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Abstract

Transformers and deep SSMs sit at opposite ends
of a basic design choice: attention learns where
to read through query-dependent matching at
quadratic cost and a growing KV cache, while
deep SSMs compress context into a fixed-size re-
current state at the cost of query-independent read-
out. We propose Interdomain Attention, which in-
tegrates an SSM into an attention module through
kernel methods: an attention kernel is approxi-
mated by a finite feature map, the resulting key
features and values are projected onto a shared
set of basis functions maintained by a single SSM
recurrence, and each query selects a slice of the
stored coefficients through its own feature map,
recovering the query-dependent read-out of atten-
tion at fixed state. The scalable layer is a learned
relaxation of this derivation, and we validate
its components through ablations. In a 125 M-
1.3 B autoregressive language-modeling study on
FineWeb-Edu at matched recurrent-state budget,
Interdomain Attention improves on an SSM to-
ken mixer at every scale, surpasses a same-recipe
softmax baseline at 1.3 B on validation perplex-
ity and on the eight-task commonsense suite, and
inherits the length-flat behavior of its fixed-state
core out to 3.5X the training context. Ablations
indicate that the query-dependent readout is the
main source of the gain.

1. Introduction

Softmax attention and state space models (SSMs) sit at op-
posite ends of a basic design choice for sequence models.
Attention (Vaswani et al., 2017) keeps a per-token key-value
cache and lets each query route through it by content-based
matching, which gives sharp recall but costs O(N,N) work
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and an O(N) KV state, where N, is the query length and N
is the key-value length. Hardware-aware kernels (Dao et al.,
2022; Dao, 2024), KV caching (Shazeer, 2019), and dis-
tributed sharding (Shoeybi et al., 2019) mitigate but do not
remove this scaling. Deep SSMs, building on HiPPO (Gu
et al., 2020) and realized by S4 (Gu et al., 2022b), S4D (Gu
et al., 2022a), and Mamba (Gu & Dao, 2024; Dao & Gu,
2024), take the opposite stance: they compress the entire
context into a fixed-size recurrent state that updates in O(1)
time per step. The cost of this compression is that the state
is read out without conditioning on the query.

Hybrid architectures interleave the fine-grained, content-
based retrieval of attention with the efficient long-range
compression of SSMs (Lieber et al., 2024; Glorioso et al.,
2024; Ren et al., 2025; De et al., 2024; Fu et al., 2023; Brixi
et al., 2026), and a growing line of linear and sub-quadratic
attention reduces the cost of attention directly (Katharopou-
los et al., 2020; Peng et al., 2021; Poli et al., 2023; Peng
etal.,2023; Sun et al., 2023; Yang et al., 2024a;b). We take a
different route: rather than stacking a recurrent layer next to
attention, we ask which attention-like read/write operations
can be implemented inside a fixed-state recurrent memory.
Holding the recurrent core to S4D and the per-token re-
current state to a fixed budget, we study what closes the
gap between an S4D token mixer and a query-conditioned
memory.

We answer this with Interdomain Attention, a token mixer
in which keys and values are mapped to a shared SSM basis
by a single complex S4D recurrence, and each query selects
a slice of the resulting basis coefficients at readout. The con-
struction is motivated by representing an attention kernel
through a finite feature map and projecting the key features
onto HiPPO basis functions, which yields a fixed-size state
independent of sequence length. The scalable implemen-
tation is not a literal realization of the kernel derivation: it
uses a learned SiLLU//; feature map, input normalization,
and a denominator-free readout. We therefore use the deriva-
tion as design motivation and evaluate the resulting layer
empirically through ablations.

Our contributions are:

* A construction of a query-conditioned fixed-state to-



Interdomain Attention: Beyond Token-Level Key-Value Memory

ken mixer from a kernel-regression view of attention
and a HiPPO-style basis projection, with an explicit
boundary between the ideal derivation and the scalable
implementation (Sections 3.1 and 3.3).

* A mechanism decomposition at 125 M parameters that
separates the contributions of dual key/value write and
query-dependent readout, and identifies the readout as
the dominant axis (Appendix B.1).

* A 125 M-1.3 B iso-state language-modeling study on
FineWeb-Edu in which Interdomain Attention im-
proves over an S4D token mixer at every scale, sur-
passes a same-recipe softmax baseline on validation
perplexity and the eight-task commonsense suite at
1.3B, and preserves the length-flat behavior of the
fixed-state core to 3.5 x the training context (Figure 2,
Appendix B.4, Table 2).

2. Background

In this section, we briefly review attention mechanisms and
state space models.

Attention as Kernel Regression. Standard dot-product
attention (Vaswani et al., 2017) maps input tokens z,, € R?
to queries, keys, and values via ¢, = Wz, € R%, k,, =
Wity € R4, v, = Wyz,, € R, and computes the output
for the i-th token as

oy — Snmt Kldis k) v 0

o1 Klai k)

where K (¢, k) = exp(q ' k/+/d) for softmax attention. This
is one realization of a Nadaraya-Watson kernel regression
estimator (Nadaraya, 1964; Watson, 1964), a connection
noted in several works on kernel attention (Tsai et al., 2019;
Katharopoulos et al., 2020; Choromanski et al., 2021). This
view makes the choice of kernel I a design degree of free-
dom: replacing the softmax kernel with one that admits a fi-
nite or learned feature representation enables sub-quadratic
computation and memory. Attention then performs non-
parametric regression over the values v, at test time, with
K determining the weighting over the context, connecting
to the broader test-time regression (Wang et al., 2025) or
memorization (e.g. Titans; Behrouz et al. 2025).

State Space Models and HiPPO. A linear state space
model maps an input signal z(¢) € R to a latent state u(t) €
RM via:

u(t) = A(t) u(t) + B(t) z(t). 2)

HiPPO (Gu et al., 2020) gives initializations for A(t) €
RM*M and B(t) € RM under which the state u(¢) main-
tains optimal projections of the input history onto M time-

varying orthogonal basis functions {(/)5,? M

m—1- This forms

the foundation for deep SSM architectures such as S4 (Gu
etal., 2022b), S5 (Smith et al., 2023), S4D (Gu et al., 2022a),
and Mamba (Gu & Dao, 2024; Dao & Gu, 2024).

