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Abstract

We extend the options framework for temporal abstraction in reinforcement learn-
ing from discounted Markov decision processes (MDPs) to average-reward MDPs.
Our contributions include general convergent off-policy inter-option learning algo-
rithms, intra-option algorithms for learning values and models, as well as sample-
based planning variants of our learning algorithms. Our algorithms and conver-
gence proofs extend those recently developed by Wan, Naik, and Sutton. We
also extend the notion of option-interrupting behaviour from the discounted to the
average-reward formulation. We show the efficacy of the proposed algorithms with
experiments on a continuing version of the Four-Room domain.

1 Introduction

Reinforcement learning (RL) is a formalism of trial-and-error learning in which an agent interacts
with an environment to learn a behavioral strategy that maximizes a notion of reward. In many
problems of interest, a learning agent may need to predict the consequences of its actions over
multiple levels of temporal abstraction. The options framework provides a way for defining courses
of actions over extended time scales, and for learning, planning, and representing knowledge with
them (Sutton, Precup, & Singh 1999, Sutton & Barto 2018). The options framework was originally
proposed within the discounted formulation of RL in which the agent tries to maximize the expected
discounted return from each state. We extend the options framework from the discounted formulation
to the average-reward formulation in which the goal is to find a policy that maximizes the rate of
reward.

Given a Markov decision process (MDP) and a fixed set of options, learning and planning algorithms
can be divided into two classes. The first class consists of inter-option algorithms, which enable an
agent to learn or plan with options instead of primitive actions. Given an option, the learning and
planning updates for this option in these algorithms occur only after the option’s actual or simulated
execution. Algorithms in this class are also called semi-MDP (SMDP) algorithms because given
an MDP, the decision process that selects among a set of options, executing each to termination,
is an SMDP (Sutton et al., 1999). The second class consists of algorithms in which learning or
planning updates occur after each state-action transition within options’ execution — these are called
intra-option algorithms. From a single state-action transition, these algorithms can learn or plan to
improve the values or policies for all options that may generate that transition, and are therefore
potentially more efficient than SMDP algorithms.

Several inter-option (SMDP) learning algorithms have been proposed for the average-reward formu-
lation (see, e.g., Das et al. 1999, Gosavi 2004, Vien & Chung 2008). To the best of our knowledge,
Gosavi’s (2004) algorithm is the only proven-convergent off-policy inter-option learning algorithm.
However, its convergence proof requires the underlying SMDP to have a special state that is recurrent
under all stationary policies. We extend Wan, Naik, and Sutton’s (2021) Differential Q-learning,
an off-policy control learning algorithm, to inter-option Differential Q-learning and show that it
converges without requiring a special state. For planning, we propose inter-option Differential
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Q-planning, which is the first convergent incremental (sampled-based) planning algorithm. The
existing proven-convergent inter-option planning algorithms (e.g., Schweitzer 1971, Puterman 1994,
Li & Cao 2010) are not incremental because they perform a full sweep over states for each planning
step.

Additionally, the literature seems to lack intra-option learning and planning algorithms within
the average-reward formulation for both values and models. We fill this gap by proposing such
algorithms in the average-reward formulation and provide their convergence results. These algorithms
are stochastic approximation algorithms solving the average-reward intra-option value and model
equations, which are also introduced in this paper for the first time.

Sutton et al. (1999) also introduced an algorithm to improve an agent’s behavior given estimated
option values. Instead of letting an option execute to termination, this algorithm involves potentially
interrupting an option’s execution to check if starting a new option might yield a better expected
outcome. If so, then the currently-executing option is terminated, and the new option is executed. Our
final contribution involves extending this notion of an interruption algorithm from the discounted to
the average-reward formulation.

2 Problem Setting

We formalize an agent’s interaction with its environment by a finite Markov decision process (MDP)
M and a finite set of options O. The MDP is defined by the tuple M = (S, A, R, p), where S is
a set of states, A is a set of actions, R is a set of rewards, andp: S X R x § x A — [0, 1] is the
dynamics of the environment. Each option o in O consists two components: the option’s policy

°: Ax S — [0,1], and a probability distribution of the option’s termination 5° : S — [0, 1]. For
simplicity, for any s € S,0 € O, we use 7(als, 0) to denote 7°(a, s) and S(s, 0) to denote 3°(s).
Sutton et al.’s (1999) options additionally have an initiation set that consists of the states at which
the option can be initiated. To simplify the presentation in this paper, we allow all options to be
initiated in all states of the state space; the algorithms and theoretical results can be easily extended
to incorporate initiation from specific states.

An option o executes as follows. First, the agent observes a state S; and chooses an action A
according to the option’s policy 7(-|S, 0). The agent then observes the next state S;11 and reward
Ry 11 according to p. The option either terminates at Sy 1 with probability 8(S¢41, 0), or continues
with action A;;1 chosen according to 7(-|S¢41,0). It then possibly terminates in S; 1o according
to 3(St+2,0), and so on. The behavior of the agent is determined by a policy that chooses options,
which we denote by pp, : S X O — [0, 1]. In state Sy, the agent selects an option O; € O according
to probability distribution 1 (|.S:). The option policy starts executing at S; and terminates S; k,
where K is a random variable denoting the number of time steps the option executed. At S;1k, a
new option is chosen according to p;(+|S;+ k), and so on. The agent-environment interactions go on
forever without any resets. Note that actions are a special case of options—every action a is an option
o that terminates after exactly one step (3(s,0) = 1, Vs) and whose policy is to pick a in every state
(m(als,0) =1, Vs).

Let 7T}, denote the time step when the n. — 1 option termmates and the n™ option is chosen. Denote

the n™ option by 0, = = Or,, its starting state by S, = = Sr,, the cumulative reward during its
execution by R, = f:}l 41 Ry, the state it terminates in by S, 1 = Sr,,, and its length by
L, = n+1 — I, Note that every option’s length is a random variable taking values among positive

integers. Then the option’s transition probability can be defined as p(s’, 7,1 | s,0) = Pr(Sp41 =
s Ry, =r,L,=1|5, =s,0, = o). Throughout the paper, we assume that the expected execution
time of any option starting from any state is finite.

Given an MDP M and the set of options O, M= (8,0, ﬁ, 7@, p) is a(an) SMDP, where L is the set
of all possible lengths of options and R is the set of all possible options’ cumulative rewards . For this
SMDP, the reward rate of a policy of interest, i, given a starting state s and option o can be defined
as 70 (1) (s,0) = limy oo B[S0, Ri | So = 5,00 = o]/t Alternatively, at the level of option
transitions, 7(u) (s, 0) = lim, oo E,[> oR | So = 5,00 = o] JEL[> 1 Li | So = 5,00 = o).
It can be shown that the above two hmlts exist and are equlvalent (Puterman s (1994) propositions
11.4.1 and 11.4.7) under the following assumption:
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Assumption 1. Consider an MDP (S, 0, R,p'), where p/(s',r | 5,0) = 3, p(s',7, 1| 5, 0) for all
s’ 1, s,0. The Markov chain induced by any stationary policy in this MDP is recurrent.

Under Assumption 1, the reward rate does not depend on the start state-option pair, and hence we
denote it by just 7(u). The optimal reward rate can then be defined as r. = sup ¢y 7(u), where I1
denotes the set of all policies. The differential option-value function for a policy p is defined for all
se€eS,0e0asq,(s,0) =E,[Riy1 —7(1)+ Rego—r(p)+--- | S¢ = 5,0 = o). The evaluation
and optimality equations for SMDPs are, as given by Puterman (1994):

q(s,0) =Y p(s'sr, L] s,0)(r =71+ Y p(o|s)g(s',0)), (D
s/ r,l o’
q(s,0) = Z p(s'sr, 1] s,0)(r —7 -1+ maxq(s', 0)). ()
s’ ©
Just like the average-reward MDP Bellman equations, the SMDP Bellman equations have a unique
solution for 7 — 7(u) for evaluation and 7, for control — and a unique solution for ¢ only up to a
constant. Given an MDP and a set of options, the goal of the prediction problem is, for a given policy

1, to find the reward rate () and the differential value function (possibly with some constant offset).
The goal of the control problem is to find a policy that achieves the optimal reward rate r,.

3 Inter-Option Learning and Planning Algorithms

In this section, we present our inter-option learning and planning, prediction and control algorithms,
which extend Wan et al.’s (2021) differential learning and planning algorithms for average-reward
MDPs from actions to options. We begin with the control learning algorithm and then move on to the
prediction and planning algorithms.

Consider Wan et al.’s (2021) control learning algorithm:
Qe41(Se, Ar) = Qu(St, Ap) + by, Riy1 = Ry + naudy,

where @ is a vector of size |S x A| that approximates a solution of ¢ in the Bellman equation
for MDPs, R is a scalar estimate of the optimal reward rate, o; is a step-size sequence, 7 is a
positive constant, and d; is the temporal-difference (TD) error: 0; = R; — Ry + max, Q¢(Sty1,a) —
Q+(St, Ar). The most straightforward inter-option extension of Differential Q-learning is:

Qn+1(‘§n7 On) = Qn(S’TH On) + anana (3)
RnJrl = Rn + 7704n5m (4)

where @ is a vector of size |S x O] that approximates a solution of ¢ in (2), R is a scalar estimate of
T4, Qi 18 @ Step-size sequence, and J,, is the TD error:

6n = Ry — Ly Ry + max Qn(Spi1,0) — Qn(Sn, On). (5)

Such an algorithm is prone to instability because the option length L,, can be quite large, and any
error in the reward-rate estimate R,, gets multiplied with the potentially-large option length. Using
small step sizes might make the updates relatively stable, but at the cost of slowing down learning for
options of shorter lengths. This could make the choice of step size quite critical, especially when the
range of the options’ lengths is large and unknown. Alternatively, inspired by Schweitzer (1971), we
propose scaling the updates by the estimated length of the option being executed:

Qn—&-l(‘gna On) = Qn(gna On) + an(Sn/Ln(Sru On), (6)
Rn+1 = Rn + 7]an6n/Ln (S’n, On); (7)

where o, is a step-size sequence, L, (-, -) comes from an additional vector of estimates L : S x O —
R that approximates expected lengths of state-option pairs, updated from experience by:

where (3, is an another step-size sequence. The TD-error §,, in (6) and (7) is as in (5) with L,, (S’n, On)
instead of L,,. These equations make up our inter-option Differential Q-learning algorithm.
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Similarly, our prediction learning algorithm, called inter-option Differential Q-evaluation, also has
update rules (6-8) but with the TD error now equal to:

5” = Rn - Ln(‘gna On)R7L + Z ,U(O‘Sn-i-l)Qn(S’n-&-l; 0) - Qn(S’n; On)- (9)

Theorem 1 (Convergence of intra-option algorithms, informal). If Assumption 1 holds, step sizes are
decreased appropriately, all state-option pairs are visited for an infinite number of times, and the
relative visitation frequency between any two pairs is finite:
1. inter-option Differential Q-learning (5-8) converges almost surely, R,, to r, and Q,, to a
solution of (2), and () to v, where pu, is a greedy policy w.r.t. Q,

2. inter-option Differential Q-evaluation (6-9) converges almost surely, R,, to () and Q,, to
a solution of (1).

The convergence proofs for the inter-option (as well as the subsequent intra-option) algorithms are
based on a result that generalizes Wan et al.’s (2021) and Abounadi et al.’s (2001) proof techniques
from primitive actions to options. We present this result in Appendix A.1 and the formal theorem
statements as well as proofs in Appendix A.2.

Remark: The scaling factor Ln(S’", On) used in the algorithm is the expected option length instead
of the sampled option length. Scaling the updates by the expected option lengths guarantees that
fixed points of the updates are the same as those of (3—4), which are the solutions of (2). This is
not guaranteed to be true when using the sampled option length. We discuss this in more detail in
Appendix C.1.

The inter-option planning algorithms for prediction and control are similar to the learning algorithms
except that they use simulated experience generated by a (given or learned) model instead of real
experience. In addition, they only have two update rules, (6) and (7), and not (8) because the model
provides the expected length of a given option from a given state (see Section 5 for a complete
specification of option models). The planning algorithms and their convergence results are presented
in Appendix A.2.

