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Abstract
Neural networks typically generalize well when
fitting the data perfectly, even though they are
heavily overparameterized. Many factors have
been pointed out as the reason for this phe-
nomenon, including an implicit bias of stochastic
gradient descent (SGD) and a possible simplicity
bias arising from the neural network architecture.
The goal of this paper is to disentangle the factors
that influence generalization stemming from op-
timization and architectural choices by studying
random and SGD-optimized networks that achieve
zero training error. We experimentally show, in
the low sample regime, that overparameterization
in terms of increasing width is beneficial for gen-
eralization, and this benefit is due to the bias of
SGD and not due to an architectural bias. In con-
trast, for increasing depth, overparameterization
is detrimental for generalization, but random and
SGD-optimized networks behave similarly, so this
can be attributed to an architectural bias.

1. Introduction
The generalization of neural networks challenges common
wisdom in classical statistical learning theory (Vapnik &
Chervonenkis, 1971): the number of parameters in today’s
neural networks is much larger than necessary to fit the
data (Zhang et al., 2017), and further increasing network
size, i.e., more overparameterization, yields better general-
ization (Hestness et al., 2017; Allen-Zhu et al., 2019). The
underlying mechanisms of generalization despite overpa-
rameterization remain, to a large extent, an open question.

While the contribution of certain aspects has been examined
in the past (e.g., batch size (Keskar et al., 2017a) and learn-
ing rate (Li et al., 2019)), isolating the effect of gradient-
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based optimization is more challenging due to its integral
role in today’s well-performing networks. The implicit bias
of Stochastic Gradient Descent (SGD) is thus often thought
to be the main reason behind generalization (Arora et al.,
2019; Shah et al., 2020). A recent thought-provoking study
by Chiang et al. (2023) suggests the idea of the volume hy-
pothesis for generalization: well-generalizing basins of the
loss occupy a significantly larger volume in the weight space
of neural networks than basins that do not generalize well.
They argue that the generalization performance of neural
networks is primarily a bias of the architecture and that the
implicit bias of SGD is only a secondary effect. To this end,
they randomly sample networks that achieve zero training
error (which they term Guess and Check (G&C)) and argue
that the generalization performance of these networks is
qualitatively similar to networks found by SGD.

In this work, we revisit the approach of Chiang et al. (2023)
and study it in detail to disentangle the effects of implicit
bias of SGD from a potential bias of the choice of architec-
ture. As we have to compare to randomly sampled neural
networks, our analysis is restricted to binary classification
tasks in the low sample regime. Specifically, we analyze
the behavior of the LeNet (LeCun et al., 1998), Multi-Layer
Perceptron (MLP), and ResNet (He et al., 2016) architec-
tures.

In summary, we make the following contributions:

• We show that some findings of Chiang et al. (2023)
are based on a sub-optimal initialization of SGD, which
makes SGD artificially worse. Moreover, we argue that
their normalized loss cannot be used to compare networks
of different architectures. We suggest an alternative nor-
malization and analysis scheme that allows us to study
the effects of increasing overparameterization (in terms
of width and depth).

• We show that increasing overparameterization in terms
of width improves the generalization of SGD, while for
randomly sampled networks, it remains mostly unaffected.
This indicates a clear implicit bias of SGD.

• On the contrary, increasing overparameterization in terms
of depth is detrimental to generalization both for SGD
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and G&C. As they behave similarly, the negative impact
of increased depth can be mainly attributed to a bias in
the architecture.

Note that we do not claim that increasing depth is always
detrimental to generalization, but rather that improvements
regarding depth are due to architectural bias and not due
to SGD. In contrast, increasing width, even for randomly
sampled networks, does not harm generalization, and the
implicit bias of SGD leads to networks with higher margins,
significantly improving generalization.

2. Related Work
Understanding the generalization properties of deep neural
networks is a long-standing research topic that has been
tackled from different angles (Cybenko, 1989; Hornik, 1991;
Wolpert, 1995; Bartlett & Mendelson, 2002; Hoffer et al.,
2017; Jakubovitz et al., 2019).

Overparameterization and generalization. Traditional
learning theory with complexity measures, e.g., the VC di-
mension (Vapnik & Chervonenkis, 1971), suggests that for
generalization, models should not be able to fit any possi-
ble training data (Shalev-Shwartz & Ben-David, 2014). In
particular, heavily over-parametrized models should overfit
the data (Hastie et al., 2001). However, even though net-
works are large enough to fit the data perfectly (Haeffele &
Vidal, 2017; Nguyen & Hein, 2018), we essentially observe
the opposite (Belkin et al., 2018; Neal et al., 2019; Bartlett
et al., 2020). Specifically, Zhang et al. (2017) showed that
a CNN architecture can obtain perfect train accuracy both
on random and non-random labels on the CIFAR10 dataset,
proving that the models are expressive enough to memorize
while still being able to generalize. Additionally, Arpit et al.
(2017) illustrated that the networks do not just memorize
the data but learn simple patterns first, and Neal et al. (2019)
reported that both bias and variance can decrease as the
number of parameters grows.

Implicit bias from the optimizer. The success of modern
deep learning is often attributed to the implicit bias of the
optimizers (Neyshabur et al., 2015): Soudry et al. (2018)
showed that SGD on linearly separable data converges to the
maximum-margin linear classifier, and Arora et al. (2019)
hypothesized that the implicit regularization of gradient-
based optimizers goes beyond what can be expressed by
standard regularizers. Galanti & Poggio (2022) investigated
the effects of small batch size on the network’s rank. Liu
et al. (2020) related the gradient signal and noise to general-
ization, Advani et al. (2020) highlighted that learning with
gradient descent effectively takes place in a subspace of the
weights, and Lee et al. (2020) observed simplified learn-
ing dynamics for wider networks. Andriushchenko et al.
(2023b) showed that large step-size SGD leads to low-rank

features.

Loss landscape perspectives. Several works connect gen-
eralization properties to the geometry of the loss land-
scape, often involving sharpness quantities (Dziugaite &
Roy, 2017; Keskar et al., 2017b; Jiang* et al., 2020; Foret
et al., 2021). The relevance of this relation, however, is
unclear (Andriushchenko et al., 2023a). This connection
between flatness and well-performing models is also present
in the Bayesian literature (Izmailov et al., 2018; Wilson &
Izmailov, 2020).

The volume hypothesis. Pérez et al. (2019) observed a
bias towards simple functions in deep networks, irrespective
of optimization. Huang et al. (2020) hypothesized that the
volume of bad minima in weight space might be smaller
than that of well-generalizing minima. Mingard et al. (2021)
further argued that, in simplified terms, SGD behaves like a
Bayesian sampler and that the inductive bias in deep learn-
ing does not primarily stem from the optimizer. However,
their approximation requires infinite width and thus does
not apply to practical networks. Geiping et al. (2022) ques-
tioned the relevance of stochasticity in SGD by illustrating
that gradient descent with explicit regularization can per-
form comparably. Chiang et al. (2023) argued that the im-
plicit bias of SGD is only a secondary effect, and the main
contribution to generalization comes from the architecture.

