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Abstract

In this paper, we present conditions for identifying the generator of a linear
stochastic differential equation (SDE) from the distribution of its solution process
with a given fixed initial state. These identifiability conditions are crucial in causal
inference using linear SDEs as they enable the identification of the post-intervention
distributions from its observational distribution. Specifically, we derive a sufficient
and necessary condition for identifying the generator of linear SDEs with additive
noise, as well as a sufficient condition for identifying the generator of linear SDEs
with multiplicative noise. We show that the conditions derived for both types of
SDEs are generic. Moreover, we offer geometric interpretations of the derived
identifiability conditions to enhance their understanding. To validate our theoretical
results, we perform a series of simulations, which support and substantiate the
established findings.

1 Introduction

Stochastic differential equations (SDEs) are a powerful mathematical tool for modelling dynamic
systems subject to random fluctuations. These equations are widely used in various scientific
disciplines, including finance [[11} 30} 40|, physics [S3} 55, 58]], biology [2}18}161]] and engineering
[18!44]155]]. In recent years, SDEs have garnered growing interest in the machine learning research
community. Specifically, they have been used for tasks such as modelling time series data [19} 21} [33]]
and estimating causal effects [} 36} 147]].

To enhance understanding we first introduce the SDEs of our interest, which are multidimensional
linear SDEs with additive and multiplicative noise, respectively. Consider an m-dimensional standard
Brownian motion defined on a filtered probability space (2, F, P, {F;}), denoted by W := {W, =
(Wityeoos Wint] T 0 <t < oo} Let X; € R? be the state at time ¢ and let 7o € R? be a constant
vector denoting the initial state of the system, we present the forms of the aforementioned two linear
SDEs.
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1. Linear SDEs with additive noise.
dXt = AXtdt + Gth 5 XO =2, (1)
where 0 < t < 00, A € R¥*4 and G € R?™ are some constant matrices.

2. Linear SDEs with multiplicative noise.
dXt = AXtdt + ZZL:I Gk-Xf,de‘,,t 3 XO =Zo, (2)

where 0 < t < 00, A, Gy, € R4%d for k = 1,...,m are some constant matrices.

Linear SDEs are wildly used in financial modeling for tasks like asset pricing, risk assessment,
and portfolio optimization [3} [10}, 24]. Where they are used to model the evolution of financial
variables, such as stock prices and interest rates. Furthermore, linear SDEs are also used in genomic
research, for instance, they are used for modeling the gene expression in the yeast microorganism
Saccharomyces Cerevisiae [[17]]. The identifiability analysis of linear SDEs is essential for reliable
causal inference of dynamic systems governed by these equations. For example, in the case of
Saccharomyces Cerevisiae, one aims to identify the system such that making reliable causal inference
when interventions are introduced. Such interventions may involve deliberate knockout of specific
genes to achieve optimal growth of an organism. In this regard, identifiability analysis plays a pivotal
role in ensuring reliable predictions concerning the impact of interventions on the system.

Previous studies on identifiability analysis of linear SDEs have primarily focused on Gaussian
diffusions, as described by the SDE (1) [6, [16] 23] 28] 35| [42]]. These studies are typically based
on observations located on one trajectory of the system and thus require restrictive identifiability
conditions, such as the ergodicity of the diffusion or other restrictive requirements on the eigenvalues
of matrix A. However, in practical applications, multiple trajectories of the dynamic system can often
be accessed [15, 131} 145, 154]]. In particular, these multiple trajectories may start from the same initial
state, e.g., in experimental studies where repeated trials or experiments are conducted under the same
conditions [9, 12} 26, |29]] or when the same experiment is performed on multiple identical units [48]].
To this end, this work presents an identifiability analysis for linear SDEs based on the distribution of
the observational process with a given fixed initial state. Furthermore, our study is not restricted to
Gaussian diffusions (I, but also encompasses linear SDEs with multiplicative noise (2)). Importantly,
the conditions derived for both types of SDEs are generic, meaning that the set of system parameters
that violate the proposed conditions has Lebesgue measure zero.

Traditional identifiability analysis of dynamic systems focuses on deriving conditions under which a
unique set of parameters can be obtained from error-free observational data. However, our analysis
of dynamic systems that are described by SDEs aims to uncover conditions that would enable a
unique generator to be obtained from its observational distribution. Our motivation for identifying
generators of SDEs is twofold. Firstly, obtaining a unique set of parameters from the distribution
of a stochastic process described by an SDE is generally unfeasible. For example, in the SDE (T,
parameter G cannot be uniquely identified since one can only identify GG T based on the distribution
of its solution process [17,[28]]. Secondly, the identifiability of an SDE’s generator suffices for reliable
causal inferences for this system. Note that, in the context of SDEs, the main task of causal analysis
is to identify the post-intervention distributions from the observational distribution. As proposed in
[L7], for an SDE satisfying specific criteria, the post-intervention distributions are identifiable from
the generator of this SDE. Consequently, the intricate task of unraveling causality can be decomposed
into two constituent components through the generator. This paper aims to uncover conditions under
which the generator of a linear SDE attains identifiability from the observational distribution. By
establishing these identifiability conditions, we can effectively address the causality task for linear
SDEs.

In this paper, we present a sufficient and necessary identifiability condition for the generator of linear
SDEs with additive noise (I), along with a sufficient identifiability condition for the generator of
linear SDEs with multiplicative noise (2)).

2 Background knowledge

In this section, we introduce some background knowledge of linear SDEs. In addition, we provide a
concise overview of the causal interpretation of SDEs, which is a critical aspect of understanding
the nature and dynamics of these equations. This interpretation also forms a strong basis for the
motivation of this research.



2.1 Background knowledge of linear SDEs
The solution to the SDE () can be explicitly expressed as (cf. [50]):

t
X, = X (t20, 4, G) = Mg + / A= Gaw, . 3)
0

Note that in the context of our study, the solution stands for the strong solution, refer to [22]] for its
detailed definition.

In general, obtaining an explicit expression for the solution to the SDE (@) is not feasible. In fact, an

explicit solution can be obtained when the matrices A, Gy, ..., Gy commute, that is when
AGk = GkA and GkGl = Gle (4)
holds for all k,1 = 1,...,m (cf. [25]). However, the conditions described in () are too restrictive

and impractical. Therefore, this study will focus on the general case of the SDE (2).

We know that both the SDE (I)) and the SDE (2) admit unique solutions that manifest as continuous
stochastic processes [22]. A d-dimensional stochastic process is a collection of R%-valued random
variables, denoted as X = {X;;0 < t < oo} defined on some probability space. When comparing
two stochastic processes, X and X, that are defined on the same probability space (€2, F,P), various
notions of equality may be considered. In this study, we adopt the notion of equality with respect
to their distributions, which is a weaker requirement than strict equivalence, see [22]] for relevant
notions. We now present the definition of the distribution of a stochastic process.

Definition 2.1. Let X be a random variable on a probability space (2, F,P) with values in a

measurable space (S,B(S)), i.e., the function X : Q — S is F/B(S)-measurable. Then, the
distribution of the random variable X is the probability measure P~ on (S,B(S)) given by

PX(B)=P(X €B)=P{weQ: X(w) € B}, BecB(S).

When X := {X;0 < t < oo} is a continuous stochastic process on (2, F,P), and S = C|0, c0),
such an X can be regarded as a random variable on (), F,P) with values in (C[0, 00), B(C0, 0))),
and PX is called the distribution of X. Here C|[0, o) stands for the space of all continuous, real-
valued functions on [0, o]

It is noteworthy that the distribution of a continuous process can be uniquely determined by its
finite-dimensional distributions. Hence, if two stochastic processes, labelled as X and X, share
identical finite-dimensional distributions, they are regarded as equivalent in distribution, denoted by

X £ X. Relevant concepts and theories regarding this property can be found in [22].

The generator of a stochastic process is typically represented by a differential operator that acts
on functions. It provides information about how a function evolves over time in the context of
the underlying stochastic process. Mathematically, the generator of a stochastic process X; can be

defined as
(£5) @) = tim B Kere) = FXVEe =]

S

where f is a suitably regular function.

In the following, we present the generator of the SDEs under consideration. Obviously, both the SDE
(I) and the SDE (2) conform to the general form:

dXt = b(Xt)dt + O'(Xt)th 5 Xo = XQ - (5)

where b and o are locally Lipschitz continuous in the space variable x. The generator £ of the SDE
(B) can be explicitly computed by utilizing 1t6’s formula (cf. [50]).

Proposition 2.1. Let X be a stochastic process defined by the SDE (). The generator L of X on
C2Z(R4) is given by

(Lf)(x) :

X 2 X
S ) ofx) 1 3 cij(x)gxfa(xi ©6)

i=1 ij=1

for f € CZ(R?) and x € RY, where c(z) = o(z) - o(x) " is a d x d matrix, and CZ(R?) denotes the
space of continuous functions on R that have bounded derivatives up to order two.



2.2 Causal interpretation of SDEs

An important motivation for the identification of the generator of an SDE lies in the desire to infer
reliable causality within dynamic models described by SDEs. In this subsection, we aim to provide
some necessary background knowledge on the causal interpretation of SDEs. Consider the general
SDE framework described as:

dX; = a(X)dZy, Xo =19, @)

where Z is a p-dimensional semimartingale and a : R? — R?*? is a continuous mapping. By writing
the SDE (7) in integral form

Xj=ah+ 30 [y ay(X)dzi, i<d. ®)
The authors of [17] proposed a mathematical definition of the SDE resulting from an intervention to

the SDE (§). In the following, X (~!) denotes the (d — 1)-dimensional vector that results from the
removal of the [-th coordinate of X € R%.

Definition 2.2. [[I7 Definition 2.4.] Consider some | < d and  : R%~' — R. The SDE arising from
[®) under the intervention X} = ((Xt(fl)) is the (d — 1)-dimensional equation

(YD) =+ 0, fo by (V0)dzd, i A1 ©)

where b : R4=1 — RU=VXP js defined by b;j(y) = aij(y1,---,C(Y),-..,ya) fori # land j < p
and the ((y) is on the l-th coordinate.

Definition [2.2] presents a natural approach to defining how interventions should affect dynamic
systems governed by SDEs. We adopt the same notations as used in [17]. Assuming (8) and (©) have
unique solutions for all interventions, we refer to (§) as the observational SDE, to its solution as the
observational process, to the distribution of its solution as observational distribution, to @]) as the
post-intervention SDE, to the solution of (9] as the post-intervention process, and to the distribution
of the solution of (9) as the post-intervention distribution. The authors in [17] related Deﬁnition@]to
mainstream causal concepts by establishing a mathematical connection between SDEs and structural
equation models (SEMs). Specifically, the authors showed that under regularity assumptions, the
solution to the post-intervention SDE is equal to the limit of a sequence of interventions in SEMs
based on the Euler scheme of the observational SDE. Despite the fact that the parameters of the SDEs
are generally not identifiable from the observational distribution, the post-intervention distributions
can be identified, thus enabling causal inference of the system. To this end, Sokol and Hansen [[17]]
derived a condition under which the generator associated with the observational SDE allows for the
identification of the post-intervention distributions. We present the corresponding theory as follows.

