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Abstract

This paper presents strong worst-case iteration and operation complexity guarantees for Rieman-
nian adaptive regularized Newton methods, a unified framework encompassing both Riemannian
adaptive regularization (RAR) methods and Riemannian trust region (RTR) methods. We compre-
hensively characterize the sources of approximation in second-order manifold optimization methods:
the objective function’s smoothness, retraction’s smoothness, and subproblem solver’s inexactness.
Specifically, for a function with a µ-Hölder continuous Hessian, when equipped with a retraction
featuring a ν-Hölder continuous differential and a θ-inexact subproblem solver, both RTR and RAR
with 2+α regularization (where α = min{µ, ν, θ}) locate an (ε, εα/(1+α))-approximate second-order
stationary point within at most O(ε−(2+α)/(1+α)) iterations and at most Õ(ε−(4+3α)/(2(1+α)))
Hessian-vector products with high probability. These complexity results are novel and sharp, and
reduce to an iteration complexity of O(ε−3/2) and an operation complexity of Õ(ε−7/4) when
α = 1.

1 Introduction

We consider an unconstrained nonconvex manifold optimization problem:

min
x∈M

f(x),

where M is a complete Riemannian manifold, and f is bounded below, and exhibits C2,µ smoothness,
meaning it is twice continuously differentiable and possesses a µ-order Hölder continuous Hessian.
Considering the problem’s nonconvexity, we propose employing Riemannian adaptive regularized
Newton (RARN) methods that incorporate Riemannian trust region (RTR) [1, 35] and adaptive
regularization (RAR) methods [4, 27]. Within each iteration of RARN, we solve a regularized model
problem inexactly on a tangent space:

ηk ≈ argmin
η∈TxM

m̄xk
(η) := mxk

(η) + φ(η;σk),

where mxk
is the Newton model function, i.e., the truncated second-order Taylor expansion of the

objective function at xk ∈ M, and φ is the regularization, with σk serving as an adaptively changing
regularization parameter. Subsequently, if the solution yields a significant decrease in the objective
function, we pull it back onto the manifold using a retraction as the next iteration point:

xk+1 = Rxk
(ηk).

In an Euclidean space, the canonical retraction is the identity function, simplifying the iteration to
xk+1 = xk + ηk. To align with the smoothness characteristics of the objective function, we employ
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θ-inexact subproblem solvers and C1,ν retractions. Detailed definitions and discussions of these
elements are deferred to Sections 2 and 3.

Motivated by recent advances in worst-case iteration complexity guarantees for Newton-type
methods [25, 11, 29, 17], this paper investigates the iteration complexity of RTR and RAR under the
aforementioned relaxations. Iteration complexity refers to a non-asymptotic bound on the number
of outer iterations an algorithm needs to attain a solution within a given tolerance. Concurrently,
operation complexity, which bounds the number of unit operations required to find an approximated
solution, has emerged as another focal non-asymptotic convergence measure due to its direct corre-
spondence with computational cost [17, 4, 8]. We also provide strong operation complexity guarantees,
measured in terms of the number of Hessian-vector products, for both RTR and RAR.

1.1 Main Results

Our main results and contributions unfold across several dimensions.

A unified algorithm and iteration complexity analysis framework. We begin by formulating a unified
Riemannian adaptive regularized Newton (RARN) method framework, encompassing both Riemannian
trust region (RTR) and adaptive regularization (RAR) methods. Within this framework, we develop
a unified iteration complexity analysis approach for RARN. This versatile module allows us to derive
iteration complexity guarantees for various regularization methods effortlessly.

A comprehensive approximation characterization and relaxation. We identify the three sources
of approximation within second-order manifold optimization methods: 1) The quadratic model
function approximates the actual objective function. 2) The retraction approximates the smooth
diffeomorphism between the tangent space and the manifold; 3) The inexact model problem solution
approximates the exact solution. These approximation levels can be characterized by the objective
function’s smoothness, retraction’s smoothness, and subproblem solver’s exactness. Our investigation
particularly explores objective functions with a µ-Hölder continuous Hessian, retractions with a
ν-Hölder continuous differential, and θ-inexact subproblem solvers. Significantly, our analysis unveils
an equitable contribution from these three sources of approximation to the iteration complexity: the
iteration complexity order can only be improved by enhancing the worst-performing source.

A general-order adaptive regularization method. Our work extends the realm of adaptive regularization
methods by introducing a novel adaptive 2+ω regularization method (ω ∈ (0, 1]), broadening the
horizons beyond cubics. We pave the way for adaptivity without the constraint of µ ⩾ ω, a restriction
posed by prior work on general-order adaptive regularization [5, 15, 13]. Nevertheless, our findings
reveal that optimal iteration complexity is achieved if and only if ω = α := min{µ, ν, θ}.

A sharp worst-case iteration and operation complexity. Finally, we present our complexity guarantees.
When ω = α, both RTR and RAR locate an (ε, εα/(1+α))-approximate second-order stationary point
(see Definition 1) within at most

O

(
ε
−2+α
1+α

)
iterations. This represents the first second-order iteration complexity result of Newton-type methods
for objective functions with a Hölder continuous Hessian, even within the framework of Euclidean
spaces. This complexity matches the optimal bound of O(ε−(2+µ)/(1+µ)) for this class of problems
[13], as well as the optimal bound of O(ε−3/2) for C2,1 problems [10] when µ = ν = θ = 1. Moreover,
when α = 1, this result establishes the first optimal iteration complexity result of O(ε−3/2) for
Riemannian trust region methods targeting both first-order and second-order stationarity. Augmented
by a meticulous analysis of the subproblem solvers, we also provide a Hessian-vector product operation
complexity of Õ(ε−(4+3α)/(2(1+α))), which reduces to Õ(ε−7/4) when α = 1. Table 1 compares our
results with other related work and highlights the gaps our study addresses.
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1.2 Related Work

Table 1 Comparison of worst-case iteration complexity results for adaptive regularized Newton methods,
aiming to achieve ε-approximate first-order stationarity or (ε, εµ/(1+µ))-approximate second-order stationarity.
Asymptotic notation has been omitted from the complexity results.

Work Space Newton Extension Stationarity Smoothness Iteration Complexity

[20] Euclidean line search first order C2,µ ε−(2+µ)/(1+µ)

[29] Euclidean line search second order C2,1 ε−3/2

[17] Euclidean trust region second order C2,1 ε−3/2

[25] and [11] Euclidean cubic regularization second order C2,1 ε−3/2

[7] Riemannian trust region second order C2,1 ε−5/2

Our work (Corollary 3) Riemannian trust region second order C2,1 ε−3/2

[37] and [4] Riemannian cubic regularization second order C2,1 ε−3/2

Our work (Corollary 2) Riemannian 2+µ regularization second order C2,µ ε−(2+µ)/(1+µ)

Our work (Corollary 3) Riemannian trust region second order C2,µ ε−(2+µ)/(1+µ)

Absil et al. [1] extended trust region methods to Riemannian manifolds with asymptotic convergence
results for C2,1 objective functions. Qi [27] extended adaptive regularization with cubics to Riemannian
manifolds with asymptotic local convergence results. This paper focuses on non-asymptotic convergence
results of RTR and RAR. We compare the related worst-case iteration complexity findings of adaptive
regularized Newton methods in Table 1. For simplicity, Table 1 solely lists the smoothness requirement
on the objective function. Note that our approach also introduces a more lenient smoothness
requirement on the retraction (R ∈ C1,ν), distinguishing it from prevailing research on Riemannian
methods where retractions are typically C2 [7, 37, 4].

Table 1 does not aim to encompass the entire research on the iteration complexity of Newton-type
methods. Given our specific focus on establishing complexity guarantees under relaxed smoothness
requirements within the Riemannian setting, we only list the foundational works that initially
established these complexities. For more results along this line, please refer to [9, 8, 34, 33]. In
addition to the research summarized in Table 1, it is noteworthy to mention related studies with
distinct emphases. Cartis et al. [15] also considered a µ-Hölder continuous Hessian for a conceptual
regularization algorithm, presenting a complexity of O(ε

−(2+µ)/µ
H ) for the attainment of an εH -

approximate second-order stationary point, aligning with our complexity (see Corollary 2). Dedicated
to functions with a µ-Hölder continuous Hessian, [13] proved that the complexity of finding an
ε-approximate first-order stationary point is lower bounded by O(ε−(2+µ)/(1+µ)), a bound which our
methods successfully attain.

Beyond iteration complexity, recent research has introduced second-order methods capable of
achieving a remarkable operation complexity of Õ(ε−7/4) with high probability, for finding an (ε, ε1/2)-
approximate stationary point. Building upon adaptive regularization with cubics, Agarwal et al. [3]
derived an algorithm that attains this operation complexity bound, employing a subproblem solver
with Õ(ε−1/4) operation complexity. Subsequently, various methods have emerged that replicate
the same complexity results [28, 29, 22]. Very recently, Curtis et al. [17] demonstrated that such
complexity can be achieved through a variant of trust region Newton methods that inexact solve
the trust region subproblem, utilizing the truncated conjugate gradient method [30, 31]. Carmon et
al. [9] and Li and Lin [23] proposed variants of accelerated gradient methods that also converge to an
(ε, ε1/2)-approximate stationary point with an operation complexity of Õ(ε−7/4).

Notation For scalars x and y, we write [x]+ := max{0, x}, x∨y := max{x, y}, and x∧y := min{x, y}.
We write x ≳ y if there exists a positive constant C such that Cx ⩾ y, and write x ≲ y if y ≳ x.
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For sets A and B, we denote their cardinality by |A| and |B|, and their disjoint union by A ⊔ B. We
sometimes write fk, gk, and Hk as shorthand for the function value, gradient, and Hessian, respectively,
of f at xk. We also denote f0 as the objective function evaluated at the initial point and fmin as the
objective function’s lower bound on the manifold. Throughout our analysis, for any subscript, C∗
represents absolute positive constants independent of εg or εH . In algorithm descriptions, (TC.X&Y)
indicates the requirement for simultaneously satisfying both termination criteria (TC.X) and (TC.Y),
while (TC.X/Y) implies that fulfilling either termination criterion (TC.X) or (TC.Y) is sufficient. We
use (C.x) to tag different cases in the analysis for clarity.

2 Preliminaries

We consider an unconstrained nonconvex optimization problem on a Riemannian manifold M, which
is a smooth manifold equipped with an inner product ⟨·, ·⟩x on each tangent space TxM, x ∈ M,
varying smoothly over M. The Riemannian inner product further defines a norm ∥ · ∥x on TxM and
a distance dist(·, ·) on M. Given our focus on the Riemannian metric, we will omit its subscript x
throughout the remainder of this paper. The Riemannian inner product also helps define the gradient
and Hessian of a function f from M to R:

⟨grad f(x), ξ⟩ = df(x)[ξ], Hess f(x)[ξ] = ∇ξ grad f(x), ∀ξ ∈ TxM,

where df(x) is the differential of f at x, and ∇ is the Riemannian (Levi-Civita) connection on M.
Throughout this paper, we consistently denote a parametrized smooth curve from [0, 1] to M

as γ. A vector field X is said to be parallel along γ if ∇γ′(t)X = 0 for all t ∈ [0, 1]. For any
ξ ∈ Tγ(0)M, there exists a unique parallel vector field Xξ along γ such that Xξ(0) = ξ, defining a
parallel transport operator P 0→t

γ : ξ 7→ Xξ(t). Parallel transport is an isometry that preserves the
inner product, bridging different tangent spaces. Our focus is specifically on complete Riemannian
manifolds, where geodesics—smooth curves whose tangent vector is parallel along itself—are the
shortest curves connecting any two points and can be extended to the entire real axis. Consequently,
the exponential map expx : ξ 7→ γ(1), where γ is the unique geodesic with γ(0) = x, γ′(0) = ξ, and
dist(γ(0), γ(1)) = ∥ξ∥, is defined on the entire tangent space. When the parallel transport is along a
geodesic from x to y, we denote Pxy := P 0→1

γ . Detailed preliminaries for Riemannian optimization
can be found in monographs such as [2] and [6].

