Supplementary Material

A GPU instance costs

This section provides a brief cost analysis of typical deep learning compute resources both in the
cloud and on-premises. For brevity, we limit this analysis to the popular GPUs available at the time
of submission. Note that the exact costs will depend on a variety of factors such as the cloud provider,
the region, electricity costs, and market fluctuations. Therefore, we warn the reader to consider this
analysis only as a rough estimate.

Specifically, we estimate the compute costs for the occasional usage scenario: running a single set of
experiments over several weeks or conducting infrequent experiments. This scenario covers most
research scientists and small organizations. The most straightforward way to provision a GPU server
in such a scenario is to rent it from a cloud provider (e.g., GCP or AWS) or a public marketplace
(e.g., Vast.ai or Golem).

While the exact server specifications vary from one provider to another, there are two broad categories
of GPU machines: regular and preemptible. Regular instance types typically offer 1-8 GPUs per node
with tight uptime guarantees (typically 99.99%) and a high-bandwidth network (tens of Gb/s). In
turn, preemptible instances provide the same resource type at a significant discount with the condition
that the machine can be terminated at any time after short notice.

To account for individual variations, we report the average rent price over three popular cloud
providers. We consider three popular instance types: two high-end instances with 8 Tesla V100 or
A100 GPUs and a low-end instance with a single Tesla T4 GPU. We also describe several low-end
servers and workstations available on a public marketplace. Unlike cloud VMs, these instances are
hosted on non-curated hardware with less uptime guarantees (typically 95% — 99.9%), slower network
and significant variation in performance. However, marketplace instances are the cheapest in terms of
cost per TFLOPS. To quantify this, we report the average over three most affordable instances that fit
the chosen minimum requirements.

As a point of comparison, we also measure each system’s training performance for BERT-Large [68]]
fine-tuning on SQuAD v1.1 [78]] in PyTorch with mixed precision. We follow the official benchmark-
ing protocol by [75] and reuse the official performance results for V100, A100, and T4 instances.
The only exception is GTX 1080Ti, where we use full 32-bit precision because that device does not
support efficient half-precision operations.

Table 1: Cloud and marketplace GPU instance pricing for short-term usage.

Minimum system specifications Average cost, $/hour BERT-Large
GPU CPU cores CPU type RAM, GB Regular Preemptible training samples/s
Cloud instances
8x V100 64 Intel Xeon Broadwell 480 23.47 7.13 354
8x A100 96 AMD Epyc ROME 960 30.65 10.18 755
1x T4 4 Intel Xeon Cascade Lake 16 0.46 0.18 18
Marketplace instances

6x 3090 32 AMD Epyc Rome 480 5.04 4.17 154

4% 2080Ti 16 Intel Xeon Haswell 240 0.96 0.84 834
1x RTX 1080Ti 8 Intel Xeon Haswell 16 0.22 0.16 12

Table [T shows two main tendencies. First, preemptible cloud instances are, on average, three times
cheaper than their non-preemptible counterpart Second, the high-end HPC-grade servers that offer
the highest raw performance are less cost-effective than lower-tier servers and marketplace instances.
In theory, one could match the raw floating-point performance of a 8 x V100 instance at a fraction of
its cost using multiple lower-tier workstations, such as 4x RTX 2080Ti, with a smaller total cost.

8The cost can be up to 11x cheaper for some instance types, e.g. Azure V100 instances in the central US
region at the time of writing.
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However, in practice, running distributed training with these workstations is challenging due to their
unreliability and slow network connection.

Note that this analysis does not represent the cloud costs for sustained GPU usage. If an organization
plans to constantly use GPU resources over a period of multiple years, they can reduce the costs
by deploying their own compute infrastructure or relying on the sustained usage discounts reaching
up to 60-70%. Thus, the long-term compute costs are much harder to analyze and depend on a
number of additional factors, such as local electricity prices for on-premise infrastructure. However,
this scenario offers similar trade-offs: HPC-grade infrastructure offers greater interconnectivity, but
requires expensive network interface cards, high-end switches and a more complex setup process.

B Additional Related Work

In this section, we review some of the papers relevant to our work, but omitted from the main part
due to space constraints.

B.1 Decentralized training

In this subsection, we give additional details about the dependence of gossip-based optimization
methods on the spectral properties on the communication graph through the spectral properties
of the mixing matrix [44} 42]] or the Laplacian matrix [45] |46] of the network. That is, gossip
finds approximate average on nodes with accuracy ¢ after O ((1 — A2(M)) ! log(c™!)) iterations,
where M is the mixing matrix and Ao(M) is the second largest eigenvalue of M when sorted by
absolute value. The quantity n = 1 — A\y(M) is called the spectral gap of the mixing matrix M,
and n~! is typically a polynomial of the total number of nodes N when the maximal degree of
the node is O(1). For example, for uniformly averaging M one can show that n~! = O(N?) for
the ring topology (node degree 2), =1 = O(N) for the two-dimensional torus topology (node
degree 2), and = = O(1) for the fully connected graph (node degree N — 1); one can find more
examples in [79]]. Similarly, the communication complexity of decentralized optimization methods
often has multiplicative dependence on either O(n~!) (see [80] and references therein) or O(n~"/?)
(42,146, 181} 182], which is not improvable for gossip-based methods [83}40].

Contrary to this, Moshpit All-Reduce does not depend on a fixed communication graph and the
properties of its mixing matrix. However, it depends on the number of averaging groups and the total
number of peers (see Theorem [3.2)), which can be viewed as properties of a time-varying random
communication graph. Fortunately, this dependence is often much better than in gossip: as we
mentioned in the main part of the paper, even if workers are randomly split into pairs at each iteration,
the simplified version of Moshpit All-Reduce makes the average distortion (the left-hand side of
Equation [5)) at least 2 times smaller after each round on average.

B.2 Compressed communication

Another popular approach to address the communication bottleneck is communication compres-
sion [84, 185,186 187, 188]]: before sending any information (e.g., iterates, gradients, Hessians or more
sophisticated data) over the network, peers compress this information by applying a possibly random
transformation. As the result, peers send fewer bits for each communication round, but the total
number of communication rounds needed to achieve the predefined accuracy of the solution increases.
However, compression can be useful in situations when the reduction in communication costs of one
round is more important than the increase in the number of these rounds [89].

There are two distinct groups of works on distributed training with compressed communication: ones
that focus on unbiased compression operators (e.g., Rand-K, ,-quantization) and ones studying
algorithms with biased compressors (e.g., Top-K); see a detailed summary of popular compression
operators in [90]). Quantized SGD (QSGD) [85] and TernGrad [91]] were among the first compression
methods with convergence guarantees. Next, the convergence analysis of these methods was gener-
alized and tightened in the (strongly) convex case in [92]. Moreover, the authors of [92] proposed
a modification of QSGD called DIANA: this algorithm is based on the quantization of gradients’
differences, which helps it achieve linear convergence in the strongly convex case when peers com-
pute full gradients. Next, DIANA was generalized to arbitrary unbiased compression in [93]], where
authors also developed and analyzed the variance-reduced version of DIANA. After that, several
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further modifications, such as Accelerated DIANA [94] and DIANA with bidirectional compres-
sion [95, 96], were proposed. Finally, we refer the reader to [97, 198} 199, [100] for state-of-the-art
results for distributed methods with unbiased compression in the non-convex case.

However, naive application of biased compression operators can lead to significantly worse per-
formance in practice. For instance, as it was shown recently in [90], parallel SGD with Top-1
compression can diverge exponentially fast. Therefore, biased compressors are used jointly with
so-called error-compensation [84]. The first analysis of Error-Compensated SGD (EC-SGD) was
proposed in [101} [102] which then was generalized and tightened in [90]. Next, several further im-
provements, such as an accelerated version of EC-SGD [103] and linearly converging EC-SGD [95]],
were recently proposed. However, current theory does not show any superiority of distributed meth-
ods with biased compressors to the ones with unbiased compression operators. In addition, one
can combine decentralized communication with compression. Such combinations with unbiased
compression operators were studied in [[104, |105]] and with biased operators in [24} [106]. In this
paper, we do not study the interaction of different compression methods and Moshpit Averaging,
leaving this promising direction to future work.

B.3 Multiple local steps

Alternatively, to reduce the impact of the communication bottleneck, it is possible to perform several
local optimization steps on each peer between the communication rounds. This approach is based on
the idea that the increased computational load of peers will decrease the number of communication
rounds required to obtain the optimal parameters; it is frequently used in federated learning 107, [108]].
In particular, one of the most popular methods with multiple local steps is called Local-SGD or
Federated Averaging [107, [109]. The first results on its convergence were given in [109} [110],
and later they were tightened and generalized both for homogeneous [61, 162] and heterogeneous
cases [61,111]. Recently, further modifications of Local-SGD were proposed and analyzed: these
modifications include acceleration [[112]], variance reduction [60], communication compression
[1131198L199], decentralization [64,|63]], adaptive and proximal methods [76, 114, and resistance to
client drift [S9]. Moshpit SGD can perform multiple local gradient steps before synchronization by
design, as shown in Algorithm[2]

B.4 Asynchronous methods

In the previous subsections, we mostly discussed synchronous distributed methods, since they are
more widespread and better studied than asynchronous ones. Mainly, this is because asynchronous
methods are more difficult to implement, debug and analyze under general assumptions. However,
such methods can be more efficient in terms of using computational resources, which leads to faster
wall-clock convergence [[115]. In recent years, several asynchronous stochastic methods [116} 117}
118], methods with no shared memory [119}120], and methods with delayed updates [121} 122} [123|
95]] were proposed and analyzed: one can find more details in a recent survey [115]. Moshpit SGD
belongs to this family of asynchronous approaches as well, because the averaging steps happen in
smaller groups and can be interleaved with local parameter updates.

