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Abstract

Weak supervision (WS) is a rich set of techniques that produce pseudolabels
by aggregating easily obtained but potentially noisy label estimates from various
sources. WS is theoretically well-understood for binary classification, where simple
approaches enable consistent estimation of pseudolabel noise rates. Using this
result, it has been shown that downstream models trained on the pseudolabels have
generalization guarantees nearly identical to those trained on clean labels. While
this is exciting, users often wish to use WS for structured prediction, where the
output space consists of more than a binary or multi-class label set: e.g. rankings,
graphs, manifolds, and more. Do the favorable theoretical properties of WS for
binary classification lift to this setting? We answer this question in the affirmative
for a wide range of scenarios. For labels taking values in a finite metric space,
we introduce techniques new to weak supervision based on pseudo-Euclidean
embeddings and tensor decompositions, providing a nearly-consistent noise rate
estimator. For labels in constant-curvature Riemannian manifolds, we introduce
new invariants that also yield consistent noise rate estimation. In both cases, when
using the resulting pseudolabels in concert with a flexible downstream model, we
obtain generalization guarantees nearly identical to those for models trained on
clean data. Several of our results, which can be viewed as robustness guarantees in
structured prediction with noisy labels, may be of independent interest.

1 Introduction

Weak supervision (WS) is an array of methods used to construct pseudolabels for training supervised
models in label-constrained settings. The standard workflow [RSWT 16, RBE™ 18, I[FCS™20] is to
assemble a set of cheaply-acquired labeling functions—simple heuristics, small programs, pretrained
models, knowledge base lookups—that produce multiple noisy estimates of what the true label
is for each unlabeled point in a training set. These noisy outputs are modeled and aggregated
into a single higher-quality pseudolabel. Any conventional supervised end model can be trained
on these pseudolabels. This pattern has been used to deliver excellent performance in a range of
domains in both research and industry settings [DRS™20, RNGS20, [SCB20]], bypassing the need to
invest in large-scale manual labeling. Importantly, these successes are usually found in binary or
small-cardinality classification settings.

While exciting, users often wish to use weak supervision in structured prediction (SP) settings, where
the output space consists of more than a binary or multiclass label set [BHS™07, [KL.I3]. In such
cases, there exists meaningful algebraic or geometric structure to exploit. Structured prediction
includes, for example, learning rankings used for recommendation systems [KAG18], regression in
metric spaces [PM19]], learning on manifolds [RCMR18]], graph-based learning [GS19]], and more.
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An important advantage of WS in the standard setting of binary classification is that it yields models
with nearly the same generalization guarantees as their fully-supervised counterparts. Indeed, the
penalty for using pseudolabels instead of clean labels is only a multiplicative constant. This is a
highly favorable tradeoff since acquiring more unlabeled data is easy. This property leads us to
ask the key question for this work: does weak supervision for structured prediction preserve
generalization guarantees? We answer this question in the affirmative, justifying the application of
WS to settings far from its current use.

Generalization results in WS rely on two steps [RHD™ 19, [FCS™20]: (i) showing that the estimator
used to learn the model of the labeling functions is consistent, thus recovering the noise rates for these
noisy voters, and (ii) using a noise-aware loss to de-bias end-model training [NDRT13]]. Lifting these
two results to structured prediction is challenging. The only available weak supervision technique
suitable for SP is that of [SLVT22]. It suffers from several limitations. First, it relies on the availability
of isometric embeddings of metric spaces into R%—but does not explain how to find these. Second, it
does not tackle downstream generalization at all. We resolve these two challenges.

We introduce results for a wide variety of structured prediction problems, requiring only that the
labels live in some metric space. We consider both finite and continuous (manifold-valued) settings.
For finite spaces, we apply two tools that are new to weak supervision. The approach we propose
combines isometric pseudo-Euclidean embeddings with tensor decompositions—resulting in a nearly-
consistent noise rate estimator. In the continuous case, we introduce a label model suitable for the
so-called model spaces—Riemannian manifolds of constant curvature—along with extensions to
even more general spaces. In both cases, we show generalization results when using the resulting
pseudolabels in concert with a flexible end model from [CRR16, RCMR18]].

Contributions:

* New techniques for performing weak supervision in finite metric spaces based on isometric
pseudo-Euclidean embeddings and tensor decomposition algorithms,

* Generalizations of weak supervision for regression to manifold-valued regression in constant-
curvature manifolds,

* Finite-sample error bounds for noise rate estimation in each scenario,
* Generalization error guarantees for training downstream models on pseudolabels.

2 Background and Problem Setup

Our goal is to theoretically characterize how well we can learn with pseudolabels (built with weak
supervision techniques) in structured prediction settings. Specifically, we seek to understand the
interplay between the noise in WS sources and the generalization performance of the downstream
structured prediction model. We provide a brief background on structured prediction and weak
supervision, then introduce our problem and some useful notation.

2.1 Structured Prediction

Structured prediction (SP) involves predicting labels in spaces with rich structure. Denote the label
space by ). Conventionally ) is a set, e.g., ) = {—1, 41} for binary classification. In the SP setting,
Y has some additional algebraic or geometric structure. In this work we assume that ) is a metric
space with metric (distance) dy. This covers many types of problems, including

* Rankings, where ) = S, the symmetric group on {1,..., p}, i.e. labels are permutations,
* Graphs, where Y = §,,, the space of graphs with vertex set V' = {1,...,p},
* Riemannian manifolds, where ) = S, the sphere, or Hy, the hyperboloid.

In conventional supervised learning we have a dataset {(z1,y1), - - -, (Zn, ¥n)} of i.i.d samples drawn
from some distribution p over the space X' x ).
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Learning and Generalization in SP  As usual, we seek to learn a model that generalizes well to
points not seen during training. Let 7 = {f : X — Y} be a family of functions from X to ). Define
the risk R(f) for f € F and f* as

R(D= [ &) isey)  f € mgminR(), m
XxY feF

For a large class of settings (including all of those we consider in this paper), [CRR16, RCMRI18]
have shown that the estimator f defined below approaches f*:

f(2) = argmin F(z,y) Zaz 2)d3(y, ui), 2)

where a(z) = (K + vI)'K,. Here, K is the kernel matrix for a p.d. kernel k : X x X — R, so
that K; ; = k(z;, z;), (Kz)i = k(z, z;), and v is a regularization parameter. Thus it is necessary to
first learn the weights « and then to perform the optimization in (2)) to make a prediction.

When there is no label noise, an exciting contribution of [CRR16, RCMRI18] is the generalization
bound R

R(f) S R(f*) + O(n™ 1),
that holds with high probability. The key question we tackle is does the use of pseudolabels instead
of true labels y; affect the generalization rate? Note that even having access to the kernel and thus
knowing the weights « is insufficient to ensure this; the presence of noise when replacing y; with a
pseudolabel could ostensibly ruin the generalization bound.

2.2 Weak Supervision

In WS, we cannot access any of the ground-truth labels y;. Instead we observe for each z; the noisy
votes Mg, . .., Am,i. These are m weak supervision outputs provided by labeling functions (LFs) s,
where s, : X — Y and A\, ; = sq(z;). A two step process is used to construct pseudolabels. First,
we learn a noise model (also called a label model) that determines how reliable each source s, is. That
is, we must learn @ for Pg(A1, Az, . . ., A |y)—without having access to any samples of y. Second,
the noise model is used to infer a distribution (or its mode) for each point: Pg(y;| 14, - -, Am.i)-

We adopt the noise model from [SLVT22]], which is suitable for our SP setting:

PH()‘laa)\mnf_y)eXp( ZedQ ay > (3)

This is an exponential family model, where Z is the normalizing partition function and 8 =
[01,...,0,]T > 0 are the canonical parameters. The model can also be described in terms of
the mean parameters E[d3, (A, )]. Intuitively, if 6, is large, then the typical distance from A, to y
must be small.In this case the LF is reliable. Conversely, if 8, is small, the LF is unreliable.

