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We first introduce some notations. In the following proofs, ||a|| denotes the £2 norm if a is a vector;

and || A|| denotes the operator norm if A is a matrix.

In Appendix[A] we prove the Lipschitz continuity of some important functions, including w(6), Vw(6)
and the gradient V.J () of objective function. In Appendix we present the non-asymptotic analysis
for the i.i.d. setting. In Appendix [C| we present the non-asymptotic analysis for the Markovian
setting. In appendix [D] we present some numerical experiments.

A Useful Lemmas

A.1 Lipschitz Continuity of w(6)
In this section, we show that w(#) is Lipschitz in 6.
Lemma 1. Forany 0,0 € RN, we have that
lw(0) = w(@)] < L, [|6 = 0", 21
2C§DU

where L, = - ((1 +9)C2 + (Fmax + (1 + v)Cv)Dy) + 2582 (1 + (1 +7)C).

Proof. Recall that
w(0) = E,m [¢0(S)0(S) T Epm [p(S, A)ds, 4,5 (0) o (S)]
= Ay By [p(S, A)ds,a,s0(0)da(5)], (22)

hence we can show the conclusion by showing that A, " and E =, [p(S, A)ds, 4.5/ (0)de(S)] are both
Lipschitz and bounded.

From Assumption 2] we know that

Az < (23)

1
Ao
‘We also show that

145" = A5

13
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476

= (|45 " A Ayt — Ay Ag A |
= || Ay (Ag — Ag) A

20, D, ,
< j% 1o -6, 24)
which is from the fact that [[Ag — Ag/|| = ||Eum [06(S)¢0(S)T] — Epum [or (S)der (S) ]| <

204D, |6 — .

By Assumption and the boundedness of the reward function, it can be shown that for any # € RV
and any (s,a,s’) € § x A x 8,

165,05 (O) = Ir(s,a,8") +AVa(s") = Vo(s)] < rmax + (1 4+7)Co. (25)
We then show that & , ¢ (0) is Lipschitz, i.e., for any 6,0’ € RY and any (s,a,s’) € § x A x 8,
|05,a,5 (0) = ds,0,5 (0)]
= [YVa(s") = Va(s) =1V (s') = Var ()]
< (y+ 1010 = 6] (26)
Hence, the function ||E =, [p(S, A)ds, 4,5/ (0)¢e(S)]]| is Lipschitz:
[Eum [p(S, A)ds,a,5:(0) e (S)] — By [0(S, A)ds,,5(0") o (S)]|
= [[Eum [p(S, A)ds, 4,5 (0) 0 (S)] — Eums [0(S, A)ds a5 (0')pa(S5)]
+ Eum [p(S, A)ds,a,5:(0") 0o (S)] — Eume [p(S, A)ds,a,s: (0)dor (S)]|
< [Epum [p(S, A)ds,a,50(0) 6 (S)] — Eum [p(S, A)ds,a,s:(0")po (S]]
+ |E 7o [p(S, A)ds,4,57(0")do(S)] — Epum [p(S, A)ds 4,50 (6")dor (S)] |l
< By [p(S, A)l6s,4,5/(0) — 054,57 (0")] |60 ()]
+ Epm [p(S, A)|0s,4,50 (0")l| 00 (S) — dor (S]]

(a)
< (1 7)C2|0 = 8] + (ras + (1+7)Co) Dy |0 — &)
= (1 +7)C2 + (Famax + (1 +7)C)Dy) 16— ¢/, @7)

where () is from (26) and the fact that E,,~, [p(S, A)] = 1. Also ||E,=, [p(S, A)ds, 4,5 (8)pe(S)]|l
can be upper bounded as follows:

[E = [p(S; A)ds,a,5:(0)da(S)][| < Cp(rmax + (14 7)Cy). (28)
Combining (23), (24), (28) and 27), we show that w(-) is Lipschitz in 6:
() — w (8]
1 2 2C§Dv !
S )\7 ((1+7)C¢+(rmax+(1+7)CU)Dv) + T(rmax'i' (14—7)01)) ”0_0 H
2 Lo = ¢, (29)
_ 1 2 203D,
where L, = 3 (14 9)C2 + (rmax + (1 +9)C0) D) + 25 (max + (14 7)C). O

A.2 Lipschitz Continuity of Vw(6)

In this section, we show that Vw(#) is Lipschitz.
Lemma 2. For any 0,0 € RY, it follows that
[Vw(0) — Vw(0)]] < Dyll0 — 0", (30)

where

2 8C2D?
D — ((Cd)Lv +2D; 4+ D,Cy) " v

v z2 A3 ) Colrmax + Co +9C1)

14
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488
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490
491

ACy D,

= (C30+ )+ Dl + (147)C))
Du 1 Lv max 1 v
4 3CeDu(l +7) + Lu(rmax + (1 +7)Co). a1
Ay
Proof. Recall the definition of w(0) = Ay 'E,~ [p(S, A)ds 4,5 (0)pa(S)], hence we have
Vw(f) = —Ay (VAg) Ay E = [p(S, A)ds, a5/ (6)de(S))]
+ Ay By [V (S, A)ds,a,50(8) da (S)), (32)

where the tensor V A, can be equivalently viewed as an operator: RY — RV*N je. VAq(w) =
V(Apw) for any w € RV,

We show that the operator norm of V Ay is bounded as follows:

IVAg|l = sup [[VAg(w)]

llwll=1

= sup ||[VE,~[¢o(S)pe(S) w]||

llwll=1
= o s [(66(S) T w) Vo (S)] + Epum [06(S) (Vedo(S) "w) ]|

< sup 20, D, |u]

flwll=1

= 204D, (33)

The Lipschitz continuous of V Ay can be shown as follows:

IV Ag — VA |
= sp |V (Agw) — V(Agw)||
= Sup B, [V0(8)(00(5) T 10) + (V60(S) 0)60(S) T = Vo (5)(6r(5) w)

— (Voo (S) Tw) e (5) ]|
< sup (CyLy, +2D2 + D,Cy) 10 — 0'||||w]|

flwll=1
= (CyLy + 2D} + D,Cy)[|0 — ¢ (34)
Then we conclude that the operator norm of —A, (VAg) is upper bounded by 2C¢D , and is
Lipschitz with constant (C¢L”+2§?+D“ o) 4 40‘?; ’2’ . Tt can be further seen that — A (VA(;)A; !
is upper bounded by 20“’ , and Lipschitz with constant (CoL “+2/€%“+D'" o) 4 SC)‘?’%Di .
Recall that we have shown in (Z8) that
[Eum [p(S, A)ds,a,5:(0) e (S)] — Eyumo [0(S, A)ds,,5(0") o (S)]|
< (149G + (rmax + (1 + v) ) o) 16 =01l (35)
and it is upper bounded by Cy(rmax + (1 + 7)Cv). Hence we have that

—A; (VA Ay 'Emy [p(S, A)ds 4,5 (0)pe(S)] can be upper bounded by (rmax + (1 +

v)Cv) C¢ “, and it is Lipschitz with constant ((C¢L“+2ﬂ5+D”C“’) + 80}\3 )C’¢(rmax+0 +
1Cy) + 20‘“’“ ((1+9)C2 + (rax + (1 +7)C)Dy ) 2 L.