B.5 Distributed Hash Tables

In this work, we set out to improve distributed averaging with a dynamic matchmaking protocol.
Without a central server, this protocol relies on decentralized data structures to organize peers. The
main data structure we use is the Distributed Hash Table, or DHT. On a high level, DHT is a distributed
fault-tolerant “dictionary” that can be accessed by every participant. Each key-value pair is stored on
a subset of peers determined by the hash function of the key.

Each participant has a unique identifier (ID) sampled uniformly from the hash function output
range. When storing a (key, value) pair, one must find & peers whose IDs are nearest to hash(key)
according to a chosen metric. After that, the participant requests each of those peers to store
(key, value). When retrieving a value for a key, one should compute hash(key), search for peers
with IDs nearest to that hash value and request the value from those peers.

Specific DHT versions, such as Chord [[124] or Kademlia [55]], employ different hash types and
algorithms for finding nearest peers. For instance, Kademlia DHT sorts peers based on the XOR
distance function: d(z,y) = int(z ® y).

21



In DHT, each participant is directly aware of only a small subset of peers. When storing or retrieving
a key, the participant requests additional peers from its neighbors in a semi-greedy search, minimizing
the XOR distance until it finds k£ nearest peers. In Kademlia, nodes form a special navigable graph
structure that lets them find nearest peers in at most O(k + log N) requests to other peers, where N
is the total number of participants. Due to their scalability and fault-tolerance, DHTs found numerous
applications including BitTorrent, Ethereum, I2P and decentralized deep learning [36].

C Proofs of Mixing Properties of Moshpit All-Reduce

Notation. Throughout the following sections, we use the standard notation from the literature
on stochastic optimization. That is, for any n-dimensional vectors © = (z1,...,7,)',y =
(Y1,---,yn) | € R™ we use (z,y) to denote the standard inner product: (z,y) = x1y1 + ... + ZnYn.
Next, we use ||z|| to denote the fo=norm of z (||z|| = /(z, x)), E[{] to denote an expectation of a
random variable &, E[¢ | 7] is used for the conditional expectation of £ given 7, and P{E} denotes
the probability of an event E.

C.1 Computing exact average in a full grid

As discussed in Section [3.T, Moshpit All-Reduce obtains the exact average of parameter vectors from
N peers arranged in a grid with d coordinates and M positions per coordinate when N = M?. That
is, when the grid is full and each step averages M parameter values along a single grid coordinate
without repetitions, the algorithm needs only d steps to compute the actual average across all nodes.
In this section, we give a proof of this fact.

First, let us formally define the setting and the averaging steps of Moshpit All-Reduce in this
specific case. Let 0;,,,...;, be the parameter vector of the worker with coordinates 41, %2, . . ., ¢4; €ach
coordinate 7, takes values from 1 to M, because the hypercube of peers is completely full (thus, due
to the pigeonhole principle, there are no unoccupied coordinates). Next, arrange the coordinates of
these vector according to the order of averaging iterations: namely, at iteration 1

M
—1 1 .
Oirin.ig = i Z Orig..iay 11 €{1,..., M}, (13)

ji=1

. . . ! . .
which means that for the first iteration, we take the average across the first axis # and replicate it
across all M resulting vectors regardless of their index ¢;. The next averaging steps can be expressed
similarly with a simple recurrence relation:

¢ 1 &L
Osi..iq = i Z Oy ooty jrivs..ia” (14)

Je=1

Given this formal definition, we can now state and prove the exact averaging result:

Theorem C.1 (Exact average in a full d-dimensional hypercube after d steps). Assume that M? peers
are arranged in a d-dimensional hypercube with M positions in each dimension. Also, assume that
each peer fully participates in every averaging step and M -sized groups for each averaging iteration
are determined based on the hypercube coordinates. Then, if Moshpit All-Reduce is ran in the above
setup for d iterations without repeating groups (i.e. averaging across each dimension exactly once),
its result for each participant is the average value of 9 across all M? peers.
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Proof. We can directly obtain the expression for the average by expanding the recurrence and
rearranging the sums:

M M M

—d 1 —d—1 1 1 -
91’11’2..‘2}1 = M Z eil‘..id—ljd = M Z M Z eilizmjd—ljd

Jja=1 Jja=1 Ja—1=1

(S0 2 X ses))

d summations

M M 1 M
= E E YD 0= E 0j1...ja-
Md Md oedd
Jja=1ja—1=1 Jj2=1j1=1 5Ja=1

But this is exactly the global average of all 6, since there are M ¢ participants and each vector is
represented in the sum because of summation over all possible indices. O

Notice that for a given grid of peers, if some of its indices do not have corresponding parameter
vectors, Equation [[4/ may result in different average vectors on different workers due to different
numbers of peers along a coordinate for different indices. For example, running two iterations of
Moshpit Averaging with d = 2, M = 2 and three parameter vectors 011, 0o, 25 results in 6“+921
on the first worker and 9”+921 + 6052 on other workers, with neither equal to the global average
However, the variance of the averaged vectors does decrease, which is formally proven in Section|C.3]

C.2 Proof of Theorem 3.1]

Below we provide the complete proof of Theorem For the readers’ convenience, we restate the
theorem.

Theorem C.2 (Theorem [3.1). If all workers have non-zero probability of successfully running a
communication round in Moshpit Averaging and the order of peers, is random, then all local vectors
0% converge to the global average with probability 1:

9t—fZe°

Proof of Theorem First of all, we notice that is equivalent to

Vi=1,...,N 0. (15)

t—o0

N 2
1
P — = t5) — — 0(5

Vi=1,...,N,Vj=1,....n (91(3) N;91(3)> ——0, (16)
where 6!(j) denotes j-th component of 6{. Consider an arbitrary component je{l,...,n} and
the sequence of intervals {I; ; }+>0 whereI = conv{@l( ),05(5),...,0%(4)}. Then, { t}t>0 is
a sequence of nested mtervals 41 C I j,tVt > 0), since averagmg in groups does not expand
the convex hull of {6%,6%,...,60%}. For convenience, we specify the bounds of the intervals:

I+ = [a;+,bj+]. Using the Cantor’s intersection theorem, we conclude that

m t_I = aj,bj],

t=0

where 0(j) = & Soi, 09(4) € [a;j,b;]. If [a;, b;] = {6(j)} with probability 1, then (L6) holds with
probability 1 as well. Suppose the opposite: there exist such j € {1,...,n}, [a,b] and §, A > 0 that
0(j) € [a,b],b—a = A and

P{[a,b]gﬂlj7t}:5>0 and Ve>OP{[a—e,b+e]gﬂlj¢}<6
t=0 =0
—_——

E EE
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This implies that for all € > 0 there exists such 7, > 0 that
P{Vt>T. aj,€la—calbjs € bb+el | =0 >0,

E

€

Consider € = W and assume that the event £’ holds. Next, we introduce new notation:
Jie = {i € {1,....n} | 0:(j) € [a—¢,a]} and Jfy, = {i € {1,...,n} | 6{(j) € [b,b+¢]}. Since

E! holds the sets Jleft and Jnghl are non-empty for all ¢ > T, with probability J. > 0:

P{Vt > T, Jiy # @ and Ji, # @} = 6. > 0. 17)

We notice that every pair of workers 77, 72 has a non-zero probability of taking part in the averaging
inside the common group at each iteration since all workers have a non-zero probability of successfully
running a communication round and the order of peers, is random. This implies that every pair of
workers 71, 7o with probability 1 take part in the averaging inside the common group infinitely many
times when ¢ goes to the infinity.

Next, we choose some to > T:. Let J\ = {i1,...,i1,q } and J nght = {ir1,...,0rgq, }. Consider
the event Eé,o C E! such that in an peer 4; 1 computes an average in the group containing any peer

from Jn(g’h[ at some iteration ¢; > ¢o. Our observations above imply that P{E, ,} = P{E_} = d. > 0.

Then 9“<>>N L(a—e)+4b = a—c+ F(Ate) = a—Grrimpw + ¥ (A + Eyrdoo) >

>

a+ 2N ,ie., 01" (j) € (a,b] meaning thati;; ¢ Jl:. The last part of the proof shows that for any

> T
t > t1, the peer ;1 will never be the part of Ji.;, and after a finite number of iterations Ji;, = & with
probability d. > 0 when E ; holds, implying the contradiction with (7).

To show that, we consider the following set of peers: ftlelﬁ ={ie{l,...,n} | >1t1: 6()) €
[a — e,a+ £%)}. Next, we consider the event E. ; C E.. 0 such that in E. ; peer i;,; computes

an average in the group containing some peer 4 q,4,1 from Jlelrt at some iteration to > t; (and to

is the first such moment after ¢;). Again, our observations imply P{E. ;} = P{E[,} = d. > 0.
to (. t . N-1 1 AN A (N-1A

Then, 0,2, (j) = 0;2,,,, () > S5 (a—&) + v (a4 3) = a+ 38 — xENTI00PF > 0T 777

After that, we consider the event E;Q - E;J such that in E;Q peer 4.1 Or 4y qyg,1 COMpUtEs an

average in the group containing a peer % qvg,2 7 ,avg,1 from ffelﬁ at an iteration t3 > to (and
s . t . t .

t3 is the first such moment after ¢5). Then, 6;’ (j), eiiamg,l(ﬁ and Hiiwg’z(j) are greater than

N—1 _ (N—-1)A A

ra—e)+ 5 (at 4N2) =a+ 4N3 ~ NenN+1007F > @t gNs-

Therefore, after at least N — 1 of such averaging iterations, with probability d. all 6%(j) will be
greater than a + ﬁ > a while E. holds. This contradicts (I7). Therefore,

ﬂ Ij,t = {5(])}
t=0
with probability 1, which concludes the proof. O

C.3 Proof of Theorem [3.2]

In this section, we provide the complete proof of Theorem For convenience, we restate the
theorem below.

