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Abstract001

While Monte Carlo Tree Search (MCTS) effec-002
tively enhances LLM reasoning, its widespread003
application is constrained by the unreliabil-004
ity of intermediate rewards and prohibitive005
time costs. Prevailing methods typically se-006
cure high-quality signals via external super-007
vision, while intrinsic self-evaluation often008
suffers from noise and unreliability, limit-009
ing the scalability and broad applicability of010
tree search. To address these challenges, we011
propose ASE-MCTS, an Asynchronous Self-012
Evaluated MCTS framework. To improve re-013
ward robustness, we introduce a fused reward014
mechanism that integrates diverse signals, in-015
cluding pairwise comparisons, to enhance both016
global alignment and local discriminability. Si-017
multaneously, we utilize a novel asynchronous018
orchestrator that parallelizes independent ex-019
pansion and simulation tasks, effectively mask-020
ing generation latency. Extensive experiments021
demonstrate that ASE-MCTS consistently out-022
performs strong baselines and achieves capa-023
bility breakthroughs on high-difficulty bench-024
marks without external supervision. Moreover,025
our asynchronous design significantly improves026
computational efficiency, yielding up to a 6×027
speedup over synchronous implementations.028

1 Introduction029

While Large Language Models (LLMs) excel030

across various domains, they still struggle with031

complex, multi-step tasks. Although Large Rea-032

soning Models (LRMs) like OpenAI-o1 (OpenAI,033

2024) enhance problem-solving via internalized034

chain-of-thought (Wei et al., 2022), a single sam-035

pling pass inherently limits their exploration of036

the solution space. Inference-time strategies ad-037

dress this limitation: methods like Self-Consistency038

(Wang et al., 2023) broaden coverage through par-039

allel sampling, while tree-based approaches like040

Tree of Thoughts (Yao et al., 2023) enable direc-041

tional search. Notably, Monte Carlo Tree Search042

(a) Performance Comparison (b) Time Efficiency

Figure 1: (a) Our ASE-MCTS outperforms strong base-
lines on mathematical and scientific reasoning bench-
marks without using any external supervision. (b) The
proposed asynchronous engine significantly reduces the
time cost of MCTS.

(MCTS) (Hao et al., 2023) distinguishes itself by 043

using lookahead simulations to evaluate intermedi- 044

ate steps, efficiently guiding the model through the 045

search space. 046

Crucially, MCTS efficacy hinges on the accuracy 047

of intermediate reward signals (Guo et al., 2025). 048

While prevailing approaches secure high-quality 049

signals via external supervision—such as Process 050

Reward Models (PRMs) (Chen et al., 2025; Light- 051

man et al., 2023) or superior LLMs (Tian et al., 052

2024)—these methods incur prohibitive VRAM 053

and latency overheads. By contrast, self-evaluated 054

MCTS—where the policy model itself guides the 055

search—emerges as a vital solution for ensuring 056

scalability and practical utility. 057

However, the primary obstacle to effective self- 058

evaluated MCTS lies in the inherent unreliability 059

of LLM self-assessment (Chen et al., 2024). Re- 060

search indicates that LLMs are frequently biased 061

and inconsistent when evaluating their own gen- 062

erations (Huang et al., 2024; Zheng et al., 2023). 063

This deficiency is particularly acute in Small Lan- 064

guage Models (SLMs, e.g., 7-8B), where limited 065

capacity leads to high-variance, noisy feedback that 066

prevents MCTS from effectively selecting the most 067

promising paths for exploration. 068

Beyond reward reliability, another critical barrier 069
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to test-time tree search is the prohibitive compu-070