We now define the approximate second-order stationarity, which serves as the objective of our
methods.

Definition 1 (Approximate second-order stationary point). We say x ∈ M is an (εg, εH)-approximate
second-order stationary point of f if

∥ grad f(x)∥ ⩽ εg, λmin(Hess f(x)) ⩾ −εH ,

where λmin returns the smallest eigenvalue of a linear operator on TxM.

Our exploration in this work centers on objective functions with a Hölder continuous Hessian.

Definition 2 (Hölder continuity of objective’s Hessian). We say f ’s Hessian is Hölder continuous
with order µ ∈ (0, 1], if there exist a constant CH ⩾ 0, such that for any x, y ∈ M, it holds that

∥PyxHess f(y)Pxy −Hess f(x)∥op ⩽ CH dist(x, y)µ,

where ∥ · ∥op is the operator norm of the linear operators on TxM. We denote f ∈ C2,µ if f ∈ C2 and
Hess f is µ-order Hölder continuous.
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To pull a point on the tangent space back onto the manifold, we use retractions. Specifically, a
map R : TM → M is called a retraction if its restriction to any x ∈ M, denoted as Rx, satisfies
conditions Rx(0) = x and dRx(0) = id(TxM). The exponential map is a special retraction, and
retractions can be viewed as a first-order approximation of the exponential map. This approximation
bias becomes more significant for nonsmooth retractions. Therefore, prior work often necessitates
retractions to be C2 or even second-order retractions [1, 4], whose acceleration at the origin is zero:
d2Rx(0x) = 0 (see [2] or [6]). In contrast, this paper only mandates that retractions’ differential be
Hölder continuous at the origin.

Definition 3 (Hölder continuity of retraction’s differential). We say Rx’s differential is Hölder
continuous at origin with order ν ∈ (0, 1], if there exist a constant CR ⩾ 0, such that for any x ∈ M
and ξ ∈ TxM, it holds that

∥PyxdRx(ξ)Pxy − dRx(0x)∥op ⩽ CR∥ξ∥ν ,

where x = Rx(0x) and y := Rx(ξ). We denote R ∈ C1,ν if R ∈ C1 and dR is ν-order Hölder continuous.

The following proposition delineates the accuracy of retractions concerning their approximation to
the exponential map.

Proposition 1 (Retraction properties). Suppose Rx has a Hölder continuous differential with order
ν ∈ (0, 1] and constant CR. For any x ∈ M and η ∈ TxM, it holds that

dist(Rx(η), expx(η)) ⩽ CR∥η∥1+ν ,

and
∥η − exp−1

x (Rx(η))∥ ⩽ CR∥η∥1+ν .

Moreover, if the operator norm of Hess f is upper bounded by βH , then the discrepancy between their
composition with the objective function is bounded by

|f(Rx(η))− f(expx(η))| ⩽ ((1 + CR∥η∥ν) · βH∥η∥+ ∥ grad f(x)∥) · CR∥η∥1+ν .

The third inequality presented in Proposition 1 introduces a dependence on grad f , a distinctive
characteristic of the Riemannian setting involving non-second-order retractions. As we progress
through subsequent sections, it will become evident that this reliance on the gradient holds significant
implications for the dynamics of the regularization parameter. Its careful analysis is essential for
deriving the bounds of the regularization parameter.

We conclude this section with a blanket assumption upheld throughout the paper, serving as the
foundation for all subsequent results.

Assumption 1. The objective function f is bounded below on the complete Riemannian manifold M.
The approximation tolerance in Definition 1 satisfies εg ∨ εH ⩽ 1. The objective function possesses
a Hölder continuous Hessian with order µ ∈ (0, 1] and constant CH . The retraction has a Hölder
continuous differential with order ν ∈ (0, 1] and constant CR. Finally, the Hessian has a uniformly
bounded operator norm on the level set Mf0 := {x ∈ M : f(x) ⩽ f0}, i.e., there exists βH > 0 such
that ∥Hess f∥op ⩽ βH on Mf0 .

All conditions in Assumption 1 can be relaxed to apply exclusively along the trajectory of the
algorithm. Moreover, we impose separate conditions on the objective function and the retraction we
use, which is more pragmatic and versatile compared to the assumption on their composition f ◦R
found in existing literature [7, 4].
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3 Riemannian Adaptive Regularized Newton Methods

Line search, trust region, and higher-order regularization methods are popular extensions of Newton
methods for unconstrained nonconvex optimization. These diverse methods and their variants can be
conceptualized as applying various forms of regularization to the Newton model function, i.e., the
truncated second-order Taylor expansion of the objective function:

mx(η) := f(x) + ⟨η, grad f(x)⟩+ 1

2
⟨η,Hess f(x)[η]⟩ . (1)

Here, we present a unified Riemannian adaptive regularized Newton (RARN) method that considers
the following regularized model problem on a tangent space:

min
η∈TxM

m̄x(η;σ) := mx(η) + φ(η;σ), (2)

where φ is the regularization and σ is the adaptive regularization parameter that are dynamically
adjusted throughout the iterations. We impose φ(0;σk) = 0. This scheme encompasses adaptive
versions of the previously mentioned methods:

• For trust region methods, φ(η; ∆) = δB(0,∆)(η), where δ is the indicator function and B(0,∆) is
the trust region.

• For adaptive p-order regularization, φ(η, σ) = 1
pσ∥η∥

p.

At each iteration of RARN, we (approximately) solve the regularized model problem (2), and then
decide whether to accept the candidate iteration point or not and update the regularization parameter,
according to a comparison between the objective decrease and the (unregularized) model decrease.
More precisely, after the subproblem solver returns ηk, we compute the relative decrease ratio:

ρk =
f(xk)− f(Rxk

(ηk))

mxk
(0)−mxk

(ηk)
. (3)

One can also compute the ratio over the regularized model decrease m̄xk
(0) − m̄xk

(ηk), while still
maintaining the validity of the complexity guarantees presented in this paper, albeit with minor
adjustments in the technical details. We opt for the unregularized model decrease because it is
consistent across all RARN variants. We provide the RARN framework for achieving an approximate
second-order stationary point in Algorithm 1.

Within the uniform algorithm framework, we also introduce termination criteria that offer a
greater degree of inexactness and flexibility compared to prior work [11, 4, 17, 33]. First of all, for all
iterations, we require the candidate point to outperform the Cauchy point, which is the solution to (2)
restricted along the single dimension spanned by gk:

ηCk = argmin
η∈span{gk}

m̄xk
(η).

This leads to the Cauchy termination criterion:

m̄xk
(ηk) ⩽ m̄xk

(ηCk ). (TC.C)

If a candidate point satisfies (TC.C), by the definition of the regularized model problem (2), we have

mxk
(0)−mxk

(ηk) = m̄xk
(0)− m̄xk

(ηk) + φ(ηk;σk) ⩾ φ(ηk;σk). (4)

If the first-order test fails, i.e., ∥gk∥ > εg, the subproblem solver needs to minimize the residual
grad m̄(η). Thus, we employ the following first-order termination criterion:

∥ grad m̄xk
(ηk)∥ ⩽ ∥ηk∥1+θ1 , (TC.1)
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Algorithm 1: Riemannian Adaptive Regularized Newton Method
1 parameters tolorance εg, εH ∈ (0, 1), adaptation parameters, control parameters
2 input initial point x0 ∈ M.
3 for k = 0, 1, . . . do
4 if ∥ grad f(xk)∥ > εg then // first-order stationarity test
5 obtain ηk ≈ argminη∈TxM m̄xk

(η;σk) with termination criterion (TC.1&C)
6 else if Hess f(xk) ̸⪰ −εHI then // second-order stationarity test
7 obtain ηk ≈ argminη∈TxM m̄xk

(η;σk) with termination criterion (TC.2&C)
8 else
9 return xk

10 end
11 compute ρk using (3)
12 shrink or expand σk+1 according to ρk
13 accept xk+1 = Rxk

(ηk) or not according to ρk
14 end

where θ1 ∈ (0, 1] is the parameter governing the degree of inexactness of the subproblem solution. We
remark that due to the non-differentiability of the indicator function, we incorporate the trust region
as a problem constraint rather than integrating it into the regularized model function m̄. We defer
the comprehensive definition of the model problem of RTR to Section 5.

If the second-order stationarity is targeted and the second-order test fails, i.e., Hk ̸⪰ −εHI, the
subproblem solver should aim for the following criterion:

Hess m̄xk
(ηk) ⪰ −∥ηk∥θ2 · I, (TC.2)

where θ2 ∈ (0, 1] is an inexactness parameter. For simplicity, we use the same parameter θ = θ1 = θ2
to control the subproblem solver’s inexactness in our analysis. The above termination conditions
only serve as basic criteria for our unified framework. In specific methods, the subproblem solver can
incorporate alternative suitable termination conditions, such as truncation conditions for a trust region
method. These conditions also directly establish lower bounds on the step-size ∥ηk∥, subsequently
forming lower bounds for the successful objective decrease, as will be demonstrated in the forthcoming
sections.

Proposition 2 (Termination criteria). 1) For ηk satisfying (TC.1), if kth iteration is successful and
∥ηk∥ ⩽ 1, we have

∥gk+1∥ ⩽ (2CH(CR + 1) + βHCR + 1)∥ηk∥1+µ∧ν∧θ + ∥ gradφ(ηk;σk)∥.

2) For ηk satisfying (TC.2), we have

−λmin(Hk) ⩽ ∥ηk∥θ + λmax(Hessφ(ηk;σk)).

Readers may notice that the equivalence of µ, ν, and θ has emerged in the first inequality of
Proposition 2.

While Algorithm 1 provides a high-level framework, we will specify the subproblem solver, additional
termination criteria, regularization parameter adaptation, and acceptance criteria in dedicated sections
for trust region and adaptive regularization methods.

3.1 Iteration Complexity Analysis Framework

We now give a unified analysis framework for the iteration complexity of RARN. A key observation is
that, in RARN, the adaptation of the regularization parameter is closely related to the acceptance of
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a candidate step. We categorize the kth iteration as either “successful” or “unsuccessful” based on
whether Rxk

(ηk) is accepted as xk+1. Formally, we define the following index sets:

K := {k ∈ N : the algorithm is not terminated within kth iteration},
S := {k ∈ K : kth iteration is successful}, and U := {k ∈ K : kth iteration is unsuccessful}.

Because |K| = |S ⊔U| = |S|+ |U|, we can establish a connection between the total number of iterations
and the range of values for the regularization parameter. We validate this observation in the following
lemma, an adaptation from [11, Theorem 2.1].

Lemma 1 (Decomposition of total number of iterations). Suppose that Algorithm 1 prescribes the
following conditions for the regularization parameter: σk only shrinks for k ∈ S, expands for any
k ∈ U , and the shrinkage is explicitly lower bounded by σk+1 ⩾ max{

¯
κσk,

¯
σ} for some

¯
κ < 1, while

the expansion is upper bounded by σk+1 ⩽ κ̄σk for some κ̄ > 1. Additionally, if 1) S is finite and 2) a
upper bound σ̄ < +∞ of σk exists, then

|K| ⩽
(
1− log

¯
κ

log κ̄

)
|S|+ logκ̄

σ̄

¯
σ
.

Similarly, suppose Algorithm 1 specifies that σk only expands for k ∈ S, shrinks for any k ∈ U , and
the expansion is explicitly upper bounded by σk+1 ⩽ min{κ̄σk, σ̄} for some κ̄ > 1, while the shrinkage
is lower bounded by σk+1 ⩾

¯
κσk for some

¯
κ < 1. Additionally, if 1) S is finite and 2) a lower bound

¯
σ > 0 of σk exists, then

|K| ⩽
(
1− log κ̄

log
¯
κ

)
|S|+ log

¯
κ−1

σ̄

¯
σ
.

Proof. We prove the first bound; the second bound can be derived similarly. For any k ∈ N, by the
assumptions, we have

σ̄ ⩾ σk ⩾ σ0 ·
¯
κ|S∩[k]| · κ̄|U∩[k]| ⩾

¯
σ ·

¯
κ|S∩[k]| · κ̄|U∩[k]|.