Our goal is to form estimates 6 in order to construct pseudolabels. One way to build such pseudolabels
is to compute § = argmin_cy 1/m " L 0ad3 3(2, Aa). Observe how the estimated parameters are
used to weight the labeling functions 6,, ensurmg that more reliable votes receive a larger weight.
The extreme cases are 6, = 0, so that )\, is independent of y, and so gets no weight, and 8, = oo, so
that 6, = y and should get all of the weight.

We are now in a position to state the main research question for this work:

Do there exist estimation approaches yielding 6 that produce pseudolabels y that maintain the
same generalization error rate O(n~'/%) when used in (), or a modified version of (2)?

3 Noise Rate Recovery in Finite Metric Spaces

In the next two sections we will handle finite metric spaces. Afterwards we tackle continuous
(manifold-valued) spaces. We first discuss learning the noise parameters 6, then the use of pseudola-

bels in training.
3
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Figure 1: Illustration of our weak supervision pipeline for the finite label space setting.

Roadmap For finite metric spaces with |)| = r, we apply two tools new to weak supervision.
First, we embed ) into a pseudo-Euclidean space [Gol85]]. These spaces generalize Euclidean space,
enabling isometric (distance-preserving) embeddings for any metric space. Using pseudo-Euclidean
spaces make our analysis slightly more complex, but we gain the isometry property, which is critical.

Second, we form three-way tensors from embeddings of observed labeling functions. Applying tensor
product decomposition algorithms [AGH™ 14], we can recover estimates of the mean parameters
E[d3,(Aa, )] and ultimately 6,. Finally, we reweight the model (2) to preserve generalization.

3.1 Pseudo-Euclidean Embeddings

Working directly with the label space ) is challenging due to its potentially large cardinality. A
standard way to address this challenge is to embed ) into a vector space. For example, multi-
dimensional scaling (MDS) [KW78]] embeds ) into R?. The downside of MDS is that only some
metric spaces embed (isometrically) into Euclidean space. In particular, it is necessary that the square
distance matrix D is positive semi-definite.

A simple and elegant way to overcome this difficulty is to instead use pseudo-Euclidean spaces for
embeddings. These pseudo-spaces do not require a p.s.d. inner product. As an outcome, any finite
metric space can be embedded into a pseudo-Euclidean space with no distortion [Gol85]]—so that
distances are exactly preserved. We shall need only a few properties of these spaces: A vector u
in a pseudo-Euclidean space R?" 4" has two parts u™ € R¢" and u~ € R¢ . The dot product
. . . dt.d—
and the squared distance between any two vectors u, v in a pseudo-Euclidean space R* “ are
(1, v)p = (u*,v¥) — (u”,v7) and &3 (u,v) = [[u* = vF|[5 — [[u” = v7[3.

Example: To see why such embeddings are advantageous, we compare using a one-hot vector
representation (whose dimension is |)|) versus an embedding. Consider a tree with a root node and
three branches, each of which is a path with ¢ nodes. Let ) be the nodes in the tree with the shortest-
hops distance as the metric. It can be shown (using [BS16]) that the pseudo-Euclidean embedding
dimension is just d = 3. The one-hot embedding dimension is d = || = 3¢ + 1—arbitrarily larger!

Now we are ready to apply these embeddings to our problem. Abusing notation, we write A, and
y for the pseudo-Euclidean embeddings of \,,y. We have that d%; Mayy) = di()\a, y), so that
there is no loss of information from working with these spaces. In addition, we write the mean as
May = E[Xq]y] and the covariance as X, ,,. It is easy to see that y1, ,, can be used to obtain the mean
parameters [E[d3, (A, y)] — due to the isometric distances and nice form of distance function in the
pseudo-Euclidean spaces we can use t, , to bound E[di()\a, y)]. Thus our goal is to get an accurate
estimate fiq , = E[Aa|y}. If we could observe y, it would be easy to form an empirical estimate
of fi,,—but we do not have access to it. Our approach will be to apply tensor decomposition
approaches for multi-view mixtures.

3.2 Multi-View Mixtures and Tensor Decompositions

In a multi-view mixture model, multiple views {, }7; of a latent variable Y are observed. These
views are independent when conditioned on Y. We treat the positive and negative components
Al e R and A, € R?" of our pseudo-Euclidean embedding as separate multi-view mixtures:

Ay ~pd, +oVdt el and  AJly ~pg, +oVd e, Ya € [m]. “)
where it = E[Xf|y], n,, = E[A; |y] and €], €, are mean zero random vectors with covariances
d%]:d#», d%Idf respectively. Here o2 is a proxy variance for the noise model in (3)).
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Algorithm 1 Algorithm for Pseudolabel Construction

Input: Labeling function outputs L = {(A\g.;, Am.i) }7, Label Space Y = {vo,...yr—1}
Output: Pseudolabels for each data point Z = { zi}?zl

> Step 1: Compute pseudo-Euclidean Embeddings

Compute pairwise distance matrix D € R"*" with D;; = d%,(yi, Yj)

Construct matrix M € R™*" with M;; = 3(D§; + D3; — D3;)

Compute eigendecomposition of M and let M = UCU”T

Let [T, 1™ be the list of indices of positive and negative eigenvalues sorted by their magnitude.
Letd™ = [I*], d~ =|lI"]

Construct permutation matrix Ipe,n, € Rr*(d"+d7) by concatenating I, [~ in order

C CIperm7 U UIpe’rm

Y = UTCz € R™* (@ +47) and let this define the mapping g : YV — Y

X F;LAERNT

> Step 2: Parameter Estimation Using Tensor Decomposition
9: fora < 1tom — 3 do
10: Obtain embeddings A, ; = g()\ i)y Aat1i = 9(Aat1.i)s Aar2i = 9 Aat24) Vi € [n]

11: Construct tensors T+ and T~ as defined in (@) for triple (a,a + 1,a + 2)

12: p,a o “a+1 " pa+2 y= TensorDecomp031t10n(T+)
13: ao o Ha+1 ) ua+2 y = TensorDecomp031t10n(T )
14: end for

> Step 3: Infer Pseudo-Labels
150 20 = 2 ~ Yda =AY, A = A 0

16: return {Z;}7

We cannot directly estimate these parameters from observations of A, due to the fact that y is not
observed. However, we can observe various moments of the outputs of the LFs. In particular we can
observe tensors of outer products of LF triplets:

n
T =EN oX @A[]= Y wpul, opf opf, and T := ZAL@AL@AL.

yESy
(&)
Here w, are the mixture probabilities (prior probabilities of Y') and Sy = {y : w, > 0}. We
can similarly define T~ and T~. This allows us to obtain estimates ﬂ;y, i, using the tensor
decomposition algorithm of [AGH™14]] with minor modifications arising from the fact that we work
with pseudo-Euclidean rather than Euclidean space. The overall approach is shown in Algorithm 1}
We have one key assumption,

Assumption 1. Assume that the support of Py, i.e., k = |{y : w, > 0}| satisfies k < d.

Our first theoretical result shows that we have near-consistency in estimating the mean parameters in
(3). We use standard notation O that is O but ignoring the logarithmic factors.

Theorem 1. Let /l;;y, B, be the estimates of p,;;y, Mg, returned by Algorithm || with input
'i”r, T~ constructed using isometric pseudo-Euclidean embeddings (in RA"d” ) of n (suff. large)
i.i.d observations drawn from the models in |3} k = |Sy|, then 3 constant Cy > 0 such that with high
probability Va € [m] and y € Sy,

18— Bal < Co[Ex, 1y (85 (Vs )] = B,y 63 (A )] < e(d®) + eld),
where

(6)

W
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Now we interpret Theorem [I] We first note that it is a nearly direct application of [AGJI4]. There
are two noise cases for o. In the high-noise case, o is independent of dimension d (and thus |)|).
Intuitively, this means the average distance balls around each LF begin to overlap as the number
of points grows—explaining the multiplicative k£ term. If the noise scales down as we add more
embedded points, this problem is removed, as in the low-noise case. In both cases, the second error
term comes from using the algorithm of [AGH™ 14]] and is independent of the sampling error. Since
k = O(d), this term goes down with d. The first error term is due to sampling noise and goes to
zero in the number of samples n. Note the tradeoffs of using the embeddings. If we used one-hot
encoding, d = |, and in the high-noise case, we would pay a very heavy cost for \/d/n. However,
while sampling error is minimized when using a very small d, we pay a cost in the second error term.
This leads to a tradeoff in selecting the appropriate embedding dimension.