Theorem C.3 (Theorem [3.2] averaging convergence rate). Consider the modification of Moshpit
All-Reduce that works as follows: at each iteration k > 1 1) peers are randomly split into r disjoint
groups of sizes M., ... MF in such a way that iy Mf = N and Mzk >1Ve=1,...,r and

2) peers from each group compute their group average via All-Reduce. Let 61, . .., 0N be the input
vectors of this procedure and 07 , . . ., 0% be the outputs after T iterations. Then,
1 & r—1 r\T 1 &
E|— 07 —0|*| = — | = 0; —0|* 18

where § = & Zf\il 0;
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Proof. First of all, let us clarify the procedure of random splitting of peers in r groups. We assume

that at iteration k of the modified algorithm we generate a random permutation 7% = (7% ... %)

k _ [k k i ko

of 1,...,N. Next, JT = {n7,... ,7TM{€} form the indices of the first group of workers, J3 =
k k o k_ [k k

{ﬂ'IVIH17 o 77TM§} are the indices of the second group, and J;° = {WM{“+M§+...+ML1+1’ ce T}

are the indices of group r. In other words, we generate a random permutation and take contiguous
subgroups of indices corresponding to predefined group sizes MF, starting from the first group.

By definition, we have | |_, JF = {1,2,..., N}, where LI defines the disjoint union operator.
Moreover, notice that group sizes M{, ..., MF can depend on k and even be random: for our analysis,
it is sufficient that the randomness defining the permutation is independent from MF, ..., MF. Next,
vectors 0%, ..., 0%, are obtained by the following formula:

1 . S
Vi=1,...,N, 9;“ = F Z 05_1, where Jik is the group for which j € Jik.

Lotegh

Using this, we show that the average of vectors {#¥}"_, remains the same throughout the iterations
of Moshpit All-Reduce:

T

1 on e 1 gL R IR b1 1o e
N;ejZNZ;Mi-WZet DI, :N;Hi :
Jj= i= J=

v otedk i=1teJF

Therefore, thg quantity % Zjvzl H&jﬂ — 5”2 (average 'distortion) measures the quality of averaging.
For this quantity, we can derive the following expression:

2
1

N T
DI S SR EE S
j=1 i=1

otegk
I 1 P o
= NZW Z|‘9§1,9||2+2 Z OF " —0,0;"" —0)
=1

vo\teJk tleJk t<l

Taking the expectation E . [-] with respect to the randomness coming from the choice of 7% we get

1 _
B [ D165 )
j=1

T
1 1
=N MF B
i=1

> et ol

teJk

+2E,rkl > <9,{“1—9,9{“—9>D.

tleJF t<l
Since Vj, j1,j2 € {1,...,N},j1 # joand foralli =1,...,r

MF MF(MF -1
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N r N

1 . = 1 1 _ —
o | D005 -0 = &> le - a)?
i=1" j=1

j=1

1 : Mzk -1 k—1 k-1 7§
+N 2 N2 Z <9j1 9,9J2 —0)

i= 1<51<j2EN
r N — N —r —
= w2 Y (O 0,05 - 0)
J=1 1<j1<je <N
N
r N-—r 1 = N 1 =
— (-5 ) Ll -8R+ ~)?
j=1
N — _
=D DI R A )
1<51<j2<N
2
Nir—=1)+r al 1 = N-r| o =
S e Sl e ) S
N ; N ,
Jj=1 Jj=1
IN6—NBG|2=0

r—1 r 1 N
= (e L) s e -,
( N +N2> NjZIHJ I

Finally, we take the full expectation from the both sides of the above equation and apply the tower
property B [E« []] = E[]:

| XN o1 , 1
Z k72 - Z k—1 _ 72
j=1 : ! j=1

Unrolling the recurrence for k = T', we establish (L8). O

Remark C.1. The result implies that increasing the group size o > 1 times implies almost o times
faster convergence to the average.

Remark C.2. Our analysis can be easily generalized to the case when number of groups r can
depend on k and be a random variable independent from the choice of permutations and the number
of groups at previous steps. In this case, (18) transforms into

N
EHEIIGf—GIIQ] = Zue e H(E“’;}VHE}Q]), (19)

k=1
where 1y, is the number of groups at iteration k.

C4 Additional Guarantees For Moshpit Averaging

In this section, we derive the result measuring the rate of variance reduction when averaging random
vectors with Algorithm [T} We start with the following technical lemma:

Lemma C.1. Let £ ~ Binom(M,p) have a binomial distribution with parameters M (number of
trials) and p (probability of success for each trial). Then

ml(M,p)::JE{min{g,lH - (1—p)M+]zw:(1_p)M_i‘_(1_p)M7 (20)

M M

mQ(M,p):_]E{min{;JH - (1p)M+§:(1p)Mii(1p) Z% 1)

i=1 j=i
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Proof. We start with the proof of (20). By definition of the expectation, we have

E[min{é,l}] = (1—p)M+§;pi(1—p)Mi<]\f).

For simplicity of further derivations, we introduce the following notation: m;(M,p) =
E {min {%, 1} and mo(M,p) = E [min {5%, IH Taking the derivative of mq (M, p) by p, we
obtain

M
mi(M,p) = -M(1-pM 4+ Zpi—1<1 _p)M—i (M>

1
M .
M—1i ; M
— E . sz(l p)le< i )
1 1
i=1

—

= MO (1 (= p)M) = o (M)~ (1))
+ﬁ(1—(1—p)M)

_ 1 (=-p¥t M

-~ p(l-p) p T—p M)

Rearranging the terms, we get the following linear first-order ODE

, M 1 1—p)M-1
mhOLp) + T (M) =~ - B @

To solve it, we consider the following homogeneous ODE:

M
my (M, p) + ﬂml(M,p) =0.

The solution of this ODE is m; (M, p) = C(1—p)M, where C' € R is an arbitrary real constant. Next,
we go back to the initial ODE and try to find a solution of the form m; (M, p) = C(p)(1 — p)M,
where C'(p) : R — R is a differentiable function:

/ M B 1 (1 7p>1v171
(Cp)(1 —p)™) + TP~ p = T
U
/ B v 1 . (1 o p)wal
CE=p7 = 5 p
U
! — 1 — 1
o) = p(L—=p)M+1 p(l—p)
Since
LS S (23)

z(l—z)k+t  z(l—xz)F (1 —ax)kt!
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for all z ¢ {0, 1} and all non-negative integers k, we have

S R U S S N S
p l1-p (1-p)? (I-pM+tL p 1-p
(8
M
C'lp) = Y (1-p ",
=1

hence

S )

A M .
Cp)=C+Y 51-p"

where C is a real constant. Putting all together, we obtain

M

mi(M,p) = Cp)(A-pM=Cl-p™M+ Z %(1 _pyM-i,
i=1

Taking m; (M, 0) = 1 into account, we conclude that C' = 1 — Zf\il 1 and obtain (20).

Using a similar technique, we derive (21). By definition of the expectation, we have

M
=1

]

Taking the derivative of mo(M, p) by p, we obtain

Mo M
my(M,p) = —M1-pMt+3 —pl( p)MZ( . >
1=1

T (=Mmgy (M, p) + M(1 = p)™ +my (M, p) — (1 - p)™)

- omi(M,p) (1-pMt M
- p(l-p) p _1—pm2(M’p)'

Rearranging the terms, we get the following linear first-order ODE

M M 1—p)M-1L

To solve this ODE, we consider the homogeneous ODE:

M
my (M, p) + mmz(Mm) =0.

The solution of this ODE is ma (M, p) = C(1—p)™, where C' € R is an arbitrary real constant. Next,
we go back to the initial ODE and try to find a solution of the form mq (M, p) = C(p)(1 — p)M,
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where C(p) : R — R is a differentiable function:

(C(p)(l_p)M)’_’_%C(p)(l_p)M _ m1(M,p) B (1_p)M—1

p(1—p) p
\
/ o ma(Mp)  (L-p)Mt
\
/ _ ml(Mvp) o 1
CO) = T T =)
Using and (20), we derive
M M
Y5 Xill-ph

e € -

[

|

NE

S )
/N =
"=

_|_
N——

=1 lip
M
1/1 1 1 1
+ |\ -+t—+ +
;% (p l-p (1-p)? (1—p)”1)
M M M
1 1 1 1 1
B ;Z((l—p)zJr +(1—p)"+1>_;(1—p)i+1j§f
hence
M M
Cr)=C+d =(1-p""> =
i=1 ]—ij
where C is a real constant. Putting all together, we obtain
M1 Mo
_ M _ A M M—i
ma(M,p) = C(p)(1—p)" =C(1-p) +;;(1*p) ;5

Taking mo (M, 0) = 1 into account, we conclude that C' = 1 — Zf\il 1307, L and obtain 21). O

J=i g

Using this lemma, we derive the following result:

Theorem C.4. Assume that peers participating in Moshpit Averaging have independent random
vectors 01, . .., 0N with means 01, ... ,0y and variances bounded by o* before the averaging. Let
07, ..., 0% be the outputs of Moshpit Averaging after T iterations. Finally, we assume that each peer
Jfrom the grid can be dropped out for the whole averaging process before averaging independently
from other peers, i.e., N ~ Binom(Md,p). Then, forallt =1,..., N we have
2 _ _

E (|07 — B [67]]°] < MT20Pma (M —1,p) (ma(M — 1,p)" ", (25)
where functions mq (M, p) and ms (M, p) are defined in and respectively, and By [-] denotes
the expectation w.r.t. the randomness from 01, ... 0xn. Moreover, if p > % and M > 11, then

mi(M —1,p) < 2, ma(M —1,p) < 335 and

2 202
E[|loF - [07]]°] < 4

M 20

29



Proof. First of all, we recall an equivalent formulation of Moshpit Averaging. Consider a hypercube
{1,..., M} One can consider the elements of this hypercube as hyperindices and assign a unique
hyperindex to each peer so that peers can be viewed as vertices in the hypercube. Then, during the
k-th iteration of Moshpit All-Reduce, each worker computes the average among those peers that have
hyperindices with the same values except the k-th index; in other words, peers compute averages
along the k-th dimension of the hypercube. Next, if N' = 0, we assume that §7 = E, [67 | and
holds for free. Therefore, to derive , we assume that N > 0.

