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Abstract

We propose a testable universality hypothesis, asserting that seemingly disparate
neural network solutions observed in the simple task of modular addition are unified
under a common abstract algorithm. While prior work interpreted variations in
neuron-level representations as evidence for distinct algorithms, we demonstrate,
through multi-level analyses spanning neurons, neuron clusters, and entire net-
works, that multilayer perceptrons and transformers universally implement the
abstract algorithm we call the approximate Chinese Remainder Theorem. Crucially,
we introduce approximate cosets and show that neurons activate exclusively on
them. Furthermore, our theory works for deep neural networks (DNNGs). It predicts
that universally learned solutions in DNNs with trainable embeddings or more
than one hidden layer require only O(log(n)) features, a result we empirically con-
firm. This work thus provides the first theory-backed interpretation of multilayer
networks solving modular addition. It advances generalizable interpretability and
opens a testable universality hypothesis for group multiplication beyond modular
addition.

1 Introduction

The universality hypothesis posits that neural networks learning related tasks converge to similar
internal solutions and that shared principles will underlie their representations regardless of archi-
tecture or initialization [IH3]]. If true, it could provide a theoretical foundation for generalizing
interpretability across diverse neural systems. Yet recent studies on related tasks (modular addition
[4H8]] and permutations [8}[9]) have cast doubt on this hypothesis by presenting disjoint interpretations
of what networks learn between the two tasks, and even within the sole task of modular addition.

We unify prior interpretations on modular addition. By presenting a generalization of cosets—sets
of elements with strict modular equivalence—to approximate cosets containing elements that are
“behaviorally similar,” instead of equivalent, our results abstract away the low-level details of how
weights compute activations. This lets us show all previous interpretations [4H7} [10] are consistent
under one common abstract algorithm we call the approximate Chinese Remainder Theorem (aCRT)
(section [4.2). This abstraction reconciles the diversity in previously discovered mechanisms by
interpreting them as different realizations of one algorithmic template. The main empirical results
validate the breadth of our abstraction’s accuracy across hyperparameters, architectures, and depth.

We open the universality hypothesis as a testable conjecture across all group-theoretic datasets.
On modular addition (cyclic groups) we prove that all ReLU neurons learning sinusoidal functions
activate only on approximate cosets or linear combinations of them (Theorem[4.4), giving a direct
construction that instantiations of the abstract aCRT are learned. As our approximate cosets generalize
cosets, work finding coset circuits in networks trained on permuting lists (permutation groups) [9]
aligns with our results. This gives universality between datasets involving incredibly different groups.
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We further the community’s understanding of interpretations on modular addition. Assuming
neurons each learn a single frequency, we prove that networks exponentially reduce incorrect logit
mass as more distinct frequencies are learned, concentrating the output near a Dirac on the correct
answer. This recovers the theoretical result of [7]], that 1-layer networks with neurons corresponding
to each of the | 7] total frequencies that exist modulo n have learned the maximum margin solution.
Furthermore, a corollary predicts that deep neural networks (DNNs) have small margins between
correct and incorrect logits unless O(log(n)) features are learned. These predictions are empirically
validated across architectures, training regimes and both prime and composite moduli, whereas past

works focused on prime moduli and representative networks from few seeds.

2 Related work

The first interpretability work in this domain aimed to understand the phenomenon of grokking
[L1]. Nanda et al. [4] analyzed 1-hidden layer transformers trained on modular addition, finding
sinusoidal patterns of three to eight different frequencies in the weights, activations and attention.
They showed that for each frequency, the embeddings placed inputs on a circle, and the network
performed angle addition on this circle. Since adding angles corresponds to multiplying complex
numbers, this nonlinear operation was attributed to the attention mechanism. This was termed the
Fourier Multiplication Algorithm (later Clock [5]]), and validated through ablation experiments.

Follow-up work proposed a generalization of the Fourier Multiplication Algorithm called Group
Composition via Representations (GCR) algorithm [10], which extended the idea of angle addition by
treating group elements as linear operators and composing them to simulate group multiplication,
aiming to unify mechanisms across group tasks. They applied GCR to both modular addition and
permutations (Sn), as representative group settings. However, later work by Stander et al. [9] reverse-
engineered models trained on S, under identical conditions and found that networks instead learn
coset-based circuits, refuting the GCR universality claim. Furthermore, Zhong et al. [5]] showed
that in modular addition, training hyperparameters could induce learning qualitatively different
mechanisms. They introduced the Pizza circuit, which contrasted with [4]’s Clock. They even showed
that both clock and pizza circuits could coexist within the same network simultaneously, suggesting
that even with fixed data, networks could converge to non-unique mechanisms.

Meanwhile, theoreticians explored idealized settings for modular addition: Gromov [6], constructed
a solution for 1-layer multilayer perceptrons (MLPs) with quadratic activations, showing a local
minimum exists where each neuron specializes to a sinusoid of a single frequency, and consequently
each of the L%J frequencies is represented by some neuron in the network. Later, it was proven that
this solution maximizes the margin [7]], while independently and simultaneously, work connected
margin maximization to grokking in similar networks [[12].

By this point, the universality hypothesis appeared untenable. No similarities were found between
groups and even on just modular addition, 1-layer MLPs found | 3 | frequencies, 1-layer transformers
learned substantially fewer, and changing hyperparameters resulted in learning different circuits []].

3 Background

Modular addition, written as ¢ = (a + b) mod n, gives the remainder ¢ when the sum a + b is
divided by n. For example, 5 + 7 = 12, and 12 mod 12 = 0. We can think of this as wrapping
numbers around a circle of size n, once we pass n, we start over at 0. This arithmetic defines a
structure known as the cyclic group Cr, = {0,1,...,n — 1}. In Cp, every number is equivalent to
its remainder class modulo n, denoted (mod n), e.g. 8 =2 (mod 6), since 8 = 6 - 1 + 2. Modular
arithmetic also supports multiplication: for instance, - y = 1 mod n when y is the modular
inverse of =, which we denote x~1. These inverses exist when = and n are coprime.

Next, consider remainders mod m, where m divides n. This coarser division groups elements of Ch,
into cosets—sets of values that differ by multiples of m. For example, in Cg, the elements can be
grouped into three cosets mod 3: {0, 3}, {1,4}, and {2,5}. Each coset marks out equally spaced
points on the circle—it is a cycle. They will play a key role in our work, as neurons (and neuron
clusters) will perform coset-like computations. See Appendix [A]for more discussion on group theory.



The Chinese Remainder Theorem (CRT) provides a way to simplify computations modulo n by
breaking them into smaller, independent computations. If n factors into coprime integers (meaning
they share no factors) n = g1q2 - - - gk, then computing (a 4+ b) mod n is equivalent to computing
(a + b) mod g; for each gj, then reconstructing the original result. The CRT guarantees that the
system of congruences (a + b) = m; (mod gj) (fori = 1,..., k) has a unique solution modulo 7.
Each equation defines a coset, and the intersection of these cosets gives the final result. For example,
suppose we want to find ¢ = (a4 b) mod 91 that satisfies: ¢ = 3 (mod 7),¢ = 10 (mod 13). Each
congruence defines a coset {3,10,17, ...} and {10, 23, 36, . .. } respectively. Their intersection is
10 and thus the unique solution is ¢ = 10. We hypothesize that networks learn structure similar to the
CRT decomposition to solve a + b (mod n).

Cayley graphs are critical for understanding section Recall Cn = {0,1,...,n — 1}; take
s € Ch, s # 0. We generate the following Cayley graph, call it I", by starting at g € C, and making
an edge to (g + s) mod n, then an edge to (g + 2s) mod n, . . ., until a cycle is made. For example,
arrange 6 vertices in a circle. Using s = 1, step around the circle, connecting neighbors with an
edge, generating a 6-cycle. Using s = 2 connects every second vertex, generating two disconnected
3-cycles based on where you start. These 3-cycles are the cosets: {0,2,4}, {1,3,5}. Using s =3
gives three 2-cycles. See s = 11, n = 66 in panel 1 of Fig. [2] For an exposition including helpful
visualizations involving how sine functions fit through cosets and approximate cosets, refer to
these visualizations may help readers understand cosets geometrically.

Clock and Pizza Interpretations. Both circuits embed inputs @ and b on a circle as E5 =
[cos(2ma/p),sin(2ma/p)], Ep = [cos(27b/p), sin(27b/p)]. Post-attention, clocks compute the angle
sum: h(a, b) = [cos(27(a+Dd)/p), sin(27(a+b)/p)], and pizzas compute a vector mean of the embed-
dings on the circle: h(a, b) = 3(Ea+Ep) = 3[cos(2ma/p)+cos(2mb/p), sin(2ma/p)+sin(2wb/p)).

Problem setting and setup. The task is modular addition: given inputs (a, ), predict c = a + b
mod n. The dataset includes all n? input pairs. Inputs are either one-hot encoded or embedded via
a learned matrix with n rows and 128-dimensional vectors, resulting in concatenated input pairs
(Ea, Ep). We train 1-4 layer MLPs and 1-4 layer transformers. We use the exact transformer
architectures from [S]], where attention is modulated by a coefficient «. Pizza (o = 0.0) uses constant,
uniform attention (all-ones matrix), while clock (o = 1.0) has learnable sigmoidal attention. Both
models share the same structure: an embedding layer, one transformer block, and a 1-hidden layer
MLP. We follow prior work in applying L2 regularization, shown to encourage generalization [[11]].
Also, we apply discrete Fourier transforms (DFT) to analyze the frequencies learned by each neuron.

