K, the total
communication rounds T, the total clients m, the smoothness constants L, the gradient variance
Oy v the data heterogeneity b, and the communication topologies \ and k. Assuming that the
total client number m is fixed under the specific algorithm and data distribution (with the fixed
smoothness constants L, the gradient variance o and the data heterogeneity d,,), we can adjust the
communication networks \ and ky, local interval K,, and K,, to optimize the testing performance.
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A denser connection (smaller k) and smaller ﬁ ) means better convergence performance and
generalization performance, but it brings more communication cost. The better choice for local
intervals K,, and K, are the same as that in stability analysis. And the better testing performance of
D-PFL is a trade-off between the convergence errors and the generalization errors.

Remark 9 (Comparisions between the C-PFL and D-PFL). From the comparison between
Theorem 1 and Theorem 2, we can clearly see that C-PFL always converges and generalizes better
than D-PFL in theoretical analysis. The centralized one largely reduces the propagation of the
generalization error, which benefits from the regular averaging on a global server for a better
consensus of the shared variables and leads to better generalization. However, to achieve a more
reliable performance, the number of active clients n in C-PFL must satisfy at least a polynomial order
of m. Also, the communication burden on the central server becomes a big challenge in the training
process. It means that the high communication costs are unavoidable when the whole federated
system m gets larger. This conclusion is also consistent with the generalization analysis of the typical
FL and DFL in ( ). Therefore, the suitable choice between C-PFL and D-PFL or the
choice of different communication topologies in real scenarios is a trade-off among communication
ability, communication cost and personalized performance.

5 EXPERIMENTS

In this section, we conduct extensive experiments to verify the theoretical findings. We first introduce
the typical setting for experiments, then present the empirical results and corresponding analysis.

5.1 EMPIRICAL SETUP

We conduct the experiments on CIFAR-10 datasets ( R ) in the Dirichlet distribu-
tion (Non-IID « = 0.3) with ResNet-18 ( , ) and CIFAR-100 datasets in the Pathological
distribution (Non-IID ¢ = 20) with VGG-11 ( R ) for C-PFL and D-PFL.
Experiments on CIFAR-100 are in Appendix C.2. To verify the impacts of the key hyperparameters,
we follow ( ) and study the parameter distance when disturbing only one data in
Figure 2a, the generalization gap of the difference between training and testing error in Figure 2b.
We explore the impact of the four factors: 1) Local Learning Epochs, 2) Local Learning Rates, 3)
Client Fraction / Communication topology, 4) Total Client Number. We keep the same sets for the
other factors for fairness. More implementations can be seen in Appendix C.

5.2 EMPIRICAL ANALYSIS

Both less local learning epochs and lower learning rates lead to better generalization perfor-
mance, but they affect the convergence speed more seriously. We discuss this phenomenon in the
first two columns for Learning Epoch and Learning Rate in Figure 2a-2b. Increasing local learning
epochs and learning rates means amplifying the model distance when learning on different samples.
It brings about a larger generalization error and more severe fluctuation.

More client participation and denser network connections in each communication round enlarge
the generalization gap, but they speed up the convergence rate to the same extent. We discuss
this phenomenon in the third column for Client Selection and Communication Topology in Figure
2a-2b. Increasing the fraction of client selection and choosing denser connection topologies means
more frequency in learning unique samples, which enlarges the generalization gap between the two
models with the disturbed datasets. This is aligned with our theoretical findings in Theorem 1, 2.
Thus, there is a trade-off between communication costs and personalized performance in real life.

A larger total participation of clients and a smaller number of local training samples increase
the generalization error and reduce the convergence speed simultaneously. We discuss this
phenomenon in the fourth column in Figure 2a-2b. Since the total data number on the dataset remains
the same, bigger participation clients mean fewer training samples per one. The generalization gaps
get worse with the number of clients increasing in Figure 2b.

C-PFL outperforms D-PFL in both generalization and convergence when their upper communi-
cation bandwidths are at the same level. We discuss this difference in the comparisons of each line
in Figure 2a-2b. Maintaining the maximum communication capacity of the busiest node, the central



Published as a conference paper at ICLR 2025

Local Epoch Learning Rate Client Fraction Total Client Number
00| —#— Epoch =1 oo ] ™ Lr=001 "o 0T Za Client Num = 10
o) Epoch = 2 o Lr=005 o @ 10 Client Num = 20
o g Epoch=3 @ |+ u=01 o Q| = ciient num = a0
L (@ | — Epoch=4 # g im0z 2# i © —— Client Num = 100 ==
o —— Epoch =5 747 o > @ s 17 100
T2 2, o 0
O 8« 1 B 8. 0 w
o - = o o
c — £ < 5~
=) =l =) —a— Fraction=01| O
[T 9 .. D 20 Fraction = 0.2 | Q@ 4
e = = —— Fraction=05 | =,
100 —»— Fraction = 1
Commincation round T Commincation round T Commincation round T Commincation round T
Local Epoch Learning Rate Communication Topology Total Client Number
%1 —— Epoch = 1 | 0 = B
U o Epoch = 2 ] D g
a2 Epoch = 3 g o O
L @ seof —* Epoch=4 © @ s00- ©
a2 o S 8 £ oo
r o 2 o 0
Ao 7 o A A
. 7 o o ™
< 2 c o < 0 C o
o =) o —— Ring Topology | O
[T 9, D 200, Grid Topology | @ *
s .. = = —— ExpTopology | =
~— Full Topology
I R S I S R S
Commincation round T Commincation round T Commincation round T Commincation round T
(a) Disturbed loss distance of C-PFL and D-PFL on CIFAR-10.
Local Epoch Learning Rate Client Fraction Total Client Number
o os =
040 = o -
— 8 g 3. g ot
w c N C om0 c = -
o ,g g . g ozs g o
©a” =g fag a
0 o ") 0 o 0
7 Qosl g ——r=001] @ — Fraction=01] @ —+— Client Num = 10
G S =005 | Gou Facion=02 | G| Client Num = 20
—— Lr=01 —~ Fraction = 0.5 —+— Client Num = 40
0.0t —— Lr=0.2 008 —— Fraction = 1 ~+— Client Num = 100
Commincation round T Commincation round T Commincation round T Commincation round T
Local Epoch Learning Rate Communication Topology Total Client Number
" === o
4 8. 8o 8.
e < < <
fa) B 8| [ 3
0o « 0oz
a 7 — Ring Topology | @ —a— Client Num = 10
Qo tr=005| Qo2 Grid Topology | 9 Client Num = 20
- om0 —— Lr=01 —— Exp Topology o —— Client Num = 40
- Lr=02 o1 —— Full Topology —— Client Num = 100
os
Commincation round T Commincation round T Commincation round T Commincation round T

(b) Testing and training loss distance of C-PFL and D-PFL on CIFAR-10.

