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Appendix

This appendix complements the main paper with proofs, experiment details and additional experiments
and discussions. Appendix A presents full proofs for the main theoretical results in the paper.
In Appendix B, we discuss an approach to derive alternative regret bounds for BORE under a
Thompson sampling perspective. We discuss the theoretical analysis of BORE with its non-constant
approximation for the observations quantile 7 in Appendix C. In Appendix D, we present further
details on the experiments setup. Finally, Appendix E presents additional experiments on higher-
dimensional settings.

A Proofs

This section presents proofs for the main theoretical results in the paper. We start with a few auxiliary
results from the GP-UCB literature [1, 2], following up with the proofs for the main theorems.

A.1 Auxiliary results

Lemma A.1 (Srinivas et al. [I, Lemma 5.3]). The information gain for a sequence of N > 1
observations {x;,z;}N |, where z; = f(x;) + vi, vi ~ N(0,)), can be expressed in terms of
the predictive variances. Namely, if f ~ GP(m,k), then the information gain provided by the
observations is such that:

N
1
I(zn, fn|XN) = 3 § log(1+ A 1oy (x;)) (A.])
1=1

where £ = [f(x;)|, and Xy = {x;}N, C X.
Lemma A.2 (Chowdhury and Gopalan [2, Lemma 4]). Following the setting of Lemma A. 1, the sum
of predictive standard deviations at a sequence of N points is bounded in terms of the maximum
information gain:

N

> oiia(xi) < VAN +2)én . (A2)
i=1
Lemma A.3. Let A C X be a finite set of points where a function f ~ GP(m, k) was evaluated, so
that the GP posterior covariance function and the corresponding variance are given by:

ka(x,x') = k(x,x') — k(x, A)T (K(A) + 1) " k(A x) (A3)
o4 (x) = ka(x,x), x,x €A, (A.4)

where k(x, A) := [k(x,a)]aca and K(A) := [k(a,a’)]aa’ca. Then, for any given set B O A of
evaluations of f, we have:
ok(x) < o4(x), VxeEX. (A.5)
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Proof. The result follows by observing that the GP posterior given observations at A is a prior for
the GP with the new observations at the complement C := B\ .A. Then we obtain, for all x € X

0%(x) := k(x,%x) — k(x, B)(K(B) + nI) 'k(B,x)

= 04(%) = ka(x,C)(Ka(C) +n1) " ka(C,x) (A.6)
< 0ax),
since k4 (x,C)(KA(C) + nI)~1k4(C,x) is non-negative. O

A.2 Main proofs
A.2.1 Proof of Theorem 1

Proof of Theorem 1. The proof follows by a simple application of Durand et al. [3, Thm. 1] on
GP-UCB to our settings, as m € H and the stochastic process defining the query locations x; and
observation noise vy := z; — m(x;) satisfies their assumptions. O

A.2.2 Proof of Theorem 2

To prove Theorem 2, we will follow the procedure of GP-UCB proofs [1, 2] by bounding the
approximation error |7(x) — #+(x)| via a confidence bound (Theorem 1) and then applying it to the
instant regret. From the instant regret to the cumulative regret, the bounds are extended by means of
the maximum information gain {7 introduced in the main text. One of the differences with our proof,
however, is that BORE with a PLS classifier is not following the optimal UCB policy, but instead
a pure-exploitation approach by following the maximum of the mean estimator 7y, which does not
account for uncertainty.

Proof of Theorem 2. Recalling the classifier-based bound in Section 4 and that for any 7 € R the
result in Lemma 1 holds, we have:

re = f(xe) = f(x7)
< Le(m(x") — m(x4))

According to Theorem 1, working with the confidence bounds on 7(x), we then have that the instant
regret is bounded with probability at least 1 — § by:

Ve>1, 1y < L(f—1(x") + Bi—1(0)or—1(x") — m(xy))
< Le(frp—1(x") + Be—1(0)0p—1(x") — 1 (x¢) + Bi—1(0)oe—1(x¢)) (A.8)
< LeBi-1(0) (01 (") + 01-1(x¢)),

since ;—1(x*) < maxxex 7i—1(X) = 7—1(x¢). Now we can apply Lemma A.2, yielding with
probability at least 1 — 4:

(A7)

T T
Rp =Y 1 < LBr(8) Y (or-1(xt) + 00_1(x"))
=1

t=1
< LBr(d ( T+2§T+Zot1 >>

t=1

(A9)

since £;(d) < Biy1(9) for all ¢ > 1. This concludes the proof. O

A.2.3 Proof of Theorem 3

Again, we will be following standard GP-UCB proofs for this result using the bound in Theorem 1.