More formally, we use the following notation: ¢, = 0; for all i = 1,..., N, where C; =
(cisChyeenycy)s c; € {1,..., M} forallj = 1,...,M, and C; # Cj fori # k. Let C be the
set of hyperindices corresponding to all peers. Next, we use QtCi to define the vector stored on ¢-th

peer after ¢ iterations of Moshpit Averaging. Then, forall s = 1,..., N we have G%i = 0¢, and for
allt=1,...,d
1
t t—1
be. =3~ 2 o
v kedi s

where J;i; = {k € N | G = (c},...,c) € Cand ¢} = ¢} Vj # t} and b; ; = |J;;|. Using this,
we derive the following formula for F)tci:

or=gt-— S Ly L ¥ ._.bl S 0,

b; b, T_ b, — ;
oT i1€Ji,T i, T—1 i2€Ji;, T-1 i2,T=2 i3€Jiy, T—1 ir-1,1 ir€Jip_ 1.1
Taking the expectation w.r.t. 61, ...,60y, we get
T 1 1 1 1 —
B [0f]=5— > & > 7 > > O
T i1€Js,T i, 7=l i2€Jiy, 71 i2,T—=2 13€Jiq, T—1 ir-1.1 ir€Jip 1.1
Using the independence of 61, . .., 0, we derive
. 2
T 72 Oir —0Oir
Bo[llo7 -E B11] = Bof| > X o X% — n
11€J;, 7 i2€Jiy , T—1 ir€Jip_q 1 BT, T =1 e Hir ol
n 2
o Eq [HQIT - 91T|| ]
N Z Z Z b2..b? b2
’L’1€J7’,,T ’L‘2€J7;1,T_1 iTe']iT—Ll 4,774, T—1 ir—1,1
< o’
- Z Z Z b2 .b2 b2
i€Ji,ri2€Jiy, 71 tr€Jip_q 1 0,77, T=1 """ Yir—y,1
> X > -
= T 32 02 b .
11€J;,1 1265, 71 tr—1€Jiq_o,2 TV, T=1 " Vip—p,270r—1,1

Next, taking the full expectation from the both sides of the previous inequality and using the tower
property, we obtain

2
2 o
]E[HT—E 67 }<E Q7
Hz G[z]H = Z _ Z ' Z V202 o b2 obin a 27)
i1€Ji,7 12€Jiy 71 ir_1€Jip_g,2 bt M T2, ’
Notice that J;, 7 N Js,, 7—k—1 = {ixg1} forall k = 0,...,T — 1, where iy = i. Moreover, for
k‘l, k‘g S {0, 1,... ,T}, k1 < kg either Jikl,T—kl ﬂJikz,T—kz = {k‘g} or Jika_kl ﬁJikQ,T—kz = .
The first situation is possible iff i, = ig, 11 = ... Tky—1-

Taking these observations about sets .J;, 7—, into account, we consider the sets Ji’ T = Jin, T—k \
) 1’5 )

{ix} for k = 0,1,...,T — 1. These sets are pairwise disjoint and their cardinalities b;k T =

|J;, 7| satisty the following relations: b;, 7—r = 1+b;, p_; > max{1,b] o .} =: b, 7 for

k=1,2,...,T — 1. Moreover, b; 1, b; 7 4,...,b}, | ; are independent random variables from

the binomial distribution Binom(M — 1, p). Finally, we notice that the number of terms in (27) is
upper-bounded by M7~ since |J; ;| < M foralli=1,...,Nandt=0,...,T.
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Putting all together, we obtain

2

Ellf B[] < El X X Y
i1€Ji, 7 i2€ iy, 71 ir_1€Jip_ 52 6T i1, T—1" i _9,2YtT—1,1
. MT%@[I:
- 8. & _&r
1 1 1 1
= MT_10'2]E ,\2‘| E TQ L E > E |:,\:| 5
&1 & §r_1 &r

where {k = max{1,£2} for k = 1,...,T and &, ..., &p are i.i.d. random variables having the
binomial distribution Binom(M — 1 p) Then one can simplify the inequality above using Lernma-
and get

E (|| - Eo [o7]] < M”%%MM—LmWMM—um”%

where functions m4 (M, p) and mo(M, p) are defined in (20) and (21)) respectively.

Next, we simplify the obtained upper bound under the assumption that M and p are not too small;
specifically, M > 11 and p > 2/3. From (20)), we have

M-1
_ 1 11— _
mM=1p) = 1-p"+ 3 S (@-p"T-01-p")
i=1
M-1
< o\M-—1
> p) Pt i(l _ p)z
Since
1 k(1—p)k k L
F+DI-p 1 kA D0-p) kow Lop
we have

0 S =0 (00 ) = (37)

=1

Using simple algebra, one can prove that for M > 11 and p > 2/3 the following inequality holds:

2
mi(M—1,p)<(1—p Mlz 7 <o

Similarly, we analyze mo(M — 1,p):

M-—1 1 . M-—1 1
my(M—1p) = (1=p)""+ 3 —(A-p" T =(1-p") ;
i=1 =i
M-—1 M-—1
1 1
< (1-pM! =
— il=p) = J
Since
le 1 ( )]\/[71 1
S 1 k—1 1
j=k 7 _ j=k _ k-3
M-1 M=1_\ — (L ;)
1 1 k +
DA T 2 G k(1—p) (kll + §> -1k
Jj=k—1 j=k
_ 3(k—1)? 3
o k(2k— 1) k—o00 2’



we have
M—1 M—1
1 1 , 1 1
1—p)M-1 _— —=0(-pM . ——— =0 (-— ).
A=2"" 2 iy (0-9" g T
Next, one can prove with simple algebra that for M > 11 and p > 2/3 the following inequality holds:

M-l M1y g
ma(M —1,p) < (1—p)™~! Z Wa—py Z Ry
i=1 pr=d

Plugging the obtained upper bounds for my (M — 1, p) and mo(M —1, p) in (23), we obtain 26). [

D Convergence Proofs of Moshpit SGD

In this section, we provide the complete statements of the theorems establishing the convergence
of Moshpit SGD together with the full proofs. First, we introduce all necessary definitions, basic
inequalities and auxiliary lemmas; then we prove the convergence in strongly convex and convex
cases; lastly, we provide the proofs for the non-convex case.

D.1 Definitions, Basic Facts and Auxiliary Results
Below we provide several classical definitions and results which are used in our proofs.

D.1.1 Standard Definitions from Optimization Theory

Definition D.1 (L-smoothness). A function f : R™ — R is called L-smooth if for all x,y € R", the
following inequality holds:

IVf(@) = Vi)l <Lz -yl (28)
If the function f is L-smooth, then for all z,y € R™
L
fy) < f@) +(Vf(2)y —2) + Sy — =] (29)
Next, if f is additionally convex and z* is its minimizer, then for all z € R?
IVF@)I* < 2L (f(2) — f(2)). (30)

Definition D.2 (u-strong convexity). A differentiable function f : R™ — R is called u-strongly
convex if there exists a constant p > 0 such that for all z,y € R"

) 2 £@) + (Vf(@),y =) + Slly o] (3D
D.1.2 Basic Facts

Forall a,b,61,...,0ny € R™ and a > 0, the following inequalities hold:

la+0l> < 2fall*+2|b]?, (32)
A 1Y
N0l < o lel (33)
=1 =1
al|? a|bl|?
wp < Lol o0

D.1.3 Properties of Expectation

Variance decomposition. For a random vector 7 € R? and any deterministic vector z € R?, the
variance satisfies

E lln - Enll*| =E[lln - 2I)?] - |En — 2| (35)

Tower property of expectation. For any random variables &, 7 € R? we have

E¢]=E[E[ | n]] (36)
under the assumption that E[¢] and E [E [€ | n]] are well-defined.
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D.1.4 Auxiliary Results

For the readers’ convenience, we list all auxiliary results that we use in our proofs below. The first
result is classical and establishes that the gradient descent step is a contractive operator.