Figure 2: Empirical results of C-PFL (first line) and D-PFL (second line) on CIFAR-10.

server in C-PFL mitigates the inconsistencies driven by the updates on different samples, consistent
with our theoretical results.

6 CONCLUSION

In this paper, we develop the first algorithm-dependent generalization analysis and the excess risk
analysis for PFL in both centralized and decentralized scenarios under non-convex conditions. It
builds up the bridge among PFL, FL and Pure Local Training, and demonstrates the effectiveness
of the personalized design from the generalization perspective. Compared with the previous works,
this analysis reveals the impact of algorithm design and hyperparameter selection on the iteration
properties. Combined with the convergence errors, we obtain the excess risk analysis for PFL. Various
experiments verify our theoretical findings.

Limitation. There are numerous avenues for future works: 1) Improve the generalization bounds
for PFL with the more advanced stability methods; 2) Discuss the lower bound and tightness of the
generalization of PFL to obtain the optimal training strategies for personalized training.
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In this part, we provide the supplementary materials to prove the main theorem.

* Appendix A: Related Work about PFL.

* Appendix B: Detailed Comparisons of Generalization.

* Appendix C: Implementation Details and Results for Experiments.
¢ Appendix D: Generalization Bounds for C-PFL and D-PFL.

A RELATED WORK ABOUT PFL.

Personalized Federated Learning. FL aims to 1mprove model performance through collaboration
among users ( ;a; , ;d). PFL aims to produce the optimal personal-
ized models for each clrent via model decoupling ( s ),
knowledge distillation ( s ; , ), multl—task learmng ( s ;

s ), model interpolation ( R ) and clusterlng
( ; s ). More details can be referred to the PFL survey ( R

). Among them the model decoupling method Partial Model Personalization, which divides the
model into shared variables and personal variables, has proved to achieve better performance than
full model personalization with fewer shared parameters. LG-FedAvg ( , ) relieves
the data variance and device variance with jointly learning compact local representations on each
device and a global model across all devices. FedPer ( s ), FedRep (

, ) and FedBABU ( , ) set the feature extractor as the shared variable and
the linear classifiers as the personal variables. They are different from the optimization progress
between the shared representation and the private linear parts. Fed-RoD ( , ) trains
a global full model and many private classifiers with empirical risk minimization and balanced risk
minimization. Most theoretical analyses for Partial Model Personalization mainly focus on their
convergence performance. FedSim & FedAlt ( , ) provide the convergence analyses
in the general non-convex setting, while FedAvg-P & Scaffold-P ( , ) achieve linear
speedup respecting the number of the local steps. DFedSGPSM ( ) investigates the
convergence of DFL combined with SAM under non-convex conditions. DFedPGP ( R )
presents the decentralized convergence bound in non-convex conditions under the directed graph
and PFedDST ( , ) proposes the selection method for this directed cooperation, while
DFedMDC & DFedSMDC ( R ) focus on the convergence with the undirected network
following ( , ; , ; s ; ).

B DETAILED COMPARISON OF GENERALIZATION.

Table 4: Main results on the upper generalization bounds of PFL.

Algorithm | Generalization Bound |T K n n m
APEL, o( (1—a)? (Ls(h*) + B|D - D;||, +C (d+log(1/6))/N)) ke

( 00| 0 (202, () + 20/ [ T 08(1/3)/S: + CAn(S0)
o MAPPER, o (2L (yEopep \/dr,f o ) +2 102%) x x X x v
( pFedBayes, o (sz wta log? (m)) X x x x Y
Fed(Avg & LocalTrain)ing, o (% I Rz) & O(m/N) v v v
C-PFL (Ours) 0 (ﬁ [Gloafetouta) | FFA7 (nUTK)%> Vv

Compared to the above generalization bounds for PFL, the proposed analysis has made the following
progress: 1) conduct the generalization analysis in the non-convex condition, which is based on the
more realistic assumptions adapted to the neural networks; 2) analyze the impacts of the algorithm
design and the hyperparameters selection of the number of samples S, the number of selected clients
n, total clients m, total iterations T'K,, and T'K,, and the local learning rates 7,, and 7,,; 3) illustrate
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the error propagation process between model aggregation and local training with the iteration nature,
which provides a reference for the choice of early stopping points when training.

APFL is a typical PFL method based on model interpolation, which aims to find the optimal
combination of the global model and the local model with the adaptive parameter «; to achieve a
better client-specific model. It derives the generalization bound of a mixture of local and global
models with the analysis of VC dimension complexity. S;,7 = 1,2, ..., n is the number of training
data at ith user, N = mj + ... +m,, is the total number of all data, S; to be the local training set drawn

D —Di||, = J2|Pra.y~D — Pay)~, | dedy, is the difference between distributions
D= (1/n)Y.;_, D;and D;, and h} = arg minpey Lp, (h).

MAPPER is also a model interpolation method combining local and global models to pursue the
better personalized results. It derives the generalization bound with the analysis of Rademacher
complexity. H. is the hypotheses class for the central model, and H; is the hypotheses class for the
local models. d. is the pseudo-dimension of . and d; is the pseudo-dimension of ;. This bound
only depends on the average number of samples and not the minimum number of samples.

from D;,

pFedBayes is a novel PFL method via Bayesian variational inference. Each client uses the aggre-
gated global distribution as prior distribution and updates its personal distribution by balancing the
construction error over its personal data and the KL divergence with aggregated global distribution.
It derives the generalization bound with the PAC-Bayes analysis. 6’ > § > 1, and Cy,Cy > 0 are
constants related to Holder smooth f, the intrinsic dimension of data d, the number of hidden layers
L, the widths of neural network are equalwidth M, the balance parameter ¢ between personalization
and global aggregation, and sample size of each client n.