Empirical Evaluation. We tested our inter-option Differential Q-
learning with Gosavi’s (2004) algorithm as a baseline in a variant
of Sutton et al.’s (1999) Four-Room domain (shown in Figure 1). The
agent starts in the yellow cell. The goal states are indicated by green
cells. Every experiment in this paper uses only one of the green cells
as a goal state; the other two are considered as empty cells. There are
four primitive actions of moving up, down, left, right. The agent
receives a reward of +1 when it moves into the goal cell, O otherwise.

In addition to the four primitive actions, the agent has eight options

that take it from a given room to the hallways adjoining the room. The Figure 1: A continuing vari-
arrows in Figure 1 illustrate the policy of one of the eight options. For  ,nt of the Four-Room do-
this option, the policy in the empty cells (not marked with arrows) i y9in where the task is to
to uniformly-randomly pick among the four primitive actions. The repetitively go from the yel-
termination probability is O for all the cells with arrows and 1 for the |ow start state to one of
empty cells. The other seven options are defined in a similar way. (he three green goal states.
Denote the set of primitive actions as A and the set of hallway options  Ajso shown is an option
as H. Including the primitive actions, the agent has 12 options in total. policy to go to the upper

In the first experiment, we tested inter-option Differential Q-learning hallway cell; more details
with three different sets of options, O = A, O = Hand O = A + H. N-text.

The task was to reach the green cell G1, the shortest path to which from

the starting state is 16 steps. Hence the best possible reward rate for this task is 1/16 = 0.0625. The
agent used an e-greedy policy with € = 0.1. For each of the two step-sizes «, and £3,,, we tested five
choices: 277,z € {1,3,5,7,9}. In addition, we tested five choices of  : 10~%, x € {0, 1,2, 3,4}.
@ and R were initialized to 0; L was initialized to 1. Each parameter setting was run for 200,000 steps
and repeated 30 times. The left subfigure of Figure 2 shows a typical learning curve for each of the
three sets of options, with o = 273, 3 = 271, and p = 10~*. The parameter study for O = A +H
w.r.t. o and 7, with 8 = 271, is presented in the right subfigure of Figure 2. The metric is the average
reward obtained over the entire training period. Complete parameter studies for O = H+ A, O =H
and O = A are presented in Appendix B.1.
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Figure 2: Plots showing some learning curves and the parameter study of inter-option Differential
Q-learning on the continuing Four-Room domain when the goal was to go to G1. Left: A point
on the solid line denotes reward rate over the last 1000 time steps and the shaded region indicates
one standard error. The behavior using the three different sets of options was as expected. Right:
Sensitivity of performance to o and 17 when using O = A + H and 8 = 2~!. The x-axis denotes
step size «; the y-axis denotes the rate of the rewards averaged over all 200,000 steps of training,
reflecting the rate of learning. The error bars denote one standard error. The algorithm’s rate of
learning varied little over a broad range of its parameters « and 7.

The learning curves in the left panel of Figure 2 show that the agent achieved a relatively stable
reward rate after 100,000 steps in all three cases. Using just primitive actions, the learning curve rises
the slowest, indicating that hallway options indeed help the agent reach the goal faster. But solely
using the hallway options is not very useful in the long run as the goal G1 is not a hallway state. Note
that because of the e-greedy behavior policy, the learning curves do not reach the optimal reward rate
of 0.0625. These observations mirror those by Sutton et al. (1999) in the discounted formulation.

The sensitivity curves of inter-option Differential Q-learning (right panel of Figure 2) indicate that,
in this Four-Room domain, the algorithm was not sensitive to parameters 7, performed well for a
wide range of step sizes a, and showed low variance across different runs. We also found that the
algorithm was not sensitive to g either; this and the additional parameter studies involving the two
other option sets are presented in Appendix B.1.

We also tested Gosavi’s (2004) algorithm as a baseline. 008

Recall it is the only proven-convergent SMDP off-policy
control learning algorithm prior to our work. The algo-
rithm estimates the reward rate by tracking the cumulative
reward C' obtained by the options and dividing it by the

0.06

Reward 0-04

another estimate 7' the tracks the length of the options. fate ‘
If the n™" option executed is a greedy choice, then these 002
estimates are updated using:
0.004 7 —
= cn + ﬂn (Rn — Cn), Step-size

Figure 3: Parameter studies showing
Gosavi’s (2004) algorithm’s rate of learn-
i1/ Ty ing is relatively more sensitive to the
choices of its two parameters com-
A _ _ ] pared to our inter-option Differential Q-
Wheq O,} is not greegly, Rn+1_ = Ry. The opt}on—value learning. The experimental setting and
function is updated w1t.h (3) with §,, as defined in '(5'). Qn  the plot axes are the same as mentioned
and 3, are two step-size sequences. The sensitivity of j, Figure 2’s caption.
this algorithm with O = A 4 H is shown in Figure 3.
Compared to inter-option Differential Q-learning, this baseline has one less parameter, but its
performance was found to be more sensitive to the values of both its step-size parameters. In addition,
the error bars were generally larger, suggesting that the variance across different runs was also higher.

C7(71—0—1
Tn+1 = Tn + 6n<i/n - Tn>7
Rn+1

To conclude, our experiments with the continuing Four-Room domain show that our inter-option
Differential Q-learning indeed finds the optimal policy given a set of options, in accordance with
Theorem 1. In addition, its performance seems to be robust to the choices of its parameters.
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4 Intra-Option Value Learning and Planning Algorithms

In this section, we introduce intra-option value learning and planning algorithms. The objectives are
same as that of inter-option value learning algorithms. As mentioned earlier, intra-option algorithms
learn from every transition Sy, A;, Ry 1, St41 during the execution of a given option O,. Moreover,
intra-option algorithms also make updates for every option o € O, including ones that may potentially
never be executed.

To develop our algorithms, we first establish the intra-option evaluation and optimality equations in
the average-reward case. The general form of the intra-option Bellman equation is:

q(s,0) = Z’IT(G |s,0) Zp(s’,r | 5,a) (r -7+ ul(s, o)) (10)

a

where ¢ € RISIXIOl and 7 € R are free variables. The optimality and evaluation equations use
u? = ul and u? = ug, respectively, defined Vs’ € S,0 € O as:

ul(s',0) = ul(s',0) = (1= B(s',0))q(s,0) + B(s', 0) max q(s', o), (11)

ul(s',0) = ull(s',0) = (1= B(s',0))a(s',0) + B(s',0) D u(0']s)a(s', o). (12)

Intuitively, the u? term accounts for the two possibilities of an option terminating or continuing in
the next state. These equations generalize the average-reward Bellman equations given by Puterman
(1994). The following theorem characterizes the solutions to the intra-option Bellman equations.

Theorem 2 (Solutions to intra-option Bellman equations). If Assumption I holds, then:

1. a) there exists a7 = R and a q € RISI*I9! for which (10) and (11) holds, b) the solution of
T is unique and is equal to T, the solutions of q form a set {q. + ce | ¢ € R} where e is an
all-one vector of size |S| x |0, ¢) a greedy policy w.r.t. a solution of q achieves the optimal
reward rate 1.

2. a) there exists a7 € R and a q € RS9l for which (10) and (12) holds, b) the solution of
T is unique and is equal to r(u), the solutions of q form a set {q,, + ce | c € R}.

The proof extends that of Corollary 8.2.7, Theorem 8.4.3, and Theorem 8.4.4 by Puterman (1994),
and is presented in Appendix A.3.

Our intra-option control and prediction algorithms are stochastic approximation algorithms solving
the intra-option optimality and evaluation equations respectively. Both the algorithms maintain
a vector of estimates Q(s,0) and a scalar estimate R, just like our inter-option algorithms (since
intra-option algorithms make updates after every transition, they do not need to maintain an estimator
for option lengths (L) like the inter-option algorithms). Our control algorithm, called intra-option
Differential Q-learning, updates estimates () and R by:

Qt+1(5t7 0) = Qt(St7 0) + atpt(0)5t(0), V (XS 07 (13)
Rip1 = Re+nay Y, pi(0)6:(0), (14)
ocO
where « is a step-size sequence, p;(0) = % is the importance sampling ratio, and:

5:(0) = Ri1 — Ry +u2* (Sp41,0) — Qe(St, 0). (15)

Our prediction algorithm, called intra-option Differential Q-evaluation, also update () and R by (13)
and (14) but with the TD error:

5:(0) = Re1 — Ry + ud* (Ses1,0) — Qe(St, 0). (16)

Theorem 3 (Convergence of intra-option algorithms; informal). Under the same assumptions as
those of Theorem 1:

1. intra-option Differential Q-learning algorithm (13—15) converges almost surely, R; to r.,
Q¢ to a solution of q in (10) and (11), and r(p;) to r., where i is a greedy policy w.r.t. Qy,
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2. intra-option Differential Q-evaluation algorithm (13,14,16) converges almost surely, R, to
r(u), Q¢ to a solution of q in (10) and (12).

Remark: The intra-option learning methods introduced in this section can be used with options
having stochastic policies. This is possible with the use of the important sampling ratios as described
above. Sutton et al.’s (1999) discounted intra-option learning methods were restricted to options
having deterministic policies.

Again, the intra-option value planning algorithms are similar to the learning algorithms except that
they use simulated experience generated by a given or learned model instead of real experience. The
planning algorithms and their convergence results are presented in Appendix A.4.

Empirical Evaluation. We conducted another experi-
ment in the Four-Room domain to show that intra-option
Differential Q-learning can learn the values of hallway
options H using only primitive actions .4. As mentioned
earlier, there are no intra-option average-reward baseline
algorithms, so this is a proof-of-concept experiment.

Reward 0-04
Rate
The goal state for this experiment was G2, which can be
reached using the option that leads to the lower hallway.
The optimal reward rate in this case is 1/14 ~ 0.714 with
both O = H and O = A. We applied intra-option Differ-
ential Q-learning using a behavior policy that chose the
four primitive actions with equal probability in all states.
Each parameter setting was run for 200,000 steps and re-
peated 30 times. For evaluation, we saved the learned

50000 100000

Total Steps

150000 200000

Figure 4: Learning curve showing that
the greedy policy corresponding to the
hallway options’ option-value function
achieves the optimal reward rate on the

option value function after every 1000 steps and computed
the average reward of the corresponding greedy policy
over 1000 steps.

Figure 4 shows the learning curve of this average re-
ward across the 30 independent runs for parameters o =

continuing Four-Room domain. The
value function was learned via intra-
option Differential Q-learning using a
behavior policy consisting only of prim-
itive actions; the hallway options were

0.125,7 = 0.1. The agent indeed succeeds in learning never executed.

the option-value function corresponding to the hallway op-
tions using a behavior policy consisting only of primitive actions. The parameter study of intra-option
Differential Q-learning is presented in Appendix B.2.

5 Intra-Option Model Learning and Planning Algorithms

In this section, we first describe option models within the average-reward formulation. We then
introduce an algorithm to learn such models in an intra-option fashion. This option-model learning
algorithm can be combined with the planning algorithms from the previous section to obtain a
complete model-based average-reward options algorithm that learns option models and plans with
them (we present this algorithm in Appendix C.2).

The average-reward option model is similar to the discounted options model but with key distinctions.
Sutton et al.’s (1999) discounted option model has two parts: the dynamics part and the reward
part. Given a state and an option, the dynamics part predicts the discounted occupancy of states
upon termination, and the reward part predicts the expected (discounted) sum of rewards during
the execution of the option. In the average-reward setting, apart from the dynamics and the reward
parts, an option model has a third part—the duration part—that predicts the duration of execution of
the option. In addition, the dynamics part predicts the state distribution upon termination without
discounting and reward part predicts the undiscounted cumulative rewards during the execution of
the option.