3. Interdomain Attention

Figure 1 illustrates the architecture. Building on the recently
observed connection between interdomain kernel compu-
tation in HIPPO-SVGP and SSMs (Chen et al., 2025), we
show how the kernel regression view Equation (1) leads
to a direct integration of SSM-style recurrent memory into
attention.

3.1. Feature-map view of kernel attention

Assume the attention kernel admits a finite feature represen-
tation

K(q.k)~&(q) ¢k), &) e R 3)

Substituting this representation into Equation (1) gives

SN E(a)TE(kn) vn
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Random Fourier features (Rahimi & Recht, 2007) are one
standard instantiation for stationary kernels: by Bochner’s
theorem,

K:(Q?, {L‘/) = Ep(w) {gw (J;)wa (,T/)} s
Eolx) = [cos(wa), sin(wTJ:)]T7 5)

where p(w) is the spectral density of K (its normalized
Fourier transform). Approximating this expectation with
sampled frequencies recovers Equation (3) with a cosine—
sine feature map; the derivation below only uses the feature
inner product.

3.2. HiPPO basis functions for interdomain attention

The key insight is to treat the keys and values as functions
of time, k(t,) := k,, and v(¢,,) := vy, and project the key
features, as well as the values, onto the HiPPO basis:

ult) = / (k1)) SN (1) dt,
AN = / o(t) 609 (t) dt,

V) = / PN (t) dt, (6)

where ugff\') € R and 77(73”) € R?. We use u for these
basis-projection coefficients to match the SVGP conven-
tion for interdomain inducing variables (Lazaro-Gredilla &
Figueiras-Vidal, 2009; Hensman et al., 2013; Chen et al.,
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Figure 1. (a) Standard attention computes N, X N scores from () and K, then multiplies by V" to produce the output. (b) Interdomain
attention maps queries and keys into a shared feature space to produce the kernel query matrix F, (N, x R). Keys and values are
compressed via SSM recurrence into M interdomain states: [/ (M x R, key feature projections), I' (M X d, value projections), and n
(M x 1, normalizing constants). State-space readout computes the output via the Ny x M cross-covariance F, [ T,

2025), with which the integrals above are in direct corre-
spondence; in the practical S4D realization of Section 3.3,
u$f3 is replaced by a learned analogue rather than the literal
integral. Both projections can be computed incrementally
via the HIPPO ODE Equation (2) as new tokens arrive. Sub-
stituting the basis reconstruction &(k,,) = Y. Um ¢m (tn)
into Equation (4) and exchanging the order of summation,
we have:

5 o S (6000) Tu™) Sy 00 (1) v
i (€(a) Tun) Sy 0™ (tr)

(D

Furthermore, recognizing ) ¢£}§N )(tn) vy A fy,(,tLN ) and
Do ¢£7§N) (tn) ~ n,(fLN) from Equation (6), the sums over
tokens collapse (dropping the time superscript () for
brevity):
M
5 — Zm:1 (E(%’)Tum) Tm 8)
1 T M )
Zm:l (g(Qi)Tum) TIm

In matrix form, let F, € R™«*% be the query feature ma-
trix, U € RM*F the basis-projection (inducing-variable)
matrix, I' € RM*9 the value projection, and 7 € R™ . Then
interdomain attention computes

F,U'T
F,UTy’

O:

&)

where division is element-wise with broadcasting. The en-
tire context is summarized in U and I', which are updated
recurrently. For causal processing, these become position-
dependent: at step i, the SSM state encodes U (), (%) 5(®)
reflecting only tokens 1, ... 1.

3.3. Our architecture

We assemble the components introduced above into a
decoder-only language model for autoregressive language
modeling.

Backbone. Interdomain Attention is embedded in a
Llama-style pre-norm decoder (Touvron et al., 2023a) with
RMSNorm (Zhang & Sennrich, 2019), SwiGLU feedfor-
wards (Shazeer, 2020), RoPE (Su et al., 2024) on the
query/key inputs, untied embeddings, and no dropout. The
1.3 B model uses d=2048, 24 layers, H=32 heads, head
dimension dj =64, context length L,,,,=4096, S4D state
dimension M =64, and feature dimension R=64. All heads
keep their own keys and values (no grouped-query sharing).

Feature map. At language-model scale, we adopt the
DeltaNet-style neural feature map (Yang et al., 2024b)

SiLU (SC(z))

{(z) = [ SiLU (SC(=)) |,

(10)

where SC(+) is a causal depthwise 1D convolution of ker-
nel size 4 applied to queries and keys before the head re-
shape, the same short-convolution primitive used in recent
SSMs (Fu et al., 2023; Poli et al., 2023; Gu & Dao, 2024).
With ¢ defined via SiLU and ¢y-normalization, £(q) " ¢(k)
becomes a learned dot-product similarity in SiLU-projected
space. This trains markedly more stably at scale, mirroring
findings in DeltaNet (Yang et al., 2024b) and Gated Linear
Attention (Yang et al., 2024a).
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Recurrent basis projection. The HiPPO projections of
Equation (6) are approximated by a complex-diagonal S4D
recurrence (Gu et al., 2022a), per head:

xgh) =AML 0O :vgli)l + By, zﬁh%

Ap = exp(ApAp) € CY, (11)
where A; uses the S4D-Inv initialization (Gu et al.,
2020; 2022a), logRe(A,) = log3 and Ap imag(n) =
M M

™ \ 2n+1
[1073,10~!]. This already departs from a literal imple-
mentation of Equation (6) in two respects: Ay, is the diag-
onal approximation of the HiPPO state matrix introduced
by S4D, and Bj, together with the readout C;, € CM*M
(full complex per head, rather than the diagonal or identity
variants) are learned rather than fixed to recover the HiPPO
basis. We therefore treat the per-step outputs U. ,(Lt), I‘;lt)
(complex-valued analogues of the matrices in Equation (9))
as a learned approximation of the basis-projection coeffi-
cients in Equation (8) rather than as their exact realization.
The SSM input zt(h> concatenates the key feature (k) and
the value v;; for the SiLU variant, both halves are first stabi-
lized by an input RMSNorm with a learnable per-head bias
(described next).