4 Theoretical and empirical results

An intuitive overview of the mathematical details in section[£.T]is: neurons learn sinusoidal functions
and we explain how to identify which Cayley graph a neuron understands; the Cayley graphs for the
cyclic group are circle graphs; these Cayley graphs are generated by connecting every step size d™
vertex on the circle; approximate cosets are sets of vertices that are close on the graph generated by d.

4.1 Simple neurons as (approximate) coset detectors

The simple neuron model. The mathematics in this paper assumes the simple neuron model: neurons
approximate or specialize to sinusoidal functions of frequency f. The primary empirical results
(section [3)) validate this assumption across architectures, hyperparameters, random seeds, moduli and
depth (Figs. [4-9]). This model is derived by generalizing the sinusoidal model for neurons from
[6} 7, [13] as they assume one-hot encoded inputs to the network, to a model fitting both one-hot
encoded architectures and those used in practice (having trainable embeddings [4} 15]]). For a 4+ b
mod n, the inputs a and b are encoded as embeddings A = [Ag, ..., An_1]and B = [By, ..., Bn_1],
where A;, Bj € RY. The output logits are D = [Dy,...Dn_1] € R™. Let w(U, V) be the dot
product of all values from U with edge weights going to V. Then a simple neuron N has frequency
and phase shifts for A and B: f, sa, sg € Cp, and positive real number « such that for each k € Cp,
we have

w(Aij, N) = cos %, w(Bj, N) = cos @7 w(N, D) = accos Lrw



If training makes neurons converge to simple neurons, then their frequencies can be normalized to be
1 by applying an isomorphism (Def. [f.2)). Consequently, qualitative comparisons between neurons of
different frequencies are now possible (Fig. [I).
Definition 4.1 (Step size). Let the step size be d := (
inverse is used.

m )~ 1(mod ged(Fny)» Where the modular

Definition 4.2 (Remapping: frequency normalization). Consider the function h(x) = cos(2w fx/n)
with frequency f. We define a new function g, allowing us to perform something analogous to a
change of variables using the step size d: g(d - z) = h(z) <= g(z) = h(d~1 - z).
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Figure 1: Preactivation values over a fixing b = 5 on ¢ = (a + b) mod 59 of a neuron from an MLP,
pizza and clock show qualitative equivalence after remapping (Def.[4.2)): they all have frequency 1.
To see a neuron that is not qualitatively equivalent (corresponding to poor local minima), please see

Appendix [F.4] particularly Fig. 28]

Approximate cosets. The CRT relies on cosets. A neuron with frequency f will only take values on
a coset when ged(f,n) > 1. Since our experiments suggest neural networks approximate the CRT’s
decomposition even when the learned frequencies don’t factor the modulus, we instead generalize
cosets from requiring a strict equivalence among elements to approximate cosets. These require
elements to be similar, which means the shortest path distance on their Cayley graph is small. Later,
theorem [4.4] gives that all neuron activations (ReLU > 0) in all layers occur on approximate cosets.

Let f € Cn. Recall Def. d determines how we step around the circle Cyy. There are n’ = m

distinct positions reachable in this way. These positions form cycle Creo, which is a smaller (or equal)
copy of Chy. d € Ch, is the step size in Cro. Generate I, the Cayley graph of Cyo using d. We now
introduce approximate cosets (approximate equivalence classes) using the minimum path distance
between vertices in I". For distances 1 < k3 < mnand 1 < k, < n, the approximate coset is the set
of vertices on the path from ¢ — (dk1) to ¢ + (dk2), stepping by d. If gcd(f,n) > 1: elements in
the same coset as c are distance O from each other as they are the same vertex on the Cayley graph,
adjacent vertices are distance 1, etc (see panel 1 Fig . If ged(f,n) = 1: I" has one element with
distance 0: ¢ (see panel 4 Fig[2)). Thus, approximate cosets are more general than cosets.

Definition 4.3 (Approximate cosets). Let 1 < k3 < nand 1 < kp < n. We call the set {¢ —
kid,...,c—2d,c—d,c,c+d,c+2d,...,c+ kpd} an approximate coset.

Theorem 4.4. Simple neurons in layer 1 activate (ReLU > 0) on an approximate coset containing
the correct answer c, by concentrating their preactivations on approximate cosets that contain a and
b; all neurons in later hidden layers activate on linear combinations of approximate cosets.

See Appendix [A.2.T|for examples further illustrating the definitions introduced in this section.

4.2 The abstract approximate Chinese Remainder Theorem

By defining approximate cosets, and proving Theorem [4.4] a straightforward construction for the
abstract algorithm being instantiated by neural networks can now be given. An abstract algorithm is a
general template or high-level strategy for a problem. It outlines the steps to be followed but leaves
room for different low-level implementations. For example, the classic breadth-first search algorithm
traverses a graph by visiting all neighbors of a node, then all neighbors of those nodes, and so on.
While the abstract idea is the same, the implementation details can vary: one version may use a linked
list, while another may use a queue. Thus, the compiled machine code can differ significantly, like
how the networks features can be computed by very different pizza or clock circuits.
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Figure 2: Visualizing how neurons learn approximate coset structure. Panel 1 shows the circle graph
on 66 elements generated by starting at a = 0 and taking 6 steps of +11, creating the % = 6 cosets
of points {a (mod 6) =0}, {a (mod 6) =1},...,{a (mod 6) = 5}. The graph distance to each
coset from coset {a (mod 6) = 0} (in yellow) is given. 2: the neuron learned COS(%); the
distances annotated on points follow from 1. This neuron only activates (ReLU > 0) on distances
0 and 1. 3: remapping shows all members of each coset collapse into an equivalence class. Panels
4-6 show the circle graph on 67 elements generated by +11; since ged(11,67) = 1, the neuron
can’t activate at the same strength on equivalent points (cosets) and instead activates with strengths
proportional to distances on the Cayley graph. All elements the neuron takes positive values on are
an approximate coset, shown in bright viridis colors decaying with distance. Note: each neuron
“divides” the Cayley graph it activates on approximately in half.

Remark 4.5. The sinusoidal neuron based CRT. The CRT decomposes the modular system (a + b)
mod n into O(log(n)) modular subsystems, which follows from a number having at most O(log(n))
prime factors. The CRT solves the original modular system by intersecting the cosets that the
solution of each subsystem belongs to. Suppose the CRT can be used to decompose (a 4+ b) mod n.
Then, a sinusoidal neuron based CRT is constructed with O(log(n)) unique frequencies f with
ged(f,n) = f. Make ¢ sinusoids, one for each coset (O(n) neurons), that are only positive on one

of the cosets {a + b (mod §)} using the y-intercept (neuron bias) so the neuron only activates if the

answer is in the coset. The argmax of the linear combination of these neurons to the output logits
selects the correct answer deterministically.

Armed with Theorem [4.4] deriving an abstract algorithm that Remark [4.5] instantiates is simple.
Remarkassumes “the CRT can decompose (a + b) mod n” into coset structure, but cosets are a
subset of approximate cosets, making cosets a specific implementation under an abstract template.
Furthermore, Theorem {.7)addresses the approximate cosets case (f does not divide n) in section
It gives that O(log(n)) randomly selected frequencies are enough to get reasonable margins between
correct and incorrect logits, matching the number of frequencies required by the CRT.

Abstract algorithm 4.6. The minimal template: the abstract aCRT. Take O(log(n)) random fre-
quencies and for each frequency generate sinusoidal neurons with that frequency and set their phases
such that they pick out different approximate cosets that the answer (a + b) mod n is in.

Note, Alg. [4.6]is more general than the CRT and Remark [4.3] by handling cases where neurons learn
frequencies with greatest common divisor (GCD) 1 with the modulus (approximate cosets). Two
things are left to show: the O(log(n)) frequency bound in section[4.3|and that DNNs learn solutions
that are realizations of Algorithm[4.6] The latter is exhaustively validated in section[5} finding all
architectures are well abstracted by approximate cosets.

4.3 How many frequencies are needed to instantiate the aCRT with simple neurons?

We now present Theorem [.7] which assumes that sinusoids are learned by the neurons, matching the
simple neuron model. It predicts that DNNs push incorrect logit values down exponentially as the
number of frequencies learned in the network increases. Analogously to Morwani et al. [[7], it gives
that the maximum margin solution requires all frequencies to be learned, but also yields additional
information about the size of margins a network can acquire with fewer frequencies. A corollary
gives that O(log(n)) frequencies are sufficient to get margins larger than Q(log(n)).

Let n be the number of output logits (matching the modulus), let m be the number of distinct
frequencies learned by the network and m’ be the maximum output logit value across the dataset.
Fix two parameters: 0 < ¢ < 1, controlling the required margin between the correct and incorrect



outputs,0 < < 1, the target probability of success. We model the neural network’s output at logit

k by h(k) = f“:l cos 2; ~(k i j) ;where each frequendy is drawn uniformly at random

fromf1;2;:::; 59. We seek conditions om so that, with probability at least, the valuen(k) is
well-separated from the maximum? for all incorrect output& 6 i + j mod n.

Under the simple neuron model, the following result holds.

Theorem 4.7. Suppose the integer number of distinct frequengieend realsO < ; < 1 satisfy
the inequality

2log.n  2log.(2 2).

loge(=) 1~

Then, with probability at least, forallk 6 i + j mod n, we havem® h(k) > m % See Appendix
C for a proof. Note, we want a large i.e. large margins.
Corollary 4.8. Learning O(log(n)) distinct frequencies gives a logit margifiog( n)); after
softmax, incorrect classes receive at most?) probability mass.