We briefly sketch the proof. We show that [L;y, A, are accurate estimates of u;y and p;y, leading
to accurate estimates of Ex |y [d7 (X4, y)]. The first of these is done by adapting the requirements
from [AGJ14] and running the result twice for the two embedding components.

4 Generalization Error for SP in Finite Metric Spaces

We have access to labeling function outputs )\((f), .. /\( ,) and noise rate estimates 9 How can we use
these to replace true (but unobserved) labels y in (IZ[)? Our approach is based on [NDRT13, vRW18]].
These works deal with noisy labels by modifying the underlying loss function. Analogously, we show
that it is possible to modify (@) in such a way that the generalization guarantee is nearly preserved.

4.1 Prediction with Pseudolabels

First, we construct the posterior distribution P4(Y = y|\). We use our estimated noise model
P4(A|Y') and the prior P(Y" = y), which we assume is known. We create pseudo-labels for each
data point by drawing a random sample from the posterior distribution conditioned on the output of
labeling functions: o ' o
ZW =z~ YA =D N, =206 (7)
We thus observe (21, Z1), . . . (€, Z,) Where Z;. To overcome the effect of noise we create a perturbed
version of the distance function using the noise rates, generalizing [NDRT13]]. Let " denote the
m-fold Cartesian product of Y and let A,, = ()\gu), el )\S{ )) denote its u'" entry.
~ ‘y’!n ‘
Pij=Po(Z=ylY =y;)) =D Po(Y =yi|A=A")-Py(A =AY =y;).  (8)
u=1
Similarly define Q;; = Pé(Z — yi|Y = y;) as above but using the estimated parameters  instead.
Note that P is the true noise distribution introduced by running the inference procedure with the true

parameters 6 of the noise model and Q is an approximation of the noise distribution obtained by
performing inference with the estimated parameters 6.

With this terminology, we can define the perturbed version of the distance function and a correspond-
ing replacement of (2)):

M;r

dy(T, N,d(T,Y =y;) Yy €Y 9)
j:].
Zaz Jo(y.5)  fu(@) = argmin (2, ) (10)
yey

Similarly define, d,, F},, f, using the true noise distribution P. It can be easily shown that the
perturbed distance function d,, is an unbiased estimator of the true distance function. However we do
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not know the true noise distribution P hence we cannot use it for prediction. Instead we use d,, based
on the estimated noise distribution Q. Note that d,, is no longer an unbiased estimator w.r.t to the
true noise distribution. However, we can control its bias as a function of the parameter recovery error
bound in Theorem [Tl

4.2 Bounding the Generalization Error

A natural question to ask is whether the predictor fq will generalize to new data. More concretely,
what can we say about the excess risk R( fq) — R(f*)? Note that compared to the prediction based
on clean labels, there are two additional sources of error. One is the noise in the labels (i.e., even
if we know the true P, the quality of the pseudolabels is imperfect). The other is our estimation
procedure for the noise distribution. We must address both sources of error.

We make the following assumptions on the minimum and maximum singular values omin(P) ,
Omax(P) and the condition number x(P) of true noise matrix P and the function F'. Additional
detail is provided in the Appendix.

Assumption 2. (Noise model is not arbitrary) Assume that the true parameters 0 are such that
Omin(P) > 0, and the condition number k(P) is sufficiently small.

Assumption 3. (Normalized features) Assume that |o(z)] < 1Vz € X.

Assumption 4. (Proxy strong convexity) Assume that the function F in @) satisfies the following
property with some 3 > 0, i.e. as we move away from the minimizer of I, the function increases and
the rate of increase is proportional to the distance between the points.

F(z, f(x)) > F(x, f(x)) + 8- d3(f(2), f(x)) Vo€ X,VfeF. (1)

With these assumptions, we provide a generalization result for prediction with pseudolabels,

Theorem 2. (Generalization Error ) Let f be the minimizer as defined in (2)) over the clean labels
and let fq (defined in ) be the minimizer over the noisy labels obtained from weak supervision
inference in Algorithm[I} Suppose assumptions 23| hold. Then there exist constants Cy,Cy > 0
dependent on oyax(P), omin (P) and k such that w.h.p.,

RU) < R+ 000+ 0( T d) + 0(Lielat) +ea)). a2

Implications and Tradeoffs: We interpret each term in the bound. The first term is present even
with access to the clean labels and hence unavoidable. The second term is the additional error we
incur if we learn with the knowledge of the true noise distribution. The third term is due to the use
of the estimated noise model. It is dominated by the noise rate recovery result in Theorem [1} If
the third term goes to 0, i.e. if we have perfect recovery of the true noise, then we obtain the rate
O(n~1/4), the same as in the case of access toclean labels. The third term is introduced by our noise
rate recovery algorithm and has two terms: one dominated by O(n~'/2) and the other on O(v/k/d)
(see discussion of Theorem . Thus we see that we only pay an extra additive factor O(v/k/d) in
the excess risk when using pseudolabels. This extra term is negligible for large d > k.

We briefly sketch the proof. The result follows by first bounding the risk gap between the model
learned with the knowledge of noise distribution and the model learned with clean labels i.e. |R(f,) —
R(f)| and then combining it with risk gap between |R(f,) — R(f,)|. To obtain the first bound, we
use the assumptions @EI) to argue that F), is a good approximation of F, i.e. the gap between them is
uniformly bounded over all , y. This fact allows us to show that the minimizers of F}, and I’ (i.e.
fp, f ) cannot be far off if the assumptionholds. To show the latter, we follow a similar argument
to first show a uniform convergence bound for F},, F;, using the noise rate recovery result and then
show a proximity result for their minimizers fp, fq and finally using triangle inequality argue that fq
cannot be too far from f* if, fp and f are close to f*.
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S Manifold-Valued Label Spaces: Noise Recovery and Generalization

We introduce a simple recovery method for weak supervision in constant-curvature Riemannian
manifolds. First we briefly introduce some background notation on these spaces, then provide our
estimator and consistency result, then the downstream generalization result. Finally, we discuss
extensions to symmetric Riemannian manifolds, an even more general class of spaces.

Background on Riemannian manifolds The following is necessarily a very abridged background,
more detail can be found in [Lee00, Tull]. A smooth manifold M is a space where each point is
located in a neighborhood diffeomorphic to R%. Attached to each point p € M is a tangent space
T, M; each such tangent space is a d-dimensional vector space enabling the use of calculus.

A Riemannian manifold equips a smooth manifold with a Riemannian metric: a smoothly-varying
inner product (-, -}, at each point p. This tool allows us to compute angles, lengths, and ultimately,
distances d 4 (p, ¢) between points on the manifold as shortest-path distances. These shortest paths
are called geodesics and can be parametrized as curves 7(t), where (0) = p, or by tangent vectors
v € T, M. The exponential map operation exp : 1, M — M takes tangent vectors to manifold points.
It enables switching between these tangent vectors: exp,,(v) = g implies that da(p, ¢) = ||v]|.

Invariant Our first contribution is a simple invariant that enables us to recover the error parameters.
Note that the finite metric-space case is insufficient: the support is infinite. Nor do we need an
embedding—we have a continuous representation as-is. Instead, we propose a simple idea based
on the law of cosines. Essentially, on average, the geodesic triangle formed by the latent variable
y € M and two observed LFs \%, A\, is a right triangle. This means it can be characterized by the
(Riemannian) version of the Pythagorean theorem:

Lemma 1. For) = M, a hyperbolic manifold, y ~ P for some distribution P on M and labeling
functions X%, \° drawn from (3),

E cosh dy(A%, X) = E cosh dy (A%, y)E cosh dy ()P, ),
while for Y = M a spherical manifold,
I cos dy (A%, X)) = E cos dy(A\°, ) cos dy (AP, y).
These invariants enable us to easily learn by forming a triplet system. Suppose we construct the
equation in Lemmal/I]for three pairs of labeling functions. The resulting system can be solved to ex-

press E[cosh(dy (A\?,%))] in terms of E cosh(dy (A%, Ab)), E cosh(dy (A%, X)), E cosh(dy (A®, A°)).
Specifically,

“ E cosh dy (A%, AP)E cosh dy (A%, A°¢)
E cosh(dy(A",y)) = \/ (E cosh(dy (A?, A%))?