3. Setup
Our main goal in this work is to disentangle the architectural
bias – the bias inherent in the function class obtained by
randomly sampling the network parameters – from the bias
of SGD regarding generalization in the overparameterized
setting. Our setup is similar to Chiang et al. (2023). How-
ever, we deviate in our evaluation, arguing below that their
conclusions are potentially inaccurate due to issues in their
application of SGD and the quantities they considered. To
achieve our objective, we utilize a random sampling pro-
cedure, termed G&C in Chiang et al. (2023), as well as
SGD to attain neural networks that achieve zero training
error. However, due to the exponentially increasing compu-
tational cost of G&C, we limit our study to binary classifica-
tion tasks from MNIST (LeCun et al., 1998) and CIFAR10
(Krizhevsky et al., 2009) in the low sample regime.

3.1. Neural Network Architecture

Following the setup of Chiang et al. (2023), we focus on ver-
sions of the LeNet architecture (LeCun et al., 1998) in all of
our experiments. Additionally, we confirm our main results
with an MLP and a small ResNet (He et al., 2016). Details
on the architectures can be found in Appendix B.1. For the
LeNet, the ReLU activation function, a(z) = max{z, 0}, is
applied after each layer (except for the pooling layers). The
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resulting function f : Rd → RK induced by this network
can be written as,

f(W1, . . . ,WL, x) = WL ◦ a ◦WL−1 ◦ . . . ◦ a ◦W1x,

with input dimension d and K classes. Note that the output
vector of f contains the logits of the classes.

When using the ReLU activation function, the function f is
one-homogeneous in the weights Wl of each layer and in
the input x. That is, for each γ > 0,

f(W1, ..., γWl, ...,WL, x) = γf(W1, ...,Wl, ...,WL, x).

For compactness, we use the notation f(W,x), where W =
(W1, . . . ,WL).

We use the {−1, 1} label encoding for binary classification
and denote the two components of f as f1 and f−1. Let
Strain = (xi, yi)

n
i=1 be the training set, where xi ∈ Rd, and

yi ∈ {−1, 1}. The one-homogeneity of the ReLU network
implies that if a network realizes zero-training error, that is

yi (f1(W,xi)− f−1(W,xi)) ≥ 0, i = 1, . . . , n,

and one uses cross-entropy loss (which reduces to logistic
loss in the binary case),

l(y, f(W,x)) = log
(
1 + e−yi(f1(W,xi)−f−1(W,xi))

)
,

then simply upscaling the weights of any layer to infin-
ity yields zero loss. Since upscaling the weights does not
change the classifier, the training loss itself is not a suit-
able criterion for distinguishing two ReLU networks that
achieve zero training error. Therefore, as the goal of this
paper is to study the overparameterized regime, where the
network is large enough to achieve zero training error, one
needs a suitable normalization, which is discussed in the
next paragraph.

3.2. Geometric Margin as a Criterion to Compare
Networks Achieving Zero Training Error

As discussed above, the (cross-entropy) loss itself is not a
suitable criterion to distinguish networks that achieve zero
training error. A proper criterion should eliminate the degree
of freedom for upscaling weights (Farhang et al., 2022). Let

g(W,x) := f1(W,x)− f−1(W,x),

and denote with L(g(W )) its Lipschitz constant for the
ℓ2-distance with respect to the input x. Then, the criterion

ρ(x) ≜
g(W,x)

L(g(W ))
, (1)

eliminates the scaling degree of freedom in the weights as
the Lipschitz constant L(g(W )) has the same homogeneity

as g(W,x) with respect to the weights. Furthermore, as
shown below, |ρ(x)| provides a lower bound on the distance
to the decision boundary. Let z be on the decision boundary,
that is g(W, z) = 0. Then,

|g(W,x)| = |g(W,x)− g(W, z)| ≤ L(g(W )) ∥x− z∥2 ,

thus |ρ(x)| is a lower bound on the ℓ2-distance of x to the
decision boundary of g. However, it is difficult to determine
the Lipschitz constant of a neural network.

As a ReLU-network is piecewise linear as a function of x, it
holds

L(g(W )) = max
x∈Rd

∥∇xg(W,x)∥2 .

We determine a lower bound on L(g(W )) by taking the
maximum over the union of train and test data, i.e.,

ρ̃(x) =
g(W,x)

maxz∈Strain∪Stest ∥∇xg(W, z)∥2
. (2)

We then plug ρ̃(x) into the loss instead of g(W,x) and term
it Lipschitz normalized loss. We note that by replacing the
true Lipschitz constant with a lower bound, we cannot argue
anymore that |ρ̃(x)| is a lower bound of the distance to the
decision boundary. However, this data-based estimate is a
tighter estimate of L(g(W )) than a direct upper bound that
uses the 1-Lipschitzness of the ReLU activation,

L(g(W )) ≤
L∏

l=1

∥Wl∥2,2 ,

where ∥Wl∥2,2 denotes the spectral norm of the weight
matrix. In fact, the normalization of Chiang et al. (2023) by
the product of Frobenius norms,

γ(x) =
g(W,x)∏L
l=1 ∥Wl∥F

, (3)

is even a coarser upper bound. To show that, let σi(W ) be
the singular values of W , then ∥W∥F =

√∑
i σ

2
i (W ) ≥

maxi σi(W ) = ∥W∥2,2. Note that this gap grows with the
rank of W . In their analysis, γ(x) is plugged into the loss,
which we term weight normalized loss. While their nor-
malized loss is fine when comparing neural networks of the
same architecture, it is problematic when comparing differ-
ent architectures with different ranks of W , e.g., networks
of different widths. In Section 4.2, we show that this ambi-
guity in the definition of the normalized loss can change the
interpretation of the results of Chiang et al. (2023). While
we believe the Lipschitz normalized loss is a more accu-
rate estimate, we base our main observations on quantities
independent of this normalization to avoid the resulting
ambiguities. If not specified differently in the paper, “nor-
malized loss” always denotes our Lipschitz normalized loss.
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Figure 1. Generalization of SGD (optimized) versus G&C (randomly sampled) in dependency of the prior on the weights P(W ):
We “train” 2000 LeNet models to 100% train accuracy for 16 training samples from classes 0 and 7 of MNIST. Test accuracies for G&C
are similar across initializations, and the normalized loss (see Section 3) is similar across the uniform distributions. Column 1: For
U [−1, 1] initialization, as used by Chiang et al. (2023), the normalized losses and the test accuracies of SGD and G&C are similar, except
for the convergence of SGD towards more low-margin solutions. The claim in Chiang et al. (2023) that the average test accuracy of
G&C resembles SGD, conditional on the normalized loss bin (black dots), is an artifact of the suboptimal convergence of SGD caused by
this initialization. Columns 2-4: For other initializations, SGD (first row) improves considerably both in terms of loss and accuracy. In
contrast, G&C remains unaffected, as it is independent of the scale of the weights in each layer. Results for different numbers of samples
and other classes from MNIST and CIFAR10 are in Appendix C.

3.3. Training of SGD and Guess and Check (G&C)

We deliberately avoid commonly used techniques for im-
proving generalization, such as augmentation, weight decay,
and sophisticated learning rate schedulers (Ruder, 2016). In-
stead, we train SGD using cross-entropy loss for 60 epochs
and a batch size of 2, with a fixed learning rate. We run
SGD from random initialization (see Section 4.1) and only
keep networks that achieve zero training error. Due to the
strong overparameterization and our small number of train-
ing samples, zero training error is attained for almost every
initialization.

The main analysis tool of this work is randomly sampling
networks from a prior on the weights and only accepting
networks that achieve zero training error. This is called
Guess and Check algorithm (G&C) in Chiang et al. (2023),
and we keep this name for simplicity. We discuss the effects
of different priors in Section 4.1.