Taking the logarithm of both sides and rearranging the above inequality gives

|U ∩ [k]| ⩽ − log
¯
κ

log κ̄
· |S ∩ [k]|+ logκ̄

σ̄

¯
σ
⩽ − log

¯
κ

log κ̄
· |S|+ logκ̄

σ̄

¯
σ
,

We get the finite bound of |U| by letting k → ∞, and then the result follows.

Remark 1. Lemma 1 directly gives a nonasymptotic bound: |K| = O (|S|+ log(σ̄/
¯
σ)) .

To explicitly bound |K|, we still need to validate the two assumptions in Lemma 1: providing a
bound of |S| and an upper/lower bound of σk. For the bound of |S|, if we can establish a minimal
decrease in the objective function during successful iterations, then since f is bounded below, the
number of successful iterations can be bounded.

To this end, we further partition S into the following index sets

SL := {k ∈ S : ∥ grad f(xk)∥ ⩽ εg}, SG := {k ∈ S : ∥ grad f(xk)∥ > εg},
SGL := {k ∈ S : ∥ grad f(xk)∥ > εg and ∥ grad f(xk+1)∥ ⩽ εg}, and
SGG := {k ∈ S : ∥ grad f(xk)∥ > εg and ∥ grad f(xk+1)∥ > εg}.

We list some observations concerning the above index sets. First, S = SL ⊔ SG and SG = SGL ⊔ SGG.
Moreover, if only the first-order stationarity is targeted, |S| = |SGG| + 1. Also, for k ∈ SGL, any
immediate successful iteration following k (if exists) must fall into the index set SL, implying that
|SGL| ⩽ |SL|+ 1. Furthermore, ηk is returned by Line 5 of Algorithm 1 if k ∈ SG and by Line 7 if
k ∈ SL.
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Lemma 2 (Number of successful iterations). For k ∈ S, if Lines 5 and 7 in Algorithm 1 produce a
minimal decrease of ε1 and ε2 in f respectively, we have

|S| ⩽ 1 +

{
(f0 − fmin) · ε−1

1 , for first-order stationarity,
2(f0 − fmin) · (ε1 ∧ ε2)

−1, for second-order stationarity.

Proof. Since the objective function value only changes when the iteration is successful, we have

f0 − fmin ⩾
∑
k∈S

(fk − fk+1) ⩾
∑

k∈SGG

(fk − fk+1) +
∑
k∈SL

(fk − fk+1)

⩾ |SGG| · ε1 + |SL| · ε2 ⩾ (|SGG|+ |SL|) · (ε1 ∧ ε2).

For first-order stationarity, |SL| = 0. Thus, we have

|S| ⩽ |SGG|+ 1 ⩽ 1 + (f0 − fmin) · ε−1
1 .

For second-order stationarity, any k in SGL is followed by a successful iteration in SL. Thus,
|SGL| ⩽ |SL|. Then, we have

|S| ⩽ |SGG|+ 2|SL|+ 1 ⩽ 1 + 2(f0 − fmin) · (ε1 ∧ ε2)
−1.

By Lemmas 1 and 2, we get an iteration complexity guarantee once we determine the minimal
successful decreases ε1 and ε2, as well as the regularization parameter bound σ̄/

¯
σ for specific algorithms.

In the following sections, our objective is to concretize these values.

Corollary 1 (Total number of iterations). If the conditions in Lemmas 1 and 2 are satisfied, we have

|K| ⩽

{
O(ε−1

1 + log σ̄/
¯
σ), for first-order stationarity,

O((ε1 ∧ ε2)
−1 + log σ̄/

¯
σ), for second-order stationarity.

4 Riemannian Adaptive 2+α Regularization

Adaptive regularization with cubics (ARC) [12, 4] adds a cubic regularization term to the vanilla
quadratic model function (1). However, as we will shortly elucidate, for C2,µ objective functions and
C1,ν retractions, cubics under-regularize. Therefore, for the time being, we first consider a general
Riemannian adaptive 2+ω regularization (RAR), ω ∈ (0, 1]. Specifically, the Riemannian 2+ω
regularized model problem at xk ∈ M reads:

min
η∈Txk

M
m̄ar

xk
(η;σk) := f(xk) + ⟨η, grad f(xk)⟩+

1

2
⟨η,Hess f(xk)[η]⟩+

σk
2 + ω

∥η∥2+ω. (5)

We inherit the method framework in Algorithm 1 and propose employing a Lanczos-based Krylov
subspace method [12, 4, 8] as the subproblem solver with termination criteria (TC.C), (TC.1), and
(TC.2). The method is presented in Algorithm 2. Krylov subspace methods enjoy the following
property.

Proposition 3 (Gradient bound by step size). ηk returned by a Krylov subspace method satisfies

∥gk∥ ⩽ βH∥ηk∥+ ∥ gradφ(ηk;σk)∥.

Proposition 3 also applies to trust region methods, where φ is the trust region regularization, when
ηk resides within the interior of the trust region, i.e., ∥ηk∥ is strictly smaller than the trust region
radius.
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Algorithm 2: Riemannian Adaptive 2+ω Regularization
1 parameters tolorance εg, εH ∈ (0, 1), regularization adaptation parameters

κ3 > κ2 ⩾ 1 > κ1 > 0,
¯
σ > 0, σ0 ∈ [

¯
σ,∞); control parameters 1 > ϱ2 ⩾ ϱ1 > 0

2 input initial point x0 ∈ M.
3 for k = 0, 1, . . . do
4 if ∥gk∥ > εg then
5 obtain ηk by solving problem (5) with termination criteria (TC.1&C)
6 else if Hk ̸⪰ −εHI then
7 obtain ηk by solving problem (5) with termination criteria (TC.2&C)
8 else
9 return xk

10 end
11 compute ρk using (3)

12 set σk+1 =


[max{

¯
σ, κ1σk}, σk], ρk > ϱ2, // very successful

[σk, κ2σk], ϱ1 ⩽ ρ ⩽ ϱ2, // successful

[κ2σk, κ3σk], o.w. // unsuccessful

13 set xk+1 =

{
Rxk

(ηk), ρk ⩾ ϱ1,

xk o.w.
14 end

4.1 Iteration Complexity of RAR

As discussed in Section 3.1, obtaining an iteration complexity bound of RAR only requires establishing
an upper bound of σk and the minimal decrease in f for k ∈ S. When using a second-order retraction
and ω = µ, one can readily derive an upper bound of σk, akin to the Euclidean case, as demonstrated in
[5, Lemma 2.2] and [12, Lemma 5.2]. However, a general retraction introduces a gradient dependency
in the model-actual difference (see Proposition 1 or [4, Assumption 4]). Notably, [4] introduced
an additional smoothness assumption on the composition f ◦ R ([4, Assumption 2]) to bypass this
challenge. We will show that this additional assumption is unnecessary. Additionally, the general
order ω introduces a step-size dependency in σk, which vanishes when ω = µ ∧ ν (see (9)). These two
dependencies cause σk much more challenging to bound for RAR with 2+ω regularization. To address
the step-size dependency, we will utilize the following proposition.

Proposition 4 (Step-size bound). If the Cauchy condition (TC.C) is satisfied, we have

∥ηk∥ ⩽

(
3(βH + 1)

σk

)1/ω

∨

(
∥gk∥ ∧

(
6∥gk∥
σk

)1/(1+ω)
)
.

The proposition is a direct consequence of the Cauchy condition, and we defer its proof to
Appendix A.4. Furthermore, we will show that the step-size has a lower bound determined by εg and
εH . To address the gradient dependency, in addition to Proposition 3, we also need the following
proposition.

Proposition 5 (Gradient bound). The gradient sequence generated by Algorithm 2 is bounded, i.e.,
there exists βg > 0 such that ∥gk∥ ⩽ βg for any k ∈ K.

In practice, there are various means to bound the gradient sequence. For instance, if the level set
{x ∈ M : f(x) ⩽ f0} is compact or if the algorithm converges, {gk} is bounded. We provide a proof
of Proposition 5 adapted from [12, Theorem 2.5] in Appendix A.5 without any additional assumptions.
We are now ready to provide an upper bound of the regularization parameter.
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Lemma 3 (Regularization parameter upper bound). The regularization parameter has an upper bound

σ̄ := Cσ

(
εg ∧ ε

1/α
H

)−[ω−α]+
,

where Cσ is a positive constant satisfying Cσ ⩾ 1 and [x]+ := max{0, x}.

Proof. In this proof, we omit the superscript of m̄ar
xk

and the subscript xk of m̄xk
, mxk

, and Rxk
.

According to the update rule in Algorithm 2, the regularization parameter only expands when ρk ⩽ ϱ2.
Therefore, we only need to derive the upper bound of σk when ρk ⩽ ϱ2, in which case (3) gives

ϱ2 (m(0)−m (ηk)) ⩾ f (xk)− f (R (ηk))

= m(0)−m (ηk) +m (ηk)− f (exp (ηk)) + f (exp(ηk))− f (R (ηk))

⩾ m(0)−m (ηk)− |m(ηk)− f(exp(ηk))| − |f(exp(ηk))− f(R(ηk))|,

which can be reformulated as

(1− ϱ2) (m̄(0)− m̄ (ηk) + φ(ηk;σk)) ⩽ |f(R(ηk))− f(exp(ηk))|+ |f(exp(ηk))−m(ηk)|. (6)

The first term in the right hand side of (6) can be bounded by Proposition 1. For the second term, by
the Taylor expansion on manifolds (see, e.g., [35, Lemma 3]), there exists τ ∈ [0, 1] such that

|f(exp(ηk))−m(ηk)| =
∣∣∣∣12 〈ηk, (Hk − P τ→0

γ HτP
0→τ
γ )ηk

〉∣∣∣∣ ⩽ 1

2
∥Hk − P τ→0

γ HτP
0→τ
γ ∥∥ηk∥2.

where γ is the geodesic from xk to exp(ηk). Then by the Hölder continuity of Hess f , we get

|f(exp(ηk))−m(ηk)| ⩽
1

2
CHτ∥ηk∥2+µ ⩽ CH∥ηk∥2+µ. (7)

Combining (6), (7), the Cauchy condition (4), and Proposition 1 gives

(1− ϱ2)φ(ηk;σk) ⩽ CH ∥ηk∥2+µ + (1 + CR∥ηk∥ν) · βHCR ∥ηk∥2+ν + CR∥gk∥∥ηk∥1+ν . (8)

A general 2+ω regularization necessitates the consideration of two cases: small and large step-sizes.
(C.I) When ∥ηk∥ ⩽ Cσ,1 := 1 ∧ ( 1−ϱ2

2(2+ω)CR
)1/ν , by Proposition 3, we have

1− ϱ2
2 + ω

σk∥ηk∥2+ω ⩽ (CH + (1 + CR)βHCR)∥ηk∥2+µ∧ν + CR(βH + σk∥ηk∥ω)∥ηk∥2+ν ,

which gives
1− ϱ2
2(2 + ω)

σk∥ηk∥2+ω ⩽ (CH + (2 + CR)βHCR)∥ηk∥2+µ∧ν .