tational cost of extensive LLM generations (Snell071

et al., 2025). In MCTS, this bottleneck is exacer-072

bated by task duration heterogeneity: lengthy rea-073

soning rollouts significantly outlast expansion and074

evaluation steps. In traditional serial frameworks,075

this mismatch causes severe blocking, rendering076

the approach impractical for time-sensitive applica-077

tions.078

To address these twin challenges, we propose079

ASE-MCTS, an Asynchronous Self-Evaluated080

MCTS framework. To enhance reward reliabil-081

ity, we argue that effective signals must balance082

global value estimation with local discriminabil-083

ity among child nodes. Based on extensive analy-084

sis, we design a robust reward fusion mechanism085

that incorporates a novel pairwise signal to sharpen086

this local distinction. To improve efficiency, we087

re-architect the MCTS workflow by modeling the088

intricate dependencies between expansion, simula-089

tion, and evaluation as a Directed Acyclic Graph090

(DAG), employing a custom asynchronous orches-091

trator to maximize task parallelism. Consequently,092

our method achieves superior performance while093

accelerating inference by several times, signifi-094

cantly expanding the practical applicability of tree095

search. In summary, our main contributions are as096

follows:097

• Propose ASE-MCTS, a fully self-evaluated098

MCTS framework without any external super-099

vision, demonstrating superior performance100

on challenging reasoning benchmarks, effec-101

tively breaking the capability ceilings of base102

models on high-difficulty problems.103

• Introduce a fused reward mechanism that in-104

tegrates rollout, process, and novel pairwise105

signals, providing a robust MCTS reward sig-106

nal with both global alignment and local dis-107

criminability.108

• Re-architect the MCTS workflow as a DAG109

managed by an asynchronous orchestrator.110

This design maximizes task parallelism, effec-111

tively masking the latency of extensive rea-112

soning rollouts and significantly accelerating113

inference.114

2 Related Work115

LLM Reasoning and Search Enhancing LLM116

reasoning capabilities primarily hinges on decom-117

posing complex problems into step-by-step ratio-118

nales (Wei et al., 2022). To broaden the explo- 119

ration of the solution space, ensemble strategies 120

like Self-Consistency (Wang et al., 2023) and Best- 121

of-N (Cobbe et al., 2021) employ parallel sampling 122

and post-hoc aggregation, while iterative methods 123

such as Self-Refine (Madaan et al., 2023) introduce 124

mechanisms for intrinsic error correction. Further- 125

more, tree-search algorithms like Tree of Thoughts 126

(ToT) (Yao et al., 2023; Misaki et al., 2025) trans- 127

form reasoning into a structured search task, dy- 128

namically allocating resources to the most promis- 129

ing reasoning paths. 130

MCTS for LLMs Due to its superior exploration- 131

exploitation balance, MCTS has been widely 132

adapted for LLM reasoning. Unlike approaches 133

that leverage MCTS primarily for synthesizing 134

high-quality training data (Tian et al., 2024; Guan 135

et al., 2025), test-time strategies such as RAP (Hao 136

et al., 2023) and AlphaLLM (Tian et al., 2024) 137

guide inference via intrinsic reward signals derived 138

from self-evaluation or consistency. To enhance 139

reward reliability, recent works like rStar (Qi et al., 140

2025) further incorporate diverse action spaces and 141

mutual consistency verification to identify and se- 142

lect high-quality reasoning trajectories. 143

Efficient Tree Search Although tree search sig- 144

nificantly enhances reasoning capabilities, it entails 145

prohibitive token consumption and time costs. To 146

mitigate these overheads, DEFT (Yao et al., 2024) 147

optimizes memory utilization, while FastMCTS 148

(Li et al., 2025) reduces ineffective exploration 149

through an Adaptive Stay Policy. Complementing 150

these algorithmic improvements, frameworks like 151

DPTS (Ding et al., 2025) and WU-UCT (Liu et al., 152

2020) focus on accelerating inference via advanced 153

parallelization strategies. 154

3 Methodology 155

This section details the methodology of ASE- 156

MCTS. We first outline the framework architecture 157

in Section 3.1. Then, Section 3.2 introduces our 158

fused evaluation strategy and the novel pairwise 159

reward mechanism. Finally, Section 3.3 presents 160

the asynchronous orchestrator designed for compu- 161

tational efficiency. 162

3.1 ASE-MCTS Framework 163

We formulate LLM reasoning as a search over a 164

tree T , where nodes st represent reasoning steps 165

and leaves correspond to complete solutions. The 166
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Question: Cities $A$ and $B$ are $45$ miles apart. Alicia lives in $A$ and Beth lives in $B$. Alicia bikes towards $B$ at 18 miles per hour. Leaving at the same 
time, Beth bikes toward $A$ at 12 miles per hour. How many miles from City          $A$ will they be when they meet?

[Core idea]: Determine the combined speed at 
which Alicia and Beth are approaching each other.

[Full step]: ... Combined Speed =  Speed of 
Alicia + Speed of Beth =18 + 12 = 30 mph.

[idea 1]: Calculate time ... to 
find Alicia's distance.

[Full step]: ... t = 45/30 = 1.5 
hours. ... Distance = 18 \times 
1.5 = 27 miles.

Expand

[idea 2]: Set up a linear 
equation to find total distance.

[Full step]: ... equation is 18t 
+ 12t = 45. ... solves to t = 1.5 
hours.

Expand

[idea 3]: Use Alicia’s 
determine ... fraction she covers.

[Full step]: ... contributes 
18/30 ... cover 3/5 ... 45*3/5 = 27 
miles.

Expand

Diverse Idea Generation

Process Reward

Pairwise Reward

Reward Fusion (Weighted Linear Sum)

[Step A] v.s. [Step B]
Which is better?
Output: A
Score: +3

Hierarchical Diverse Expansion Complementary Reward Fusion

Initial Expand

Stage 1 

[Step A]
Score step A from 0 
to 10.
Score: 4

Rollout Reward

[Solution A-1]
Score the solution 
from 0 to 10.
Score: 7

Stage 2 

Figure 2: An Overview of the Extension and Simulation Phases of the ASE-MCTS Framework. The left side
illustrates the Hierarchical Diverse Expansion mechanism, which enables the LLM to explore a more diverse set
of solution approaches. The right side presents the definitions and fusion forms of three types of reward signals,
namely rollout reward, process reward, and pairwise reward.

search phase follows the standard MCTS lifecy-167

cle—Selection, Expansion, Simulation, and Back-168

propagation—adapting this framework to LLMs169

introduces specific challenges in action granularity170

and diversity. To address these, we introduce two171

targeted design strategies:172

Prompt-Guided Action Space Requirements for173

action spaces and search objectives vary signifi-174

cantly across reasoning tasks, and rigid or inap-175

propriate action granularity can severely hamper176

model performance. To address this, we introduce177

a “Search Guide” module that enables injecting178

natural language constraints and objectives into ex-179

pansion and reward prompts. By decoupling task-180

specific logic from the core algorithm, we achieve181

architectural universality and adaptive granularity182

without code modification.183

Hierarchical Diverse Expansion Another po-184

tential pitfall in tree search for LLMs is “diver-185

sity degradation.” As search depth increases and186

context accumulates, simple high-temperature sam-187

pling often yields semantically identical paths, lead-188

ing to redundant exploration. To counteract this, we189

propose a two-stage hierarchical expansion strat-190

egy (Figure 2). We structure each reasoning step191

into a “Core Idea” and a “Full Step.” During expan-192

sion, we first prompt the LLM to generate multiple193

distinct high-level core ideas, which are then in-194

dependently expanded into full steps containing195

detailed reasoning. This mechanism enforces diver-196

sity at the strategic level, mitigating mode collapse197

in deep search. Note that for the initial root ex-198

pansion, we retain standard repeated sampling to 199

prevent initial bias and ensure broad coverage of 200

the solution space. 201

3.2 Reward Signals Design 202

With the basic MCTS framework established, fun- 203

damental search performance improvements neces- 204

sitate optimizing reward signal design. 205

The Dual Role of Reward In the MCTS life- 206

cycle, the reward signal serves to estimate node 207

value, guiding the Selection phase to iteratively 208

prioritize promising branches via the Upper Con- 209

fidence Bound for Trees (UCT) algorithm (Koc- 210

sis and Szepesvári, 2006). Consequently, a robust 211

mechanism must satisfy two orthogonal objectives: 212

Global Alignment, ensuring signal magnitude cor- 213

relates with objective solution quality, and Local 214

Discriminability, ensuring the effective ranking of 215

sibling nodes to prioritize exploration. 216

Signal Definitions To achieve this balance, we 217

design three distinct self-evaluated reward signals. 218

While rollout and process rewards provide standard 219

value estimation, we introduce a novel pairwise 220

reward (Guan et al., 2025; Zhang et al., 2025) to 221

explicitly enhance local discrimination. 222

• Rollout Reward (Vroll): Leverage lookahead 223

simulations to estimate the future value of the 224

current state. We sample N paths {y1, ..., yN} 225

from state st, scoring their final quality on 226
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[0, 10] to calculate the expected value:227

Vroll(st) =
1

N

N∑
k=1

LLM(promptroll, yk)

(1)228

• Process Reward (Vproc): Assess the immedi-229

ate logical validity of step st given history230

ht−1 without lookahead, yielding a scalar231

score in [0, 10]:232

Vproc(st) = LLM(promptproc, ht−1, st) (2)233

• Pairwise Reward (Vpair): This signal pro-234

vides the relative advantages among child235

nodes. For a set of sibling nodes Ssib =236

{s1, s2, ..., sm}, we form pairs (si, sj) and237

prompt the model to judge which step is bet-238

ter given the context, assigning a “margin of239

victory” score vij ∈ [−5,+5].240

vij = LLM(promptpair, ht−1, s
i, sj) (3)241

These margins are aggregated into a bounded242

node value via a weighted Borda Count243

(Zhang et al., 2025). The pairwise reward244

for node si is computed as:245

Vpair(si) = 10× sigmoid
(∑

p∈Pi
vp

T ·Mi

)
(4)246

where Pi represents the set of all pairwise247

comparisons involving si, vp is the signed vic-248

tory margin, Mi is the number of comparisons249

performed for si. Here, the sigmoid function250

and temperature T are utilized to map poten-251

tially high-noise signals into a smoothed value252

interval in [0, 10].253

Fusion Mechanism We employ a linear fusion254

strategy to derive the final node value Q(s), in-255

tegrating global process/rollout rewards with the256

local refinement of the pairwise signal:257

Q(s) = α·Vroll(s)+β ·Vproc(s)+γ ·Vpair(s) (5)258

We set α, β ≫ γ to prioritize global consistency,259

utilizing γ specifically for fine-grained tie-breaking260

among high-quality candidates during selection.261

3.3 Asynchronous Orchestrator262

Traditional MCTS implementations execute gen-263

eration and evaluation steps sequentially, creating264

Figure 3: Task dependency graph of the asynchronous
orchestrator. Nodes represent atomic LLM generation
tasks, while directed edges denote data dependencies
and dotted boxes denote batch creation. D: Diverse Idea
Generation; E: Expansion; Roll: Rollout Simulation;
PR (Process Reward); RR (Rollout Reward); PA (Pair-
wise Reward).