— 1), and Ap is initialized log-uniformly in

Input RMSNorm and denominator-free readout. The
key feature and the value are independently passed through
an RMSNorm with a learnable per-head additive bias before
entering the SSM:

kY = RMSNorm (£(k{™)) + bf,

5" = RMSNorm(v{™) + by, (12)
similar in spirit to B/C-side normalization used in Mamba-
3 (Lahoti et al., 2026), with one difference: we normalize
the two halves of the SSM input z; = [£(k:), v¢] (the ana-
logue of Mamba’s B side), while the analogue of Mamba’s
C — the query-dependent read-out U, in Equation (8) —
is computed inside the SSM and is not separately normal-
ized. The input rescaling acts on v but not on the constant
ones channel 7, so retaining the Nadaraya—Watson denomi-
nator of Equation (8) would mix incompatible scales. We
therefore drop the n-division and read out the unnormalized
form

On = F{M U/ Ty, (13)
matching the denominator-free linear-attention convention
shared by DeltaNet (Yang et al., 2024b), Mamba-2 (Dao &
Gu, 2024), and GLA (Yang et al., 2024a). An optional SiLU
output gate o <— o(Wyx) © o in the style of Mamba (Gu &
Dao, 2024) and GLA (Yang et al., 2024a) is retained as a
configuration flag but is disabled in the 1.3 B scaling runs.

Multi-head structure. Each of the H=32 heads owns its
query/key/value projections, RMSNorm scales and biases of
Equation (12), and S4D dynamics (A, Ay, C},), yielding
head-specific coefficients (U, T'y) in Equation (13). A
grouped-KV variant that shares (U, T") across heads in the
GQA (Ainslie et al., 2023) / MQA (Shazeer, 2019) style
(equivalent to ny,=1) is supported and reduces per-layer
state by a factor of H; at the 1.3 B scale we use the fully per-

head configuration. Causality is automatic: the per-token

coefficients U ,(f), Fg) at position 7 depend only on tokens

1,...,1, so no explicit attention mask is used.

Training-time kernel. At training time, Equations (7)
and (13) are evaluated through a fused Triton chunkwise
kernel derived from the Flash Linear Attention algorithm
introduced with GLA (Yang et al., 2024a): inside each
chunk the intra-chunk contribution is expressed as a pair of
matrix multiplications that map onto Tensor Cores, while
cross-chunk state is propagated by a short sequential recur-
rence. This keeps the total work linear in sequence length
at full-sequence quality; implementation details are in Ap-
pendix A.1.

From kernel regression to a learned relaxation. The
recurrent basis projection of Equation (6) is itself approxi-
mated rather than realized exactly: S4D’s diagonal A, is the
diagonalization of HiPPO-LegS dynamics, and Bj,, C}, are
learned end-to-end rather than fixed to recover the canonical
HiPPO basis. On top of this, the SiLU variant uses a learned
dot-product similarity (Equation (10)), input RMSNorm +
bias on the SSM input (Equation (12)) which rescales the
value branch, and the resulting denominator-free readout
(Equation (13)). We therefore retain the kernel-regression
view as design motivation and evaluate the practical layer
empirically through the mechanism cube of Appendix B.1.

3.4. Memory and computational complexities

All complexities are per head, where NN, is the query length,
N is the key-value length, M is the number of basis func-
tions, R is the feature dimension, d is the head dimension,
and K is the checkpoint interval.

Test-Time Generation. Per-step decode is O(M?(R+d))
for the full-rank C}, used here (or O(M (R+d)) for diagonal
C},), independent of sequence length, against attention’s
O(Nd) work and growing KV cache. This makes per-token
generation O(1) in N, a key advantage for long-context
deployment.

4. Experiments

We evaluate Interdomain Attention in the regime where its
fixed-state read/write structure is intended to matter most:
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Table 1. Per-head computational and memory complexities. Interdomain attention replaces the O(/Nd) KV cache with O(M (R+d))
interdomain states, independent of sequence length /N. K denotes the checkpoint interval (sequential scan) or chunk size (chunkwise

scan).

Total work State memory Backward memory
Standard attention O(NyNd) O(Nd) O(NgN)
Interdomain (FFT) O(NM(R+d)log N + NyRd) O(M(R+d)) O(NM(R+d)+ Ng¢R)
Interdomain (Scan) O(NM(R+d) + NyRd) O(M(R+d)) O(¥M(R+d)+ NyR)

autoregressive language modeling. The study scales the
architecture of Section 3.3 from 125M to 1.3 B parameters
on FineWeb-Edu at matched recurrent-state budget against
an S4D token mixer, and reports a same-recipe softmax
baseline as a reference point. The experiments are orga-
nized around three questions: whether the query-dependent
readout explains the iso-state gain, whether the gain persists
with scale, and how the fixed-state model behaves outside
the training context.

4.1. Language modeling on FineWeb-Edu

Setup. We pretrain LLaMA-style decoder-only mod-
els (Touvron et al., 2023a) at four scales (125M, 350 M,
760M, 1.3B parameters) on the FineWeb-Edu cor-
pus (Penedo et al., 2024) with the Llama-2 tokenizer (Tou-
vron et al., 2023b) (32K vocabulary) and a training context
length of L = 4096. Each scale is trained at its Chinchilla-
optimal token budget (Hoffmann et al., 2022) (approxi-
mately 20 x tokens per parameter): 2.5, 7, 15, and 26 billion
tokens, respectively. We follow the training recipe of Gu
& Dao (2024); full optimizer, schedule, and hardware de-
tails are in Appendix A.2. We report best-of-run validation
perplexity from the cosine-decay schedule.

We compare four conditions, all sharing the same Llama-
style backbone, dataset, tokenizer, and training recipe; only
the token mixer in each block differs:

e Softmax: canonical multi-head softmax attention with
rotary position embeddings;

o [nterdomain: full mechanism of Section 3.3;

* S4D-only: an S4D control sharing Interdomain’s com-
plex S4D core (full per-head C}, € CM*M) but with
both Interdomain ingredients removed: the dual seman-
tic input [£(k:), v¢] is replaced by generic projections
[at, b¢], and the query-dependent read-out is replaced
by a learned linear contraction of the SSM coefficient;

* §4D-only + RoPE: the S4D-only control with rotary
position embeddings applied to the a-half (the K-side
analogue), tested at 125 M only as a RoPE control.