Lemma D.1 (Lemma 6 from [59]]). For any L-smooth and pu-strongly convex function f : R™ — R,
points x,y € R", and stepsize v € (0, /L], the following inequality holds:
lz =9V f(@) =y + VI < (1 —yp)llz —yl*. (37)

The next two lemmas are useful for estimating typical recurrences appearing in the analysis.
Lemma D.2 (Lemma 1.2 from [60]). Let {7y }i>0 satisfy

a 2
g < +cy + 2y
YWk

Sor all K > 0 with some constants a,ca > 0, ¢; > 0, where w, = (1 — yu(1 — ép,l,,l))_(k“),

Wk = Zszo wg, >0, Opy1 € [0,1) and v < g for some o > 0, vo < 1/u(1-6,,.1). Then, for
all K such that

In (max {2, min {@#*(1=8p0.1)* K?/c; an®(1=6,0.1) K%/, 1 1)

ith <1
elther K >~
1 ax {2, min {an®(1=8p0,1)°K? /¢, ap®(1-6p0,1)° K%/,
g < I (max {2,min { D2 D'/es}})
(1= Gpo1) kS

and

o In (max {2, min {a#*(1=6p0.1)°K? /¢, an® (1=050.1) K° [c, } 1)
'Y—mln {VO? (1_51)1]’1)#[{

we have that

a Cc1 C2
— O (L exp (—rop(l - 601K :
e O(Vo exp (=104(L = 0po.1) )+(1—5pv71)MK+(1—5pv,1)2u2K2>

Lemma D.3 (Lemma 1.3 from [60]). Let {7y }i>0 satisfy
rg < 4 +c1v+c 2
K S K 1Y 27

for all K > 0 with some constants a,co > 0, ¢; > 0 where v < o for some g > 0. Then for all K

and
= min LY,
Y= 0, C1K7 CQK
3/ 73
K = @) L + E + a2 Co .
’}/0K K K/S

Finally, the lemma below is useful for our convergence analysis in the non-convex case.

we have that

Lemma D.4 (Lemma I.1 from [60]). For any T random vectors &1, . .., &, € R such that Vt =
2,...,T the random vector & depends on &1, ...,&_1 and does not depend on &1, ...,¢; the
following inequality holds

T 2 T T
E > &| | <er S E[IBdedl’] +e > E[lle - Bideal?] (38)
t=1 t=1 t=1
where B[] denotes the conditional expectation E[ - | &_1,...,&1).
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D.2 Convex Case

In this section, we give the full proof of Theorem [3.3] about the convergence of Moshpit SGD for
convex and strongly convex problems. The scheme of the proof follows the similar steps as in the
state-of-the-art analysis of Local-SGD [61} 162, 60]. We start with the following lemma:

Lemma D.5. Let f; = .. unction f be p-strongly convex (Def. @) and L-smooth
(see Def.|D.1)), and Assumptlons-and 3.2 hold with Ay, = 6, 1yuE[]|0F — 077 + 4262, 5 and

0 = 6%, where 6* € argmingcp. f(6) and 6,1 € [0, 1), (5171,72 > 0. Then, for any k > 0 the iterates
produced by Moshpit SGD with -y < 1/aL satisfy

E[f(0%) = f(07)] < (1—vu(l —0p1))E[I6" —07|*] —E [|J0*T — 07|?]

3 3Ly 2 2
2 [ k] (len * , ( )
Where Vk = Nk Ziepk ||9k - 0k||2 and gk ZLEPk 056

Proof. Recall that Assumptionwith AR, = 8,0 1 YHE[[|0% — 0%]|%) + 262, 5 and § = 0* states
E <9k+1 B §k+179k+1 + gt 29*>} < 5pu,1’YHE[||9k _ 9*”2] 255“ s (40)

where 0F+1 = - 2icp, (0F —vgF). Next, the definition of 6%+ implies
O B W T
1€P ZEP;C
where ¢F = Nik ZiePk gf. Using this, we derive
e A G e A
— Hak _p* —’ng||2 + <9k+1 _ é\k-l-l,ek-&-l _'_é‘k-i-l . 26‘*>
16% — 671 — 24(6* — 6%, g*) ++*llg"|I?
R A N e )

Taking the conditional expectation E [ - | 6*] := E [ - | Py, 0%, i € P,] from the both sides of the
previous equation and using Assumption 3.1} we obtain

E[‘|9k+1—9*||2|9k:| _ 9k_9*||2_2,y< 0* va ek >

1€Pk
+7°E ‘ > gb
ZGPk
k+1 _ pk+1 pk+1 | pk+1 _ op* k
IE[(G gr+1 ok 4 g 29>|9}. 1)
Next, we estimate the second and the third terms in the right-hand side of (4I)). First,
(o D) = R (0 s 60
i€ Py 1€Pk
€029 Ky _ gk 2
< — Zer — g*
< Z( 105 = S0k = 0%|1?)
ZGPIc
L
Z( - 16+ 510 - 0)?)
ZEPk
(K] « «
< 29 (F(07) = F(07)) —ymll0F = 07|* + LV, (42)
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where Vi, = 5~ >, p, 107 — 6%||>. Secondly, since stochastic gradients {g} }cp, are computed

independently, we get

Zgl @ ZW (0%)
’LGPk 1€Pk
2
R H St vieny| 1ot
ZEPk
iz 1 ?
< 27| D (VIO = VIEN)|| + 29IV IEN))?
/iGPk
2 ZJE gk — VF(OF)]1% | 0%]
zGPk
E3.60.0 2
< ” EIHerk — V(6"
IEPk
) X 720.2
4], 6% — f(0*
+4Ly? (f(0%) — F(0%)) + N,
) 2L%42 E pk2
< - 6y —0
< i 2; 6F — 6%
2L2~2V),
20.2

AL (f(0F) = £(07)) +

(43)

Plugging (@2)) and in {@1)), we obtain

E[[I0"F = 0*|2 [ 0] < (1—w)|0* = 0*[]> — 2y (1 — 2Lv) (£(6%) — £(67))
Ly (1420 Vi + LT

min

E [wk“ — gL Rl 4 Rl 27 | ek} ,

and
E [||6*" — 6%|7] @ (1= (1 = Spu, ) E [[16% = 60°[*] — 2y (1 — 2Ly) E [£(6") — £(67)]
+Ly (14 2L7) E[Vi] + 42 (N +62, )
< (1= yp(l = G )E 107 — 6%7] — AR [£(6"%) — £(67)]

3L 2
2080+ (4 Bhn).

where in the last inequality we use v < 1/4L. O

Next, we estimate the term E[V}] measuring the expected dissimilarity between local iterates and
their global average at iteration k.

Lemma D.6. Ler f{ = .. unction f be p-strongly convex (Def. @ and L-smooth
(see Def.|D.1), and Assumpnonsﬁand 3.2\ hold with Ak = Opu 1 YHE[||0F — 67[]%] + 7202

bv,2 and
0 = 0%, where 0* € argmingepn f(0) and 6,1 € [0,1), 51,,,72 > 0. Then, for any k 2 0 the iterates
produced by Moshpit SGD with v < 1/aL satisfy

E[Vi] < 242 (452 +(r—1)0%), (44)

ek

where Vk - Nik ZiEPk ||9k - 0k||2 and ek ZlEPk 7
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Proof. First of all, if k = a7 for some integer a > 0, then follows from Assumption
(eq. (10)). Therefore, we consider such k that k = ar + ¢’ for some ¢’ € (0, 7). Then, for any

i,j € DPpi # j
B[I0F 02 1 01] = B [0 bt 05 g R 0]
A (B A
P E [l = VIO + g5 = VHETHIP 16T

Using Lemmaand independence of gff1 and g;»“l for given 0571, 0;“71, 1 # j we derive

E [l6F —65)% | 6] 2 (L= )67 =65 1> +92E [lgf~t = V(67 1P | 6]
+7°E [llgy ™" = VO [ 6]
(1] _ _
< (L—aw)oft =677 + 29707,
from which we get the following:
Ey (167 = 05117] < (1= yu)Eq [1077" = 057 H ] + 29°0% < Eg [10; 71 — 677 1P] + 29%0”.

(a+1)7—1

k—ar - Unrolling the recurrence, we get

Here, E,[-] denotes the expectation conditioned on { P }

Eg [10F = 05I1P] < Eg [I077 = 05711°] +2(k — ar)y*0
< R (1677 = 05711°] + 2(r — 1)y%e™. (45)
Using this, we estimate E,[V;]:
2
1 kL | | 21 k_ k2
Eg[Vi] = FZEFI ez'*ﬁzoj S e > Eg [lI0F — 0511°]

kicpy k jep, k ijep,
@ 1
< 52 2 Bl - 057 + 2(r - 1970

k 1,jEPy
2 2 aT aTt (|2 at aTt (|2 2 _2
< > (B 1677 —0IP) + B (1057 — 0 I2)) + 2(r = 1%

k 1,JE€ Py

4 aT aT
= N E 167 - 0] + 27— 1%

1€ Py

4 NU«T at aTt (|2 2 2

< T B (167 - 6] + 2 - 1%
1€P,r
< E, [ o S 6 6| 20 - 170,
at =y

where in the last inequality we use 2N(q41)r = 2|Pa11)r| > [Par| = Nar and [Ni| < [Np_4|
following from Assumption[3.2] Finally, we take the full expectation from the previous inequality:

(£10) 1 (1)
E[Vi] < SE|% S N6em = 07|17 | +2(r — 1)y%0® < 292 (462, + (1 — 1)o?) .
9T i€ Py
This finishes the proof. O

Combining Lemmas and we get the following result:

Theorem D.1 (Theorem [3.3] convergence in the convex case). Let fi = ... = fy = f be p-
strongly convex (Def.[D.2) and L-smooth (see Def.|D.1)), and Assumptions[3.1)and 3.2 hold with
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Ak, = 0pu 1Y uE[]|0F — 0% (2] 47262, 5 and 0 = 0%, where 0* € argmingeg. f(0) and 6,1 € [0,1),
Opv,2 > 0. Then, for any K > 0, the iterates produced by Moshpit SGD with v < /4L satisfy

K . R?
E{f(07)—f0")] < (1—yp(l—6pa))*=2
0.2
+ (N — + 52%2 + 3Ly (46§q + (r— 1)02)) , (46)
when p > 0, and
7K * R3 o’ 2 2 2
E )~ £0)] < gt (o e 430 (40,4 0= 0) ) @D
when ji = 0, where R = (1600711, 9" = gho 21 i = e S0 % Sy, 08wy = (1-

V(1 = 8pp1)) " * D and Wi = Zf:o wy. That is, Moshpit SGD achieves E[f(@K) —f(0M)) <e
after

P O R . TR [ (Gl ViR A R
0 =Gt Naan(l— e (L= b | (1= 0170

iterations with

3 RAp*(1=0p0,1)2K? RIP(1—6,0,1)°K?
1 In (max {27111111{ (55'“‘2+02/Nmin) ) 3L(45§q+(7—1)02)

4L (1= 8pp1 ) K

v = min

when p > 0, and after

2 2 2
LR?2  R202 R28%,, Mo\/L((r—1)0*+67)
0 00 0%pv,2 \/ q

K=0 € Nipine? g2 e¥/?