For the second term of (32), we also show it is Lipschitz as follows. First
note that Vs o s (0)do(s) = Visas(0)pe(s)’ + 0s.a,5(0)Ve(s), hence we know

15



w2 Bum [Vp(S, A)ds 4,50 (0)pe(S)] can be upper bounded by CZ(1 + ) + Dy(rmax + (1 4 7)Cy),
s93 and is Lipschitz with constant 3CyD,(1 + v) + Ly(rmax + (1 + )C,). Finally we con-
se4  clude that the second term in (32) A, 'E,= [V (S, A)ds,4,5/(0)¢e(S)] is Lipschitz with constant

495 2C¢D (02( + PY) + D’U (TIIla.X + (1 + W)C’U)> + SC¢DV(1+’Y)+L1} (TmaXJr(lJr’Y)C‘U) é L:4‘

v

s96 Hence Vw(#) is Lipschitz with constant L4 + L', £ D,,, where

L, +2D2+ D 8C2D?
Dw:<(0¢ v t2Dy + DuCy) | 8%

)\2 )\3 ) Cd) (rmax + Cv + ’VCU)

4Cy D,
+ 512) (0425(1 + ’Y) + Dv(rmax + (1 + ’Y)CU))
4 3CsDu(l+7) +L;(rmax +(1+7)C) 56
497 0

s A.3 Smoothness of J(6)
99 In the following lemma, we show that the objective function J () is L j-smooth. We note that the
s00 smoothness of J(6) is assumed in [37]] instead of being proved as in this paper.

st Lemma 3. J(0) is Lj-smooth, i.e., for any 0,0' € RV,
IVI(0) = VIO < Lyl6— o], (37

502 where

02
Ly =2((1+7)C2 + (rmax + (1 +7)Co)Dy) + 27 | C3L, + 2Dq))\—¢

v

(rmax + (1 + 'Y)Cv)>
2<(Dva + C¢Lw +(1+ ’Y)C¢) D,R
+ (RoLy + DyL) ((rmas + (14 9)C) +C¢Rw>). (38)

503 Proof. Before we prove the main statement, we first drive some boundedness and Lipschitz properties.
s04 Recall that

IO [ (005, A)55.0.5(0)60(5) ~ 7015, A)on( 1w (5) el0)
— hsa,s (&w(@)))] , (39)
w(0) = Epmo [06(S)d0(S) ] Eums [0(S, A)ds,a,5 (8)da ()], (40)
hs,a,s (8,0(6)) = (p(8,0)85,0,5:(6) — Pa(s) " (8)) V>V (5)w(6). (41)
505 We have shown in Lemmathat for any § € RY and any (s,a,s') € 8§ x A x §,
|05,a,5 (0)] = |r (s, a, ") +Vo(s") = Vo(8)| < rmax + (1 47)Co; (42)
so6 and that
[Eume [0(S, A)ds a5 (0)¢o(S)] — Bume [(S, A)ds a5 (0)dor (S]]
< (L +7)CF + (rmax + (1 + 7) ) o) 16— &'l (43)

507 Also it is easy to see from the definition that

C A
||w(0)|| < %(Tmax + (1 + ’Y)Cv) = Rw- (44)

16



sos Hence the Lipschitz continuity of E,,~, [p(.S, A)¢(S")dg(S) " |w(8) can be shown as follows
[E,ums [0S, A)po(S")pa(S) TNw(0) — Eyur { (5, A)«bef(S’)w ||
< [[Bpma [o(S, A)ga(S")d0(S) TTew(6) = By [0(S, A) o (S 8l

+HE w[p(S, A)¢(S")¢6(S) " w(? ) ,m,[ (S,A)¢9,(S’)¢9,( ) Tw(@)]]

g CiLu||0 — || + 2C4 Dy R, |0 — ¢
2

_ 2
- <C¢Lw +2D, 5"

% (Famax + (1 +7)C )) 16 -0, (45)

so9 where (a) is due to the fact that w(f) is Lipschitz in (ZI) and the fact that

B, [p(S, A)do(S")$a(S) 7] — Eumi [0(S, A)per (S )b (S)T]|| < 2C4 D, |10 — 0. (46)

510 We then show that the function hs 4 s (6, w(6)) is Lipschitz in 6 as follows. We first note that for any
511 s€8andd,0 € RY,

[¢o(s) w(8) — dar(s) w (@]
< llda(s) "w(8) — dor(5) "w(B)[| + | (5) ' w(B) — por (5) "w (&)
< (DyRy, + CyuLy) |60 — 6. 47)
si2 This implies that for any (s, a,s’) € § x A x §and #,0' € RY,
(s, a)ds,a,5(8) — ¢9(5)TW(9) — p(s,a)05,0,5 (0") + ¢9/(3)TW(9/)H
< (DyRy + CyLu + (1+7)Cyp(s, ) |0 — 0']]. 48)
513 We also show the following function is Lipschitz:
IV2Ve(5)w(8) — V2V (5)w(8)]|
< [[V2Va(s)w(8) — V2V (s)w(O)]| + [V Ver (8)w(8) — V2V (s)w(8)]]
< RwLVHQ - QIH + DvaHQ - 9/”
= (RyLy + D,Ly) |60 — '] (49)
514 Combining (@8) and (49), it can be shown that h , s (6,w(6)) is Lipschitz in 6 as follows

15,0, (0, w () = hsa,s (6, w(0))]
= || (p(s,a)05,0,5 () = Po(s) T w(B)) V>V (5)w(6)
= (p(s,0)05,0,5(8") = dor(5) Tw(6)) V*V (s)w ()]
< ((DyRa + CylLu + (1 7)Capls, @) DyR) 10— &
+ (RuLv + Dy L) (p(s,a) (rmax + (1 +7)Cy) + Co R0 — 0] (50)
515 From the results in @3), @3) and (50), it follows that
IVJ(0) = VI
< 2|[Epum [p(S, A)ds,a,s0(0)0(S) — p(S, A)ds,a,s:(8") e (S)]]]
T2y (B [0(5, A)0(S")60(S)Tw(0) — (S, A)dur(S')r (5)Tw(®")] |
+2[[Bym [hs.a,s0(0,w(0)) = hs a5, w(0))]]]
<2 ((1+79)CF + (rmax + (1 +7)C0) Dy ) [0 — 0|
fy (Tmax + (1 + 'Y)Cv)> 16— 6"l
+ 2Bym [(DuRey + Cy Lo, + (1 4+ 7)Cop(S, A)) Do Ru)][|0 — ||
+ 2E,m [(RwLv + Dy L) (p(S, A) (Fmax + (1 +7)Cy) + CsRu)][|0 — ¢

+2y <C¢L +2D,

17



516

517

519
520

521

522
523

524

525
526

527

@

< 2((149)C2 + (rmax + (1+9)C)Dy) [0 — 0|
2
% e+ (1470 )) o~

2((DyRy 4 CyLu + (1 +7)Cy) Dy R,,
+ (RwLV + Dva) ((rmax + (1 + '7)011) + C¢>RW)) ”9 - 9IH
= L6 =o'l (51
where (a) is due to the fact that E =, [p(S, A)] = 1, and

+2y <C¢L +2D,

2

Cs
Ly =2((1+7)C3 + (rmax + (1 +7)Cy)Dy) + 2y <C¢L + 2D, 3

(rmax + (1 + 7)0 )>
2( (Dva + C¢Lw + (1 + ’7)C¢) D,R,
+ (RuLV + Dva) ((Tmax + (1 + '7)011) + C¢Rw)) (52)

This completes the proof. O

B Non-asymptotic Analysis under the i.i.d. Setting

First we introduce the off-policy TDC learning with non-linear function approximation algorithm
under the i.i.d. setting in Algorithm 2] We then bound the tracking error in Appendix [B.T} and prove
the Theorem [T|under the i.i.d. setting in Appendix

Algorithm 2 Non-Linear Off-Policy TDC under the i.i.d. Setting
Input: T, o, B, 7, mp, { Vgl € RV}
Initialization: 6,,w,

1: Choose W ~ Uniform(0, 1,...,7 — 1)

2: fort=0,1,....,W —1do

3:  Sample O; = (s¢, as, 74, ;) according to p™

_ m(aslse)
Pt = ﬂb(z;t|sft)

6¢(0¢) = r(st, ar, sp) + Vo, (sy) — et(st)
ht(etawt) = (Pt5t(9t) — ¢, (St) ) V2 Ve, (St)wt
wipr = Mg, (wi + B (—do, (s1) e, (51) Twr + pedi(0:)do, (51)))

8: b1 =10, + Q(Pt5t(9t)¢at (1) — peo, (5}) o, (s¢) Twy — ht(etth))
9: end for

Output: Oy

AN A

We note that under the i.i.d. setting, it is assumed that at each time step ¢, a sample O; = (¢, at, ¢, ;)
is available, where s; ~ p™ (+), a; ~ mp(+|s¢) and s} ~ P(+]s¢, az).