“blocking” bottlenecks where the GPU remains un- 265

derutilized. This bottleneck becomes particularly 266

pronounced in ASE-MCTS, given the increased 267

computational load imposed by its additional eval- 268

uation mechanisms. However, logic implies that 269

many sub-tasks—such as evaluating independent 270

trajectories—lack causal dependencies and can be 271

parallelized. To exploit this, we re-architect the 272

MCTS workflow as a dynamic directed acyclic 273

graph (DAG). Instead of fixed procedural loops, 274

we conceptualize the search as a set of atomic op- 275

erations (e.g., Expansion, Rollout, Evaluation) gov- 276

erned strictly by data dependencies. This allows an 277

asynchronous orchestrator to continuously sched- 278

ule independent tasks into the inference engine 279

without artificial waiting periods. 280

As shown in Figure 3, the workflow initiates 281

with diverse idea generation, where subsequent ex- 282

pansions and simulations form mutually indepen- 283

dent branches. We employ an event-driven mecha- 284

nism ensuring that successor tasks are instantiated 285

immediately upon the completion of their prede- 286

cessors. Consequently, all tasks without logical 287

dependencies are executed in parallel, regardless 288

of their branch origin. This design transforms the 289

search into a high-throughput pipeline that maxi- 290

mizes GPU saturation. By leveraging a space-time 291

trade-off—utilizing VRAM to maintain concurrent 292

states—we effectively mask the latency of exten- 293

sive self-evaluations in ASE-MCTS and signifi- 294

cantly compress the total search time. 295

4 Experiments 296

Models We evaluate three SLMs represent- 297

ing a hierarchy of increasing capability based 298

on chronological release and empirical perfor- 299
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Table 1: Comparison of reasoning accuracy across different models and tasks. Bold indicates the best result, and
underline indicates the second best result.

Method MATH500 AMC2023 AIME2024 GPQA-Diamond Olympiad-physics

Llama3.1-8B-Instruct
Zero-shot CoT 46.40 25.00 3.33 22.73 4.66
Best-of-N@8 48.00 17.50 3.33 24.24 7.63
Best-of-N@16 49.80 27.50 3.33 29.29 6.36
Self-Consistency@maj8 60.60 30.00 3.33 32.32 9.32
Self-Consistency@maj16 62.60 35.00 13.33 33.33 10.17
Self-Consistency@maj32 64.80 32.50 10.00 32.83 11.86
ToT(beam search) 35.60 20.00 0.00 16.16 5.08
rStar(generator @maj) 55.60 12.50 0.00 28.79 6.36
rStar(Qwen2.5-7B-Instruct) 51.60 22.50 0.00 30.81 0.85

ASE-MCTS 59.40 37.50 13.33 33.33 13.14

Qwen2.5-7B-Instruct
Zero-shot CoT 73.20 50.00 10.00 34.85 12.29
Best-of-N@8 75.20 57.50 10.00 36.87 13.98
Best-of-N@16 74.60 52.50 13.33 38.38 13.98
Self-Consistency@maj8 78.20 60.00 16.67 35.35 17.80
Self-Consistency@maj16 80.20 62.50 13.33 37.37 18.64
Self-Consistency@maj32 81.80 62.50 16.67 35.86 19.07
ToT(beam search) 62.40 37.50 6.67 32.83 11.69
rStar(generator @maj) 70.80 45.00 13.33 35.35 11.02
rStar(Llama3.1-8B-Instruct) 64.80 42.50 6.67 30.30 3.81

ASE-MCTS 82.60 65.00 20.00 40.91 20.76

Qwen3-8B
Zero-shot CoT 82.60 65.00 26.67 48.99 19.07
Best-of-N@8 87.40 75.00 36.67 55.56 23.31
Best-of-N@16 86.60 70.00 40.00 55.05 22.46
Self-Consistency@maj8 89.60 77.50 36.67 53.54 27.97
Self-Consistency@maj16 90.20 80.00 40.00 55.55 30.51
Self-Consistency@maj32 91.20 80.00 40.00 56.57 30.93
ToT(beam search) 65.80 42.50 15.00 33.84 13.98
rStar(generator @maj) 89.00 50.00 20.00 46.97 15.25
rStar(Qwen2.5-7B-Instruct) 78.20 27.50 10.00 36.36 6.78

ASE-MCTS 90.60 80.00 43.33 58.08 34.75

mance: Llama3.1-8B-Instruct (Dubey et al., 2024),300

Qwen2.5-7B-Instruct (Qwen et al., 2025), and301

Qwen3-8B (Yang et al., 2025).302

Datasets For mathematical reasoning, we303

employ MATH500 (Hendrycks et al., 2021),304

AMC2023 (AI-MO, 2024b), and AIME2024305

(AI-MO, 2024a), representing a clear progression306

from standard benchmarks to high-difficulty307

competition problems. For scientific reasoning, we308

integrate GPQA-Diamond (Rein et al., 2024) and309

Olympiad-Physics (He et al., 2024), evaluating310

the models’ capabilities across both graduate-level311

multidisciplinary questions and highly complex312

physical derivation tasks.313

Baselines We categorize baselines into parallel314

sampling and tree search strategies. For sampling,315

alongside Zero-shot CoT (Wei et al., 2022), we se-316

lect Self-Consistency (SC) (Wang et al., 2023) and317

Best-of-N (Cobbe et al., 2021). While both sample318

N trajectories, they represent distinct aggregation 319

methods: SC relies on statistical consensus via ma- 320

jority voting, whereas Best-of-N utilizes explicit 321

self-evaluation. 322

For tree search, we implement Tree of Thoughts 323

(ToT) (Yao et al., 2023) as a BFS-based beam 324

search guided by self-evaluation. Additionally, 325

we adopt rStar (Qi et al., 2025) as a representa- 326

tive MCTS baseline, adhering to its original hyper- 327

parameters to evaluate both its generator-majority 328

and discriminator-guided variants. 329

4.1 Main Results 330

ASE-MCTS Superiority As illustrated in Table 331

1, ASE-MCTS consistently achieves leading per- 332

formance across almost all of tested models and 333

datasets. Notably, the method demonstrates excep- 334

tional scalability, amplifying the reasoning capabil- 335

ities of both weaker (Llama-3.1-8B) and stronger 336

(Qwen-3-8B) foundation models. This advantage 337
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is particularly pronounced on high-difficulty bench-338