Note: it is still possible for networks to learn solutions utilizing a single frequency! Indeed, these
solutions have poor margins, making them poor local minima. Unsurprisingly, they are rarely learned
and only show up at the edge of the grid search returned by hyperparameter tuning. We empirically
validate corollary 4.8 in Fig. 3 by varying the moduli over multiple orders of magnitude including
moduli that are prime, composite numbers, highly composite numbers and powers &f(erdy

64, 256, etc.). The samples are such thaiRRef tting them with logarithmic functions is very

high, empirically verifying the prediction of Corollary 4.8 that indege@log(n)) frequencies are
reasonable. As the data contains both prime and composite moduli, it suggests moduli have little
effect on what the network ultimately learns, though if a frequency divides the modulus it can be the
case that fewer neurons of that frequency exist (see Appendix. F.7).

Figure 3: The number of frequencies found in clocks, pizzas, and MLPs as the modotusases.
We plot the data on logarithmic and linear axes, showing logarithmic ts have veryRfgtores.

5 Empirical results supporting the simple neuron model and approximate
coset abstraction

The details for the experimental results of this section can be found in Appendix E.

One-hot encoded MLPs.Previous work showb3c
types of neurons are found, each specializing to a sinu-
soid with one frequency with 1 hidden lay&; [7/]. We
show that adding either depth, or a trainable embedding
matrix for inputs, causes the network to transition from
learningb3.c types of neurons to much fewer types
in Fig. 4. The presence of the trainable embeddings
is why the models trained i 8, 5] were observed

to learn handfuls of frequencies (3-7) insteadbt
frequencies, despite being one-hidden-layer models.

The neural pre-activations in 1-layer networks. In Flgu:je_ 4: A\_/eragl;\;zl_rlwpumber of f(rjec|1u5e9n<él6es
the vast majority of cases, neuron pre-activations pund in various S over moduli 55-60.
all 1-layer architectures can be approximated well by

degree 1 sine functions with frequenicy This is because the preactivations of most neurons are



“simple”, meaning that they have frequency equal to 1 once remapped (De nition 4.2) (Fig 1). This is
despite the presence of secondary frequencies in smaller width architectures. These occur less often
as the width of the layers is increased (Fig 5), which shows neurons with secondary frequencies on the
left, and theR? of tting a single sine, or a sum of two sines with different frequencies, through the
preactivations on the right. Thus, as the width is scaled, approximating neurons as simple neurons (1
sine is t through their preactivations) becomes better. Note: at widths excessive for th{s 12348
neurons) it rarely occurs, but it's the case that a few neurons can learn sinusoids with freguency
(App. F.4 Fig. 28). While these still satisfy our de nition of approximate cosets and Theorem 4.4
covers their existence, they break previous theoretical models assuming integer frequency [6, 7].

Figure 5: Left: cluster preactivations from a clock with small but present secondary spikes in the
DFT. Right: as the width of the models is increased, the presence of the secondary spikes fades, 2
sines is tting a sum of 2 differert sines, allowing the inclusion of a secondary peak in the t.

Depth's effect on neural preactivations. The rst layer is t with a very highR? in models of

all depths, but adding layers introduces a caveat in the transformer architectures. In MLPs, it is
possible to t every neuron in every layer and maintain 100% test accuracy by assuming the neural
preactivations are of the forfn(a; b) = sin(fa + )+sin(fb + ), where is the phase shift (Fig.

6). In transformers however, this only works with a high for the rst layer. The reason is that

the form of the logitS (a;b) = cos(f (a+ b ¢)), described by4] is a second-order (quadratic)
sinusoid and starts to appear in layers after the 1st layer, but before the logits. Indeed, we nd that
in deeper networks, neurons after the rst layer can be either siroptf, (a+ b c)), or alinear
combination in superposition of these two forms. Thus, tting joss@ + b) or justcos(@) + cos(h)

is not suf cient to maintain 100% accuracy. To see this, see Fig. 8, which shows the percentage of
activations that have their beRf achieved by tting just order one sinusoidsarandbin a 2-hidden

layer transformer. Thus, we t linear combinations(obs(f (a+ b)))+(cos(fa)+cos(fb)) through
neurons in layers after 1 in Fig. 7. Note, MLPs can be t well using only rst-order sinusoids.

Furthermore, we could see a preference for learning precise cosets (should they exist) over approxi-
mate cosets as this could reduce approximation error in DNNs. We explore this in Fig. 9, showing
that forn = 66, all architectures present a preference for learning precise cosets. This is strong
evidence supporting the abstract aCRT algorithm as it implies DNNSs try to learn CRT-like behaviour.

Our results show that in all architectures, layer 1 uses only simple neurons, with other layers still
utilizing them, implying Algorithm 4.6 is instantiated. Furthermore, it follows from this that we've
shown that all neurons downstream of layer 1 activate on linear combinations of approximate cosets.
Combined with the results o8], that the GCR algorithmg] is not universal and instead coset
circuits are learned in networks learning group multiplication in the permutation group, we open the
universality hypothesis on group multiplication datasets as Conjecture 5.1.

Conjecture 5.1. The universality in structures learned by DNNSs trained to t group multiplication

will be found as coset circuits, and more generally as approximate coset circuits computing features.
DNNs will make use of these circuits in a divide-and-conquer-like manner to achieve logarithmic
ef ciency.

At this point, we have shown that our de nition of approximate cosets functions as a suf cient
abstraction for simplifying the representations learned by networks of various architectures.



Figure 6:R? of tting each neuron in layer 1 as a simple neuron and tting a sum of sines of each
frequency in layer 1 through layers 2-4 for 1,2,3 and 4 layer MLPs. The large volume of green
checkmarks implies replacing neurons with simple neurons does not decrease the network’s accuracy
implying that our abstraction is robust to changes in training conditions and architectures.

6 Discussion and Conclusion

We argue that approximate cosets are critical in all architectures because they instantiate the aCRT.
We support this both with empirical evidence across a large range of hyperparameters, seeds and
different moduli, and theorems. Approximate cosets provide DNNs with structures analogous to
the cosets the CRT operates on. The CRT @gag(n)) modular subsystems, and Corollary 4.8

gives that DNNs nee®(log(n)) unique frequencies to analogously induce modular subsystems.
Furthermore, approximate cosets shed light on how the network learns second order sine functions
with ReLU activations (activating on the cosetmfequires understanding coset membership of

a+ b), a previously unexplained result in Nanda ef4].and Chughtai et a[10]. As the proof for
theorem 4.4 shows, a neuron learns to re strongly on the coset théh, by understanding which
cosets andbare in. The conclusion is that in abstracting away the small details in how weights in
different architectures explicitly compute modular addition, we unify previous interpretations under
the abstract aCRT (algorithm 4.6).

Our initial hypothesis was that neural networks trained on modular addition with composite moduli
would learn the Chinese Remainder Theorem (CRT), leveraging coset structure where it naturally
applies. Early empirical results supported this view, revealing a preference for frequencies that
cleanly divide the modulus—suggesting alignment with exact coset structure. However, we observed
that networks often learned only a single such frequency, alongside others that did not correspond to
precise cosets. This prompted further investigation. Upon examining both qualitative and quantita-
tive behavior, we found no meaningful distinction between neurons associated with coset-aligned
frequencies and those that were not. This observation led to a critical insight: networks may be
implementing an algorithmic template resembling the CRT even when its mathematical prerequisites
are not strictly satis ed. This realization motivated the formulation of the abstract approximate CRT
(aCRT), generalizing the role of cosets to approximate cosets as a unifying structure.

Due to modular addition being multiplication in the cyclic group and our approximate cosets general-
izing cosets, our interpretation establishes universality between cyclic and permutation groups. This
follows from the result that coset circuits are learned in networks trained on the permutation group
[9]. Thus, we establish universality between very different tasks, related only by the fact they are both
groups. This allows us to open thestableuniversality hypothesis on group multiplication datasets.



Figure 7:R? of tting order 1 sines through neurons in layer 1, then tting a sum of length equal to
the number of unique frequencies in layer 1, of order one or order two sines for Bageds The

large volume of green checkmarks tells us that our abstraction doesn't affect the model's accuracy
and is robust to varying training conditions and architectures.

Figure 8: The percent of neurons with their best t involving only rst-order sines. The result can be
interpreted as neurons existing that are operating on rst-order sinusoids in deep layers. With ideal
hyperparameters, almost 100% of neurons in layer 2 can have their best ts coming from order one
sinusoids, though this occupies very little volume in the hyperparameter grid. This plot shows that
the second-order sinusoidal ts of][are more experessiveness than necessary in the rst layer, and
not optimal.

6.1 Toward uncovering the nature of universality

It's important to note that our work doesn't fully illuminate how deep neural networksi@irersally
learning modular addition. We propose the following de nition, bedtigtract universalitywhich
attempts to capture what is meant by the universality hypothesis which asserts that “models learn
similar features and circuits across different models when trained on similar te&k©Ur issue

with the quoted statement, is “what does similax®ar? The work of Zhong et a[5] claimed to nd

two disjoint and disparate circuits, being a clock, or a pizza, but our work shows these two circuits
can be uni ed under one abstraction. It is therefore the case that these two circuits could be different
implementations of one abstract divide-and-conquer algorithm. By abstract, we mean an object that
can't be directly instantiated (e.g. abstract class in computer programming).

With that said, we propose the ideaalstract universality, DNNs trained on similar data learn
different implementations of one abstract algorithmic classone algorithmic strategy.