The advantage of random sampling networks from a prior
P (w) is that we can directly estimate the probability of
achieving zero training error for a given training set Strain =
(xi, yi)

n
i=1. Given that the prior distribution has compact

support, e.g., the uniform distribution, this is proportional
to the “volume” in the weight space of perfectly fitting
solutions. Let MStrain be the number of sampled networks
needed to get N networks that have zero training error, then

we can estimate this probability as

PW∼P (W )(Train Error(W ) = 0 | Strain) ≈
N

MStrain

.

This probability indicates how difficult it is to fit the data
perfectly. A random function f : Rd → {−1, 1} yields
probability Pf (Train Error(W ) = 0 | Strain) = 1

2n for n
training samples. This baseline is indicated with a black
dotted line when we plot the probability to find a perfectly
fitting network vs the training set size in Figures 3 and 4.
Note that random networks can be biased towards constant
predictions and thus be worse than a random function for a
small number of training samples.

4. Experiments
In the case of overparameterization, SGD typically con-
verges to a solution with zero training error. It is also a
common belief that SGD is biased towards networks that
generalize better. Thus, we clearly expect, even in a low
sample regime, that SGD finds, on average, better general-
izing networks than G&C. It is, however, unclear to which
extent the inductive bias of the function class, which is im-
plemented by the neural network architecture, contributes
to better generalization. By increasing the overparameteri-
zation of the networks and comparing the average test error
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over networks that have achieved zero training error, we
can disentangle the effects of the architecture and the opti-
mization. Specifically, we overparametrized the networks
by increasing width or depth. Then, when SGD and G&C
behave similarly, the change can be purely attributed to the
architecture. In contrast, when they behave differently, the
optimization process has a clear additional bias.

As all networks found by G&C have zero training error, their
average test error serves as an estimator for the expected
generalization ability of random networks that achieve zero
training error, which is

E[Test Error(W ) |Train Error(W ) = 0].

We use average test accuracy as the main quantity to com-
pare SGD and G&C, as it remains unaffected by potential
issues related to weight normalization. In the remainder of
this section, we explore in Section 4.1 the effect of initial-
ization of the network (different priors for the weights) and
the behavior when increasing the width and depth of the
network (Section 4.2 and Section 4.3, respectively).

4.1. Dependency of SGD and G&C on the Prior P (W )

Networks randomly sampled from P (W ) correspond to the
initialization used in SGD and are the ones checked for zero
training error in G&C. We note that G&C is independent of
the scale of the weights of each layer as the ReLU-network
is one-homogeneous in every layer, and thus, it only changes
the scale of the logits but not the classification. This is dif-
ferent for SGD, where it is well-known that the scale of each
layer’s initialization significantly affects the training dynam-
ics. This is why, in practice, the Kaiming initialization, also
known as He initialization (He et al., 2015), is often used, in
which the weights of each layer are sampled from a uniform
or Gaussian distribution and then normalized.

Chiang et al. (2023) find that conditioned on a specific bin
of the weight normalized loss, G&C and SGD have similar
test errors. From this, they conclude that the main effect of
generalization in the overparameterized setting is not due
to a bias of SGD but is inherent in the network architecture.
However, they do not apply the standard Kaiming initializa-
tion but sample each weight uniformly at random in [−1, 1].
This leads to large logits and low loss once zero training
error is achieved, resulting in small gradients. Consequently,
SGD essentially stops the optimization early in the training
process, as illustrated in Figure 7 in the appendix, leaving
the margin to the decision boundary small. Thus, they effec-
tively compare a suboptimal early-stopped SGD-optimized
network with a randomly sampled network, which leads to
their impression that G&C and SGD behave similarly.

In Figure 1, we plot the test accuracy vs (Lipschitz) normal-
ized loss for SGD and G&C using three different uniform
initializations (their Uniform [−1, 1], Uniform [−0.2, 0.2],

Kaiming Uniform) and the Kaiming Gaussian initialization.
For each algorithm, we “trained” 2000 models to achieve
100% train accuracy on a fixed subset of 16 samples from
classes 0 and 7 from the MNIST dataset (similar results
for different numbers of training samples and other classes
from MNIST and CIFAR10 can be found in Appendix C).

As argued in Section 3.1, one observes that G&C is not
affected by the scale of the uniform initialization, whereas
the outcome of SGD depends heavily on it. For the Uniform
[−1, 1] used in Chiang et al. (2023), the average test accu-
racy is indeed almost the same for SGD and G&C (83.6%
vs. 82.8%). However, with proper initializations, the results
of SGD improve drastically to 96.3%. Additionally, the plot
demonstrates that it is essentially impossible to compare
SGD and G&C conditional on loss bins, as they achieve sig-
nificantly different normalized losses. We stress that these
findings are independent of which normalized loss is used.
In Figure 11, we show the same comparison as Figure 1, but
with the weight normalized loss of Chiang et al. (2023).

In addition to Figure 7, which illustrates the problems with
suboptimal initialization, Figure 12 in the appendix shows
the trajectory of SGD with good initialization (Kaiming
uniform) as one varies the number of training epochs. The
distribution of normalized losses of SGD after one epoch
(i.e., not fully optimized networks) is comparable to that
of G&C and SGD with suboptimal initialization. However,
even in this case, conditional on the bin of the normalized
loss, the average test accuracy of SGD is better than G&C.

Therefore, for the remainder of the paper, we use Kaiming
initialization for SGD to get properly optimized networks.
However, we sample each layer from a uniform distribution
so that our results of G&C are directly comparable to the
ones of Chiang et al. (2023), and since Kaiming Gaussian
did not result in major differences both for SGD and G&C.

The consistent convergence of properly initialized SGD to-
wards functions that generalize better than G&C within the
pool of networks fitting the training data shows that such
well-generalizing functions occupy a small volume in the set
of networks with zero training error. We explicitly test this
by initializing SGD with networks found by G&C, that is,
randomly sampled networks using Kaiming uniform, which
fit the data perfectly. The test accuracy of the converged
SGD versus the test accuracy of the initialization of SGD
found by G&C is shown in Figure 13a in the appendix.
In almost all cases, SGD improves compared to the G&C-
initialization, which again demonstrates the positive bias
of SGD regarding generalization in the heavily overparam-
eterized regime. In addition, the normalized loss and test
accuracy values for these optimized networks, depicted in
Figure 13b, exhibit no significant difference from those as-
sociated with SGD with the standard Kaiming initialization
in Figure 1. This suggests that initializing a network with a
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Figure 2. Analysis of overparameterization when increasing the width. Test accuracy vs weight normalized loss (3) of Chiang et al.
(2023) and our Lipschitz normalized loss (2) of SGD and G&C for classes 0 & 7 of MNIST and 16 training samples across 2000 LeNet
models. Row 4: Widening the networks enhances geometric margin (lower normalized loss) and average test accuracy for SGD, while
for G&C (Row 2), the margin improves only slightly, and average test accuracy remains the same. This suggests that the improvement
is mainly due to the bias of SGD and not due to an architectural bias (see Figure 3). Rows 1 and 3: Chiang et al. (2023) compare
networks conditional on the (weight) normalized loss bin (illustrated by black boxes), which led them to conclude that G&C improves
with increasing width. With our Lipschitz normalized loss, one would arrive at the opposite conclusion, which shows the problem of
normalization. Results for different numbers of samples and other classes from MNIST and CIFAR10 are in Appendix D.

solution that already perfectly fits the data does not give any
advantage to the convergence of SGD.