Note that we can estimate [ via the empirical versions of terms on the right , as these are based
on observable quantities. This is a generalization of the binary case in [FCS™20] and the Gaussian
(Euclidean) case in [SLV"22] to hyperbolic manifolds. A similar estimator can be obtained for
spherical manifolds by replacing cosh with cos.

Using this tool, we can obtain a consistent estimator for H‘IA for each of a = 1,...,m. Let Cy
satisfy E|E cosh(dy (A%, \")) — E cosh(dy (A%, A?))| > CoE|Ed3,(A*, A")) — Ed3,(A%, A°)[; that is,
Cy reflects the pushforward of concentration between the distributions cosh(d) and d?. Then,
Theorem 3. Let M be a hyperbolic manifold. Fix 0 < § < 1 and let A(0) =
min, Pr(Vi,dy(A(i), \’(i) < p)) > 1 — 0. Then, there exists a constant Cy so that with probability
at least 1 — 6,
A C} cosh(A(6))3/?
E[Ed3 ()%, y)) — Ed% (A, y)| < .
[Edy, (A%, y)) — Edy (A, y)| < Covan
As we hoped, our estimator is consistent. Note that we pay a price for a tighter bound: A(J) is large
for smaller probability ¢. It is possible to estimate the size of A(d) (more generally, it is a function of
the curvature). We provide more details in the Appendix.
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Next, we adapt the downstream model predictor (2) in the following way. Let 2 = E[d%,()\“, y)]-
Let 3= [B1,...,Bm]" besuchthat }_, B, = 1 and 8 minimizes Y, 82/i2. Then, we set

~ 1 n m
f(z) = argersm - Z a;(x) Z Bad3 (Y, Aasi)-
v a=1

i=1

We simply replace each of the true labels with a combination of the labeling functions. With this, we
can state our final result. First, we introduce our assumptions.

Let ¢ = argmin,_ ., E[a(x)(y)d3, (2, y)], where the expectation is taken over the population level
distribution and «(x)(y) denotes the kernel at y.

Assumption 5. (Bounded Hugging Function c.f. [IStr20]) Let q be defined as above. For all a,b € M,
the hugging function at q is given by kf(a) = 1 — (|| log,(a) — log, (b)[|* — d3,(a, b))/d3)(q,b). We
assume that kg(a) is lower bounded by k;,.

Assumption 6. (Kernel Symmetry) We assume that for all x and all v € TyM, a(x)(exp,(v)) =
a(z)(expy(—v)).

The first condition provides control on how geodesic triangles behave; it relates to the curvature.
We provide more details on this in the Appendix. The second assumption restricts us to kernels
symmetric about the minimizers of the objective F'. Finally, suppose we draw (x,y) and (z’,y’)
independently from Pxy. Set 02 = a(z)(y)Ed3,(y, /).

Theorem 4. Let M be a complete manifold and suppose the assumptions above hold. Then, there
exist constants C3, Cy

; 3 Cacg?2 Oy S™ . 5272

Note that as both m and n grow, as long as our worst-quality LF has bounded variance, our estimator
of the true predictor is consistent. Moreover, we also have favorable dependence on the noise rate.
This is because the only error we incur is in computing suboptimal /3 coefficients. We comment on
this suboptimality in the Appendix.

A simple corollary of Theorem [5|provides the generalization guarantees we sought,

Corollary 1. Let M be a complete manifold and suppose the assumptions above hold. Then, with
high probability,
R(f) < R(f*) +O(n"%).

Extensions to Other Manifolds First, we note that all of our approaches almost immediately lift to
products of constant-curvature spaces. For example, we have that M; x M has metric dg, (p,q) =
d%vtl (p1,q1) + d?\/lz (p2, g2), where p;, g; are the projections of p, ¢ onto the ith component.

We can go beyond products of constant-curvature spaces as well. To do so, we can build generaliza-
tions of the law of cosines (as needed for the invariance in Lemmal(T)). For example, it is possible to
do for symmetric Riemannian manifolds using the tools in [AH91]].

6 Conclusion

We studied the theoretical properties of weak supervision applied to structured prediction. Our
focus was on two general scenarios: label spaces that are finite metric spaces or continuous spaces
given by constant-curvature manifolds. In both scenarios, we introduced ways to estimate the noise
rates of labeling functions, achieving consistency or near-consistency. Using these estimators, we
established that, after suitable modifications, downstream structured prediction models maintain their
generalization guarantees. Future directions include extending these results to even more general
manifolds and removing some of the assumptions that limit our results to particular models.
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Appendix

The Appendix is organized as follows. First, we provide a glossary that summarizes the notation we
use throughout the paper. Afterwards, we provide the proofs for the finite-valued metric space cases.
We continue with the proofs and additional discussion for the manifold-valued label spaces. Finally,
we give some additional explanations for pseudo-Euclidean spaces.

A Glossary

The glossary is given in Table[I]| below.

Symbol Definition

X feature space

y label metric space

Sy support of prior distribution on true labels

dy label metric (distance) function

T1,T9,...,Tp unlabeled datapoints from X’

Y1, Y2, - - - » Yn latent (unobserved) labels from )

81,82, --+,8m labeling functions / sources

AL, Ao,y A output of labeling functions (LFs)

AL A2, A, pseudo-Euclidean embeddings of LFs outputs

/\t(f) output of ath LF on ¢th data point x;

)\,(lz) pseudo-Euclidean Embedding of output of ath LF on ¢th data point x;
n number of data points

m number of LFs

k size of the support of prior on Y i.e. k = |Sy|

r size of ) for the finite case

)\,(f) output of ath labeling function applied to ith sample x;

0a, éa true and estimated canonical parameters of model in

0,6 true and estimated canonical parameters arranged as vectors.
E[d3(Aa, y)] mean parameters in (3)

g pseudo-Euclidean embedding mapping

P true noise model P;; = Py(Y = y;|Y = y;) with true parameters 6
Q estimated noise model with parameters 6, Q;; = Py(Y = y|Y =y;)
A a random element in )" the m-fold Cartesian product of ).

AW uth element in )™

Bl By means of distributions in (@) corresponding to RY" R%"

e(di), e(d™) error in recovering the mean parameters, (6)

o noise variance in

F(z,y) the score function in (2)) with true labels

Ep(z, y)7 Fq(xa y)
Lo

fos fq

Omax

Umin(P)

K(P)

the score function in with noisy labels from distributions P and Q
minimizer of F defined in (2)

minimizers of F),, F, as defined in (2)

maximum singular value of P

minimum singular value of P

the condition number of matrix P

Table 1: Glossary of variables and symbols used in this paper.

We introduce results leading to the proofs of the theorems for the finite-valued metric space case.

Lemma 2. ([AGJI4]) Let ’i‘+, T~ be the third order observed moments for labeling functions triplet
(a,b,c), as defined in gover n (suff. large) i.i.d observations drawn from models in equationd} and
;l;r,y, [I,Z_U, /l;fy and g ., [, ., B, be the estimated parameters returned by the algorithm|l} Let

12
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e(d) be defined as above in equation @ then the following holds with high probability for all triplets
(a, b, ¢) of labeling functions,

sy = Bdyll < O(e(d?)) and |lpg, — figyll2 < O(e(d™)) Vs € (a,b,c) ¥y €Y (13)

Proof. The result in [AGJ14] is in terms of the following distance function,

(z,v) (z,u)

dist(u, v) = sup = sup .
(V)= S LT — o Tl

The proof follows by translating the result to the euclidean distance. for u, v € R? with ||u||, ||v|| =
17

min _|]zu — v|]» < V2dist(u, v).
ze{—1,+1}

This notion of distance is oblivious to sign recovery. However if the sign recovery is possible then we
have,
[lu—v||y < v2dist(u, v).