Lemma 2.1. [lI7) Theorem 5.3.] Consider the SDEs
dXi = a(Xy)dZy, Xo =z, (10)
dX; = a(Xy)dZ,, Xo =i, (11)
where 7 is a p-dimensional Lévy process and Zisa p-dimensional Lévy process. Assume that
(T0) and (T0)) have the same generator; that a : RY — RYP and ¢ : R?~! — R are Lipschitz and

that the initial values have the same distribution. Then the post-intervention distributions of doing
XU=¢(XEDYin and doing X' := ((X(=D) in are equal for any choice of ¢ and I.

A main task in the causality research community is to uncover the conditions under which the
post-intervention distributions are identifiable from the observational distribution. In the context of
dynamic systems modelled in SDEs, similar conditions need to be derived. Lemma/2.1|establishes
that, for SDEs with a Lévy process as the driving noise, the post-intervention distributions can be
identifiable from the generator. Nevertheless, a gap remains between the observational distribution
and the SDE generator’s identifiability. This work aims to address this gap by providing conditions
under which the generator is identifiable from the observational distribution.

3 Main results

In this section, we present some prerequisites first, and then we present the main theoretical results of
our study, which include the condition for the identifiability of generator that is associated with the
SDE (1) / SDE (2) from the distribution of the corresponding solution process.



3.1 Prerequisites

We first show that both the SDE () and the SDE (2)) satisfy the conditions stated in Lemma [2.1]

Lemma 3.1. Both the SDE (1) and the SDE @) can be expressed as the form of (10), with Z being a
p-dimensional Lévy process, and a : R — R**P being Lipschitz.

The proof of Lemma [3.1] can be found in Appendix [A.T] This lemma suggests that Lemma [2.T]
applies to both the SDE (I)) and the SDE (@), given that they meet the specified conditions. Therefore,
for either SDE, deriving the conditions that allow for the generator to be identifiable from the
observational distribution is sufficient. By applying Lemma 2.1} when the intervention function ¢
is Lipschitz, the post-intervention distributions can be identified from the observational distribution
under these conditions.

We then address the identifiability condition of the generator £ defined by (6).

Proposition 3.1. Let L and L be generators of stochastic processes defined by the form of the SDE
@) on CZ(RY), where L is given by (6) and L is given by the same expression, with b(z) and &(x)
substituted for b(x) and c(x). It then holds that the two generators L = L if and only if b(z) = b(z)
and c(z) = &(z) for all z € R

The proof of Proposition [3.1]can be found in Appendix[A.2] This proposition states that for stochastic
processes defined by the SDE (3), the generator is identifiable from functions associated with its
coefficients: b(x) and c(z) = o(z) - o(z) .

3.2 Conditions for identifying generators of linear SDEs with additive noise

Expressing the SDE (T)) in the form given by (@) yields b(z) = Az and c¢(z) = GGT. Therefore,
based on Proposition 3.1} we define the identifiability of the generator of the SDE (T)) as follows.

Definition 3.1 ((zo, A, G)-identifiability). For zo € R?, A € R™? and G € R¥*™, the generator
of the SDE (1)) is said to be identifiable from x, if for all A € R¥? and all G € R¥™, with

O d -
(A,GGT) # (A,GGT), it holds that X (-;x9, A, GP|# X (-;x0, A, G).
In the following, we begin by introducing two lemmas that serve as the foundation for deriving our
main identifiability theorem.
Lemma 3.2. For zyp € R* A, A € R™? and G, G € RY>™, let X; == X (t;20, A, G), X; :=
X(t; 20, A, G), then X (-0, A, Q) 4 X (- z0, A, G) if and only if the mean E[X;] = Hj][f(t] and
the covariance ]E{(Xt_;,_h - E[XH_;J)(Xt - ]E[Xt])T} = ]E{(Xt_;,_h — E[Xt-‘rh])(Xt - E[Xt])T}fOV
all0 <t <ooand 0 < h < oo

The proof of Lemma3.2]can be found in Appendix[A.3] This lemma states that for stochastic processes
modelled by the SDE ({I)), the equality of the distribution of two processes can be deconstructed as
the equality of the mean and covariance of the state variables at all time points. Calculation shows
E[X;] = ez,
V(t,t+h) =E{(Xern — E[Xern]) (X — E[X:]) T} (12)
=MV (t),

where V() := V (¢, ). Please refer to the proof[A.5|of Theorem 3.4]for the detailed calculations. It
can be easily checked that E[X;] follows the linear ordinary differential equation (ODE)

m(t) = Am(t), m(0) = o, (13)

where 111(t) denotes the first derivative of function m(¢) with respect to time ¢. Similarly, each column
of the covariance V (¢, ¢ + h) also follows the linear ODE but with a different initial state: the
corresponding column of V(). This observation allows us to leverage not only the characteristics of
the SDE ([J), but also the established theories [43][57] on identifiability analysis for the ODE (T3)), to
derive the identifiability conditions for the generator of the SDE (T).

2X (20, A,G) = {X(t;20,A4,G) : 0 < t < o0}



We adopt the same setting as in [43]], discussing the case where A has distinct eigenvalues. Because
random matrix theory suggests that almost every A € R%*? has d distinct eigenvalues with respect
to the Lebesgue measure on R%*4 [43]]. And the Jordan decomposition of such a matrix A follows
a straightforward form which is helpful for deriving the geometric interpretation of the proposed
identifiability condition. The Jordan decomposition can be expressed as A = QAQ ™!, where

J1 A, ifk=1,...,Ky,
A= ,with J = ar —by ifk=K; +1 K
JK bk: ay ) — 1 P .

Q=1[Q1...1Qk] = [v1] ... |vd],

Op = Vg, ifk=1,..., Ky,
k= [ng_Kl_l‘ng_Kl], ifk=Ky+1,..., K,

where )\, is a real eigenvalue of A and vy, is the corresponding eigenvector of Ag, fork =1,..., K.
For k = K; 4+ 1,..., K, [vak—Kk,—1|v2k—K,| are the corresponding “eigenvectors” of complex
eigenvalues ay =+ byi. Inspired by [43| Definition 2.3., Lemma 2.3.], we establish the following
Lemma.

Lemma 3.3. Assuming A € R?? has d distinct eigenvalues, with Jordan decomposition A =
QAQ™!. Letv; € R? and Yj i =Q v € Re forall j = 1,...,nwithn > 2. We define

S Yk € R, fork=1,...,K,
Pl (Vj2k—K:1—1:Vj2k—1c,) | ER% fork=K;+1,....K,

where 7; i, denotes the k-th entry of 7;. rank([y1|Av1|. .. |[A% Ty | .o | ym| Aynl .. |49 ,]) < d
if and only if there exists k € {1, ..., K}, such that |w; | = 0forall j = 1,...,n, where |w; j| is
the absolute value of w; , fork =1, ..., K1, and the Euclidean norm of w; i, for k = K1 +1, ..., K.

The proof of Lemma|3.3|can be found in Appendix [A.4} From a geometric perspective, y; can be
decomposed into a linear combination of Qy’s

~ K
Vi = QY = X p=1 QuWjk -

Let Ly := span(Q). According to [43, Theorem 2.2], each Lj is an A-invariant subspace of
R?. Recall that a space L is called A-invariant, if for all v € L, Ay € L. We say L is a proper
subspace of R? if L C R% and L # R If |w;x| = 0 (i.e., wjx = 0 in R! or R?), then ~;
does not contain any information from L. In this case, v; is contained in an A-invariant proper
subspace of R? that excludes Lj, denoted as L_j. It is worth emphasizing that L_;, C R is
indeed a proper subspace of R?. This further implies that the trajectory of the ODE gen-
erated from initial state v; is confined to L_; [57, Lemma 3.2]. Lemma @] indicates that if
rank([y1]|Ay1] ... JAY Iy ] ] Ayl - |A91,]) < dthenall y; for j = 1, ..., n are confined
to an A-invariant proper subspace of R?, denoted as L. Therefore, all trajectories of the ODE
generated from initial states 7; are also confined to L. Furthermore, based on the identifiability
conditions proposed in [57], the ODE (T3) is not identifiable from observational data collected in
these trajectories. This lemma provides an approach to interpreting our identifiability conditions from
a geometric perspective.

Now we are ready to present our main theorem.

Theorem 3.4. Let zo € R? be fixed. Assuming that the matrix A in the SDE (@ has d distinct
eigenvalues. The generator of the SDE (1) is identifiable from xq if and only if

rank([zo| Azo| ... |AY Y ag|Ho|AH | .. |AT Y H | .. |Hy|AH4| .. |A Hy) =d, (14)
where H := GG, and H_; stands for the j-th column vector of matrix H, forall j = 1,--- ,d.

The proof of Theorem [3.4] can be found in Appendix [A.5] The condition in Theorem [3.4]is both
sufficient and necessary when the matrix A has distinct eigenvalues. It is worth noting that almost
every A € R%*? has d distinct eigenvalues concerning the Lebesgue measure on R?* ¢, Hence, this
condition is both sufficient and necessary for almost every A in R4*¢. However, in cases where A
has repetitive eigenvalues, this condition is solely sufficient and not necessary.



Remark. The identifiability condition stated in Theoremis generic, that is, let
S :={(z0,4,G) € RA+H*+Hdm . condition is violated},
S has Lebesgue measure zero in R+’ +dm  Refer to Appendix for the detailed proof.

From the geometric perspective, suppose matrix A has distinct eigenvalues, the generator of the SDE
(T is identifiable from x¢ when not all of the vectors: o, H.1,. .., H.q are confined to an A-invariant
proper subspace of R?. A key finding is that when all the vectors H. j» 3 =1,...,d are confined to
an A-invariant proper subspace L of R%, each column of the covariance matrix V (¢) in Equation (T2)
is also confined to L, for all 0 < ¢ < oo. Thus, the identifiability of the generator of the SDE (H]) can
be fully determined by x( and the system parameters (A, GG'"). Further details can be found in the

proof[A.5]of Theorem [3.4]

By rearranging the matrix in (14)), the identifiability condition can also be expressed as
rank([zg|Axo]| . . . |AT 2| GG TIAGGT| ... |ATIGGT)) = d. (15)

Based on the identifiability condition (T3)), we derive the following corollary.

Corollary 3.4.1. Let 79 € R? be fixed. If rank([G|AG] ...|A"1G]) = d, then the generator of the
SDE () is identifiable from x .

The proof of Corollary[3.4.T|can be found in Appendix[A.6] This corollary indicates that the generator
of the SDE (T)) is identifiable from any initial state o € R? when the pair [4, G] is controllable
(rank([G|AG] . ..|A?"1G]) = d). Notably, this identifiability condition is stricter than that proposed
in Theorem[3.4] as it does not use the information of .

3.3 Conditions for identifying generators of linear SDEs with multiplicative noise

Expressing the SDE (@) in the form given by (5) yields b(z) = Az and o(z) = [G1x]. .. |Gnz] €
R4™ thus, c(z) = o(z)o(z)" = Y, Grrz TG . Let X (t; 20, A, {Gi}7",) denote the solu-
tion to the SDE (2), then based on Proposition 3.1} we define the identifiability of the generator of the
SDE (Z2)) as follows.