Mechanism decomposition at 125M. At the smallest
scale a 3-axis ablation cube (dual write x Q-readout x

RoPE) decomposes the iso-state gain. The query-dependent
readout is the dominant axis: with the dual write retained,
removing the Q-readout raises validation perplexity from
16.48 to 20.18 (+22% relative), close to the full S4D-only
gap. The dual key/value write contributes a smaller +2.8%
on its own (16.48 — 16.94). RoPE is roughly orthogonal
at this scale and mildly harmful inside the S4D family. The
full cube is in Appendix B.1 and the per-condition data flow
in Appendix B.2.

State-budget. Interdomain and the S4D-only variants
share matched per-token recurrent state at every scale by
construction (Appendix B.3); softmax is excluded from this
fixed-state comparison since its KV cache grows linearly
with sequence length.

Scaling. Figure 2 plots best-of-run FineWeb-Edu valida-
tion perplexity for the three main conditions across the four
scales. The controlled iso-state comparison is Interdomain
vs. S4D-only: Interdomain reaches 13—-16% lower valida-
tion perplexity at every scale, indicating that the mechanism
contribution persists as model size grows. Against the same-
recipe softmax baseline, Interdomain is essentially tied at
125 M and pulls ahead from 350 M onwards, reaching 7.5%
lower perplexity at 1.3 B (7.98 vs. 8.63); we treat the iso-
state Interdomain vs. S4D-only gap as the controlled finding
and the softmax comparison as a same-recipe reference
point rather than a controlled one.

Downstream evaluation at 1.3B. We evaluate
the 1.3B Softmax and Interdomain models via
lm-evaluation-harness (Biderman et al., 2024) on
the 8-task commonsense protocol of Yang et al. (2025)
(LAMBADA (Paperno et al., 2016), PIQA (Bisk et al.,
2020), HellaSwag (Zellers et al., 2019), WinoGrande (Sak-
aguchi et al., 2020), ARC-e/ARC-c (Clark et al., 2018),
SIQA (Sap et al., 2019), BoolQ (Clark et al., 2019)),
together with LAMBADA and WikiText-2 (Merity et al.,
2017) language-modeling perplexities; the headline metrics
and per-task breakdown are in the appendix (Sections B.4
and B.5). Relative to the same-recipe softmax baseline,
Interdomain attention improves the commonsense 8-task
average by +3.03 pp, the WikiText-2 BPB by —0.010, and
the LAMBADA BPB by —0.131. The S4D control trails
Softmax across the board: —2.07pp on commonsense,
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Figure 2. FineWeb-Edu validation perplexity vs. training compute (log—log scale), C = 6N D FLOPs for total parameters /N and total
training tokens D (Chinchilla convention (Hoffmann et al., 2022)). Each point is best-of-run perplexity at the Chinchilla-optimal token
budget for that scale (2.5, 7, 15, 26 B tokens for 125 M, 350 M, 760 M, 1.3 B parameters).

Table 2. Length-extrapolation perplexity at context length L, aver-
aged over five long-context corpora (PG19, CodeParrot, GovRe-
port, Qasper, QMSum). Training context is 4K; 8 and 14K are
out-of-distribution. The per-corpus matrix is in Appendix B.6.

Context length 4K (train) 8K 14K

Softmax 12.79 20.54 55.92
Interdomain 14.36 14.14 14.26
S4D-only 27.24 26.89 26.75

~2x LAMBADA perplexity (41.02 vs. 21.03), and
~6% higher validation perplexity, consistent with the
mechanism-cube finding (Appendix B.1) that removing
both Interdomain ingredients regresses past softmax.

Length extrapolation. The fixed-state structure that Inter-
domain inherits from S4D summarizes the entire prefix in a
state of size independent of context length, so the recurrence
has no built-in dependence on training length. RoPE-based
softmax attention, by contrast, degrades rapidly outside its
training context. We evaluate the 1.3 B Softmax and Inter-
domain models at L € {4K, 8K, 14K} on five long-context
corpora: PG19 (Rae et al., 2020), CodeParrot (Tunstall et al.,
2022), GovReport (Huang et al., 2021), Qasper (Dasigi
et al., 2021), and QMSum (Zhong et al., 2021). Within
the 4 K training context softmax is slightly stronger than
Interdomain (12.79 vs. 14.36), but softmax’s average per-
plexity blows up beyond it (1.6x at 8K, 4.4x at 14K),
while Interdomain stays within +0.25 of its 4 K value at
every out-of-distribution length, a 3.5x extrapolation. We
read length flatness as a property of the fixed-state recurrent
core rather than of the Interdomain ingredients themselves:
the S4D-only control is similarly length-flat (Table 2), and
the mechanism contribution of Interdomain is best read off
the validation-loss and downstream tables.

Recall and limitations. Exact-string associative recall
is a known weak point of fixed-state token mixers, and
Interdomain Attention is no exception (Yang et al., 2025;
2024b; Arora et al., 2024). On RULER single-needle-in-

a-haystack (Hsieh et al., 2024), Phonebook exact-match
retrieval (Jelassi et al., 2024), and the Based zero-shot recall
suite (Arora et al., 2024) at 1.3 B (Appendix B.7), within the
training context softmax dominates exact retrieval and Inter-
domain trails it, but the iso-state comparison still places In-
terdomain above the S4D control. Beyond the training con-
text softmax collapses on RULER while Interdomain retains
a small but non-zero score. The long-context LongBench-
14 (Bai et al., 2024) downstream evaluation (Appendix B.8)
is statistically tied between Softmax and Interdomain, with
both well above S4D-only. We treat exact recall as a struc-
tural limitation of fixed-state compression rather than a prop-
erty specific to Interdomain.