(49)

iterations with

= min 1 Ho N i
= AL\ (02, 5 + 7 /Nen) K\ BL (462, + (1 — 1)0?) K

when 1 = 0.

Proof. Plugging the result of Lemma[D.6]in inequality from Lemma[D.5] we obtain

FE[FOF) = f(07)] < (1=yu(l = )E[0" = 7] — E[II0*+" —6%|°]

0.2
+3LA3 (45§q + (7 — 1)02> P (Nmin + 55%2) .
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Next, we sum up these inequalities for k& = 0, ..., K with weights wy, = (1 — yu(1 — 6y 1))~ F+1)
and divide both sides by YW, where Wy = Zf:o WE:
1 & 1 <
— E[f(0F) - f(6")] < ——> (1—yu(l—dy E [[|6F — 6%
e SO [F09) — FO)] € e (L 8y (16— 67
k=0 k=0
1 X
———— > wpE[[|0* — 077
e e (10 0]

2
+v (U + 62,0+ 3Ly (402, + (1 — 1)02)>

Nmin
1 K
= e 2 (B (10" — 0] — i 16— 7))
k=0
o2
+v (N — + 67,0+ 3Ly (407, + (T — 1)02)>
_ w71||90 _ 9*||2 _ wKE “|9K+1 _ 9*||2]
YWg
2
+v (1\7 — + 670+ 3Ly (407, + (T — 1)02)>
16° — 6*|1?
< = -0
YWk
o2
+v (Nmin + (512,1),2 + 3Ly (4(53(1 + (7 — 1)02)> .

Since f is convex, we apply the Jensen’s inquality

1 & 1 &
k k
f (I/V}(’;)wke > < WiKkzzowkf(e )

to the previous result and get

E|f@" %) < 1 + o + 0%, + 3Ly (462, + 1)o?
|:f( ) - f( )i| = ’Y‘HYK Y Nmin pv,2 Y ( aq (T - )O ) )
h 0 * 7K 1 K k 1 K wy k
where Ro = [|6° — 0*[| and 6 = 37— >3 g wi0” = 35— > ko N Doiep, Oi- If > 0, then

Wi > wr > (1 —yu(l — §,,.1)) "%, implying @6). Next, wy = 1 and Wy = K when o = 0
gives ([@7). It remains to estimate the total number of iterations K required by Moshpit SGD to find

an e-solution, i.e., to achieve E[f(HK) — f(0*)] < e. Applying Lemma to (46), we get the
following result: if 4 > 0 and

. R242(1-6,,1)2K? R2uP(1—6,,.1)%K?
. In (max {Q,mln{ 053,072+05/Nmm ) 35(453q+{T_1)02> }})
= min _—
" AL (1= 001 )UK ’

then E [f(?K) — f(G*)] equals

02,0+ /Nuiw L (82, + (1 —1)0?) )

5 [ LR? - K
) ( RO eXp( ( 6p'u,1) ) + (1 — 5pv’1)MK (1 — 6pv71)2/$2K2

L

implying (48). Similarly, we apply Lemma[D.3|to and get that for 4 = 0 and

= min L Fo 3 i
7= AL\ (02, 5 + 7 /Nun) K\ 3L (462, + (1 — 1)o?) K [
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LRE R0+ o n)  {/BAL (82, + (7 = 1)0?)

+ I + K ;
implying @9). -
D.3 Non-Convex Case
In this section, we give the full proof of Theorem 3.4 about convergence of Moshpit SGD for general

non-convex problems. The proof follows the similar steps as in the state-of-the-art analysis of
Local-SGD in non-convex case [[64}163]]. We start with the following lemma:

Lemma D.7. Let = fn =1, functlon f be L-smooth and bounded from below by f.,
and Assumptions 3. andnhold with Ak = 6, 17E[[|[V f(0%)[12] + Ly?62, 9. Opu,1 € [0,Y/2),
Opv,2 > 0. Then, for any K > 0 the iterates produced by Moshpit SGD with v < (1=20p0,1) /8L satisfy
(1 —20p0,1)7 = ky|i2 0 2 -
SN R(IVAONIP] < F0°) - fo+9LP Y EIVA
k=0 k=0
2 § 2
KL 000
+K Ly <Nm1n + ) ; (50)

where Vi, = N%? > icp, |6F — 6%|1? and 6% = < = icp, oF.

Proof. Recall that Assumptionwith AL, = 650 VB[V F(0%)]?] + L2062, , states
E [(VF(05), 0 = 01 + L8 = 0 2] < 6,019 BIIVAO) 2] + L6, 5, (51)

where 0F 1 = - Licp, (07 — 7). As for the convex case, the definition of 6%+ implies
gF _ k
Nk >0 Z g7 = 0" — 4",
1€ Py ’LEPk

where g* = 5 3, p, g7+ Using this and L-smoothness of f, we derive

PO~ 505 S (TR0 - 0h) L g
D). oy (i), - g
JrL”@cﬂ _ 91@“2 +L||0k+1 o §k+1H2
= (V%) g*) + L2 gF||2 + (VF(6%), 05+ — g+
+L||0k+1 o ’07@+1H27

from which it follows that

E[f(0"*) = f(6F) [ 6] < —v <Vf (0%, Z Vi(0F) >

zEPk

E [<Vf(9k),9k+1 _ é\k’-‘rl> | Qk}

+E [L||0k+1 _ §k+1H2 | ek]

2
1
2 k
+Ly°E HN§ gi

i€ Py,

) (52)
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where E [ - | 0%] :=E [ - | P, 0F,i € Py]. Next, we estimate the last three terms in the right-hand
side of (52)). First of all,

_7<vf9k Zwe’“> = VeI

zGPk

—7<Vf (%), ZVf 0F) — Vf(9’“)>
1€Pk
2 v+ Livsen)®

2

7L k k
+5 mi;m(wwi)—ww )
& k 2 k ky|12
< QIVIENIP + g5 Do IVAEN ~ VAER)]
lEPk
@) L?
< fgnww’“)n%%vk, (53)

where Vi, = - >0, p, [0 — 6% ||%. Secondly, since the stochastic gradients {g] }ic p, are computed
independently, we derive

2
Ly’E H]\l,zgf | @ ZVf o)
k iep, k iep,
1 2
+Ly’E HN > (gf =IO | ak]
1€ Py

LS (vrer) - w16

1€ Py,
+2L72|\Vf(9k) I

Z E[|lgF — Vf(65)| | 6¥]

NG

2L~>

i€ Py
.0 242L
X0 2L Z IV 105) = £
k 1€ Py
2L 2
FLPIVI O + 15
@® 20342
D Dl A e 26 N T
k i€ Py,
20342V},
27 ;2
v“Lo
y Lot 4
* Nmin (5 )
Plugging and in (52)), we obtain
L L 2.2
E[f0°) — £05) [ 0] <~ (=L [T + o (14 L) v+ 02

E |:<Vf(9k),9k+1 . §k+1> +L||0k+1 B §k+1”2 | ek} .
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Next, we take the full expectation from the both sides of the above inequality, apply the tower property
(36) and take into account that v < (1—20pv,1)/8L:

L~%0?
Nmin

E[f") - £(6")] < -2 QU —4LNE[IVIE")?] + f( 1+A4Ly)E[V] +
E [(VF(68), 01 = §5+1) 4 Ljg"+! — 3+ 2]

2

N2

(1= 28,01 —4L2) E [|V£(09)]?] + % (1+4L7) E[Vi]

2
+L72(N + 62, )

=2V (1 56 17] + 171V

2
JFL’}/Z(N +52 >

Summing up the obtained inequalities for £ = 0, ..., K — 1 and rearranging the terms, we derive
(1= 26,0 1) K—1 K—1 K—1
1
T Y E(IVAONIP] < YO E[A(08) - FOH] +9L% Y EVA
k=0 k=0 k=0
2 § 2
KL (O
* 7 (Nrmn * )
K—1
= f(6°) —E[f(0%)] +1L* Y EVi]
k=0
2 § 2
KL dp
+ 7 (len * )
K—1
< f0°) = fooL? Y EVA
k=0
) 2
+KL7 (len + 5pv 2) ’
where f, is a uniform lower bound for f. O

The next step towards completing the proof of Theorem gives the upper bound for Z Pl o E[Vi]
that appeared in (50).