Definition 3.2 (o, A, {G} }72,)-identifiability). Forzo € R%, A, Gy, € R forallk =1,...,m,
the generator of the SDE is said to be identifiable from x, if for all A, G € R there
exists an x € RY such that (A, 5 Grax G]) # (A, S0, Grax G)), it holds that

X('§ 3507147 {Gk};cnzl) ;é X('; Zo, Av {ék}zlzl)'

Based on Definition [3.2] we present the identifiability condition for the generator of the SDE (2).
Theorem 3.5. Let xy € R? be fixed. The generator of the SDE (@) is identifiable from x if the

following conditions are satisfied:
Al rank([zo| Azl ... A% 2g]) = d,
A2 rank([v|Av| ... |A@H=D/2)) — (4% + d) /2,

where A = A® A+ 221:1 GGy € R Xd2, @ denotes Kronecker sum and & denotes Kronecker
product, v is a d*-dimensional vector defined by v := vec(wgx| ), where vec(M) denotes the
vectorization of matrix M.

The proof of Theorem [3.3] can be found in Appendix This condition is only sufficient but
not necessary. Specifically, condition Al guarantees that matrix A is identifiable, and once A is
identifiable, condition A2 ensures that the identifiability of >, | Gyzz " G| holds for all z € R%.

Remark. The identifiability condition stated in Theorem@]is generic, that is, let

S = {(z0, A, {G),} ;) € R either condition Al or A2 in Theorem 3:3]is violated} ,

S has Lebesgue measure zero in Re+(m+1)d* Thig signifies that the conditions are satisfied for most

of the combinations of xy, A and G},’s, except for those that lie in a set of Lebesgue measure zero.
The corresponding proposition and detailed proof can be found in Appendix [B.1}



Since obtaining an explicit solution for the SDE (2) is generally infeasible, we resort to utilizing the
first- and second-order moments of this SDE to derive the identifiability conditions. Let m/(t) :=
E[X,] and P(t) := E[X;X,'], it is known that these moments satisfy ODE systems. Specifically,
m(t) satisfies the ODE (13), while P(t) satisfies the following ODE (cf. [56])):

P(t) = AP(t) + P(t)AT + 7", G P()G , P(0) = zoz{ - (16)
An important trick to deal with the ODE (1)) is to vectorize P(t), then it can be expressed as:
vec(P(t)) = Avec(P(t)), vec(P(0))=wv, (17

where A and v are defined in Theorem 3.5} In fact, the ODE follows the same mathematical
structure as that of the ODE (IED which is known as homogeneous linear ODEs. Thus, in addition
to the inherent properties of the SDE (2, we also employ some existing identifiability theories for
homogeneous linear ODEs to establish the identifiability condition for the generator of the SDE (2).

From the geometric perspective, condition Al indicates that the initial state zy is not confined
to an A-invariant proper subspace of R? [57, Lemma 3.1.]. And condition A2 implies that the

vectorization of xox(—)r is not confined to an .A-invariant proper subspace of W, with W C Rd2, and
dim(W) = (d? + d)/2, where dim(W) denotes the dimension of the subspace W, that is the number
of vectors in any basis for W. In particular, one can construct a basis for W as follows:

{vec(E11),vec(Ea1),vec(Faa),...,vec(Eqq)},

where I;; denotes a d x d matrix whose ij-th and ji-th elements are 1, and all other elements are 0,
foralli,j =1,...,dand i > j. Refer to the proof[A.7)of Theorem 3.5]for more details.

4 Simulations and examples

In order to assess the validity of the identifiability conditions established in Section [3] we present the
results of simulations. Specifically, we consider SDEs with system parameters that either satisfy or
violate the proposed identifiability conditions. We then apply the maximum likelihood estimation
(MLE) method to estimate the system parameters from discrete observations sampled from the
corresponding SDE. The accuracy of the resulting parameter estimates serves as an indicator of the
validity of the proposed identifiability conditions.

Simulations. We conduct five sets of simulations, which include one identifiable case and one
unidentifiable case for the SDE @), and one identifiable case and two unidentifiable cases with either
condition A1 or A2 in Theorem [3.5unsatisfied for the SDE (2). We set both the system dimension,
d, and the Brownian motion dimension, m, to 2. Details on the true underlying system parameters
for the SDEs can be found in Appendix [C| We simulate observations from the true SDEs for each of
the five cases under investigation. Specifically, the simulations are carried out for different numbers
of trajectories (IV), with 50 equally-spaced observations sampled on each trajectory from the time
interval [0, 1]. We employ the Euler-Maruyama (EM) method [34]], a widely used numerical scheme
for simulating SDEs, to generate the observations.

Estimation. We use MLE [38, [50] to estimate the system parameters. The MLE method requires
knowledge of the transition probability density function (pdf) that governs the evolution of the system.
For the specific case of the SDE (TJ), the transition density follows a Gaussian distribution, which can
be computed analytically based on the system’s drift and diffusion coefficients (cf. [50]). To compute
the covariance, we employ the commonly used matrix fraction decomposition method [4} 49, [50].
However, in general, the transition pdf of the SDE (2) cannot be obtained analytically due to the
lack of a closed-form solution. To address this issue, we implement the Euler-Maruyama approach
[32} 34], which has been shown to be effective in approximating the transition pdf of SDEs.

Metric. We adopt the commonly used metric, mean squared error (MSE), to assess the accuracy
of the parameter estimates. To ensure reliable estimation outcomes, we perform 100 independent
random replications for each configuration and report the mean and variance of their MSEs.

Results analysis. Table[l]and Table 2] present the simulation results for the SDE (I) and the SDE
([2), respectively. In Table[T] the simulation results demonstrate that in the identifiable case, as the
number of trajectories N increases, the MSE for both A and GG T decreases and approaches zero.
However, in the unidentifiable case, where the identifiable condition stated in Theorem [3.4]is not



Table 1: Simulation results of the SDE

N Identifiable Unidentifiable
MSE-A MSE-GG" MSE-A MSE-GG T
5 0.0117 £ 0.0115  5.28E-05 + 4.39E-05 3.66 £0.10 0.05 +=0.03
10 0.0063 £+ 0.0061  2.39E-05 + 1.82E-05 3.88 £0.06 0.64 +0.59
20 0.0029 £+ 0.0027 1.87E-05 4+ 1.51E-05 3.70+£0.06 0.09 +0.07
50 0.0013 £ 0.0010  8.00E-06 4+ 5.68E-06  3.76 £0.07 0.11 +0.08
100  0.0007 £0.0004 4.34E-06 4+ 2.70E-06 3.66 £0.02 2.09 & 1.98

satisfied, the MSE for both A and GG " remains high regardless of the number of trajectories. These
findings provide strong empirical evidence supporting the validity of the identifiability condition
proposed in Theorem The simulation results presented in Table 2| show that in the identifiable
case, the MSE for both A and G'sx decreases and approaches zero with the increase of the number of
trajectories N . Here, Gsz := ) ;.| G rrx| G}, where x is a randomly generated vector from R?
(in these simulations, x = [1.33, 0.72]T). Interestingly, even in unidentifiable case 1, the MSE for
both A and G'sx decreases with an increasing number of trajectories NV, indicating that the generator
of the SDE utilized in this particular case is still identifiable, although a larger number of trajectories
is required compared to the identifiable case to achieve the same level of accuracy. This result is
reasonable, because it aligns with our understanding that condition A1 is only sufficient but not
necessary for identifying A, as the lack of an explicit solution for the SDE (2) results in condition A1l
not incorporating any information from Gy,’s. The identifiability condition derived for the SDE (T) in
Theorem [3.4]leverages the information of G, similarly, if information regarding G},’s is available, a
weaker condition for identifying A could be obtained. For illustration, in Appendix [E| we present
such a condition assuming the SDE (2)) has a closed-form solution. In the case of unidentifiable case
2, the MSE for A decreases with an increasing number of trajectories N; however, the MSE for Gsz
remains high, indicating that A is identifiable, while G'sz is not, albeit requiring more trajectories
compared to the identifiable case to achieve the same level of accuracy of A (since the Gsx is far away
from its true underlying value). This finding is consistent with the derived identifiability condition,
as condition A1 is sufficient to identify A, whereas condition A2 governs the identifiability of Gsz.
Worth noting that in cases where neither condition A1l nor condition A2 is satisfied, the estimated
parameters barely deviate from their initial values, implying poor estimation of both A and Gsz.
These results indicate the validity of the identifiability condition stated in Theorem [3.5]

Table 2: Simulation results of the SDE (2))

Identifiable Unidentifiable

N casel: Al-False, A2-True case2: Al-True, A2-False

MSE-A MSE-Gszx MSE-A MSE-Gszx MSE-A MSE-Gsx
10 0.069 +0.061  0.3647 £0.3579 0.509 £0.499 0.194 £0.140 2.562 £2.522 9763 £ 8077
20 0.047 +0.045 0.1769 £0.1694 0.195+0.180 0.088 £0.058 0.967 £0.904 8353 £ 6839
50 0.018 £ 0.018 0.1703 +0.1621 0.1324+0.131 0.081 £0.045 0.423 £0.410 4779 44032
100  0.006 +0.006 0.0015+ 0.0012 0.065 +0.065 0.068 +0.036  0.207 +0.198 3569 4+ 3150
500 0.001 £0.001  0.0004 £ 0.0001  0.008 +0.008 0.059 +0.004 0.046 +0.046 4490 4 3991

Illustrative instances of causal inference for linear SDEs (with interventions). To illustrate how
our proposed identifiability conditions can guarantee reliable causal inference for linear SDEs, we
present examples corresponding to both the SDE () and the SDE (2)). In these examples, we show
that under our proposed identifiability conditions, the post-intervention distributions are identifiable
from their corresponding observational distributions. Please refer to Appendix [D.I]and [D.2]for the
details of the examples.

5 Related work

Most current studies on the identifiability analysis of SDEs are based on the Gaussian diffusion
processes that conform to the form described in the SDE . In particular, the authors of [27} 128 142]



have conducted research on the identifiability or asymptotic properties of parameter estimators of
Gaussian diffusions in view of continuous observations of one trajectory, and have highlighted the
need for the diffusion to be ergodic. A considerable amount of effort has also been directed towards
the identifiability analysis of Gaussian diffusions, relying on the exact discrete models of the SDEs
[6, 116} 123,135, 141]. Typically, these studies involve transferring the continuous-time system described
in the SDE () to a discrete-time model such as a vector autoregressive model, based on equally-
spaced observations sampled from one trajectory, and then attempting to determine conditions under
which (A, GG ") is identifiable from the parameters of the corresponding exact discrete models.
These conditions often have requirements on eigenvalues of A among other conditions, such as
requiring the eigenvalues to have only negative real parts, or the eigenvalues to be strictly real. Due
to the limitation of the available observations (continuous or discrete observations located on one
trajectory of the SDE system), the identifiability conditions proposed in these works are restrictive.

Causal modelling theories have been well-developed based on directed acyclic graphs (DAGS),
which do not explicitly incorporate a time component [39]]. In recent years, similar concepts of
causality have been developed for dynamic systems operating in both discrete and continuous time.
Discrete-time models, such as autoregressive processes, can be readily accommodated within the
DAG-based framework [13}[14]. On the other hand, differential equations offer a natural framework
for understanding causality in dynamic systems within the context of continuous-time processes
[1}52]. Consequently, considerable effort has been devoted to establishing a theoretical connection
between causality and differential equations. In the deterministic case, Mooij et al. [37] and
Rubenstein et al. [46] have established a mathematical link between ODEs and structural causal
models (SCMs). Wang et al. [60] have proposed a method to infer the causal structure of linear
ODE:s. Turning to the stochastic case, Boogers and Mooij have built a bridge from random differential
equations (RDEs) to SCMs [7]], while Hansen and Sokol have proposed a causal interpretation of
SDEs by establishing a connection between SDEs and SEMs [[17]].