marks like GPQA-Diamond and Olympiad-Physics.339

While conventional strategies often plateau on340

these tasks due to the sparsity of correct solutions,341

our method effectively leverages guided search to342

navigate complex logical chains, breaking the ca-343

pability ceilings of the base models.344

Analysis of Baseline Limitations While SC345

proves to be a robust baseline, it is inherently lim-346

ited by the model’s zero-shot pass rate (further ana-347

lyzed in Sec 4.2). Regarding search-based methods,348

ToT generally underperforms due to the sensitivity349

of beam search to noisy process rewards. Similarly,350

rStar exhibits limited gains on these intensive tasks.351

We find that when the discriminator model is not352

significantly stronger than the generator, reliance353

on mutual consistency can be counterproductive,354

rejecting correct but complex solutions that the355

discriminator fails to align with. ASE-MCTS over-356

comes this by integrating multi-view evaluations,357

ensuring robust guidance even without an external358

superior judge.359

4.2 Performance Analysis by Difficulty360

While SC serves as a formidable baseline, its effi-361

cacy is inherently bounded by the model’s intrinsic362

probability distribution; it struggles when the cor-363

rect solution is not dominant in the sampling space.364

To provide a deeper analysis of ASE-MCTS’s ef-365

fectiveness and its specific advantages over SC, we366

designed an experiment to strictly evaluate their367

performance across problems of varying difficulty368

levels.369

Difficulty Partitioning We focused our analysis370

on the two most challenging datasets, GPQA and371

Olympiad-Physics. To quantify the intrinsic diffi-372

culty of each problem, we calculated the average373

pass rate based on 64 independent samples from374

the base model. Based on these empirical scores,375

the datasets were sorted and partitioned into four376

distinct quartiles (Q1 to Q4), ranging from Easy to377

Hard.378

Breaking Capability Ceilings We compare the379

performance of ASE-MCTS against SC (with k=8,380

16, 32) across these levels, as illustrated in Figure 4.381

On lower-difficulty tasks (Q1), ASE-MCTS main-382

tains performance comparable to SC. However, a383

significant divergence emerges in the medium-to-384

high difficulty tiers. While SC degrades rapidly385

as incorrect hallucinations drown out the majority386

(a) Qwen2.5-7B-Instruct on GPQA-Diamond

(b) Qwen3-8B on Olympiad-physics

Figure 4: Performance analysis across difficulty quar-
tiles. (a) Results using Qwen2.5-7B-Instruct on the
GPQA-Diamond dataset. (b) Results using Qwen3-8B
on the Olympiad-physics dataset. Questions are cat-
egorized into four quartiles (Q1–Q4) based on base
accuracy. ASE-MCTS mostly outperforms baselines,
particularly on the harder questions (Q3 and Q4).

vote on hard problems, ASE-MCTS maintains su- 387

perior stability. By leveraging reward signals to 388

navigate the search space, our method effectively 389

identifies sparse, high-value trajectories, solving 390

complex problems where the base model’s zero- 391

shot accuracy approaches 0%. 392

4.3 Analysis of Reward Signals 393

To validate the hybrid reward design proposed in 394

Section 3.2, we conduct a quantitative analysis of 395

different reward signals. Specifically, we inves- 396

tigate whether the proposed signals successfully 397

fulfill the dual objectives of Global Alignment 398

and Local Discriminability. 399

Ground Truth Construction To evaluate reward 400

quality, we constructed a ground truth set using 200 401

intermediate nodes sampled from AMC2023. We 402

employed state-of-the-art LLMs (DeepSeek-V3.2, 403

GPT5-mini, Qwen3-Max, Doubao-1.8) alongside 404

human experts to independently annotate node val- 405

ues, analyzing their alignment via Pearson corre- 406

lations (Figure 5). To mitigate individual model 407
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Figure 5: Pearson correlation heatmap of value assess-
ments from different LLMs and human experts. Fused
score ET represents Ensemble Truth and achieves the
highest 0.88 correlation.

biases, we normalized and aggregated scores into408

an equal-weighted “Ensemble_Truth” (ET). This409

fused metric demonstrates high consistency (r =410

0.88) with human judgments, validating VET as a411

robust gold standard.412

Evaluation Metrics Subsequently, we sampled413

600 nodes from both the AMC2023 and GPQA414

datasets for testing. To assess global alignment,415

we calculate the Pearson correlation coefficient be-416

tween each reward signal and the ensemble truth417

VET . For local discriminability, we employ Regret418

(R) to quantify the value loss caused by a signal’s419

ranking error. Given a set of sibling nodes S and420

our signal ϕ, let s∗ be the node with the highest421

VET , and ŝ be the node selected by maximizing422

signal ϕ, the regret is defined as:423

R(ϕ) = VET (s
∗)− VET (ŝ) (6)424

A lower R indicates that the signal ϕ successfully425

identifies high-quality candidates, minimizing the426

gap between the selected and the objective optimal427

node.428

Beyond the signals Vroll, Vproc, and Vpair de-429

fined in our method, we evaluate two comparative430

signals: Rollout Self-Consistency, which mea-431

sures the semantic consensus of answers among432

rollout trajectories, and Rollout Confidence, de-433

rived from the average log-probabilities of the gen-434

erated tokens during rollouts.435

Results and Insights Consistent with intuition,436

the reliability of reward signals correlates positively437

with the base model’s capability and negatively438

with dataset difficulty. Crucially, we observe that439

Vroll and Vproc achieve superior global alignment,440

Signal AMC2023 GPQA-Diamond

Pearson(↑) Regret(↓) Pearson(↑) Regret(↓)

Qwen2.5-7B-Instruct
Process 0.46 0.2201 0.36 0.2584
Roll-reward 0.53 0.3086 0.33 0.3180
Pairwise 0.07 0.2185 0.08 0.2673
Roll-SC 0.05 0.3563 0.01 0.3411
Roll-Conf 0.08 0.3117 0.03 0.3246
Fusion 0.58 0.2216 0.40 0.2846

Qwen3-8B
Process 0.51 0.2973 0.55 0.2382
Roll-reward 0.60 0.2949 0.44 0.3535
Pairwise 0.22 0.2591 0.14 0.2250
Roll-SC 0.18 0.4527 0.16 0.4416
Roll-Conf -0.20 0.3937 -0.11 0.4048
Fusion 0.65 0.2719 0.57 0.2287

Table 2: Signal performance on AMC 2023 and GPQA-
Diamond. Bold indicates the best result, and underline
indicates the second best result. The Fusion demon-
strates consistent improvements.