To summarize, in this section, we examined the influence of
the prior on SGD and G&C. We found that the performance
of SGD heavily depends on proper initialization, while G&C
is unaffected by the scale of the weights. This contrasts Chi-
ang et al. (2023), who reported similar behavior of SGD and
G&C, using suboptimal initialization. Since proper initial-
ization significantly improves SGD results while keeping
G&C performance unaffected, we conclude that there exists
a positive bias of SGD for generalization in overparameter-
ized regimes.

4.2. Overparameterization in Terms of Increasing
Width

Following Chiang et al. (2023), we examine the influence of
increasing the width of the network. To this end, we shrink
all layers proportionally to the original LeNet architecture,
e.g., width 2/6 keeps 2 out of the 6 convolutions in the first
layer and floor(2/6 · 16) = 5 out of 16 convolutions in the
second layer. Width 1/6∗ means a reduction of 1/6 for the
convolution layers and 1/24 for the fully connected layers
(details in Tables 1 and 2 in the appendix). We note that all
the networks of smaller widths, even the smallest one, are
overparameterized in the sense that the network can fit any
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Figure 3. Increasing width is a positive optimization bias. From
top to bottom, the architectures are LeNet, MLP, and ResNet.
Within each architecture, the first row corresponds to MNIST and
the second to CIFAR10. Left: Mean test accuracy vs number of
training samples across network widths. SGD improves for wider
networks, while G&C behaves similarly for all widths. Thus, for
increasing width, SGD has a bias towards better generalizing net-
works independent of an architectural bias. However, there is also
no overfitting for G&C and thus no sign that overparameteriza-
tion hurts. Right: We report the negative log probability of G&C
to find a network fitting the training data (PW (Train Error = 0)).
This number remains the same for different widths, indicating that
the pool of “fitting networks” does not change with increasing
width. More class pairs of MNIST and CIFAR10 are provided in
Appendix D.
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Figure 4. Increasing depth is a negative architectural bias.
From top to bottom, the architectures are LeNet, MLP, and ResNet.
Within each architecture, the first row corresponds to MNIST and
the second to CIFAR10. Configuration “2c-1f” means two convo-
lutional layers followed by a fully connected layer. Left: Mean
test accuracy vs number of training samples across network depths.
G&C always performs worse as depth increases, whereas SGD
stagnates or gets worse. Thus, overparameterization in terms of
depth results in overfitting instead of better generalization, unlike
for the width. Since both G&C and SGD follow a similar trend,
the decrease in performance with increased depth can be attributed
to architectural bias. Right: Deeper networks have a lower proba-
bility for G&C to fit the training data, indicating that the network
produces more complex functions. More class pairs of MNIST
and CIFAR10 are provided in Appendix E.
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set of training data (up to 32 samples for MNIST and 24
for CIFAR10). In fact, the result of Nguyen & Hein (2018)
shows that if the number of neurons in the convolutional
layer of the LeNet architecture exceeds the number of train-
ing points, then the set of parameters that do not produce
linearly independent features at the convolutional layer has
Lebesgue measure zero. This allows fitting 576 data points
for MNIST and 784 data points for CIFAR10. Thus, we can
see this experiment as starting with mild overparameteriza-
tion for 1/6∗ and increasing to heavy overparameterization
for the original LeNet.

Comparison to the results of Chiang et al. (2023): Chiang
et al. (2023) claim that widening the network widens the
volume of good minima. They deduce this by observing
that the average test error of G&C, conditional on a bin
of their weight normalized loss, improves with increasing
width, e.g., the boxes shown in the first row of Figure 2 for
widths larger than 1/6. However, as argued in Section 3.2,
their weight normalized loss does not allow a direct com-
parison of different architectures conditional on loss bins,
as it is only weakly related to the geometric properties of
the function implemented by the network. Additionally,
the comparison is complicated since some losses do not in-
clude samples, as evidenced by the empty boxes in Figure 2.
To make it comparable across different architectures, we
propose using our Lipschitz normalized loss.

We illustrate the discrepancy of both normalized losses in
Figure 2, where we report the test accuracy vs the normal-
ized loss for both the weight normalization of Chiang et al.
(2023) and the Lipschitz normalization for four different
widths (1/6∗, 1/6, 2/6, 4/6). First, we observe that the plots
of the weight normalized loss and Lipschitz normalized
loss are completely different and also behave differently for
varying widths. Indeed, we see an improvement of G&C in
terms of average test accuracy for a fixed bin of the weight
normalized loss, confirming the observation of Chiang et al.
(2023). However, when looking at a fixed loss bin of the
Lipschitz normalized loss across widths, the average test
accuracy is decreasing, so we get the opposite statement
of Chiang et al. (2023). It is noteworthy that the Lipschitz
normalized loss decreases with width, indicating that the ge-
ometric margin to the decision boundary increases, strongly
for SGD and only slightly for G&C. This shows that with in-
creasing width, SGD has an implicit bias towards networks
with larger geometric margins. The strong improvement in
geometric margin is also linked to significant improvement
in average test accuracy for SGD despite the increasing
overparameterization.

Behavior of G&C for increasing width: Increasing the
width of over-parameterized neural networks is known to
improve the generalization of SGD (Hestness et al., 2017;
Allen-Zhu et al., 2019). This is evident in the left column of

Figure 3, where we observe a clear improvement of SGD
across all scenarios.

Specifically, we report the average test accuracy of networks
obtained by SGD and G&C as a function of increasing sam-
ple size for classes 0 vs 7 from MNIST and bird vs ship
from CIFAR10, with the LeNet, MLP, and small ResNet ar-
chitectures (See Appendix B.1 for details about the different
architectures). For each training set size and each algorithm,
we generate 100 fitting networks. The plotted curves are
the average (and standard deviation) over four repetitions
of this experiment, each with a different subset of training
samples (See Appendix B.2 for more details).

In contrast to SGD, the test accuracy of G&C as a function of
the width remains similar, except for a slight improvement
in the LeNet architecture for CIFAR10 for widths up to 2/6.
This indicates that although G&C shows no clear sign of
overfitting with increasing width, it also exhibits no further
improvement with overparameterization. Moreover, even
the probability PW (Train Error = 0) of finding a perfectly
fitting network (right column of Figure 3) remains constant.
So, we can observe that even though the volume of random
networks fitting the data does not seem to improve with
the width, SGD manages to converge to better networks.
Thus, for increasing width, we have clear evidence of
an implicit bias of SGD, which is helpful for improved
generalization. This bias results in convergence to networks
of higher geometric margin (smaller Lipschitz normalized
loss) with increasing width, as shown in Figure 2.

The orange dashed line in the plot of the test accuracy in
Figure 3 shows the average test accuracy of the narrowest
network for a significantly larger training set size of 400
samples (still perfectly fitting the training data). It shows
that even for the narrowest network, there exists a set of
weights that can lead to good generalization, but SGD does
not converge to them. It is thus an interesting open ques-
tion whether variants of SGD or novel optimizers could
possess implicit biases that lead to better generalization
even in narrower networks - or formulated differently: Is
the current trend towards larger architecture only an artifact
of the optimizer, or is it really necessary to achieve better
generalization?