6 Conclusion and discussion

In this paper, we present an investigation into the identifiability of the generators of linear SDEs
under additive and multiplicative noise. Specifically, we derive the conditions that are fully built on
system parameters and the initial state o, which enables the identification of a linear SDE’s generator
from the distribution of its solution process with a given fixed initial state. We establish that, under
the proposed conditions, the post-intervention distribution is identifiable from the corresponding
observational distribution for any Lipschitz intervention (.

The main limitation of our work is that the practical verification of these identifiability conditions
poses a challenge, as the true underlying system parameters are typically unavailable in real-world
applications. Nevertheless, our study contributes to the understanding of the intrinsic structure of
linear SDEs. By offering valuable insights into the identifiability aspects, our findings empower
researchers and practitioners to employ models that satisfy the proposed conditions (e.g., through
constrained parameter estimation) to learn real-world data while ensuring identifiability. We believe
the paramount significance of this work lies in providing a systematic and rigorous causal inter-
pretation of linear SDEs, which facilitates reliable causal inference for dynamic systems governed
by such equations. It is worth noting that in our simulations, we employed the MLE method to
estimate the system parameters. This necessitates the calculation of the transition pdf from one state
to the successive state at each discrete temporal increment. Consequently, as the state dimension and
Brownian motion dimension increase, the computational time is inevitably significantly increased,
rendering the process quite time-consuming. To expedite parameter estimation for scenarios involving
high dimensions, alternative estimation approaches are required. The development of a more efficient
parameter estimation approach remains an important task in the realm of SDEs, representing a
promising direction for our future research. We claim that this work does not present any foreseeable
negative social impact.
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Appendix for ""Generator Identification for
Linear SDEs with Additive and
Multiplicative Noise"

A Detailed proofs

A.1 Proof of Lemma[3.1]

Proof. We start by presenting the mathematical definition of a Lévy process. (cf. [51])
Definition A.1. A stochastic process X := {X; : 0 < t < oo} is said to be a Lévy process if it
satisfies the following properties:

1. Xo = 0 almost surely;

2. Independence of increments: Forany 0 <t <tg < ... <t, <oo, Xy, — Xy, X¢, — X4y,
oo, Xy, — X, are independent;

3. Stationary increments: For any s < t, X; — X is equal in distribution to Xy_ 4,
4. Continuity in probability: For any € > 0 and 0 < t < oo it holds that limy, o P(| X415 —
Xt| > E) =0.

In the following, we first show that the SDE (@) can be expressed as the form of (T0), with Z being a
p-dimensional Lévy process and a : R — R being Lipschitz. The first equation in the SDE (T))
can be rearranged as

dX, = AXdt + GdW,

dt
= [AXt G] [dWJ (18)
= a(Xy)dZ;,
with
a(Xy) = [AX; G] e R¥X(m+1)
and
_|dt | |1 O1x1 O1xm | [dWo
dZt o |:th:| - |:Om><1:| dt+ |:Om><1 Imxm:| |:th ’ (19)
——— —_——
r E
where 0;,; denotes an ¢ x j zero matrix, let W = {Wt : 0 <t < oo} with W, =
(Wo.t, Wity-.., W] " denote a (m + 1)-dimensional standard Brownian motion, then one can
find a process Z := {Z; : 0 < t < oo} with
Zt:’l"t+EWt, (20)
ZO = 07

satisfying dZ; described in Equation (T9). Then we will show that the process Z described in (20) is
a Lévy process, that is, it satisfies the four properties stated in Definition [A.T]

Property 1: The first property is readily checked since Zy = 0.
Property 2: For any 0 < ¢ < t3 < t3 < 00,
Zyy = Zi, = r(ty — 1) + E(Wy, — W)

[t 0
o |:Om><1:| + |:Wt2 _Wt1:| '
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Similarly,
_ |tz —t2 0
Zt3 - Zt2 - |:Om><1 :| + |:Wt3 _ Wt2:| .
Since W, — W;, and Wy, — W, are independent, Z;, — Z,, and Z;, — Z;, are independent.
Property 3: when s < ¢,

Zy— Zy = [Sm_x‘j + [Wt 0 WJ
S (n b
Zi—s=1r(t—3s)+ EW,_,
= {ém_j] + [W?_S]

t—s O1><1 O1><m
N( |:0m><1:| ’ |:0m><1 (t - S)Imxm:| ) ’

Therefore, property 3 is checked.

And

Property 4: Obviously, process Z described in (20) is continuous with probability one at ¢ for all
0 < t < oo, therefore, Z has continuity in probability.

Now that we have shown that process Z is a p-dimensional Lévy process with p = m + 1. Then we
will show that a(X,;) = [AX; G]is Lipschitz.
I a(X:) — a(Xo) [lr = [A(Xe = Xs) O] ||
= AX: = Xo) |2
<[ Allell Xe — X |2
where || M ||r denotes the Frobenius norm of matrix M and || v || denotes the Euclidean norm of
vector v. Now it is readily checked that function a : R? — R9*? is Lipschitz.

Similarly, we will show that the SDE (2)) can also be expressed as the form of (I0), with Z being a
p-dimensional Lévy process and a : R? — R%*P being Lipschitz. Let us rearrange the first equation
in the SDE (2):

dX, = AXydt + ) G XedWi,

k=1
dt
AW 4
= [AX, GiX; ... GnXJ]| .
dWm,t
:a(Xt)dZt.

Since the dZ; here has the same form as that of the SDE (]I[), we use the same process Z described in
Equation (20), which has been shown to be a Lévy process.

As for the function a(X}),
I a(Xe) = a(X) |r =] [AX: = Xs) Gi(Xe = Xs) oo Gu(Xe = X)) |Ir

<A = Xo) lla + ) 1 Grl(Xe = X,) [lo
k=1

<N Alrl Xe =X llz+ D 1| Gr llrll Xe — X |12
k=1

_ (AF+Z G ||F) | X, — X, .

k=1
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it is readily checked that function a : R¢ — R%*? is Lipschitz. O

A.2  Proof of Proposition [3.1]
Proof. For the backward direction, when b(z) = b(z) and c(x) = &(x) forallz € R<, it is obviously
that (Lf)(x) = (Lf)(x) forall f € CZ(R?) and x € RY, thatis £ = L.
For the forward direction, since (Lf)(z1) = (Lf)(x1) forall f € CZ(R?) and z; € RY.
We first set
f(I) = IP )
where x,, denotes the p-th component of variable x. It is readily checked that
bp(w1) = by(a1),
forallz; € R*and p = 1,...,d. As aresult,
b(z) =b(x), forallz e RY.
Then we set
f(x) = (2p — 21p) (2 — 214) ,
where x1, denotes the p-th component of z;. It is readily checked that
Cpq(T1) = Cpg(@1)
forall z; € R% and p,q = 1, ..., d. Consequently,
c(x) = é(x), forallz e Re.

A.3 Proof of Lemma[3.2]
Proof. For the forward direction, since
X(7 Zo, A7 G) g X(7 Zo, ‘Zl, é) 5

one has N

Thus,

P
(Xt — E[X¢])ogt<oo = (Xt — E[X¢])oct<oo s

in particular, one has

E{(Xt+h*E[Xt+h])(Xt*]E[Xt])T} = ]E{(Xt+h*E[Xt+h])(Xt*]E[Xt])T} for all 0 < t, h < oco.

For the backward direction, we know that the solution of the SDE @ is a Gaussian process. The

distribution of a Gaussian process can be fully determined by its mean and covariance functions.

Therefore, the two processes have the same distribution when the mean and covariance are the same
for both processes for all 0 < ¢, h < co. O

A.4 Proof of Lemma 3.3

Proof. For the forward direction, since
rank (e[ A [A% 3]l Al . JAS9]) < d,
then for all [ = [ly,...,1,]T € R,
rank([|AB] ... |41 8)) < d,
where 8 := 1171 + ... + l,,7,. Consequently, the corresponding ODE system
x(t) = Ax(t),

2(0) = 8, 1)
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is not identifiable from S by [57, Theorem 2.5.], where 4:(t) denotes the first derivative of z(t) with
respect to time .

Let _
B:=Q 'BeR?,
and
w _{ Br € RY, fork=1,...,K;,
ke (Bok—K,—1,Pak—x,) T €R2, fork=K +1,....K.

Simple calculation shows that
f=Q'8
=Q '(hm+ ... +1lnvn)
—ll'yl—i—...—i—ln'yn,
therefore, one has
wg =hwi g+ ... +lywyyg, forallke{l,...,K}. (22)

By [43] Theorem 2.4], we know that for any I € R”", there always exists k € {1, ..., K} such that
wy, = 0 (€ R! or R?) since the ODE (21) is not identifiable from initial state 3. Next, we will
show that this result is satisfied only when there exists a k such that w; ;; = 0 (€ R" or R?) for all
j =1,...,n. Let us rearrange the Equation (22)) as

wi,1 N Wn,1 ll w1
= )
w17K . ’lUn)K ln WK
assume forany k € {1,..., K}, w1 g, ..., wn x| # 0, then there always exists a [ € R™ such that

wy # 0forall k = {1,..., K}. The reason is that under this circumstance, for any k& € {1,..., K},
the set of {’s such that w; = 0 has Lebesgue measure zero in R™. Therefore, the set of {’s such
that there exists a k£ such that w; = 0 has Lebesgue measure zero in R™. This result creates a

contradiction. Thus, there must exist a k, such that [wy g, ..., w, ] = 0, that is |wj x| = 0 for all
j=1,...,n
For the backward direction, there exists k such that |w; ;| = 0forall j = 1,...,n, thatis w,; =

0 (€ Rt or R?) forall j = 1,...,n. Simple calculation shows that

v = Q% = Z Qpwjp + Z QpWjp

p=k+1
and
Aq’}/j - QAqul”Yj
= QAq%‘
_ZQ”J wjp + Z QpJiw;p
p=k+1

recall that

)\k7 ifk:]_7...,K17

Jp = [cgk —blc:|7 ifk=Ky+1,...,K.
k Ok

Then matrix
M :=[m|Amn]... |Ad_1'yl| oYl Al - - |Ad_1’yn]
=Q-C,

where

Q- =[Q1] . |Qr=1|Qr+1]---|Qk],
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and matrix C denotes:

r d—1 d—1 .
w11 Jl’le Jl w1,1 Wn,1 Jl’LUnﬁl Jl Wn,1
J Ji-! J Ji-1
W1,k—1 k—1W1,k—1 - -- k1 Wik—1 ... Wnk-1 k—1Wn,k—1 --- fo— 1wn k—1
J Ji-l J Ji-l
W1, k41 E+1W1k+1 - k1 Wlk+1 - Wnk+1 k+1Wn k+1 - .- k+1Wn, k+1
J Jd—l J Jd—l
L W1,K KW1,K S Kk Wi,k ... WpK KWn K e K Wn K |
‘We know that

rank(M) = rank(Q_;C) < min(rank(Q_), rank(C')) .