B.1 Tracking Error Analysis under the i.i.d. Setting

Denote the tracking error by z; = w; — w(6;). Then by the update of w, the update of z; can be
written as

241 = Wiyl — w(9t+1)
=wi + B (—¢9t (St)¢9t(5t)TWt + Ptét(et)(bet(st)) — w(0p41)
= 2+ w(0:) — w(Os1) + B (— o, (s0)¢0, (50) T (2 + w(6r)) + pe6:(6r)
=zt +w(0;) — w(Ory1) + B (—Ag, (5t)2t — Ag, (5¢)w(0:) + pids(0:) o,
where Ay, (st) = be, (5¢)ds, (s¢) . It then follows that

¢0t (St))
(s¢)) (53)

[t

18



= ||zt + w(0r) — w(Brr1) + B (— Ao, (50)21 — Ag, (s0)w(0r) + pe6:(01) g, (1))
= [l2ell” + [w(Bs) = w(Oei1) + B (—Ap, (50) 20 — A, (s6)w(8:) + pe6:(6e)Pa, (50)) |1

+ 2(z, w(0r) — w(Or11)) — 28(2e, Ap, (st)2t) + 2B(zt, —Ap, (st)w(0:) + pede(0r)do, (s¢))
< Izl + 282 (= Ap, (s) 2 — A, (50)w(02) + pe8(61) e, (50)) ||

(a)
+ 2[w(Br) = w(Brr 1)1 +2(z0, w(0:) — W(Br41)) —26(zs, Ag, (5¢)21)
(b) (e) (d)
+ 28(z1, — Ag, (st)w(0t) + pi6t (1) Po, (5t))- (54)
528 We then provide the bounds of the terms in (34) one by one. Their proofs can be found in Appen-

s29  dices[B.IL.1lto[B.1.4

53 Term (a) can be bounded as follows:
268|| (—Ap, (s¢)zt — Ag, (s)w(0y) + pee(01)dg, (s¢)) II” < 4B°Cl24]1> + 487 Cy, (55)

3 2
531 where Cg; = (%(rmax + (14 9)Ch) + pmaxCo(Tmax + (1 + ’y)Cv)> .
532 Term (b) can be bounded as follows:
2[w(0r) — w(Or1)|® < da®LE LY |21 + 40 CF L, (56)
533 where C’g = pmaxc¢ (Tmax + (1 +'Y)Ofu) + 'Ypmawa Cé +D, R, (Rw C(b + Pmax (Tmax +C, +'YO'U))-
53¢ Term (c) can be bounded as follows:

2(z,w(0;) — w(B41))

1 L, a?C3D,
< 2Ly Ly + 5oLy +46°CoLy Do)l + a4 IV T(6)]2 + ——= + 2am(6:, 20, 0),
g

(57)

535 where g (0, 21, 0¢) = — <zt, Vw(6) (Gt+1(0t,w(9t)) + %(et))>.
s3s Term (d) can be bounded as follows:
—2B(z1, Ap, (s0)2) < =281 2l” + 2B(z1, (Ao, — As, (51)) 1), (58)
ss7 where Ag = E,m, [¢0(S)pe(S) "] is the expectation of Ag(S).
s38 By plugging all the bounds from (33), (56), (57) and (38) in (54, it follows that

Zt11 2
Hg ?1 |L AB%CE + 40’ L2 L] + 2aLy Ly + oLy, 4 80°CyLg D,y — 28X, | 2|12
- iaLwHVJ(Gt)Hz +45°Cy1 +40’C2LL + O‘QCL;;D“ + 2amc 0y, 2, Oy)
+28{z1, (Ag, — Ag, (50))20) +28(z0, —Ag, (50)0(01) + pr3i(0), (51))
2 (1—q)llz*+ O‘i” IVJ(0))1? + 487 Cy1 + 40>CI L2 + aziﬂ + 2amg (0t, 2, O)
+ 28(z1, (Ao, — Ao, (51))2e) + 2B(zt, — Ao, (st)w(6:) + Pt5t(9t);9t(3t)>a (59)

539 where ¢ = 26\, — 452055 — 40 L L — 2Ly Ly — oLy — 8¢°CyLyD,,. Note that g = O(3 —
s00 32 — a— a?) = (), hence we can choose a and 3 such that ¢ > 0.

541 Note that under the i.i.d. setting,
E [nG(0:, 2¢, Or)] = E [E [n6(6t, ¢, Or)|Fe]]

= F

)

— <Zt, VQJ(Gt)E

(Gt+1(9t,w(9t)) " ij(gt)>

19



542
543

544

545

546

547

548

549

550

551

552

553

554

=0, (60)

which is due to the fact that E,,~, [Gy11(6,w(8))] = — Y2 when 6 is fixed, and F; is the o-field
generated by the randomness until 6; and w;. Similarly, it can also be shown that
E[(zt, (Ag, — Ag,(st))zt)] =0 (61)
E[(zt, —As, (st )w(0:) + pee(6)dp, (s¢))] = 0. (62)
Hence the tracking error in (39) can be further bounded as
al,, OéZCBDw
Efllze+1]%] < (1 = )E [[|2¢]|*] + — E [IVT(8:)]1%] +48°Cgr + 4a*CILE + Lig-
g
(63)
Recursively applying the inequality in (63), it follows that
2 t 2 aly ; t—i 2
E [J2ll?] < (1- )20l + 222 S0 = ) E [V (6]
i=0
1 a2C3 D,
+ = (48°Cy1 + 40°C2L2 + —2— |, (64)
q ' g Lg
and summing up w.r.t. ¢ from 0 to 7" — 1, it follows that
T-1 T-1 T—1 t
—o E [ll2¢]?] o (-9 al :
t=0 < t=0 2 w 1— tflIE 1|12
o S Sl 4 G Y 30— R (IVI6)P]
1 2 2pye , @CGDy
+ 6 (45 Cgl +4a Cng + T
T-1
@ llzol® | alw 3o E [IV7(80)]%]
- Tq 4q T
1 2 22 @CgD
+ 5 <4ﬁ Cgl + 4o Cng + T
_of L el E[IVIEIIP] 8 ©5)
T8 B T ’

where (a) is due to the double-sum trick, i.e., forany z; > 0, 37" S2'_ (1—¢)" ey < 21—
Q) < a S " s, and the last step is because ¢ = O(5).

B.1.1 Bound on Term (a)

In this section we provide the detailed proof of the bound on term (a) in (33).

It can be shown that

1 (— Ao, (st)zt — Ao, (s1)w(01) + pe6:(0:)do, (51)) ||
< 2| = Ag, (s0)zl|* + 2I| — Ao, (s)w(62) + pede(80) o, (s0)]I?