acting as reliable anchors for the general search 441

direction. Conversely, while Vpair exhibits weaker 442

global correlation, it achieves relatively lower re- 443

gret than other signals, allowing us to incorporate 444

it with a minimal weight to boost selection perfor- 445

mance without distorting the global value estima- 446

tion. In comparison, the rollout consistency and 447

confidence signals underperform on both global 448

and local metrics. Ultimately, the fused signal Q(s) 449

attains the optimal equilibrium, maintaining high 450

global alignment while simultaneously achieving 451

low local regret, thereby justifying the adoption of 452

the fusion mechanism in Section 3.2. 453

4.4 Computational Efficiency Analysis 454

To evaluate asynchronous acceleration, efficiency 455

tests were conducted on a 48GB NVIDIA RTX 456

5880 Ada GPU with fixed random seeds. We bench- 457

mark against ToT (BFS-based beam search), rStar 458

(generator only), and Sync-MCTS (a synchronous 459

variant of our method). To ensure fair comparison, 460

we standardized the search budget by capping LLM 461

calls at approximately 180 for all methods. 462

Latency Reduction Table 3 demonstrates the su- 463

perior efficiency gains of our proposed approach. 464

By parallelizing computationally intensive self- 465

evaluation tasks including process and pairwise 466

rewards, ASE-MCTS achieves a substantial 2.8× 467

to 4.5× speedup relative to the synchronous base- 468

line Sync-MCTS. Furthermore, despite incorporat- 469

ing complex reward signals, ASE-MCTS remains 470

significantly faster than both ToT and rStar. This 471
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Model Method AMC2023 GPQA-Diamond

Time (s) Time (s)

Llama-3.1
8B

ToT 526.24 606.56
rStar(generator) 1219.84 1413.13
Sync-MCTS 825.17 1132.32
ASE-MCTS 295.64 281.13

Qwen-2.5
7B

ToT 460.53 402.49
rStar(generator) 1593.76 1569.24
Sync-MCTS 909.32 616.63
ASE-MCTS 187.69 167.64

Qwen-3
8B

ToT 893.88 1754.83
rStar(generator) 1845.67 1695.42
Sync-MCTS 852.20 643.88
ASE-MCTS 193.13 225.16

Table 3: Computation time in seconds across models
and methods. ASE-MCTS achieves the best perfor-
mance across all models and tasks, significantly outper-
forming the baselines.

confirms that our asynchronous architecture suc-472

cessfully masks the evaluation overhead, prevent-473

ing the “reasoning pause” typically observed in474

synchronous search algorithms while maintaining475

high-quality exploration.476

Scalability with Computational Load While477

batch inference (via vLLM (Kwon et al., 2023))478

renders the latency of rollout sampling negligible,479

the branch factor remains the primary computa-480

tional bottleneck, as it geometrically expands the481

search space and the volume of concurrent self-482

evaluations. We analyzed the average processing483

time per case on AMC2023 using Qwen2.5-7B-484

Instruct. As illustrated in Figure 6, the latency of485

the synchronous baseline exhibits a linear growth486

trajectory that directly correlates with the increas-487

ing volume of LLM calls. In contrast, ASE-MCTS488

exhibits a remarkably flat latency curve by effec-489

tively hiding these costs via asynchronous paral-490

lelization. Notably, at a branch factor of 8, our491

method achieves a speedup of up to 6.1×, demon-492

strating exceptional scalability.493

5 Conclusion494

In this paper, we presented ASE-MCTS, a fully495

self-evaluated MCTS framework without any exter-496

nal supervision. By incorporating a Prompt-Guided497

Action Space and a Hierarchical Diverse Expansion498

strategy, ASE-MCTS ensures a comprehensive ex-499

ploration of the solution space. Crucially, through500

the fusion of three distinct self-evaluation signals,501

we successfully balance global alignment and local502

discriminability of reward signal. Furthermore, we503

Figure 6: Latency comparison between Sync-MCTS and
ASE-MCTS under varying branch factors on AMC2023.
While the computational cost (Avg. LLM Calls) in-
creases linearly, ASE-MCTS significantly suppresses
latency growth, achieving a 6.1× speedup at a branch
factor of 8.

introduced an asynchronous orchestrator to max- 504

imize task parallelism, significantly reducing the 505

latency associated with expansion and simulation. 506

Comprehensive evaluations across rigorous rea- 507

soning benchmarks including GPQA-Diamond and 508

Olympiad-Physics reveal that ASE-MCTS signif- 509

icantly surpasses competitive baselines such as 510

Self-Consistency and rStar. Notably, the proposed 511

framework yields up to a 6× speedup relative to 512

conventional synchronous architectures. These 513

findings confirm the immense reasoning potential 514

of self-evaluated MCTS and offer a practical path 515

toward deploying autonomous, high-performance 516

reasoning agents in resource-constrained environ- 517

ments. 518

Limitations 519

While ASE-MCTS significantly improves reason- 520

ing efficiency and accuracy, it still has some limita- 521

tions. 522

First, the rigid decomposition of reasoning steps 523

poses a trade-off between search structure and 524

cognitive coherence. Artificially segmenting the 525

thought process can disrupt the model’s natural 526

flow, potentially degrading performance on tasks 527

requiring holistic intuition. 528

Second, although our asynchronous design effec- 529

tively masks latency, it does not mitigate the sub- 530

stantial aggregate token consumption and computa- 531

tional load. The extensive sampling required by the 532

search tree creates severe pressure on GPU memory. 533

Future research could explore advanced memory 534

8



optimization techniques, such as KV cache shar-535

ing, to make tree search more cost-effective and536

deployable.537
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A Experiment Supplements 722

To ensure statistical reliability, we report the mean 723

performance across multiple runs whenever com- 724

putational resources permitted. However, due to 725

the prohibitive time costs associated with certain 726

baselines (e.g., rStar), the number of trials for these 727

methods was restricted. Notably, our reproduced 728

results may exhibit deviations—specifically higher 729

performance scores—compared to prior literature. 730

This discrepancy is primarily attributed to our eval- 731

uation methodology; unlike rigid rule-based match- 732

ing, our verification protocol effectively identifies 733

correct answers that are frequently misclassified as 734

false negatives by standard scripts. Further details 735

regarding this evaluation mechanism are provided 736

in Appendix A.2. 737

A.1 Dataset Selection 738

To rigorously evaluate the reasoning capabilities 739

enhanced by our MCTS framework, we prioritized 740

datasets that offer high complexity and varying de- 741

grees of difficulty. While datasets such as GSM8K 742

and ProntoQA are widely utilized in prior MCTS 743

research, our preliminary experiments indicated 744

that the three state-of-the-art Small Language Mod- 745

els (SLMs) employed in this study already exhibit 746

near-saturation performance on these benchmarks. 747

Consequently, these datasets fail to provide suffi- 748

cient headroom to observe the incremental benefits 749

of inference-time search strategies. Furthermore, 750

regarding StrategyQA (utilized in works like rStar), 751
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our empirical analysis revealed a lack of significant752