FedAvg and LocalTraining are the most typical methods for FL and PFL. Though the gener-
alization analysis in ( s ) is not designed based on the PFL definition and not in
the non-convex condition, it concludes a surprising theorem that there exists a threshold of data
heterogeneity to decide whether FedAvg or LocalTraining could achieve the minimax optimal for
PFL. It derives the generalization bound for LocalTraining with uniform stability and the gen-
eralization bound for FedAvg with federated stability under strongly convex conditions. m rep-
resenets the client index, and N = n; + + n,, denotes the total number of training samples.
R? = mingew e ni|lw” — w||2/N measures the level of heterogeneity among clients
(here |||| denotes the Euclidean distance). Compared with this analysis, we demonstrate how PFL
outperforms FL and Pure Local Training from the perspective of data heterogeneity, show how

hyperparameter selection affects the generalization bounds and discuss the theoretical performance
under the more commonly used non-convex conditions.

C APPENDIX FOR EXPERIMENTS.

C.1 IMPLEMENTATION DETAILS FOR EXPERIMENTS.

Accordmg to Definition 2, we construct distributed neighboring dataset S = {8y, ...,Sp} and
S = {Sl, . Sm} where each corresponding local dataset pair (S;, S;) only differs on one randomly

selected data sample. Then we deploy the same initial model (u, V') with its local dataset pair (S;, S;)
to the local client ¢. To focus on the effect of the essential factors, the regularization methods such
as weight decay, data augmentations and dropout are ignored to prevent unnecessary impacts (

; ). We keep the same experlment setting for all methods and
perform 300 commumcatlon rounds. The number of client sizes is 20. The client sampling radio is
0.2 in C-PFL, while each client communicates with 4 neighbors in D-PFL accordingly. The batch
size is 128 and the number of local epochs is 5. We set SGD ( s ) as the base
local optimizer with a learning rate 77 = 0.1. We ran each experiment 3 times with different random
seeds and reported the mean accuracy with standard deviation for each method.

C.2 MORE EXPERIMENTS RESULTS OF STABILITY ON CIFAR-100.

We explore the impact of the four factors on CIFAR-100 in Figure 3 and 4: 1) Local Learning
Epochs, 2) Local Learning Rates, 3) Client Fraction / Communication Topology, and 4) Total Client
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Figure 4: Training loss distance of C-PFL and D-PFL on CIFAR-100.

Number. The empirical results on CIFAR-100 also verify that 1) Both less local learning epochs and
lower learning rates lead to better generalization performance, but they affect the convergence speed
more seriously; 2) More client participation and denser network connection in each communication
round enlarge the generalization gap, but they speed up the convergence rate to the same extent;
3) A larger total participation clients and a smaller number of local training samples increase the
generalization error and reduce the convergence speed simultaneously; 4) C-PFL outperforms D-PFL
in both generalization performance and convergence performance when their upper communication
bandwidths are at the same level.

C.

3

MORE EXPERIMENTS RESULTS OF TEST ACCURACY AND TRAIN Loss oN CIFAR.

We explore the impact of the four factors in testing accuracy on CIFAR-10 in Figure 5 and CIFAR-100
in Figure 7, and training loss on CIFAR-10 in Figure 6 and CIFAR-100 in Figure 8. The four factors
are the same as above. Testing accuracies correspond to the analysis of excess risk, effected by both
convergence error and generalization error. Training loss corresponds to the analysis of convergence
error, reflecting optimization properties.

D GENERALIZATION BOUNDS FOR C-PFL AND D-PFL.

In this section, we introduce our proof of the generalization bounds in the main context. We first
introduce the general lemmas for both C-PFL and D-PFL. Then we prove the uniform stability to
measure the generalization error for them. At the beginning of our proof, we list the important
variables used in the study as follows.
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Table 5: Some abbreviations of the used terms in the proofs.

Notation Description
wi = (uf 1, vf ) parameters at k-th iteration
wt = (u75 Vt) parameters in round ¢ with set S
Al Ly = (m] E||u® —@t||  stability difference of variables u
Afj’k >ic iy Ellvi = 7|l stability difference of variables v;
F initial function value gap

D.1 PRELIMINARY LEMMAS

Lemma 1 (Mixing Matrix for Decentralized FL, Lemma 4, ( ). Foranyt € Z™,
the mixing matrix W € R" satisfies |W" — P||op < AL, where X := max{|\a|, |\ (W)|} and for a
matrix A, we denote its spectral norm as || A||op. Furthermore, 1 :=[1,1,...,1]7 € R™ and
P = 11T Ran
n
Lemma 2 (Stability for C-PFL). We follow the definition in ( : )

to upper bound the uniform stability term for the shared and personallzed varmbles u and vl after
round T in the central FL paradigm. The updated progress of the shared variables u is like the
vanilla FedAvg, where the local updates and server aggregation are conducted alternately. The
updated progress of the personalized variables v; is like the SGD with multiple local updates. Let
function f(w;) satisfies Assumption 4, the models wl = A(S) and W}l = A(S) are generated after
T training rounds by the centralized method, we can bound their objective difference as:

E|f(w];2) = f(w];2)]

nUTry —~
oy +GE [||w] —af | | €] (12)

TLUT()
msS

IA

IN

+GE [[lu” —a"|| | €] + GE |l —of || | €]

where U = sup,,, , f(wi;2) = sup,,,, . f(u,v;;2) < +oo is the upper bound of the loss and
70 = toK + ko is a specific index of the total iterations.

Proof. Let I represent the index of the first time to sample the perturbation sample z;- ;- on the
dataset S;«. When to K + ko < I, AZ‘; = (. Then we define

cy __ t
P(&°) = P(A >0) < P(I <toK + ko).
Expanding the probability we have:

E|lf (w’;2) = f(@7;2)ll
= P({EN E[If (w5 2) — f(@] 5 2)| | €] + PU{ED) E[If (w5 2) — f(@] 5 2)] | €]
SE[If(w]s2) = f(@]32)I 1 €] + PHE}) sup f(wi; 2)

< GE[[lw! — o] | €] + UP{ED)
< GE[[lu” —a"||| €] + GE [[[o] — o] ||| €] + UP{ED).

Before the j*-th data on ¢*-th client is sampled, the iterative states are identical on both & and S.