4.3. Overparameterization in Terms of Increasing Depth

Next, we explore the impact of overparameterization when
adding layers to the network architecture. We work back-
ward by starting with the 2/6 architecture and then always
discarding the largest layer. This choice is motivated by
our observation in Section 4.2, where we noted a decline
in G&C performance on CIFAR10 below this width for the
LeNet architecture. The number of parameters in each con-
figuration of the LeNet architecture can be found in Tables 3
and 4 for MNIST and CIFAR10, respectively. The results
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Figure 5. Qualitative analysis of overparametrization in the depth. In contrast to increasing width, increasing depth decreases the
geometric margin (higher normalized loss). This decrease holds both for G&C (top) and SGD (bottom). We show 2000 LeNet models for
each depth for classes 0 and 7 using a training set of size 16. Results are more pronounced for harder class pairs (see Figure 27).

are summarized in Figure 4 using a similar setup as the one
described in the previous subsection for increasing width.

Interestingly, while overparameterizing the network in terms
of width improved the result of SGD and at least did not hurt
G&C performance, the effect of depth is the opposite. In the
left column of Figure 4, we observe that G&C consistently
performs worse with increasing depth, while the behavior
of SGD either decreases or remains the same, depending
on the architecture and the dataset. For example, in the
LeNet architecture, for easy problems like 0 vs 7, SGD can
compensate for the additional complexity due to depth with
its bias towards more simple solutions. For more complex
problems (CIFAR10, MNIST 3 vs 5, see also Figure 23 in
the appendix), it suffers in the same way as G&C.

Thus, it seems that we see classical overfitting in overpa-
rameterized networks: more complex networks overfit on
the small training set and, therefore, do not generalize as
well. This is also reflected in PW (Train Error = 0), as the
probability of finding a shallow network fitting the data is
much higher than for a deep one. Since G&C and SGD
behave similarly in this context, one can state that there is a
negative architectural bias with increasing depth, at least for
the training set size considered here.

Note that we do not claim that increasing depth is detrimen-
tal in general. Instead, we attribute the effect of depth to
an architectural bias since it affects G&C and does not
seem to influence the optimization process separately.
If sufficient data is available, it is well documented in the
literature that deeper networks can yield strong generaliza-
tion performance (He et al., 2016; Xie & Yuille, 2019). We

speculate that this also holds for G&C, but it is out of reach
to verify numerically due to the exponentially increasing
cost of sampling.

Additionally, we present in Figure 5 the loss-accuracy plots
for different depths, similar to the analysis in Figure 2. It
can be seen that shallower networks with fewer parameters
have lower Lipschitz normalized loss, which means larger
geometric margins. This finding is in contrast with the
results regarding overparameterization in terms of width,
where wider networks with more parameters achieve larger
geometric margins.

5. Conclusion
We performed an extensive comparison of SGD and G&C to
disentangle the effects of the implicit bias of SGD versus the
architectural bias of the network. Focusing on binary classi-
fication tasks in the low sample regime from the MNIST and
CIFAR10 datasets, we demonstrated that the improvements
of SGD with increasing overparameterization in terms of
width can be attributed to its implicit bias, as G&C does not
improve with width. Conversely, we showed that overparam-
eterization in terms of depth is detrimental to generalization
in the low sample regime and exhibits signs of classical
overfitting. As SGD and G&C behave similarly in this case,
this can be attributed to a negative architectural bias of the
neural network. Disentangling the effects of optimization
and architecture could provide deeper insights into why
overparameterized networks perform so well in practice and
ideally help to achieve similar generalization abilities with
smaller networks.
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A. Appendix
In the following sections of the appendix, we expand upon the experiments introduced in the main experiment section
(Section 4). Initially, we provide details on the architectures and datasets in Appendix B. Appendix C further explores
experiments related to the initialization analysis outlined in Section 4.1. Appendix D presents supplementary experiments
for the width analysis discussed in Section 4.2. In Appendix E, we present additional experiments related to the depth
analysis covered in Section 4.3.

B. Implementation Details
B.1. Network Architectures

B.1.1. LENET

The LeNet architecture, as appears in LeCun et al. (1998), is depicted in Figure 6. The first two layers consist of convolutions
with a kernel size of 5× 5× k, where k represents the input channels’ dimension of that layer. For MNIST, the first layer
has 1 channel, and for CIFAR10, it has 3 channels. The remaining layers are fully connected.

Figure 6. LeNet architecture. The figure is taken from the original paper (LeCun et al., 1998)

The original architecture’s number of layers and parameter counts are summarized in the row indicated by a width factor of
1 in Table 1 (MNIST) and Table 2 (CIFAR10). Other rows illustrate the corresponding numbers for varying width factors
(see Section 4.2). Additionally, we include the corresponding tables (Table 3 and Table 4) for varying numbers of layers
(Section 4.3) for a width factor of 2/6.

B.1.2. MLP

The MLP network has five layers with 120, 60, 30, 12, and 2 neurons, respectively. Since we want the network to be
over-parametrized but remain within a feasible number of parameters, we resized the input images by 2 with a max pooling
layer, yielding a network with 101,768 parameters for the CIFAR10 dataset and 33,128 for MNIST. Increasing the width is
done in the same manner as for the LeNet. When changing the depth, we use a network with a width of 2/6 and gradually
remove the largest layer, as was done for the LeNet architecture.

B.1.3. RESNET

For the ResNet-based architecture, we followed Myrtle (2019), which trains a custom ResNet architecture in 75 seconds
with 94% accuracy on CIFAR10. The specific implementation contains three blocks, including a total of eight convolutional
layers and one linear layer. We reduce the number of channels in each layer such that for a width factor of 1 and CIFAR10,
the network contains 58,350 learnable parameters (similar to the LeNet). As with the other architectures, we used a constant
learning rate and avoided augmentations of the dataset.
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Table 1. Parameter count in the LeNet architecture for the MNIST task with varying width factors. A width factor of 1 indicates the
standard LeNet architecture. The corresponding parameter numbers in the convolutional layers are indicated in parentheses. In the last
fully connected layer, the parameter count solely depends on the input size and preceding layers. For improved readability, bias terms are
excluded from the per-layer parameter count.

Width Convolutions layers Fully connected layers Total
1/6∗ 1 (25) 2 (50) 5 (160) 3 (15) 2 (6) 269

1/6 1 (25) 2 (50) 20 (640) 14 (280) 2 (28) 1062
2/6 2 (50) 5 (250) 40 (3200) 28 (1120) 2 (56) 4753
3/6 3 (75) 8 (600) 60 (7680) 42 (2520) 2 (84) 11074
4/6 4 (100) 10 (1000) 80 (12800) 56 (4480) 2 (112) 18644
5/6 5 (125) 13 (1625) 100 (20800) 70 (7000) 2 (140) 29880
1 6 (150) 16 (2400) 120 (30720) 84 (10080) 2 (168) 43746

Table 2. Parameter count in the LeNet architecture for the CIFAR10 task with varying width factors.