discriminative power across various models and753

baselines in our specific experimental setup.754

Therefore, we selected a suite of challenging755

benchmarks designed to test multi-step logical756

deduction and domain-specific knowledge across757

three distinct dimensions:758

• Mathematical Reasoning: We employ759

MATH500, AMC2023, and AIME2024.760

These datasets represent a gradation of dif-761

ficulty from challenging high school prob-762

lems to olympiad-level competitions, requir-763

ing complex reasoning chains that are ideal764

for MCTS evaluation.765

• Scientific Reasoning: we integrate GPQA-766

Diamond and Olympiad-Physics. GPQA-767

Diamond provides graduate-level, domain-768

resistant questions that probe intrinsic knowl-769

edge and multi-step logical inference beyond770

simple retrieval. Olympiad-Physics further771

stresses the search process by requiring the772

correct application of physical laws under in-773

tricate constraints, combining domain knowl-774

edge with deep derivational reasoning.775

A.2 Answer Verification776

Standard answer matching metrics, such as Exact777

Match, are often overly rigid for complex reason-778

ing tasks. Correct answers generated by models are779

frequently penalized due to superficial formatting780

differences (e.g., LaTeX syntax, units, decimal vs.781

fraction representation, or ordering), leading to an782

underestimation of the model’s true performance.783

To address this and ensure a more accurate judg-784

ment of correctness, we implemented a composite785

verification pipeline consisting of heuristic rules,786

LLM-based judging, and human review:787

• Heuristic Rule Filtering: Before model-788

based verification, we apply deterministic789

rules to handle numeric and boolean values.790

We set a tolerance threshold of 10−5 for791

floating-point comparisons and align boolean792

logic to filter out obvious errors and maintain793

numeric rigor.794

• Dual-Model Semantic Equivalence Check:795

For answers that fail string matching but are796

not rejected by heuristics, we employ two dis-797

tinct Large Language Models, DeepSeek-v3.2798

and Qwen3-Max, as semantic judges. We799

explicitly instruct these models to ignore for- 800

matting nuances (such as whitespace, capi- 801

talization, or unit styles) and focus solely on 802

whether the extracted answer is semantically 803

equivalent to the ground truth. 804

• Human Verification: To mitigate potential 805

hallucinations or overly lenient judgments 806

(false positives) by the LLMs, we incorpo- 807

rate a final human verification step. All sam- 808

ples flagged as “Correct” by the LLMs are 809

manually reviewed to ensure the fairness and 810

reliability of the final results. 811

A.3 Details of Reward 812

Global Pearson Correlation Analysis. Figure 7 813

illustrates the global Pearson correlation matrix 814

across diverse evaluation metrics. Notably, the 815

sub-matrix in the bottom-right quadrant is iden- 816

tical to the visualization presented in Figure 5, 817

highlighting the substantial consensus among ad- 818

vanced Large Language Models (LLMs), includ- 819

ing DeepSeek, GPT, Qwen, and DouBao. In this 820

analysis, we establish ET—an ensemble metric 821

derived from these four robust models—as the pri- 822

mary reference standard for assessing the quality 823

of evaluation metrics. 824

Performance of Individual Signals. Among the 825

proposed internal signals, rollout_reward and 826

process_score demonstrate strong alignment 827

with the ET reference, yielding correlation coef- 828

ficients of 0.52 and 0.46, respectively. These find- 829

ings suggest that both the validity of the final so- 830

lution and the quality of the reasoning process are 831

critical indicators for assessing the quality of rea- 832

soning paths. 833

Efficacy of Signal Fusion. The superior per- 834

formance of fusion_score validates the effec- 835

tiveness of a multi-dimensional evaluation strategy. 836

By integrating process_score, rollout_reward, 837

and pairwise_score via a weighted ensemble 838

mechanism, this composite metric achieves an en- 839

hanced correlation of 0.58 with ET, surpassing the 840

performance of the most effective individual met- 841

ric (rollout_reward). This improvement under- 842

scores a synergistic effect: the fusion strategy lever- 843

ages the complementarity of multiple perspec- 844

tives to effectively mitigate the inherent noise and 845

variance of single indicators. Consequently, it con- 846

structs a more stable and reliable evaluation proxy 847
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Figure 7: Global Pearson correlation analysis. This heatmap illustrates the macro-level consistency across different
evaluation metrics and datasets.

that maintains a higher degree of consistency with848

the collective judgment of strong LLMs.849

B Implementation Details850

B.1 Efficiency Strategies851

Given the vast action space and the difficulty of852

determining termination in open-ended reasoning,853

minimizing computational waste is paramount. We854

implement two optimization mechanisms. First,855

we introduce an Inline Terminal Check. Instead856

of invoking a separate model call to judge comple-857

tion, we instruct the LLM to output a specific to-858

ken sequence (e.g., “Check Terminal: Yes”) within859

the generation if the problem is resolved. This860

allows us to instantly identify leaf nodes without861

additional overhead. Second, we implement Dy-862

namic Rollout Allocation. As the search depth in-863

creases and the reasoning trajectory becomes more864

complete, the marginal information gain from ex-865

pensive lookahead simulations diminishes. Con-866

sequently, we progressively reduce the number of867

rollout simulations for deeper nodes, allocating868

computational budget where it is most impactful.869

B.2 Hyperparameter Settings 870

In this section, we detail the key hyperparameters 871

used in ASE-MCTS. The configuration is catego- 872

rized into search parameters, reward fusion weights, 873

and answer aggregation weights. 874

Search Configuration These parameters control 875

the structure and depth of the tree search: 876

• iterations (Default: 15): Specifies the total 877

number of MCTS simulation rounds. We typ- 878

ically set this between 15 and 20 to balance 879

performance and latency. 880

• exploration_constant (Default: 12): Cor- 881

responds to the cpuct term in the UCT algo- 882

rithm. Since our reward signals are normal- 883

ized to the range [0, 10] (as opposed to the 884

standard [0, 1]), we scale the exploration con- 885

stant by approximately 10× to ensure ade- 886

quate exploration of unvisited nodes. 887

• branch_factor_init (Default: 4) & 888

branch_factor (Default: 3): These 889

control the breadth of the search tree. 890

branch_factor_init determines the num- 891

ber of child nodes expanded from the root 892

using high-temperature repeated sampling. 893
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branch_factor controls the expansion of894