LemmaD.8. Let f, = ... = fy = f be L-smooth and bounded from below by f., and Assump-
tlonsandhold with AF, = o VBV F(O)?] + L2602, 9, Spor € [0,1/2), Gpp2 > 0.
Then, for any K > 0 the lterates produced by Moshpit SGD with v < 1/(4/eL(r-1)) satisfy

K—1 K-—1
E[Vi] < 8ey%(r—1)2 Z E[IVFOF)] + 49°K (202, + e(r — 1)o?) . (55)
k=0 k=0
where V}, = Nik ZiePk ||9k — 0% and 6% = ZlePk Hf
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Proof. First of all, consider k such that £ = a7 + t' for some t' € [0, 7). Let E4[-] denote the

expectation conditioned on { P, (@tD)7=1 Then

t=art

BV = SR [I0F 0] S o Y [l -0

1€ Py, 1€ Py,
2

k—1
= fZE 07— 6T~y ) g

zEP;C t=at
@ ’Y k-1 |2
< = Z]E (127 — 697|1] + S~ Z]E > gt (56)
zEP;c zEPk t=at
Next, we estimate the second term in the right-hand side of using Lemma[D.4}
1 o
27 2e'y
- > By Zgz < ZZEHW@WH
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) Z Eqlllgf — VS0
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5.0 k—1
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t=at lGPk
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@ k—1
< de(r—1) ) B[V A0
t=at
=L
272 t t_ pgt)2
HePLr=1) Y 3t 5 Bl — o'l
t=at i€EP
+2e* (1 — 1)0?
k—1
< dey’(r-1) Y E[IIVFON)]
t=at
k—1
+8ey2 L2 (1 — 1) Z Ey[Vi] + 2ev* (1 — 1)0?
t=at
where in the last two inequalities we use Ny = |Py| < |Py—1| = Np_p for all & > 1 and

Nar < 2N(q41)- forall integer a > 0. Plugging this inequality in (56) and taking the full expectation
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from the result, we get

k—1
1 aT aT
EVi] < 2B|4- D65 = 6T|P| +dert(r—1) Y E[IVA(EN))
k 1€ Py, t=at
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+27% (262, + (7 — 1)0?),

where in the second inequality we also use Ny = |Py| < |Px—1| = Ni—; forall k > 1 and N,, <
2N(q41)- for all integer a > 0. Summing up the obtained inequalities for k = a7,ar +1,..., K’
for some K’ € [aT, (a + 1)7 — 1] we derive

1% K ke K' k-1
Z]E[Vk} < deyi(r—-1) ZZ IV £(0)]1?] + 8ey* LA (T — 1) ZZ
k=at k=at t=at k=at t=at
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K’ K’
< e (=12 Y E[IVSEO)IP] +8er’ L3 (7 —1)* ) E[Vi]
k=art k=aTt
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K/ 1 K/
< dey’(r=1)° Y E(IVFOO)IP + 5 D EVil
k=art k=at

+29%(K' —ar + 1) (253,1 +e(r —1)0?),
where in the last inequality we use v < 1/(4,/eL(r—1)). Rearranging the terms, we get that for K’ > 0

K’ K’
D OEW] < Bey’(r—1)* Y E[|VF(OM)|*] + 497 (K’ — a7 +1) (207, + e(r — 1)0®) ,
k=aTt k=art

where a > 0 is an integer such that a7 < K’ < (a + 1)7 — 1. Summing up the obtained inequalities
for K/ =7—-1,2r—1,...,7|(E-1/r] = 1, K — 1, we derive (53). O

Combining Lemmas[D.7]and [D.8] we get the following result:

Theorem D.2 (Theorem [3.4). Let .= fn = f, funcnon f be L-smooth and bounded
from below by f., and Assumptions 3. andn hold with AF, = 6,, 17E[||V f(0%)]?] + Ly?62, .

dpv,1 € [0,1/2), 8y 2 > 0. Then, for any K > O the iterates produced by Moshpit SGD with

’Y<min{1_25pv’1 Y L= 20901 }

8L ' 8yeL(t—1)

satisfy
8Ay
V£ 2] « ____°20
[” f( rand)” ] = (1 — 2617”71)[{7
8Ly o? ) , ,
4L (2 -1
+1 - 251”7,1 (Nmin +6pv,2 T4y ( 6“‘1 +€(T )0 ) ) (57)
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where Ag = f(0°) — f. and 0K, is chosen uniformly at random from {0°, 0, ... 05 =1}. That is,

Moshpit SGD achieves E [||V f(0X, ) ||| < & after

LA
O(u — 26,,1)2e2

62 +02 Nmin
1+ (1= 1)\/1= 20,51 + UTERAT

2

+¢<1_2am,1><:54,+<f—1>"2)1) (58)

iterations with
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3
8L "8yeL(t —1)"\| LK (62, , + o /Numin) \/4L2 (262, + e(t — 1)0?) } '

Proof of Theorem Plugging the result of Lemma in the inequality from Lemma[D.7]
we obtain
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Next,
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where Ag = f(6°) — f.. Since 0 , is chosen uniformly at random from {6°, 01, ... 6K ~1},

rand

[”vf(grdnd ZE ||Vf gk)H ]

and (57) holds. Applying Lemma[D.3]to (57), we get the following result: if

~ = min { = 2901 — 20,1

3 AO
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which implies the desired convergence result from (58). O
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E Decentralized matchmaking

In order to run group all-reduce over unreliable devices, Moshpit Averaging must be able to dynami-
cally form groups of active devices that share the same key C;. In theory, this matchmaking can be
implemented precisely as described in Algorithm|[I} each peer adds itself to a certain DHT key, waits
for a said period of time, and then reads the same key to retrieve a list of its groupmates.

However, in practice, this kind of matchmaking would be extremely fragile: if any peer arrives
late (for example, due to latency), it may join the group when other peers have already finished
matchmaking. As a result, some workers will treat this peer as active, while others will behave as
though there is no such peer at all, breaking the consensus and rendering all peers unable to run
all-reduce in a stable manner.

To avoid this and other similar inconsistencies, Moshpit All-Reduce employs a more sophisticated
matchmaking protocol with the following guarantees

1. Peers that join the same group are guaranteed to have the same list of groupmates;
2. The group will have the maximum possible number of peers, unless some of them fail;

3. If some peers fail, matchmaking will still form the group out of the remaining ones.

To achieve this, each peer first declares itself onto the DHT (as in Algorithm[I)). Then, peers attempt
to form groups by calling the REQUEST_JOIN_GROUP remote procedure call. Intuitively, if peer A
calls this RPC on peer B, then peer A requests to join peer B’s group, which can be either accepted or
rejected by the group “leader” B, which may or may not have other “followers”.

If a peer is accepted to a group, it commits to stay active (i.e. to await other peers) for a set period of
time and perform all-reduce with the peers supplied by the group “leader”. On the other hand, a peer
can be rejected if (a) the potential “leader” is already a follower in another group, (b) the group is
already running all-reduce, or (c) if the “leader” failed or left during matchmaking.

To ensure that this protocol forms groups of maximum size, each peer generates a unique “priority”
based on its local timestampﬂ Peers prioritize joining the group of neighbors that have the lowest
“priority”. Under normal circumstances, all workers will join the group of a peer that was first to start
matchmaking according to its own local time. However, if this peer has failed or already finished
matchmaking, the group will be formed around one of the remaining peers.

Matchmaking for 64 peers can take less than 1 second if all workers are located in the same cloud
region and are highly synchronized. However, this can grow to 2.9 seconds for two different cloud
regions and up to 9 seconds when training with commodity hardware around the world.

To ensure that this latency does not affect the training performance, Moshpit SGD performs matchmak-
ing asynchronously in the background thread, while the model is accumulating gradients. All peers
begin matchmaking 15 seconds before the estimated averaging round, so that in > 95% of averaging
iterations, the matchmaking step is already finished by the time peers need to run all-reduce.

F Training with a dynamic number of peers

Many practical setups with unreliable devices allow peers to join or leave at any time, which can
produce undesirable side-effects. For instance, consider a participant that joins the “swarm” midway
through the training process. If this participant starts with the initial model parameters, it can undo
some of the progress made by other peers.

To circumvent this issue, we require each new participant to download the latest parameters from
a random up-to-date peer discovered through DHT. The same technique is used to synchronize the
optimizer statistics and the learning rate schedule. This protocol is also triggered if a peer becomes
desynchronized with others, e.g., after a network freeze.

“More specifically, the priority is a tuple of (timestamp, peer_id), where peer_id is used to break ties.
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G Load balancing via linear programming

When running Moshpit Averaging on heterogeneous devices, one must regularly perform Butterfly
All-Reduce among peers with uneven network bandwidth. In order to speed up the protocol, we
can make low-throughput peers receive, average, and send smaller partitions of the averaged vector;
conversely, the high-throughput peers can process greater fractions of the input vector. To compute
the optimal partitioning, peers must solve an optimization problem that minimizes the total time spent
on communication during all-reduce.

Consider a group of M peers with network bandwidths b1, ..., by, defined for simplicity as the
minimum of the upload and download speed for each peer. Our objective is to find w; — a fraction
of all input vectors to be processed by the i-th peer.

In Butterfly All-Reduce, each peer ¢ splits its vector into parts and sends these parts to corresponding
peers. Since there is no need to send w; to itself, ¢-th peer will upload a total of 1 — w; of the vector
to its peers. On the receiving side, peer ¢ will average w; of the vector from all peers in its group. To
do so, it must download M — 1 vector parts of size w; from all other peers. After that, peers distribute
the averaged parts by running the same procedure in reverse (see Figure I]).