Width Convolutions layers Fully connected layers Total
1/6∗ 1 (75) 2 (50) 5 (250) 3 (15) 2 (6) 409

1/6 1 (75) 2 (50) 20 (1000) 14 (280) 2 (28) 1472
2/6 2 (150) 5 (250) 40 (5000) 28 (1120) 2 (56) 6653
3/6 3 (225) 8 (600) 80 (12000) 42 (2520) 2 (84) 15544
4/6 4 (300) 10 (1000) 80 (20000) 56 (4480) 2 (112) 26044
5/6 5 (375) 13 (1625) 100 (32500) 70 (7000) 2 (140) 41830
1 6 (450) 16 (2400) 120 (48000) 84 (10080) 2 (168) 61326

B.2. Dataset

For each binary classification task, we used a subset of the training images and the entire test set for the class pair. For
instance, for MNIST 0 vs 7 with 16 training samples, a subset of 16 samples was selected from the original training set
(eight images of 0 and eight images of 7), and the test set contains the entire original test set of 2008 images. For the loss vs
test accuracy plots (e.g., Figures 1, 2, 5), the same subset was used across all experiments to ensure that randomnesses stem
only from the initialization (G&C) and the additional randomness of the algorithm (SGD). For the samples vs test accuracy
plots (e.g., Figures 3, 4), we average results over four different training subsets (same four subsets for each experiment).
Additionally, when increasing the number of samples, we only add images to the existing sets, maintaining the previous
training images (i.e., the training sets are increasing sets).

C. Dependency of SGD and G&C on the Prior P (W )

In Section 4.1, we analyze the effect of different initializations on the generalization capabilities of SGD and G&C. This
section extends the experiments in Section 4.1 in the main paper.

First, we show in Figure 7 the norm of the gradient of the weights along the training process for different initializations.
This figure illustrates that SGD essentially stops the optimization early in the training process with sub-optimal initialization.
Next, we show the result of Figure 1 for another pair of classes from the MNIST dataset (Figure 8), two pairs of classes
from the CIFAR10 dataset (Figure 9), and different numbers of samples (Figure 10). In Figure 11, we show the same result
as in Figure 1, but with the weight normalized loss taken from (Chiang et al., 2023). Figure 12 shows the loss evolution
along different epochs of SGD, which was initialized with Kaiming uniform distribution. Finally, we show in Figure 13
the complementary experiments of the discussion in Section 4.1 regarding the initialization of SGD with already “trained”
networks of G&C.
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Table 3. Parameter count in the LeNet architecture for the MNIST task with varying depth factors. The width of the network for all
of these experiments is 2/6. The first row is the standard layers configuration of two convolution layers, followed by 3 fully connected
layers. c and f represent a convolutional layer and a fully connected layer, respectively.

Layers Convolutions layers Fully connected layers Total
2c-3f 2 (50) 5 (250) 40 (3200) 28 (1120) 2 (56) 4753
2c-2f 2 (150) 5 (250) —– 28 (2240) 2 (56) 2263
2c-1f 2 (150) 5 (250) —– —– 2 (160) 469
1c-1f 2 (50) —– —– —– 2 (144) 198

Table 4. Parameter count in the LeNet architecture for the CIFAR10 task with varying depth factors.

Layers Convolutions layers Fully connected layers Total
2c-3f 2 (150) 5 (250) 40 (5000) 28 (1120) 2 (56) 6653
2c-2f 2 (150) 5 (250) —– 28 (3500) 2 (56) 3993
2c-1f 2 (150) 5 (250) —– —– 2 (250) 659
1c-1f 2 (150) —– —– —– 2 (196) 350

D. Overparameterization with Increasing Width
In the following section, we expand the experiments of the network width analysis from section 4.2.

The parameter counts for the LeNet architecture across various width values are detailed for the MNIST dataset in Table 1
and the CIFAR10 dataset in Table 2. Note that the number of parameters in the linear layers depends on the dimension of
the input. The number of convolutions and neurons is determined by multiplying the number at width 1 by the width factor
and rounding down the result. The notation 1/6∗ indicates a width factor of 1/6 for the convolution layers and a width factor
of 1/24 for the fully connected layers, given that there is already a single convolution in the first layer when using width
factor 1/6.

Figure 14 and Figure 15 extend the results shown in Figure 2 for different sample sizes. Figure 16 provides results for
another pair of classes from MNIST. Similarly, in Figure 17 and Figure 18 we follow the analysis of Figure 2 for two
additional classes of CIFAR10.

We further examine the performance of various network widths along different training set sizes. Figures 19 and 20 replicate
the analysis from Figure 3 for the LeNet architecture but for different class pairs from the MNIST and CIFAR10 datasets,
Figure 21 replicates the same for MLP. Moreover, Figure 22 presents results for classes 0 and 7 from MNIST with a training
size of 128 to illustrate the consistency of our findings for larger training sets.

Figure 7. U [−1,1] initialization prevents effective gradient-based learning. When using U [−1, 1], the initialized weights are large,
leading to high logit values and, in turn, to low loss and small gradients as soon as one reaches zero training loss, effectively stopping SGD.
For proper initialization, like the commonly used Kaiming or the downscaled U [−0.2, 0.2], logit values are lower, and SGD optimizes
properly, see Section 4.1 for more details.

14



Bias of SGD or the Architecture: Disentangling the Effects of Overparameterization of Neural Networks

Uniform [-1, 1] Uniform [-0.2, 0.2] Kaiming Uniform Kaiming Gaussian
SG

D
Te

st
ac

cu
ra

cy
G

&
C

Te
st

ac
cu

ra
cy

Train loss
(normalized)

Train loss
(normalized)

Train loss
(normalized)

Train loss
(normalized)

Figure 8. Generalization of SGD (optimized) versus G&C (randomly sampled) in dependency of the prior on the weights P(W ):
We “train” 500 models to 100% train accuracy for 16 training samples from classes 3 and 5 of the MNIST dataset. Test accuracies for
G&C are similar across initializations, and the Lipschitz normalized loss (see Sec. 3) is similar across the uniform distributions. Column
1: For U [−1, 1] initialization (used in Chiang et al. (2023)), the Lipschitz normalized losses and the test accuracy of SGD and G&C are
similar, except for the convergence of SGD towards more low margin solutions. The claim in Chiang et al. (2023) that G&C resembles
SGD, conditional on average test accuracy in the normalized loss bin (black dots), is an artifact of the suboptimal convergence of SGD
caused by this initialization. Columns 2-4: For other initializations, SGD (first row) improves considerably both in terms of loss and
accuracy. In contrast, G&C remains unaffected, as it is independent of the weight scale in each layer.

E. Overparameterization with Increasing Depth
In the following section, we elaborate on the experiments of the network depth analysis described in section 4.3.

The different layer configurations for the LeNet, specifically the number of convolutional and fully connected layers, along
with the corresponding parameter counts are depicted for the MNIST dataset in Table 3 and for the CIFAR10 dataset in
Table 4. These experiments consider a width of 2/6 for the network, as detailed in sections 4.2 and Appendix D. In our
notation, c represents a convolutional layer, and f represents a fully connected layer.