subsequent nodes using our Hierarchical895

Diverse Expansion strategy. For tasks with896

higher difficulty, increasing these factors897

allows for broader coverage of the solution898

space.899

• rollout_num (Default: 3): The number of900

lookahead simulation paths generated during901

the evaluation of each leaf node. This directly902

impacts the reliability of the rollout reward.903

• max_depth (Default: 10): The maximum al-904

lowable depth for the search tree, preventing905

infinite loops in reasoning chains.906

Reward Signal Fusion The following weights907

determine the contribution of each signal to the908

final node value Q(s).909

• rollout_weight (0.5) & process_weight910

(0.4): These serve as the primary global an-911

chors for value estimation. We generally as-912

sign a higher weight to the rollout reward,913

particularly when rollout_num is sufficient914

to provide a stable estimate.915

• pairwise_weight (0.1): Used for fine-916

grained local discrimination. A smaller917

weight is sufficient to break ties between918

high-quality candidates without distorting the919

global value.920

• rollout_sc_weight (0.01) &921

rollout_confidence_weight (0.01):922

Auxiliary signals based on semantic con-923

sistency and token probabilities. In our924

asynchronous orchestrator, if a weight is set925

to 0, the corresponding evaluation task is926

never created, thereby saving computational927

resources. These are typically set to negligible928

values or zero in standard runs.929

Answer Aggregation After the search concludes,930

the final answer is selected based on a weighted931

combination of metrics:932

• leaf_confidence_weight (0.4): Functions933

similarly to a majority vote mechanism.934

While reliable for simpler problems, it is less935

effective for complex tasks where correct so-936

lutions are sparse.937

• leaf_value_weight (0.3) &938

path_value_weight (0.3): These weights939

prioritize the intrinsic quality of the reasoning 940

chain (accumulated node values) and the final 941

leaf node value, ensuring that the selected 942

answer is not just popular, but rigorously 943

reasoned. 944

C Prompt Templates 945

We implement all prompts using a chat_template 946

that explicitly delineates <|system|>, <|user|>, 947

and <|assistant|> message segments, instead 948

of writing a single free-form prompt in a 949

direct LLM API call. The key difference 950

is that chat_template enforces a clear sep- 951

aration between global behavioral constraints 952

(system_prompt) and instance-specific task in- 953

puts (user_prompt), while supporting an explicit 954

context carrier (prefix) for previously gener- 955

ated steps; this separation reduces ambiguity and 956

improves format stability for downstream pars- 957

ing. Each template is parameterized by four 958

fields: prefix, system_prompt, user_prompt, 959

and suffix. Crucially, the suffix is placed at 960

the beginning of the assistant’s output so that the 961

model is forced to start its answer with the pre- 962

scribed headers (e.g., <step> or <ideas> and fixed 963

key fields), thereby enhancing instruction follow- 964

ing and making the output easier to parse reliably. 965

C.1 ASE-MCTS prompts 966

We use eight prompt templates to support hierar- 967

chical expansion, rollout generation, and multi- 968

view self-evaluation. Figures 8–15 show the exact 969

prompt texts. 970

• Initial-Expand Prompt (Figure 8). This 971

prompt initializes reasoning by generating 972

only the first step for a given question. It en- 973

forces a strict <step> container with a concise 974

[Core idea] followed by the full content of 975

that step, ensuring a uniform step representa- 976

tion from the start. 977

• Diverse-Ideas Prompt (Figure 9). This 978

prompt generates multiple mutually distinct 979

core ideas for the subsequent reasoning step 980

conditioned on the current partial trajec- 981

tory. By enforcing diversity at the step-intent 982

level before expansion, it reduces redundancy 983

among candidate continuations and increases 984

the diversity of explored branches during 985

deeper tree search. 986
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• Idea-Expand Prompt (Figure 10). Condi-987

tioned on the existing steps and one selected988

direction, this prompt expands one core idea989

into a complete next step. It also performs an990

inline termination check by outputting a ded-991

icated [Check terminal] field to indicate992

whether the node is terminal.993

• Fast-Rollout Prompt (Figure 11). This994

prompt completes the remaining reasoning995

from the current partial path to the end in a996

single continuation. It is primarily used for997

efficient rollout to obtain candidate full solu-998

tions for outcome-based scoring.999

• Process-Evaluation Prompt (Figure 12).1000

This prompt evaluates the current step against1001

predefined process criteria and returns a nu-1002

meric score (0–10) with a brief justification.1003

It operationalizes the process reward by mea-1004

suring local correctness, coherence, and com-1005

pliance at the step level.1006

• Reward-Evaluation Prompt (Figure 13).1007

This prompt evaluates the full solution against1008

task objectives and returns a numeric score (0–1009

10) with justification. It serves as an outcome-1010

oriented signal to estimate global solution1011

quality for trajectories produced by rollouts.1012

• Pair-Evaluation Prompt (Figure 14). Given1013

two candidate steps under the same context,1014

this prompt performs a pairwise comparison1015

and decides which step is better (A/B/Tied)1016

with a margin-like score (0–5). It is designed1017

to improve local discriminability among sib-1018

ling nodes during selection.1019

• Best-Answer Prompt (Figure 15). This1020

prompt transforms the highest-scoring solu-1021

tion into the final output and enforces a strict1022

\boxed{...} format. It is applied at the ag-1023

gregation stage to generate the submission-1024

ready answer corresponding to the selected1025

trajectory.1026

C.2 Search Guide1027

The search guide is a dataset-conditioned configura-1028

tion that instantiates the placeholders in our prompt1029

templates and thereby steers the MCTS search be-1030

havior. Concretely, it specifies step-generation1031

hints, expansion constraints, and evaluation rubrics1032

that are injected into the corresponding prompts,1033

so that the same search procedure can adapt to dif- 1034

ferent domains and answer formats. 1035

Idea Guidance: Directs the high-level move- 1036

ment of the search by providing constraints on the 1037

proposal of new core ideas. It helps the model de- 1038

cide when to explore further or when to converge 1039

on a final answer. 1040

• AMC2023 (Math): “If the conditions are suf- 1041

ficient, consider requesting to finish the solu- 1042

tion and return the final answer.” 1043

• GPQA-Diamond (Science): “Consider multi- 1044

ple steps to solve the problem.” 1045

Expand Guidance: Imposes fine-grained con- 1046

straints on the reasoning process during node ex- 1047

pansion, such as requiring step-by-step verification 1048

or prohibiting specific output types like code. 1049

• AMC2023 (Math): “Perform calculations 1050

step-by-step to avoid arithmetic errors. If 1051

using a theorem, verify its conditions first. 1052

Double-check algebraic signs and unit con- 1053

sistency. Don’t give any code.” 1054

• GPQA-Diamond (Science): “If the conditions 1055

are sufficient, consider requesting to finish the 1056

solution and return the final answer.” 1057

Process Criteria: Defines the evaluation stan- 1058

dard for individual reasoning steps. These are used 1059

by the self-critic to detect hallucinations, logical 1060

gaps, or violations of problem constraints. 1061

• AMC2023 (Math): “1. Scrutinize for arith- 1062

metic errors or misuse of theorems. 2. Check 1063

if the step ignores problem constraints (e.g., 1064

’distinct integers’).” 1065

• GPQA-Diamond (Science): “1. Identify and 1066

penalize factual hallucinations or formula 1067

misuse. 2. Detect logical disconnects rela- 1068

tive to the scientific context.” 1069

Pairwise Criteria: Sets the comparative stan- 1070

dard for the pair_evaluation prompt, focusing 1071

on identifying relative weaknesses such as ambigu- 1072

ity or failure to consider edge cases. 1073

• AMC2023 (Math): “1. Which solution ex- 1074

hibits more calculation errors? 2. Identify 1075

which solution fails to consider edge cases 1076

(e.g., division by zero).” 1077
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• GPQA-Diamond (Science): “1. Which solu-1078