2
(a) c3
< 203|z* + 2 (A‘j(rmax + (14+7)Cy) + PmaxCo(Tmax + (1 + 7)%)) , (66)

where (a) is from the fact that || Ag(s)|| = [|¢a(s)¢e(s) " || < CZ and the bounds in @2) and ([@4).

B.1.2 Bound on Term (b)

In this section we provide the detailed proof of the bound on term (b) in (36).
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555 We first show that Gy (0, w) is Lipschitz in w for any fixed 6. Specifically, for any 6, w;,ws € RY,
ss6 it follows that

[Gir1(0,w1) — Grya (8, w2)|

= [|pe6:(0)pa(se) — Ypedo(s)po(se) Twi — he(0,w1) — pede(0)do(se) + Ypeda(s)da(se)  wa
+ h (0, w9)||

< ||ht(0aw1) - ht(aaWQ)” + ||70t¢9(52)¢9(5t)Tw1 - VPtQSG(S;)QS@(St)TWZH

(a)
< (C¢Dva + DU(C¢Rw + pmax(rmax +Cy+ ’VCU)) + meaxc(%) ||W1 - W2||

£ Lyllwy — wall, (67)

ss7 where Ly = D,(2C4R,, + pmax(Tmax + Cv +7Cy)) + vpmaXC;, and (a) is from the Lipschitz
sss  continuous of h (0, ), i.e.,

Hht(97w1> - ht(97w2)

| S pmax(rmax + (1 + 'Y)OU)DUHCul - WQH + 20¢D1)Rw‘|w1 - WQH-
6

559 We note that to show (67), we use the bound on w;, which is guaranteed by the projection step. And
seo this is the only step in our proof where the projection is used.

s61  Then it follows that
10141 — Ocll = |G (0, wi) ||
< oG (0, wi) — Gria (0, w(0r)) + Grya (0, w(6:))|
< aLgllz]| + of|Gegr (0r, w(6r)) |
< aLgllz| + aCy, (69)
s62  where Cg = pmaxCd) (rmax+(1+’7>cv) +7pmawaC£+D'uRw (ch¢+pmax(rmax+cv +’ch))’
s63  and the last step in (69) can be shown as follows
[Grs1(0r, w(6:))]|
= 116 (0)da (1) — vprdo(sy)da(si) w(B) — he(6,w(0))]|
S pmaquS(Tmax + (1 + 'Y)Ov) + 'YpmawaCi + Dva (Rw0¢7 + pmax(rmax + CU + ’YCU))

(70)
se4  Using (2I) and (69), it follows that
lw(0) = WO )| < LollOr41 = Ocll < Loy Lgllze]| + aCy L, (1)
565 and
[w(Br) — w(@r1)||* < 20°L L2 || 2e|)* + 20°CF L. (72)

se6  This completes the proof for term (b).

s67 B.1.3 Bound on Term (c)
ses  In this section we provide the detailed proof of the bound on term (c¢) in (57).
se9  Consider the inner product (z;, w(0;) — w(fy+1)). By the Mean-Value Theorem, it follows that
(26,0 (00)) = (26,w(0r41)) = (2, w(0r) — w(0r41)) = (21, Ve(0:) (0 — Op41)),  (73)
s70 where 0, = cf; 4 (1 — ¢)0y41 for some ¢ € [0, 1]. Thus, it follows that
(26, w(0) — w(0r41))
= (2, Vo (0:)(0: = Or11))
= —a(z, Vw(0,)Grr1(0:, wr)

=—a <Zt, Vw(fy) (Gt+1(9t,Wt) — Gya1(01,w(0:)) + Gigr (0, w () + VJQ(9t)>>
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571

572

573

574

575

576

577

578

579

580

581

ta <zt,Vw(ét)VJ(9t)>

2

= —« <Zt, Vw(ét) (Gi1(0s, i) — Gt+1(9t7w(9t)))> +a <Zt7 Vw(ét)VJ(et)>

2

2
VJQ(% ‘ - <Zt, V() <Gt+1(9t7w(9t)) * wz(at) > >

ta <zt, (Veo(0r) — Veo(0))) (Gt+1(9t7w(9t)) L 310 >>

(a)
L aratylad? + oLl |

1 al,,
< aLuLyllal? + SaLullal? + “E2 V6|7 + one(Be . 0)
R VvJ(o
+alallIVel6:) = Tw @l | Genr Onto) + 5|

®) 1 al, .
< Ly Lyl + 504Lw||2t||2 + THV'](G:&)H2 + ane(0r, 2t, Or) + 2aCy Dy [|[[[0 — 04|

al,
8

(c) , 1 )
< aLuLyllz? + SaLulzl? +
+2aCy Dy |2 ||]|01 — Op41]]

||VJ(9t)||2 + 0477G(9t7 Zt, Ot)

() 9 1 o, oLy 2
< aLuLyllall? + 5oLl + S22V I0) 2 + an(6r, 2, 0,
+ 2aCy Dy, || 2t[|(aLg | 2t ]| + aCy)

(e) 1 al,
< aLyLgllz|” + 504Lw|\2t||2 + THVJ(@)HQ + ang (04, z¢, Oy)

02
+20°Cy D, (2L92t||2 + g)

AL,
1 2 o oLy 2, 03Dy
< (alwlg + gaLe +40°CoLyDo)llzt|” + == IVIO)I" + —7— + ang (b, 2, Or),
9
(74)
where G (0,2t,0:) = — <zt,Vw(9t) (Gt+1(9t,w(9t)) + %(et))) (a) is from the Lipschitz

continuity of Gy41(6,-) proved in (€7), (b) is from the Lipschitz continuity of Vw(6), which is
shown in (30), (c) is from the fact that ||6; — 6] = (1 — ¢)|[|6; — Or11|| < ||0¢ — Oy41]], (d) is from

2
the bound of ||0; — 6;1|| in (69), and (e) is from the fact that Cy || z¢|| < Lg||2¢|* + ngJ'

This completes the proof.

B.1.4 Bound on Term (d)

In this section we provide the detailed proof of the bound on term (d) in (38).

It can be shown that

—28(z1, Ao, (st)ze) = —20(z¢, Ag, zt) + 20(zt, (Ao, — Ao, (S¢))2t)
< —28N\|zel|” + 28(zt, (Ao, — Ap, (s1)) ), (75)

where the inequality is due to the fact that (z;, Ag, 2;) = 2, Ag, 2 > Ar(Ap,)||2e )17 > Ao |2 ]|%.