In Figure 23, we show the performance of the LeNet with different numbers of layers along various sizes of training sets,
as in Figure 4, but for other classes from the MNIST and CIFAR10 datasets. In Figure 24, we do the same for MLP.
Additionally, in Figure 25, we present this for classes 0 and 7 for a training set of 128 to illustrate that the results hold for a
larger number of samples. In Figures 26 and 27, we display the loss changes as in Figure 5, but for a different number of
samples and different pairs of classes, respectively.
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Figure 9. Generalization of SGD (optimized) versus G&C (randomly sampled) in dependency of the prior on the weights P(W ):
We “train” 500 models to 100% train accuracy for 16 training samples for different pairs of classes from the CIFAR10 dataset. Rows 1-2:
classes bird and ship. Rows 3-4: classes Deer and Truck. Test accuracies and the normalized Lipschitz losses (see Sec. 3) for G&C are
similar across uniform initializations. Column 1: For U [−1, 1] initialization (used in Chiang et al. (2023)), the Lipschitz normalized
losses and the test accuracy of SGD and G&C are similar, except for the convergence of SGD towards more low margin solutions. The
claim in Chiang et al. (2023) that G&C resembles SGD, conditional on average test accuracy in the normalized loss bin (black dots), is
an artifact of the suboptimal convergence of SGD caused by this initialization. Column 2: For Kaiming uniform, SGD (first and third
rows) improves considerably both in terms of loss and accuracy. In contrast, G&C (second and fourth rows) remains unaffected, as it is
independent of the weight scale in each layer. Column 3: For Kaiming Gaussian, there is an improvement for both G&C and SGD, but
they still arrive at different losses and accuracies.
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Figure 10. Generalization of SGD (optimized) versus G&C (randomly sampled) in dependency of the prior on the weights P(W ):
We “train” 2000 models to 100% train accuracy for 4 and 32 training samples from classes 0 and 7 of the MNIST dataset. Test accuracies
for G&C are similar across initializations, and the normalized Lipschitz loss (see Sec. 3) is similar across the uniform distributions.
Column 1: For U [−1, 1] initialization (used in Chiang et al. (2023)), the normalized Lipschitz losses and the test accuracy of SGD and
G&C are similar, except for the convergence of SGD towards more low margin solutions. The claim in Chiang et al. (2023) that G&C
resembles SGD, conditional on average test accuracy in the normalized loss bin (black dots), is an artifact of the suboptimal convergence
of SGD caused by this initialization. Columns 2-4: For other initializations, SGD (first row) improves considerably both in terms of loss
and accuracy. In contrast, G&C remains unaffected, as it is independent of the weight scale in each layer.
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Figure 11. Generalization of SGD (optimized) versus G&C (randomly sampled) in dependency of the prior on the weights P(W ):
We “train” 2000 models to 100% train accuracy for 16 training samples from classes 0 and 7 of the MNIST dataset. Test accuracies for
G&C are similar across initializations, and the weight normalized loss (see Sec. 3) is similar across the uniform distributions. Column
1: For U [−1, 1] initialization (used in Chiang et al. (2023)), the weight normalized losses and the test accuracy of SGD and G&C are
similar, except for the convergence of SGD towards more low margin solutions. The claim in Chiang et al. (2023) that G&C resembles
SGD, conditional on average test accuracy in the normalized loss bin (black dots), is an artifact of the suboptimal convergence of SGD
caused by this initialization. Columns 2-4: For other initializations, SGD (first row) improves considerably both in terms of loss and
accuracy. In contrast, G&C remains unaffected, as it is independent of the weight scale in each layer. This graph uses the weight norm
normalization (Chiang et al., 2023).

(a) Train loss vs. Test accuracy of G&C
initialized with Kaiming uniform distri-
bution.

(b) Train loss vs. Test accuracy of SGD
initialized with U [−1, 1].

(c) Train loss vs. Test accuracy of SGD
with Kaiming uniform initialization along
different epochs.

Figure 12. Train loss vs. Test accuracy of SGD with Kaiming uniform initialization along different epochs next to G&C. This configuration
of SGD resembles the one from U [−1, 1], as models from earlier epochs still have not converged. In spite of that, the results of SGD are
better than the ones of G&C given a loss bin, and on average.
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(a) (b)

Figure 13. Initialization of SGD with G&C networks does not improve generalization. We initialize SGD with 500 models obtained
by G&C (randomly sampled networks from Kaiming uniform with 100% training accuracy) for MNIST with classes 0 and 7 and 16
training samples. Left: Most models improve through optimization (above the black line). Thus, SGD converges to a smaller volume of
perfectly fitting networks that generalize better, resulting in a mean test accuracy of 95% for SGD instead of 82.5% for G&C. Right:
distribution of test accuracy versus normalized loss is similar to SGD with Kaiming uniform initialization (Figure 1). Thus, initializing
with G&C is not better than random initialization.
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Figure 14. Analysis of overparameterization when increasing the width. Test accuracy vs weight normalized loss (3) of Chiang et al.
(2023) and our Lipschitz normalized loss (2) of SGD and G&C for classes 0 & 7 of MNIST and 4 training samples. Row 4: Widening the
networks enhances geometric margin and average test accuracy for SGD, while for G&C (Row 2), the margin and average test accuracy
improve only slightly. This suggests that the improvement is mainly due to the bias of SGD and not due to an architectural bias (see
Fig. 3). Rows 1 and 3: Chiang et al. (2023) compare networks conditional on the (weight) normalized loss bin (illustrated by black
boxes), which led them to conclude that G&C improves with increasing width. With our Lischitz normalized loss, one would arrive at the
opposite conclusion, which shows the problem of normalization.
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Figure 15. Analysis of overparameterization when increasing the width. Test accuracy vs weight normalized loss (3) of Chiang et al.
(2023) and our Lipschitz normalized loss (2) of SGD and G&C for classes 0 & 7 of MNIST and 32 training samples. Row 4: Widening
the networks enhances geometric margin and average test accuracy for SGD, while for G&C (Row 2), the margin improves only slightly,
and average test accuracy remains the same. This suggests that the improvement is mainly due to the bias of SGD and not due to an
architectural bias (see Fig. 3). Rows 1 and 3: Chiang et al. (2023) compare networks conditional on the (weight) normalized loss bin
(illustrated by black boxes), which led them to conclude that G&C improves with increasing width. With our Lischitz normalized loss,
one would arrive at the opposite conclusion, which shows the problem of normalization.
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Figure 16. Qualitative analysis of overparameterization when widening the networks. Test accuracy vs weight normalized loss (3)
of Chiang et al. (2023) and our Lipschitz normalized loss (1) of SGD and G&C for classes 3 & 5 of MNIST and 16 training samples.
Bottom row: Widening the networks enhances both geometric margin and average test accuracy for SGD, while for G&C (second row),
margin and average test accuracy improve only slightly. This suggests that the improvement is mainly due to the bias of SGD and not
due to an architectural bias. Rows 1 and 3: Chiang et al. (2023) compare networks conditional on the (weight) normalized loss bin
(illustrated by the black boxes), which led them to the conclusion of an increased volume of good minima for wider networks. However,
with our Lischitz normalized loss, one would arrive at the opposite conclusion, which shows the problems of comparisons across network
architectures.
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Figure 17. Qualitative analysis of overparameterization when widening the networks. Test accuracy vs weight normalized loss (3)
of Chiang et al. (2023) and our Lipschitz normalized loss (1) of SGD and G&C for classes Deer & Truck of CIFAR10 and 16 training
samples. Bottom row: Widening the networks enhances both geometric margin and average test accuracy for SGD, while for G&C
(second row), margin and average test accuracy improve up to a width of 2/6 and then only slightly. This suggests that the improvement is
mainly due to the bias of SGD and not due to an architectural bias. Rows 1 and 3: Chiang et al. (2023) compare networks conditional
on the (weight) normalized loss bin (illustrated by the black boxes), which led them to the conclusion of an increased volume of good
minima for wider networks. However, with our Lischitz normalized loss, one would arrive at the opposite conclusion, which shows the
problems of comparisons across network architectures.
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Figure 18. Qualitative analysis of overparameterization when widening the networks. Test accuracy vs weight normalized loss (3)
of Chiang et al. (2023) and our Lipschitz normalized loss (1) of SGD and G&C for classes Bird & Ship of CIFAR10 and 16 training
samples. Bottom row: Widening the networks enhances both geometric margin and average test accuracy for SGD, while for G&C
(second row), margin and average test accuracy improve up to a width of 2/6 and then only slightly. This suggests that the improvement is
mainly due to the bias of SGD and not due to an architectural bias. Rows 1 and 3: Chiang et al. (2023) compare networks conditional
on the (weight) normalized loss bin (illustrated by the black boxes), which led them to the conclusion of an increased volume of good
minima for wider networks. However, with our Lischitz normalized loss, one would arrive at the opposite conclusion, which shows the
problems of comparisons across network architectures.
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Figure 19. Increasing width is a positive optimization bias. The rows represent different pairs of classes from the MNIST dataset using
the LeNet architecture. Column 1: Mean test accuracy vs number of training samples across network widths. Wider networks result in
improvement for SGD, whereas G&C shows no change. Thus, for increasing width, there is a bias of SGD towards better generalizing
networks independent of an architectural bias. However, overfitting does not occur for G&C, implying that overparameterization
does not hurt generalization. Column 2: We report the negative log probability of G&C to find a network fitting the training data
(PW (Train Error = 0)). Note that this does not change with the width, which indicates that the pool of “fitting networks” does not change
when the width increases. Column 3: We report the combined distribution of the four subsets for the extreme width factors. While for
G&C, the entire distribution of models aligns, for SGD, the wider networks are considerably better than the narrow networks (and the
G&C networks). For more details, please refer to Section 4.2.
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Figure 20. Increasing width is a positive optimization bias. The rows represent different pairs of classes from the CIFAR10 dataset
using the LeNet architecture. Column 1: Mean test accuracy vs number of training samples across network widths. Wider networks
result in improvement for SGD, whereas G&C improves for width up to 2/6 and then stagnates. Thus, for increasing width, SGD has a
bias towards better generalizing networks independent of an architectural bias. However, overfitting does not occur for G&C, implying
that overparameterization does not hurt generalization. Column 2: We report the negative log probability of G&C to find a network fitting
the training data (PW (Train Error = 0)). Note that this is constant or improves slightly with the width, which indicates that the pool of
“fitting networks” does not change when the width increases. Column 3: We report the combined distribution of the four subsets for the
extreme width factors. While for G&C, the entire distribution of models aligns, for SGD, the wider networks are considerably better than
the narrow networks (and the G&C networks). For more details, please refer to Section 4.2.
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Figure 21. Increasing width is a positive optimization bias. The rows represent classes 3 vs 5 from MNIST and Plane vs Frog from
CIFAR10 using the MLP architecture. Left: Mean test accuracy vs number of training samples across network widths. Wider networks
result in improvement for SGD, whereas G&C stagnates. Thus, for increasing width, SGD has a bias towards better generalizing networks
independent of an architectural bias. However, overfitting does not occur for G&C, implying that overparameterization does not hurt
generalization. Right: We report the negative log probability of G&C to find a network fitting the training data (PW (Train Error = 0)).
Note that this does not change with the width, which indicates that the pool of “fitting networks” does not change when the width increases.
For more details, please refer to Section 4.2.
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Figure 22. Trend of SGD vs G&C when increasing width remains consistent with larger training set. Left: Mean test accuracy vs
number of training samples across network widths. Wider networks result in improvement for SGD, whereas G&C stagnates. Thus, for
increasing width, SGD has a bias towards better generalizing networks independent of an architectural bias. However, overfitting does not
occur for G&C, implying that overparameterization does not hurt generalization. Right: We report the negative log probability of G&C to
find a network fitting the training data (PW (Train Error = 0)). This number remains the same for different widths, indicating that the
pool of “fitting networks” does not change with increasing width. The fact that we see the same trend for 128 samples as we saw for 32
samples (MNIST) and 24 samples (CIFAR10) suggests that the results stated in the previous parts are not confined only to the low sample
regime, at least for simpler problems like 0 vs 7.