We are assuming that sign recovery is possible, ( in the worst case by doing brute-force over the the
signs for each LF.) And further with appropriate normalization we have ||} || = 1, |4 || = 1 and
g Il =1 llag |l =1,
This gives us

by — frdy |12 < O(dist(peg . 1)) < O(e(dT)).
and similarly for p, . Further with n, d be suff. large such that e(d*), e(d~) < 1, then the result
holds for squared distances. O

Theorem 1. Let fi}, fi, , be the estimates of p,, p, , returned by Algorithm |l| with input

T"’, T~ constructed using isometric pseudo-Euclidean embeddings (in R4 ) of n (suff. large)
i.i.d observations drawn from the models in |3| k = |Sy |, then 3 constant Cy > 0 such that with high
probability Va € [m] and y € Sy,

18 = fal < Co|Ex, 1[8N, )] — Ex, a3 (s )] < e(d®) + e(d),
where
o [OUE) +O(F) iror=em), o
o(VE)+0(4F) o> =0().
Proof. Using the tensor decomposition result from lemmawe get, estimate fi, ,, such that

1ty — bty I3 < O(e(d™))  and  [|fag, — po, |3 < Oe(d™)).

Using the definition of euclidean distance and the fact that [\, [i]?] — pa.,[i]? = 02, we get

Byt iyl 9)] = Bz, [IAFI + 11y 713 — 2008, 571)]

dt
=l 13+ > o + Iy I3 — 2t yT)-
i=1
Plugging in the estimate of uj’y we get,
dt
Ext iy [d3 OG0 )] = [1d, 115+ of + ly" 15— 2(ad,. ™).
i=1

13
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Thus,

Exs B3] = Bxg (B3] < (e 1B = 1t 1) + 20yt lle (e, — i | 12).
< O(e(dh)) + O(e(d")),

= O(e(d™)).
Here we used ||pf, — fif |l2 < O(e(dh)) and || [|o; ||, |2 = 1, [[y*|]2 < 1, which allows
us to bound,
et N3 = it 13 = ( (i, — mit,) (i, + 1ty ),
< gy = Bayllz iy + payll2,
< O(e(d™)).

Doing the same calculations for A_ , we get

Ex, 200 ¥)] — By, 200 ¥)]| < Oeld)).
Thus overall error in mean parameters is
Ex,iyld3 (e ¥)] = Bx, iy [ (A0, ¥)]| < [Bys y [ 3)] = By [ )|+
‘E)\;\y d3(Ag )] _]E)\;|y[d3>(>‘;7y)]’v
< O(e(d™)) + O(e(d™)).

Next, we use a known relation between the mean and the canonical parameters of the exponential
model to get the result in terms of the canonical parameters. In particular the result says the following,

100 — 04| < |E[d3(Xa. y) — E[d3 (Nay »)])-

1
€min (Aa (9)>

where A, () is the log partition function of the label model in (3) and e, (A,) = infyeo %Aa (0)
over the parameter space ©. For more details see Lemma 8 from [FCS™20] and Theorem 4.3 in
[SLV22]]. Letting Cyp = maxX,¢[m] €min(Aaq) gives us the result.

Finding o for distribution in (4)

dt d
u(0) = E[d3(\,y)] = E[dZ (A, y)] = Y E[AlL] - y[i)’] - > E[A[E] - yli)?,
i=1 i=dt++1

dat
= (D BIAH ~ D] = Gy fi] = y1i)°) -

d

> EIAL] = syli))?] = (g li] - ym>2),
i=dt+1
*ZJ - Z O’ +d¢uy, y),
i=dtT+1

< damax + dqb(/'l’yv Y)'

020 > % <E[d2 Ay = d3(1y, y)) = é(u(é’) — d3(py, y)) , u(f) is inversely proportional to 6.
High 6 implies that there is low variance in (3)), thus it implies for low variance in (3)) we have low

Umax M
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B Proofs for Generalization Error

B.1 When True Noise Distribution is Available

Lemma 3. Let the distribution }7|Y be given by P a k X k transition probability matrix with
P;j =P(Y = y;|Y = y;) and let P be invertible matrix. Let the pseudo-distance d,, be defined as
in equation |9 then,

Egy—y, [dp(T,Y)] = d5(T, ;). (14)

Proof. It is easy to see it in terms of vectors, denote ap € R¥ with ith entry given by JP(T7 Y = Yi)
and similarly define d. Then we can see that d satisfies the following with P being a symmetric
matrix.

d, = (P)"'d = Eg,[d)] =P(P) 'd=d.
O

Lemma 4. Let F' and Fp be defined as in equations (10) and 2| over n i.i.d. samples, then the
following holds for any x € X,y € Y w.h.p.

(Fla,y) — Fylay)]| < @((MM/D' (4

where omax(P), omin (P) are the maximum and minimum singular values of P.

Proof. Recall the definitions, Let y;7"_; be the true labels of points z;;'_; and let the pseudo-label for
ith point drawn from noise model P be ;.

Faw) = S a@du),  Folew) =1 > a0

Fy(e) — Fle) = + > aa() (dly, 1) — B3 0)).

n

1

= E - ai(x)f(% Yis gz)

Here y, y; are fixed and the randomness is over ;, thus we can think of §; as random variable Y;
and take the expectation of § over the distribution P. We can see that from Lemma [3| we have
Ey ppy €W, vi,Y)] = 0 this implies E[F},(z,y) — F(z,y)] = 0.

Moreover, o () - £(y, yi, Y;) are independent r.v. and a;(z) < 1, but we don’t know if £(y, v, Y;)
are bounded. It would be misleading to think of d), as distance and use the same upper bound as of
dg, on it — due to the fact that d,, is obtained by multiplying by inverse of P and the true distances and
the entries of the inverse can have magnitude large than 1. However we can see that £ are bounded as

following as long as the spectral decomposition of P is not arbitrary,

- _ _ 1+Uma:1:(P)
lldp — d[|oc = [P 1dp_d|‘oo§”P Hl2l[T = Pll2]|d] | < - =-c1-
men(P)

Thus using Hoeffding’s inequality,

Byl = Fap) < O(eny ).
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Lemma 5. Let f be the minimizer as defined in equationover the clean labels and let fp (defined
in eq. @) be the minimizer over the noisy labels obtained from conditional distribution Y|Y i.e. P
such that lemma3} B hold, and let the risk function be defined as in equation[I] then w.h.p.

B (o). Fl@) < 0(F/7): (16)

Proof. Recall the definitions,

f(ac) = argmin F'(z,y) fp(m) = arg min Fp(x, Y)
yey yey

Let d3,(f1, f2) = SUD,e v 43 (f1(2), f2(x)) and let B(f,r) = {f : d5(f, f) < r} denote the ball
of radius r around f.

From lemmawe know for t = @((%) \/%)a

F(x,f(x)) —t< Fp(x,f(x)) < F(a:,f(x)) +t.
From assumption E| we have,

F(x, f(z)) > F(x, f(2)) + B- d5(f(x), f(2)).

Combining the two we get a lower bound on E,,

Fy(x, f(2)) = F(x, f(2)) + 8- d5(f(x), f(z)) — t.

We want to find a suff. large ball around f such that the minimizer of £, does not lie outside this ball.
To see this let LB and U B denote the above mentioned lower and upper bounds on F),,

B(F,, f,x) := F(z, f(z)) + 8- d5(f(x), f(x)) —t.
B(Fy, f,x) = F(z, f(x)) +t

For f € B(f, %) and some [’ such that,

UB(F,, f,z) < LB(F,, f',x) Va,
F(x, f(x)) +t < F(z, f(x)) + 8- d5(f (), f(2)) —,
F(z, f(x)) = F(z, f(z)) +t < 8- d3(f'(x), f(z)) — ¢,
Bd3y(f(x), f(x) +t < B-d3(f (), f(z)) —t,
d3(f'(x), f(x)) > 2t/B + d3,(f(x), f(x)).