Proof of Theorem 3. Extending the bound in Equation A.7 with Theorem 1, we have with probability
at least 1 — §:

Vt>1, re < Le(fpo1(X™) + Br—1(0)or—1(x*) — 7} (x¢))
< Le(fti—1(x7) + Be-1(6) -1 (x") — Fre—1(xt) + Be—1()oe—1(x¢))  (A.10)
<2LBi-1(0)oi—1(xt),
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since ;1 (x*) + Bi-1(0)or-1(x*) < maxxex Tr-1(X) + Bi—1(0)or-1(x) = T1(xe) +
Bi—1(8)ot—1(x¢)). Turning our attention to the cumulative regret, with the same probability, we have:

T T
Ry = ry < 2L.Br(d oi_1(x
T ;t_ ﬁT(); t—1(xt) (ALD)
S 4LeﬂT(5) V (T + 2)§T7
which concludes the proof. O

A.2.4 Proof of Theorem 4

Proof. Starting with the regret definition, we can define a bound in terms of the discrepancy between
the two sampling distributions:

1t = B, [f(X)] = Exce[f(x)]
< Le (Exe[m(x)] — Exp, [7(x)])

<L||w||oo/|e g1 (%) dx A12)

< Le||ml|oo *DKL(thHﬁ), vt > 1,

2

where the last line is due to Pinsker’s inequality [4] applied to the total variation distance between p;
and / (third line).

Tp obtain a bound on Dy, (p||¢), starting from the definition of the terms, with probability at least
1 — 6, we have that:
Vt >0, Dxr(pi]lf) = Ex~p, [logpi(x) — log £(x)]
= Exp, [l0g(7(x) + Bi(0) 01 (x)) — log w(x) +log = —logn]  (A.13)
< Exevp, [log(71 (%) + ()01 (x)) — log m(x)],
which follows from 7, := [, (7t;(x) 4+ 3:(0)0¢(x))p(x) dx > [, m(x)p(x)dx =: . Now, by the
mean value theorem [5], for all £ > 0, we have that the following holds with the same probability:
[og(7(x) + ()01 (%)) — log m(x)| < L[t (x) + Si(8)0r(x) — (%) (A.14)
S 2Lﬂﬂt(5)0—t(x)a Vx € Xv ’

since 116080 < [, < oo forall 5 > minyex m(x) > 0, and |7 (x) — 7(x)| < B;(8)os(x) by

Theorem 1. The first result in the theorem then follows.

For the second part of the result, we first note that:

T

VT > 1, mlnDKL(ptHE ) < —ZDKL De_1|l0) (A.15)
t=1

Following the previous derivations, it holds with probability at least 1 — § that:

T T
> Dxu(pill6) < 2Lr Z Bi-1(0)Es,~p, [o1-1 (X))
t=1
T
<2L:B1(0) Y Bgpng, [01-1(%)] (A.16)
t=1

T
S 2L7T/8T(5)E)~(1~q1,...,}~(TNqT [Z Utl(it)‘| )

t=1

since Bp > (4, for all ¢ < T, and expectations are linear operations. Considering the predictive
variances above, recall that, at each iteration ¢ > 1, the algorithm selects a batch of i.i.d. points
B; = {xt,i}ij\il, sampled from p,, where to evaluate the objective function f. The predictive
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variance o?_; is conditioned on all previous observations, which are grouped by batches. We can
then decompose, for any ¢ > 1:

07 (x) = 071 (%) = ke—1(%, B) (Ky—1(By) + nI) ™ k1 (By, x) (A.17)

where we use the notation introduced in Lemma A.3, and:
kt(x, X/) = ktfl(X, X/) - kt,l(x, Bt)(thl(Bt) + T]I)ilktfl(BhXI), t Z 1, (AIS)
ko(x,x") == k(x,x). (A.19)

Therefore, the predictive variance of the batched algorithm is not the same as the predictive variance
of a sequential algorithm, and we cannot direcly apply Lemma A.2 to bound the last term in
Equation A.16.