B.2 Proof under the i.i.d. Setting

In this section we provide the proof of Theorem [T|under the i.i.d. setting.
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ss2  From Lemma we know that the objective function .J(#) is L ;j-smooth, hence it follows that
L
J(0r41) < J(0) + (VI (00), 01 = 00) + 7 0051 = 0]

L
= J(0:) + a(VJ(0:), Gry1(0s,wi)) + 7‘7042||Gt+1(0t,wt)||2
VJ(0,)
2

= J(0:) — « <VJ(9t)7 —Gii1(0r,wi) — + Gry1(0r,w(0:)) — Gt+1(9t,w(9t))>

Ly
= SIVIE)I? + 55 0| Gri (Br, )]
= J(0:) = a(VJ(0r), =Gr11(0s,wi) + Giy1(0,w(0r)))

VJ(6 Ly
@ (V7000 S5+ Gnr(000(00) ) = FITIO + G Grra (B

VJ(6:)
2

L J00) + aLy| VIO w(8:) — il + o <W<6t>, +Gt+1<et,w<et>>>

(07 LJ
- §||VJ(9t)H2 + 7@2||Gt+1(9t7wt)\|2

VJ(6:)
2

€ 70 + aLy V16 2] + a <w<et>, ; Gt+1<et,w<et>>>

L
~||w<ot>u2 “La? (2122 +2C2) (76)

s83  where (a) is from (67) and (b) is because ||0;41 — 0 || = ||Gii1 (01, wr)|| < aLy| 2 ||+ aCy, whose
s+ detailed proof is provided in (69). Thus by re-arranging the terms, taking expectation and summing
585  up w.r.t. ¢ from 0 to T" — 1, it follows that

o]
w

LT
5 Z [IV.7(6:)]1%]
t=0
T-1 T—1 T—1
< —E[J(0r)] + J(B0) + aLgy| > EIVI@)2]y| D Elllzell?] +a’LsLy Y Ell|=])’]
t=0 t=0 t=0
+a’CoLT, (717

sss  which is due to the fact that under the i.i.d. setting,

E KVJ(H,E), v‘fz(et) + Gt+1(9t7w(9t))>:|

_E wat),ua [Wfﬁ) + Gt+1(9t,w(6t))‘3’t} >} 0, (78)

sg7 and the Cauchy’s inequality

T—1
E[[[VJ(60)|1z]l] < JZE [IV.7(0,)]12] $ZE AR (79)
t=0

sss  Thus dividing both sides by <~ it follows that

T—

,_.

t=0

o EVI(6)
T
20000 =T,y [ S BNV F E[=0]?)
- Ta
+2aLJL§—Zf=0 T[”Zt” } +2aC2Ly, (80)
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ss9  where J* £ ming J(6).

se0 Recall the tracking error in (63):

o E [l

T
[l | oL Ximo E[IVI@IP] | 1 (. 2c2pe , 0D
< + 4%C,1 +40?C2 L2 + —2 ). (@381
Tq 4q T q 7 Ly
591 We then plug in the tracking error and obtain that
o E[IVJ(60)]°]
T
WO =T) oz, o, \/z B 601
1 0 2C3D,,
HZOH +al, Z E[IVJ(6,)|? ] (4520 | 402C2I3 a2C?3 )
4q T Ty Ly
o [ Iz0l1? iZ E [[[VJ(6:)]]
+2aLJLg< Tq + L, “ T T
1 2 2272 a*Cy D,
+ 6 <4ﬁ Cgl + 4o Cng + Ti]
T—1
—J* o EJIIVJ(6,)]?
2 203D,
oL F B9 01 \/mn (100 + anncyr + SB02)
9
R EN iZ [ij(et)”ﬂ
+2aLJLg< + aL,, “ g T
1 o?2C3D,,
+y (452091 +40?C2LE + Lg> ) (82)
g

se2  where the last step is from the fact that \/z +y < \/z 4 /y for any x,y > 0. Re-arranging the
593 terms, it follows that

<1 ;oL onLJL?]Lw> =0 E[IVJ(0:)]?]
_ L, _

2q T
_ * 1 QCSDW
< 7( (Bo) = ) +2aCg Ly + 2aL,L; Izol® | 1 4F2Cp + 402C2L2 + 122
Tq q g L,
J(0 2 203D
+2L \/Z |V Dl’] \/”20” 4520 4020213 + “). (83)
g
2 2
se4  Note that (Lg © L) =0 (\/7 + 2 ) hence we can choose a and 3 such that
595 (1 - L, “2” - %) > 1. Thus (83) implies that
-1
E[[VJ(6:)]I°]
T
4(J(0o) — J7) 2 2 ||ZOH2 2 2par2 , @CgDu
< VY)Y 9%
< Ta +4aCiL; +4al ;L T4 q 48°Cy1 +4a”C L, + L,
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596

597

598

599

600

601

603

604
605
606

607

608
609

610

611

(6;) | 203D,
tar \/Z S \/”Zo” +§ 520g1+4a2092[/2+7a o ) (34)
g9

23
Denote U = % + 4OéCQLJ + 4aL]L2 (Hzo\|2 % (4[32091 + 4042C’§LZ, + 2 iti)),

and V = 4Lg\/ LI (4B2091 + 4020212 + ‘“27[’“”) Then it follows that

SEITION] V\/z VI )
which further implies that
o E[IVJ(6)]]
T
<V24oU
_ 2 HZOH 2 2272 O‘QCSDw 8(J(6o) — J*)
_16Lg< To e (45 Cg1 +4a2C2L2 + i + o

Tq L,

2C3D,,
= (16L7 +8aL,L?) (” ol (4520 +40’C2L + ag))
q

I‘g
7( ( O) )+SOZC§I/J

1 1
(755 7a)

1 1 1
_O(Tl a+Tb+T1b>' (86)

This completes the proof.

203D,
+8aC2Ly +8aL,L, (” OH <452C +402CILE + O‘g))
q

+

C Non-asymptotic Analysis under the Markovian Setting

In this section we provide the proof of Theorem|[I|under that Markovian setting. In Appendix [C.T|we
develop the finite-time analysis of the tracking error and in Appendix [C.2]we prove Theorem 1]

C.1 Tracking Error Analysis under the Markovian Setting

We first define the mixing time 73 = inf {¢ : mx* < 3} (Assumption |4) ' It can be shown that for
any bounded function || f(O;)|| < Cy, for any t > 75, ||E[f(O)] — EONH%[ (O )]H < OB and
73 = O(—log ). We note that 75 — 0 as § — 0, and we assume that 373C7 < ;

From (53)), the update of the tracking error z; can be written as
zep1 = 2zt + B(— Ao, (st) 2zt + (1)) + w(0r) — w(Brs1), (87)

where Aet (St) = ¢0t (St)(bgt (815)—r and bt(ﬁt) = —Aet (st)w(ﬂt) + pt5t(9t)¢9t (St) Note that for
any § € RY and any sample O; = (4, a4, 7¢,5¢041) € 8 x A x R x 8, [|b(60;)]| < C3R., +

pmaxcd) (Tmax + Cv + 7Cv) é bmax~
Then it can be shown that
E [|lze41l1” — [l2]|]

=E 22 (2141 — 2¢) + ||ze41 — 2]|%]
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612
613

614

615

616

617

618

619

620

621

622
623

624

625

= [222—(2’,54,1 — 2t + ﬂAtht)] =+ E I:“Zt+1 — Zt||2:| + 5E [22:(—A9t)2t:|
(lzer1 = 2elI”] + B[22/ (2041 — 20 + BAg,21)] —2BAE [I|z]?] (88)

(a) (b)
where the last inequality is due to the fact that Aj, (Ag,) > A,. We first provide the bounds on terms
(a) and (b) as follows, and their detailed proof can be found in Appendices and

Term (a) can be bounded as follows:

For any ¢ > 0, we have that
241 — 2l < 28°Cll2e]1* + 28 (bmax + LuwCy)?. (89)
Term (b) can be bounded as follows:

For any ¢ > 73, we have that

HEm—

<(Ri+Rs+ P +P,+ P)E {Hztﬂﬂ +(Q1+ Q2+ Q3+ P+ P+ Ps)

+ %LWIE INUDIEE (90)
where the definition of P;, Q; and R;, i = 1,2, 3, can be found in (T11)), (TT4) and (T17).
From (88), it can be shown that for any t > 73,

E [llze41l* — [12]]

< 28(Ry + Ry + Py + Po+ PO)E 2] +28(Q1 + Qo + Qs+ P + Py + P)
(6%
+ZL.E [||w(at)||2} +282CAE [|[24]12] + 262 (bmax + LuCy)? — 2BME [||2]%] . O1)

Thus by re-arranging the terms we obtain that
E [||ze4”]

< (1=2BA +2B(R1 + Rs + P14+ Py + Ps) + 28°CH)E [||/]°] + %LWE [IIV.J(6:)]I?]
+ Qﬂ(Ql + QQ + Q3 + Pl + P2 + P3) + QﬁQ(bmaX + Lng)2
2 (1= @E[|=]?] + TLE[IVIG)I?] +p. (92)

Whereq = 26)\1, — Qﬂ(Rl —|—R3 +P1 +P2 —|—P3) — 26204 = O(B) andp = 26(@1 + Q2 + Qg =+
Py + Py + P3) + 282 (byax + Lo, 09)2 = O(B275). Then by recursively using the previous inequality,
it follows that for any ¢ > 73,

t

—T 2 aLw —q p
Elll2”) < (1= ) E [[lon[*] + 552 20 - 0 TEIVIG)IT 4T, 03)
=0
and hence
T
T-1 T8—
_ > imrs Elllze]1?] N o Ellz?]