Formally, the dynamics part is m?(s'[s,0) = >, p(s’,7,1]s,0), the probability that option o
terminates in state s" when starting from state s. The reward partis m”(s,0) =Y, p(s’,r,l]s,0)r,
the expected cumulative reward during the execution of option o when starting from state s. Finally,
the duration part is m!(s, 0) = > e D(8',7,1]s,0) 1, the expected duration of option o when starting
from state s.
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We now present a set of recursive equations that are key to our model-learning algorithms. These
equations extend the discounted Bellman equations for option models (Sutton et al. 1999) to the
average-reward formulation.

mP (x| s,0) = ZTK‘(CL | 5,0) Zp(s’,r | 5,a) (,3(8/70)]1(56 =5+ (1 =B, 0)mP (x| s/,o)), a7

m' (s,0) = Zﬂ(a | s,0) Zp(s/, r|s,a) (r + (1 - B(s, o))mr(s/,o)), (18)
m!(s,0) =Y m(a]s,0)Y p(s',r | s,0) (14 (1 - B(s',0)m'(s',0)). (19)

The following theorem (see Appendix A.5 for the proof) shows that (m?, m”, m!) is the unique
solution of (17-19) and therefore the models can be obtained by solving these equations.

Theorem 4 (Solutions to Bellman equations for option models). There exist unique mP &
RISXIOXIS| g e RISIXION gnd m! e RISIXION for which (17), (18), and(19) hold. Further,
ifmP,m", m 7l satisfy (17), (18), and (19), then mP = mP,m"” = m”,m! = m'.

Our intra-option model-learning algorithm solves the above recursive equations using the following
TD-like update rules for each option o:

MYy (@ | St,0) = M (@ | St,0) + aepe(0) (B(St1,0)(Se41 = o)

+ (1= B(Set1,0) MP(x | Spy1,0) — MP(z | S, o)), Vzes, (20)
M{11(St,0) = M{ (St,0) + arpt(0) (Rt+1 + (1 = B(St41,0)) Mf (St41,0) — My (St, 0)) 21
My (St,0) = M (St,0) + atpe(0) (14 (1= B(Sir1,0)) M (Si1,0) = M{(St,0)) (22)

where M? is a |S| x |O| x |S|-sized vector of estimates, M™ and M are both |S| x |O|-sized vectors
of estimates, and o is a sequence of step sizes. Standard stochastic approximation results can be
applied to show the algorithm’s convergence (see Appendix A.6 for details).

Theorem 5 (Convergence of the intra-option model learning algorithm, informal). Under Assump-
tion 1, if the step sizes are set appropriately and all the state-option pairs are updated an infinite
number of times, then the intra-option model-learning algorithm (20-22) converges almost surely,
M} to mP, M tom”, and M} to m'.

Our intra-option model-learning algorithms (20-22) can be applied with simulated one-step transitions
generated by a given action model, resulting to a planning algorithm that produces an estimated
option model. The planning algorithm and its convergence result are presented in Appendix A.6.

6 Interruption to Improve Policy Over Options

In all the algorithms we considered so far, the policy over options would select an option, execute
the option policy till termination, then select a new option. Sutton et al. (1999) showed that the
policy over options can be improved by allowing the interruption of an option midway through its
execution to start a seemingly better option. We now show that this interruption result applies for
average-reward options as well (see Appendix A.7 for the proof).

Theorem 6 (Interruption). For any MDP, any set of options O, and any policy i : S x O — [0, 1],
define a new set of options, O', with a one-to-one mapping between the two option sets as follows:
forevery o = (w, ) € O, define a corresponding o' = (w,3') € O’ where 3’ = 3, but for any state
s in which q,,(s,0) < v,(s), B'(s) = 1. Let the interrupted policy ;' be such that for all s € S and
forall o' € O, 1/ (s,0") = u(s,0), where o is the option in O corresponding to o'. Then:

1. the new policy over options 1’ is not worse than the old one p, i.e., v(p') > r(u),

2. if there exists a state s € S from which there is a non-zero probability of encountering an
interruption upon initiating 1’ in s, then r(p') > r(p).
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In short, the above theorem shows that interruption produces a behavior that achieves a higher reward
rate than without interruption. Note that interruption behavior is only applicable with intra-option
algorithms; complete option transitions are needed in inter-option algorithms.

Empirical Evaluation. We tested the intra-option Differ-

ential Q-learning algorithm with and without interruption 0.08
in the Four-Room domain. We set the goal as G3 and al-
lowed the agent to choose and learn only from the set of
all hallway options . With just hallway options, without
interruption, the best strategy is to first move to the lower ~ fepard 00t
hallway and then try to reach the goal by following options 0.02] e o
that pick random actions in the states near the hallway and ) Acting without Interruption
goal. With interruption, the agent can first move to the /
left hallway, then take the option that moves the agent to ' 100000 TO?tz(l’gi(gpﬁ 300000 400000
the lower hallway but terminate when other options have

higher option-values. This termination is most likely to  Figure 5: Learning curves showing that
occur in the cell just above G3. The agent then needs a executing options with interruptions can
fewer number of steps in expectation to reach the goal. achieve a higher reward rate than execut-
ing options till termination in the domain
described in the adjoining text.

Figure 5 shows learning curves using intra-option Differ-
ential Q-learning with and without interruptions on this
problem. Each parameter setting was run for 400,000
steps and repeated 30 times. The learning curves shown correspond to aw = 0.125 and n = 0.1. As
expected, the agent achieved a higher reward rate by using interruptions. The parameter study of the
interruption algorithm along with the rest of the experimental details is presented in Appendix B.3.

7 Conclusions, Limitations, and Future Work

In this paper, we extended learning and planning algorithms for the options framework — originally
proposed by Sutton et al. (1999) for discounted-reward MDPs — to average-reward MDPs. The
inter-option learning algorithm presented in this paper is more general than previous work in that its
convergence proof does not require existence of any special states in the MDP. We also established
intra-option Bellman equations in average-reward MDPs and used them to propose the first intra-
option learning algorithms for average-reward MDPs. Finally, we extended the interruption algorithm
and its related theory from the discounted to the average-reward setting. Our experiments on a
continuing version of the classic Four-Room domain show the efficacy of the proposed algorithms.
We believe that our contributions will enable widespread use of options in the average-reward setting.

The most immediate line of future work involves extending these ideas from the tabular case to
the general case of function approximation, starting with linear function approximation. The idea
of linear (discounted) options can be extended to the average-reward case, perhaps by building on
the theory used by Zhang et al. (2021). Using the results developed in this paper, we also foresee
extensions to more ideas from the discounted setting involving function approximation such as Bacon
et al.’s (2017) option-critic architecture to the average-reward setting.

This paper assumes that a fixed set of options is provided and the agent then learns or plans using them.
One of the most important challenges in the options framework is the discovery of options. We think
the discovery problem is orthogonal to the problem formulation. Hence existing option-discovery
algorithms developed for the discounted setting (e.g., by McGovern & Barto 2001, Menache et
al. 2002, Simsek & Barto 2004, Singh et al. 2004, Van Djik & Polani 2011, Machado et al. 2017)
can be easily extended to the average-reward setting. Relatively more work might be required in
extending approaches that couple the problems of option discovery and learning (e.g., Gregor et
al. 2016, Eysenbach et al. 2018, Achiam et al. 2018, Veeriah et al. 2021).

Another limitation of this paper is that it deals with learning and planning separately. We also need
combined methods that learn models and plan with them; some ideas are discussed in Appendix C.
Finally, we would like to get more empirical experience with the algorithms proposed in this paper,
both in pedagogical tabular problems and challenging large-scale problems. Nevertheless, we believe
this paper makes novel contributions that are significant for the use of temporal abstractions in
average-reward reinforcement learning.
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A Formal Theoretical Results and Proofs

In this section, we provide formal statements of the theorems presented in the main text of the paper
and show their proofs. This section has several subsections. The first subsection introduces General
RVI Q, which will be used in later subsections. The other six subsections correspond to six theorems
presented in the main text.

A.1 General RVI Q

Wan et al. (2021) extended the family of RVI Q-learning algorithms (Abounadi, Bertsekas, and
Borkar et al. 2001) to prove the convergence of their Differential Q-learning algorithm. Unlike RVI
Q-learning, Differential Q-learning does not require a reference function. We further extend Wan et
al.’s extended family of RVI Q-learning algorithms to a more general family of algorithms, called
General RVI Q. We then prove convergence for this family of algorithms and show that inter-option
algorithms and intra-option value learning algorithms are all members of this family.

We first need the following definitions:

1. a set-valued process {Y,,} taking values in the set of nonempty subsets of Z with the
interpretation: Y,, = {i : i component of () was updated at time n},

2. v(n,i) =Y p_o I{i € Yi}, where I is the indicator function. Thus v(n,¢) = the number
of times the % component was updated up to step 7,

3. ii.d. random vectors R,,, G,, and F), for all n > 0 satisfying E [R,, ()] = 7(¢), where r is a
fixed real vector, E[G,,(Q)(i)] = g(Q)(i) for any Q € RIZ! where g : Z — T is a function

satisfying Assumption A.1 and E[F,,(Q)(i)] = f(Q) forany i € Z and Q € RZ! where
f + T — Ris a function satisfying Assumption A.2.

Assumption A.1. 1) g is a max-norm non-expansion, 2) g is a span-norm non-expansion, 3) g(x +
ce) = g(x) + ceforany c € R,z € RE| 4) g(cx) = cg(x) for any c € R,z € RIZI,

Assumption A.2. 1) f is L-Lipschitz, 2) there exists a positive scalar u s.t. f(e) = wand f(x+ce) =
f(@) +cu 3) fex) = cf(z).

Assumption A.3. Forn € {0,1,2,...}, E[|R, —r||°] < K, E[|G(Q) —g(Q)|’] < K(1 +
Q%) for any Q € R, and E[||F,(Q) — f(Q)el”] < K(1 + [|Q|*) for any Q € RF! fora
suitable constant K > (.

The above assumption means that the variances of R,,, G,,(Q), and F,,(Q) for any () are bounded.
General RVI Q’s update rule is
Qn-i—l(i) = Qn(z) + Qy(n,i) (Rn(z) - Fn(Qn)(Z) + Gn(Qn)(l) - Qn(z) + en(l))I{Z € Yn}a

(A.1)

where v, (,, ;) is the stepsize and ¢, is a sequence of random vectors of size |Z|.

We make following assumption on €,,.

Assumption A.4 (Noise Assumption). |6, | < K(1+ ||Qn]|,) for some scalar K. Further, €,

converges in probability to 0.

We make following assumptions on v, (y, ;).

Assumption A.5 (Stepsize Assumption). Foralln >0, a, > 0, Y07 o, = 00, and Y oo a2 <
<.

Assumption A.6 (Asynchronous Stepsize Assumption A). Let [-] denote the integer part of (-), for
z € (0,1),

su Hei]
p < 0
i QO
and
[yi]
e
LTI

Z;‘:O @

uniformly iny € [z, 1].
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Assumption A.7 (Asynchronous Stepsize Assumption B). There exists A > 0 such that

lim inf M’Zl) > A,

n—oo N +

a.s., forall s € S,0 € O. Furthermore, for all x > 0, let

N(n,x):min{m>n: Z aizm},

i=n+1
the limit
v(N(n,z),i)
li Zi:u(n,i) g
oo SN (n,2),1)
Zi:u(n,i/) Q@
exists a.s. for all s,s',0,0'.
Assumption A.8. (i) — 7 + g(q)(i) — q(¢) = 0,Vi € T has a unique solution for 7 and a unique
Sfor q only up to a constant.

Denoted the unique solution of 7 by 7. Further, it can be seen that the solution of ¢ satisfying both
r — e —g(q) —q = 0and f(q) = re is unique because our assumption on f (Assumption A.2).
Denote the unique solution as g... We have,

f(qoo) =Too- (A2)

Theorem A.1. Under Assumptions A.1-A.8, General RVI Q converges, almost surely, Q,, to g~ and
f(Qn) to 0.