Figure 9: Histograms of the number of times each frequency was learned while trainjag-d)
mod 66. Note: attention in the clock models results in learning frequency 6 cosets inttayer

6.2 Limitations and future work

Finding cosets key to learning modular addition aligns with Stander )& .results on permutation
groups. A group with the least structure is a cyclic group of prime order, but Cayley's theorem
gives all groups are subgroups of the permutation group—the king of group structure. Despite
these groups occupying upper and lower extremes of structure, our ndings yield universality in the
structure DNNs learn on these two disjoint tasks. This is why we believe it's likely that networks
learning every group multiplication will utilize structures that can be viewed under a more general
de nition—approximate cosets, involving distances on Cayley graph=ore limitation of our work

is that we do not explore the groups between these two extremes. We believe that this is a promising
avenue for future work to explore, with successful testing offering the potential to demonstrate that
the universality hypothesis is true in the very diverse space of all possible group multiplications.

While we are the rst to point outowto cause a phase transition fr@a{n) to O(log(n)) learned
frequencies via depth or a trainable embedding (Fig. 4), we don't kmbwit occurs. Theorem

4.7 only says this solution should have great margins, and it @e§His gives two directions for
future work. Whythis happens: are the training dynamics wildly differedtPatcauses it: does

the network learn something signi cantly different that both we, and prior work, fail to see? The
fact these are open questions—on a math task that's become very well understobsi0fserars
since inception-suggests an urgent need for new interpretability toBisally, Theorem 4.7 doesn't
answer how many neurons are needed per learned frequency; giving a trivial lower bo{ind of
neurons. Empirical results are in Appendix F.7, but don't give an obvious direction for proving
bounds.We believe answering this is necessary for the interpretability community to gain a full
understanding of a taskrhis may be an entire paper in itself. It looks non-trivial and requires careful
arguments with non-linear ReLU activations.

6.2.1 Roadmap to stress testing the universality hypothesis

There's opportunity to learn a great deal more about the nature of the solutions DNNSs learn via reverse
engineering models trained on group multiplications (Conjecture 5.1). In particular, we believe the
logarithmic ef ciency to be a potentially remarkable result and hope for its generality. Due to our
study being scoped to modular addition (cyclic group multiplication), and the other sample point
nding cosets being permutation group,[we propose studies on the following tasks to Il in the
blanks to compose a more general theory and understanding.

1. Approximate cosets were not observed in Stander §9ps. study on the non-commutative
permutation group multiplication. Are approximate cosets unique to commutative tasks or just cyclic
groups? This can be resolved by studying the non-commutative dihedral grobf@mentaryp-

group multiplication is commutative, and full of coset structure. Will networks still learn approximate
cosetsB. As both dihedral and elementapygroups are constructed from cyclic groups as the base
structure, can approximate cosets be found on other groups with their underlying simple group being
not the cyclic group? We suspect that once these three questions are answered, it will look as though
on all tasks DNNSs learn divide-and-conquestrategy with logarithmic ef ciency. If this is true
(Conjecture 5.1), we believe the result will serve to help explain the ef ciency of DNNs from a new
perspective.
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A Additional Background

A.1 Conceptual Background and Additional Related Work

This appendix expands on the conceptual foundations and related work that motivated our approach.
We rst review key debates in mechanistic interpretability, particularly around universality and
abstraction, before turning to mathematical tasks as ideal testbeds for studying learned structure.

Mechanistic Interpretability, Universality and Levels of Abstraction.

Mechanistic interpretability seeks to reverse-engineer trained neural networks by identifying the
roles of individual components, such as neurons, attention heads, or MLP weights, in the model's
learned function14]. It aims to explairhowmodels arrive at their outputs by analyzing the specic
components and pathways involved in their internal computations. A central focus of this paradigm is
oncircuits [1, 15, 16]: small groups of components (essentially a subnetwork) that together perform

a recognizable subtask such as copying, induction or composttign Pver time, researchers

have identi ed recurring patterns in these circuits, knownrastifs, such as superpositiod§)

(where multiple features share the same subspace), equivariance (where computations respect certain
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transformations) or unioning over cases (where a unit activates for multiple distinct patterns without
distinguishing between them). These recurring motifs offer generalizable insight into how networks
compute [1].

A central idea in mechanistic interpretabilityusiversality, which is the informal hypothesis that
independently trained neural networks tend to devsloplar internal structure$2, 1]. The appeal

is clear: if models trained in different conditions all learn the same solution, then interpreting one
model could offer insight into many. However, what “similar” means in this context has often gone
unstated. Universality might refer to alignment in learned features, to similarity in neuron roles or
circuits, or to shared algorithmic structure, but these possibilities are rarely distinguished. At the
same time, empirical ndings are mixed: while some studies report that representations in vision and
language models become increasingly aligned as model scale incré@lasdisdrs show divergences

in learned mechanisms even on simple algorithmic/mathematical &$¥s Together, these ndings
highlight a deeper issue: the eld lacks a clear de nitiormdfat kind of structureshould be expected

to be universal-andt what level of abstractiosuch universality should be evaluated.

A major challenge in this area is the ambiguity of the term circuit, which can refer to anything
from small neuron clusters to nearly full-network subnetworks. This exibility enables compelling
case studies, but hinders comparisons across scales. In early interpretabilitydvortkpfluced

the Fourier Multiplication Algorithm(later called the Clock), showing that transformers trained on
modular addition learned to represent inputs on circles and perform angle addition via attention.
Chughtai et al[8] proposed a broader generalization, the Group Composition via Representations
(GCR) algorithm, suggesting a universal algorithm for group tasks based on multiplying group
representations. In both cases, the term “algorithm” referred to the local computation implemented
by a circuit de ned over a speci ¢ Fourier frequency or irreducible representation (irrep). However,
later work challenged the universality of these circuit-level “algorithms”. Zhong ¢bgfound

that different training settings could induce qualitatively different frequency-speci c circuits (e.g.,
the Pizza circuit), and showed that multiple distinct frequency-based circuits could coexist within
the same model. Stander et [@] analyzed models trained &) and found coset-based circuits,
rather than irrep-based implementations of GCR, further undermining its algorithmic universality
claim. These results suggest that even when models solve the same task, they may not implement the
same algorithnat the circuit level Our work shifts perspective. We de ne a model's algorithm as a
global computational strategy realized across the full network. To uncover this, we take a multiscale
approach: analyzing the behavior of individual neurons, how frequency-aligned clusters of neurons
work together, and how these clusters interact to form a coherent global solution. Our simple neuron
model helps reconcile prior ndings by showing that seemingly different circuit behaviors can be
well-approximated within a uni ed functional form. At the cluster level, we have coset computations.
At the full-network level, we identify a consistent solution that emerges across architectures and
training runs: a universal abstract algorithm, formalized as an approximate version of the Chinese
Remainder Theorem (aCRT). This perspective explains how models can converge to the same high-
level structure even when their lower-level mechanisms diverge. Unlike prior analyses focused on
isolated subcircuits, we sought to understand how computation emerges across scales, from individual
neurons to full-model solutions, and show that models can share the same network-level algorithmic
structure despite mechanistic variability.

Much of the confusion around universality stems from comparing models without distinguishing
between differentevels of abstraction Recent work has proposed frameworks from cognitive
science, especially Marr's levels of analysi®f22], as useful tools in interpretability, helping clarify

what kind of explanations are being offered. Marr distinguishes between (1) the computational level
(what problem is solved), (2) the algorithmic level (how it is solved), and (3) the implementational
level (how it is physically realized). Although not developed for studying universality and not
formally used in our main analysis, we nd these ideas helpful as a retrospective lens, both for
understanding why prior analyses disagreed, and for identifying common structure where others saw
divergence. For example, Vilas et f22] propose looking for invariances across levels and enforcing
mutual constraints between levels as guiding principles. Our approach re ects both: we uncover a
consistent computational-level (in the sense of Marr's levels) solution, the aCRT, that uni es divergent
circuit-level behaviors and reveals a form of universality that holds at a more abstract level than
previously recognized—what we refer to as the universal abstract algorithm.

Mathematical and Algorithmic Tasks as Interpretable Testbeds for Machine Learning.
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Mathematical and algorithmic tasks—such as modular addition, group operations, sorting, and
Markov chains—have become valuable testbeds for studying machine learning systems. Their
appeal lies in their formal structure: these problems have been studied for centuries, with well-
understood properties. Because the task structure is fully known, optimal solutions are analyzable and
generalization behavior can be sharply characterized—unlike in typical natural data settings. This
makes them ideal environments for probing what neural networks learn and how. While primarily
used to study model internals, these tasks also have practical relevance; for example, transformers
trained on modular arithmetic have been applied to attack lattice-based cryptographic schemes [23].

These tasks have been central to studying grokking, the phenomenon where models generalize
abruptly after a period of over tting11]. Using modular addition as a testbed, researchers have
linked grokking to structured internal representatia® p], margin maximization 12, 7], label
corruption fL3], and non-neural architecture2d], or how distinct circuits emerge during grokking

for different modular arithmetic task&€]. Other work has connected grokking to training phase
transitions, such as shifts between lazy and rich regimes in modular addifjoanid polynomial
regression 28]. Several papers also provide exact analytical constructions of speci ¢ network
weights: one-layer, one-hot encoded networks with quadratic activations solving modular addition
[6, 7], and ReLU networks solving modular multiplication for modeling grokked solutions in modular
polynomials [29].