5. Conclusion and Future Work

We introduced Interdomain Attention, unifying kernel at-
tention and state space models by projecting features of
keys and values onto SSM basis functions via an SSM recur-
rence, yielding a fixed-size state independent of sequence
length. In a 125 M-1.3 B FineWeb-Edu study at matched
recurrent-state budget, Interdomain improves over an S4D
token mixer at every scale, surpasses a same-recipe softmax
baseline at 1.3 B on validation perplexity and the eight-task
commonsense suite, and inherits the length-flat behavior of
its fixed-state core out to 3.5 the training context. A 125M
mechanism decomposition attributes most of the iso-state
gain to the query-dependent readout. In particular, combin-
ing the read/write structure introduced here with stronger
recurrent cores such as Mamba-3 (Lahoti et al., 2026) and
Gated DeltaNet (Yang et al., 2025) is one direction we leave
for future work. Moreover, given the connection between
kernel attention and Gaussian processes (Chen & Li, 2023),
a probabilistic Interdomain Attention can be constructed by
treating the layer as the posterior mean of an interdomain
Gaussian process for improved robustness and uncertainty
quantification (Chen, 2026).
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A. Implementation and Training Details
A.1. SSM kernel backends

The FFT convolution computes the S4D recurrence (Gu et al., 2022b;a) via O(N log N) transforms per input channel and
state dimension. The sequential scan replaces the FFT with a fused recurrence that is O(N) per input channel and state
dimension, with parallelism over channels and state dimensions on GPU. The chunkwise parallel scan, following the Flash
Linear Attention scheme (Yang et al., 2024a), splits the sequence into chunks of size K. All chunks compute their terminal
states in parallel, followed by a serial boundary propagation across N/K chunk boundaries, and a final parallel pass with
corrected initial states. For the backward pass, both scan variants use segmented checkpointing with interval K: within each
segment, previous states are recovered by inverting the diagonal SSM update (dividing by Aj). Loading the checkpoint
at each segment boundary resets the numerical error that accumulates across this within-segment inverse recurrence. The
parallel scan uses the parallel prefix algorithm (Smith et al., 2023), achieving O(log V) parallel depth, which may become
advantageous as hardware parallelism scales.

A.2. Language modeling training
A.2.1. OPTIMIZER AND SCHEDULE

Following Gu & Dao (2024): AdamW (Loshchilov & Hutter, 2019) with weight decay 0.1 and gradient clipping at 1.0; peak
learning rate scaling with model size (3 x 1073 at 125M, 1.5 x 103 at 350M, and 1 x 10~2 at both 760 M and 1.3 B),
with a 375 M-token linear warmup followed by cosine decay to 10~° over the remainder of training; global token batch size
524,288 per optimization step (sequence-packed); SSM parameters (Equation (12), Ay, Ay, Ch) use a separate learning rate
capped at 10~2 with weight decay disabled. Training uses bfloat16 mixed precision (torch.autocast) with random
seed 42, on Isambard-AI GH200 nodes with 16-32-way DDP. The cosine decay to 10~° leaves the best-of-run validation
loss within 0.01 nats of the end-of-training loss for most cells.

A.2.2. BACKBONE DETAILS

SwiGLU hidden dimensions are set to % - 4d rounded up to a multiple of 128. Residual-path output projections (w, of

attention and wy of SwiGLU) are re-initialized with standard deviation 0.02/+/2L following the GPT-style residual scaling
rule (Radford et al., 2019).

A.2.3. PARAMETER COUNTS

Table 3 reports the total trainable parameter count of every cell in the four-scale FineWeb-Edu sweep. The nominal scale
labels (125 M, 350 M, 760 M, 1.3 B) are GPT-2-style shorthands; the Interdomain and S4D-only token mixers each add
~0.5-1.0% parameters over the same-recipe softmax baseline (decreasing with scale, from ~1.0% at 125M to ~0.5%
at 1.3 B), due to the input RMSNorm scales and biases of Equation (12), the per-head (A, Ay, Ci,) SSM dynamics, and
the ShortConv. Within each iso-state row, Interdomain and S4D-only agree to within 0.01%. For the 125 M mechanism
decomposition of Section B.1, all six Interdomain/S4D variants lie in [135,379,344, 135,462,288], a 0.06% spread, with
the softmax baseline at 134,105,856.

Table 3. Total trainable parameters for every cell in the language-modeling scaling sweep. Counts include token + output embeddings
(untied, 32,000-vocab Llama-2 tokenizer (Touvron et al., 2023b)), all attention/SSM weights, the input-RMSNorm scales and biases of
Equation (12), the layer-level RMSNorms, and the SwiGLU feedforward.

Condition 125M 350M 760 M 13B

Softmax 134,105,856 373,867,520 777,856,512  1,345,423,360
Interdomain 135,416,208 377,360,768 781,498,752  1,352,406,784
S4D-only 135,425,424 377,385,344 781,523,328  1,352,455,936

B. Language Modeling: Supplementary Material

This appendix expands the experiments of Section 4.1.
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B.1. Mechanism decomposition cube at 125 M

We expand the 3-axis ablation cube of Section 4.1. The two Interdomain ingredients form binary axes: (i) the dual input
zt = [€(kt), v¢] that splits the SSM write into a key-feature half and a value half, and (ii) the query-dependent readout
&(q;) U," Ty that lets the per-token query select a state slice. RoPE is a third, independent axis, tested at both endpoints of
the Interdomain/S4D axis. Six of the eight cube corners, plus the softmax baseline, are reported in Table 4; Figure 3 shows
the per-condition data flow.

Table 4. Mechanism decomposition at 125 M / 2.5 B tokens. “vs Softmax” is the relative change in validation perplexity (positive = worse
than softmax). Val. loss is best-of-run; Val. PPL is exp(Val. loss).

