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Abstract

Conditional gradient methods (CGM) are widely used in modern machine learn-
ing. CGM’s overall running time usually consists of two parts: the number of
iterations and the cost of each iteration. Most efforts focus on reducing the num-
ber of iterations as a means to reduce the overall running time. In this work, we
focus on improving the per iteration cost of CGM. The bottleneck step in most
CGM is maximum inner product search (MaxIP), which requires a linear scan
over the parameters. In practice, approximate MaxIP data-structures are found to
be helpful heuristics. However, theoretically, nothing is known about the combi-
nation of approximate MaxIP data-structures and CGM. In this work, we answer
this question positively by providing a formal framework to combine the locality
sensitive hashing type approximate MaxIP data-structures with CGM algorithms.
As aresult, we show the first sublinear time algorithm for many fundamental opti-
mization algorithms, e.g., Frank-Wolfe, Herding algorithm, and policy gradient.

1 Introduction

Conditional gradient methods (CGM), such as Frank-Wolfe and its variants, are well-known opti-
mization approaches that have been extensively used in modern machine learning. For example,
CGM has been applied to kernel methods [1, 2], structural learning [3] and online learning [4, 5, 6].

Running Time Acceleration in Optimization: Recent years have witnessed the success of large-
scale machine learning models on vast amounts of data. In this learning paradigm, the overhead
of most successful models is dominated by the optimization process [7, 8]. Therefore, reducing
the running time of the optimization algorithm is of practical importance. The total running time
in optimization can be decomposed into two components: (1) the number of iterations towards
convergence, (2) the cost spent in each iteration. Reducing the number of iterations requires a
better understanding of the geometric proprieties of the problem at hand and how to create better
potential functions to analyze the progress of the algorithm [9, 10, 11, 12, 13, 14, 15]. Reducing
the cost spent per iteration usually condenses to design problem-specific discrete data-structures. In
the last few years, we have seen a remarkable growth of using data-structures to reduce iteration
cost [16, 17, 18, 19, 20, 21, 22, 23, 24].

MaxIP Data-structures for Iteration Cost Reduction: A well-known strategy in optimization,
with CGM, is to perform a greedy search over the weight vectors [9, 10, 13, 16, 25] or training sam-
ples [26, 27] in each iteration. In this situation, the cost spent in each iteration is linear in the number
of parameters. In practical machine learning, recent works [28, 29, 30, 31, 32] formulate this lin-
ear cost in iterative algorithms as an approximate maximum inner product search problem (MaxIP)
and speed up the amortized cost per iteration via efficient data-structures from recent advances in
approximate MaxIP [33, 34, 35, 36, 37, 38, 39, 40, 41, 42]. In approximate MaxIP data-structures,
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locality sensitive hashing (LSH) achieves promising performance with efficient random projection
based preprocessing strategies [33, 34, 35, 36]. Thus, it is widely used in practice for cost reduc-
tion in optimization. [28] proposes an LSH based gradient sampling approach that reduces the total
empirical running time of the adaptive gradient descent. [29] formulates the forward propagation of
deep neural network as a MaxIP problem and uses LSH to select a subset of neurons for backprop-
agation. Therefore, the total running time of neural network training could be reduced to sublinear
in the number of neurons. [31] extends this idea with system-level design for further acceleration,
and [30] modifies the LSH with learning and achieves promising acceleration in attention-based
language models. [32] formulates the greedy step in iterative machine teaching (IMT) as a MaxIP
problem and scale IMT to large datasets with LSH.

Challenges of Sublinear Iteration Cost CGM: Despite the practical success of cost-efficient
iterative algorithms with approximate MaxIP data-structure, the theoretical analysis of its combina-
tion with CGM is not well-understood. In this paper, we focus on this combination and target at
answering the following questions: (1) how to transform the iteration step of CGM algorithms into
an approximate MaxIP problem? (2) how does the approximate error in MaxIP affect CGM in the
total number of iterations towards convergence? (3) how to adapt approximate MaxIP data structure
for iterative CGM algorithms?

Our Contributions: We propose a theoretical formulation for combining approximate MaxIP and
convergence guarantees of CGM. In particular, we start with the popular Frank-Wolfe algorithm over
the convex hull where the direction search in each iteration is an approximate MaxIP problem. Next,
we propose a sublinear iteration cost Frank-Wolfe algorithm using LSH type MaxIP data-structures.
We then analyze the trade-off of approximate MaxIP and its effect on the number of iterations needed
by CGM to converge. We show that the approximation obtained via LSH results in only a constant
multiplicative factor increase in the number of iterations. As a result, we retain the sub-linearly of
LSH, with respect to the number of parameters, and at the same time retain the same asymptotic
convergence as CGMs.