Thus considering the greatest lower bound, any f” with d3,(f'(), f(z) > % cannot be the minimizer

of Fp, since there exists some other f with smaller distance from f that has smaller value compared
to f'. The 3 dependence is expected, because if 3 is too small, i.e. F' is sort of flat so the minimizer
of F' might be far off from f. O

B.2 When True Noise Distribution is not Available

Lemma 6. Let Q, P be the distributions defined in equation (8), and d,(T,Y) be the distance
function as in equation|9] if max;; |P;; — Qy;| = € then,

~ . ~ - 9 k(P
E}},ZNP[:,y] qu(T7 Z) - dp(T’ Y)H < O(k (Umax(P) + O'mi(n(])?)) . 6) Vy €. (17)
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Proof. Let d, € R¥ be a vector such that its i*" entry is given as d,[i] = d,(T,Z = y;), and

similarly, let d,, € R” with d,[i] = d,(T,Y = y;), and d € R¥ with d[i] = d3,(T,Y = y;). Itis

easy to see that, d, = Q~'d and d,, = P~"d. Now consider the following expectation wrt P,
Epld, —d,) =Ep[Q 'd-P'd]=P(Q 'd-P~'d) =P(Q' - P )d.

Let AP = P — Q, and using standard matrix inversion results for small perturbations, [Dem92], and
[|d]|oe < 1 we get

Since, max;; (AP);; < ¢, we have ||AP||s < ||AP||p < €k
[Ep[dy — dgllloc < [IP][2]|(P + AP) ™" — P~|l2]|d] |,

AP
< 1Pl (<P IP 1

= (5(B)|[P~!|}[|AP];) + O(|AP|3),
< ek 5(P)[[PV]; + O(H?),

go(w(w(%).e).

+0(|aP|)),

O

Lemma 7. For Fp and Fq defined in (I0) w.r.t. noise distributions P and Q respectively, and let
max;; |Pi; — Qi;| < € then we have w.h.p.

~ ~ ~ 1
Fylo) - Byl < O(en /) v e wyed, 19

with co = k2 (1 + ,:,(:2’)> and c3 = k? (amax(P) + aji(np(%’))'

Proof. Recall the definitions,

FP(‘Tay) = %Zai(z)dp(yvgi)a Zaz y7731
~ ~ 1 ~ i
Fp(xvy) - Fq(xvy) = ﬁ ZO@(Z‘) (dp(yayl) - ) Zal y yt,Zl)

a;(z) - &(y, ¥, Z;) are independent r.v. and «;(x) < 1, but we don’t know if the {(y, §;, Z;) are
bounded. To see that £(y, §;, %) are bounded by ||Q ™! — P~![|2||d||o < c2 (see lemmal6]) and
from 1emma|§|, E[¢(y, Us, Zi)] < cae, thus using Hoeffding’s inequality gives the result. O

Lemma 8. Let fp be the minimizer as defined in equationover the noisy labels drawn from P, and

let fq (defined in eq. be the minimizer over the noisy labels obtained from conditional distribution
Q then w.h.p.

d%;(fq(x),f(x)) < @(%(01 + 02)\/2—5— %36) Vo e X. (19)

Proof. lett; = O(cl Llog (%)) and to = O(cz Llog (%)) + c3€, then combining lemma
[7]and ] we have,

F(z, f(z)) —t1 —ta < Fy(w, f(z)) < F(z, f(2)) +t1 + Lo

Then following same argument as in lemmal5] we get the result. O
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Theorem 2. (Generalization Error ) Let f be the minimizer as defined in @) over the clean labels
and let fq (defined in (I0)) be the minimizer over the noisy labels obtained from weak supervision
inference in Algorithm[l| Suppose assumptions 2|34 hold. Then there exist constants Cy,Ca > 0
dependent on oyax(P), omin (P) and k such that w.h.p.,

RU) < R + 08+ 0( D d) + 0(Lietat) +ea)). a2

Proof. Recall the definition of risk function,

R(f) = Eay [d5(f(2), y)]-

Combining the two we get

R(fy) < R(f*) + O + @(%(C1 + cz)\/g + %36)).

We get the end result by plugging in the bound on ¢ = max;; ||P — Q|| from lemma and the
bound on parameter recovery error ||6 — 6|~ from Theorem |1}

O
Lemma 9. The posterior distribution function Pg(Y = y|A = A") is (2, {o )—Lipshcitz continuous
in @ foranyy € Y and A* € Y™.
‘Pgl (Y = y|A = Au) — Pg2 (Y = y|A = Au)| < 2”01 - 02”00 V0,0, € R™.

Proof. Recall the definition of the posterior distribution,
p(Y =) Po(A = A"[Y = ;)

Po(Y = y|A = A) = .
o =l : 2y, ey P(Y = y;)Po(A = Av]Y =y;)

For convenience let d(**) € R™ be such that its a*” entry di"? = a3, (A%, ;)
P(Y = ) exp(—07d(™)

Po(Y = ylA = A") = T
9( y| ) Zyjey P(Y — yJ) exp(—OTd(“J))

Let Z2(8) = 30, cy P(Y = y;) exp(—67d™7), then
Yy ey A P(Y = y;) exp(—6Td ™))
~Velog(Z2(9)) = =~ = Eya[d].
VQ Og( 2( )) Z2(9> Y|A[ }
Since distances are upper bounded by 1, ||d||oc < 1,50 |[Eyz[d]||cc < 1.
Now,

Volog (Po(Y = y|A = A*)) = —d™? — Vg log(Z,(6)).
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Thus || Ve log (Po(Y = y|A = A"))||e < 2.

= |log (Pe, (Y = y|A = A")) —log (Ps, (Y = y|A = A"))| < 2/|61 — 62|
Using the fact that for any ¢1,t2 € [0, 1] |t1 — t2| < |log(t1) — log(t2)|, gives us the result.
O

Lemma 10. The distribution function Pg(A = A*|Y = y) is (2, £ )—Lipshcitz continuous in 6 for
anyy € Y and A* € Y.

‘Pgl(A = Au|Y = y) — ng(A = Au|Y - y)| S 2H01 — 02”00 V01702 S R™.

Proof. Doing the same steps as in the proof of lemma 9] gives the result. O

Lemma 11. For the noise distributions P, Q in (8) with parameters 0, 0 respectively and )Y restricted
only to the elements with non-zero prior probability, Y' = {y € Y : P(Y = y) > 0} the following
holds,

max [Py — Qij < 4- k™[0 — O] .

Proof. Tt is easy to see that for any two bounded functions f1, fo with | f1(z)| < 1,|f2(z)| < 1 and
Lipschitz continuous with constants L, Lo, the product of them is also Lipschitz continuous but with
constant L1 4+ Lo. Using this fact along with lemma@]and lemma (10| gives the result,

P — Qijl < > |Polyil A")Pa(A"|y;) — Pylys| A*) Pa(A"|y;)] < 4- ™[0 — 6] oc-
Avey’
O

It is important to note that we are restricting the values of y and A to )’ which is the set of y with
non-zero prior probability and by our assumption it is small.

C Proofs for Continuous Label Spaces

Next we present the proofs for the results in the continuous (manifold-valued) label spaces. We
restate the first result on invariance:

Lemma 1. For) = M, a hyperbolic manifold, y ~ P for some distribution P on M and labeling
functions X%, \ drawn from (3),

I cosh dy (A%, \?) = E cosh dy (A?, y)E cosh dy (\?, ),
while for Y = M a spherical manifold,
E cos dy (A%, X) = Ecos dy(A\°, y)E cos dy(A°, y).

Proof. We start with the hyperbolic law of cosines, which states that
cosh d(A%, \’) = cosh d(\%, ) cosh d(A’, y) + sinh d(A?, y) sinh d(\°, y) cos

where « is the angle between the sides of the triangle formed by (y, A%) and (y, \’. We can rewrite
this as follows. Let v = log, (A*), v* = log, (A" be tangent vectors in T}, M. Then,

v? vb

).
loe]l” flo®]

cosh d(A?, A’) = cosh d(\?%, ) cosh d(\?, y) 4 (sinh |[v®]| sinh ||v°||)(
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Next, we take the expectation conditioned on . The right-most term is then

. . . b v® Ub
El(sinh o7 sinh ") (2 )l

v? vb

= E{(sinh [[o"| sinb |o* DIy E{ 2 o

)1yl

= O’
where the last equality follows from the fact that v and v® are independent conditioned on 3. This
leaves us with the cosh product terms. Taking expectation again with respect to y gives the result.