When the dataset [SV'I is selected, the perturbation sample Z;+ ;- can be selected with probability 1/.
Define y as the event sampling dataset S;« and the observation moment 79 = to K + ko. Then we
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have:
P{E}) < P(I <toK + ko)
to—1 K—1 ko
<Y N PU=tK+kx)+ Y PI=tK+kY)
t=0 k=0 k=0
to—1 K—1
=Y Y S Pu=tk+k|x)P +ZZPI_t0K+k|X) P(x)
t=0 k=0 X k=0 X
to—1 K—1
- (Z S P(I=tK+k)+ ZP(ItOKJrk))
t=0 k=0 k=0
o n(toK + ko)
N msS
o nto
=
The random active clients with the probability of n/m in the second equality. O
Lemma 3 (Stability for D-PFL). We follow the definition in ( , ; , )

to upper bound the uniform stability term for the shared and personalized varlables u and v; after

round T in the decentralized FL paradigm. Let function f(w;) satisfies Assumption 4, the models

wl = A(S) and w! = .A(g’ ) are generated after T training rounds by the decentralized method, we

K3
can bound their objective difference as:

E|lf(w;2) — f(@;2)]

Ut N

< 70 + GE [|lw] — @] || | €] (13)
U

< 22 L GE [|uf —@T|| | €] + GE [|of - 37| | €]

S

Proof. For the D-PFL, the most part is the same as the proof for the central algorithms except the
probability P(x) = 1 in a Decentralized Federated Learning setup (because all clients will participate
in the training). We bound their objective difference as:

~ ~ U
B[ f(w”;2) = F@:2)l] <G Y E[llwlk - alxll | €] + (14)
i€[m]

O

Lemma 4 (Upper Bound of Aggregation Gaps). According to Algorithm 2, the aggregation of
C-PFLisuj ' = ul™ = L 37 o ul i, and the aggregation of D-PFLis uf{' = Y. 4 aijul s .
On both setups, we can upper bound the aggregation gaps by:

t+1 t

Au,O < Au,[{uv
1 _ At (15)
Au,o = A’U,KU'

Proof For the personal variable v;, they are always kept locally without aggregatlon which means

that v! K = sz61. So it is obvious to see that v} ;- — tK = sz61 — vﬁo , which proves that

Atjol = A! i Then we prove the inequation for the shared variables u. We discuss it in central and
decentrahzed mode respectively.

(1) C-PFL setup ( , )-
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In centralized federated learning, we select a subset .S ! in each communication round t. Thus we
have:

A = ST B - = Y Bt @t

i€[m] 1€[m]
1 ~ ~
= B () = Y RIS Y (e, )|
i€[m] ieSt i€[m] €St
< Z ]E Z HuzK zKu||‘| = Z Z E”uzK z‘,KuH
i€ m] 1€St ie[m,] 16 [m]
= Z Z EHuzK U; K“ Z E”UE,KU - afKuH = AZ,Ku-
1€[m] ze[m] i€[m]
(2) D-PFL setup ( , ).

In decentralized federated learning, we aggregate the models in each neighborhood. Thus we have:

ALy = Ellugtt —aptl= > Bl Y wi (wik, —@k,) |

i€[m] i1€[m] JEW;
<Y wBluf g, Wk = D Y wiBlul g, — T, |
i€[m] jJEW; JE[M] ieEW;
Z EH“; Ky j,KuH = Atu.,Ku-
JE€[mM]
The last equality adopts the symmetry of the adjacent matrix W = W . O

Lemma 5 (Decentralized Topologies Bounds of \). For0 < A < 1 and 0 < o < 1, we have the

following inequality:

t—1

)\t—s—l

. .
Z 2 <2 (16)
@ — I’
—(s+1) e
_ @ 1 2% 2%
where rix = (£) A 1)° T imamI T Xin L

Proof. According to the accumulation, we have:

/\tsl i1 )\tsl . S—t/\tsl
;(54—1 = +Z o‘_)\ +/s Pl ds

sl =1

s=1 AE—s—1 s=t AE—s—1
= \—1 +/ ds +/ ds
s=1 8% s=1 s

2

| 2\ [
< A4 )\5_1/ —ds + () / N1
s=1 s t s=
11—« a o\ —1
t 1 t 2
< )\t—l )\5—1 e = A
- * 1—a\2 * t ln§

Thus we have LHS < i ()\t Lo 4 \z—1 (1_03217& + /\12(1 T ) The first term can be bounded
nx

as \1tr < (9)(JK % and the second term can be bounded as \2~'t < —2 _ which
e A(ln X) eXln

indicates the selection of the constant k) = (Q)a X (lnll ) + (1_0()2:/\ T+ /\12: —. Furthermore,
by A A

€

i 1 1 2f ﬁ 1 1 (2+e)f
1f0<a§§<1,wehave/<;)\§)\(ln%)a—l—e/\ln byre <max{>\,>\ 1}—1— A T

nx In &

1 1 1 :
O (max {)\, /\m} + m) with respect to the constant . O

21



Published as a conference paper at ICLR 2025

D.2 GENERALIZATION BOUNDS FOR C-PFL

Lemma 6 (Selecting the Same Sample). Under the Assumption 1 and Assumption 4, the gradi-
ent for the shared and personalized variables satisfy gf‘mk = V. F; (uf,k, UE,KU;Z) and gimk =
Vo Fi(uj, v}, k, z), the local updates satisfy uﬁ el = Ui — Yk andvf ho1 = Vg — ng) ik We
”SEE[VF( zksz’ 2)] = Vufi(uj zkszv )andE[VF( zvzk’ 2)] =V, fi(u} wzkv z). If

we sample the same data z (not the z;» ;=) in dataset S and S at k iteration on round t, we have:

]E||“§,k+1 - aﬁ,k—&-l” <1+ nuLu)]E”qu — U || + UuLuv]E”’UE,K,, - BfK
Ellv; 1 = 0% gl < (1400 Lo)El|v; = 0f 4l + 0o LouEl|uf — @l

Y

(amn

Proof. We first conduct the local update for the personalized variables. The update progress in each
round ¢ is as follows:

E||v§,,€+1 - %f,kﬂ | = EHUf,k -7 kT nv(gz,i,k - @im)”

< ]E”vf,k - quka + n1,E||V1)fi(u§,vf K3 2) — vaz’(%vﬁi,k? 2)|l
<A +nl )E”Uz kUi, k” + vauEHU - ut”
The alternative update progress for the shared variables is based on the updated vt+1 v,fj(lv:
EHU;/CH - a§7k+1\|
= EH“ik - 'Zfik - Uu(gqi,i,k - Eﬁm)”
< EHUE/@ - azk” + WuE||Vufi(U§,kan7Ku§Z) - Vufi(ﬁ§,k757?,z<; 2)|l
<(1+ nuLu)EHUE,k - afk” + nuLquva,KU - Uﬁz’,KU [
O