Beyond grokking, mathematical tasks have helped probe generalization, learning dynamics, and
in-context learning. Modular addition and Markov chains have served as controlled environments for
studying how transformers acquire in-context learning capabilies3yl]. Other work has shown

that repeating training examples affects generalization in tasks like greatest common divisor (GCD),
modular multiplication, and matrix eigenvalue predicti8&][ and that arithmetic tasks shed light

on how transformers handle length generalizat®8) 84]. In the GCD setting speci cally, models
appear to select from a small, learned set of candidate divi86fs Transformers trained in the
context of enumerative geometry have also been studied [36].

While most research in this area focuses on supervised learning, some work investigates how
reinforcement learning (RL) agents operate in mathematical environments. Agents trained on tasks
like matrix multiplication or sorting have been observed to discover novel, interpretable algorithms
[37, 38]. Other work leverages group-theoretic structure to enable exact analysis: environments built
using the temporal symmetries of af ne Weyl groups allow analytical characterization of the policy
gradient landscape, yielding closed-form gradient dynamics and local optima and providing insight
into how exploration dif culty affects learning3®]. Similarly, interpretable RL environments based

on Erdos-Selfridge-Spencer games have been developed, with exact optimal strategies and tunable
dif culty controlled by human-interpretable environment parameters [40].

Together, this body of work establishes mathematical tasks as invaluable tools for interpretability.

Their known structure enables precise analysis of learned behavior, supports abstraction-driven
explanations, and provides testbeds where claims about generalization and universality can be
rigorously evaluated.

A.2 Additional Mathematical Background

This section provides formal de nitions and examples of the group-theoretic structures that underlie
our analysis of modular addition networks: groups, cosets, Cayley graphs, group representations, and
the Chinese Remainder Theorem (CRT). These de nitions support the structures described in the
main text: simple neurons, approximate cosets and the approximate CRT algorithm we identify in
trained networks.

Groups, Subgroups and Cosets.

De nition A.1 (Group) A group (G; ) consists of a ses equipped with a binary operation
:G  G! G satisfying:

1. Associativity: (f g) h=f (g h)forallf;g;h 2 G.
2. ldentity : There exists an elemeat2 G suchthae g=g e= gforallg2 G.

3. Inverses For eachg 2 G, there existg ' 2 Gsuchthag g '= e
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De nition A.2 (Subgroup) A subsetH G is asubgroupif it is itself a group under the same
operation . That is,H must contain the identity, be closed under the operation, and contain inverses
of its elements.

Subgroups induce a natural partitioning of the groupodaets which are key to understanding
modular structure and factorization.

De nition A.3 (Cosets) Let H be a subgroup o6, and letg 2 G. Theleft cosetof H with
representativg is:
gH=fg h:h2Hg:

Right cosets are de ned similarifig = fh g: h 2 Hg. Cosets partitiois into disjoint, equally
sized subsets.

Example A.4 (Integers and Even/Odd CosetSjhe set(Z;+) is a group. The identity i§; the
inverse ofn is n. The even integer&Z form a subgroup. This gives two cosets:

2Z =", 20,2009, 1+2z2="F::0; 1,130
These correspond to the even and odd integers — a familiar example of partitioning via cosets.
De nition A.5 (Homomorphism) Amap :G! H between groups islaomomorphismif it
preserves the group operation:

(B 6 %)= () v (%); foralg;g 2 C:

If is also bijective, it is called group isomorphism.

Homomaorphisms are the natural notion of "structure-preserving" maps between groups.
Cyclic Groups and Modular Arithmetic.
In this paper, we focus on modular addition, which forms the cyclic group.
De nition A.6 (Cyclic GroupC,). The cyclic group of order n, denotedC,, or Z,, is the set
f0;1;:::;n 1gequipped with addition module. The group operation is de ned by
a b=(a+b modn;

with identity elemend and inverses givenby 1 =(n a) mod n.
Subgroups o€, correspond to evenly spaced subsets, and their cosets pa@itiorio congruence
classes modulo a divisor of
Example A.7 (Cosets mod 4 iZg). Letn = 8, and consider the subgrottp = f0; 4g. The left
cosets are:

O+H =049, 1+H =159 2+H =269, 3+H=13,70
This partitionsZg into four disjoint cosets of size 2.

De nition A.8 (Modular Inverse) Leta 2 Z,. Themodular inverse of ais an elemenb 2 Z,
such that
ab 1 modn:

A modular inverse exists if and only gfcd(a; n) = 1, i.e.,aandn are coprime.

The Chinese Remainder Theorem.

The Chinese Remainder Theorem (CRT) gives a powerful way to decompose modular arithmetic
over a large modulus into multiple, independent modular systems over smaller, coprime moduli. This
decomposition mirrors the modular structure learned by networks trained on addition tasks, and it is
central to our concept of trepproximate CRT

Theorem A.9(Chinese Remainder Theorem)etn = qhp & be a product of pairwise coprime
integers. Then the map

tZn ! Zg, Zg;, X7V (xmoda;:::;x mod o)

is a group isomorphism. That is, each elemenZ jncorresponds uniquely to a tuple of residues
modulo theg, and vice versa.
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Example A.10(Coset Intersection View)Letn =91 =7 13, Suppose we want to solve:
Xx 3 mod7 x 10 mod 13
Each congruence de nes a coset:

Xx 3 mod7)f 3;,10,17,24,31;:::q;
x 10 mod 13)f 10;23;36;49;:::0:

The unique solution mod 91 is the number common to both c:

Cayley Graphs.

De nition A.11 (Generating Set)Let G be a group. Asubs& G is called agenerating setof
G if every elemeng 2 G can be written as a nite product of elements fr@rand their inverses.
That is, for allg 2 G, there exisb;;:::;sk 2 Sand signs; 2f 1;1gsuch that:

—_ K
g=S'S? sk

Example A.12(Generating Sets idig). The groupZe = f0;1; 2; 3; 4; 5g under addition mod 6 can
be:

» Generated by 1g, since repeated addition gives all element;:::;5; 0.
» Generated b§5g, since5+5=10 4 mod 6 and so on.

» Not generated b¥2g, since2 +2 =4,4+2 =0, and the subgrouf0; 2; 4g is too small.

De nition A.13 (Cayley Graph) Let G be agroup and I8 G be any subset (not necessarily a
generating set). Th€ayley graph ( G;S) is a directed graph with one vertex for each element of
G, and a directed edge frogitog s for everys 2 S.

If Sis symmetric (,e.s2 S) s ! 2 S), then the graph is often treated as undirected. The graph
is:

» Connectedif and only if S generate§.

 Disconnectedf S generates a proper subgroup®f
Example A.14(Cayley GraphsiZg). LetG = Zg = f0; 1, 2; 3; 4; 5g under addition mod 6.

» UsingS = f 1g, the graph connects:
o!r 1!t 2! 3! 4! 51 0
forming a connected 6-cycle. Het®,= f 1g is a generating set.
« UsingS = f2g, we only get:
ol 2! 41 0, 1! 3! 5! 1

which are two disconnected 3-cycles. This re ects the subgfd@;g; 4g and its coset
f1;3;50. The setS = f2g doesnotgenerateZg, and the graph idisconnected

Group representations and the Discrete Fourier Transform (DFT)

De nition A.15 (Group representation)A representationof a groupG on a vector spac¥ is a
homomorphism : G! GL(V), whereGL(V) is the group of invertible linear maps ¢h

Example A.16(Discrete Fourier Transform)Thediscrete Fourier transform (DFT) comes from
the complex representations of the cyclic gr@ip Each element 2 C, is mapped to the complex

numberexp 2i ‘% forintegerk 2 f 0; 1;::;;n  1g, encoding modular structure as rotations in the

complex plane. These complex representations correspond to the DFT. They also induce real-valued
representations as 2D rotation matrices actingoms; sin) components.
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A.2.1 Examples: cosets, Cayley graphs, step side

In the background (Section 3) we gave examples of cosetSzorin this section we will show
these examples visually to help the reader better understand approximate cosets, generating Cayley
graphs, and labeling the vertices on them with the step size (De nition 4.1). Recall, the step size:

d:= (gcd(fw) 1(modgcd(”w), where the modular inverse is used. There rfte=

distinct positions reachable in this way, thus we could widtes (
the step size in the grapy,e.

__n
ged(f;n )

gcd(fm) 1(modn9). Note:d is

We consider the cyclic group on 6 elemeng, In this example, we will show how cosines of
different frequencies encode coset information and how we can construct the corresponding Cayley
graphs from this. Sinca = 6, thenbgc = 3, and we have 3 possible frequencfes 1;2;3

for cos % acrossa 2 Cg. These three cosines will each step aro@gdn different ways,

depending orf .

If f =1, our cosine i<os 2% . We computen® = 6, thus there are 6 elements we can reach in
Ce. This gives 6 cosets of size 1:

fOg; f 1g; f 2g; f 3g; f 4g; f 50:

If f =2, our cosine i$os % . We computen® = 3, thus we're inCz, which has 3 elements.
This gives 3 cosets, each of size 2, corresponding to three different 2-cycles in the d@igaralph,

but where each coset is now a point in our new graptCipr= Caj:
f0; 3g;f1;4g; f 2; 50:

If f =3, our cosine ixos 222 . We computen®= 2, thus we're inC, which has 2 elements.
This gives 2 cosets, each of size 3, corresponding to two different 3-cycles in the o@gigedph,

but where each coset is now a point in our new graptCfpr= C:
f0; 2;4g;f1;3; 50:

See these cosines in Figure 10.

Figure 10: Cosine functions centered at 0, Witk 1; f =2; f = 3. The points are colored based
on their coset membershipe. equivalence class.