T T

2
B[] | 2lall+ 2875 e+ €))L SIS EIVIGI
< + + +=
Tq T 4q T q

T-1 9
o 1 78, oLy o EIVIO@)IT]  p
(2[|zo0ll + 2875 (bmax + LwCy)) < - T>+ L A +2

IN

1
T +
NSRS virs (N5

_o<m+ﬁ =0 + 675, (94)

where the last step is because ¢ = O(3) and p = O(3?75).
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626

627

628

629
630

631

632

633

634

635

636

637

638

639

640

641

C.1.1 Bound on Term (a)
In this section we provide the detailed proof of the bound on term (a) in (88).
We first note that from the update of z; in 7). term ||z;41 — z¢|| can be bounded as follows
21 — 2zl < [18(=Ae, (s1)z +00(00)) ] + w(0r) — w(Beqa) |
< 5C§>||Zt|| + Bbmax + L |10 — 041 ||

(a)
< ﬁci”th + Bbmax + aLng
< BC3 1zl + Bbimax + LuCy), ©3)

where (a) is due to the fact ||Gyy1(8;,w)|| < C, for any ¢ > 0, and where the last inequality is from
the fact that o« < . Hence term (a) can be bounded as follows

21 — 2e]1? < 28°Cllzl” + 28 (bmax + L Cy)*. (96)
This completes the proof.

C.1.2 Bound on Term (b)
In this section we provide the detailed proof of the bound on term (b) in (88).
From (93), it follows that
2410l < (1 + BCH 2]l + Bbmax + L Cy
< (1 + BCY)||ze]l + Blbmax + LuCly). (97)

By applying (©7) recursively, it follows that

(1+p8C32) -1

5C?
(14+pBC3)" -1

= (14 BO8) lloll + (i + L) =~ 98)

We first show the following lemma which bounds the update ||2; — z;—r, || by [|z|l-

Lemma 4. Foranyt > 1gandt > j >t — 73, we have that

1251 < 20|zt | + 2875 (bmax + L Cy); 99)
12t = zt—rs | < 2B75C3 || ze—r4 || + 2875 (bmax + Lo Cy), (100)
2t = zt—ry || < 4B75C5||2e|| + 4873 (bmax + LuCy). (101)

Proof. From (97), it follows that
Izl < (1 + BCY) 2l + Blbmax + LuCy)- (102)

First note that ﬁC’gTﬁ < 1 and hence BCQ% < é < i;“’i 21 This implies that

(14 8C3)™ <1+ 2738C3, (103)

which is because (1 + x)k <14 2kxforz < lljff

Applying inequality (T02) recursively, it follows that

(1+pC3)™ -1
o

(1+8C2)™ -1

2
O¢

il < (14 BCEY ™78 || 2t—r || + (brmax + L Cly)
<(1+ 5035)75 Hzt,m | + (bmax + Lng)
(a) )
< (L +273BC%)||2t—75 || + 2875 (bmax + LwCly)
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(b)

< 2[|2t—rg | + 26875 (bmax + L Cy), (104)
s42 where (a) is from (T03), and (b) is from the fact that 75C% < §.
e43  To prove (T00) and (TOT), first note that

t—1

lze = 2t—rs | < D Nlzjn —
J=t—7g

(@ i1
< Z BCi||ZjH+ﬁTB(bmax+LwCQ)

J=t=1g
t—1
(®) 5
< Z ﬂc¢(2”'zt77ﬁ | + 2878 (bmax + LwCy)) + B74(bmax + Lo Cly)

j:tf‘rg
<BTECE (2| 20—, | + 2875 (bmax + LuwCy)) + BT8(bmax + LuCy)
= 2B873C3 || 2t—rs | + (28%75C3 + B75) (bmax + LuCy)
()
< 287503 || 2t—r, || + 2875 (bmax + LuCy), (105)

64 where (a) is from @3), (b) is from (T04) and (¢) is due to the fact that f75C3 < § . Moreover, it
645 can be further shown that

2t = Z1-mal < 2875 €32l + 12 = 2ty 1) + 2873 (bmas + LuCy)

1
< QBTBCq%Hzt” + int — Zt—71g |+ QBTﬁ(bmax + Lng), (106)
e46  where the last step is because 67’50; < i. Hence

2t = 2t—ry || < 4BT3C2|2¢]| + 4875 (bmax + LuCl). (107)
647 O]

643 The bound on term (b) in (B8) is straightforward from the following lemma.

es0 Lemma 5. For anyt > 7, it follows that

SEL O

<(Bi+ Rz + P+ P+ P)E {Hztﬂﬂ +(@Q1+ Q2+ Qs+ P+ P+ Py)
@ 2
+ 55 LB (19761 (108)
650 where the definition of P;, Q; and R;, i = 1,2, 3, can be found in (I11)), (1T4) and (I17).

est  Proof. We only prove the case t = 73 here. The proof for the general case with ¢ > 75 is similar,
652 and thus is omitted here. First note that

1
:

=k {ZTTB (—Agm + AeTﬁ (STB)) ZTﬂ:| -E [Z'rTngB} —E |z v (eTﬁ) i (97ﬁ+1)

2 E ] . (109)

653 We then bound the terms in (T09) one by one. First, it can be shown that
T
‘E [zm (—AQTB + AG"B (STB)) zTB} ‘

< ’]E [z(—)r <7A9T/3 + Aé’rﬂ (5T5)> zo} ‘ + ’E [(zﬂa _ zO)T (714976 + Agw (57.5)) (zfﬁ - ZO)H
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654

655
656

657

658

659

660

661

662

663

664
665

666

667

+2|E [(25, = 20) " (Ao, + Ao, (57.)) 20] |
< 2ol |[E [~ Ao, + Ao, (s5.)] || +2C2E [Iz5, = z0lI*] + 4ll0lICE [l1zr, — =l
< Nzl 1B [~ A, + Agq (s7.)] | + 12012 ||E [~ 46, + 40, ]|
11201 | [~ Ao, (55.) + Agy (50.) ||| + 2C3E [I27, = 20/12] + 4l120|C2E [Izr, — 2oll]

(@)
< (BC3 +4CyD,Cyars) [|20l” + 2C3E (|27, — 20ll*] + 4ll20/|CE [||2-, — 20ll] , (110)

where (a) is due to the facts that ||E [—Ag, + Ag, (s+,)]|| < Ci B from the uniform ergodicity of the

MDP, both Ay and Ay (s, ) are Lipschitz with constant 2Cy D, and || — 0, < Z;‘;El 1041 —
0]l < arpC.