Proof. Because (A.1) is in the same form as the asynchronous update (Equation 7.1.2) by Borkar
(2009), we apply the result in Section 7.4 of the same text (Borkar 2009) (see also Theorem 3.2
by Borkar (1998)) which shows convergence for Equation 7.1.2, to show the convergence of (A.1).
This result, given Assumption A.6 and A.7, only requires showing the convergence of the following
synchronous version of the General RVI Q algorithm:

Qn-‘rl(i) = Qn(z) + oy (Rn(i) - Fn(Qn)(Z) + g(Qn)(Z) - Qn(z)) Viel. (A.3)
Define operators 11, T5:

@
@

(i)
(i)

T'oos

f@Q)

9(Q)(3) —
9(Q)(#) —

Consider two ordinary differential equations (ODEs):

g = Ta(ye) — we, (A4)

&y = To(we) — e = T1 (1) — 21 + (1o — f(21)) €. (A.5)
Note that because g is a non-expansion by Assumption A.1, both (A.4) and (A.5) have Lipschitz
R.H.S’s and thus are well-posed.

Because g is a non-expansion, 77 is also a non-expansion. Therefore we have the next lemma, which
restates Theorem 3.1 and Lemma 3.2 by Borkar and Soumyanath (1997).

Lemma A.1. Let ij be an equilibrium point of (A.4). Then ||y, — || is nonincreasing, and y; — y
for some equilibrium point y. of (A.4) that may depend on .

Lemma A.2. (A.5) has a unique equilibrium at .
Proof. Because f(¢oo) = Too, We have that goo = T1(¢0) = T2(goo ), thus g is a equilibrium
point for (A.5). Conversely, if T5(Q) — Q = 0, then T1Q + (roo — f(Q))e = Q. But the equation

T1Q + ce = @ only has a solution when ¢ = 0 because of Assumption A.1. We have ¢ = 0 and thus
f(Q) = ro, which along with T7Q = @, implies Q = goo. O
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Lemma A.3. Let z¢ = yo, then xy = yi+ zie, where z; satisfies the ODE 2, = —uzi+ (roo — f (Y1),
and k = |Z|.

Proof. From (A.4), (A.5), by the variation of parameters formula,
t t
ro = exp(—t)eo + [ explr — 0T (a)ir + [ [ eptr =06 = s e e
0 0

t
y: = exp(—t)yo + / exp(1 — t)T1 (y,)dr.
0
Then we have

H;%X(Q?t(& 0) - yt<s7 0))

< | " exp(r — t) max(Ti (o) (5, 0) — Ti () (5,00 + [ / exp(r — ) (ree — f(2) zﬂ |

)

min(x¢(s,0) — yi(s,0))

Z) /Ot exp(r — ¢) min(Ti(27)(s, 0) — Ta(yr)(s, 0))dr + [/Ot exp(T — ) (e — f(@2)) dr} _

Subtracting, we have

splae —y) < / exp(r — )sp(Ti (z+) — Ty (y-))dr,

where sp(x) denotes the span of vector x.

Because we assumed that g is span-norm non-expansion, 77 is also a span-norm non-expansion and
thus

splai =) < [ esp(r = sp(Tiar) = Tilo)dr < [ exolr = (e, 57

By Gronwall’s inequality, sp(z; — y;) = 0 for all ¢ > 0. Because sp(x) = 0 if and only if z = ce
for some ¢ € R, we have

Ty =Y+ 26, t>0.
for some z;. Also xg = yg = 20 = 0.

Now we show that 2; = —uz; + (roo — f(y:)). Note that f(z:) = f(y: + zee) = f(y:) + uze. In
addition, T (z;) — T1(y:) = T1(ye + zee) — T (ye) = Th(ye) + zee — T1(y¢) = zee, therefore we
have, for z; € R:
e =Ty — Yt

(Th(z) — 2t 4 (roo — f(x1)) €) — (T1(y) — y) (from (A.4) and (A.5))

= =@ —y) + (T1(@e) = Ta(ye)) + (rec — flar)) €

= —zie+zie+ (roo — fay)) €

= —uzie +uzie + (roo — f(1)) €

= —uzme+ (roc — f(y1)) €
= 4 =—uz+ (reo — f(yr))-

Lemma A4. q is the globally asymptotically stable equilibrium for (A.5).

Proof. We have shown that g, is the unique equilibrium in Lemma A.2.

With that result, we first prove Lyapunov stability. That is, we need to show that given any € > 0, we
can find a § > 0 such that ||goe — zol|,, < 6 implies [|goo — 74]|, < €fort > 0.
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First, from Lemma A.3 we have 2; = —uz; + (1o — f(y¢)). By variation of parameters and zo = 0,

we have
t
2= / exp(u(r — 1)) (reo — f(ys)) dr.
0
Then
1900 — tll oo = 1000 — Yt — zeuel|

< 900 = Ytlloo + w2l

t
< llgoo — goll . + / exp(u(r — ) [roo — f(yr)| dr

t
— 4o — 2ol + u/ exp(u(r — 1)) |f(go) — F(yo)|dr  (from (A2)). (A.6)
0

Because f is L-lipschitz, we have

|f(go0) = fyr)| < Lrec = yrlloo
< L||rec —%ollo, (from Lemma A.1)

:L”Too —.130”00.

Therefore

t

/ exp(u(r — )| fgw) — Fyn) dr < / exp(u(r — )L g — woll., dr
0 0
— L llge — 2ol / exp(ulr — t))dr

1
= L||¢oo — %ol 5(1 — exp(—ut))

L
= lgo0 — @ol| o, (1 — exp(—ut)).

Substituting the above equation in (A.6), we have

Lyapunov stability follows.

Now in order to prove the asymptotic stability, in addition to Lyapunov stability, we need to show
that there exists 6 > 0 such that if |29 — ¢sol|,, < 0, then lim;_, ¢ ||+ — ¢oo||, = 0. Note that

lim z; = lim [ exp(u(r —t)) (reo — f(y-))dr

t—o00 t—o00 0
o Jaentun) e — Jy)dr
t—o0 exp(ut)
= lim exp(ut) (ree — f(y1)) (by L'Hospital’s rule)
t—00 wexp(ut)
= w (by Lemma A.1).
u

Because x; = y; + zie (Lemma A.3) and y; — yo (Lemma A.1), we have ©; — Yoo + (oo —
f(yso))e/u, which must coincide with ¢, because that is the only equilibrium point for (A.5)
(Lemma A.2). Therefore lim;_, [|2; — ¢oo ||, = 0 for any xy. Asymptotic stability is shown and
the proof is complete. O

Lemma A.5. Equation A.3 converges a.s. Q,, 10 oo as n — 0Q.
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Proof. The proof uses Borkar’s (2008) Theorem 2 in Section 2 and is essentially the same as Lemma
3.8 by Abounadi et al. (2001). For completeness, we repeat the proof (with more details) here.

First write the synchronous update (A.3) as

Qn+1 = Qn + an(h(Qn) + Mn+1 + 5n)7
where
h’(Qn)(Z) = T(Z) - f(Qn) + Q(Qn)(i) - Qn(i)
= T2(Qn) (i) — Qn(3),
My g1(i) = R (i) — Fo(Qn) (@) + Gn(@n) (i) — T2(Qn)(4)-
It can be shown that ¢,, is asymptotically negligible and therefore does not affect the conclusions of
Theorem 2 (text after Equation B.66 by Wan et al. 2021).

Theorem 2 requires verifying following conditions and concludes that (),, converges to a (possibly
sample path dependent) compact connected internally chain transitive invariant set of ODE &, =
h(x;). This is exactly the ODE defined in (A.5). Lemma A.2 and A.4 conclude that this ODE has
(oo as the unique globally asymptotically stable equilibrium. Therefore the (possibly sample path
dependent) compact connected internally chain transitive invariant set is a singleton set containing
only the unique globally asymptotically stable equilibrium. Thus Theorem 2 concludes that ), — oo
a.s. as n — oo. We now list conditions required by Theorem 2:

e (A1) The function h is Lipschitz: ||h(z) — h(y)|| < L ||z — y|| for some 0 < L < cc.

e (A2) The sequence {a,} satisfies a,, > 0, and > v, = 00, > a2 < o0.

e (A3) {M,} is a martingale difference sequence with respect to the increasing family of
o-fields

Fn = 0(Qi, My,i <n),n > 0.
That is
E[My41| Fn] =0 as,n>0.
Furthermore, {M,, } are square-integrable
E[|Muir|* | Fo] < K1+ Qnl*) as, n>0,
for some constant K > 0.

e (A4) sup,, |Qn]l < o0 as..

Let us verify these conditions now.
(A1) is satisfied because 75 is Lipschitz.
(A2) is satisfied by Assumption A.5.
(A3) is also satisfied because for any : € 7
= O,
and E[| My’ | Fol < EllRa—rl” | Fal + ElFu(@0) = FQuel’ | Fl +

E[|Gn(Qn) — 9(@Qu)|° | Fn] < K(1 + [|Qull®) for a suitable constant K > 0 can be verified
by a simple application of triangle inequality.

To verify (A4), we apply Theorem 7 in Section 3 by Borkar (2008), which shows sup,, ||Qx || < oo
a.s., if (A1), (A2), and (A3) are all satisfied and in addition we have the following condition satisfied:

(A5) The functions hg(z) = h(dz)/d,d > 1,z € R¥, satisfy hq(x) — hoo () as d — oo, uniformly
on compacts for some h, € C(R¥). Furthermore, the ODE #; = h, () has the origin as its unique
globally asymptotically stable equilibrium.
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Note that
hoo(z) = lim hgy(x) = dliﬁrgo (Ty(dz) — dzx) /d = g(x) — f(z)e — z,

d—o0o
because g(cx) = cg(z) and f(cz) = ¢f(x) by our assumption.
The function h., is clearly continuous in every = € R¥ and therefore h., € C(RF).

Now consider the ODE &; = hoo(2:) = g(z¢) — f(2+)e — x;. Clearly the origin is an equilibrium.
This ODE is a special case of (A.5), corresponding to the r(s,0)Vs € S,0 € O being always
zero. Therefore Lemma A.2 and A.4 also apply to this ODE and the origin is the unique globally
asymptotically stable equilibrium.

(A1), (A2), (A3), (A4) are all verified and therefore

Qn — oo a.S.aS N — 00.

A.2 Theorem 1

For simplicity, we will only provide formal theorems and proofs for our control learning and planning
algorithms. The formal theorems and proofs for our prediction algorithms are similar to those for
the control algorithms and are thus omitted. To this end, we first provide a general algorithm that
includes both learning and planning control algorithms. We call it General Inter-option Differential
Q. We first formally define it and then explain why both inter-option Differential Q-learning and
inter-option Differential Q-planning are special cases of General Inter-option Differential Q. We then
provide assumptions and the convergence theorem of the general algorithm. The theorem would lead
to convergence of the special cases. Finally, we provide a proof for the theorem.

Given an SMDP M = (S, 0, L, 73713), for each state s € S, option o € O, and discrete step n > 0,
let R,,(s,0), S;l(s, 0), ﬁn(s, 0) ~ p(+,-,-|s,0) denote a sample of resulting state, reward and the
length. We hypothesize a set-valued process {Y,, } taking values in the set of nonempty subsets of
S x O with the interpretation: Y,, = {(s,0) : (s, 0) component of () was updated at time n}. Let
v(n,s,0) = > 1_oI{(s,0) € Y;}, where I is the indicator function. Thus v(n, s, 0) = the number
of times the (s, 0) component was updated up to step n. The update rules of General Inter-option
Differential Q are

Qn+1(8,0) = Qn(s,0) + (5,00 (5,0)/Ln(s,0)[{(s,0) € Yn}, Vs€S,0€0, (AT

R,i1=R,+n Z Qy(n,s,0)0n(5,0)/Ln(s,0)I{(s,0) € Yy}, (A.8)
Lyy1(s,0) = Ly(s,0) + Bu(s, 0)(ﬁn(s, 0) — L, (s,0))I{(s,0) € Y,,}, (A.9)

where
6n(5,0) = Ry(s,0) — RyLn(s,0) + max Qn(5!(5,0),0") — Qu(s,0) (A.10)

is the TD error.