tion contains more factual inaccuracies? 2.1079

Identify which solution relies on weaker as-1080

sumptions.”1081

Reward Objectives: Establishes the global scor-1082

ing logic for full trajectories, emphasizing numer-1083

ical accuracy for math and adherence to domain-1084

specific laws for science.1085

• AMC2023 (Math): “1. Incorrect final answer:1086

Score must be 0 or extremely low. 2. Penalize1087

logical leaps or hallucinated facts even if the1088

answer is correct by chance.”1089

• GPQA-Diamond (Science): “1. Severe1090

penalty if the final option contradicts the de-1091

rived reasoning. 2. Scrutinize for violations1092

of domain-specific scientific laws.”1093

Answer Restrictions: Defines the strict format-1094

ting requirements for the final output to ensure1095

automated evaluation can parse the answer.1096

• AMC2023 (Math): “1. The answer must be in1097

the format of a number. 2. The answer must1098

be a valid number.”1099

• GPQA-Diamond (Science): “1. The answer1100

must be a choice from A, B, C, D. 2. If no per-1101

fect match, select the most reasonable one.”1102

D Use of AI Assistants1103

We acknowledge the use of Large Language Mod-1104

els in this work. Specifically, DeepSeek-V3.2 was1105

used to assist in writing and debugging parts of the1106

implementation code. Furthermore, Gemini 3 Pro1107

was utilized to polish the writing and improve the1108

clarity of the text. All scientific claims and experi-1109

mental results remain the sole responsibility of the1110

authors.1111
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Initial Expand Prompt

<|system|>

A conversation between the User and the Assistant. The user asks a question that requires a step-

by-step solution. The Assistant provides only the first step, including the core idea of this step 

and then its full content. 

[init_expand_guidance]

The step must be marked with <step></step> at the beginning and end. 

Format requirement: 

<step>

[Core idea]: xxx

[Full step]: xxxxxx

</step>

<|user|>

User question: [user question]

<|assistant|>

Answer: <step>\n[Core idea]: 

Figure 8: Initial-Expand prompt template.

16



Diverse Ideas Prompt

 <|system|>

<|user|>

Given the context above, provide [num_ideas] distinct and diverse core ideas for the next 

reasoning step. Make sure these ideas explore different approaches or directions. [idea guidance] 

Note that we only need concise core ideas without full steps. Format each idea as [1]: idea1, [2]: 

idea2, etc.</ideas>\n Be concise but clear. The ideas must be marked with <ideas></ideas> at the 

beginning and end.

<|assistant|>
[previous steps] [num_ideas] 
Here are distinct approaches for the next step:
<ideas>

Figure 9: Diverse-Ideas prompt template.
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Idea Expand Prompt

[previous steps]

<|system|>

You must output the following three sections in order:

1. [Core idea] - The core concept or key insight for this step

2. [Full step] - The complete implementation details

3. [Check terminal] - Terminal check result (output format: 'The final answer to the question 

is \\boxed{answer}' or 'Not a terminal node yet.')

<|user|>

Follow the existing steps and provide the core idea and full content of the next step (one step only). 

[expand guidance] 

First, generate the complete [Full step] content. Then, output [Check terminal]. If a clear answer 

is found, strictly output only 'The final answer to the question is \\boxed{answer}' without any 

additional information or content. If the final answer has not been reached yet, output 'Not a 

terminal node yet.’ 

The step must be marked with <step></step> at the beginning and end.

<|assistant|>

The next step:

<step>

[Core idea]: [core instruction]

[Full step]:

Figure 10: Idea-Expand prompt template.
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Fast Rollout Prompt

[previous steps]

<|system|>

<|user|>

Follow the existing steps and answer the question till the end, provide the final answer in the last 

step. Strictly follow the format requirements and put the final answer in \\boxed{answer}, then 

output </step>.

<|assistant|>

The rest of the answer:

<step>

Figure 11: Fast-Rollout prompt template.
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Process Evaluation Prompt

[previous steps]

<|system|>

<|user|>

Please evaluate the quality of the current step based on the process criterions ([process criterions]), 

and then give a score from 0 to 10.

**Scoring Standard:**

0 means the step is riddled with critical errors, hallucinations, or logic gaps.

5 means the step contains noticeable flaws or overlooks constraints.

10 means no errors, violations, or potential risks can be detected.

Strictly provide your evaluation in the following format:

<evaluation>

 [Analysis]: Evaluate and briefly analyze how well the solution meets the objectives.

 [Score]: X (where X is a number from 0 to 10)

</evaluation>

The current step is: [current step]

<|assistant|>

<evaluation>

 [Analysis]:

Figure 12: Process-Evaluation prompt template.
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Reward Evaluation Prompt

[full solution]

<|system|>

<|user|>

Please evaluate the quality of the above solution based on the objectives of solving the problem 

([objectives]), and then give a score from 0 to 10.

**Scoring Standard:**

0 means the solution is riddled with critical errors.

5 means the solution contains noticeable flaws.

10 means no errors, violations, or potential risks can be detected.

Strictly provide your evaluation in the following format:

<evaluation>

[Analysis]: Evaluate and briefly analyze how well the solution meets the objectives

[Score]: X (where X is a number from 0 to 10)

</evaluation>

<|assistant|>

<evaluation>

 [Analysis]:

Figure 13: Reward-Evaluation prompt template.
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Pair Evaluation Prompt

[previous steps]

<|system|>

<|user|>

Please compare the quality of Step A and Step B based on the process criterions ([pairwise 

criterions]).

First, conduct an in-depth analysis of their flaws and potential risks, and then evaluate which is 

better (A, B, or Tied). Give a Score that reflects the difference in error density.

**Scoring Standard:**

0 means both steps have a similar amount of errors or flaws (Tied).

5 means the better step is significantly more rigorous and contains far fewer errors or risks than 

the other.

Strictly provide your comparison result in the following format:

<comparison>

[Analysis]: Compare and briefly analyze the performance of Step A and Step B in meeting the 

process criterions respectively, focus on pointing out the advantages and disadvantages of Step 

A relative to Step B.

[The better step]: A or B or Tied.

[Score]: X (where X is an integer from 0 to 5)

</comparison>

The Step A is: [Step A]

The Step B is: [Step B]

<|assistant|>

<comparison>

 [Analysis] :

Figure 14: Pair-Evaluation prompt template.

22



Best Answer Prompt

<|system|>

<|user|>

[best solution] Please provide your final answer based on the complete solution outlined above. If 

the above ideas haven't yet led to a final solution, please provide your final answer directly.

[answer restrictions] Please strictly follow the formatting requirements and place your final 

answer in the \\boxed{...}.

<|assistant|>

The final answer is: \\boxed{

Figure 15: Best-Answer prompt template.
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