Thus, the communication time for each peer is proportional to t; = (1 — w; + (M — 1)w;) - 1+
and the total runtime of Butterfly All-Reduce is the maximum communication time over all peers:
T = max; t; = max;(1 —w; + (M — Dw;) - %. Formally, we minimize T" with respect to w; with

two constraints on the fraction weights:

1
min max(1l — w;+(M — Lw;) - b
M
subject to Zwi =1
i=1
w; >0 Vi=1,....,.M

Because the functions being maximized and the constraints are linear in w;, this problem can be
reduced to linear programming [125]]. Namely, we can minimize a surrogate variable £ such that
Vi, £ > (1 —w; + (M —1) - w;) - . The resulting linear program is formulated as follows:

wef
M
subject to Zwi =1
i=1
w; >0 Vi=1,...

1
b; "
We solve this problem using the interior point method [126] implemented as part of the SciPy
package (scipy.optimize.linprog). Note that depending on the conditions given by participant
bandwidth, optimal weights of specific peers might be equal to 0 in some cases. In essence, this
allows our method to smoothly interpolate between data parallelism [9], parameter server [[18] and
sharded parameter server [25] in manner similar to BytePS [26].

H Detailed experimental setup

In this section, we provide the detailed hardware configuration of servers used for each of our
distributed training experiments.

H.1 ImageNet training

Both homogeneous and heterogeneous training setups for ImageNet are provisioned in our on-premise
infrastructure across multiple data centers and an office space (for the heterogeneous setup only).
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Homogeneous. For the homogeneous setup, we use 16 identical instances with the following
specifications:

e GPU: V100-PClIe,
¢ CPU: 6 vCPUs (Xeon E5-2650v4),
* RAM: 64GB.

Heterogeneous. In turn, the heterogeneous setup contains multiple instance types listed in Table 2}

Table 2: Heterogeneous setup for ImageNet training.
Instances GPUs GPU type Cores RAM,GB CPU type

4 1 V100-PCle 6 64 E5-2650v4
17 2 GTX 1080Ti 8 64 E5-2650v4
7 1 GTX 1080Ti 4 32 E5-2650v4
16 1 P40 4 32 E5-2667v2
20 1 M40-24GB 4 32 E5-2667v2

H.2 ALBERT training

Homogeneous. For the homogeneous setup, we use a single virtual machine with the following
specifications:

* GPU: 8x V100-PCIe,
¢ CPU: 48 vCPUs (Xeon E5-2650v4),
* RAM: 488GB.

At the time of writing, the cloud rent cost for this instance is $24.48 per hour.

Heterogeneous. Our heterogeneous setup is composed of two parts: AWS EC2 Spot instances and
crowdsourced machines from the Vast .ai marketplace. For spot instances, we picked the smallest
suitable instance size available from the cloud provider and further limited their bandwidth to le/
As for marketplace instances, we report the hardware specifications for each worker gathered 1 hour
after the start of ALBERT training.

Since both cloud and marketplace instances are preemptible, the actual cost of the server fleet will vary
based on the current price. For simplicity, we report the maximum hourly price we ended up paying
for this instance (enforced via maximum bid). Finally, some marketplace instances have missing
specifications, such as unknown CPU type. This is likely caused by non-standard virtualization
configured by the device owner. The resulting fleet configuration, shown in Table 3, costs up to
$15.43/hour, depending on the number of active instances.

I Additional averaging experiments

In this section, we evaluate the averaging precision with the same methodology as in{.T] but for
multiple different worker configurations.

Table 4] provides the complete results of our experiments that were used to make conclusions in the
main experimental section: instead of reporting the mean squared error for different iterations, we
provide the number of rounds that was required to achieve the error of 102 and 10~%.

In Figure[5, plots 1-5 explore several combinations of grid sizes and failure rates, whereas plot
6 (bottom right) demonstrates a setup with the same number of peers (10°) arranged into several
different grid sizes and its relation to convergence. Note that M/ =32 outperforms the alternatives
only for the specific failure rate of 0.001.

We use tc gdisc Linux utility to artificially limit the network throughput, similarly to [127]
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Table 3: Heterogeneous setup for ALBERT training.

GPU Cores RAM, GB CPU type Download, Mb/s Upload, Mb/s Cost, $/hour
Preemptible g4dn.xlarge instances (32X)
T4 4 16 Xeon Platinum 8259CL 1000 1000 0.1578
Marketplace instances
GTX 1070Ti 6 16 E5-2640 425 255 0.036
GTX 1070Ti 6 16 i3-6100T 121 36 0.06
GTX 1080Ti 4 20 i3-6096P 817 308 0.101
GTX 1080Ti 20 129 E5-2630v4 660 475 0.182
GTX 1080Ti 1 16 i7-7700K 245 210 0.302
GTX 1080Ti 48 97 Xeon Platinum 8124 583 539 0.217
GTX 1080Ti 10 16 Unknown n/a n/a 0.15
GTX 1080Ti 4 16 Xeon Gold 6149 98 100 0.2
GTX 1080Ti 4 16 Xeon Gold 6149 99 98 0.2
GTX 1080Ti 4 16 Xeon Gold 6149 99 99 0.2
GTX 1080Ti 4 16 Xeon Gold 6149 99 99 0.2
RTX 2070S 24 32 E5-2620v2 199 25 0.199
RTX 2070S 32 97 E5-2650 162 64 0.285
RTX 2080 6 16 E5-2620v3 271 287 0.25
RTX 2080 24 32 E5-2630v3 199 25 0.302
RTX 2080S 4 32 E5-2697v4 101 99 0.292
RTX 2080S 4 32 E5-2697v4 93 99 0.292
RTX 2080S 4 32 E5-2697v4 94 98 0.292
RTX 2080S 4 32 E5-2697v4 94 98 0.292
RTX 2080S 4 32 E5-2697v4 100 99 0.292
RTX 2080Ti 4 16 Ryzen Threadripper 3960x 279 271 0.35
RTX 2080Ti 8 129 E5-2670v3 616 672 0.201
RTX 2080Ti 6 32 E5-2620v3 217 61 0.22
RTX 2080Ti 8 16 E5-2697v2 100 58 0.3
RTX 2080Ti 8 21 E5-2697v2 145 49 0.243
RTX 2080Ti 12 32 Unknown 111 92 0.326
RTX 2080Ti 12 64 E5-2690v3 205 61 0.549
RTX 3080 16 16 i7-10700K 69 49 0.462
RTX 3090 14 32 E5-2695v3 93 37 0.498
RTX 3090 16 32 Ryzen 9 3950X 338 38 0.511
Titan RTX 4 32 Xeon W-3223 321 115 1
Titan RTX 4 32 Xeon Gold 6149 99 100 0.702
Titan V 8 32 i7-7700K 97 50 0.282
V100-FHHL 8 60 Xeon Gold 6148 544 584 0.39
Total hourly cost (as listed): 15.43

J Additional image classification experiments

Aside from the two evaluation scenarios provided in [4.2] we also measure the performance of
Moshpit-SGD in a non-distributed setup, i.e. on a single server with multiple GPUs. We conduct
this experiment on the same 8 x V100 machine that was used in the homogeneous setup for training
ALBERT (see Appendix [H.2).

As Figure@demonstrates, Moshpit SGD is slower than AR-SGD by approximately 25%. This result
is expected, since our implementation of Moshpit All-Reduce is more general and communicates
over a TCP connection, whereas AR-SGD uses direct peer-to-peer GPU communication over PCle.
On average, this incurs a slowdown of 27% in terms of training time.
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Table 4: Averaging performance of different algorithms. Values denote the number of iterations
required to achieve the error of 10~ (10~* in parentheses), best result is in bold.

N P All-Reduce Gossip PushSum  Random groups Moshpit

512 0 1.0 (1.0)  50.0(50.0) 47.6(15.6) 6.1 (3.0) 8.2 (3.5)
512 0001 1.6(1.6) 50.0(50.0) 47.6(15.6) 6.3 (3.0) 8.1 (3.7)
512 0.005 10.9(10.9) 50.0(50.0) 47.8 (15.6) 6.3 (3.0) 8.7 (3.9)
512 001  41.7(41.7) 50.0(50.0) 47.8 (15.6) 6.6 (3.0) 9.1 (3.9)

768 0 1.0 (1.0)  50.0(50.0) 43.2(13.8) 6.2 (3.0) 6.0 (3.0)
768  0.001 1.8(1.8)  50.0(50.0) 43.2(13.8) 6.5 (3.0) 6.2 (3.0)
768  0.005 28.7(28.7) 50.0(50.0) 43.2(14.1) 6.6 (3.0) 6.6 (3.0)
768  0.01  50.0(50.0) 50.0(50.0) 43.9(14.2) 7.0 (3.0) 6.8 (3.0)

900 0 1.0 (1.0)  50.0(50.0) 45.0 (14.7) 6.4 (3.0) 5.0(2.8)
900 0001 1.8(1.8)  50.0(50.0) 45.0 (14.7) 6.3 (3.0) 5.5(3.0)
900  0.005 50.0(50.0) 50.0(50.0) 45.2(14.7) 6.7 (3.0) 5.9 (3.0)
900 001  50.0(50.0) 50.0(50.0) 45.6 (14.9) 7.0 3.1) 6.4 (3.1)

1024 0 1.0 (1.0)  50.0(50.0) 49.0(16.2) 6.2 (3.0) 2.0 (2.0)
1024 0.001  2.0(2.0) 50.0(50.0) 49.0(16.3) 6.5 (3.0) 3.4(22)
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Figure 5: Averaging error of Moshpit All-Reduce as a function of the iteration number for different
configurations and failure rates.
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