Lemma 7 (Selectmg the Different Sample) Assume g}, ;1 = Vo Fy(uf v} ¢ 52) and gl ; =

Vo Fi (U}, 0} s Z), the local updates satisfy u}, bl = ul & ng’k and v%,H_l =l - 7gi7iﬁk.lfwe
sample the dlﬁerem‘ data samples z;x j~ and Zix j« ( szmpllﬁed to z and Z), we have:

]E”“;k-s-l - ﬂg,k-{-l” < (1 + WuLu)E”uﬁ,k - ~i k” + nuLuv]E”Uf K, — Af KU| =+ 277u(‘7u + 5u)7

]E||v$,k+1 - ?}szrlH <(1+ nva)EHUik U; k” + %LquHU - ut” + 2n,0,.
(18)

Proof. We first conduct the local update for the personalized variables. The update progress in each
round ¢ is as follows:

]E””f*,kﬂ _Wi*,kHH
= EHUf*,k - %fk - nu(gi itk @f; i*, i)l
< Ellof k= i g ll + B Vo fir (uie, i gy 2) = Vo fir (@, 0 1 2) |
S E|vis p = Ui gl + 0Bl Vo fir (i, Vi gy 2) = Voo fir (T, T g, 2)|
+ BNV fir (T, Vs gy 2) = Vo fir (@, B g 2|
< (14 0o Lo)E[Jvfs = Ui gl + moLoulEl|ug —utH
+ N E[| Vo Fi (u *vﬁ*kv 2) = Vo fir (W, 0 ) = Voo fir (U, 0 1*k7j+v fir (@, 05 )|
< (14 0o Lo)E[l07 j, = U kll + 10 LowE 1w — T + 20000

The last inequality adopts E[2] = \/(E [a])* = \/E [1?] - E[¢ — E[a]* < VE[7]
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The alternative update progress for the shared variables is based on the updated v ™" = v/
EH“?*,kH - ag*,k-&-l”
= EHUf*k - ﬁg*,k - nu(gZ,i*,k - Efwk)\l
< Elluge g — U g ll + BNV fir (win g 03 1,5 2) = Vafi (W, ky%* K, 2
< EHUf*k — U g || + MBI Vo fir (uﬁ*yk,vfﬂ,{u,z) — Vo fir (W ’y 0y K, 2l
+ B Vo fir (W ks Ui 1,0 2) = Vair (@ s Ui i, 2) |
< (1 +n.L )EHut - ~1§ k” + nuLqu”Uf B Fz?KU
+ N E|| Vo fir (1 Ujs foy U 0} Ky 2) = Vafis (us U, o g k)~ Vufi*(a§*7K,uv@7*,K,u7g) +Vufi*(ﬂ§*7k,?)’f*7K,u)||
<1+ u)EHui,k - 1kH + nuLquHUi,K,, - Wi,lﬂ, | + 2nu (0w + du).

O

Lemma 8 (Recursion in local update). Since Al = Al , + Al according to the Lemma 6 and 7,
we can bound the recursion in the local training:

20, LvuAth

E + LU ’).

2(oy + 0u) + L“”Af},K
SL, L,

A ki1 S (1 +mLy) (Ai,k +

U)'

Az,k—&-l < (1 + nuLu) (Az,k +

Proof. In each iteration, the specific j*-th data sample in the S;« and S is uniformly selected with
the probability of 1/S. In other datasets S;, all the data samples are the same. Thus we have the
recursion for the personalized variables:

Al g1 = Z E (1] g1 = 0 pga ll] +E [[[0F g1 = 0fe g ]
iEL*
< (1 +nuLy) Z ]E”vf,k - @ka + 1o Lou Z E|ju; — uj
i i

1
+ (1= §) 10+ MLy = el + Lol ~ T

1
+ S [(1 + L )EHUz kUi, k“ + nvauEHu - utH + 277110'11}

21,0
= (L +nyLy) Af),k + nvauAZ7o + o .

S

Similarly, for the shared variables, we have the progress in each round ¢:

Alksr = D Bl jpr = T l] +E [llufe ppr = T g ]

it
< (1 +nuly ZEHu? E zk” + Nu Ly ZEHU;:,KU *Uﬁi,KU”
iF£L* 1F£L*
1 ~
+Q—Sﬁu+mumwm—%w+mmmm&Jw&m
1
b 10 LBl — ]+ Ll s, ~ (ot 62

20y (0 + 0u)

= (14 nuLu) AL 3 + nuLuww AL g, + 5
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Then we can bound the recursion formulation as:

20 At 20 LuuAt 0
At v VT < (] v Lo At v W
v,k+1 + SLU + Lv = ( +1n ) ( v,k + SLU Lv )7
(O’u + 5u) LuvAfj K t 2(0’u + 5u) LuvAtU K
Al 2o < (14 n,Ly) (A Koy
u k‘-‘rl SLu + Lu = ( + T’ ) ( u,k + SLu + Lu )

Zoom out the variables on the left-hand side, then we finish the proof.

Main Proof for Theorem 1 According to the Lemma 4 and 8, it is easy to bound the local stability
term. We still obverse it when the event £ happens, and we have A;‘; = 0. Therefore, we unwind

the recurrence formulation from 7', K to tg, kg. Let n, = ”7“

decayed as the communication round ¢ and iteration k where 11, < 7— and p, < 7~

constants, we have:

TK,

Ay, < I1

T=(T—-1)K,+1

Ho Ly

o8] (o

Hu
tK+k

— Mo Ko
and 7, = 7 = gy

are
are specific

20'1) + L A ,O
SL, L,

TK, T—1
N’uL'u T—1 20'v LvuAu K,
< 14— A
- 11 < T > < ke T T
| r=(T—1)Ky+1
TK, to
PJva t QUU Au ko
< 1+ — AP
= U (+ T) (%’“SLU+ L,
Lr=toK+ko+1
M TK, 9 (19)
pyLy (o)
< [I o (SLU>
Lr=to K +ko+1
_ e“va (Z$§%K+k0+l %) 20,
SL,
ot (i) 200
- SL,
TKU Ho Ly 20”
< .
- To SL,
Similarly, for the shared variables, we have the progress in round 7":
TK, T
AT < 1 ,Ufu u AT u u v, Ky
we=) Al <+T><“’°+ SL, | L
r=(T—-1)K,+1
[ Tk, TK, T
:U‘ULU T-1 2(Uu + 5u) ,uuLu LUUAU,KU
< 11 <1+ ) (AwKu+szu + 11 L = I
| 7=(T—1)Ky+1 T=(T—-1)K,+1
TK, TK, T
wlin (Uu + (Su) Loy Lo, LuvAU K
< 1 At(’ _ 1 —t
<| IL(ete) (an o)« | I (14 L,
Lr=to K+ko+1 T=toK+ko+1
r TK T
- Pu L’LL’UA
B O NG A R
- SL, L,
Lr=to K +ko+1
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Expand the first item, then we have:

TKy 1 2(0' + o ) LuUATK
AT < Hulu (ZT:t0K+ko+1 f) “ - —
wk, <€ SL. | L.