When k € {1,..., K1}, Q_p € R (@1 and rank(Q_j) = d — 1, while when k& € {K; +
ooy K} Qg € RYX(=2) and rank(Q_1) = d — 2. In both cases, rank(Q_;) < d, thus
rank(M) < d. O

A.5 Proof of Theorem 3.4

Proof. Let A € R%*? and G € R%*™ such that X(; o, A, G) 4 X(-;a:o,fl,é), we denote as
X< X. For simplicity of notation, in the following, we denote A; := A, Ay := A, Gy =G and
G = G, and denote X < X as X1 < x2,

Sufficiency. We will show that under the identifiability condition (T4), one has (A;,G1G{) =
(Az, G2Gy).

We first show that H, = Hy (H; := GiGZT). Indeed, since X', X? have the same distribution, one
has

E[f(X;)] = E[f(X7)] (23)

forall 0 <t < oo and f € C*°(R?). By differentiating at t = 0, one finds that
(L1f) (o) = (L2f)(w0) (24)

where L; is the generator of X (i = 1,2). Based on the Proposition
d d 1
(L; -
Plan) = 3 S (Ao =(ao) + 5 axkaxl( )
k=1 1=1 k,l:1

where (M), denotes the kl-entry of matrix M, and x¢; is the I-th component of xg. Since (24)) is
true for all f, by taking

f(z) = (xp - $0p)($q - qu) )
it is readily checked that
(H1)pq = (H2)pq ,
forallp,g=1,...,d. Asaresult, H; = H,. Let us call this matrix H.

Next, we show that A; = A,. We first show the relationship between A; and z(, and then show the
relationship between A; and H. To this end, one first recalls that

t
X! = ety +/ et G AW, .
0

Set m;(t) := E[X}], we know that m;(t) satisfies the ODE

mz(t) = Aimi(t), V0 <t < oo,

m; (O) = Xo, (25)

where f(t) denotes the first derivative of function f(t) with respect to time ¢.
Simple calculation shows that

m;(t) = e?itzg .
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Since X' < X2, one has
E[X/] = E[X]]

for all 0 < t < oco. That is

Aqt Aat

eMtrg=e"'xy, V0Kt <.

Taking k-th derivative of etz with respect to ¢, one finds that
d” Ait .
—|  etag = Alxg,
dtk =0 0 o
forall k =1,2,.... Consequently,
A]fl’() = AIQCI]CO .
Let us denote this vector A*z,. Obviously, one gets

A AR gy = Ap AR ey forallk =1,2,.... (26)
In the following, we show the relationship between A; and H. Let us denote
t
V= [ er0Gaw, = X - BlX]
0
and 4 -
Vi(t,t +h) =KV, - (Y))'].
Simple calculation shows that
t
i i —S8 T —S8
Vi(t,t+h) = eAlh/O eAit=9) fredi (t=9) g 27
= MVt
where V;(t) := V;(¢, ).
Since X! 4 X2, by Lemma one has
Vi(t,t+h) = Va(t,t+h), YO<t h<oo.

To obtain information about A;, let us fix ¢ for now and take k-th derivative of with respect to h.

One finds that "
d
— | Vi(t,t+h) = A*Vi(1), 28
dhk‘h:O(’+) iVilt) 28)
forallk =1,2,....

On the other hand, the function V;(¢) satisfies the ODE [56]

Vi(t) = AVi(t) + Vi) Al + H, 0<t<oo,
Vi(0) =0.

In particular, )
Vi(0) = A;V;(0) + V;(0)A; + H = H.
By differentiating (28) at ¢ = 0, it follows that

a4 d—k‘ Vi(t,t +h)=AFH
dt lt=0 dh¥ |h=0 """ L
forall k = 1,2,.... Consequently,
AYH = ASH .
Let us denote this matrix A* H. Obviously, by rearranging this matrix, one gets
A AR H = Ao AFYH forallk =1,2,.... (29)

Recall our identifiability condition is that rank(M) = d with
M = [xo|Axg| ... |AY Yo HA|AH | ... |AT H | |Hg|AH 4| ... |A“ H ).
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If we denote the j-th column in M as M.;, one gets
AlM.j = A2M‘j s
forall j = 1,...,d + d? by Equations (26) and (29).

This means one can find a full-rank matrix B € R?*9 by horizontally stacking d linearly independent
columns of matrix M, such that A;B = A,B. Since B is invertible, one thus concludes that
A, = As. Hence, the sufficiency of the condition is proved.

Necessity. In the following, we will show that when A has distinct eigenvalues. The condition
(T4) stated in Theorem [3.4]is also necessary. Specifically, we will show that when the identifiability
condition (T4) is not satisfied, one can always find a A with (4,GG") # (A, GGT) such that
x4x . Recall that for simplicity of notation, we denote A; := A, As := 121, and denote X 45 as
X £ X2 where process X = {X} : 0 <t < oo}, and X} = X (t; z¢, A;, G) following the form
described in the solution process (3). In the following, we may use both A and A; interchangeably
according to the context.

By Lemma to guarantee X! = X2 one only needs to show that
E[X;] =E[X}?], VO<t< oo,
Vilt,t+h) =Va(t,t +h), YO<th< oco.
That is,

At Aat

e ro, VOt < oo,
MV () = eV (), YO<t,h < oo, (30)

Tog—=¢€

where V() := Vi (t) = Va(t).

Recall that H = GG'". For simplicity of notation, abusing notation a bit, we denote H.q := x¢. Let

H;=Q 'H;, forallj=0,...,d,
and

(H-j,Qk—Kl—la H.jygk_Kl)T S Rz, fork=K;+1,....K.
When the identifiability condition (T4) is not satisfied, that is
rank([H.o|AHo| ... |AY Y Ho|H |AH | ... |AT Hy|. . |Hg|AHg4|...|A Hy)) < d,

by Lemma [3.3] there exists & such that [w; x| = 0, i.e., w;, = 0 (€ R! or R?), forall j = 0, ..., d.
Recall that

- ) -
wj7k._{H~j,k€R7 fork=1,...,K;,

t
V) = Vi(t) = / (A=) feA” (1=) g
0

t
= / QeMNTIQTLQH | . .. |H.gle* —9ds
0

. 3D
=Q / A || Hyle? ¢9ds
0

t
::Q/ VV@AT(FS)LZS7
0

where

W =M=, .. |H,y],
and some calculation shows that

Jl (tfs)

e wyy ... ey,

W = . . R

eJK(t_S)IULK - €JK(t_5)wd7K
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recall that

)\k, 1fk;:1)7K1)
Jg = [zk _bk}7 ifk=K +1,...,K.
ko Qk

Since w; , = 0 (€ R or R?), forall j = 0,1,...,d, thenif k € {1,..., K1}, the k-th row of W
Wy =0;
andif k € {K; +1,..., K}, then the (2k — K7 — 1)-th and the (2k — K7 )-th rows
Wor-r,-1). = Wer-x,). =0,
where W}.. denotes the k-th row vector of matrix W'.

If we denote

V(t); =Q 'V (t),;, forallj=1,...,d,
and

V(t).x €RY, fork=1,...,K;,

w(t)r = ~
( )j’k { (V(t).j,Qk—Kl—l, V(t).jgk_[(l)T €R? fork=K;+1,....K.
Then by multiplying Q! in both sides of Equation (3T)), one obtains that

w(t);r =0 (€ R or R?)

forallj =1,...,dand all 0 <t < oo. This indicates that when all the vectors H.; for j =1,...,d
are confined to an A-invariant proper subspace of R, denotes as L, then each column of the
covariance matrix V' (¢) in Equation @) is also confined to L, for all 0 < ¢ < oco. Therefore, under
condition (I4), z¢, H.; (forall j = 1,...,d) and each column of the covariance matrix V() (for all
0 < t < o0) are confined to an A-invariant proper subspace of R%. Thus, a matrix A exists, with
Ay # Aj such that the first two equations in Equation (30) are satisfied.

In particular, by [43] Theorem 2.5], when k € {1,..., K}, there exists matrix D € R9*?, with the
kk-th element Dy, = ¢ # 0 and all the other elements of D are zeros. Let

Ay = A1+ QDQ™ # Ay,

then A; and As satisfy the first two equations in Equation (30). Then we will show that such a A
also satisfy the third equation in Equation (30).

Some calculation shows that

Vi(t) = /t eA1(t=9) (AL (t=9) g
0
_ t QeA(tfs)Qle(QT)fleA(tfs)QTdS (32)
0
- /t QeMt=9) pAt=9) 0T g
0
where P, := Q 'H(QT)"!. And

t
Va(t) = / pA2(1-9) AT (1-5) g
0

t
:/ e(AlJrQDQ_l)(tfs)He(A1+QDQ—1)T(tis)ds

p (33)
:/ QeA(t—S)eD(t—S)Q—lH(QT)—leD(t—s)eA(t—s)QTdS

0

t
- / QGA(tis)PQBA(tis)QTdS,
0
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where P, := eP=)Q 1 H(QT)~1eP(*=)_ If one can show that P, = P, then it is readily checked
that V1 (t) = Va(¢) forall 0 < ¢ < oco. Recall that

QT'H =1,
where H = [H 1| ...|H.4). And when condition is not satisfied, the k-th row of H:

H,. =0.

Since _
Pl — Q*lH(QT)fl — H(QT)71 ,
therefore, the k-th row of P;:
(P)r. =0.

Simple calculation shows that matrix P; is symmetric, thus, the k-th column of P;:
(P1).r=0.
It is easy to obtain that e”(*~*) is a diagonal matrix expressed as

1

eD(t—S) — ec(t—s)

1
where e(*=%) is the kk-th entry. Then, simple calculation shows that
Py = 6D(tfs)Q71H(QT)7leD(tfs) _ eD(tfs)PleD(tfs) =P.

Therefore, one obtains that
Vi(t) = Va(t), VO<t< 0.

Hence, when k € {1,..., K1}, we find a Ay, with A2 # A; such that Equation (30) is satisfied.
When k € {K; + 1,..., K}, there exists matrix D’ € R4*?, with
! /
D2177K171,2k7K171 D2I?K11,2kK1] — [01 02}
D2k7K1,2k7K171 D2k7K1,2k7K1 ez Ca’

where M; ; denotes the ¢j-th entry of matrix M, ¢ = [e1, o, c3, 04]T = 0, and all the other elements
of D' are zeros. Let
Ay =A+QD'Q™ " # Ay,

then A; and A, satisfy the first two equations in Equation (30). Similar to the case where k €
{1,..., K1}, one can also show that such a A also satisfies the third equation in Equation (30).

Therefore, assuming A has distinct eigenvalues, then when the identifiability condition (T4) is not
satisfied, one can always find a Ay with (A;,GG") # (A2, GGT) such that Equation is

satisfied, i.e., X! 4 X?2. Hence, the necessity of the condition is proved. O
A.6  Proof of Corollary [3.4.1]

Proof. There are two ways to prove this corollary, we will present both of them in the following.
Wayl. By [62, Lemma 2.2],
span([G|AG]|...|A"G]) = span([GGT|AGGT|...|AIGGT)),
where span(M) denotes the linear span of the columns of the matrix M. therefore, when
rank([G|AG|. .. |A1G)) = d,
then
span([G|AG)|...|AYIG)) = RY,
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thus,
span([GGT|[AGGT]...|A1GGT]) = R,

Therefore,
rank([GGT|AGGT|...|A"1GGT]) = d,

since the rank of a matrix is the dimension of its span. Then by Theorem [3.4} the generator of the
SDE () is identifiable from .