We summarize our complete contributions as follows.

* We give the first theoretical CGM formulation that achieves provable sublinear time cost
per iteration. We also extend this result into Frank-Wolfe algorithm, Herding algorithm,
and policy gradient method.

* We propose a pair of efficient transformations that formulate the direction search in Frank-
Wolfe algorithm as a projected approximate MaxIP problem.

* We present the theoretical results that the proposed sublinear Frank-Wolfe algorithm
asymptotically preserves the same order in the number of iterations towards convergence.
Furthermore, we analyze the trade-offs between saving iteration cost and the increasing
number of iterations to accelerate total running time.

* We identify the problems of LSH type approximate MaxIP for cost reduction in other pop-
ular CGM methods and propose corresponding solutions.

The following sections are organized as below: Section 2 introduces the related works on data-
structures and optimization, Section 3 introduces our algorithm associated with the main statements
convergence, Section 4 provide the proof sketch of the main statements, Section 5 presents the
societal impact and Section 6 conclude the paper.

2 Related work

2.1 Maximum Inner Product Search for Machine Learning

Maximum Inner Product Search (MaxIP) is a fundamental problem with applications in machine
learning. Given a query z € R? and a dataset Y C R with n vectors, MaxIP targets at searching for
y € Y that maximize the inner product = " 7. The naive MaxIP solution takes O(dn) by comparing
x with each y € Y. To accelerate this procedure, various algorithms are proposed to reduce the
running time of MaxIP [33, 34, 36, 35, 37, 38, 43, 44, 39, 45, 40, 41, 42]. We could categorize
the MaxIP approaches into two categories: reduction methods and non-reduction methods. The
reduction methods use transformations to transform approximate MaxIP to approximate nearest
neighbor search (ANN) and solve it with ANN data-structures. One of the popular data-structure is
to use locality sensitive hashing [46, 47].

Definition 2.1 (Locality Sensitive Hashing). Let ¢ denote a parameter such that ¢ > 1. Let p1,p2
denote two parameters such that 0 < py < p1 < 1. A family H is called (r,< - r,p1, p2)-sensitive if
and only if, for any two point z,y € RY, h chosen uniformly from H satisfies the following:
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* if |z = yll2 <7 then Prpy[h(z) = h(y)] = p1,

* if |z —yll2 = ¢ r, then Pryy[h(z) = h(y)] < pa.

Here we define the LSH functions for euclidean distance. LSH functions could be used for search
in cosine [48, 49] or Jaccard similarity [50, 51]. [33] first show that MaxIP could be solved by
£o LSH and asymmetric transformations. After that, [34, 36, 35, 43] propose a series of methods
to solve MaxIP via LSH functions for other distance measures. Besides LSH, graph-based ANN
approaches [38] could also be used after reduction. On the other hand, the non-reduction method
direct builds data-structures for approximate MaxIP. [37, 42] uses quantization to approximate the
inner product distance and build codebooks for efficient approximate MaxIP. [38, 44] proposes a
greedy algorithm for approximate MaxIP under computation budgets. [39, 40, 41] direct construct
navigable graphs that achieve the state-of-the-art empirical performance.

Recently, there is a remarkable growth in applying data-structures for machine learning [52, 53, 54].
Following the paradigm, approximate MaxIP data-structures have been applied to overcome the
efficiency bottleneck of various machine learning algorithms. [38] formulates the inference of neural
network with a wide output layer as a MaxIP problem and uses a graph-based approach to reduce
the inference time. In same task, [55] proposes a learnable LSH data-structures that further improves
the inference efficiency with less energy consumption. In neural network training, [29, 30, 31] uses
approximate MaxIP to retrieve interested neurons for backpropagation. In this way, the computation
overhead of gradient update in neural networks could be reduced. In large-scale linear models,
[28] uses approximate MaxIP data-structures to retrieve the samples with large gradient norm and
perform standard gradient descent, which improves the total running time for stochastic gradient
descent. [32] proposes a scalable machine teaching algorithm that enables iterative teaching in
large-scale datasets. In bandit problem, [56]. proposes an LSH based algorithm that achieves linear
bandits algorithms with sublinear time complexity.