T
< ol n (5% 2(oy + 0y) N LuwA, g,
N SL, L.,

_ (TE. i 20u+0u) | Lun (TK, molv 9g,
“\ 70 SLy, L, 7o SL,

_ (TK. pulu 2(cru—|—5u)+ TE,\"" (TK,\"" 2L,.0,
- T0 SLu T0 T0 SLULU '

We can see that the bound of the local stability term for the shared variables in C-PFL has an extra

T, \"" (TE,\"" 2Luyo Lo . .
= v wZv This is the alignment error caused by the alternative update for
To To SLy, L,

the personalized and shared variables, which is related to the smoothness of L,,, L,,, L,,,, the local
epochs K,,, K, and the variance bound o,,.

term (

Therefore, we get the combination of AE, x and AZ, as AL:

TK """ 2(0u +64)  (TK,\"™" Ly TK 2
AT _ AT AT < u u u v 1 uv U foy Loy v.
w ko * VB = 70 SLu * 70 + Lu ( T0 ) SL’U

According to the Lemma 2, the first term in the stability (condition is omitted for abbreviation) can
be bound as:

Bljuwl 1 — @l

=Bl 3 (@l —@T) I = 2B Y (wf - @) |

1€St ieSt
1 T ~T Ln T ~T
<-E Z | (sz - sz) |=-—E Z | (wi,K - wi,K) |
n nm
€St i€[m]
L\
=— ZEH ZK w )|| =—Ak
m
ze[m]
oLy Ho Ly
< TK, 2(0y + 6u) n TK, 14 L., (TKU )uuLu 20, .
To mSL, To L, 7 mSL,
Therefore, we can upper bound the stability in C-PFL as:
E|lf(w{52) — f(@] T 2))|
< GElJuw!* — g+ + "D
msS
< TK, P Ly 2G(0y + 6y) n nUTy n TK, oLy . Ly (TKu )/tu,Lu 2Go,
- T0 mSLu mS T0 Lu T0 mSLv ’

Obviously, we can select a proper event £ with a proper 7y to minimize the upper bound. For

2G((0u+9u)Ly+0y Lu)
nUL, L,

T € [1,TK], by selecting 7o = [
as:

THAT uL_ S
(TK) ™+, we can minimize the bound

£ [Hf(uT’VT3 z) = f@" V" Zj)”} = mi {G((UU T

I.L. ] (nUTK)TFeL |
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D.3 GENERALIZATION BOUNDS FOR D-PFL

Lemma 9 (Bounded the local gradients). When (t,k) < (to, ko), the sampled data is always the
same between the different datasets, which shows I'Y, = 0. When t = t, only those updates at k > kg
are different. When t > 1y, all the local gradients difference during local K iterations are non-zero.
Thus we can first explore the upper bound of the stages with full K iterations whent > ty. Let the
data sample z be the same random data sample and z/Z be a different sample pair for abbreviation,

when t > to, we have: If we sample the same data z (not the z;» j») in dataset C and C at k iteration
on round t, we have:

P L
T 24 (00 + 0y)
Eln. Tt .| < [ — - (20)
Il < () i
Proof. According to the Lemma 4 and 8, we can also bound the local stability term for the personal
variables. Let the learning rate n, = £ = ; K,i+ % is decayed as the communication round ¢ and
iteration k where p,, is a specific constant, we have:
20 T polo 20
ALy 200 () v @1
vk SL, ~ \ 7o SL,
_ T
For shared variables, let I'}, ; = [gquo)k ~ o Juih = Juid s Gumk — ;;*;M),C} , we have:
T
EHUUFZ,I@H = IEHUU [gZ,O,k - %,O,k’gz,l,k - %,1,k7 e 7gZ,TrL,k - %,m,k} ||
< M Z Ellguin = Gui el
1€[m]
< My Z ]Ellvufi(u;k’ Uzt}KU’Z) - vufi(ag,kvw,lfuvz)“
i
(S—=1)m ~
+ 7uE”vufl* (U§*7ka vf*,KU ’ Z) - vufl* (uiz?*,kv Uﬁ/ti*,KU ’ Z) ”

S
+ %EHvufl* (ug*,ka vf*,K1,7Z) — Vau fix (ag*,kv Ef*,KwZ) + Vu fir (ag*,k” rUVti*,KU ) Z) =V fix (ﬂg*,kv vﬁi*,KUaz)”
< My Z (Lu]E”ufk - ﬂi,k” + Lqu”vf,KU - w,KU ||)
ii*
S—1
M CE N
S

n ~
+ gu (LUEHUE,k - ui,kH + LquHU;Kv - U%i,KU ”)

n - ~ . .
+ guEH(VfZ* (ug*,kvaff*,f{uvz) - Vufi* (ug*,kvgff*,Ku)) - (vufi* (ui*,kaﬁ*,sz) - vuji* (Uﬁ*,k,ﬁ*,x,v)) H

(LuBllug o — U | + LuoEll0] g, — % 1, )

210y 0y
S

< Y (LuBlut o — ]| + LuBl|oL e — T ll) +
1€[m]
LuvAZVK + 20’u

_ ¢
= nuLu(Au,k + L. SLU)'

According to the Lemma 4, 8 and Eq.(21), we bound the gradient difference as:
L uv AZ K 20 w )

L. | SL,

< T Pl 2,Ufu(gu + 5u) + Luv T oLy 2Nuav
~—\7 75 L, To TS

]E||77url;,k|| < nuLy (Aik +

where 7 = tK + k.
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Lemma 10 (Bounded the local gradients). When (t, k) < (to, ko), the sampled data is always the
same between the different datasets, which shows I't, = 0. When t = to, only those updates at k > kg
are different. When t > ty, all the local gradients difference during local K,, iterations are non-zero.
Thus we can first explore the upper bound of the stages with full K, iterations whent > ty. Let the
data sample z be the same random data sample and z/Z be a different sample pair for abbreviation