We can calculate the step size, De nition 4.1, and in all three cases wkg&t We will visualize
these sets in a gure coming shortly.

Row 1 shows the original Cayley graph and row 2 shows the new graph after collapsing cosets. Row
1 will be the cyclic group on 6 elementSg: in other words, we will not collapse the cosets yet

into their equivalence classes. This means we aren't making the g@aplasd resultantly, we plot

Ce with distances from the vertices to the rst vertax 0. We also show the cosets, the 3-cycles
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Figure 11: In row 1 we show the Cayley graphs and the distances, which is a bit confusing in panel

3 because we don't collapse the cosets into their equivalence classes. To make it easier to see the
distances and where they come from, in row 2 we collapse equivalent points (all points in a coset)
into a subcircle. Doing this gives us less points on the graph, givirig,uswhich is the grapl is

the step size on. It is now easier to see why the distances to approximate cosets are what they are.
In row 2 panel 3, we chose to put the two darkly colored cosets on the other side of the circle to
emphasize that ReLU is 0 on them.

and 2-cycles. In row 2, we present an equivalent picture that makes things clearer: W@gdplot
Furthermore, the step sizds actually the step size in this cyclic group,e, making the distances
easier to see compared to lookingzat By collapsing vertices into their cosets (equivalence classes),
it becomes clear that everything is distance 1 from the yellow coset. We will do this in row 2, giving
Ce corresponding tdé = 1, C3 corresponding té = 2 andC, corresponding té = 3. See this in
Figure 11.

In the case of approximate cosets, nothing changes. Calaflatalculated, and step around the
cyclic groupCyo usingd, labeling the distances of elements. To build an approximate coset, for
some multipleks ; ko, takek; steps backward arkd steps forward. The path is the approximate
coset—all elements that are “close” on the Cayley graph.

A.2.2 An example for how the network gets the correct answer

Simpli ed Divide and Conquer. Considera+ b) mod 6 = c.
There are two coset types:
mod 2:

X 0mod?2:f0;2;4g
X 1mod?2:f1;3;59

mod 3:
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X 0mod3:f0;3g
X 1mod3:f1l;4g
X 2mod3:f2;59

Let neuron-1 have frequen@yand activate when the answe® f 0; 2; 4q, i.e. it activates on this
coset ofc. It learns:

f1(a;b) = cos(82-) + cos(&L)

This neuron activates maximally when batib 2 f O; 2; 4g, guaranteeing 2 f 0; 2; 4g.
Let neuron-2 have frequency 2 and activate wberf 0; 3g . It learns:

f2(a;b) = cos(42-) + cos(2L)

This function activates maximally when b 2 f 0; 3g, ensuringec 2 f 0; 3g.

Summing the outputs of these two neurons gives the following logits:

AORrWNRFREFLO

OO0OOO0O0O0
[ L L A Y T A1
ONNNOO D

The argmax operation now correctly selects0.

Suppose alternatively, that neuron-3 activatescfarf 1;4g (e.g., by ring whena 2 f 0; 3g and

b 2 f 1;4g). Then if neuron-1 ( ring onc 2 f 0; 2; 4g) and neuron-3 activate simultaneously, the
argmax would seleat = 4 due to the higher logit value. This logic continues as you add neurons
corresponding to every coset.

This demonstrates a divide-and-conquer strategy: each neuron rules out a large fraction of incorrect
outputs, analogously to how binary search eliminates half the search space at each step. This example
is with mod 6 and exact cosets. Approximate cosets generalize exact cosets by capturing cases where
neurons learn frequencies that are not divisors of the modulus. Theorem 4.7 shows approximate cosets
are suf cient for networks to attain strong margins, matching the cosets required by the classical
Chinese Remainder Theorem.

As n grows, the number of coset types is logarithneig.

mod6! 2 coset types
mod3628800 10coset types

B Proof of Theorem 4.4

For empirical evidence supporting this theorem, see Figure 2 in the main paper. Every fisin

the approximate coset colored by viridis colors, with strength of viridis decaying as the point gets
farther from the center element of the approximate coset (an element getting closer to where ReLU
won't activate, means it less bright).

In reality, all sinusoidal functions,e. our simple neuron assumption, will satisfy this theorem. The
simplicity of this proof therefore results from the fact that we came up with a very powerful de nition
for approximate cosets that actually re ects what neurons in the network are learning. This proof
requires the assumption that neurons learn periodic functions, and this is why the majority of the
paper was dedicated to empirically proving that simple neurons are indeed learned by networks.

Proof. Simple neurons learn approximate cosetsA neuron satisfying the simple neuron model
computes a trigonometric function that has its maxima on the elements of a coset or “approximate
coset”. Ifg := gcd(f;n) > 1, the neuron has learned thesetof orderg containingsa + sg . More

precisely: writingn = n% andf = f % for g = gcd(f;n), we can rewriteznL = %00 So if the
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input neurons are at positiomsandbwherea sy (mod n% andb sz (mod n9, then the

activation of the neuron has a maximuumst(‘;is‘A) = cos “(5’175'3) = 1. The neuron points
most strongly to every logit satisfying sa + sg (mod n9, because for all such output logits

cos2t(c Sa _se) — 1 :\\e see that the neuron strongly associates elemefis tiat are congruent
modulon®.

Whetherf is a divisor of the orden or not, the neuron will activate on what we de ned as an
approximate coset. More precisely, we can ask the followinga®rsa (mod n9, which values

of a have the largest activation? We hmw very close tdl if and only iff Ya  sp)
is very close to an integer multiple of; that is, sayf Ya sa) m (mod n9 for some integer
m with small absolute value. Lettinfdenote a modular inverse bf modn, this is equivalent to
a sa dm (mod n9. In other words, by taking = sa + dm for small integersn, the neuron
will be activated very strongly. Likewise if= sg + dm®for some other small integen®. Now this
neuron will point most strongly to  sa + sz (mod nY as discussed above, butifs a small
number of steps of sizéaway fromsa + sg , it will still have large activation. To summarize: if you
can reach each @f; b; cvia a small number of steps of siddrom sa ; Sg ;Sa + Sg, respectively,
thenN res strongly on inputs; b, and points strongly at

After ReLU, it follows that since all neurons output (activate) only on approximate cosets, all neurons
in the following layers activate on linear combinations of approximate cosets (follows from networks
being fully connected, and ReLU only having the potential to make the cosets smaller, i.e. elements
below 0 are cut off). O

C Proofs and details for Theorem 4.7 and Corollary 4.8

Figure 12: Empirically, 1 hidden layer, 1 trainable embedding matrix, networks have margins grow
like O(log(n)) as more frequencies are learned. In Corollary 4.8 we prove it. Note: 1 std dev error
bars are on (x=1, y=2.82); they are just small, ranging from 2.8-2.84. This plot is made by computing
the average margin of each network across the full dataset, given the network had lear#ed
unique frequencies. The plot shows, for networks that learned the same number of frequencies, the
average average margin and the 1 std dev error bars of this data.

Assume that training results in neurons learning the simple neuron model.

Theorem C.1. Suppose the integer number of distinct frequencieend realsO < ; < 1 satisfy
the inequality
2log.n  2log.(2 2).
loge(= ) 1
Then, with probability at least, forallk 6 i + j mod n, we havan® hy, (k) > m &

m >

Proof. Each simple neuron maximally activates a single output, nasely sg, (or possibly
maximally activates on a coset of outputs containiag+ sg). However, if we combine the
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contributions from all simple neurons in a single cluster (i.e. all with the same freqfignase
observe that the activation level can be maximized at any desired output; more precisely, the activation
level at outpuk given inputsi;j will be of the formAcos(2 (f(k 1 j)=n)). Note this has

been observed experimentaélyg. see Fig 26(a) and Fig. 44, and has also been previously noticed in
the literature: see e.g. the last equation of Section 20h |n fact, the analysis below still works

even ifi + j is only somewhat close to the maximal activation of the cluster (see Figure 44), though
we assume the maximum isiat j for simplicity. However, even in this case there will be many
output logits that all activate nearly as strongly on the correct answer. To isolate a single answer, we
use a superposition of sine waves of multiple frequencies; we observe experimentally in Figure 44
that this process makes the correct answer stand out from the rest.

In light of the above and Section 4.1, if we x inpuit§ 2 C, then combining the contributions
from all clusters (and assuming for the heuristic that the contributions from all clusters have the same
amplitude), the sum

X 2f - o

hm (k) := cos T(k i)

=1
gives a model for the activation energy at output ldgitif k = i + j, thenh, (k) takes on the
maximum valuem. If we want to guarantee the neural net will consistently sédeute need to show
thathp, (k) is signi cantly less thamm for all other values ok. We'll assume a random model where
m frequencied 1;:::;f, are chosen uniformly at random frot2;:::;n 1. Fix a parameter
0 < < 1; we will compute an approximation for the probability tmat h, (k) > m for all
k6 i+]j (modm).