Let Cσ,2 := 2(2 + ω)(CH + (2 + CR)βHCR)/(1− ϱ2). The above inequality is equivalent to

σk∥ηk∥ω ⩽ Cσ,2∥ηk∥µ∧ν . (9)

(C.I.I) If ∥gk∥ > εg, by Proposition 3 and (9), we get

εg ⩽ (βH + σk∥ηk∥ω)∥ηk∥ ⩽ (βH + Cσ,2∥ηk∥µ∧ν)∥ηk∥ ⩽ (βH + Cσ,2)∥ηk∥,

which gives ∥ηk∥ ⩾ εg/(βH + Cσ,2).
(C.I.II) If ∥gk∥ ⩽ εg, termination condition (TC.2) is used. Then if the algorithm dose not terminate,
by Proposition 2 and (9), we get

εH ⩽∥ηk∥θ + λmax (Hessφ(ηk;σk))

=∥ηk∥θ + λmax

(
σk∥ηk∥ω

(
ηkη

T
k

ω∥ηk∥2
+ I

) )
⩽∥ηk∥θ +

1 + ω

ω
σk∥ηk∥ω

⩽(1 + Cσ,2(1 + ω)/ω)∥ηk∥µ∧ν∧θ,
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which gives ∥ηk∥ ⩾ ( εH
1+Cσ,2(1+ω)/ω )

1/α. Let Cσ,3 := (βH + Cσ,2) ∨ (1 + Cσ,2(1 + ω)/ω)1/α. For (C.I),

we have ∥ηk∥ ⩾ C−1
σ,3(εg ∧ ε

1/α
H ). Plugging it back into (9) gives

σk ⩽ Cσ,2∥ηk∥µ∧ν−ω ⩽ Cσ,2∥ηk∥α−ω ⩽ Cσ,2∥ηk∥−[ω−α]+ ⩽ Cσ,4(εg ∧ ε
1/α
H )−[ω−α]+ ,

where Cσ,4 := Cσ,2C
[ω−α]+
σ,3 .

(C.II) When ∥ηk∥ > Cσ,1, Proposition 4 introduces another two cases.
(C.II.I) When the former term in Proposition 4 is active, we have

σk ⩽ ∥ηk∥−ω · 3(βH + 1) ⩽ Cσ,5 := 3C−ω
σ,1 (βH + 1).

(C.II.II) When the latter term is active in Proposition 4, (8) and Proposition 5 give

1− ϱ2
2 + ω

σk∥ηk∥2+ω ⩽ CHβ2+µ
g + (1 + CRβ

ν
g ) · βHCRβ

2+ν
g + CRβgβ

1+ν
g ,

which further gives

σk ⩽ Cσ,6 :=
2 + ω

(1− ϱ2)C
2+ω
σ,1

(
CHβ2+µ

g + CRβ
2+ν
g + (1 + CRβ

ν
g )CRβHβ2+ν

g

)
.

Therefore, for (C.II), we have σk ⩽ Cσ,5 ∨ Cσ,6. Combining (C.I) and (C.II) gives

σk ⩽ (Cσ,4 ∨ Cσ,5 ∨ Cσ,6) · (εg ∧ ε
1/α
H )−[ω−α]+ .

Let Cσ := κ3(Cσ,4 ∨Cσ,5 ∨Cσ,6). We conclude σk has an upper bound: σ̄ := Cσ(εg ∧ ε
1/α
H )−[ω−α]+ .

As we can see, when ω > α, the algorithm under-regularizes, meaning it provides inadequate
regularization compared to methods with smaller ω. This can result in potentially larger regularization
parameters, especially when the tolerance εg or εH is set to a small value. The underlying reason
for this behavior is that in cases where the problem exhibits limited smoothness, the quadratic
model function mx may fail to deliver a sufficiently accurate approximation of the objective function,
particularly at points farther away from x. As a remedy, the regularization parameter is increased to
constrain the step size.

Lemma 4 (Minimal successful decrease of RAR). For k ∈ S, we have

f(xk)− f(xk+1) ⩾


Cs(εg/σ̄)

2+ω
1+ω , k ∈ SGG,

Cs(εH/σ̄)
2+ω
ω , k ∈ SL,

where Cs is a positive constant satisfying Cs ⩾ 1 and σ̄ is specified in Lemma 3.

Proof. By the Cauchy condition (4), for k ∈ S, we have

f(xk)− f(xk+1) ⩾ ϱ1(mxk
(0)−mxk

(ηk)) ⩾
ϱ1
¯
σ

2 + ω
∥ηk∥2+ω. (10)

When ∥ηk∥ ⩾ 1, (10) directly satisfies the requirement because

ϱ1
¯
σ

(2 + ω)
∥ηk∥2+ω ⩾

ϱ1
¯
σ

(2 + ω)
≳ 1 ≳ (εg/σ̄)

1/(1+ω) ∨ (εH/σ̄)1/ω.

Thus, we only consider the case where ∥ηk∥ < 1. For k ∈ SGG, by Proposition 2, we get

εg ⩽ Cs,1∥ηk∥1+α + σ̄∥ηk∥1+ω, (11)

12



where Cs,1 := 2CH(CR + 1) + βHCR + 1 and σ̄ is specified in Lemma 3. We claim that the right
hand side of (11) is always dominated by σ̄∥ηk∥1+ω, i.e., ∥ηk∥1+α ≲ σ̄∥ηk∥1+ω. Since ∥ηk∥ < 1, this
is obviously true when α ⩾ ω. Now suppose α < ω and the right hand side of (11) is dominated by
Cs,1∥ηk∥1+α. Then, (11) gives

∥ηk∥ ≳ ε1/(1+α)
g ⩾ εg ⩾ εg ∧ ε

1/α
H .

Since α < ω, by Lemma 3, we get

∥ηk∥α−ω ≲
(
εg ∧ ε

1/α
H

)α−ω
≲ σ̄,

which indicates ∥ηk∥α ≲ σ̄∥ηk∥ω, affirming the dominance of σ̄∥ηk∥ω. Therefore, we conclude that
there exists Cs,2 > 0 such that (11) is equivalent to

εg ⩽ Cs,2σ̄∥ηk∥1+ω,

which further gives ∥ηk∥ ⩾ (εg/(σ̄Cs,2))
1/(1+ω).

For k ∈ SL, by Proposition 2, we have

εH ⩽ ∥ηk∥θ + σ̄∥ηk∥ω.

Similarly, we claim that the right hand side of the above inequality is dominated by σ̄∥ηk∥ω. Therefore,
there exists Cs,3 > 0 such that

εH ⩽ Cs,3σ̄∥ηk∥ω,

which gives ∥ηk∥ ⩾ (εH/(σ̄Cs,3))
1/ω. Let Cs = (C

−(2+ω)/(1+ω)
s,2 ∧ C

−(2+ω)/ω
s,3 ) · ϱ1

¯
σ/(2 + ω). Then we

get the result combining (10).

Plugging Lemmas 3 and 4 into Corollary 1 gives the iteration complexity of RAR with 2+ω
regularization.

Theorem 1 (Iteration complexity of RAR). Under Assumption 1, Algorithm 2 finds an (εg, εH)-
approximate second-order stationary point with the following worst-case iteration complexity:

O

max

ε
−(1+[ω−α]+)·2+ω

1+ω
g , ε

− (2+ω)[ω−α]+
ω

g ε
−2+ω

ω
H , ε

−
(
1+

[ω−α]+
α

)
2+ω
ω

H


 ,

where α = µ ∧ ν ∧ θ.

Proof. By Lemma 3, the second logarithmic term in Corollary 1 is suppressed by the first term. When
εH ⩽ εαg , Lemma 3 states that σ̄ = Cσε

−[ω−α]+/α
H . We calculate the ratio of two minimal decreases for

cases of k ∈ SGG and k ∈ SL in Lemma 4:

(εg/σ̄)
(2+ω)/(1+ω)

(εH/σ̄)(2+ω)/ω
=C(2+ω)/(ω(1+ω))

σ

(εgε
−[ω−α]+/α
H )(2+ω)/(1+ω)

(ε
1−[ω−α]+/α
H )(2+ω)/ω

⩾
(ε

1/α−[ω−α]+/α
H )(2+ω)/(1+ω)

(ε
1−[ω−α]+/α
H )(2+ω)/ω

=
(
ε
ω−α−[ω−α]+−ωα
H

)(2+ω)/(αω(1+ω))
,

where the inequality uses Cσ ⩾ 1 and εH ⩽ εαg . Since ω − α− [ω − α]+ − ωα < 0 (which is easy to
verify), the above ratio is greater than 1, making the minimal decrease for k ∈ SL a lower bound for
Lemma 4:

f(xk)− f(xk+1) ⩾ Cs(εH/σ̄)(2+ω)/ω = CsC
− 2+ω

ω
σ ε

(
1+

[ω−α]+
α

)
2+ω
ω

H .
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When εH > εαg , Lemma 3 states that σ̄ = Cσε
−[ω−α]+
g , and Lemma 4 gives

f(xk)− f(xk+1) ⩾ Csmin

{
C

− 2+ω
1+ω

σ ε
(1+[ω−α]+) 2+ω

1+ω
g , C

− 2+ω
ω

σ ε
(2+ω)[ω−α]+

ω
g ε

2+ω
ω

H

}
.

Combining two cases gives the result.

Corollary 2 (Optimal iteration complexity of RAR). When ω = α, Theorem 1 achieves the optimal
iteration complexity:

O

(
max

{
ε
−2+α
1+α

g , ε
−2+α

α
H

})
.

Proof. When α ⩾ ω, Algorithm 2 becomes

O

(
max

{
ε
−2+ω
1+ω

g , ε
−2+ω

ω
H

})
,

which monotonically decreases as ω increases. When α ⩽ ω, Algorithm 2 becomes

O

(
max

{
ε
− (2+ω)(1+ω−α)

1+ω
g , ε

− (2+ω)(ω−α)
ω

g ε
−2+ω

ω
H , ε

− 2+ω
α

H

})
⩾ O

(
max

{
ε
− (2+ω)(1+ω−α)

1+ω
g , ε

− 2+ω
α

H

})
,

where the right hand side monotonically increases with ω. Therefore, the complexity in Theorem 1 is
optimal when α = ω.

Corollary 2 agrees with Lemma 3 that ω > α under-regularizes. It also suggests that ω < α
over-regularizes, yielding a suboptimal complexity bound.

5 Riemannian Trust Region Methods

Riemannian trust region (RTR) methods [35, 1] add a trust region constraint to the vanilla quadratic
model function (1). To facilitate the iteration complexity analysis, we additionally introduce a small
non-adaptive quadratic regularization term, transforming the Riemannian trust region model problem
at xk ∈ M into:

min
η∈Txk

M, ∥η∥⩽∆k

m̄tr
xk
(η; ∆k) = f(xk) + ⟨η, grad f(xk)⟩+

1

2
⟨η,Hess f(xk)[η]⟩+

1

4
εH∥η∥2. (12)

It is worth noting that we incorporate the trust region as a problem constraint, and thus the
regularization term in the model function (2) is φtr(η) := εH∥η∥2/4. We inherit the method framework
in Algorithm 1 and continue to use a Lanczos-based Krylov subspace method as the subproblem
solver [24, 19]. When the solution to (12) is situated at the trust region boundary, (TC.1) may not be
satisfied. Therefore, we introduce a truncation termination criterion: a Krylov subspace solution is
returned as soon as it reaches the trust region boundary, which gives

∥ηk∥ = ∆k. (TC.T)

Otherwise, we utilize the residual termination criteria (TC.1) or (TC.2). In all cases, (TC.C) must
also be satisfied. We define two additional index sets:

B := {k ∈ K : ∥ηk∥ = ∆k}, and I := {k ∈ K : ∥ηk∥ < ∆k}.

A more practical truncated conjugate gradient (TCG) method [30, 31] can also be used to solve the
subproblem. We defer the detailed description of these subproblem solvers to the next section. The
only difference from a standard trust region subproblem solver is that here we pass a regularized
Hessian H̄k := Hk +

1
2εHI to it. The method is presented in Algorithm 3. When we set εH = 0 and

omit the second-order certification, our algorithm reduces to the classical one in [1].
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Algorithm 3: Riemannian Trust Region Method
1 parameters tolorance εg, εH ∈ (0, 1), trust region adaptation parameters

κ2 ⩾ 1 > κ1 > 0, ∆̄ > 0,∆0 ∈ (0, ∆̄]; step acceptance parameter ϱ ∈ [0, 1/4).
2 input initial point x0 ∈ M.
3 for k = 0, 1, . . . do
4 if ∥gk∥ > εg then
5 obtain ηk by solving problem (12) with termination criteria (TC.(1/T)&C)
6 else if Hk ̸⪰ −εHI then
7 obtain ηk by solving problem (12) with termination criteria (TC.(2/T)&C)
8 else
9 return xk

10 end
11 compute ρk using (3)

12 set ∆k+1 =


min{∆̄, κ2∆k}, ρk > 3/4 and ∥ηk∥ = ∆k, // very successful

κ1∆k, ρk < 1/4, // unsuccessful

∆k, o.w. // successful

13 set xk+1 =

{
Rxk

(ηk), ρk ⩾ ϱ,

xk o.w.
14 end

5.1 Iteration Complexity of RTR

As discussed in Section 3.1, obtaining an iteration complexity bound of RTR only requires establishing
a lower bound of ∆k and the minimal decrease in f for k ∈ S. Similar to the case of RAR (see
Section 4), we need to carefully discuss the gradient dependency introduced by a general retraction
in order to establish a lower bound of ∆k. Moreover, given that our problem does not possess C2,1

smoothness, we employ certain strategies to derive the minimal successful decrease, which are essential
for achieving the optimal complexity bound as shown in [13].