°
and ®!, | = [ugk = UG gy U = UL gy U g — fifnk} . When t > tg, we have:
Ay (0 + 64) kN [ Ky Pl 1 Lyy  Apuouky (( Ky bl 1
E||(I-P)a! . || < Hel%u T 0u)fir (Hu - HuTulin (Ru S
0Py al ) < Ml b0 (K)o ()L
(22)
2 (00 + 6 Ain [ Ky pulu 1 Lyy 20065y Ky poLo 1
E|| (W — P) &t < — _ — | — _—.
||( ) u, K, Il = S 0 tlfﬂuLu + ( Lu ) S 7o tlfll«va
(23)

Proof. In the decentralized method, the aggregation performs after K local updates which demon-
strates that the initial state of each round is U} = WUﬁ(_ul. It also works on their difference

@Z 0=W (I)Z_;( . Therefore, we have:
b b u
u_l

CI)Z,Ku = ‘I’Z Z Nl uk W‘I)f;[l{u - Z Wurtu,k-

Then we prove the recurrence between adjacent rounds. Let P = %11T € R™>*™ and I € R™*"™
is the identity matrix, due to the double stochastic property of the adjacent matrix W, we have:

WP =PW =P.
Thus,

I-P)®, , =A-P)We . —(I-P) > I,

K—1 Ky—1
= (W@Z};(u -y nurg,@) ~PWo! . +PWo! 1 —P (W@Z; Z NI, k>
k=0
By taking the expectation of the norm on both sides, we have:

u_1

E|(I-P)d; g || <E[W®, % — Z Ml — PWe, e || +E| Z n

u_l

<E[Wo, . —PWo, ¢ || +2E| Z Ll

—E|[(W-P)I-P)® ;<||+21E||Znu ol

< AE[|(I-P) @, |+2E||Znu will-

The equality adopts (W —P)(I—-P) =W — P — WP + PP = W — PW. We know the fact
that ®!, , = 0 where (t, k) € (to, ko). Thus unwinding the above inequality we have:

t w—
E[(I-P)®, g | SATOHE|XT-P) Pl | +2) N TE| Y 0Ll
s=tg k=0

—QZ/V °Ef Z Ml k-

s=tg
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To maintain the term of W, we have:

Ky—1

(W -P) (I)Z,Ku = (W -P) W(I’ZTIIQ - (W-P) Z nurtu,k
k=0
Ko—1
= (W-P)(W-P)®, x —(W-P) > nll,
k=0

The second equality adopts (W —P) (W —P) = (W -P)W — WP + PP = (W -P)W.
Therefore we have the following recursive formula:

K-1
E[ (W —P) @, x| <E[ (W —P)(W —P) &, % | +E| (W —P) > 5L 4l
k=0

K-1
< AE[| (W = P) &% |+ AE| Y mal il
k=0

The same as above, we can unwind this recurrence formulation from ¢ to ¢, as:

E[(W—P)@f | <NTOHE|(W - P) @ || + ZV E| Z 1l

s=to

= ZV E| Z 1l k-

s=tg

Unwinding the summation on & and adopting Lemma 5, we have:

ZV *E| Z 1l

s=to
<3 Z Bl

s=to

K,—1 t K,—1

2t (Ou + 6u) o gy o THuLu o 2l et el
< Bl ) oy T (B e 5 S
- uLu va

Sty s=tgo =0 u STy s=to =0
K,—1 L t K,—1 L

Q,uu(o-u + 6u) : s N\ (SKu) v Loy 240404 s X (SKu)HU N
) DEND Dl b &) DN
- uLu 'uL'u

STg s=tg k=0 sKu Ly STg s=to k=0 sKu
2 (0 + 8y K\ Zt: N (Lw)muav Ko\ Zt: At=s
S 0 - sl—puly L., S To - sl—HvLy
s= s=to

- 2,uu(0-u +6u) <Ku>ltuLu t—1 At—s—1 (Luv)2,uu0'v (Ku>;truLu t—1 At—s—1
a S 70 s=top—1 (S + 1)1_HuLu Lu S 70 s=tp—1 (S + 1)1_MULU
o 2ot O (KN 1 (L 21008 (K, SR
- S T0 tlfﬂul‘“ Lu S T0 tlf'u’”L“ '
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Therefore, we get an upper bound on the aggregation gap which is related to the spectrum gap:

K,—1
EfX=P) Py [ < QZA’ °E|| Z L5kl
s=to
Ay (o4 + 0u) kN [ Ky pul 1 Ly Apgouky Ky bl 1
<——F5"— T )J—— | — Hl—puLy
S To 1=t Ly L. S To ALy
E[ (W -P) o], ZAt THE| Zm well
S= t[)
20w + 6)Nex (Ko \ "5 1 Lo 2pu0okis (Ko \"5 1
= o aon T )T g P
S To tl—Huln L, S To tl—po Loy

The first inequality provides the upper bound between the difference between the averaged state and

the vanilla state, and the second inequality provides the upper bound between the aggregated state
and the averaged state.

Main Proof for Theorem 2 According to the Lemma 4 and 8, it is easy to bound the local stability.
We obverse it when the event & happens, and we have AZO = 0. Therefore, we unwind the recurrence

formulation from 7', K to to, ko. Let n, = £+ = ; K “randn, = B2 = e are decayed as the

T

communication round ¢ and iteration k where 1, < +— and p,, < Li are specific constants, we have:

Z E”ut+1 _~t+1 H

K-1
= B[ (ufht = a5 = Dk (ghiw — T
1€[m] k=0
K,—1
= > B[ (ulf —ah) = (ul g, — U w,) F (Ul — W) = D M (9hik — i)
1€[m] k=0
K,—1
<Y B (ult = aht) = (ul e, — T, ) I+ BN (uf e, = T, ) I+ EN D 1 (9 — Foir) Il
1€[m] k=0
K,—1
< Z Bl (uf g, — U g,) | + Z E|l Z N (9ie — Guie) |
1€[m] 1€[m] k=0
+mE Z I (i = uih) = (wi g, — Ui g,) |
7€[m]
K,—1
< Z Bl (uf g, — U g,) | + Z E|l Z N (9ie — Guik) |
1€[m] i1€[m] k=0
pmE | ST (gt - — (g, — e, ) I
ze [m]