We then plug in the results from Lemmafd] and hence we have that

1 o+ )]
< (BCF +4Cy Dy Cyars) ||20]|* + 2C3E [||27, — 20l|*] + 4120|CZE [[l275 — 2oll]

()
< (5055 +4CyD,Cyatp) (2(1 + 4ﬁTBCi)2E [Hzm HQ} + 32527-5(bmax + Lng)2)
+2C3 (3282733 [|[20, °] + 328273 (bmax + LuCy)?)
+4C3 (4875C3(1 + 4875C2)E [[|27, |*] + 4875 (b + LuCy) (1 + 8873C)E [[12r, )
+ 64C23°7] (bmax + LuCy)?

2 BB [ 2] + E o] + @1 an
where (a) is from (TOT) and the fact that
lz0]] < ||zTﬁ - ZoH + ||ngH <(1+ 457’502) HZTBH + 4873 (bmax + Lo, Cy); (112)

and Ry = 2(1 + 4875C3)? (BC3 + 4Cy DuCyats ) + G45273CS + 16875CH(1 + 4875C3) =
0(Brs), P = 16C£ﬁ7'5(bmax + L,Cy)(1 + 857’5035) = 0O(fr3) and Q; =
(50; + 4O¢Dv0gmg) 328272 (bmax+ L )2 +64C2 8272 (b + Lo Cy )2 +64C2 8272 (b +
L,Cy)? = 0(B%r).
Similarly, the second term in (T09) can be bounded as follows
B [0, 522 (62)]| < [E [(2r, = 20) Tbra 0,)] | + [E [0 57, 60)]|
+ B [z (bry (6r,) = bry (60))] |
< biaxE [[|27, — 20/l + Bbmax |20l + a75Cy Lyl 20l (113)
where Ly = 203Dy Ry + LuCZ + pmax((1 +7)CF + Dy(Tmax + (1 +7)C,)) is the Lipschitz
constant of b;(6). Again applying Lemma[4]implies that
B[] s, 65,)]|
< bmaxE [[|2r, = 20]|] + Bbmaxl|20]| + a75Cy L] 20
< bmax (4B75CZE [||27, [|] + 4675 (bmax + LuCy))
+ (Bbmax + a75C, Ly) (1 +4B75C3) E [||27, ||] + 4875 (bmax + LuCy))
2 PiE [[ary ] + Qo a1
where Py = 457 5bmaxC2+ (Bbmax +a75C, Ly) (1 + 457505) = O(Brs) and Qs = 4375 (bmax +
L,Cy)(bmax + Bbmax + a13C,Ly) = O(B75).
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668 We then bound the last term in (T09) as follows
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670

671

672

673

674

[0
+ gllzoll Lo

]E |:G"'B+1(007 w(ﬁo)) —+

2
+ ﬂLwaE [sz - ZO|H

wLE[H%H} G0l LB 167, — 6o + =5

+ FCngE [HZTBH He"'ﬁ - 9T5+1|H
(c
ZL LE [[lor, 7] + 5520 [ll] + g5 2 (1976001 ] + G0l 2Cy

200
O s LalllCy + 20 LR [, — ] + 25 C2DE [y

+
— (§uto+ S5La ) E o] + 5cwﬁw%m sgtE 160l
+

2
(aL Cy+ SraLaC ) 2ol + 22 LGy 25, —

, 115
3 zol(] (115)

where (a) is from the Mean-Value theorem and 0, 75 = cOry + (1 —c)0r,41 for some c € [0, 1], (b)
is from Lemmaslandl is due to the fact that [Gt+1 (007 (60)) + VJQ(QO)} H < Oy for any

t > 7gand ||0,, — Oo|| < arsCy, and Ly = 2C, D, + (LJ + ) L,, is the Lipschitz constant of
Vw(6) (Gt+1(9, w(0)) + %WU ,and Lj is the Lipschitz constant of Gy 11 (0, w(0)).

Our next step is to rewrite the bound in (TT5) using ||z, ||. Note that from Lemma we have that

lz0]] < Hzm - Z()H + HzmH <(1+ 4ﬁ7’5C£) HzmH + 4873 (bmax + L Cy). (116)

Plugging in (IT3), it follows that

'E [T w(6r,) —waw)] ‘

21 202 o ,
(ﬁL Latsg 6 ) [z + 5 CgDuE [[|zr, ] + g5 LuE (IIv70-)1]

a? 2c0
(aL Cy+ SmLC, ) lzoll + FLMC JE [[| 205 — 20|
< (S2uty+ L0V [forl] + 2 C2DLE [y ) + L |90,
E 29 T ? ?
2
(aL Co + ZsLiCly ) (L +4B73C)E (|| 27, ||] + 4875 (bmax + L Cy))
4 %O‘Lwcg (E [4875C2 |21, ] + 4875 (bmax + LuCy))

= (§uts+ g5t0 ) E[ln "

2
+G§ﬁD+GMC+ﬁmMCwawﬁﬂﬁwh%@%WMM

«
+ @LUJE |:HVJ(0T[3)H2:| <O[L C +
+ 8aTngC ( max +L C )
£ R |||z, ||°] + BE (|| [] + @2 +

ﬁ TngC > (45T5(bmax + Lng))

6L SE [|[V760-)]] (117)
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o5 where Ry  — (LL+ L) - o(%), Py = <2g20§Dw T
676 (aLwC’ngO‘T;TngC’)(l + 4B75C3) + 804773LwC’gC’£) = O(arg) and Q3 =

o7 (@LuCy+ % maLiCy ) (4B (b + LuCy)) + 875 L Cybimax + LuCy) = O(aTy).
678 Then we combine all three bounds in (TTT)), (TT4) and (I17), and it follows that

1
’E {Z;; <_A9T/a Frg — B (ZT/ﬁ+1 - Z"'ﬁ)>:| ‘
< (Ry + R)E [[[25 "] + (P + Po+ PE [z, ] + (@1 + Q2+ Qs)

(67
+ g5l (197617 (18)

679 Finally due to the fact that z < 2 + 1, Vx € R, it follows that

1
R

<(Ri+Rs+ P+ P, +P3)E [HzTﬁHZ] +(Q1+ Q2+ Q3+ P+ Py + Ps)

o 2
—Lw]E[ v.J(0. } 119
680 This completes the proof. O

68t C.2 Proof under the Markovian Setting

es2 In this section, we prove Theorem [[Junder the Markovian setting.

es3  From the L j-smoothness of .J(6), it follows that
L
T(Br41) < T(00) + (VI (80). 61 = 00) + 7 [Brss — 6,

L
= J(6) + a (VT (6), Grra (61,00) + 50 |G (B100)|
V()
2

=J(0) — « <VJ(9t), —Gip1(0r,wi) — + Gry1(0r,w(0:)) — Gt+1(0taw(9t))>

= SIVTEIP + a2 B )P
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VJ(0)
2

<J(01) + aLg[[VI(0:)[[[w(8:) — will + <VJ(0t), + Gt+1(9tyw(9t))>

« Lj;
- §||VJ(9t)H2 + 7a2||Gt+1(9tth)H2

VJ(6:)
2

€ J00) + aLy| VI 12] + <w<9t>, +Gt+1<ot,w<ot>>>

L
- gIIVJ(Ht)H2 + f‘]o/"Cﬁ, (120)

s+ where (a) is from the fact that |61 —6;]| < , taking expectation

685 and summing up w.r.t. £ from O to 7" — 1, it follows that
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H

«
o S VI
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693

694

695

T-1 T-1 T-1
< —E[J(07)] + J(60) +aLJZEW 6,)|12) J Elllz]2] + ) aE[¢c(0: O]

t=0 t=0
+ L;o*TC, (121)

where (g (0:,0;) = <VJ(9,5), %(et) + Gt+1(9t,w(0t))>. We then bound (¢ in the following
lemma.