Lemma 5 (Trust region radius lower bound). The trust region radius has a lower bound

¯
∆ := C∆ε

1
µ∧ν
H ,

where C∆ is a positive constant.

Proof. In this proof, we omit the superscript of m̄tr and the subscript xk of m̄xk
, mxk

, and Rxk
.

According to the update rule in Algorithm 3, the trust region radius only shrinks when ρk < 1/4.
Therefore, we only need to establish the lower bound of ∆k when ρk < 1/4. As we are considering the
lower bound of the trust region radius, we only need to consider the case of ∥ηk∥ ⩽ 1. Similar to (8),
when ρk < 1/4, we have

3

4
(m̄(0)− m̄(ηk)) +

3

16
εH∥ηk∥2 ⩽Cd ∥ηk∥2+µ∧ν + CR∥gk∥∥ηk∥1+ν , (13)

where Cd := CH + (1 + CR∆̄
ν)βHCR.

(C.I) If k ∈ I, (13) and Proposition 3 gives

3

16
εH ⩽ Cd∥ηk∥µ∧ν + CR(βH + εH/2)∥ηk∥ν ,
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which further gives

∆k ⩾ ∥ηk∥ ⩾

(
3εH

16(Cd + CR(βH + εH/2))

) 1
µ∧ν

. (14)

(C.II) If k ∈ B, by [26, Lemma 4.3], the Cauchy condition (TC.C) and (13) further give

3

8
∥gk∥ ·min

{
∆k,

∥gk∥
βH + εH/2

}
+

3

16
εH∆2

k ⩽ Cd∆
2+µ∧ν
k + CR∥gk∥∆1+ν

k . (15)

(C.II.I) If ∆k ⩾ ∥gk∥/(βH + εH/2), since ∆k = ∥ηk∥ ⩽ 1, (15) gives

3

16
εH∆2

k ⩽ Cd∆
2+µ∧ν
k + CR∥gk∥∆1+ν

k ⩽ (Cd + CR(βH + εH/2))∆2+µ∧ν
k ,

which further gives the result in (14).
(C.II.II) If ∆k < ∥gk∥/(βH + εH/2), (15) can be reformulated as

∥gk∥∆k

(
3

8
− CR∆

ν
k

)
⩽ Cd∆

2+ν∧µ
k − 3

16
εH∆2

k.

(C.II.II.I) If ∆k ⩽ ( 3
8CR

)1/ν , we have

Cd∥∆k∥2+ν∧µ − 3

16
εH∥∆k∥2 ⩾ 0

which gives ∆k ⩾ ( 3εH
16Cd

)
1

µ∧ν . (C.II.II.II) The other case is just ∆k > ( 3
8CR

)1/ν . Therefore, for (C.II.II),
we have

∆k ⩾ min

{(
3

8CR

) 1
ν

,

(
3εH
16Cd

) 1
µ∧ν

}
. (16)

Combining (14) and (16), and the initial assumption ∥ηk∥ ⩽ 1 gives

∆k ⩾min

{
1,

(
3

8CR

) 1
ν

,

(
3εH
16Cd

) 1
µ∧ν

,

(
3εH

16(Cd + CR(βH + εH/2))

) 1
µ∧ν

}
.

Combining the above cases, we complete the proof with C∆ defined accordingly.

Lemma 6 (Minimal successful decrease of RTR). There exists a positive constant Cg such that for
any k ∈ S, we have

f(xk)− f(xk+1) ⩾
ϱεH
4


∆2

k, k ∈ B ∩ S,
C2
g min{∥gk+1∥4/(1+α)ε

−2/α
H , ε

2/α
H }, k ∈ I ∩ SG,

(εH/2)2/θ, k ∈ I ∩ SL.

Proof. First of all, since the Cauchy termination criterion (TC.C) is enforced for all cases, for any
k ∈ S, we have

f(xk)− f(xk+1) ⩾ ϱ(mxk
(0)−mxk

(ηk)) = ϱ(m̄xk
(0)− m̄xk

(ηk) + εH∥ηk∥2/4) ⩾
ϱεH
4

∥ηk∥2. (17)

Therefore, we only need to figure out a lower bound of ∥ηk∥.
(C.I) For k ∈ B ∩ S, we have ∥ηk∥ = ∆k.
(C.II) For k ∈ I ∩ SG, residual termination condition (TC.1) is used.

(C.II.I) If εH∥ηk∥ ⩽ ε
1+α
2α

H ∥ηk∥
1+α
2 , we have ∥ηk∥ ⩽ 1, which together with Propositions 2 and 3 gives

C ′
g∥ηk∥1+α +

1

2
ε
1+α
2α

H ∥ηk∥
1+α
2 − ∥gk+1∥ ⩾ 0, (18)
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where C ′
g := 2CH(1 + CR) + βHCR + (βH + εH/2)1+θ. By [28, Lemma 17], the solution of this

inequality indicates

∥ηk∥ ⩾

−1 +

√
1 + 16C ′

g∥gk+1∥ε
− 1+α

α
H

4C ′
g

ε
1+α
2α

H


2

1+α

⩾

(
−1 +

√
1 + 16C ′

g

4C ′
g

min

{
∥gk+1∥ε

−1+α
2α

H , ε
1+α
2α

H

}) 2
1+α

=: Cg min{∥gk+1∥2/(1+α)ε
−1/α
H , ε

1/α
H }. (19)

(C.II.II) If εH∥ηk∥ > ε
1+α
2α

H ∥η∥
1+α
2 , we have

∥ηk∥1−
1+α
2 > ε

1+α
2α −1

H =⇒ ∥ηk∥ > ε
1/α
H .

Set Cg := Cg ∧ 1. Then (C.II.II) also satisfies (19).
(C.III) For k ∈ I ∩ SL, since the algorithm does not terminate, residual termination condition

(TC.2) is used and Proposition 2 gives

εH < −λmin(Hk) ⩽ ∥ηk∥θ +
εH
2
,

which further gives ∥ηk∥ ⩾ (εH/2)1/θ. Combining (17) and (C.I-III) gives the result.

We should note that the termination criterion (TC.2) might appear less practical in the context
of RTR because of the fixed nature of Hess m̄tr. However, when this criterion is applied, i.e., when
Hk ̸⪰ −εHI, we anticipate that the Krylov subspace method will be capable of identifying the negative
curvature of the model problem and return a solution located on the trust region boundary. Therefore,
we can omit (TC.2) and rely solely on (TC.T). To be consistent with RAR, here we retain (TC.2) as
an early stopping criterion, and its inexactness can potentially expedite the process. We will give a
concrete subproblem solver and an alternative termination criterion to replace (TC.2) for RTR in
Section 6.4.

Plugging Lemmas 5 and 6 into Corollary 1 gives the iteration complexity of RTR.

Theorem 2 (Iteration complexity of RTR). Under Assumption 1, Algorithm 3 finds an (εg, εH)-
approximate second-order stationary point with the following worst-case iteration complexity:

O

(
max

{
ε
−1− 2

α
H , ε

− 4
1+α

g ε
−1+

2
α

H

})
,

where α = µ ∧ ν ∧ θ.

Proof. By Lemma 5, the second logarithmic term in Corollary 1 is suppressed by the first term. For
k ∈ SGG, by Lemmas 5 and 6, we have

f(xk)− f(xk+1)⩾
ϱ

4
min

{
εH

¯
∆2, C2

gε
4/(1+α)
g ε

1−2/α
H , C2

gε
1+2/α
H

}
≳ min

{
ε
1+2/α
H , ε4/(1+α)

g ε
1−2/α
H

}
.

For k ∈ SL, by Lemmas 5 and 6, we have

f(xk)− f(xk+1)⩾
ϱ

4
min

{
εH

¯
∆2, 2−2/θε

1+2/θ
H

}
≳ ε

1+2/α
H .

Combining two cases with Corollary 1 gives the result.
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Corollary 3 (Optimal iteration complexity of RTR). By choosing εH = ε
α/(1+α)
g , Theorem 1 achieves

the optimal (first-order) iteration complexity:

O

(
ε
−2+α
1+α

g

)
.

Our analysis, especially in light of Corollaries 2 and 3, reveals that the parameters µ, ν, and
θ are equivalently responsible for governing the iteration complexity of RARN, and this control is
encapsulated by the single parameter α = µ ∧ ν ∧ θ. In essence, elevating any of these parameters in
isolation will not improve the worst-case iteration complexity. Furthermore, this observation can serve
as a valuable guideline for algorithm design: when µ, a value determined by the problem, is relatively
large, we need to increase ν and θ to match the accuracy of the model function, which approximates
the objective function, to achieve the optimal iteration complexity. Conversely, a smaller µ provides
the flexibility to relax the smoothness requirement on the retraction and the precision requirement on
the subproblem solver, thus effectively curtailing computational costs.

6 Subproblem Solvers and Operation Complexity

In this section, we comprehensively analyze the subproblem solvers employed in RAR and RTR. Our
focus centers on introducing Lanczos-based Krylov subspace methods as the central subproblem solver,
complemented by integrating minimal eigenvalue oracles (MEO) to assess second-order stationarity.
Building upon these subproblem solvers, we provide insights into our algorithms’ operation complexity,
quantified in terms of the number of Hessian-vector products.

6.1 Lanczos-Based Krylov Subspace Methods

We begin by restating the RARN subproblem:

min
η∈TxM

m̄(η) := ⟨η, g⟩+ 1

2
⟨η,Hη⟩+ φ(∥η∥, σ). (20)

In this formulation, we omit the reference to a specific point x ∈ M and the constant term f(x).
Additionally, we simplify the regularization function to only depend on the norm of η. Krylov subspace
methods aim to approximately minimize m̄ by identifying solutions within specific subspaces known as
the Krylov subspaces. In this paper, for the automatic fulfillment of the Cauchy condition (TC.C), we
construct the Krylov subspaces based on (H, g). Specifically, the order-j Krylov subspace is defined as
span{g,Hg, . . . ,Hj−1g}. We denote ξj as the order-j Krylov subspace solution to (20). Consequently,
the Cauchy point ηC = ξ1 is the first-order Krylov subspace solution. To efficiently compute the
Krylov subspace solutions, we use the Lanczos method to construct an orthogonal Krylov subspace
basis Qj = (q0, . . . , qj−1), transforming the jth subproblem iteration on the tangent space into the
following one in Rj :

min
u∈Rj

∥g∥ · (u)1 +
1

2
u∗Q∗

jHQju+ φ(∥u∥, σ),

where (u)1 ∈ R is the first component of u ∈ Rj , u∗ is the transpose of u, and Q∗
j : TxM → Rj is the

adjoint of Qj , and we use the fact that Q∗
jg = ∥g∥e1 and ∥Qju∥ = ∥u∥. The tridiagonal structure of

Q∗
jHQj streamlines the efficient solution of the above problem, requiring only O(1) Hessian-vector

products. For a more detailed explanation of Lanczos-based Krylov subspace methods, please refer to,
e.g., [4, Section 8], [18, Chapter 10], and [32, Lecture 36]. We present several conditioned operation
complexities of Krylov subspace methods.