Way2. Let A € R and G € R¥*™, such that X (-; z¢, A, G) 4 X (-;z0, A, G), we denote as
X £ X, we will show that under our identifiability condition (4, GGT) = (A, GGT). By applying
the same notations used in the proof of Theorem in the following, we denote A; := A, Ay := /~1,
G, :=Gand Gy :=G.

In the proof of Theorem. we have shown that G;G| = GG} , thus, we only need to show that
under the condition stated in this corollary, A; = A,. According to the proof of Theorem@ for all
0 <t < oo, we have

Vi(t) = Va(t),
A Vi(t) = AaVa(t) .

Let V(¢) := V;(t)(: = 1,2), one gets
AV (t) = AV (), YO<t<oo.

Therefore, if there exists a 0 < ¢ < 0o, such that V() is nonsingular, then one can conclude that
A1 = A,

By [20, Theorem 3.2], the covariance V' (t) is nonsingular for all ¢ > 0, if and only if
rank([G|AG]| . ..|A"1G)) = d,

that is the pair [A, G] is controllable. Therefore, under the condition stated in this corollary, A; = As,
thus the generator of the SDE () is identifiable from z. O

A.7 Proof of Theorem

Proof. Let A, G, € R4 for all k 1,...,m, such that X(-;zo, A, {Gr}T,) 4

X (0, A, {Gr}1,), we denote as X 4 X, we will show that under our identifiability condi-
tion, for all z € R?, (A, 7", Grax "G ) = (A, 33, Graa " G)). For simplicity of notatlon in

the following, we denote A; := A, Ag := = A, Gi:=Grand Gy, := = Gy, and denote X = 4 X as
xt < xz
We first show that A; = Aj. Set m;(t) := E[X}], we know that m;(t) satisfies the ODE

= A;m;(t), VO<t< oo,
(34
where f(t) denotes the first derivative of function f(t) with respect to time ¢.
Simple calculation shows that
m;(t) = etitag .
Since X £ X2, one has
E[X;] = E[X}]

for all 0 < t < oco. That is
ety = eAtho, Vo<t <oo.

Taking j-th derivative of e¢*x with respect to ¢, one finds that

47 _ .
— | efityy = Az,
dt lt=0
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forall j = 1,2,.... Consequently, _ _
Ajll'() = A%.ZQ .
Let us denote this vector A7z(. Obviously, one gets
A AT g = A ATy forall j=1,2,... . (35)
By condition Al, it is readily checked that A; = A, from Equation (33).

In the following, we show that under condition A2, for all x € R4,

m m
g GkaJcTGIk = g G27kxxTG2T7k.

k=1 k=1

We know the function P;(t) := E[X}(X})T] satisfies the ODE

Bi(t) = AiPi(t) + P(HA] + > GixPi(H)Gl), VO<t <0, 6
k=1

Since X1 £ X2,
Pl(t):PQ(t), V0<t<oo,

let us call it P(¢). By differentiating P;(¢) one also gets that
Pl(t) = Pg(t), Vo<t < 0.

Since we have shown that A; = A, under condition A1, from Equation @ one observes that

m m

> GLiP()G = GarP(t)Gyy, YOSt < o0, (37)
k=1 k=1

By vectorizing P(t), some calculation shows that the ODE can be expressed as

vec(P(t)) = Avec(P(t)),
38
vec(P(0)) = vec(xoxg ), .

with an explicit solution
vec(P(t)) = eAlvec(zoxg ),

where A= A® A+ G, @Gy € R4 *4* and vec(M) denotes the vector by stacking the
columns of matrix M vertically.

By definition, P(t) € R4 is symmetric, thus vec(P(t)) for all 0 < ¢ < oo is confined to a proper
subspace of RdQ, let us denote this proper subspace W, simple calculation shows that

dim(W) = (d* +d)/2,

where dim(W) denotes the dimension of the subspace W, that is the number of vectors in any basis
for W. In particular, one can find a basis of W denoting as

{vec(E11), vec(Fa ), vec(FEa22),...,vec(Faq)},

where E;; stands for a d X d matrix, with the 7j-th and ji-th elements are 1 and all other elements
are 0, foralli,j =1,...,dand 7 > j.

Suppose there exists t;’s, for i = 1,...,(d* + d)/2, such that vec(P(t1)), ..., vec(P(t(a2+a4)/2))
are linearly independent, then for all z € R4,
VCC(CC.%‘T) = llVeC(P(tl)) + ...+ l(d2+d)/2VCC(P(t(d2+d)/2)) ,

that is
zr =LP(t)+ ..+ laegay2P(tazra2)
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where [ := {l1,...,la21a)/2} € R(?*+d)/2 According to Equation (37), it is readily checked that
for all z € R,

m m
g GkaxTGIk = g G27kxxTG;k.
k=1 k=1

By [57, Lemma 6.1], there exists (d* + d)/2 t;’s such that vec(P(t1)), . .., vec(P(t(a21q)/2)) are
linearly independent, if and only if the orbit of vec(P(t)) (i.e., the trajectory of ODE (38) started

from initial state v), denoting as (A, v) with v = vec(zoz, ), is not confined to a proper subspace
of W.

Next, we show that under condition A2, orbit (A, v) is not confined to a proper subspace of V.
Assume orbit (A, v) is confined to a proper subspace of WW. Then there exists w # 0 € W such that
wTeAtv=0, Vo<t <.

By taking j-th derivative with respect to ¢, we have
wl AleMv =0, YO<t<o00,j=0,...,(d>+d—2)/2.
In particular, for ¢t = 0,
wl Alv =0, forj=0,...,(d*>+d—2)/2.
Therefore,
2
wl v Av| ... A TI=D/2y) = . (39)
Since w € W, w € span{vec(F11),vec(Ea1),...,vec(Eqq)}, set vec(w) := w, thenwisad x d
symmetric matrix. Since P(¢) is symmetric for all 0 < ¢ < oo, according to Equation (36),
simple calculation shows that the j-th derivative of P(¢) is also symmetric for all 0 < ¢ < oo, for
7=0,1,.... Recall that
vec(P(t)) = ettv,
vec(PU)(1)) = Aletty,
where PU)(t) denotes the j-th derivative of P(t) with respect to ¢. In particular, when ¢ = 0, one has
vec(P(0)) = v,
vec(PY)(0)) = Alv,
then if we denote matrix A7v by setting vec(Av) := AJv, matrices A/v are symmetric for all
i=0,1,...
Therefore, we can say that there are only (d* + d)/2 distinct elements in each of the vectors:

w,v, Av, ... ,A(d2+d_2)/ 2y in Equation (39). Moreover, since these vectors all correspond to d x d
symmetric matrices, the repetitive elements in each vector appear in the same positions in each vector.
Hence, we can focus on checking those distinct elements in each vector, that is Equation (39) can be
expressed as

w” vl Au] ... [ADHED/2) = 0, (40)
where w € R(@*+4/2 denotes as
w = [@11, \/5@21, ey ﬁ@dl,ﬁgg, ceey \/iwdz, ce ;wdd]—r y

where w;; denotes the ij-th element of w, with4,j = 1,...,dand ¢ > j. When i # j, the element is
multiplied by a v/2, that is, w only keeps the distinctive elements in w, and for each of the repetitive
element, we multiply v/2. We define v, Av, . .. using the same way.

Under condition A2, matrix

(v Av| ... |AEHI-2/2)) ¢ R

is easily to be checked to be invertible, then w = 0, thus w = 0. This contradicts to w # 0, therefore,
under condition A2, orbit y(.A, v) is not confined to a proper subspace of . Hence, the theorem is
proved. O

d2+4d d2+4d
(@ +a) , (@)
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B Genericity of the derived identifiability conditions

B.1 The identifiability condition stated in Theorem 3.5]is generic

We will show that the identifiability condition stated in Theorem 3.3]is generic. Specifically, we will
show that for the set of (zo, A, {Gj}™,) € RI(M+1d” guch that either condition Al or A2 stated
in Theorem [3.5|is violated, has Lebesgue measure zero in RH(m+1)d* n the following, we first
present a lemma we will use to prove our main proposition.

Lemma B.1. Let p : R — R be a non-zero polynomial function. Let Z := {x € R™ : p(x) = 0}.
Then Z has Lebesgue measure zero in R"™.

Proof. When n = 1, suppose the degree of = is k > 1, then by the fundamental theorem of algebra,
there are at most k =’s such that x € Z. Therefore, Z has Lebesgue measure zero, since a finite set
has measure zero in R.

Suppose the lemma is established for polynomials in n — 1 variables. Let p be a non-zero polynomial
in n variables, say of degree k > 1 in x,,, then we can write

k
p(w,n) =D pj(x)at,
Jj=0
where x = {z1,...,2,-1} and py, . . ., pi, are polynomials in the n — 1 variables {z1,..., 2,1},
and there exists j € {0, ..., k} such that p; is a non-zero polynomial since p is a non-zero polynomial.

Then we can denote Z as
Z ={(x,z,) : p(x,z,) =0}.
Suppose (x, x,,) € Z, then there are two possibilities:
case | po(x) =...=pi(x) =0.
case 2 there exists ¢ € {0,...,k} such that p;(x) # 0.

Let
A:={(z,x,) € Z: case | is satisfied} ,
B :={(x,z,) € Z : case 2 is satisfied} ,
then Z = AU B.
For case 1, recall that there exists j € {0, ..., k} such that p; is a non-zero polynomial, let

Aji={z eR" " :pj(z) =0},

then by the induction hypothesis, 4; has Lebesgue measure zero in R"~!. Therefore, A; x R has
Lebesgue measure zero in R™. Since A C A; x R, A has Lebesgue measure zero in R™.

For case 2, let A" be Lebesgue measure on R™, then
A(B) = / 1p(x,x,)d\"

_ / 15 (@, 2n)dedz,, (41)

- /RH (/RHB(%%)dxn)dw,

where ( )
_J 1, if(x,x,) € B,
]13(213,3771) = { 0, if (337$n) ¢ B.

The inner integral in Equation (1)) is equal to zero, since for a fixed x, there are finitely many (indeed,
at most k) x,,’s such that p(x, z,,) = 0 under the condition of case 2. Thus, A" (B) = 0, that is, B
has Lebesgue measure zero in R™. Then it is readily checked that Z has Lebesgue measure zero. [
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Now we are ready to present the main proposition.
Proposition B.1. Ler

S = {(wo, A, {G},) € R DL - pither condition Al or A2 in TheoremB3lis violated ,

. 2
then S has Lebesgue measure zero in R4 (m+1)d”,

Proof. Let
2
S4 = {(x0,A) € R™™ . condition Al is violated}

we first show that S4 has Lebesgue measure zero in R+’ Suppose (zg, A) € Sa, then (z¢, A)
satisfies
rank([zo| Azo| . .. |A xg)) < d,

that is the set of vectors {zg, Az, ..., Ad_lxo} are linearly dependent, this means that
det([x0|Ax0| ... |Ad_1l‘0]) =0. 42)

It is a simple matter of algebra that the left side of (42)) can be expressed as some universal polynomial
of the entries of x( and entries of A, denotes p(xg, A) = p(zo1,- .-, Tod, @11, 12, - - - , Add), Where
x0; denotes the j-th entry of o and a;; denotes the ¢j-th entry of A. Therefore, one concludes that

p(xo, A) = p(xo1, ..., Tod, G11,012, .- ,04q) = 0.