Letfxg:=x b x+ %c be the signed distance to the nearest integer andi:sek i j. Then

using a Taylor expansion, |
xn xo . 2 xn d 2
m hn(k)=m cos 2 m 1 % 2 % =2 2 rd :
- - -1

(Note that the Taylor approximation is quite bad whied=nis far from an integer, and K is close
to an integer theffikg is close to 0. It is reasonable to expect thmt hy, (k) will be minimized
when the value$- d=n are all close to integers, in which case the approximation is more accurate.

f-

o

n

o

Thus the conditioom  h, (k) > m is related to the following condition: de ning the vector
¥ = %(fl; i fm) 20,1, weneedthatforal d n 1, the pointdv has distance at least

m=2 2 away from any point irz™. Note thatnv is an integer point, stn  d)v is always the
same distance from an integer pointtasis. Thus it suf ces to require to be at Ieasg m=2 2

We compute angipper bound on the volume of the region to be avoided: that is, the set of all points in
[0; 1™ within % m=2 2 of a point of%Zm for somed = 1;:::;n=2. For eacld, there ara™
points in this region, and each has a ball of racﬁus m=2 2 around it; the total volume of the

m M=

region to be avoided is therefore bounded abovg{aylzﬂ 5= % Thus the probability that
m hy (k) > m is approximately equal th minus this value.

For a givem, let's compute the value af that makes this probability greater than, say,

m=2 m=2
n m 2 n
Y Stmm2ry 20 0 (merD) oo > o
Taking a natural logarithm, applying Stirling's approximatiog, ( x +1) xlog.(x) x,and
solving form,

log. ( M=2+1)+ %Ioge % > log.n log.(2 2)

2loge.n  2log.(2 2).
loge(=) 1~

Thus if the number of neuron clustarsis greater than this expression, then with probability at least
, the separatiom  hp, (k) will be at leastm . We see that the number grows linearlyiag, n.
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Choosing the parametersand can signi cantly change the precise valuernfneeded, and it's not
clear which values most accurately model the true behavior of the neural net.

As an example, note that if we take= =e® 0:1564 and = % then this whole expression

simpli es to justm > log, n. Thus, if the neural net use@s = log . n neuron clusters, then this
heuristic predicts that it will guarantee a separation hy, (k) > 0:15m for allk 6 i + j with 50%
certainty. Fom = 89;91we haveog.n  4:5, which agrees with the number of clusters found in
Figures 40 and 3. This process can be interpreted as the approximate CRT; see Remark 4.5 for the
analogy. O

C.1 Proof of Corollary 4.8

Recallh is the model network evaluated at inpyt, hy, (k) is the value of the output distribution at
k with maximum valuehy, (i + j) = m andm is the number of distinct frequencies simple neurons
of the network.

Corollary C.2 (Logarithmic number of frequencies suf ces for a non-trivial margihgt0O< < 1
and0O< < 1landde ne

C(; )= Iog:21 1 Zlog(2 2) (>0

If the numbem of simple neurons of the network satis es
m C(; )logn
then with probability at least
hm(i+j) hn(k) > m;

i.e. the logit margin is(log n).

Proof. Theorem 4.7 states that the inequality
hm(i+j) hm(k) > m @)
holds for allk 6 i + j with probability at least provided

2log.n  2log.(2 2),

og(= ) 1 ®)

Choose the constanmt som  C(; )logn and inequality (¥) both hold.

Finally, the guaranteed margim C(; )lognis (log n), which is strictly larger than the
O(1) margin attained with only a constant number of frequencies (“minimal margin”). O

D Embeddings contain projections of representations, not representations

Chughtai et al[8] discover representation values in the embedding matrix. The rst step in their GCR
algorithm is not true in general. They state, “Translates onexhioto representation matrices”. We
provide evidence against this by training with a mini-batch size equal to the madalug training

with a full batch size. See the difference in the distribution of the resulting embedding matrices in Fig.
13. Furthermore, neurons in a cluster of frequehdave different phase shifts, a@d 2 rotation
matrices in the embeddings doesn't suf ce to explain this behaviour.

Instead, the values found in the embedding matrix may encode scaled projectichs & eotation

matrix onto a one dimensional subspace. Note that such structure is implied by the hypothesis that

neural networks trained on group tasks learn representations, but is more general because of the
existence of both amplitude and phase shifts. To get an exact equivalence, we note that this neuron
structure can be obtained by arbitrary scaled projectiorof representations. Suppose

K) = cos(2fk=n ) sin(2 fk=n )
(K=" sin@fk=n )  cos(2fk=n )
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isa2 2 matrix representation of,. If we apply (k) to the vector(1;0) and then take the
dot product with( cos(2fs 4=n); sin(2fs ,=n)) (which is the same as projecting onto the
subspace spanned by this vector and scaling)bye obtain exactly

2 fk 2fs A 4

cos2™ cos sin2fsa = cos2l k- a) =y (A N):

n Sin 2 fr'Ik n

Thus we have explained the phase shifts of different neurons in a cluster, and shown that it's not
just the components of(k) that appear in the embeddings, but rather scaled projections of the
representations onto arbitratyd subspaces. In our model of simple neurons we ignore the amplitude
to make the analysis simpler, but in general it does need to be included. See Fig 28 for example

where the amplitudes are greater tt2an

Inspecting the distribution of embedding matrix weights. Contrary to ndings by £, 8], we

did not observe the 22 representation matrix values (used to encode rotations) in our embedding
matrices outside their reported training conditions. As shown in Fig. 13, the distribution of embedding
weights varies signi cantly between small and full batch size and the tails of the distributions are
quite different. In the case of small batch size, numbers can be found in the range (-2, 2), whereas
large batch size contains numbers between (-1.5, 1.5). Note that we choose to remove weights that
are between (-0.025, 0.025) to make it easier to see the tails of the distribution; this was done due to
2.4million weights occurring within this range when training with the small batch size. Speci cally,

in the small batch size regime, around 5% of the weights fell outside the infer¥al], including

some weights larger thah These values are not consistent with rotation matrix entries. Other than
this, we could not identify any signi cant differences in the core structures of what the neural net
learns between the batch sizes.

Combining these experimental ndings (Fig. 13) with this model (see D) explains that the embedding
matrices may contain scaled projections of representations. This explains the different shifts in the
periodic functions that can be seen in Figs 26(a), 26(b) and 24, which GCR [8] fails to explain.

batch size = train set size batch size =91
300k
§ 300k
c
o
§ 200k
1) 200k
o
©
IS
3 100k 100k
(@]
0 0
NN R RS @R T T N S R e L
o o o o1 o1 o o o o o
Magnitude Magnitude

Figure 13: The histograms of embedding weight magnitudes found across 10k random seeds for mod
91 provide evidence against rotation matrices. With batch-size 91 about 5% of the weight4 are

< -1, whereas when the batch size is the training set size fewer than 0.5% of the weightt are

-1. The bin with 0 was removed for batch size 91 due to so many dead weights obfuscating the plot.
The value was 2.4 mil, implying that small batches nd sparse embeddings with larger magnitude
weights.

E Experimental Details for Main Results

Unless stated otherwise, we use a 90%/10% train-test split. All models we train are optimized with
Adam [41].
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The only plot with error bars in the main text is Figure 3, which uses 1 standard deviation (std dev)
error bars. If a plot has error bars, they are 1 std dev.

E.1 Figurel

The point of this gure is to show the reader that qualitatively, neurons are learning sinusoidal
functions that are identical after normalization, even when secondary frequencies exist in the Discrete
Fourier Transforms. Furthermore, it serves to immediately show the reader that the “remapping:
normalizing to frequency 1” de nition makes a sinusoidal function have frequency 1. The gure

is very easy to generate, just grab arbitrary neurons, plot them, and plot their remapped version.
The neuron from the MLP model comes from an MLP with frequeb&yThe MLP is one of the

MLPs trained on mod 59 for Figure 4. The pizza transformer is modehddel_p99zdpze5l.pt
checkpoint) and the clock transformer is modelnBodel_I8k1hzciux.pt checkpoint) from Zhong

et al. [5]'s Github repository.

E.2 Figure 2

This plot shows the simple neuron model, approximate cosets, and Cayley graphs that neurons
understand distances on. The point of this gure is to familiarize the reader with our de nitions as
they are essential to understanding how we derive the abstract aCRT. The code to generate this plot is
included in the supplementary materials "make_ gure_1_toy approx_cosets.py".

E.3 Scaling experiment in Figure 3

We report 1 std dev error bars here, as we do on all our plots, though since our arguments are
probabilistic in nature, our growth rate is supposed to be in expectation. We just added the 1 std
dev to show the std dev if a normal distribution was t with the same average. Indeed, the standard
deviations are low. For the transformer models (clock and pizza), we take the exact model classes
from [5]'s Github repository., and translate them into Jax. For clocks, the attention coef cient is
set to 1.0 and for pizzas, the attention coef cient is set to 0.0. The d_model is always taken to be
the smallest power of 2 that is larger thanbecause the architecture requires it. The number of
heads is always 4, and the d_head is such that 4 times that number is equal to the d_model. For the
hyperparameters used when training the transformers, see Tables 1, 2 3.

Number | Learning Rate | Batch Size | Weight Decay | Training Set Size
7 0.001 7 0.0001 49
17 0.001 34 0.0001 289
27 0.001 100 0.0001 729
59 0.001 200 0.0001 1770
97 0.001 200 0.0001 4850
113 0.001 500 0.0001 6780
303 0.0002 909 0.00002 45450
499 0.0002 1497 0.00002 124750
977 0.0001 4885 0.00001 488500
1977 0.000035 39540 0.0000075 2965500
4013 0.00004 16052 0.000006 3691960

Table 1: Experimental results with Adam optimizer across varying parameters for both pizza and

clock.

Number | Learning Rate | Batch Size | Weight Decay | Training Set Size
64 0.001 64 0.0001 49
128 0.001 128 0.0001 289
256 0.001 256 0.0001 729
310 0.001 310 0.0001 1770
720 0.0001 720 0.00001 309600

Table 2: Experimental results with Adam optimizer across varying parameters in pizzas.
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Number | Learning Rate | Batch Size | Weight Decay | Training Set Size
64 0.001 64 0.0001 49
128 0.001 128 0.0001 289
256 0.001 256 0.0001 729
310 0.001 310 0.0001 1770
720 0.0001 720 0.00001 309600

Table 3: Experimental results with Adam optimizer across varying parameters in clocks.