27



Bias of SGD or the Architecture: Disentangling the Effects of Overparameterization of Neural Networks

Mean test accuracy Probability to sample
100% train accuracy

Distribution of
test accuracies

0
vs

7
0

vs
8

3
vs

5
Pl

an
e

vs
Fr

og
B

ir
d

vs
Sh

ip
D

ee
r

vs
Tr

uc
k

Figure 23. Increasing depth is a negative architectural bias. The rows correspond to different pairs of classes from the MNIST and
CIFAR10 datasets using the LeNet architecture. Configuration “2c-1f” means two convolutional layers followed by a fully connected
layer. Column 1: Mean test accuracy vs number of training samples across network depths. As the network becomes deeper, G&C always
gets worse, whereas SGD stagnates for simple problems (top) and gets worse for harder problems (bottom). Thus, overparameterization in
terms of depth results in overfitting instead of better generalization, unlike for the width. Since both G&C and SGD follow a similar trend,
the decrease in performance with increased depth can be attributed to architectural bias. Column 2: We report the negative log probability
of G&C to find a network fitting the training data (PW (Train Error = 0)). Deeper networks have a lower probability for G&C to fit the
training data, indicating that the network produces more complex functions. Column 3: We report the combined distribution of the four
subsets for the extreme number of layers (“1c-1f”, “2c-3f”). For more details, please refer to Section 4.3.
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Figure 24. Increasing depth is a negative architectural bias. The rows represent classes 3 vs 5 from MNIST and Plane vs Frog
from CIFAR10 using the MLP architecture. Left: Mean test accuracy vs number of training samples across network depths. As the
network becomes deeper, G&C and SGD get worse. Thus, overparameterization in terms of depth results in overfitting instead of better
generalization, unlike for the width. Since both G&C and SGD follow a similar trend, the decrease in performance with increased depth
can be attributed to architectural bias. Right: We report the negative log probability of G&C to find a network fitting the training data
(PW (Train Error = 0)). Deeper networks have a lower probability for G&C to fit the training data, indicating that the network produces
more complex functions. For more details, please refer to Section 4.3.
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Figure 25. Trend of SGD vs G&C when increasing depth remains consistent with larger training set. Configuration “2c-1f” means
two convolutional layers followed by a fully connected layer. Left: Mean test accuracy vs number of training samples across network
depths. As the network becomes deeper, G&C gets worse, whereas SGD stagnates. Thus, overparameterization in terms of depth results in
overfitting instead of better generalization, unlike for the width. Right: We report the negative log probability of G&C to find a network
fitting the training data (PW (Train Error = 0)). Deeper networks have a lower probability for G&C to fit the training data, indicating that
the network produces more complex functions. The fact that we see the same trend for 128 samples as we saw for 32 samples for classes
0 vs 7, suggests that the results stated in the previous parts are not confined only to the low sample regime, at least for simpler problems
like 0 vs 7.
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Figure 26. Qualitative analysis of overparametrization in the depth. In contrast to increasing width, increasing the depth decreases the
geometric margin (higher Lipschitz normalized loss). This decrease is true both for G&C (Rows 1 and 3) and SGD (Rows 2 and 4). We
show 500 networks for each depth for MNIST with classes 0 and 7 using a training set of size 4 and 32.
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Figure 27. Qualitative analysis of overparametrization in the depth. In contrast to increasing width, increasing the depth decreases the
geometric margin (higher Lipschitz normalized loss) and decreases the test accuracy. This decrease is true both for G&C (top) and SGD
(bottom). We show 500 networks for each depth for MNIST with classes 3 and 5, and CIFAR10 with classes Bird vs Ship and Deer vs

Truck, using a training set of size 16.
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