Proposition 6 (Operation complexity of Krylov subspace methods). Suppose ηk is returned by a
Krylov subspace method, and η∗ is the exact solution to (20). We have
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1. for the adaptive regularization subproblem, ηk is an ε-optimal solution to (20) with at most
O(ε−1/2∥η∗∥) Hessian-vector product operations [8, Corollary 4.2]2;

2. for the adaptive regularization subproblem, if H ⪰ εHI, ηk is an ε-optimal solution to (20) with
at most O(λmin(H)−1/2 log(1/ε)) Hessian-vector product operations [8, Corollary 4.2];

3. for the non-regularized trust region subproblem, if H ⪰ εHI, ηk is an ε-optimal solution to (20)
with at most O(λmin(H)−1/2 log(1/ε)) Hessian-vector product operations [8, Theorem 4.1].

In Proposition 6, we omit the operation complexity’s dependency on m̄xk
(0)−minη m̄xk

(η), which
can be bounded by ∥gk∥. As our analysis shows that both RAR and RTR converge to an approximate
stationary point, this dependence becomes a constant factor and can thus be neglected. We elaborate
further on this aspect in Appendix A.6.

6.2 Minimal Eigenvalue Oracle

We have not yet specified how we test for second-order stationarity and what to do when H ̸⪰ εHI
in Items 2 and 3 of Proposition 6. To address this, we assume our algorithm can access a minimal
eigenvalue oracle (MEO). Following [17], we require the MEO to indicate whether H ⪰ −εHI or, if
not, to return a unit vector ηE such that〈

ηE, g
〉
⩽ 0 and

〈
ηE, HηE

〉
⩽ −1

2
εH∥ηE∥2, (TC.E)

with at most O(n∧ε
−1/2
H log(1/δ)) Hessian-vector products, where n is the manifold dimension and δ is

the probability that the MEO incorrectly claims H ⪰ −εH . Actually, Krylov subspace methods, with
a Lanczos-based orthogonal basis or an H-conjugate basis (resulting in conjugate gradient methods),
satisfy these requirements with an operation complexity of O(n ∧ ε

−1/2
H log(n/δ2)) [29, Appendix B.2].

6.3 Operation Complexity of RAR

In this subsection, we provide a concrete algorithm of adaptive regularization methods with a strong
operation complexity guarantee. To simplify the analysis, we set α := µ = ν = θ = ω, the optimal
parameter profile discussed in previous sections. As for the subproblem solver, we substitute Lines 4
to 10 of Algorithm 2 with Algorithm 4. Based on Item 1 of Proposition 6, we limit the number of
subproblem iterations to Ksub = O(ε

−1/2
H ), and propose a new termination criterion:

m(0)−m(η) ⩾
αε

(2+α)/α
H

12σ̄2/α
. (TC.D)

which directly fulfills the requirement for minimal successful decrease (Lemma 4, albeit potentially
with a different constant), rendering (TC.2) obsolete. We have the following proposition.

Proposition 7. If Hk ̸⪰ −εHI, then a Krylov subspace method will find a solution satisfying (TC.D)
within at most O(ε

−1/2
H ) iterations.

We first try solving the subproblem using a Lanczos-based Krylov subspace method (Lines 2 to
8). By Proposition 7, if max_flag remains true after Ksub iterations, we know that Hk ⪰ −εHI
(Lines 9 to 14). Subsequently, if ∥gk∥ ⩽ εg, it signifies that xk is an (εg, εH)-approximate second-order
stationary point and we can terminate the algorithm (Line 11). If ∥gk∥ > εg, because the Krylov
subspace method fails to meet an appropriate termination criterion within the specified number of

2[8] considers cubic regularization with fixed regularization parameter, but it still applies here because the implied
complexity does not involve the regularization order or parameter.
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iterations, we still need to efficiently find an iteration step that aims for the first-order stationarity.
Since now Hk ⪰ −εHI, we solve (20) again with a regularized Hessian H̄k = Hk + 2εHI to obtain
ηk (Line 13), which is guaranteed to satisfy the residual termination criterion (TC.1) with at most
Õ(ε

−1/2
H ) iterations by Item 2 of Proposition 6.
On the other hand, even if max_flag = false, we cannot assert that Hk ̸⪰ −εHI (Lines 15 to

24). Therefore, when max_flag = false and the first-order stationarity is achieved (∥gk∥ ⩽ εg), we
still need to call an MEO to test the second-order stationarity. If the MEO claims the presence of the
second-order stationarity, we terminate the algorithm (Line 19); otherwise, we continue the algorithm
with the returned subproblem solution ηk = ξj (Line 22).

Algorithm 4: Subproblem solver for RAR
1 set max_flag = true
2 for j = 1, ...,Ksub do
3 get order-j Krylov subspace solution ξj
4 if (∥gk∥ > εg and ξj satisfies (TC.1)) or ξj satisfies (TC.D) then
5 set max_flag = false
6 break for
7 end
8 end
9 if max_flag = true then

10 if ∥gk∥ ⩽ εg then
11 return xk and terminate the outer algorithm
12 else
13 return ηk by solving problem (5) with Hk replace with H̄k = Hk + 2εHI and

termination criterion (TC.1)
14 end
15 else // max_flag = false
16 if ∥gk∥ ⩽ εg then
17 call an MEO to test the second-order stationarity
18 if the MEO indicates that Hk ⪰ −εHI then
19 return xk and terminate the outer algorithm
20 end
21 else
22 return ηk = ξj
23 end
24 end

Due to the utilization of a regularized Hessian (Line 13), a minor adjustment is required for
the iteration complexity of RAR (Corollary 2). When combined with the operation complexity of
Lanczos-based Krylov subspace methods and MEO, we obtain an operation complexity guarantee of
RAR.

Corollary 4 (Operation complexity of RAR). Algorithms 2 and 4 finds an (εg, εH)-approximate
second-order stationary point with the following worst-case operation complexity:

Õ

(
max

{
ε
−2(2+α)

1+α
g ε

2+α
α

H , ε
−2+α

α
H

}
· ε−1/2

H

)
,
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where Õ suppresses the logarithmic dependency on εH . When εH = ε
α/(1+α)
g , the complexity becomes

Õ

(
ε
− 4+3α
2(1+α)

g

)
,

which further becomes Õ(ε
−7/4
g ) when α = 1.

We thoroughly examine in Appendix B the applicability of Lemmas 3 and 4, and thus Corollary 2,
when employing Algorithm 4, making this operation complexity valid.

6.4 Operation Complexity of RTR

Similarly, we adopt the parameter profile α := µ = ν = θ in this subsection. For RTR, we substitute
Lines 4 to 10 of Algorithm 3 with Algorithm 5. Additionally, to ensure H̄k ⪰ εHI indicates Hk ⪰ −εHI,
we increase the regularization strength by setting the regularized Hessian as H̄k = Hk + 2εHI, which
aligns with its usage in Algorithm 4. This modification deprecates termination criterion (TC.2).
Based on Item 3 of Proposition 6 applied to the new regularized Hessian H̄k, we limit the number
of subproblem iterations to Ksub = Õ(ε

−1/2
H ), which is sufficient to meet any residual termination

criterion if H̄k ⪰ εHI. Therefore, we first try solving the subproblem using a Lanczos-based Krylov
subspace method (Lines 2 to 8). If max_flag remains true after Ksub iterations, we know that
Hk ̸⪰ −εHI, and we use an MEO to find a suitable iteration step corresponding to its minimal
eigenvalue (Lines 9 to 11).

On the other hand, if max_flag = false, we cannot claim that Hk ⪰ −εHI (Lines 12 to 23).
If we are confident that xk is not a second-order stationary point, we proceed with the returned
subproblem solution ηk = ξj (Line 14). Otherwise, we once again call an MEO to test the second-order
stationarity. When making use of the return of an MEO, we set ηk = ∆kη

E to satisfy (TC.T) and
thus replace (TC.2).

We remark that in the subproblem solver for RAR (Algorithm 4), we exclusively employ an MEO
to assess second-order stationarity and do not rely on it to provide an iteration step. This is because
for the RAR subproblem, a Krylov subspace method performs well (efficiently finds a solution that
offers sufficient model decrease) when Hk ̸⪰ −εHI (see Proposition 7). However, Krylov subspace
methods for the RTR subproblem do not enjoy this nice property when Hk ̸⪰ −εHI, especially in
hard cases (see [26, Chapter 4] or [16, Chapter 7]). Therefore, we also incorporate an MEO into our
subproblem solver for RTR to determine the iteration steps. This approach is characterized by its
simplicity and efficiency (recall that a Krylov subspace method is an MEO), aligning with established
practices in the field [17, 33].

By Corollary 3 and the operation complexity of Lanczos-based Krylov subspace methods and
MEO, we obtain an operation complexity guarantee of RTR.

Corollary 5 (Operation complexity of RTR). Algorithms 3 and 5 finds an (εg, εH)-approximate
second-order stationary point with the following worst-case operation complexity:

Õ

(
max

{
ε
−1− 2

α
H , ε

− 4
1+α

g ε
−1+

2
α

H

}
· ε−1/2

H

)
.

where Õ suppresses the logarithmic dependency on εH . Let εH = ε
α/(1+α)
g , the complexity becomes

Õ

(
ε
− 4+3α
2(1+α)

g

)
,

which further becomes Õ(ε
−7/4
g ) when α = 1.
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Algorithm 5: Subproblem solver for RTR
1 set max_flag = true
2 for j = 1, ...,Ksub do
3 get order-j Krylov subspace solution ξj with the regularized Hessian H̄k

4 if ξj satisfies (TC.1/T) then
5 set max_flag = false
6 break for
7 end
8 end
9 if max_flag = true then

10 call an MEO to return ηE

11 return ηk = ∆kη
E

12 else // max_flag = false
13 if ∥gk∥ > εg or ∥ξj∥ = ∆k then
14 return ηk = ξj
15 else
16 call an MEO to test the second-order stationarity
17 if the MEO indicates that Hk ⪰ −εHI then
18 return xk and terminate the outer algorithm
19 else
20 return ηk = ∆kη

E, where ηE is obtained through the MEO
21 end
22 end
23 end

We thoroughly examine in Appendix C the applicability of Lemmas 5 and 6, and thus Corollary 3,
when employing Algorithm 5, making this operation complexity valid.

Remark 2 (TCG as RTR’s subproblem sovler). Truncated conjugate gradient (TCG) methods [30, 31]
constitute another practical choice for the subproblem solver in RTR [35, 1]. For trust region methods
designed for C2 problems in Euclidean spaces with TCG as the subproblem solver, [17] provides an
iteration complexity of Õ(ε

−3/2
g ) and an operation complexity of Õ(ε

−7/4
g ). Remarkably, with minimal

adjustments, our analysis seamlessly extends to the context of RTR employing TCG as the subproblem
solver, yielding an iteration complexity given in Corollary 3 and an operation complexity given in
Corollary 5. This adaptability arises due to the commensurate operation complexity of TCG and
Lanczos-based Krylov subspace methods. Additionally, when TCG terminates within the trust region
(∥ηk∥ < ∆k), it equates to a Krylov subspace method (with a Hk-conjugate basis). When ∥ηk∥ = ∆k,
we only necessitate the Cauchy condition (TC.C), a criterion also satisfied by TCG. Thus, our analysis
aptly extends to encompass TCG as well.