Here oy, s,0) is the stepsize at step n for state-action pair (s, 0). The quantity cv,,, s ) depends
on the sequence {«,, }, which is an algorithmic design choice, and also depends on the visitation
of state-option pairs v(n, s, 0). To obtain the stepsize, the algorithm could maintain a |S x O|-size
table counting the number of visitations to each state-option pair, which is exactly v(-, -, -). Then the
stepsize ai,(p,s,0) can be obtained as long as the sequence {«, } is specified.

Qo and Ry can be initialized arbitrarily. Note that Ly can not be initialized to 0 because it is the
divisor for both (A.7) and (A.8) for the first update. Because the expected length of all options would
be greater than or equal to 1, we choose Lg to be 1. In this way, L,, will never be 0 because it
is initialized to 1 and all the sampled option lengths are greater than or equal to 1. Therefore the
problem of division by 0 will not happen in the updates.
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654 Now we show inter-option Differential Q-learning and inter-option Differential Q- planning are
655 specml cases of General Inter-option Differential Q. Consider a sequence of real experience

656 Sn7On7RnaLn7s’n+1a-~-~

Y (s,0) =1,if s = Sp,0 = Oy,
Y, (s,0) = 0 otherwise,

657 and S’;(Sn, On) = §n+17 Rn(é’n, O,) = f%nJrh Ln(S'm 0,) = Lo, update rules (A.7), (A.8), and
658 (A.10) become

QnJrl(Sm On) = Qn(gnv On) + ay(n,Sn,On)gn/Ln(Snv On) sand Qn11(8,0) = Qn(s,0),Vs # ‘SA'n»O # Ona

Rut1 = R+ 10,0, 5. 6,900/ In(Sn, On),
on = R, — R,Ly, —l—maXQn( 4150') = Qu(Sn, On),

Ln+1 (Sna On)

659 which are inter-option Differential Q-learning’s update rules (Section 3) with stepsize « in the n-th
se0 update being a,,,, ¢ 4 . and the stepsize 3 being /3 (Sn, On).

e61 If we consider a sequence of simulated experience . .., Sy, Opn, Ry, Ly, Sh, .. ..

Y.(s,0) =1,if s = Sn.0=0,,
Y,.(s,0) = 0 otherwise,

e62 and S/ (s,0) = S5, R, (s,0) = Ry, Ln(s,0) = Ly, update rules (A.7)-(A.10) become

n?’

QnJrl (Sna On) = Qn(gnz On) + al,(n,gmén)gn/lln 5 and QnJrl(Sa 0) = Qn(sa 0)7V8 7& gnvo 7& O'ru
Rn+1 = R + nay(n grué )S /L’I’L7
6 = Rp — RyLy, —|—maxQn( ,0') = Qn(Sn,0n),

Lni1(80,00) = Liy(Sn, On) + Bu(Sn, On) (L — Ln(S,,04)).

=7

663 Now, in the planning setting, the model can produce an expected length, instead of a sampled one.
es4 And there estimating the expected length using L,, is no longer needed. The above updates reduce to

Q?L-‘rl(SnaO )= Qn(é @) )+ay(n 5,,,00) 6 /Ln,and Qnt1(s,0) = Qn(sao)avs#ng#Om
Roi1 =R, +1n QY (n,5,,00) 5n/Ln7

= Ry — Ry Ly + max Qn (S}, 0) — Qn(Sn, Oy).

Onz
||

665 The above update rules are our inter-option Differential Q-planning’s update rules with stepsize at
666 planning step n being Qyn5,.00)

667 We now provide a theorem, along with its proof, showing the convergence of General Inter-option
ess Differential Q.

660 Theorem A.2. Under Assumptions 1, A.5, A.6, A.7, and that 0 < f3,,(s,0) < 1, Bn(s,0) = oo,

670 and Y., [%(s,0) < oo, and B, (s,0) = 0 unless s = S,,, General Inter-option Differential Q
671 (Equations A.7-A.10) converges, almost surely, Q., to q satisfying both (2) and

1> a—>_ Qo) =r.— Ry,

672 R, tor., and (i) to v, where ju,, is a greedy policy w.r.t. Q.
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673 Proof. Ateach step, the increment to R, is 1) times the increment to @, and > Q,,. Therefore, the
674 cumulative increment can be written

R, —Ro=n Z Zau(m?o)éi(s, 0)/L;i(s,0)I{(s,0) € Y;}

1=0 s,0
:7]<ZQTL_ZQO)
— Ru=1>_ Qu—nY Qo+Ro=1) Qun—c (A.11)
where ¢ = nZQO — R,y. (A.12)

675 Now substituting R,, in (A.7) with (A.11), we have Vs € S, 0 € O:

Qn+1(37 0) = Qn(sa 0) + au(n,s,o)

Rn(s, 0) — L, (5,0)(n > Qn — ¢) + max, Qn(S;l(&o), 0') — Qn(s,0)
L,(s,0)

I{(s,0) € Y,,}
= Qn(sv 0) + Ay (n,s,o0)

<Rn<s, 0) = 1(5,0) (1 Qn — ¢) + maxy Qu(4(5,0),0') — Qu(s,0)
I(s,0)

+ en(s,o)> I{(s,0) € Y, },
(A.13)

676 where I(s, 0) is the expected length of option o, starting from state s, and €, (s,0) = (R, (s,0) —
677 Ln(s,0)(n3_ Qq_c)'i_maXO’ Qn(57,(5,0),0")=Qn(s,0))/L(s,0)— (Rn(s,0)—1(s,0)(n > Qn—
678 ¢) + maxy Q,(57,(s,0),0) — Qn(s,0))/l(s,0).

679 Standard stochastic approximation result can be applied to show that L,, converges to [. Further, it

680 can be seen that €, satisfies that ||e, || ., < K (1 + [|@Q,||) for some positive K and, by continuous
681 mapping theorem, converges to 0 almost surely (and thus in probability).

682 We now show that (A.13) is a special case of (A.1). To see this point, let

i=(s,0),
R, (i) = P;?is(,))o) + ¢,
Go(Qn) (i) = max, an(iS’z)(s,o),o’) N l(?(z)o; 1Qn(870)7

en(i) = €n(s,0).

683 We now verify the assumptions of Theorem A.1 for Inter-option General Differential Q. Assump-
es4 tion A.l1 and Assumption A.2 can be verified easily. Assumption A.3 satisfies because the MDP
685 1s finite. Assumption A.4 is satisfied as shown above. Assumption A.5-A.7 are satisfied due to
686 assumptions of the theorem being proved. Assumption A.8§ is satisfied because

(i) — 7+ g(q) (i) — q(3)
= E[R, (i) — 7 + Gn(q) (i) — q(i)]

R, (s,0) + cl(s,0) — Tl(s,0) + max, q(S;l(s,o), o)+ (I(s,0) — 1)q(s,0) — I(s,0)q(s,0)

=E I(s,0)

E [Rn(s,o) + cl(s,0) — Tl(s,0) + max, q(SA’jl(s, 0),0") — q(s,0)
Il(s,0)

687 From (2) we know if the above equation equals to 0, then under Assumption 1, ¥ = r, + c is the
688 unique solution and the solutions for ¢ form a set ¢ = ¢, + ce.
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All the assumptions are verified and thus from Theorem A.1 we conclude that (),, converges to a point
satisfyingn > g =ri+c=r.4+n> Qo—Roand R, =n> . Qn,—ctond g—c=ri+c—c=r,.
Finally, in order to show 7(,) — 74, we first extend Theorem 8.5.5 by Puterman (1994) to deal with
SMDP.

Lemma A.6. Under Assumption 1, VQ € RIS*©!

min TQ(s, 0) < r(ug) < r. <maxTQ(s,0),
3,0 s

,0

where TQ(s,0) = Zs,ml p(s’,m, 1| s,0)(r+maxy Q(s',0")) and pug denotes a greedy policy w.rt.
Q.

Proof. Note that

rug) = 3B, s,0)(r + 3 oo | 8)QUS, o) — Q(s, 0)).

s’,r,l

Therefore
min(TQu (s,0) — Qu(s,0)) < r(pta) < v < max(TQu(s,0) — Qu(s,0))

- |’I“* - T(Mn)| < Sp(TQn - Qn)-
O

Because Q,, — goo a.8., and sp(T'Q,, — @,,) is a continuous function of @,,, by continuous mapping
theorem, sp(T'Qy, — Qrn) — sP(T'¢oo — ¢oo) = 0 a.s. Therefore we conclude that r(g,) — 7.

O

A.3 Theorem 2

The proof for the intra-option evaluation equation is simple. First note that these equations can be
written in the vector form:

O=r—re+ (P, —I)g,

where 7(s,0) = E[Riy1 | St = 5,0 = 0|, P,((s,0),(s",0")) = Pr(Si41 = 8,041 = 0[S =
3,0t =o,u) = B(s,0)u(0" | 8')+ (1= B(s’,0))I(0o = o), and e is a all-one vector. Intuitively, the
intra-option evaluation equation can be viewed as the evaluation equation for some average-reward
MRP with reward and dynamics being defined as r and P,.

By Theorem 8.2.6 and Corollary 8.2.7 in Puterman (1994), the intra-option evaluation equation part
in Theorem 2 is shown as long as the Markov chain associated with P, is unichain. Note that by
our Assumption 1, there is only one recurrent class of states under any policy. Therefore no matter
what the start state-option pair is, the agent will enter in the same recurrent class of states. Therefore
we have, for every state 5 in the recurrent class and an option 0 such that (6 | §) > 0, the MDP
visits (8, 0) an an infinite number of times. This shows that any two state-option pairs can not be in
two separate recurrent sets of state-option pairs. Therefore the Markov chain associated with P, is
unichain.

The proof for the Intra-option Optimality Equations is more complicated. First, similar as what we
know in the discounted primitive action case, we have the following lemma for the discounted option
case.

Lemma A.7. Forevery 0 < v < 1, there exists a stationary deterministic discount optimal policy.

The proof uses similar arguments as Theorem 6.2.10 and Proposition 4.4.3 by Puterman (1994).

Now choose a sequence of discount factors {v,}, 0 < 7,, < 1 with the property that v,, T 1. By
lemma A.7, for each ~,,, there exists a stationary discount optimal policy. Because the total number
of Markov deterministic policies is finite, we can choose a subsequence {7/, } for which the same
Markov deterministic policy, p, is discount optimal for all +/,. Denote this subsequence by {7, }.
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726 Because p is discount optimal for vy, Vn, ¢." = ¢, Vn. By intra-option optimality equations in the
727 discounted case (Sutton et al., 1999), for all s € gl 0€ O,

0= Zw(a|s, 0) Zp(s/, 7"|S, a’) (7‘ + ’Vnﬁ(slv O)an (5/7 /J,(S/)) + 'Yn(l - B(Slv 0))(]371(8/7 0)) - an (87 0)

=Y (als,0) D" pl(s'rls,a) (7 + 1 B(s', 0) max gy (s',0) + (1 = A5, 0))a) (5',0) ) = g (5,0).

(A.14)
728 By corollary 8.2.4 by Puterman (1994),
g = (1 =) tr(w) + gu + f(m), (A.15)

720 where (1) and g, are the reward rate and differential value function under policy 1, and f(7y) is a
730 function of -y that converges to 0 as v 1 1.

731 Substituting (A.15) into (A.14), we have
0= m(als,0) Y p(s',r|s,a)(r + 1aB(s',0) max[(1 = vn) ~'r () + qu(s’, ') + (4, 5, 0)]

+ (1= A", o)1 = 9) 77 (1) + qu(s’, 0) + f(m, 8", 0)])
= (1 =) ') + 4u(s,0) + (s 5, 0)]
=Y _mlals,0) Y p(s',rls, a)(r — (1) + 1B’ 0) maxlg,(s', ) + f (v, ', 0)]

+ 9 (1= B(s',0))[gu(s", 0) + f(n, 5", 0)])
= [9u(s,0) + f(m, 5, 0)]

_Z (als,0) Zp (s',r|s,a)(r —r(p )+5(s’70)rr})e/xx[qu(s’,o/)+f(7n,5’70')}

= 1)B(s 70) max[qu(s', ') + f(m. 5", 0")]

+(

+ (1= B(s",0))au(s’, 0) + f(yn: 8", 0)]

+ (= 1A = B(s,0)lgu(s", 0) + f(m, 8", 0)]
- [qu(570) + f(’}/n,S,O)]-

732 Note that (y — 1)5(s’,0) maxy[q,(s’,0) + f(v,s,0")] and (v — 1)(1 — B(s,0))[qu(s’,0) +
733 f(v,s’,0)] both converge to 0 as v 1 1.