Lemma A.3 tells us that the predictive variance given a set of observations is less than the predictive
variance given a subset of observations. Selecting only the first point from within each batch and
applying Lemma A.3, we get, for ¢t > 1:

02(x) < s2(x) := k(x,x) — k(x, %) (K(X;) + 1) k(X %), (A.20)
where X} := {x;1}{_,, withx; 1 € B;,i € {1,...,t}. Note that the right-hand side of the equation
above is simply the non-batched GP predictive variance. Furthermore, sample points within a batch

are i.i.d., so that x; ; ~ ¢; and X; ~ ¢; are identically distributed. We can now apply Lemma A.2,
yielding:

Ex X1~q1,.., XT~qT [5 Ot—1 X

Combining this result with Equation A.16, we obtain:

T
S X1~q1,.., XT~qT [Z Stl(it)‘| < 2 (T + 2)§T . (AZ])
t=1

T
> Dicw(pel€) < 4L Br(8)\/(T + 2)ér € O(Br(8)y/Tér) . (A22)
t=1

Lastly, from the definition of 5,(0), we have:

Br(8) = b+ 0,1 /22 log ([T + A~ Ko, [1/2/6), (A23)
where:
log(T4+ A *Kp, %) = I(zn,, hy,) < Enp = Enr s (A.24)

for h ~ GP(m, k). Therefore, the cumulative sum of divergences is such that:

ZDKL (Bel6) € OVT (b\/ér + V/Erénr)) (A.25)
t=1
which concludes the proof. O

B Bayesian regret bounds for BORE as Thompson sampling

Although in our main results we considered BORE using an optimal classifier according to a least-
squares loss, we may instead consider that, in practice, the trained classifier might be sub-optimal due
to training via gradient descent. In particular, in the case of stochastic gradient descent, Mandt et al.
[6] showed that parameters learnt this way can be seen as approximate samples of a Bayesian posterior
distribution. This is, therefore, the case of Thompson (or posterior) sampling [7]. If we consider
that the posterior over the model’s function space is Gaussian, e.g., as in the case of infinitely-wide
deep neural networks [8, 9], we may instead analyse the original BORE as a GP-based Thompson
sampling algorithm. We can then apply theoretical results from Russo and Van Roy [7] to use general
GP-UCB approximation guarantees [, 10] to bound BORE’S Bayesian regret. Note, however, that
this is a different type of analysis compared to the one presented in this paper, which considered a
frequentist setting where the objective function is fixed, but unknown.
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C Analysis with a non-constant quantile approximation

Our main theoretical results so far relied upon the quantile 7 being fixed throughout all iterations
t € {1,...T}, though in practice we have to approximate the quantile based on the empirical
observations distribution up to time ¢ > 1. In this section, we discuss the plausibility of the theoretical
results under this practical scenario.

The main impact of a time-varying quantile 7¢, and the corresponding classifier 7, (x) := p(y < 7|x),
in theoretical results is in the UCB approximation error (Theorem 1). This result depends on the
observation noise vy ; := z;,; — m;(x;) as perceived by a GP model with observations z; ; := I[y; <
7], 4 € {1,...,t}, to be sub-Gaussian when conditioned on the history. Hence, a few challenges
originate from there. Firstly, the past observations in the vector z; := [z;;]!_, are changing across
iterations, due to the update in 7. Secondly, the latent function 7, is stochastic, as the quantile 7y
depends on the current set of observations y,. Lastly, it is not very clear how to define a filtration
for the resulting stochastic process such that the GP noise v, ; is sub-Gaussian. Nevertheless, as the
number of observations increases, 7 converges to a fixed value, making our asymptotic results valid.

D Experiment details

This section presents details of our experiments setup. We used PyTorch [1 1] for our implementation
of batch BORE and BORE++, which we plan to make publicly available in the future.

D.1 Theory assessment

For this experiment, we generated a random classifier as an element of the RKHS H defined by the

kernel £ as:
F
"= Zaik(-,xf) eH, (D.1)

where {x;}f_ | and the welghts {al}l 1 were i.i.d. sampled from a unit uniform distribution 2/ (0, 1),
with F' := 5 The norm of 7* is given by:

||7T*||}<;: \/a}KFaF, (DZ)

where K := [x},x}]f,_; € RF*F and ap = [a1,...,ap]" € RF. To ensure 7*(x) < 1, we
normalised the weights according to the classifier norm, i.e., & := ﬁa, so that |7*|| = 1, and
consequently 7*(x) < k(x,x)||7*|| = ||7*|| = 1, for all x € X. The kernel was set as the squared

exponential (RBF) with a length-scale of 0.1.

Given a threshold 7 € R, the objective function corresponding to 7* satisfies:
fx):=7-0 1 (r*(x)), Vxe€X. (D.3)

For this experiment, we set 7 := 0. Each trial had a different objective function generated for
it. An example of classifier and objective function pair is presented in Figure 1b (main paper).
Observations were composed as function evaluations corrupted by zero-mean Gaussian noise with
variance o2 := 0.01.