Thus, S 4 can be expressed as

SA = {((E(),A) S Rd+d2 :p(xmA) = 0} .

Some calculation shows that

d
pleo,A) = D oi - woi,det([(A°).i, [(AN).a] - [(AT).0,]), (43)

i1, iq=1

where (M).; denotes the j-th column vector of matrix M. Obviously, p(zg, A) is a non-zero
polynomial function of entries of z and entries of A, therefore, by Lemma|[B.I] S4 has Lebesgue

measure zero in R4, Let
Sy == {(zo, A, {Gy},) € R (D . condition Al is violated} ,

then it is readily checked that S7 has Lebesgue measure zero in Re+(m+1)d’,

Let
Sy i= {(w0, A, {Gr}y) € RIFMHDE - condition A2 is violated} ,

we then show that S5 has Lebesgue measure zero in R (m+1* Suppose (0, A, {Gr}iy) € Sa,
then (xo, A, {Gy}7,) satisfies

rank([v|Av| . .. JA@TI2/2]) < (@% + d) /2,

recallthat A= AB A+ G, @Gy € R *d* and v = vec(woxg ) € R% . According to the
proof |A.7|of Theorem we obtain that the set of vectors {v, Av, . .., A(@+4-2)/2} are linearly
dependent. Because all of these vectors are transferred from vectorizing d X d symmetric matrices,
thus each of these vectors has only (d? + d)/2 distinct elements and the repetitive elements appear in
the same positions in all vectors. Hence, abuse notation a little bit, we can focus on checking those
distinct elements in each vector, that is

{v]Av|. .. [ALEHI=2/21 (44)

where v € R(@*+4)/2 denotes the vector of deleting the repetitive elements of v. Since the set of vec-
tors {v, Av, . .., A@*+d=2)/2} are Jinearly dependent, the set of vectors {v|Av| . .. | AL +d-2)/2y}
are linearly dependent, that is

det([v]Av| . .. [ALH=D/2)) — . (45)
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Each entry of v can be written as a non-zero polynomial function of entries of g since v = vec(zox ).
Each entry of A can be written as a non-zero polynomial function of entries of A and G with

k=1,...,m,since A= A®A+Y " Gy @Gy € R *4” Hence, the left side of Equation (@3)
can be expressed as some universal polynomial of the entries of zy, A and G},’s, denotes

p(wo, A, {Gr}i21) = p(To1, .- ., Zod, A11, - - - Gdd, G115+ - Gldds - Gmats -+ -, Gmoda) »
where Gy, ;; denotes the ij-th entry of matrix G,. Therefore, one concludes that
p(wo, A, {Gr}i1) = 0.
Thus, Ss can be expressed as
2
Sy 1= {(1’0, Av {Gk}}?:l) € RdJr(erl)d : p(xo, Aa {Gk};cnzl) = O} .

Similar to the calculation of p(x¢, A) in Equation @3), p(xo, A, {Gr}7~,) can be expressed as a
non-zero polynomial function of entries of v and .4, thus it can also be expressed as a non-zero
polynomial function of entries of zy, A and G’s. Therefore, by Lemma So has Lebesgue
measure zero in RA&+H(m+1d”,

We know that S C S; U S5, let A be Lebesgue measure on R4+ (m+1)4” then one has
A(S) < A(S1) + A(S2) =0.

Thus S has Lebesgue measure zero in R4+ (m+1)d*, O

B.2 The identifiability condition stated in Theorem |3.4)is generic

We will show that the identifiability condition stated in Theorem 3.4]is generic.
Proposition B.2. Let
S = {(z0,4A,G) € R +Am - condition (T4) in Theorem[3A)is violated},

. 2
then S has Lebesgue measure zero in R4+d +dm,

Proof. Suppose (xg, A, G) € S, then (zg, A, G) satisfies
rank([zg| Ao . .. [A Yo | Ho|AH | ... |ATYH | |Hg|AHg4|...|A Hy)) < d,
recall that H := GGT, and H .; stands for the j-th column vector of matrix I, forall j = 1,--- ,d.

Let
S = {(x9, A, G) € RFEHI™  rank([o| Azo| . . . | AT z]) < d},

one observes that S C S’. According to the proof of Proposition[B.1] it is readily checked that S has
. 2 . 2
Lebesgue measure zero in R4T4" +4m Thus, S has Lebesgue measure zero in R4+d"+dm, O
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C Simulation settings

We present the true underlying system parameters along with the initial states of the SDEs employed
in the simulation experiments. We randomly generate the true system parameters that satisfy or
violate the corresponding identifiability conditions.

For the SDE ():
1. identifiable case: satisfy condition (T4) stated in Theorem [3.4}

W [187] e [176 —0a] g [-001 —014]
o = {—0.98]’ A= [0.98 0 } ¢t = {—0.29 —0.22]’

2. unidentifiable case: violate condition (T4):
m |1 w12 w [011 022
o = [—1} , AT = {1 0] » G = [—0.11 —0.22} '
For the SDE (2):
1. identifiable case: satisfy both Al and A2 stated in Theorem [3.3}

d [1.87], Aid:[1.76 —0.1]7 Gild:[—o.n —0.14}7 G —0.17 0.59

07| -0.98 0.98 0 ~0.29 —0.22 081 0.18]°

2. unidentifiable casel: violate A1 satisfy A2:

wmal |1 wmal 21 wal _ |—0.11 —0.14 wal | —0.17 0.59]
o —H’ A —[3 0}’ G —[0.29 0.22]’ Gz | 081 0.18]"

3. unidentifiable case2: satisfy Al violate A2:

un-A2 __ 1 un-A2 __ 1 -2 un-A2 __ -0.3 04 un-A2 __ 0.8 0.2
To —[1]’ A —[1 0}’ Gl —{0.7 02l G277 = |02 —o04|

We have discussed in Section (] that we use MLE method to estimate the system parameters from
discrete observations sampled from the corresponding SDEs. Specifically, the negative log-likelihood
function was minimized using the ‘scipy.optimize.minimize’ library in Python.

For all of our experiments, we initialized the parameter values as the true parameters plus 2. In the
case of the SDE (), we utilized the ‘trust-constr’ method with the hyper-parameter ‘gtol’= 1le-3
and ‘xtol’= 1e-3. On the other hand, for the SDE (2), we applied the ‘BFGS’ method and set the
hyper-parameter ‘gtol’= le-2. The selection of the optimization method and the corresponding
hyper-parameters was determined through a series of experiments aimed at identifying the most
suitable configuration.
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D Examples for reliable causal inference for linear SDEs

D.1 Example for reliable causal inference for the SDE (T))

This example is inspired by [I7, Example 5.4]. Recall that the SDE (TJ) is defined as
dXt = AXtdt + Gth, X() = Xy,

where 0 < t < 00, A € R4 and G € R¥*™ are constant matrices, W is an m-dimensional
standard Brownian motion. Let X (¢; zo, 4, G) denote the solution to the SDE (T)). Let A € Rxd
and G € R¥*™ define the following SDE:

dXt = le}dt + éth, XO = Xy,
such that
X(7 Zo, Aa G) g X(7 Zo, A7 G) .
Then under our proposed identifiability condition stated in~Th~e(~)rem[32fl, we have shown that the
generator of the SDE (1)) is identifiable, i.e., (4,GGT) = (A4, GGT). Till now, we have shown that

under our proposed identifiability conditions, the observational distribution e, the generator of
the observational SDE. Then we will show that the post-intervention distribution is also identifiable.
For notational simplicity, we consider intervention on the first coordinate, making the intervention
X! = ¢and X} = £for 0 < ¢ < oco. It will suffice to show equality of the distributions of the

non-intervened coordinates (i.e., X t(_l) and X t(_l), note the superscripts do not denote reciprocals,
but denote the (d — 1)-coordinates without the first coordinate). Express the matrices of A and G in

blocks
_ A Ap _|G1
A= [Am A22] , G= |:G2:| ’

where Ay; € R, Ayy € RU-DXUE-D) G ¢ RX™ and Gy € RE-D*™  Also, consider
corresponding expressions of matrices A and . By making intervention X} = &, one obtains the
post-intervention process of the first SDE satisfies:

dXTY = (A€ + A XT)dt + Goaw,, X§V =a{,

which is a multivariate Ornstein-Uhlenbeck process, according to [S9, Corollary 1], this process is a
Gaussian process, assuming Ao is invertible, then the mean vector can be described as

Bx{V) = efetal) — (1 - ef2t) A) A,
and based on [59, Theorem 2], the cross-covariance can be described as

vixG) xO) = Bx Y —EX VDT —EIXTV)TY

t
:/ eA22(t+}l—S)G2G;eA;2(t_s)dS_
0

Similarly, one can obtain that the mean vector and cross-covariance of the distribution of the post-
intervention process of the second SDE by making intervention X} = ¢ satisfy:

BIX; V) = eMtaf ) — (I - ) Ay Ang,
and
VXY, XYY = BUX ) - EIXYDETY —EXTY)TY
_ / " Anathh=0) G, T A (-9 4
0

Then we will show that E[Xt(_l)] = E[Xt(_l)}, and V(Xt(_;,lb),Xt(_l)) = V(Xt(;;),)zf_l)) for
all 0 < t,h < co. Recall that we have shown (4,GGT) = (A,GG"), thus, Ay; = Ay, and

Asy = Ay, then it is readily checked that E[X\ V] = E[X™"] forall 0 < ¢ < cc.
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Since

GG GG
GoG{  GaGg
thus, GoGg = GoGy , then it is readily checked that V(Xt(_:,?, Xt(_l)) = V(X't(_:,ll), Xt(_l)) for all
0 < t,h < oo. Since both of these two post-intervention processes are Gaussian processes, according
to Lemma 3.2} the distributions of these two post-intervention processes are the same. That is, the
post-intervention distribution is identifiable.