= Z B (uf x, — Ui x,) Il + VME[| @5 — @ i || + Z E| Z M (9 = k) |

i€[m] i€[m)]
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Let %} = W®!, . we have:

Z E”ut+1 _~t+1 H

< Z Ell (Uﬁ,Ku - ﬂg,Ku) |+ \/FL]EHVV‘I)Z,Ku w kol + Z Ef Z M guz k guz k) |

i€[m)] i€[m]
i€[m] i€[m]

+ VmE[ (W = P) @, i || +vmE|| (P D, g Il

Since vfgl = v} g for the private variables, then we have the recursion:

Ky—1
SR = =YD B (ol =0k = Y mk (ghas —dhan) |
i€[m] i€[m] k=0
Ky—1
< Z E| (UE,K,J _FE,K”) | +Ef Z My (gi,i,k - %m) [
1€[m] k=0
Ky—1
< Z E| (UE,KU —Fg,KU) [ + Z E| Z T (gfm‘,k —gztm‘,lc) [
i) iefm] k=0

Therefore, we can bound this by two terms in one complete communication round. One is the process
of local multi-times SGD iterations, and the other is the aggregation step. For the local training
process, we can continue to use Lemma 7, 8, and 9. Let 7 = t K + k as above, we have:

+6,)
At 2(0y u
T
Kt 2oy + 0y) . 2oy + 0y)
< 1 uLu At u u u u At u u
<1 0w ot 25 = [T (422 (s 255

K—1
puLu 2(0y + 6u) Ku=11 2(oy + 0u)
l [ t L t
- L—o ° (Au70+ SLy ) M (Au o SL,

1 2(0u + 6u) £ 1\t 2(0 + 0u)
< ghulu ln( b ) At u u _ At u u
=¢ w0 T gL, N T

1\ O + 84
<(S) T Atk VREIW - Pyl )+ B P - D8l g )+ 2T
1IN 2(0u 46, 1\
< (B (ak,+ 220w (S 1 W - By o+ B R - D)
_ (L AL 4 20u+0u)\ |, Oy (ou+0u)kx (Ku N A |
A Ko SL, S To t th—pu L

local updates

Luy, 6v/Tttucrony (K)*‘L <t+1>”“L“ 1

S 70 t tl—polo

aggregation gaps

aggregation gaps
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The last adopts the Eq.(22) and (23), and the fact A < 1. Obviously, in the decentralized federated
learning setup, the first term still comes from the updates of the local training. The second term

comes from the aggregation gaps, which is related to the spectrum gap .

For the private variables, since we do not exchange them with neighbors, we have:

' 20, [Fo
Av,KU + ST S H (1 + nva)
v L k=0

MK, —1
Ty oy Ly

L k=0
K, —1
puLay ¢ 20,
e A
I (o)
= el T (At ot 22 )
2

et Lo In(57) <Ai ot T >

t 1\ Mol 2
— (== At v ).
() (2

Unwinding this from ¢ to T, we have:

20
t v
(AU,O + SLU )

IN

IN

T 2(oy + 6y)
w K SL.,

20
t v
<Av,0 + SLU>

1

TK, pul o v+ Ou 6 w0y + 04 K, pule T t+1 pul
< ( ) (o )+ Vi (o B () Z ( )
t=to+1

T0 SLu S T0

L 6V Ly (I@)“v“ ET: <t+1>“va 1

SLU T0 Mirsa i) t -t
o (TEN"" 2000 +64) | 12vmp(ou+dumy (K \™"
~\ 7o SL, S P,
n (Luv ) 12%/_;“0-1)“)\ K, oLy T 1
L S To tl—moLy

t=to+1

_ (TKU)““L“ 20w +0u) | 12/t (00 + 8u)in (Ku>““L“ L

T0 SLu S 70

+(

Luy | 12V/mpt,00 5 (Ku)“”L” ho Lo
To

Ly, ) S £ tio Loy

t=to+1

T

oy Ly

t

t=T

t=to+1

. (TKu)““L“ 2 (14 6y/meky) (0u + 64) N (Lu) (TKU)“”

T0 SLu Lu T0

Lo 12\/mkyo,

SL,

The second inequality adopts the fact that 1 < % < 2whent > 1andthe factof 0 < p < %

For the personalized variables, unwinding this from ¢ to 7', we have:

20 TK,\"" 20
AT v~ v v ]
AT ( 7 > SL,
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Then the first term in the stability (conditions is omitted for abbreviation) can be bounded as:

Eflu™ - @) < = Z]EII ix) |

< (TK. *‘“L“2(1+6¢Em)(au+5u)+ Luv (TK. """ 12¢/mrsoy
- T0 mSLu Lu T0 mSL’U ’

1 TK,\"" 20
ElloT+ — 7+ < — E _ T < v v
v vl s 4;} I (vik, —Vig,) |l < - 5L,

Therefore, we can upper bound the stability in decentralized federated learning as:

E [ f(wi " 2) = £ 5 2)])]
S<?E[Hw?+1—-w?+1n|s]+—3§9
< GE [u™ =@+ | €] + GE [T+ =37+ | €] + %
20w + 0,)G (14 6ymry\ [ TK,\"" . Uro
- SLy m 70 S

(L) (TE molv 19 /mkre,G | 20.G (TK, gl
Lu T0 SL SLU T0
_ 200 +38,)G (1+ 6\Fm b | 20.G (TE, polow
- SLU 70 SLU 70

N 12/mkroyLuy [ TKy """ L Un
mSLvLu T0 S '

The same as the centralized setup, we can select a proper event ¢ with a proper 7y to

minimize the error of the stability. To simplify subsequent analysis, we assume pl =

max{ iy Ly, oLy} and K = max{K,,K,}. For v € [1,TK], by selecting 19 =
1

uL 2 ; , T+uL .. .
(TK)THT 2G (o +6u)LU(1+6mL?7;\1)L+2LG20-v LuLuu(rn+6\/ﬁn>\):| iE e get the minimal generaliza-
tion bound for D-PFL:

EMﬂfﬁ%m—ﬂfﬁ%mM

(0w +0,)G 0,G 6+/mix Ly TRAT
— (1 \/ 1 .
[ Tom (LF6Vmm) + == (L4 == =)

(UTK)™

CO\%
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