Lemma 6. Foranyt > 7,
E[¢q (6, 0r)] < 2C28 + 2a75LcCy. (122)
Proof. We only need to consider the case t = 73, the proof for general case of ¢ > 73 is similar, and
thus is omitted here. We first have that
VJ(0r,)
CG(975 , OTB) = <VJ(97'5)7 TB + G75+1(07’g , W(Gm))>

- <w(90), VJB) | G75+1(90,w(90))>
4 <VJ(975), w 4 Gml(em,w(ew))>

2
VJ(6o)

- <VJ(90), VJ(0) + Gm+1(90,w(90)>>

VJ(6),

n Gnﬁlwo,wwo)» L 2L]0s, — o]
> +20é7'ﬁL<Cg, (123)

S <VJ(90), VJ2(00) + G75+1<90’w(00))
54) i

where L¢ = 2C,(L;, +
Then it follows that

s the Lipschitz constant of {; (60, O;).

[CG( T3 7 )]
VvJ(6
=K |:<VJ(90), 2( 0) +G7ﬁ+1(90,w(90))>:| —‘r20zLchTﬂ
< 2028 + 2ar3L¢Cy, (124)
where the last step follows from the uniform ergodicity of the MDP (Assumption [4)). [

Plugging the bound in (IZ])), it follows that

T-1
3 L EIVI6)I)

< J(00) - J* +aLgJ S BV J S Efjal?)

+a’ClLyT + o (T (20§5+2mﬁL<Cg) +4T5Cg2), (125)
and thus
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> ENVI@)IP]

. T—1 T-1
< 2W0) =T | QLQJ S E[||VJ(9,:)||2]J > Elllzl?] + 2aC; LT

t=0
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+2(T(2C 8 + 2a73LcCy) + 473C7) . (126)
696 This further implies that

o ElIVJ(0)]°]
T
WO -T) F B 6 \/z Bl | o,
278
2((2C28 + 2a75LcCy) + 409?) . (127)
697 We plug in the tracking error (94)), and it follows that
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e98 Note that 2L, < 1 . Hence

699 it follows that

*1E[||VJ<9t>||2} A(J <60)—
T

= (\/7 ) hence we can choose o and 3 such that 2L,

J7) 2 2 278
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L \/z B 61

1 T
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\/Z IIVJ 0¢)?] LV (129)

700 whereU:4Lg\/(2||zo||+2ﬁm( max & Lo Cy))? ( q+%’)+ = (,/575+Tﬁ)andV—

P
q

o1 4(J(9£)T71*) +4aC2L; +4((2C28 + 2073L:Cy) + 4C272) = O (75 + arg + ). Thus it can

702 be shown that
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( - - ) (130)

This completes the proof.

D Experiments

In this section, we provide some numerical experiments on two RL examples: the Garnet problem [[1]
and the “spiral” counter example in [33]].

D.1 Garnet Problem

The first experiment is on the Garnet problem [[I], which can be characterized by S(|§|, |A|, b, N).
Here b is a branching parameter specifying how many next states are possible for each state-action
pair, and these b states are chosen uniformly at random. The transition probabilities are generated by
sampling uniformly and randomly between 0 and 1. The parameter NV is the dimension of § to be
updated. In our experiments, we generate a reward matrix uniformly and randomly between 0 and 1.
For every state s we randomly generate one feature function k(s) € [0, 1] using as the input. In both
experiments, we use a five-layer neural network with (1,2,2,3,1) neurons in each layer as the function

approximator. And for the activation function, we use the Sigmoid function, i.e., f(z) = = +e —. We

set all the weights and bias of the neurons as the parameter § € R23,

We consider two sets of parameters: §(5, 2, 5,23) and §(3, 2, 3,23). We set the step-size « = 0.01
and 8 = 0.05, and also the discount factor y = 0.95. In Figures[I|and[2] we plot the squared gradient
norm v.s. the number of samples using 40 Garnet MDP trajectories, i.e., at each time ¢, we plot
|[VJ(6:)]|?. The upper and lower envelopes of the curves correspond to the 95 and 5 percentiles of
the 40 curves, respectively We also plot the estimated variance of the stochastic update along the
iterations in Figures[I(b)land 2(b)} Specifically, we first run the algorithm to get a sequence of #; and
wy. Then we generate SOO different trajectories O° = (0%, 0%, ..., O .. ) where ¢ = 1, ..., 500, and
=1 HGt+1(911Wt) VJ(9t)H2
500

use them to estimate the variance |G}, (6;,w¢) — V.J(6,)]|? and plot Z
each time ¢.

It can be seen from the figures that both gradient norm ||V.J(6;)|| and the estimated variance converge
to zero.

I~

number of samples number of samples

2 . .
@ [[VJ(6)]. (b) Estimated variance. (@) ||VJ(0:)]* (b) Estimated variance.

;
) X
FE
H
estimated gradient variance

estimated grad

o § oo 2000 3000 oo 5000 6000
mber of sampl number of samples

Figure 1: Garnet problem 1: G(5, 2, 5, 23). Figure 2: Garnet problem 2: G(3, 2, 3, 23).

D.2 Spiral Counter Example

In our second experiment, we consider the spiral counter example proposed in [33]], which is often
used to show the TD algorithm may diverge with nonlinear function approximation. The problem
setting is glven in Figure 3] There are three states and each state can transit to the next one with
probability 1 5 or stay at the current state with probability 2 5. The reward is always zero with the
discount factor v = 0.9. Similar to [5], we consider the value function approximation:

Vo(s) = (a(s) cos(kB) + b(s) sin(k6))e?, (131)

where in Figure @] a = [0.94,—0.43,0.18] and b = [0.21,—0.52,0.76]; and in Figure 5} a =
[0.21,—0.33,0.29] and b = [0.68,0.41,0.82]. We let k¥ = 0.866 and ¢ = 0.1. The step-size are
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chosen as & = 0.01 and 3 = 0.05. In Figures[4(a)|and[5(a)| we plot the squared gradient norm v.s.
the number of samples using 40 MDP trajectories. The upper and lower envelopes of the curves
correspond to the 95 and 5 percentiles of the 40 curves. Similarly, we also plot the estimated variance
|Gis1(0r,wi) — VJ(0;)]]? of the stochastic update along the iterations using 50 samples at each time
step. More specifically, we first run the algorithm to get a sequence of 6; and w;. Then we generate
50 different trajectories O = (0%, 0%, ..., O}, ...) where i = 1, ..., 50, and use them to estimate the

. 50 i we)— 12 )
variance |G}, (0;,w;) — V.J(6;)]|* and plot Lim1 HG”I(‘Q;E) )=VIOIIT ot each time .

It can be seen that in both experiments, the gradient norm || V.J(6;)|| converges to 0, i.e., the algorithm
converges to a stationary point. The estimated variance also decreases to zero.

(CTE=ar
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e

O W0 000 a0
8600 number of samples
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@ [[VI(0:)]>. @ |

estimated gradient variance

estimated gradient variance

1000 2000 3000 4G00 5000 6000 7060
number of samoles
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(b) Estimated variance (b) Estimated variance.

) ) Figure 5: Spiral counter example 2:
Figure 4: Spiral counter example 1: a = [0.21,—0.33,0.29], b = [0.68,0.41, 0.82].
a =[0.94, —0.43,0.18],b = [0.21, —0.52, 0.76].
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