The search space was configured as a finite set ' := {xl} Y C [0, 1] by sampling Ny points from
a unit uniform distribution. The number of pomts 1n the search space was set as Ny := 100. As the
search space is finite, we also know v := p(y < 7) = [, 7(x)p(x) dx = 5= erx ().

Regarding algorithm hyper-parameters, although any upper bound b > ||7* H would work for setting
up f;, BORE++ was configured with the RKHS norm 7* as the first term in the setting for 3, (see
Theorem 1). To configure GP-UCB according to its theoretical settings [3, Thm. 1], we computed the
RKHS norm of the resulting f in the RKHS. We can compute the norm of f as an element of H by
solving the following constrained optimisation problem:

I£le = minflhfle, st h(x) = f(x), Vxe€X. (D.4)
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Parameter | Setting
Optimiser | Adam
Batch size 64
Steps 100"
Table D.1: Stochastic gradient descent training settings for batch BORE. (*) For the Six-hump Camel
problem, we applied 200 steps.

Parameter Setting
Step size 0.001
Decay rate 0.9
Number of steps | 1000*

Table D.2: SVGD settings for batch BORE. (*) For the Hartmann 3D problem, we used 500 steps.

As the search space is finite, the solution to this problem is available in closed form as:

Iflle =\ EX Ky £, (D.5)

where fx := [f(x)]xex € RY¥, and Ky = [k(x,X')]x.x'ex- We set § := 0.1. For both BORE++
and GP-UCB, the information gain was recomputed at each iteration. Lastly, the regularisation factor
A was set as A := o2 for GP-UCB and as \ := 0.025, which was found by grid search.

D.2 Global optimisation benchmarks

For each problem, all methods used 10 initial points uniformly sampled from the search space. As
performance indicator, we measured the simple regret:

rp=minrg =min f(x;) - f(x7), =1, (D.6)

as the global minimum of each of the considered benchmark functions is known. All objective
function evaluations were provided free of noise to the algorithms.

Batch BORE was run with a percentile v := 0.25, which was applied to estimate the empirical
quantile 7 at every iteration ¢ € {1,...,T}. The method’s classifier model was composed of a
multilayer perceptron neural network model with 2 hidden layers of 32 units each, which was trained
to minimise the binary cross-entropy loss. The activation function was set as the rectified linear
unit (ReLU) with exception for the Hartmann 3D and the Six-hump Camel problem, which were
run with an exponential linear unit (ELU), instead. Training for the neural networks was performed
via stochastic gradient descent, whose settings are presented in Table D.1. SVGD was run applying
Adadelta to configure its steps according to the settings in Table D.2. The SVGD kernel was set as
the squared exponential (RBF) using the median trick to adjust its lengthscale [12].

LP-EI [13] was run using L-BFGS [14] to optimise its acquisition function. The optimisation settings
were kept as the default for GPyOpt [15].

The g-EI method [16] was run using the BoTorch implementation [17]. The acquisition function was
optimised via multi-start optimisation with L-BFGS [14] using 10 random restarts. Monte Carlo
integration for ¢-EI used 256 samples.

E Additional experiments

We compared batch BORE against the batch BORE++ algorithm on a synthetic optimisation problem
with the Rosenbrock function. The dimensionality of the search space was varied. The cumulative
regret curves for each algorithm are presented in Figure E.1.

Both algorithms were configured with a Bayesian logistic regression classifier applying random
Fourier features [18] as feature maps based on the squared-exponential kernel. The number of
features was set as 300, and the classifier was trained via expectation maximisation. Observations
were corrupted by additive Gaussian noise with zero mean and a small noise variance o2 = 10~4, and
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Figure E.1: BORE vs. BORE++ in the batch setting tested on the Rosenbrock function at varying
search space dimensionalities. The plots compare the cumulative regret of each algorithm averaged
over 10 runs. Shaded areas correspond to the 95% confidence interval.

each model was set accordingly. To demonstrate the practicality of the method, the UCB parameter
for BORE++ was fixed at 8; := 3 across all iterations ¢ > 1, instead of applying the theoretical setup.
SVGD was configured as its second-order version [19] applying L-BFGS to adjust its steps [ 14].

As the results show in Figure E.1, batch BORE++ has a clear advantage over batch BORE in low
dimensions. However, the performance gains become less obvious at higher dimensionalities and
eventually deteriorate. One of the factors explaining this behaviour is that, as the dimensionality
increases, uncertainty estimates become less useful. Distances between data points largely increase
and affect the posterior variance estimates provided by translation-invariant kernels, such as the
squared-exponential kernel our feature maps were based on. Other classification models may lead to
different behaviours, and their investigation is left for future work.
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