734 Now take n — oo, then y,, 1 1, we have

0= n(als,0) 3 pls'sls,a) (= (1) + B(s',0) max (', ) + (1= (', 0))au(s',0) ) — au(s,0).
735 We see that 7 = r(u) and ¢ = g, is a solution of (10)-(11).
736 Now we show that the solution for 7 is unique. Define

B(r,q) =" wlals,0) 3 p(s/,rls,0) (1 = 7+ B(s', 0) maxa(s', o) + (1= B(s',0))a(s',0) ) — a(s, 0).

737 First we show if B(7,q) = 0, then 7 > r,.

0=B(rq)
= Z (als,0) Zp s’ rls,a)(r — 7+ B(s',0) moz;xq(s’,ol) + (1= B(s',0))q(s',0)) —q(s,0)
> sup Z a|so Zps r|s,a)
HGHMR

(7’ — 7+ B(s,0) ZN(0'|5’)Q(5', o)+ (1—p5(s"0)q(s, 0)) —q(s,0),
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where ITM # denotes the set of all Markov randomized policies. In vector form, the above equation
can be written as:

0> sup {r—re+ (P,—1I)q}.
HEnMR

Therefore Yy € TIME,
fe>r+ (P, —1I)qg.

Apply P, to both sides,
P,re > P,r + P,(P, — I)q,
re > Pyr+ P, (P, —I)q.
Repeating this process we have:
re > Plr + Py(P, —I)g.
Summing these expressions fromn = 0ton = N — 1 we have:
Nre > Z (P + Pr(P, — ZP”T+ (PN — PN 1.
n=0

Because limy o0 N(P;iv — PY¥ g =0,

Fe > lim —ZP”T—T

N—oo N

forall u € TME Therefore 7 > r,.

Then we show that if 0 = B(T, ¢) then ¥ < r,. As we proved above, if (7, ¢) satisfies that 0 = B(T, q)
then there exists a policy p such that 7e = r + (P, — I)q is true. Therefore,

Ppre = Piir + P (P, — I)q,
N-1 N-1

: 1 n = 1 n n
i, 2 Fire = Jim, 7 2 (B o+ B (P = D)
N-1
1 n. _ < e
re J\}gnoo ZO Plr r(p)e < r.e

Therefore 7 < r,. Combining 7 > r, and ¥ < r, we have ¥ = r,.

Finally, we show that the solution for ¢ is unique only up to a constant. Note that one could iteratively
replace ¢ in the r.h.s. of the intra-option Optimality equation (10)-(11) by the entire r.h.s. of the
intra-option Optimality equation, resulting to the inter-option Optimality equation (2). Therefore any
solution of (10)-(11) must be a solution of (2). But we know that the solutions for ¢ in (2) is unique
only up to a constant. Therefore the solutions for ¢ in (10)-(11) can not differ by a non-constant.
Further, it is easy to see that if ¢ is a solution, then ¢ + ce, Vc is also a solution. The theorem is
proved.

O

A.4 Theorem 3

For simplicity, we will only provide formal theorems and proofs for our control learning and planning
algorithms. The formal theorems and proofs for our prediction algorithms are similar to those for
the control algorithms and are thus omitted. To this end, we first provide a general algorithm that
includes both learning and planning control algorithms. We call it General Intra-option Differential
Q. We first formally define it and then explain why both Intra-option Differential Q-learning and
Intra-option Differential Q-planning are special cases of General Intra-option Differential Algorithm.
We then provide assumptions and the convergence theorem of the general algorithm. The theorem
would lead to convergence of the special cases. Finally, we provide a proof for the theorem.
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766 Given an MDP M = (S, A, R, p) and a set of options O, for each state s € S, option o € O, a refer-
767 ence option o, and discrete stepn > 0, let A,,(s,0) ~ w(- | $,0), R (s, An(s,0)), S, (s, An(s,0)) ~
768 (-, | s, An(s,0)) denote, given state-option pair (s, d), a sample of the chosen action and the result-
769  ing state and reward. We hypothesize a set-valued process {Y,,} taking values in the set of nonempty
770 subsets of S x O with the interpretation: Y,, = {(s,0) : (s, 0) component of Q) was updated at time
771 n}. Letv(n,s,0) = Y p_,I{(s,0) € Yi}, where I is the indicator function. Thus v(n,s,0) =
772 the number of times the (s, 0) component was updated up to step n. In addition, we hypothesize a
773 set-valued process {Z,, } taking values in the set of nonempty subsets of O with the interpretation:
774 Z, = {0 : 0 component was visited at time n}. Y I{0 € Z,} means the number of reference
775 options used at update step n. For simplicity, we assume this number is always 1.

776 Assumption A.9. " _I{0 € Z,} = 1 for all discrete n > 0.
777 The update rules of General Intra-option Differential Q are

Qn+1(5,0) = Qn(5,0) + Ay s.0) an(s, 0,0)0,(8,0,0)I{(s,0) e Y, }[{o € Z,}, VseS,andoe O

(A.16)
Rn+1iRn+nZOZu(neo)an800 (s,0,0)I{(s,0) € Y, }I{o € Z,}, (A.17)

778 where p,,(s,0,0) = w(A,(s,0) | s,0)/7(A(s,0) | s,0) and

0n(8,0,0) = Ru(s, An(s,0)) = Bn + B(S,(5, An(s,0)), 0) max Qn(S], (s, An(s,0)), ')
+ (1 - /B(S’;L(S7 AH(S’ 6))7 0))Qn(5;(87 An(sa 6))7 0) - Qn(sa 0) (A-IS)

779 is the TD error.

780 Here o,y s,0) s the stepsize at step n for state-option-option triple (s,0). The quantity Oy (n,s,0)
781 depends on the sequence {«,}, which is an algorithmic design choice, and also depends on the
782 visitation of state-option pairs v(n, s,0). To obtain the stepsize, the algorithm could maintain a

783 |S x O|-size table counting the number of visitations to each state-option pair, which is exactly
784 v(-,-,-). Then the stepsize a,(,s o) can be obtained as long as the sequence {a, } is specified.

785 Now we show Intra-option Differential Q-learning and Intra-option Differential Q-planning are
786 special cases of General Intra-option Differential Q. Consider a sequence of real experience
787 ..., St O, Aty Rev1, St41, - - .. By choosing step n = time step ¢,

Y.(s,0)=1,if s =5,
( ,0) = 0 otherwise,
Zn(0) =1,if6 = O
Zy(0) = 0 otherwise,
788 and A, (S¢, Or) = Ay, SL(St, An(St, Or)) = Sit1, Rn(St, An(St, O¢)) = Ryiy1, update rules
789 (A.16), (A.17), and (A.18) become
Qt+1(St,0) = Q1(St,0) + u(t,5,,0)pt(0)61(0), Vo € O, and Qr+1(s,0) = Q4(s,0),Vo € O and Vs # Sy,

Riy1 =R+ Z Qy(t,8,,0)Pt(0)0¢(0),

6:(0) = Rey1 — Ry + B(St41,0) max Q¢ (Se+1, 0o') + (1 = B(St+1,0))Q:(St41,0) — Q:(St, 0),

790 where pi(0) = w(A; | St,0)/m(As | St, O). The above equations are Intra-option Differential
791 Q-learning’s update rules (Equations 13, 14, 15) with stepsize at time ¢ being (1,5, o) for each
792 option o.

793 If we consider a sequence of simulated experience . .., Sy, O,, A, R, S';L, ..., by choosing step
794 n = planning step n,

Y.(s,0) =1,if s = S,
Y. (s,0) = 0 otherwise,
Zn(0) =1,if6= 0,

0) = 0 otherwise,
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75 and A, (Sn,0n) = Apn, S1(S0, Ap(Sn, On)) = 87, Ry(Sn, An(Sn, On)) = R, update rules
796  (A.16), (A.17), and (A.18) become

Qns1(Sn;0) = Qn(Sn,0) + Xy (n,§,,,0)Pn(0)0n(0),Y0 € O, and Qni1(s,0) = Qn(s,0),Vs # S,,Yoe O
Rpi1 =R, +7 Z au(nygmo)pn(o)én(o),

dn(0) ién*RnJFﬂ(S;mO)mOE}XQn(S;uC’/)+( 5( ))Qn( ns )an(Sn,o),

797 where p,,(0) = m(Ay | Sn,0)/7(Ay | Sn, Or). The above equations are Intra-option Differential
798 Q-planning’s update rules (Equations 13, 14, 15) with stepsize at planning step n being «,(5,s,, ,0)
799 for each option o.

goo Finally, note that for both Intra-option Differential Q-learning and Q-planning algorithms, because
so1 for each time step ¢ or update step n, there is only one option which is actually chosen to generate
go2 data, Assumption A.9 is satisfied.

sos Theorem A.3. Under Assumptions I, A.5, A.6, A.7, A.9, General Intra-option Differential Q (Equa-
804 tions A.16-A.18) converges, almost surely, Q, to q satisfying both (10)-(11) and

13" q—" Qo) =r. — R, (A.19)

805 R, tor., and r(ii,) to v, where pi, is a greedy policy w.r.t. Q,,.

806 Proof. At each step, the increment to R, is 7 times the increment to Q,, and Y Q,,. Therefore, the
go7 cumulative increment can be written as:

fRo—nZZa,,(zso)szsoo (s,0,0)I{(s,0) € Y;}I{o € Z;}

=0 s,0
:n<ZQn_ZQO>
= Ro=1) Qu-1) Qo+Ro=n) Qu-c (A.20)

where ¢ = UZQO — Ry.

sos Now substituting R,, in (A.16) with (A.20), we have Vs € S,0 € O:

An I 0 J
Qn-}-l(s’ 0) = Q”(s’ 0) + v (n,s,0) Z m

(P Aul5:00) = 137 Qo 4 BS540 (5.0)0) mx Q15 A (5.0).)

+ (1= B(S5(s, An(s,0)),0))Qn (S}, (s, An(s,0)), 0) = Qn(s, 0))
{(s,0) e Y, }I{o € Z,}. (A.21)

sos  We now show that (A.21) is a special case of (A.1). To see this point, let i = (s, 0),

) {6 € Z:)(Ruls, An(s,0)) + ),
SHo€ Zukn)  Qn,

I{o € Zn}(B(S,(s, An(s,0)),0) moelLXQn(S;(s,An(s,é)),o’)
) ))Qn( (57A7L(8’ 5))’ O) - Qn(570))a
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Then we have:

_ m(An(s,0) | s8,0) 5 . . )
—-E EG:W(An(S,éﬂs,@)I{ € Zp}(Rn(s, An(s,0)) + ¢)
- m4n(2,0) | 5,0) 0 s S,0 c

= E |:7T(An(570) | 8,5)1{ S Zn}(Rn( ,An(s,0)) + ):|

+ (1= B(S,(s, An(5,0)),0))a(S), (5, Au(s,0)),0) — q(s,0))

= o€z} mlals0)
E[(B(Sy (s, a), 0) max (S, (s, a),o') + (1 = B(S, (s, a),0))q(S],(5,a), 0) — q(s,0))]
_ ZT((G, | 3,0) ZP(SIJ" | s,a)(ﬁ(SI,O) Hz%xq(s/70/) 4 (1 — ﬁ(sf,o))q(s/,o) - Q(S,O))]a

forany i € 7.