Condition Description Val. loss  Val. PPL  vs Softmax
Full Interdomain Dual write + Q-readout 2.8020 16.48 -1.02%
Full, no RoPE Full Interdomain without Q/K RoPE 2.8038 16.51 —0.84%
Softmax Canonical Llama-style softmax baseline ~ 2.8122 16.65 —
Single write + Q-readout Single [a, b] input + Q-readout 2.8298 16.94 +1.78%
S4D-only Vanilla S4D, no RoPE 2.9561 19.22 +15.48%
S4D-only + RoPE Vanilla S4D, RoPE on a-half 2.9844 19.77 +18.79%
Dual write + linear readout ~ Dual input [£(k), v] without Q 3.0048 20.18 +21.23%

B.1.1. READING THE CUBE

The headline contrast is Interdomain versus the S4D-only control at matched recurrent-state budget: Full Interdomain
reduces validation perplexity from 19.22 to 16.48, a 14.3% relative reduction at iso-state. Beyond the headline finding
(Q-readout dominant; RoPE orthogonal) reported in Section 4.1, the cube also pins down two cells the body does not:
keeping the Q-readout while feeding the SSM a generic [a, b] input recovers most of softmax-level performance (+1.7%
relative to softmax, within 0.3 PPL of it), confirming that the dual key/value write is a smaller secondary contributor;
and removing Q/K RoPE from Full Interdomain leaves it within noise of the full model, suggesting that Interdomain’s
mechanism already encodes the positional selectivity that RoPE supplies to softmax attention. The pure-S4D vs. softmax
gap of +15 to +19% at this scale is consistent with the SSM literature; Fu et al. (2023) report a comparable Pile-scale gap
for pure S4, and FineWeb-Edu is an easier corpus on which our S4D-only variants additionally carry the ShortConv and
pre-SSM-norm stabilizers shared with Interdomain.

B.2. Mechanism-cell architecture diagram

Figure 3 shows the per-condition data flow referenced in Section B.1. The four subfigures show the Full Interdomain
mechanism, the Dual write, linear read variant, the Single write, Q read variant, and the S4D-only control.
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Figure 3. Architecture across the four mechanism cells. (a) Full Interdomain uses both the dual write z; = [£(k¢), v¢] and the Q-mediated
readout £ (qt)U,;r I"t. (b) Dual write, linear read keeps the dual write but removes Q from the readout, replacing it with a learned linear
contraction. (c) Single write, Q read feeds the SSM a generic two-half input [a¢, b¢] while retaining the Q-mediated readout. (d) S4D-only
removes both Interdomain ingredients. Branches drawn in the subfigure colour are active; the dashed red curve marks the Q bypass;
the amber complex-valued S4D core is identical across all four variants. The two “N+b” boxes denote the per-head input RMSNorm +
learnable bias of Equation (12), applied independently to each SSM input half. (RoPE is the third, orthogonal axis; see Table 4.)

B.3. State budget at 1.3B

Table 5 summarizes the per-token recurrent state of the token mixers at the 1.3 B scale, following the state-DoF accounting
convention of Lahoti et al. (2026, Prop. 2): complex SSM state of dimension /N counts as 2N real DoF. The Interdomain
SSM ingests a two-half input z; = [£(k:), v¢] of width dfeye + dp, (= 2d), in our configuration, where dgeoe = dp), so the
per-cell state is 2(deat + dp,) M real DoF; the S4D-only variants likewise ingest a two-half [a, b] input of the same width and
inherit the same per-cell state. With matched head counts H and matched M, Interdomain and the S4D-only variants are
iso-state by construction. Softmax attention is excluded from the fixed-state column because its KV cache grows linearly
with sequence length L.

Table 5. Recurrent-state size at 1.3 B (d=2048, 24 layers, H=32, d;,=64, M =64). #cells is the number of independent state cells per
layer; per-cell DoF is the size of each cell’s hidden state in real-valued degrees of freedom; total DoF is their product, reported per token
per layer. RoPE does not change state size; the S4D-only + RoPE row is identical to S4D-only and is omitted.

Condition Fcells per-cell DoF total DoF

Softmax — KV cache (grows with L) 4,096 L
Interdomain H = 32 2(dga+dn) M = 16,384 524,288
S4D-only H =32 2(dn+dn) M =16,384 524,288

14



Interdomain Attention: Beyond Token-Level Key-Value Memory

B.4. Downstream evaluation at 1.3 B

Table 6. Validation cross-entropy and downstream metrics for the 1.3 B / 26 B-token runs. LAMBADA (Paperno et al., 2016) and
WikiText-2 (Merity et al., 2017) are evaluated zero-shot via lm-evaluation-harness (Biderman et al., 2024). BPB (bits per byte)
rescales the per-token cross-entropy by tokens/byte, yielding a tokenizer-invariant comparison.

Metric Softmax  Interdomain  S4D-only
Validation CE | 2.155 2.077 2.212
Commonsense 8-avg T 51.51 54.54 49.44
LAMBADA acc 1 39.43 44.36 25.64
LAMBADA PPL | 21.03 14.76 41.02
LAMBADA BPB | 1.1244 0.9937 1.3712
WikiText-2 PPL | 20.55 19.77 25.27
WikiText-2 BPB | 0.8156 0.8051 0.8713

B.5. Commonsense 8-task breakdown at 1.3 B

Table 7. Per-task accuracy of the eight-task commonsense suite of Yang et al. (2025), evaluated on the 1.3 B / 26 B-token runs via
Im-evaluation-harness (Biderman et al., 2024). HellaSwag and ARC-c use length-normalized accuracy; all others use plain
accuracy. The 8-task avg row corresponds to the headline column in Table 6.

Task Softmax  Interdomain  S4D-only
LAMBADA (acc) 39.43 44.36 25.64
PIQA 69.42 71.38 71.00
HellaSwag (acc_norm) 48.53 54.27 49.34
WinoGrande 54.22 57.85 53.83
ARC-easy 65.87 69.91 60.86
ARC-challenge (acc_norm) 33.02 37.46 33.36
SIQA 40.28 41.45 41.10
BoolQ 61.28 59.63 60.37
8-task avg 51.51 54.54 49.44
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B.6. Per-corpus length-extrapolation perplexity

Table 8. Per-corpus validation perplexity at context lengths L € {4, 8,14} K for the 1.3 B Softmax, Interdomain, and S4D-only models
on PG19 (Rae et al., 2020), CodeParrot (Tunstall et al., 2022), GovReport (Huang et al., 2021), NarrativeQA (Kocisky et al., 2018),
Qasper (Dasigi et al., 2021), and QMSum (Zhong et al., 2021). Training context is 4 K; 8 K and 14 K are out-of-distribution. NarrativeQA
is reported here only and is excluded from the five-corpus aggregate of Table 2.