We conclude with some additional insights into the unified view of the subproblem procedures
for RAR and RTR. When max_flag = true, indicating that the subproblem solver falls short of
meeting the termination criteria within Õ(ε

−1/2
H ) iterations, both methods gain the knowledge about

the approximate positive definiteness of Hk: RAR can deduce that Hk ⪰ −εHI, while RTR can assert
that Hk ̸⪰ −εHI. However, despite this information, obtaining a suitable iteration step remains
elusive at this point for both methods. Consequently, an additional process is required by both RAR
and RTR to determine ηk: RAR employs a regularization on the Hessian, and RTR can leverage an
MEO. Conversely, when max_flag = false and ∥gk∥ ⩽ εg, both procedures still lack information
regarding the approximate positive definiteness of Hk; thus, both depend on an MEO to test the
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second-order stationarity. However, since RAR can find a suitable iteration point satisfying the
second-order termination criterion (TC.2) or (TC.D), it does not rely on the MEO to return ηk.
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Appendix

A Proof of Propositions

A.1 Proof of Proposition 1

Proof. The first inequality is given by [35, Proposition 3] and the second is by [35, Corollary 5.1]. In
this proof, we omit the subscript xk of Rxk

and expxk
. By the Taylor expansion on manifolds ([6,

Section 4.1]), there exists τ ∈ [0, 1] such that

f(R(ηk)) = f(exp(ηk)) +
〈
grad f(γ(τ)), γ′(τ)

〉
,

where γ is the geodesic from exp(ηk) to R(ηk). Then, we have

|f(R(ηk))− f(exp(ηk))|
=
∣∣〈grad f(γ(τ)), γ′(τ)〉∣∣

=
∣∣〈P τ→0

γ grad f(γ(τ)), γ′(0)
〉∣∣ (21)

⩽∥P τ→0
γ grad f(γ(τ))∥∥γ′(0)∥

=∥ grad f(xk)− grad f(xk) + P τ→0
γ grad f(γ(τ))∥ · dist(exp(ηk), R(ηk)) (22)

⩽ (∥ grad f(xk)∥+ βH dist(xk, γ(τ))) · dist(exp(ηk), R(ηk)), (23)

where (21) use the fact that the parallel transport P τ→0
γ preserves inner product and P τ→0

γ γ′(τ) = γ(0)
becomes γ′ is parallel along γ; (22) is by the definition of a geodesic in Section 2; and in (23), βH is
the uniform operator norm bound of Hess f , and then grad f is βH -Lipschitz continuous. Then by the
triangle inequality, we have

dist(xk, γ(τ)) ⩽ dist(xk, exp(ηk)) + dist(exp(ηk), γ(τ)) ⩽ ∥ηk∥+ dist(exp(ηk), R(ηk)). (24)

Combining (23), (24), and the first inequality of Proposition 1 gives the desired result.

A.2 Proof of Proposition 2

Proof. We denote rk := grad m̄xk
(ηk) and sk := gradφ(ηk;σk). Then, rk = gk +Hkηk + sk. For k ∈ S,

we have

∥gk+1∥ = ∥gk+1 + Pk,k+1(rk − gk −Hkηk − sk)∥
⩽ ∥gk+1 − Pk,k+1(gk +Hkηk)∥+ ∥rk∥+ ∥sk∥
⩽ ∥gk+1 − Pk,k+1(gk+Hk exp

−1
xk

(xk+1))∥︸ ︷︷ ︸
S1

+ ∥Hk(exp
−1
xk

(xk+1)− ηk)∥︸ ︷︷ ︸
S2

+∥ηk∥1+θ + ∥sk∥,
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where we write Pk,k+1 := Pxk,xk+1
, which is norm preserving, for notational simplicity and use (TC.1):

∥rk∥ ⩽ ∥ηk∥1+θ. Since f ∈ C2,µ, by the Taylor expansion of grad f(xk) ([6, Section 4.1]), we have

S1 ⩽CH dist(xk, xk+1)
1+µ

⩽CH(dist(xk, expxk
(ηk)) + dist(expxk

(ηk), Rxk
(ηk)))

1+µ

⩽2CH dist(xk, expxk
(ηk))

1+µ + 2CH dist(expxk
(ηk), Rxk

(ηk))
1+µ (25)

⩽2CH∥ηk∥1+µ + 2CHC1+µ
R ∥ηk∥(1+µ)(1+ν), (26)

where (25) is by the convexity of function z 7→ z1+µ and (26) is by Proposition 1, which also gives

S2 ⩽ βHCR∥ηk∥1+ν .

Substituting S1 and S2 with the above bounds gives the first result of Proposition 2.
For ηk satisfying termination criterion (TC.2), we have

−λmin(Hk) =λmax(−Hk) = λmax(−Hess m̄(ηk) + Hessφ(ηk;σk))

⩽− λmin(Hess m̄(ηk)) + λmax(Hessφ(ηk;σk))

⩽∥ηk∥θ + λmax(Hessφ(ηk;σk)),

where the first inequality is by [36, Theorem 10.21] and uses the fact that Hess m̄ and Hessφ are
Hermitian.

A.3 Proof of Proposition 3

Proof. Let ξ1 be the minimizer of (5) restricted in the first Krylov subspace span{gk}. Then we have
gradτ m̄(τgk) = τ ⟨gk, grad m̄(ξ1)⟩ = 0, where ξ1 = τgk. Calculating the gradient of m̄ gives

⟨gk, gk +Hkξ1 + gradφ(ξ1)⟩ = 0, (27)

which further gives

∥gk∥2 = −⟨gk, Hkξ1⟩ − ⟨gk, gradφ(ξ1)⟩ ⩽ ∥gk∥∥Hk∥∥ξ1∥+ ∥gk∥∥ gradφ(ξ1)∥.

Then for RAR, since ∥ gradφ(ξ)∥ = σk∥ξ∥1+ω increases with the magnitude of ξ and ∥ξ1∥ ⩽ ∥ηk∥ [14,
Theorem 1], we have

∥gk∥ ⩽ βH∥ξ1∥+ ∥ gradφ(ξ1)∥ ⩽ βH∥ηk∥+ ∥ gradφ(ηk)∥. (28)

For RTR, ∥ξ1∥ ⩽ ∥ηk∥ also holds [30, 24]. Therefore, if ∥ηk∥ < ∆k, we know ∥ξ1∥ < ∆k, and then (27)
still holds. Since ∥ gradφ(ξ)∥ also increases with the magnitude of ξ for RTR, (28) still holds.

A.4 Proof of Proposition 4

Proof. In this proof, we omit the superscript and subscript of m̄ar
xk

. By the Cauchy termination
criterion (TC.C), we have

0 ⩽ m̄(0)− m̄(ηk) ⩽ ∥gk∥∥ηk∥+
1

2
βH∥ηk∥2 −

σk
2 + ω

∥ηk∥2+ω. (29)

If ∥ηk∥ ⩾ ∥gk∥, (29) gives

∥ηk∥2 ·
(
1 +

βH
2

− σk
2 + ω

∥ηk∥ω
)

⩾ 0.
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Therefore, we have

∥ηk∥ ⩽

(
(2 + βH)(2 + ω)

2σk

)1/ω

∨ ∥gk∥. (30)

Another decomposition of the right hand side (29) gives

0 ⩽ ∥ηk∥ ·
(
∥gk∥ −

σk
2(2 + ω)

∥ηk∥1+ω

)
+ ∥ηk∥2 ·

(
βH
2

− σk
2(2 + ω)

∥ηk∥ω
)
.

Hence the two terms on the right hand side of the above inequality cannot both be negative. This
gives

∥ηk∥ ⩽

(
2βH(2 + ω)

2σk

)1/ω

∨
(
2(2 + ω)∥gk∥

σk

)1/(1+ω)

. (31)

Utilizing ω ∈ (0, 1] and the fact that (a ∨ b) ∧ (a ∨ c) = a ∨ (b ∧ c), (30) and (31) give

∥ηk∥ ⩽

(
3(βH + 1)

σk

)1/ω

∨

(
∥gk∥ ∧

(
6∥gk∥
σk

)1/(1+ω)
)
.

A.5 Proof of Proposition 5

Before proving Proposition 5, we provide a lemma on the lower bound of the model decrease.

Lemma 7 (Cauchy decrease). If ηk satisfies the Cauchy termination criterion (TC.C), then we have

m̄ar
xk
(0)− m̄ar

xk
(ηk) ⩾

∥gk∥2

4
(
βH ∨

(
σ
1/(1+ω)
k ∥gk∥ω/(1+ω)

)) .
Proof. In this proof, we omit the superscript and subscript of m̄ar

xk
. Let ηC be the Cauchy point. Then

for any τ ∈ R, we have m̄(ηC) ⩽ m̄(−τgk). Therefore, we have

m̄(0)− m̄(ηC) ⩾ m̄(0)− m̄ (−τgk)

= τ ∥gk∥2 −
1

2
τ2 ⟨gk, Hkgk⟩ −

σk
2 + ω

τ2+ω ∥gk∥2+ω

⩾ τ ∥gk∥2
(
1− τβH

2
− σkτ

1+ω ∥gk∥ω

2 + ω

)
.

The above inequality holds for any τ . Let τ = 1
2βH

∨
(

2+ω
4σk∥gk∥ω

)1/(1+ω)
. We get

m̄(0)− m̄
(
ηC
)
⩾ τ ∥gk∥2

((
1

2
− 1

2βH
· βH

2

)
+

(
1

2
− 2 + ω

4σk ∥gk∥ω
· σk ∥gk∥

ω

2 + ω

))
=

τ ∥gk∥2

2

⩾
∥gk∥2

4
(
βH ∨

(
σ
1/(1+ω)
k ∥gk∥ω/(1+ω)

)) .
Notice that the above inequality also holds for gk = 0, in which case we let τ = 1/(2βH).
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Proof of Proposition 5. Our proof follows the same logic of [12, Theorem 2.5 and Corollary 2.6] which
proves that limk ∥gk∥ = 0. Here we aim to show lim supk ∥gk∥ < +∞. The result automatically holds if
S is finite. Thus, we assume |S| = +∞ in the rest of the proof. We first claim that lim infk ∥gk∥ < +∞.
If not, for any C > 0, there exists K1 ∈ N such that for any k ⩾ K1, it holds that ∥gk∥ > C. By
Lemma 7, we have∑

k∈S
f(xk)− f(xk+1) ⩾

∑
k∈S, k⩾K1

ϱ1∥gk∥2

4
(
βH ∨

(
σ
1/(1+ω)
k ∥gk∥ω/(1+ω)

)) .
Since f is bounded below, we know the summand sequence of the right hand side of the above
inequality converges to zero. Then since ∥gk∥ > C, we know that βH in the denominator must be
inactive when k ⩾ K2 for some K2 ⩾ K1. Therefore, we get

+∞ >
∑
k∈S

fk − fk+1 ⩾
∑

k∈S, k⩾K2

ϱ1∥gk∥2−ω/(1+ω)

4σ
1/(1+ω)
k

⩾
ϱ1C

4

∑
k∈S, k⩾K2

(
∥gk∥
σk

)1/(1+ω)

,

which gives

lim
k1→∞

∑
k∈S, k⩾k1

(
∥gk∥
σk

)1/(1+ω)

= 0, (32)

which further gives limS∋k→∞ ∥gk∥/σk = 0 and thus limS∋k→∞ σk = +∞ due to ∥gk∥ > C. Let
C ⩾ βH + 1. Then, by Proposition 4, there exists K3 ⩾ K2 such that for any k ∈ S and k ⩾ K3, we
have

∥ηk∥ ⩽

(
6∥gk∥
σk

)1/(1+ω)

⩽ 1. (33)

Then, by the triangle inequality and Proposition 1, for any k2 ⩾ k1 ⩾ K3, we have

dist(xk2 , xk1) ⩽
∑
k∈S

k1⩽k<k2

dist(xk, xk+1)

=
∑
k∈S

k1⩽k<k2

∥ exp−1
xk

(Rxk
(ηk))∥

Prop. 1
⩽

∑
k∈S

k1⩽k<k2

∥ηk∥ · (1 + CR∥ηk∥ν)

(33)

⩽ (1 + CR) ·
∑
k∈S

k1⩽k<k2

∥ηk∥

(33)

⩽ 61/(1+ω)(1 + CR) ·
∑
k∈S

k1⩽k<k2

(
∥gk∥
σk

)1/(1+ω)

⩽ 61/(1+ω)(1 + CR) ·
∑
k∈S
k⩾k1

(
∥gk∥
σk

)1/(1+ω)

(32)→ 0 as k1 → +∞. (34)

Therefore, {xk} is a Cauchy sequence. Since M is complete, we know {xk} converges, contradicting
the hypothesis lim infk ∥gk∥ = +∞.