We now verify the assumptions of Theorem A.l for Intra-option General Differential
Q. Assumption A.l can be verified for g(q)(s,0) = > ,m(a | s,0)> ., p(s,r |
s,a)(B(s',0) max, q(s’,0') + (1 — B(s',0))q(s’,0)) easily. Assumption A.2 is satisfied for
f(@) = n>_q. Assumption A.3 satisfies because the MDP is finite. Assumption A.4 is satis-
fied for €, = 0. Assumption A.5-A.7 are satisfied due to assumptions of the theorem being proved.
Assumption A.8 is satisfied because

(1) =7 +9(a)(i) —q()
- Zw(a|s,0) Zp(s’, rls,a)(r — 7+ B(s’,0) moa}xq(s',ol) + (1= B(s",0))q(s,0)).

By Theorem 2, we know that if the above equation equals to 0, then under Assumption 1, ¥ = r, + ¢
is the unique solution and the solutions for ¢ form a set ¢ = ¢, + ke for all k£ € R.

Therefore Theorem A.1 applies and we conclude that @,, converges to a point satisfying n > ¢ =
retc=r.+nY. Qo— Roand R, =n> Qn, —ctond.q—c=r,+c— c=r,. Finally, by
Lemma A.6, we have 7 (1) — 7.

O

A.5 Theorem 4

Proof. We will show that there exists a unique solution for (17). Results for (18) and (19) can
be shown in a similar way. To show that (17) has a unique solution, we apply a generalized
version of the Banach fixed point theorem (see, e.g., Theorem 2.4 by Almezel, Ansari, and Khamsi
2014). Once the unique existence of the solution is shown, we easily verify that m? is the unique
solution by showing that it is one solution to (17) as follows. With a little abuse of notation, let
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80 p(s',r|s,0) =30 Pz, 71| s,0), we have

mP(z|s,0) = prrl\so

oo

:Zﬁ(sc,”s,o)zz als, o) Zps r|s,a)B(s’, 0)I(x 8/)+Z H(x,1]s,0)
1=1

=2

- Zw(a|s,o) Zp(s',d&a)(ﬁ(s’,o)]l(m =s)+( Z (z,1s',0))
= Zw(a|s,o) Zp(s’,r|5,a)(ﬂ(s’,o)]l(a: =5)+(1—B(s,0)mP(z|s',0)).

831 To apply the generalized version of the Banach fixed point theorem to show the unique
g3z existence of the solution, we first define operator 7 : RISIXISIXIOl  _  RISIXISIX[O]
gsa such that for any m € RISXISXIOl and any z,5 € S,0 € O, Tm(z | s,0) =
4 >, m(als,0) >, . p(s',r]s,a)(B(s,0)l(x = s') + (1 — B(s',0))m(z]s’, 0))). We further define
gs5 T™m = T(T™ 'm) for any n > 2 and any m € RISI*ISIXIOI The generalized Banach fixed point
836 theorem shows that if 7™ is a contraction mapping for any integer n > 1 (this is called a n-stage
837 contraction), then T'm = m has a unique fixed point. The unique fixed point immediately leads to
s3s the existence of the unique solution of (17). The existence of the unique solution and that m? is a
839 solution imply that m? is the unique solution.

ss0 The only work left is to verify the following contraction property:
HT‘Slm1 . T‘SlmQH <y llma —mall (A22)

ga1  where my and ms are arbitrary members in RISI*ISI*XIOl ‘and 4 < 1 is some constant.

ss2  Consider the difference between TS ‘ml and T|S|m2 for arbitrary mq, mgy € RIS*SxOI For any
843 x,8 €S,0€ O, wehave

TISlmy (2| s,0) — Tlmy(z | s, 0)

= Zw(a | s,0) Zp(s’,r|s,a)(1 — B(s", (T my(z | 8, 0) — TSI my (2 | 87, 0))

= ZPr(St_H =518 =5,0 =0)(1 = B(s1,0)) (T my (x| s1,0) — TSI Ymy(a | 51,0))

S1

= ZPr (Sty1 =815t =5,0; =0)(1 — B(s1,0 ZPr Stta = 82 | Sty1 = 81,041 = 0)(1 — B(s2,0))

S1 S2

(T'S"le(x | 5270) _ Tls‘72m2(x‘8270))

|S|
= Y Pr(Sip1 =51 Ss) = 8151 | St = 5,0 = 0) [ [(1 = B(si,0)) (ma (x| 515),0) — ma(zls;s),0))
S1 58] 8| =1
|S|
< Z Pr(Siy1 =51, ,Sit1s) = 815 | St = 5,0¢ = 0) H(l — B(si,0)) [[m1 — mal|
S1:m581S| i=1

844 Here p(s,0) = Zsl,<~~,s‘s‘ Pr(Spp1 = s1-++, Siis) = 15/ | St = 5,0 = 0) Hlsl (1 —B(si,0))
ga5  is the probability of executing option o for |S | steps starting from s without termination. If p(s, 0) = 0,
s4s then option o will surely terminate within the first |S| steps and if p(s,0) = 1, then option o will
s47  surely not terminate within the first |S| steps.

48 If option o would surely not terminate within the first |S| steps (p(s, 0) = 1), then it would surely not
s4e terminate forever. This is because there are only |S| number of states, and thus an option could visit
sso  all states that are possible to be visited by the option within the first | S| steps. p(s,0) = 1 means that
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option o has a zero probability of terminating in all states that are possible to be visited by option o.
This non-termination of a state-option pair implies that the expected option length is infinite, which is
contradict to our assumption of finite expected option lengths (Section 2). Therefore (s, 0) = 1is
not allowed by our assumption and thus p(s, 0) < 1. So there must exist some (s, 0) < 1 such that
p(s,0) <(s,0). With v = max, , v(s,0), we obtain (A.22). O

A.6 Theorem 5

We first provide a formal statement of Theorem 5. The formal theorem statement needs stepsizes to
be specific for each state-option pair. We rewrite (20-22) to incorporate such stepsizes:

MEyy (2| S1,0) = M7 (@ | St,0) + ar(St, 0)pe(0) (8(Se41,0)1(Se1 = 2)
+ (1= B(Set1,0) MP (2 | Siy1,0) — MP(z | S, o)), Vzes, (A23)
M4 1(St,0) = M{ (St,0) + at(St, 0)pt (0) (Rt+1 + (1= B(Si1,0)) M{ (Si41,0) — M{ (S, o))
(A.24)
Mi41(51,0) = Mi(St,0) + ar(S1,0)p1(0) (1+ (1 = B(St1,0)) Mi(St1,0) — Mi(S1,0) ).
(A.25)

Theorem A.4 (Convergence of the intra-option model learning algorithm, formal). If0 < «y(s,0) <
LY, ai(s,0) = coand Y, ai(s,0) < oo, and ay(s,0) = 0 unless s = Sy, then the intra-option
model-learning algorithm (A.23-A.25) converges almost surely, M} to mP, M] to m", and M} to
mt.

Here the assumptions on «; guarantee that each state-option pair is updated for an infinite number of
times. Because the three update rules are independent, we only show convergence of the first update
rule; the other two can be shown in the same way.

Proof. We apply a slight generalization of Theorem 3 by Tsitsiklis (1994) to show the above theorem.
The generalization replaces Assumption 5 (an assumption for Theorem 3) by:

Assumption A.10. There exists a vector x* € R", a positive vector v, a positive integer m, and a
scalar 8 € 0,1), such that

[F™ (2) = 2*||, < Blle —a7,, VoeR™

v

That is, we replace the one-stage contraction assumption by a m-stage contraction assumption. The
proof of Tsitsiklis’ Theorem 3 also applies to its generalized form and is thus omitted here.

Notice that our update rule (A.23) is a special case of the general update rule considered by Theorem
3 (equations 1-3), and is thus a special case of its generalized version. Therefore we only need to
verify the above m—stage contraction assumption, as well as Assumption 1, 2, and 3 required by
Theorem 3. According to the proof in Appendix A.5, the operator 1" associated with the update rule
(20) is a |S| —stage contraction (and thus is a |S| —stage pseudo-contraction). Other assumptions
(Assumptions 1, 2, 3) required by Theorem 3 are also satisfied given our step-size, and finite MDP
assumptions. O

A.7 Theorem 6

Proof. We first show that

D0 8) Y bl | 8,0 (r = lr(p) + v,(s)

s',r,l

> Zu(o | s) Z (s’ L] s,0)(r —Ir(p) +vu(s')) = vu(s). (A.26)

s',r,l

Note that for all s, o and its corresponding o', u(o | 8) = p/(0’ | s). In order to show (A.26), we
show > .y B(s"s 7, 1] s, 0') (r = Ir(p) +ou(s') = 2oy, D(s' 1| 8, 0)(r = Ir(p) + vu(s')) for
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all s, 0 and corresponding o’.

ST b0 | 5.0)(r — () + vu()

sl

= B{Ro — Lur () + 0u(Sns1) | Su = 5,05 =

=E[R, — r(u) +0,(Sns1) | Sn = 5,0, = o, Not encountering an interruption]
+E[Ry — Lo (1) + v,(Snt1) | S = 5,0, = o, Encountering an interruption]

> B[R, — L7 (1) + 0,(Sni1) | Sn = 8,0, = o, Not encountering an interruption]

+ EW(S/)(R = L (1) + vu(Sn41)) + (1= B() (B = L (1) + ¢u(Sn1,0))
| Sp. = 8,0, = o, Encountering an interruption]
= Z p S 7T7l ‘ 570)(T - ZT(,UJ) +UM(S ))

s’

The above inequality holds because Sn+1 is the state where termination happens and thus
4y (Sni1,0) < 0,(Sns1). The last equality holds because E[3(s)(Ry, — L7 (1) + v,(Sns1)) +
(1= B())(Rp — Lnr(p) + qH(S’nH, 0)) | Sp = 8,0, = o, Encountering an interruption] is the
expected differential return when the agent could interrupt its old option but chooses to stick on the
old option. (A.26) is shown.

Now write the 1.h.s. of (A.26) in the matrix form

D206 ) 32 Bl ) = o)+ 0(50) = 1 (9 = () ) + (o)

s’,r,l
where 7,/ (s) =3, ' (0" | 8) 32, .1 P(8',7,1|s,0")r is the expected one option-transition reward,
Lo (s) = 2, W (0 | 8)> . D(s',m,1|s,0")l is the expected one option-transition length, and
Pu(s,8') =32, W (0 | 8) 32, P(s',7,1]s,0') is the probability of terminating at s'.
Combined with the r.h.s. of (A.26), we have
T (8) — L (8)r(p) + (Purvp)(s) = vp(s).

Iterating the above inequality for K — 1 times, we have

Z 51 (8) = Pl (s)r(1) + P v(s) > v,(s)
k=0

N

(Bl (5) — Pl (5)r() 2 ,(5) — Pl uu).
k=

(=)

Divide both sides by 3" P%1,/(s) and take K — oo:
K-1

1
— , ko > lim ————————— _ pK )
I(lglloo ZK 1 Pkl ZO T,U. P'u l,lt (S)T(l’l’)) [ggnoo Zi{ 01 P l ( )(UIL(S) P,U‘ 'U/L(S))
For the Lh.s.:
K-1 K-1
P T ’(S)
lim —————— ,r Pl = lim Sk0 R =r(p)—r
S 01P ) 2 Pt ) = Jim S T ) = ) = rle)
For the r.h.s.:

1
lim ———(v
Koo S Olp L (s)
Therefore r(u') — r(p) > 0.