The spherical version of the result is nearly identical, replacing hyperbolic sines and cosines with
sines and cosines, respectively. O

Note, in addition, that it is easy to obtain a version of this result for curvatures that are not equal to
—1 in the hyperbolic case (or 41 in the spherical case).

We will use this result for our consistency result, restated below.

Theorem 3. Let M be a hyperbolic manifold. Fix 0 < § < 1 and let A(0) =
min, Pr(Vi,dy(A(i), \’(i) < p)) > 1 — 0. Then, there exists a constant Cy so that with probability
at least 1 — 9,

- a a C} cosh(A(6))3/?
BJEd (. 1)) - Edp(v7, )] < M
0

Proof. First, we will condition on the event that the observed outputs have maximal distance (i.e.,
diameter) A. This implies that our statements hold with high probability. Then, we use McDiarmid’s
inequality. For each pair of distinct LFs a, b, we have that

P <i| Zcosh(d()\a(i),)\b(i))) — Ecosh(d(\*, \"))| > t) < 2exp (—COQSZEA)) |

Integrating the expression above in ¢, we obtain

7 cosh(A)

NeT) (20)

E|E cosh(d(A% A*)) — E cosh(d(A?, AY))| <

Next, we use this to control the gap on our estimator. Recall that using the triplet approach, we
estimate

[ cosh d(Ae, AP)E cosh d(A?, \¢)

E cosh(d(A\*, y)) = \/ (Ed(\b, Ae))2

For notational convenience, we write v(a) for E(cosh(d(\?,y))), (a) for its empirical counterpart,
and v(a, b) and ©(a, b) for the versions between pairs of LFs a, b. Then, the above becomes

v(a,b)v(a,c)

v(a) = 7(

Note that cosh(z) > 1, so that &(a,b) > 1 and similarly for the empirical versions. We also have
that 2(a, b) < cosh(A). With this, we can begin our perturbation analysis. Applying Lemmal[l] we
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567 have that

E|o(a) —v(a)| = E

_ v(a,b)p(a,c)  [v(a,b)i(ac) v(a,b)o(a, c) v(a, b)v(a, c)
=E \/ o(b,c)2 \/ (b, c)? * \/ o(b,c)2 \/ v(b,c)?
v(a,b)p(a,c)  [v(a,b)P(a,c) v(a,b)p(a,c)  [v(a,b)v(a,c)
= \/ (b, c)? \/ (b, ¢)? TE \/ v(b, c)? \/ v(b,c)?
B v(a,c) , v(a,b)v(a,c) v(a,b)v(a,c)
=E D(b, c)? (Vo(a,b) = V/v(a,0)| + E \/ (b2 \/ v(b, c)2

ses  To see why the last step holds, note that \/7(a,c) < /cosh(A), while #(b,c¢) > 1. Next, for

0, 3>1,\/a—B= ﬁ:% < a — f. This means that E|\/7(a, 0) — \/v(a, )| < E|9(a,b) —

570 v(a,b)| < 7%?@) using (20).

571 Now we can continue, adding and subtracting as before. We have that

\/u(a,b)ﬁ(a,c) _\/V(a,b)y(a,c)
o(b, c)? v(b, c)?

\/V(a,b)f/(a,c) v(a,b)v(a,c)

E

=T Vam T v

572 Putting it all together, with probability at least 1 — 6,

< 2/7 cosh(A) 4 /7 cosh(A)3/2
< Jon .

E|E cosh(d(A%,y)) — E cosh(d(A*, y))| (21)

s73 Next, recall that C satisfies E|E cosh(d(\*, \’)) — Ecosh(d(\*, \))| > CoE|[Rd(A%, A\P)) —
574 Ed(\?, \b)|. Thus,

2/ cosh(A) + /7 cosh(A)3/2
Cov/2n '

575 This concludes the proof. O

E‘Ed2()‘a’ y) - ]Ed2(>‘a> y)' <

576 Next, we will prove a simple result that is needed in the proof of Theorem[5] Consider the distribution
s77 P of the quantities a(z)(y)d3,(z, y) for some fixed z € M. We can think of this as the population-
578 level version of sample distances that are observed in the supervised version of the problem. We do
579 not have access to it in our approach; it will be used only as an object in our proof. Recall we set
s80 ¢ = argmin, .y E[o(x)(y)d3(z,y)] to be the population-level minimizer. Here we use the notation
sst  «(x)(y) to denote the corresponding kernel value at a point y. Finally, let us denote P’ to be the
ss2  distribution over the quantities o(z)(y) >_,—, fad3 (2, Aa,i)-
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Lemma 12. Let the distributions P and P' be defined as above, with q the minimizer of
Eplo(z)(y)d3(z,y)]. Suppose that Assumptions @ and @ hold. Then, q is also the minimizer

of Epa()(y) gz, B2d% (2, Aa,i)]-
Proof. We will use a simple symmetry argument. First, note that we can write ¢ in the following way,

q = arg min/ a(x)(logq(v))di,(z, exp, (v))dP.
2€Y TyM

Since M is a symmetric manifold, if v € T, M, there is an isometry sending v to —v € T, M. Using
this isometry and Assumption[6} we can also write

q = arg min/ a(x)(logq(—v))dﬁ,(z, exp,(—v))dP.
z€Y TyM

Our approach will be to formulate similar symmetric expressions for the minimizer, but this time
for the loss over the distribution P’. We will then be able to show, using triangle inequality, that ¢
remains the minimizer.

We can similarly express the minimizer of the loss for P’ as
arg min/ / a(z)(log, (v BEd3 (2, eXPexp (v)(v*))dP".
zEY Ty M equ('u)M)®m q Z Pq ( )

Here we have broken down the expectation over P’ by applying the tower law; the inner expectation
is conditioned on point exp,, (v) and runs over the labeling function outputs A, ..., \™.

Again using Assumption@, we can write the minimizer for the loss over P’ as argmin, .y, F'(z2),
where

/TM/ a(x)(log,(— Zﬂ dy %, €XPegp, ( n(=v v*))dP'.

equ v)M )&m) a=1

Thus we can also write the minimizer as arg min_ ., F”(z), where

m

F(z) = / / (@) (108, (—0)) S B2d3 (2, XDery () (—0"))dP".
TyM S (T oy MYE™) ! Z Pa(=?)

With this, we can write

1
Fe=5([ | ()08, (1)) D B2, (2, Xy, 1 (1)) P
2 < Ty M Tequ(v)M)@'”) q azl y Pq ( )
4 / / a(z)(log,(—0)) S B2, (2, €XPery (v (—1%))dP’
TqM Tequ(—v)M)®m) q az_:l y pq( )
([ (&) (108, (0)) 3 B2, (21 0xPos 0 (0°)
2 TqM (Texr)q(1f)M)®m a=1

+ dﬁ,(z,expequ(,v)(PTequ(q,)_,equ(_U)(_va)))> dp/> 7
where PT),_, denotes parallel transport from p to s.

Note that g is on the geodesic between expeyy, (1) (") and exPeyy, () (Plexp, (1) —exp, (—v) (—07))-
We exploit this fact by applying the following squared-distance inequality. For three points p, s, z,
from the triangle inequality,

dy(p,z) +dy(s,z) = dy(p,s).
Squaring both sides and applying

d3(p, 2) + d3 (s, 2) = 2dy(p, 2)dy (s, 2),
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we obtain that
2(d3%(p, 2) + d3(s, 2)) > d3(p, s),
so that )

Setting p to be expequ(v)(v“) and s to be expequ(_v)(PTequ(U)ﬁequ(,v)(—v“)) in the above

gives
2=3([, SO
2 Ty M equ('u)M y®m) q

2d§i(expequ(v)(va)7eXpequ(—v)(PTequ(v)%equ(—v)(_Ua)))dpl> .