For the hyperparameters used when training the MLP, see Table 4. The number of neurons is 8 times

the modulin.
Number | Learning Rate | Batch Size | Weight Decay | Training Set Size
3 0.01 3 0.005 9
5 0.01 5 0.005 25
7 0.01 7 0.005 49
13 0.009 13 0.004 169
17 0.009 1 0.004 169
59 0.008 59 0.001 1770
64 0.005 64 0.0005 2048
113 0.004 113 0.0003 6780
128 0.002 128 0.0002 13568
193 0.003 193 0.0001 18914
256 0.001 256 0.0001 34560
310 0.0009 310 0.00007 51150
433 0.0006 433 0.00005 86600
499 0.0005 499 0.00003 124750
720 0.0004 720 0.000015 259200
757 0.0003 757 0.0000085 280090
997 0.0003 997 0.0000015 498500
1409 0.00028 1409 0.0000009 986300
1999 0.00024 1999 0.0000008 2398800
2999 0.00018 2999 0.0000007 4798400
4999 0.0001 4999 0.0000005 14997000
Table 4: Experimental results with Adam optimizer across varying parameters for the MLP in Figure
3.
E.4 Figure4

We trained one hot encoded 1,2,3,4 hidden layer MLPs and also trained a trainable embed-
ding matrix 1 hidden layer MLP over moduli 59-66. The classes for these models are in the

“mlp_models_multilayer.py” le.

Table 5: Hyperparameter con gurations for one-hot models with varying hidden layers and embed-
ding.

Architecture Hidden Layers # Neurons L2 Regularization Learning Rate Train Size
One-hot 1 1024 1 10° 0.00075 90%
One-hot 2 1024 1 10° 0.00075 90%
One-hot 3 1024 1 10° 0.00075 90%
One-hot 4 1024 1 10° 0.00075 90%
Embedding 1 1024 1 105 0.00075 90%
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E.5 Figure5

We trained 500 models of each architecture with 1-hidden layer, and each combination of number
of neurons in [512, 2048, 8196, 16392] on mod 59. The models are only saved if nal accuracy
is 999999 The neurons with a maximum preactivation below 0.01 across all of the data were
deleted and considered “dead” neurons. We nd that as the model width is increased, a single sine
wave better and better approximates the preactivations of the neurons.

The classes for the architectures are in the “mlp_models_multilayer.py”,
“transformer_train_get _data_r2_heatmap_attn=0_top-k_layer_all.py” and
“transformer_train_get_data_r2_heatmap_attn=1_top-k_layer_all.py”. les. See Table E.5
for precise experimental details.

Table 6: Hyperparameter con gurations for Figure 5 1-embed, 1-hidden-layer models with varying
hidden unit sizes and architectures.

Architecture Hidden Layers # Neurons L2 Regularization Learning Rate Train Size
MLP (baseline)

Embed=128, MLP 1 512 1 10° 0.00075 90%
Embed=128, MLP 1 2048 1 10° 0.00075 90%
Embed=128, MLP 1 8192 1 10° 0.00075 90%
Embed=128, MLP 1 16384 1 10° 0.00075 90%
“Pizza”
Embed=128, Pizza 1 512 1 104 0.00050 90%
Embed=128, Pizza 1 2048 1 104 0.00050 90%
Embed=128, Pizza 1 8192 1 104 0.00050 90%
Embed=128, Pizza 1 16384 1 104 0.00050 90%
“Clock”
Embed=128, Clock 1 512 1 104 0.00050 90%
Embed=128, Clock 1 2048 1 104 0.00050 90%
Embed=128, Clock 1 8192 1 104 0.00050 90%
Embed=128, Clock 1 16384 1 104 0.00050 90%

E.6 Figure 6

There are 10 models trained with 10 different random seeds (different random init and different
random train / test splits) for every (learning rate, weight decay) combination. This is the most pes-
simistic case for our green checkmark vs purple dot scenario because if a single model doesn't have
100% accuracy after ablating the neurons for our ts, then it would receive a purple dot (assuming
accuracy of the trained model with no ablations was 100%). The learning rates and weight decays
are:

learning_rates = [0.0025, 0.001, 0.00075, 0.0005, 0.00025, 0.0001, 0.000075, 0.00005, 0.000025,
0.00001]

weight_decays =[ 0.001, 0.00075, 0.0005, 0.00025, 0.0001, 0.000075, 0.00005, 0.000025, 0.00001,
0.0000075, 0.000005, 0.0000025, 0.000001, 0.00000075, 0.0000005, 0.00000025, 0.0000001,
0.000000075, 0.00000005, 0.00000001 ]

There are 1024 neurons in every layer of the models. The embedding matrix has 128 features.

E.7 Figure?

There are 10 models trained with 10 different random seeds (different random init and different
random train / test splits) for every (learning rate, weight decay) combination. This is the most pes-
simistic case for our green checkmark vs purple dot scenario because if a single model doesn't have
100% accuracy after ablating the neurons for our ts, then it would receive a purple dot (assuming
accuracy of the trained model with no ablations was 100%). The learning rates and weight decays
are:

learning_rates = [0.0025, 0.001, 0.00075, 0.0005, 0.00025, 0.0001, 0.000075, 0.00005, 0.000025,
0.00001]

weight_decays =[ 0.001, 0.00075, 0.0005, 0.00025, 0.0001, 0.000075, 0.00005, 0.000025, 0.00001,
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0.0000075, 0.000005, 0.0000025, 0.000001, 0.00000075, 0.0000005, 0.00000025, 0.0000001,
0.000000075, 0.00000005, 0.00000001 ].
The embedding matrix has 128 features. There are 1024 neurons in every layer.

E.8 Figure 8

There are 10 models trained with 10 different random seeds (different random init and different
random train / test splits) for every (learning rate, weight decay) combination. This is the most pes-
simistic case for our green checkmark vs purple dot scenario because if a single model doesn't have
100% accuracy after ablating the neurons for our ts, then it would receive a purple dot (assuming
accuracy of the trained model with no ablations was 100%). The learning rates and weight decays
are:

learning_rates = [0.0025, 0.001, 0.00075, 0.0005, 0.00025, 0.0001, 0.000075, 0.00005, 0.000025,
0.00001]

weight_decays =[ 0.001, 0.00075, 0.0005, 0.00025, 0.0001, 0.000075, 0.00005, 0.000025, 0.00001,
0.0000075, 0.000005, 0.0000025, 0.000001, 0.00000075, 0.0000005, 0.00000025, 0.0000001,
0.000000075, 0.00000005, 0.00000001 ]

2048 neurons in each layer, 2 layers.

E.9 Figure9

We train 5000 models on the modulo-66 task, varying the network depth between one and four hidden
layers. We use a learning rate®6 10 * and L2 weight decay of 10 “.

F Additional Experimental Results

This appendix section reports further experiments that, while non-essential to the main text, provide
additional context.

Note: we call the neurons learning non-integer frequencies over 2f e:g% after remapping
“ ne-tuning” neurons.

F.1 Principal component analyses (PCA) of embeddings

Below, we answer all the open problems of Zhong efHlinvolving non-circular embeddings. The
idea of doing the Discrete Fourier Transform (DFT) on the embedding PCA’s, gives that they are
caused by two different frequency sines: one coming from each principle component (PC).

We replicate the results o8] and add an additional Fourier transform plot next to their PCA plots,
which makes it obvious that the principal components come from clusters with the same frequency.
It can be seen that all non-circular embeddings and Lissajous embeddings are caused by the two
principal components coming from different cosets. This means that we answer all of the open
problems of [5], involving non-circular embeddings.

To make this easy to understand, please see Fig. 14, showing this random seed has four clusters, with
key frequencies 35, 25, 8, 42. We now know what frequencies to look for in the DFT plots and thus,
can gure out which PCs come from which frequency clusters. Doing so reveals that all PCs where
both PCs come from the same frequency cluster are circular. Conversely, all PCs where the PCs come
from different clusters are non-circular Lissajous curves.
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Figure 14: DFT of neurons in each of the four clusters in this random seed. Cluster 0 has frequency
35, cluster 1 has frequency 25, cluster 2 has frequency 8, and cluster 3 is a ne-tuning cluster with
frequencies at multiples of 7, 14, 21, 28, 35, and 42.
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(a) (a) PC1 vs PC2 Scatter Plot (b) (b) PC1vs PC2 DFT
Figure 15: PCA and DFT for PC1 vs PC2 showing a circular embedding clustered into cosets. The x
and y axis of the left plot are the PC1 and PC2 values for the concatenated embedding matrix for
each poin{a;b mod 912 (0;0); (1;1);:::; (90; 90). Note that this covers all output classes of the
neural network exactly once. Also note that the embedding here is showing 13 cosets with 7 points

PC2 havd = 35 and sincegcd35;91) = 7, a prime factor, it's possible to learn the exact cosets.

(a) PC1 vs PC3 Scatter Plot (b) PC1vs PC3 DFT

Figure 16: PCA and DFT for PCZ (= 35) vs PC3 { = 8), a non-circular embedding.

(a) PC1 vs PC4 Scatter Plot (b) PC1vs PC4 DFT

Figure 17: PCA and DFT for PCZ (= 35) vs PC4 { = 8), a non-circular embedding.
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