Finally, note that a strict inequality holds if the probability of interruption when following policy p’
is non-zero. 0
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B Additional Empirical Results

B.1 Inter-option Learning

0.08 0.084

n= 100 n= 10—I
0.064 0.06
Reward 0-041 Reward 0-041

Rate Rate
0.02 0.024
0.00 2,9 277 2—5 273 2,1 0.00 279 277 275 273 271

Step-size Step-size
0.08 0.08

: n= 10_2 ¢ n= 10—3
0.06 0.06

Reward 0-04

Reward 0-04

Rate Rate
0.02 0.02
0.00 279 o7 975 9-3 9-1 0.00 279 o7 975 9-3 91
Step-size Step-size
0.087
n=10"*
0.06
p=27 p=27"
Reward 0-041 f g ] j s
Rate p=2"° p=2
0.02
0.00 279 97 975 973 o1
Step-size

Figure B.1: Plots showing a parameter study for inter-option Differential Q-learning and the set of
options O = H + A in the continuing Four-Room domain when the goal was to go to G1. Same
experimental setups are used as what was described in Section 3. The x-axis denotes step size «; the
y-axis denotes the rate of the rewards averaged over all 200,000 steps of training, reflecting the rate
of learning. The error bars denote one standard error. The algorithm’s rate of learning varied little
over a broad range of its parameters «, 5 and 1. Small standard error bars show that the algorithm’s
performance varied little over multiple runs.
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0.081 0.081
n=10° n=10"
0.061 0.061
Reward 0-04 Reward 0-041
Rate Rate P
0.021 =25 =2
p=2"1
0.00 279 o7 05 o3 9T 0.00 5 57 5% e g
Step-size Step-size
0.08 0.081
n=107 n=10"3
0.061 0.061
Reward 0-047 Reward 0-041
Rate p =25 p=27 Rate P pea
0.02 R — 0.02] h_’—_/-:
f=2" p=2" f=2" r=:
0.00 - 0.00 -
27 277 27 273 21 29 o7 975 03 P
Step-size Step-size
0.08
n=10"*
0.06
Reward 0-04
Rate p=2" = 29
0.02 [ —
p=27
0.00 579 57 5% e 5
Step-size

Figure B.2: Plots showing a parameter study for inter-option Differential Q-learning and the set
of options O = H in the continuing Four-Room domain when the goal was to go to G1. The
experimental setting and the plot axes are the same as mentioned in Figure B.1. Compared with
Figure B.1, it can be seen that the algorithm’s rate of learning with O = ‘H was worse than it with
O = H + A. This is because there is no hallway option from # can takes the agent to G1. The
algorithm’s rate of learning varied little over a broad range of its parameters «, 8 and 7, and also

varied little over multiple runs.
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n=10°

0.06 0.06

Reward 0-041 Reward 0-04

Rate Rate
0.021 0.02
0.00 = = - 0.00 = =
2—9 27 25 2—3 2—1 279 2T 2-5 2,3 2,]
Step-size Step-size
0.08 0.08
n=10" n=10"3
0.06 0.06
Reward 0-04 Reward 0-04
Rate Rate
0.02 0.02
0.00 279 o7 275 9-3 o1 0.00
Step-size
0.08+

0.061

Reward 0-041
Rate

0.02

0.00 2-9 97 9=5 9-3 o1
Step-size

Figure B.3: Plots showing a parameter study for inter-option Differential Q-learning and the set of
options O = A in the continuing Four-Room domain when the goal was to go to G1. Note that with
options being primitive actions, the algorithm becomes exactly the same as Differential Q-learning by
Wan et al. (2021). The experimental setting and the plot axes are the same as mentioned in Figure B.1.
Compared with Figure B.1, it can be seen that the algorithm’s rate of learning with O = A was worse
than it with O = H + A, particularly for small «.. The algorithm’s rate of learning did not vary too
much over a broad range of its parameters § and 7, and also varied little over multiple runs. The
algorithm’s performance is more sensitive to the choice of a.
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B.2 Intra-option Q-learning

0.08
0.06
Reward 0-04
Rate
0.02
0.00 2—9 2—7 2—5 2—3 2—1
Step-size

Figure B.4: Plots showing a parameter study for intra-option Differential Q-learning with the set of
options O = H in the continuing Four-Room domain when the goal was to go to G2. The algorithm
used a behavior policy consisting only of primitive actions. The hallway options were never executed..
The experimental setting and the plot axes are the same as mentioned in Section 4. The algorithm’s
rate of learning varied little over a broad range of its parameters « and 7, and also varied little over
multiple runs.

B.3 Interruption

0.08 o . 0.08 . . .
With interruption Without interruption
0.06+ 0.061
Reward 0-041 = IQ{ ’ Reward 0-04]
Rate Rate n=103y= 1()*1// -
0.021 : 0.02
n=10
— 0
0.00-1= 1073 n=10" n=10
00575 57 58 53 o 0.00 579 P P P P
Step-size Step-size

Figure B.5: Plots showing parameter studies for intra-option Differential Q-learning with and without
interruption in the continuing Four-Room domain when the goal was to go to G3. The algorithm
used the set of hallway options O = H. The experimental setting and the plot axes are the same as
mentioned in Section 6. The algorithm’s rate of learning with interruption was higher than it without
interruption for medium sized choices of cv. When a large or small o was used, interruption produced
a worse rate of learning. The algorithm’s rate of learning varied not too much over a broad range of
its parameters 1 and varied little over multiple runs, regardless of interruption. The algorithm’s rate
of learning was more sensitive to & when interruption is used.

C Additional Discussion

C.1 Two Failed Attempts on Extending Differential Q-learning to an Inter-option Algorithm

The authors have tried two other ways of extending Differential Q-learning to an Inter-option
Algorithm (cf. Section 3). While these two ways appeared to work properly at the first glance, they
do not actually. We now show these two approaches and explain why they do not work properly.

The first extension uses, for each option, the average-reward rate per-step instead of the total reward
as the reward of the option. In particular, such an extension use update rules (3) and (4), but with TD
error defined as:

0, = R /Ly — Ry + max Qu(Sns1,0) = Qn(Sn, On) €1
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Unfortunately, such an extension can not guarantee convergence to a desired point. Specifically, the
extension, if converges, will converge to a solution of E[d/,] = 0, which is not necessarily a solution
of the Bellman equation E[4,,] = 0 (Equation 2).

An alternative approach to avoid the instability issue is to shrink the entire update, not the option’s
cumulative reward, by the sample length:

Qn+1(*§n7 On) = Qn (Sna On) + an(sn/iny (C2)
Rn—i—l = Rn + nan(sn/in- (C3)
Still, the above two updates can not guarantee convergence to the desired values because, again,

E[6,/ I:n] = 0 does not imply that the Bellman equation E[d,,] = 0 is satisfied.

C.2 Pseudocodes

Algorithm 1: Inter-option Differential Q-learning

Input: Behavioral policy pp’s parameters (e.g., € for e-greedy)
Algorithm parameters: step-size parameters o, 7, 3
Initialize Q(s,0) Vs € S,0 € O, R arbitrarily (e.g., to zero); L(s,0) + 1V s € S,0€ O
Obtain initial S
while still time to train do
Initialize L <= 0, R <= 0, Stypp < S
O < option sampled from (- | S)
do
Sample primitive action A ~ (- | S, O)
Take action A, observe R, S’
L+ 1L+1
R+ R+R
S« 9
while O doesn’t terminate in S’
S Stmp
L(S,0) + L(S,0) + B(L — L(S,0))
6+ R—R-L(S,0) + max, Q(S',0) — Q(S,0)
Q(S.0) + Q(S,0) +ad/L(5,0)
R <+ R+nad/L(S,0)
S« 9

end
return )
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Algorithm 2: Inter-option Differential Q-evaluation (learning)

Input: Behavioral policy uy, target policy p
Algorithm parameters: step-size parameters «, 7, 3

1 Initialize Q(s,0) Vs € S,0 € O, R arbitrarily (e.g., to zero); L(s,0) + 1Vs € S,0€ O
2 Obtain initial S

3 while still time to train do

4 | Initialize L < 0, R < 0, Sipnp < S

5 O + option sampled from (- | S)

6 do

7 Sample primitive action A ~ 7 (- | S, O)

8 Take action A, observe R, S’

9 L+« L+1

10 R+ R+R

1 S+ 5

12 while O doesn’t terminate in S’

13 S < Stmp

4 | L(S,0) + L(S,0) + B(L — L(S,0))

15 | 6+ R—R-L(S,0)+ 3%, uo]|S)Q(S",0) —Q(S,0)
16 Q(S,0) + Q(S,0) + ad/L(S,0)

17 R+ R+nad/L(S,0)

18 S+ S
19 end
20 return )

Algorithm 3: Intra-option Differential Q-learning

Input: Behavioral policy pp’s parameters (e.g., € for e-greedy)
Algorithm parameters: step-size parameters «, 7

1 Initialize Q(s,0) Vs € S,0 € O, R arbitrarily (e.g., to zero)
2 Obtain initial S

3 while still time to train do

4 O < option sampled from (- | S)

5 do

6 Sample primitive action A ~ 7 (- | S, O)

7 Take action A, observe R, S’

8 for all options o do

9 p7(A]S,0)/n(A]S,0)

10 §« R—R+ ((1 — B(S,0))Q(S", 0) + B(S', 0) max, Q(S', 0’)) —Q(S, 0)
i Q(S,0) « Q(S,0) + aps

12 R < R+ naps

13 end

14 S+ 5
15 while O doesn’t terminate in S
16 end
17 return Q)
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Algorithm 4: Intra-option Differential Q-learning with interruption

Input: Behavioral policy u;’s parameters (e.g., € for e-greedy)
Algorithm parameters: step-size parameters «, 7
Initialize Q(s,0) Vs € S,0 € O, R arbitrarily (e.g., to zero)
Obtain initial S
O < option sampled from g, (+|.S)
while still time to train do
if O ¢ argmax Q(S, -) then
| O « option sampled from s (-|S)

end
Sample primitive action A ~ 7(-|S, O)
Take action A, observe R, S’
for all options o do

p < m(A|S,0)/7(A|S,O)

6 R—R+ ((1-B(5,0)Q(S",0) + B, 0) maxyy Q(S',0')) = Q(S,0)
13 Q(S,0) + Q(S,0) + apd
14 R < R+ napd
15 end
16 S=5
17 end
18 return Q)
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Algorithm 5: Intra-option Differential Q-evaluation (learning)

Input: Behavioral policy pp, target policy p
Algorithm parameters: step-size parameters o, 7

1 Initialize Q(s,0) Vs € S,0 € O, R arbitrarily (e.g., to zero)

2 Obtain initial S

3 while still time to train do

4 O < option sampled from (- | S)

5 do

6 Sample primitive action A ~ (- | S, O)

7 Take action A, observe R, S’

8 for all options o do

9 pm(A|S,0)/m(A]|S,0)

10 6 R=Ro+((1-B(5',0)Q(S",0)+B(S",0) S, (0’ | $1Q(S",0)) = Q(S,0)

11 Q(S,0) + Q(S,0) + apd

12 R < R+ napd

13 end

14 S+ S

15 while O doesn’t terminate in S
16 end

17 return Q)
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Algorithm 6: Combined Algorithm: Intra-option Model-learning + Inter-option Q-planning

Input: Behavioral policy p;’s parameters (e.g., € for e-greedy)
Algorithm parameters: step-size parameters «, /3, ; number of planning steps per time step n
1 Initialize Q(s,0), P(x | s,0), R(s,0) Vs,z € S,0 € O, R, arbitrarily (e.g., to zero);
L(s,0) =1V s € S,0€ O;T + False

2 while still time to train do

3 S ¢+ current state

4 O < option sampled from (- | S)

5 while T is False do

6 Sample primitive action A ~ (- | S, O)

7 Take action A, observe R, S’

8 for all options o such that w(A | S, 0) > 0 do

9 pm(A|S,o0)/m(A]S,0)

10 for all states x € S do

1 P(x|S,0) < P(z|S,0)+ Bp(B(S’,o)H(S’ =z)+ (1 - B(5,0))P(z |

S'.0)— P(z| S, o))

12 end

13 R(S,0) « R(S,0) + Bp(R’ +(1-B(S",0))R(S", 0) — R(S, o))
14 L(S,0) « L(S,0) + 5p(1 + (1= B(S,0))L(S", 0) — L(S, 0))
15 end

16 T « indicator of termination sampled from 3(S’, O)

17 for all of the n planning steps do

18 S < arandom previously observed state

19 O < arandom option previously taken in S

20 S’ < a sampled state from P(- | S,0)

21 0+ R(S,0) — L(S,0)R + max, Q(S’,0) — Q(S,0)

2 Q(S,0) + Q(S,0) + apd/L(S,0)

23 R < R+napd/L(S,0)

24 end

25 end
26 end
27 return )
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