Corpus Condition 4K 8K 14K
Softmax 16.34 26.78 70.95
PG19 Interdomain  15.86 15.73 15.94
S4D-only 19.96 19.75 19.66
Softmax 12.13 22.23 74.85
CodeParrot  Interdomain 17.62 17.31 17.48
S4D-only 53.10 52.44 52.16
Softmax 7.33 1220 31.76
GovReport  Interdomain 7.36  7.27 7.29
S4D-only 9.19 9.07 9.01
Softmax 21.28 34.36 92.75
NarrativeQA Interdomain 22.85 22.67 22.99
S4D-only 36.83 36.42 36.26
Softmax 14.43 2294 60.08
Qasper Interdomain 15.75 15.52 15.63
S4D-only 23.53 23.22 23.13
Softmax 13.74 18.57 41.96
QMSum Interdomain  15.20 14.88 14.94
S4D-only 30.44 2997 29.80

B.7. Recall-heavy tasks at 1.3 B

Table 9. RULER single-needle-in-a-haystack (Hsieh et al., 2024) (S-NIAH-1, passkey retrieval), Phonebook exact-match retrieval (Jelassi
et al., 2024), and Based zero-shot recall (Arora et al., 2024) (contains, case-insensitive accuracy, %) at 1.3 B. Within the training context,
recall-heavy tasks favour softmax attention; state-based architectures (Interdomain, S4D) are much weaker at exact-string retrieval. The
Based sub-block reports the six-task suite (SWDE, FDA, SQuAD, NQ, TriviaQA, DROP) together with the 6-task average.

RULER S-NIAH-1 (accuracy %)

Context length 1K 2K 4K 8K

Softmax 99.50 100.00 89.00 0.00

Interdomain 65.50 28.00 9.50 3.50

S4D-only 0.00 0.00 0.00 0.00
Phonebook exact-match retrieval (accuracy %)

List size 16 32 64 128

Softmax 54.50 52.00 45.50 24.00

Interdomain 0.00 0.00 0.00 0.00

S4D-only 0.00 0.00 0.00 0.00
Based zero-shot recall (contains-CI accuracy %)

Task SWDE FDA SQuAD NQ

Softmax 60.58 50.45 11.33 16.44

Interdomain 17.46 9.53 33.78 11.43

S4D-only 6.57 0.36 14.91 7.95

Task TriviaQA DROP  6-task avg

Softmax 56.93 23.47 36.53

Interdomain 54.27 21.31 24.63

S4D-only 42.83 14.04 14.44

B.8. LongBench downstream evaluation
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Table 11. Steady-state decode latency summary at 1.3B. “Range” is the min—max over the prefix lengths that fit; “max-fit L” is the
largest prefix length that ran without OOM or capture failure. Speedup is computed as the median softmax latency divided by the median
graphed-interdomain latency. The graph-capture advantage shrinks monotonically with B; by B=64 the kernel-launch overhead is a
small fraction of total decode time and graphed interdomain is slower than softmax in absolute terms (compute-bound regime).

Softmax (SDPA) Interdomain
B Range (ms) Max-fit L Eager (ms) Graphed (ms)  Graphed max-fit .~ Speedup
1 18.20-19.36 16,384 39.07-40.29 8.06-8.08 16,384 2.33x
8 18.71-19.25 16,384 40.91-41.97 10.16-10.20 16,384 1.86x
16  18.56-19.12 8,192 39.86-41.12 12.63-12.65 16,384 1.50x
32 19.00-19.31 4,096 40.90-41.54  17.32-17.35 8,192 1.10x
64 18.94-19.68 2,048 41.18-42.82  25.73-25.77 4,096 0.75%

We additionally evaluate the 1.3 B Softmax / Interdomain Table 10. LongBench 14-task average score (range [0, 1]) at 1.3 B.
/ S4D-only models on LongBench (Bai et al., 2024), us- Softmax and Interdomain are within 0.0011 of each other, while
ing the 14-subtask configuration of Yang et al. (2025).  S4D-only trails by 0.038.

Table 10 reports the 14-task average (LongBench scores
normalized to [0, 1]).

Condition 14-task avg 1

Softmax 0.1240
Interdomain 0.1229
C. Inference Scaling S4D-only 0.0857

C.1. Autoregressive Decode: Prefix-Length Scaling

We benchmark autoregressive decode latency for a 1.3B-

parameter Llama-style model on a single NVIDIA GH200

(120 GB HBM3) using bfloat16 mixed precision (torch.autocast). The architecture matches the trained 1.3B of
Section 4.1 (d=2048, 24 layers, H=32, d,=64, M =64, 32,000-vocab Llama-2 tokenizer); decode is run on randomly
initialized weights since latency depends only on shapes. We compare three code paths:

e Softmax (SDPA). Eager-mode Python decode loop with attention computed by PyTorch’s
scaled_dot_product_attention; on Hopper with recent PyTorch versions this dispatches to the cuDNN-FA
backend.

* Interdomain (eager). Eager-mode Python decode loop with chunked prefill (C=2048).

¢ Interdomain (graphed). The same fixed-shape decode body captured into a single torch.cuda.CUDAGraph and
replayed.

Within our test window (B<64, L<16,384), the softmax decode body is essentially prefix-invariant, so the comparison is
not a prefix-length crossover. The interdomain advantage in this window comes from two structural factors:

1. CUDA graph compatibility. The fixed-shape SSM state lets the entire decode body be captured into a single static
graph and replayed once per token, removing the per-step Python and kernel-launch overhead. Softmax decode requires
a dynamically growing KV cache and is not directly graph-capturable; eliminating its launch overhead would require
padded allocation or bucketed graph pools.

2. Lower peak prefill memory via chunking. Because the recurrent state has a size independent of prefix length, prefill
can be processed in fixed-size chunks of C'=2048 tokens with the running state retained and per-chunk activations
released. This lets interdomain decode reach (B, L) cells where softmax exhausts GH200 HBM3 memory.

C.1.1. PROTOCOL

Prefill L tokens — snapshot the KV/SSM state (and capture the CUDA graph for the graphed path) — 64 decode steps
timed with CUDA events. Warmup: 5 iterations; timed: 20 iterations (15 at B=32, 10 at B=64); compile=False for
both methods.
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Figure 4. Steady-state decode latency vs. prefix length at varying batch sizes for the 1.3B model. Both softmax (solid blue) and graphed
interdomain (dashed red) are essentially prefix-invariant across our test window; eager interdomain (dotted, light red) is also prefix-
invariant but slower than the graphed path by an offset corresponding to the per-step kernel-launch overhead. X marks out-of-memory
cells. Chunked prefill enables interdomain decode through L=16,384 at B<16 and through L.=8,192 at B=32, regions where softmax
exhausts the 120 GB HBM3.