GG' = { } =GGT,

D.2 Example for reliable causal inference for the SDE (2)

Recall that the SDE (2)) is defined as
dX; = AXdt + 37" G X dWy, Xo = o,

where 0 < ¢t < oo, A,G, € R*™? for k = 1,...,m are some constant matrices, W :=
{We = Wi, ., Wmt}—r : 0 < t < oo} is an m-dimensional standard Brownian motion. Let
X (t;z0, A, {Gr}}) denote the solution to the SDE (2). Let A G, e R™fork =1,....,m
define the following SDE:

dX; = AXydt + 330, G X dWiy, Xo = o,
such that

X (20, A {G}TLy) £ X (20, A {Gi}fLy)
Then under our proposed identifiability condition stated in Theorem@ we have shown that the
generator of the SDE (2) is identifiable, i.e., (4, > )., Grez ' G} ) = (A, > -, Grra " G}) for all
x € RZ. Till now, we have shown that under our proposed identifiability conditions, the observational

... identi . .
distribution —— the generator of the observational SDE. Then we aim to show that the post-
intervention distribution is also identifiable. For notational simplicity, we consider intervention on the

first coordinate, making the intervention th = ¢ and X'tl = ¢ for 0 < ¢ < oo. It will suffice to show

equality of the distributions of the non-intervened coordinates (i.e., X t(fl) and X t(fl)). Express the
matrices of A and Gy, for k = 1,...,m in blocks

A A A G — Gri1 Grae
Aoy Agp|’ K Gr21 Grozl’
where A1, G 11 € R, Agy, G99 € REDX(4=1)  Also consider corresponding expressions

of matrices A and Gy, for k = 1,...,m. By making intervention X} = &, one obtains the post-
intervention process of the first SDE satisfies:

dXTY = (Ap€ + App XUt + 0 (Groré + Groo X NdWey, XY =2l

Since this post-intervention process is not a Gaussian process, one cannot explicitly show that the

post-intervention distribution is identifiable. Instead, we check the surrogate of the post-intervention
distribution, that is the first- and second-order moments of the post-intervention process Xt(fl).
Which denote as m(¢)=D = E[X{ "] and P(t)~1) = E[X V(X ") T] respectively. Then
m(t)(=1) and P(t)(~Y satisfy the following ODE systems:
dm(t)=1 _ _ _
7(625 = Aglf + Aggm(t)( 1), m(O) 1 .Z'(() 1)7

and
dP(t)(=1

a m(t)TVET A + Anné(m(t) V)T + P(t) TV Ay + A P(1)TY

+ 2 (G2 6T G oy + Groam() TVETG 5y + Gron(m(t) D) TG, (46)
F GumP G, POID = )

Similarly, one can obtain the ODE systems describing the 7(¢)(~) and P(t)(~1). Then we will
show that m(t)(=1) = (t)(=1) and P(t)(-1) = P(t)(=V for all 0 < t < oco. Recall that we have
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shown A = A, thus Ay; = Agy and Agy = Ay, then it is readily checked that m(t)(=1) = (t)(-1)
forall 0 <t < oo.

In the proof of Theorem [3.3] we have shown that
221:1 ka(t)GT = 22”21 é’kp(t)é;';
forall 0 < t < oo, where P(t) = E[X; X, ]. Simple calculation shows that

C [ [Gon G T nEMTYIGT,, GT
oot =33 (6 &2 Lo o 1[50 6F21)
=1

k12 Gk22
Then one can get that the (2, 2)-th block entry of the matrix >, G, P(t)G} is the same as the
S iv,(...) part in the ODE corresponds to P(t)(~V) (i.e., Equation {#6)), since >, Gx P(t)G} =
S GLP(t)G], then the ") (.. .) part in the ODEs correspond to both P(¢)(=) and P(¢)(~V)
are the same. Thus, it is readily checked that P(t)(=") = P(¢)(=1) forall 0 < ¢ < oo.

Though we cannot explicitly show that the post-intervention distribution is identifiable, showing that

the first- and second-order moments of the post-intervention process is identifiable can indicate the
identification of the post-intervention distribution to a considerable extent.

33



E Conditions for identifying the generator of a linear SDE with multiplicative
noise when its explicit solution is available

Proposition E.1. Let xo € R? be fixed. The generator of the SDE () is identifiable from xq if the
following conditions are satisfied:

C1 rank([zo|Azo|. .. |A" ao|H1|AH,|. .. |A“ H | .. |HylAH4|. .. |ATH ) = d,
C2 rank([v]Av| ... |A@FTI=2/2]) = (@2 4 d) /2,
C3 AGk = GkA and GkGl = GlefOF all k,l = 1, e

where H := Z;nzl kaoxJGz, and H_; stands for the j-th column vector of matrix H, for all

j=1---,d And A=A A+ Z? 1GL® G € Rded2 @ denotes Kronecker sum and

denotes Kronecker product, v is a d*-dimensional vector defined by v := vec(xozg ), where vec(M)
denotes the vectorization of matrix M.

Proof. Let fl,ék € R¥4 and AG), = GLA, GxG, = GGy, for all k,l = 1,...,m, such that
X520, A, {GRIT,) 4 X (520, A, {Gr}1,), we denote as X = £ X, we will show that under

our identifiability condition, for all z € R?, (4, Y}, ka:TGT) (A, Sy GrzzTGJ). By
applying the same notations used in the proof of Theorem 3.5] in the following, we denote A; := A,

Ay = A, Gi1 =G and Gy, := G, and denote X 4 Xas xt L x2,

We first show that Hy = Hy (H; := > -, GiykxowJGiT’k). Indeed, since X', X2 have the same
distribution, one has

E[f(X})] = E[f(X7)] @7
forall0 <t <ocand f € C"’O(Rd). By differentiating att = 0, one finds that
(L1f) (o) = (L2f)(wo) , (48)
where £; is the generator of X (i = 1, 2). Based on the Proposition
d d 1 o2 f
(Lif) (o :1;; liUOZ (zo) +§kl:1 axk&vl( 0)

where (M), denotes the kl-entry of matrix M, and z; is the I-th component of z. Since is
true for all f, by taking

f(@) = (zp — zop) (g — 20g) ,
it is readily checked that
(H1)pq = (H2)pq ,
forallp,q=1,...,d. Asaresult, H; = Hs. Let us call this matrix H. That is

H = Hl = ZGL]CZ'().TJGI]{ = Z G2,kx0x(—)rG;k = H2 :
k=1 k=1
In the proof of Theorem [3.3] we have shown that
A AT g = A AT g forallj=1,2,... (49)

next, we will derive the relationship between A; and H. Under condition C3, the SDE system (2)) has
an explicit solution (cf. [25]):

1 m m
X = X(t; 2o, A, {Gr}ie) = exp{ <A ~3 Z Gi)t + Z Gka,t}xo , (50)

k=1 k=1
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then the covariance of X;, P(t,t + h) = E[X, X, ] can be calculated as

E[Xe X[\ )

exp{ <A - % i”: Gi)t + zm: Gka,t}xomgexp{ <A—r - % zm:(G%)T> (t+h)

k=1 k=1 k=1

+ Z Gy W.tan H

k=1
_1xm 2 m m T _1xm 27T T
— 6At€ 2 Zkzl thE [ezkzl Gka,t xoxgezk:1 Gk Wk,t+h] e 2 Zk:l(Gk) (t+h) GA (tJFh) ,

=E

(S

where
E[e ;c”:l Gka=t$0xg‘esz=1 G;Wk,t«#h]
= E[eZ?:1 GreWeot ozl e2ok=r GE Wit o= Sy G Wit o300, G Wk,t+h}
(52)
=E [622":1 GrWi,t szSSZLﬂ’Zl G Wit k=1 GkT(Wk,tJrh*Wk,t)]
m m T m T _

— E[ezk:1 G’“W’“'ta:oxge ey G Wk,t]E [ezkzl Gy (Wi t4n Wlm)] ,
because the Brownian motion W, , has independent increments.
It is known that, for Z ~ N(0, 1), we have that the jth moment is

0, jisodd,

7y — . .
E(Z%) = { 273/2 (j?;)l , jiseven.

Since Wy, ; ~ N (0, t), we have

B[O W] = Eli <G><W>]

. /2)

Similarly, we have
E[ec;:(wk,t+h7wk,t)] — e(G;.r)2h/2 )

Simple calculation shows that
Ele k=1 GI;F(Wk,tJrh_Wk,t)] — i (G)?h/2 (53)
By combining Equations (31)), (52) and (53)), one readily obtains that
P(t,t+h) = P(t,t)er (54)
we denote P(t) := P(t,t). Set P;(t,t + h) = E[X}(X],,) "], since X' £ X2, it follows that
Py(t,t+h) = EXHXL,) ] =E[X2(X2,) ] = Pa(t,t +h) Vi, h>0.
To obtain information about A, let us fix ¢ for now and take j-th derivative of (]3_1[) with respect to h.
One finds that o

_ ARY]
|, Pt = POMAT, (55)
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forall j = 1,2,.... Itis readily checked that
Py(t)(A] ) = Py(t)(Ag ) YO <t < oo. (56)
We know the function P;(t) satisfies the ODE
Bi(t) = A Pi(t) + P(HA] + ) GixPi()G],, V<t <oo,
P (57)
In particular,

Pl(O) = Aixofli(—)r + .’L‘QJ](—)FA;F + Z Gi,kxox(—)rGZk .
k=1
By differentiating (56) with respect to ¢ at ¢ = 0, it follows that

AvoxT (ATY + zod (ATYH + (Z Gl,kxoxga;k) (ATY

k=1
— Ayrord (AT + zorg (AT + (Z G27kx0x0TG2T)k) (A7) |
k=1
Since we have known that A{xo = Aéxo forall j = 1,2,..., itis readily checked that
(X Gramaf 6T ) (A7 = (3 Ganraal 6L ) (4T,
k=1 k=1

that is A{H = AgH forall j = 1,2,.... Let us denote this matrix A7 H. Obviously, by rearranging
this matrix, one gets _ _
AJATTVH = Ay AT7YH forallj =1,2,. ..

Therefore, under condition C1, that is rank(M) = d with
M = [xo|Axo| ... |A  wo|HA|AH | .. |A Y H | |Hg|AH 4| ... |AT Y Hy].  (58)
if we denote the j-th column in M as M.;, one gets A1 M.; = AoM.; forall j =1,...,d + d* by

equations (@9) and (58).
This means one can find a full-rank matrix B € R%*? by horizontally stacking d linearly independent

columns from matrix M, such that A1 B = A, B. Since B is invertible, one thus concludes that
A = A,.

In the proof of Theorem we have shown that when A; = As, under condition C2, for all 2 € R4,

m m

TAT TAT
ZGkax Gy = Zlexx Gy -

k=1 k=1

Thus the proposition is proved. O

It is noteworthy that Proposition [E.T]is established on the explicit solution assumption of the SDE
(), which requires both sets of vectors {4, {G}1",} and {4, {G}*,} to satisfy condition C3.
As aforementioned, condition C3 is very restrictive and impractical, rendering the identifiability
condition derived in this proposition unsatisfactory. Nonetheless, this condition is presented to
illustrate that condition C1 is more relaxed compared to condition Al stated in Theorem 3.5 when
identifying A with the incorporation of G’s information.

36



	Introduction
	Background knowledge
	Background knowledge of linear SDEs
	Causal interpretation of SDEs

	Main results
	Prerequisites
	Conditions for identifying generators of linear SDEs with additive noise
	Conditions for identifying generators of linear SDEs with multiplicative noise

	Simulations and examples
	Related work
	Conclusion and discussion
	 Appendix for "Generator Identification for Linear SDEs with Additive and Multiplicative Noise"
	Detailed proofs
	Proof of Lemma 3.1
	Proof of Proposition 3.1
	Proof of Lemma 3.2
	Proof of Lemma 3.3
	Proof of Theorem 3.4
	Proof of Corollary 3.4.1
	Proof of Theorem 3.5

	Genericity of the derived identifiability conditions
	The identifiability condition stated in Theorem 3.5 is generic
	The identifiability condition stated in Theorem 3.4 is generic

	Simulation settings
	Examples for reliable causal inference for linear SDEs
	Example for reliable causal inference for the SDE (1)
	Example for reliable causal inference for the SDE (2)

	Conditions for identifying the generator of a linear SDE with multiplicative noise when its explicit solution is available