28



Now suppose lim infk ∥gk∥ ⩽ C. If lim supk ∥gk∥ = +∞, then there exists SC ⊂ S such that
|SC | = +∞ and ∥gk∥ ⩾ C + 1 for any k ∈ SC . For any k1 ∈ SC , let k2 be the smallest integer such
that k1 ⩽ k2 ∈ S and ∥gk2∥ ⩽ C. Consider the infinite index set formed by these consecutive index
sequences (say J ), whose definition implies ∥gk∥ > C for all k ∈ J . We observe a similar pattern as
in (32–34), which only relies on the condition that ∥gk∥ > C within the specified index set. This leads
us to the conclusion that

dist(xk2 , xk1) → 0 as k1 → +∞.

By the Lipschitzness of grad f , we get

∥gk1∥ ⩽ ∥gk2∥+ ∥gk1 − gk2∥ → ∥gk2∥ ⩽ C as k1 → +∞,

contradicting to the assumption that ∥gk1∥ ⩾ C + 1. Therefore, we conclude lim supk ∥gk∥ < +∞ and
thus {gk} is bounded.

A.6 Remark on Proposition 6

Item 1 in Proposition 6 is directly given by [8, Corollary 4.2], our construction of the Krylov subspace
basis, and the fact that |λmax(Hk)| ∨ |λmin(Hk)| ⩽ βH . Similarly, for Items 2 and 3, we simply need
to obtain an upper bound on m̄xk

(0) − m̄xk
(η∗), where η∗ := argminη m̄xk

(η). Recall that we set
α = µ = ν = θ = ω.

For RAR (Item 2), by Proposition 4 (which remains valid when using Algorithm 4 as the subproblem
solver, as discussed in Appendix B), we have

∥η∗∥ ⩽

(
3(βH + 1)

¯
σ

)1/α

∨ ∥gk∥ = O(∥gk∥ ∨ 1).

Then, we get

m̄ar
xk
(0)− m̄ar

xk
(η∗) ⩽∥gk∥∥η∗∥+

1

2
∥Hk∥∥η∗∥2 +

σk
2 + α

∥η∗∥2+α

⩽∥gk∥∥η∗∥+
βH
2

∥η∗∥2 + σ̄

2 + α
∥η∗∥2+α

=O(∥gk∥2+α ∨ 1),

where we use the fact that σ̄ = O(1) when α = µ = ν = θ = ω, which is regardless of the subproblem
solver (see Appendix B).

For RTR (Item 3), we have

m̄tr
xk
(0)− m̄tr

xk
(η∗) ⩽ ∥gk∥∥η∗∥+

1

2
(∥Hk∥+ 2εH)∥η∗∥2 ⩽ ∥gk∥∆̄ +

βH + 2εH
2

∆̄2 = O(∥gk∥ ∨ 1).

Then, we can proceed the analysis with the maximum number of subproblem iterations explicitly
dependent on ∥gk∥, i.e., Ksub := Õ((∥gk∥2+α ∨ 1) · ε−1/2

H ). Notably, both RAR and RTR converge
to a small gradient region characterized by ∥gk∥ ⩽ εg. Consequently, we can assert the existence
of a positive constant βg such that ∥gk∥ ⩽ βg for all k ∈ K. Hence, the gradient norm dependency
becomes a constant factor and can be disregarded.

A.7 Proof of Proposition 7

Proof. In this proof, we omit the subscript and superscript of m̄ar
xk

. By the optimality condition of
min m̄(η) [21, Theorem 1.1], we know{

gk +Hkη
∗ + σk∥η∗∥αη∗ = grad m̄(η∗) = 0, first-order optimality,

λmin(Hk) + σk∥η∗∥α ⩾ λmin(Hess m̄(η∗)) ⩾ 0, second-order optimality,
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where η∗ = argminη m̄
ar
xk
(η). Since Hk ̸⪰ −εHI, by the second-order optimality condition, we get

∥η∗∥ ⩾ (εH/σk)
1/α. The first-order optimality condition gives

m̄(0)− m̄(η∗) = −⟨gk, η∗⟩ −
1

2
⟨η∗, Hkη

∗⟩ − σk
2 + α

∥η∗∥2+α

= ⟨η∗, Hkη
∗⟩+ σk∥η∗∥2+α − 1

2
⟨η∗, Hkη

∗⟩ − σk
2 + α

∥η∗∥2+α

=
1

2
⟨η∗, Hkη

∗⟩+ 1 + α

2 + α
σk∥η∗∥2+α.

Combined with the second-order optimality condition, we get

m̄(0)− m̄(η∗) ⩾
1

2
(−σk∥η∗∥2+α) +

1 + α

2 + α
σk∥η∗∥2+α =

α

2(2 + α)
σk∥η∗∥2+α.

Then if m̄(η)− m̄(η∗) ⩽ ασk∥η∗∥2+α/12, we have

m(0)−m(η) ⩾m̄(0)− m̄(η) = m̄(0)− m̄(η∗)− (m̄(η)− m̄(η∗)) ⩾
ασk

2(2 + α)
∥η∗∥2+α − ασk

12
∥η∗∥2+α

⩾
ασk
12

∥η∗∥2+α ⩾
αε

(2+α)/α
H

12σ̄2/α
.

By Item 1 of Proposition 6, to make m̄(η)− m̄(η∗) ⩽ ασk∥η∗∥2+α/12, we need at most

O((σk∥η∗∥2+α)−1/2∥η∗∥) = O(∥η∗∥−α/2) ⩽ O((ε
1/α
H )−α/2) = O(ε

−1/2
H )

iterations.

B Validating Iteration Complexity of RAR

In this subsection, we revisit Section 4 while using Algorithm 4 as the RAR subproblem process.
We highlight the only differences between Algorithm 4 and a pure Krylov subspace method with
(TC.1) and (TC.2): a new termination criterion (TC.D) replacing (TC.2) (Line 4) and occasional
recalculations of the iteration step using a regularized Hessian H̄k = Hk + 2εHI (Line 13). The MEO
does not impact the iteration complexity because we only use it to test the second-order stationarity
for RAR. Intuitively, the regularized Hessian will merely introduce a slightly larger Hessian operator
norm bound βH + 2εH ; and new termination criterion (TC.D), which replaces (TC.2), directly applies
a condition on the model decrease, which will not only fulfill all previous discussions but also make
their establishment more straightforward.

We begin by examining Propositions 3 to 5, which only rely on the Cauchy condition (TC.C). One
can observe that in these propositions, as well as in Lemma 7, any reliance on Hk gets transformed
into its corresponding norm bound βH . Therefore, the regularized Hessian merely leads to a slightly
larger norm bound: βH + 2εH . Without loss of generality, we can substitute all instances of βH with
βH + 2εH . Furthermore, the corollary inequality (4) of the Cauchy condition remains valid because

mxk
(0)−mxk

(ηk) = m̄xk
(0)− m̄xk

(ηk) + εH∥ηk∥2 + φ(ηk;σk) ⩾ εH∥ηk∥2 + φ(ηk;σk) ⩾ φ(ηk;σk).

We then examine Lemma 3. Recall that we have set ω = µ = ν. Then, for (C.I) in Lemma 3,
(9) directly gives a bound σk ⩽ Cσ,2. Thus, we do not need to consider (C.I.II) where (TC.2) comes
into play. The bound of (C.II) remains unchanged as it does not involve any termination criterion.
Therefore, using Algorithm 4, the upper bound of σk reduces to

σ̄ = κ3(Cσ,2 ∨ Cσ,5 ∨ Cσ,6).
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For Lemma 4, a slight modification is required to accommodate the utilization of a regularized
Hessian. We opt for a single lower bound on the model decrease for any k ∈ SGG ⊔ SL:

mxk
(0)−mxk

(ηk) ≳ min

{
ε

2(2+α)
1+α

g ε
−2+α

α
H , ε

2+α
α

H

}
. (35)

It is evident that ηk returned using (TC.D) directly satisfies this lower bound. For ηk returned using
(TC.1) and an unregularized Hessian, since Algorithm 4 also necessitates ∥gk∥ > εg in this case,
k ∈ SGG ⊔ SL implies k ∈ SGG. Lemma 4 for k ∈ SGG directly gives (35) without adaptation in this
case, because

min

{
ε

2(2+α)
1+α

g ε
− 2+α

α
H , ε

2+α
α

H

}
︸ ︷︷ ︸

(35)

/
ε

2+α
1+α
g︸︷︷︸

Lem. 4

= min

{
ε

2+α
1+α
g ε

− 2+α
α

H ,

(
ε

2+α
1+α
g ε

− 2+α
α

H

)−1
}

⩽ 1.

Finally, if ηk is returned using a regularized Hessian, (11) becomes

εg ⩽ (Cs,1 + σ̄)∥ηk∥1+α + 2εH∥ηk∥,

which resembles (18). Thus, similar to (C.II.I) and (C.II.II), we get ∥ηk∥ ≳ ε
1/(1+α)
g when ∥ηk∥α ≳ εH ;

and when ∥ηk∥α ̸≳ εH , we have

∥ηk∥ ⩾

−1 +

√
1 + (Cs,1 + σ̄)εgε

− 1+α
α

H

Cs,1 + σ̄
ε

1+α
2α

H


2

1+α

⩾

(
−1 +

√
1 + Cs,1 + σ̄

Cs,1 + σ̄
min

{
εgε

− 1+α
2α

H , ε
1+α
2α

H

}) 2
1+α

≳min

{
ε

2
1+α
g ε

− 1
α

H , ε
1
α
H

}
.

Then by the Cauchy condition (4), (35) holds. To recap, (35) holds for all cases. Therefore, the
iteration complexity of RAR in Corollary 2 turns into

O

(
max

{
ε
−2(2+α)

1+α
g ε

2+α
α

H , ε
−2+α

α
H

})
.

Combined with the operation operation complexity of Lanczos-based Krylov subspace methods and
MEO, we get Corollary 4.

C Validating Iteration Complexity of RTR

In this subsection, we revisit Section 5 while using Algorithm 5 as the RTR subproblem process. We
highlight the only difference between Algorithm 5 and a pure Krylov subspace method with (TC.1),
(TC.2) and (TC.T): we will occasionally use ηE returned by an MEO with (TC.E) to construct the
iteration step, on which we do not impose any other conditions such as the Cauchy condition (TC.C).
Intuitively, we only invoke an MEO if there is uncertainty regarding the second-order stationarity,
and it will return an eigenvector associated with λmin(Hk) when Hk ̸⪰ −εHI. Similar to (TC.D),
this approach will not only fulfill our previous discussions but also make their establishment more
straightforward.
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We only need to examine Lemmas 5 and 6. According to Algorithm 5, an MEO is invoked only
if max_flag = true or ∥ξj∥ < ∆k. In both scenarios, we know that the first-order Krylov subspace
solution resides within the interior of the trust region, and thereby ∥gk∥ ⩽ (βH + 2εH)∥ξ1∥ (see
Appendix A.3). Therefore, when using an MEO, (13) in Lemma 5 should be reformulated as

3

4
(mxk

(0)−mxk
(ηk)) ⩽ Cd∥ηk∥2+α + CR(βH + 2εH)∥ξ1∥∥ηk∥1+α,

where we set α = µ = ν. By (TC.E) and ∥ηk∥ = ∆k, we have

3

8
εH∆2

k ⩽ (Cd + CR(βH + 2εH))∆2+α
k ,

which gives ∆k ≳ ε
1/α
H . Therefore, Lemma 5 still holds using an MEO, perhaps with different constants.

For Lemma 6, if ηk is returned by an MEO, by (TC.E), we directly have

mxk
(0)−mxk

(ηk) = −∆k

〈
gk, η

E
〉
−

∆2
k

2

〈
ηE, Hkη

E
〉
⩾

1

4
εH∆2

k.

Therefore, Lemma 6 also holds for MEO. In summary, the iteration complexity of RTR in Corollary 3
remains valid when using Algorithm 5, as does the operation complexity in Corollary 5.
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