C.1.2. LATENCY-SENSITIVE REGIME (B = 1)

At batch size 1, kernel-launch overhead dominates per-step latency. CUDA-graph capture brings interdomain decode
from 39-40 ms (eager) down to 8.06—8.08 ms (graphed), a 4.9 reduction with no algorithmic change, and 2.3 x faster
than softmax’s 18.2-19.4 ms. Graphed interdomain holds ~8.07 ms across all six measured prefix lengths from L=>512 to
L=16,384 (Figure 4). This regime is most relevant for single-request, interactive serving.

C.1.3. THROUGHPUT REGIME (B = 8-16)

At moderate batch sizes, launch overhead becomes a smaller but still substantial fraction of total decode time. Graphed
interdomain stays prefix-invariant at 10.18 ms (B=8) and 12.64 ms (B=16), against softmax’s ~ 19ms — a 1.5—-1.9x%
latency advantage. This is also the regime where softmax first runs out of HBM: at B=16, L=16,384 softmax exhausts
HBM3 during prefill, while graphed interdomain (with chunked prefill, see Section C.2) fits and continues to deliver
12.64 ms steady-state decode.

C.1.4. COMPUTE-BOUND REGIME (B > 32)

Once batch size grows large enough for the per-step compute to dominate kernel-launch and KV-traffic costs, the graph-
capture advantage shrinks. At B=32 graphed interdomain (17.34 ms) is only 1.10x faster than softmax (19.16 ms); at
B=64 the ranking reverses: softmax (18.94-19.68 ms) is 30-36% faster than graphed interdomain (25.73-25.77 ms). The
remaining advantage of interdomain in this regime is in memory rather than latency: at B=32 graphed interdomain still
runs through L=8,192, where softmax has already exhausted HBM3 (max-fit L=4,096); and at B=64 graphed interdomain
runs through L=4,096, where softmax stops at L=2,048.
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Table 12. Peak VRAM (GB) during prefill at 1.3B on a single GH200 (120 GB HBM3), bfloat16 mixed precision (torch.autocast).
“Softmax (SDPA)” and “Interdomain (non-chunked)” are the peak from a full-sequence prefill; “Chunked (C'=2048)” is the peak from
interdomain’s chunked prefill, which retains only the running SSM state across chunks and discards per-chunk activations. “OOM”
denotes out-of-memory.

B L Softmax (SDPA) Interdomain (non-chunked) Chunked (C=2048)
8 4,096 14.68 14.84 12.75
8 8,192 21.44 21.78 13.25
8 16,384 35.37 36.04 14.63

16 4,096 21.24 21.58 17.30

16 8,192 34.56 35.24 18.07

16 16,384 OooOM ooOM 19.99

32 4,096 34.36 35.08 26.42

32 8,192 OOM 62.16 27.74

Table 13. Decode latency (ms/step, range over L € {512,...,16,384}) at B=1 across the four LM scales. Speedup is the median
softmax latency divided by the median graphed-interdomain latency. “Flatness” is the ratio of graphed steady-state latency at L=16,384
to that at L=512; values close to 1.0 indicate prefix-invariant decode.

Size  Softmax (ms) Graphed (ms) Speedup Flatness

125M 9.32-9.66 2.92-2.93 3.22x 1.00x
350M  18.71-19.54 6.05-6.06 3.14x 1.00x
760M  18.98-19.51 6.95-7.01 2.74% 1.01x

1.3B  18.20-19.36 8.06-8.08 2.34x 1.00x

C.1.5. LIMITATIONS

The comparison is between graphed interdomain and eager softmax. A graphed softmax baseline would require a padded
KV-cache allocation or a bucketed graph pool; this would close part of the launch-overhead gap at small B, but it would not
eliminate the O(L) KV-cache memory traffic that becomes the bottleneck for softmax beyond the L<16,384 window we
measure here. Within that window, modern SDPA backends (cuDNN-FA on Hopper) amortise that traffic well enough that
softmax decode is essentially prefix-invariant.

C.2. Prefill Memory Scaling

Chunked prefill processes the prompt in fixed-size chunks of C'=2048 tokens, retaining only the running SSM state across
chunks and releasing per-chunk activations. The peak memory is bounded by O(B - C) instead of O(B - L). At B=16,
L=16,384, chunked interdomain uses 20.0 GB, versus 34.6 GB for softmax at L=8,192 (and OOM at L=16,384 on the
same hardware). At B=32, L=8,192 even softmax OOMs: the L x L attention activations grow super-linearly in L, so
the 34.4 GB peak at L=4,096 pushes past the 120 GB budget at L=8,192. Chunked interdomain uses only 27.7 GB and
decodes through L=8,192 at ~17.3 ms (Table 11).

C.3. Decode Latency Scaling Across Model Sizes
C.3.1. READING

At B=1, graphed interdomain achieves a 2.3-3.2x latency advantage across all four scales, driven by elimination of per-step
kernel-launch overhead. The advantage is largest at the smallest scale (3.22x at 125 M), where per-step compute occupies
the smallest fraction of total step time, and shrinks monotonically with model size as per-step compute occupies a larger
fraction of the total step time. At B=8 the same trend appears with smaller absolute speedups (2.61x — 1.86x from 125M
to 1.3 B), consistent with the compute-bound trend already visible in the B>32 rows of Table 11. Across all eight cells of
these two tables, graphed interdomain decode is prefix-invariant to within 1% from L=>512 to L=16,384.
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Table 14. Decode latency (ms/step) at B=8 across the four LM scales. The 1.3 B row entries match the B=8 row of Table 11.

Size  Softmax (ms)  Graphed (ms) Speedup Flatness

125M 8.80-9.02 3.37-3.40 2.61x 1.01x
350M  17.72-18.88 7.21-7.30 2.51x 1.01x
760M  17.77-18.35 8.51-8.54 2.13x 1.00x

1.3B  18.71-19.25 10.16-10.20 1.86 % 1.00x
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