Now we can apply the fact that ¢ is on the geodesic to rewrite this as

L] ’
Z a IOg B 4d Q?exp X v ( ))dP N
2 ( T,M (Tequ<,u>/\/l)®m q Z y exp, (v)\V

This is because the length of the geodesic connecting expequ(v)(va) and
XPexp, (—v) (PTexp, (v)—exp, (—v) (—0™)) is twice that of the geodesic connecting XPoxp, (v) (v*) to
q.

Thus, we have
F'(z) > F'(q),

and we are done. O

Finally, this enables us to prove our main result, Theorem@ restated below:

Theorem 5. Let M be a complete manifold and suppose the assumptions above hold. Then, there
exist constants Cs, Cy

Cs0?2 n Cydoit, B22

nkmin mnkmin

E[d3(f(2), f(2))] <

Proof. We use Lemma|[I2]and compute a bound on the expected distance from the empirical estimates
to the common center. In both cases, the approach is nearly identical to that of [Str20] (proof of
Theorem 3.2.1); we include these steps for clarity. Suppose that the minimum and maximum values
of o are ayyin and aumax, respectively.

Then, letting we have that, using the hugging function assumption
1og, (f(x)) = log, (4> < kumind3(a, () + d5,(f (), 9)-
We also have that
1og, (f(2)) —log, (i) |* = d3,(q, f(x)) — 2(log, (f(x)), log, (y:)) + d3 (4, y:)-
Then,

(1= kmin)d3,(q, f(x)) < 2(log, (f(2)),log, (y)) + d5(f(x), y:) — d3(a, yi)-

Now, multiply each of the equations by «; and sum over them. In that case, the different on the right
side is non-positive, as f(x) is the empirical minimizer. This yields

n

> a(@)i(1 = kmin)d3 (g, f(2)) < Z 12(log, (f(x)),log, (y:)).

=1
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Using the minimum and maximum values of «, and setting ¢ = >, log, (y:), we get
Omin(1 = kmin)d3,(¢, f(2)) < 20max(log, ((2)). 2)-
We can apply Cauchy-Schwarz, simplify, then square, obtaining
Ain(1 = Knin) @3 (¢, f(2)) < 4o lla])*.

What remains is to take expectation and use the fact that the tangent vectors summed up to form g are
independent. This yields

arznin(l - kmin)Q]Edgi(Q» f(z)) < 40‘rznax%3'
Thus we obtain )
020 (1 = knin) "Ed3 (g, f(2)) < 402022,
or
A a? o2
Edy(q, f(x) < 452 e (22)

We use the same approach, but this apply it to the m X n points given by the LFs drawn from
distribution P’. This yields

min max ’

m g2 2
2 (1 — kpin )2 Ed2 7 < 402 >ic1Baoa
« ( km n) dy(Qaf(x)) > A mn

where o2 corresponds to the expected squared distance for LF a to ¢. We bound this with triangle
inequality, obtaining 02 < 202 + 212, so that

r n; ﬂg 0o+ A?L
02 (1 — ki) Edd (g, () < 802, 2=t Pa(T0 T la.

min max

mn
or,
- Qe S B2 (0, + i
Ed2 < max i=1/~a\~"o0 a )

}(a, fla) < 8o imL e e @3)

Now, again using triangle inequality,
Ed3(f(x), f(x)) < 2Ed3(g, f()) + 2Bd3, (g, ().

Plugging (23)) and (22) into this bound produces the result. O

D Additional Continuous Label Space Details

We provide some additional details on the continuous (manifold-valued) case.

Computing A(6) In Theorem[3] we stated the result in terms of A(), a quantity that trades off the
probability of failure § for the diameter of the largest ball that contains the observed points. Note that
if we fix the curvature of the manifold, it is possible to compute an exact bound for this quantity by
using formulas for the sizes of balls in d-dimensional manifolds of fixed curvature.

Hugging number Note that it is possible to derive a lower bound on the hugging number as a
function of the curvature. The way to do so is to use comparison theorems that upper bound triangle
edge lengths with those of larger-curvature triangles. This makes it possible to establish a concrete
value for k,,;, as a function of the curvature.

We note, as well, that an upper bound k,,,x on the hugging number can be obtained by a simple
rearrangement of Lemma 6 from [ZS16]]. This result follows from a curvature lower bound based on
hyperbolic law of cosines; the bound we describe follows from the opposite—an upper bound based
on spherical triangles.
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£ Weights and Suboptimality An intuitive way to think of the estimator we described is the
following simple Euclidean version. Suppose we have labeling functions A1, ..., A, that are equal
to y + &4, where £, ~ N (0, ag). In this case, if we seek an unbiased estimator with lowest variance,
we require a set of weights 3, so that >, 8, = 1 and Var[-L "™ | 3,),] is minimized. It is not
hard to derive a closed-form solution for the 3, coefficients as a function of the terms o2

a*

Now, suppose we use the same solution, but with noisy estimates 52 instead. Our weights B will
yield a suboptimal variance, but this will not affect the scaling of the rate in terms of the number of
samples n.

E Extended Background on Pseudo-Euclidean Embeddings

Finally, we provide some additional background on pseudo-metric spaces and pseudo-Euclidean
embedding.

E.1 Pseudo-metric Spaces
Pseudo-metric spaces generalize metric spaces by removing the requirement that pairs of points at
distance zero must be identical:

Definition 1. (Pseudo-metric Space) A set Y along with a distance function dy : Y X Y — Rt is
called pseudo-metric space if dy satisfies the following conditions,

Vy,zeY  dy(y,z) =dy(y,z) 24)
(Symmetry)

VyelY dyly,y)=0 (25)
(Reflexivity)

A finite pseudo-metric space has |Y| < oo.

E.2 Pseudo-Euclidean Spaces

The following definitions are for finite-dimensional vector spaces defined over the field R.

Definition 2. (Symmetric Bilinear Form / Generalized Inner Product) For a vector space ) over
the field R, a symmetric bilinear form is a function ¢ : ) x Y — R satisfying the following properties
Yy1,Y2, 2,y € V,c € R:

Pl) ¢(y1 +y2,y) = d(y1,y) + é(y2, ),
P2) ¢(cy,z) = cp(y, 2),
P3) ¢(y,2) = ¢(z,9).

Definition 3. (Squared Distance w.r.t. ¢) Let V' be a real vector space equipped with generalized
inner product ¢, then the squared distance w.r.t. ¢ between any two vectors y,z € V is defined as,

ly —2ll} = é(y — 2.y — 2)
This definition also gives a notion of squared length for every y € V,

Iyll3 == ¢(y,y)

The inner product can also be expressed in terms of a basis of the vector space V. Let the dimension of
Y be d, and {b;}%_, be a basis of ), then for any two vectors y = [y1, . ..va],z = [21,...24] €V,

d d
oy, z) = Z Zyizi¢(bia b;)
=1 j=1
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The matrix M(¢) := [¢(b;, b;)]1<i j<a is called the matrix of ¢ w.r.t the basis {b;}_; It gives a
convenient way to express the inner product as ¢(y, z) = y M(¢)z. A symmetric bilinear form ¢
on a vector space of dimension d, is said to be non-degenerate if the rank of M(¢) w.r.t to some basis
is equal to d.

Example: For the d— dimensional euclidean space with standard basis and ¢ as dot product we get
M(¢) =14

Definition 4. (Pseudo-euclidean Spaces) A real vector space R of dimension d = d+ +
d~, equipped with a non-degenerate symmetric bilinear form ¢ is called a pseudo-euclidean (or
Minkowski) vector space of signature (d, d™) if the matrix of ¢ w.r.t a basis {b;}&_, ofRdJr’d_, is

given as,
I, 0
mo) = (G )
0 I dxd

Lastly, the tool that we used to ensure we have access to isometric embeddings is

Proposition 1. ([[Gol83]) Let Y = {yo,...yx} be a finite pseudo-metric space equipped with
distance function dy, and let V. = {v,, ..., v} be a collection of vectors in R4 Then Y is
isometrically embedable in R4 if and only if,

1
(Vi, Vi) = §<d§1(yi,yo) + d3 (5, 90) — d%}(%ﬂj)) Vi, j € [K] (26)
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