Despite the promising empirical results, there is little theoretical analysis on approximate MaxIP
for machine learning. We summarize the major reasons as: (1) Besides LSH, the other approximate
MaxIP data-structures do not provide theoretical guarantees on time and space complexity. (2)
Current approaches treat data-structures and learning dynamics separately. There is no joint analysis
on the effect of approximate MaxIP for machine learning.

2.2 Projection-free Optimization

Frank-Wolfe algorithm [25] is a projection-free optimization method with wide applications in con-
vex [9, 10] and non-convex optimizations [11, 12]. The procedure of Frank-Wolfe algorithm could
be summarized two steps: (1) given the gradient, find the vector in the feasible domain that has the
maximum inner product. (2) update the current weight with the retrieved vector. Formally, given
a function g : R? — R over a convex set S, starting from a initial weight w° the Frank-Wolfe
algorithm performs update the weight with learning rate 7 following:

st « arg mig(s, Vg(w'))
se

wt < (1 —n,) - w41, - 5.
Previous literature focuses on reducing the number of iterations for Frank-Wolfe algorithm over
specific domains such as £, balls [9, 10, 13, 14]. There exists less work discussing the reduction
of iteration cost in the iterative procedure of Frank-Wolfe algorithm. In this work, we focus on
the Frank-Wolfe algorithm over the convex hull of a finite feasible set. This formulation is more
general and it includes recent Frank-Wolfe applications in probabilistic modeling [1, 2], structural
learning [3] and policy optimization [5].

3 Our Sublinear Iteration Cost Algorithm
In this section, we formally present our results on the sublinear iteration cost CGM algorithms. We

start with the preliminary definitions of the objective function. Then, we present the results on the
number of iterations and cost per iterations for our sublinear CGM algorithms to converge.

3.1 Preliminaries

We provide the notations and settings for this paper. We start with basic notations for this paper.
For a positive integer n, we use [n] to denote the set {1,2,--- ,n}. For a vector =, we use ||z||s :=
(31, 22)Y/2 to denote its £ norm.
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We say a function convex if
L(z) = L(y) + (VL(y),z — y).

We say a function is S-smooth if
B
L(y) < L(z) + (VL(),y = 2) + Sy = =[3.

Given a set A = {x;}icn) C RY, we say its convex hull B(A) is the collection of all finite linear
combinations y that satisfies y = >, (,; @ - @i, where a; € (0,1) forallé € [n] and 3, a; = 1.
Let Dyax denotes the maximum diameter of B(A) so that ||z — y||2 < Dmax forall (z,y) € B(A).
We present the detailed definitions in Appendix A.

Next, we present the settings of our work. Let S C R denotes a n-point finite set. Given a convex
and B-smooth function g : RY — R defined over the convex hull B(S). Our goal is to find a
w € B(S) that minimizes g(w). Given large n in the higher dimension, the dominant complexity of
iteration cost is the finding the MaxIP of Vg(w) with respect to S. In this setting, the fast learning
rate of Frank-Wolfe in £, balls [9, 13, 16] could not be achieved. We present the detailed problem
setting the Frank-Wolfe algorithm in Appendix C.

3.2 Our results

We present our main results with comparison to the original algorithm in Table 2. From the table,
we show that with near-linear preprocessing time, our algorithms maintain the same number of
iterations towards convergence while reducing the cost spent in each iteration to sublinear in the
number of possible parameters.

| | Statement | Preprocess | #Iters | Cost per iter |
Frank-Wolf [9] 0 O(BDZ,. /¢ O(dn +T,)
Ours Theorem 3.1 | dn!'To™ O(BD2 . /¢) O(dn” +T,)
Herding [1] 0 O(D3a/€) O(dn)
Ours Theorem 3.2 | dn!to( O(D2,./¢) O(dn*)
Policy gradient | [5] 0 O(= f Dj;‘;; ) | Oldn+Tg)
Ours Theorem 3.3 | dn'*o() O(Ez(f_[)%) O(dn* 4+ Tq)

Table 1: Comparison between classical algorithm and our sublinear time algorithm. We compare our
algorithm with Frank-Wolfe in: (1) “Frank-Wolfe” denotes Frank-Wolfe algorithm [9] for convex
functions over a convex hull. Let 7, denotes the time for evaluating the gradient for any parameter.
(2) “Herding” denotes kernel herding algorithm [1] (3) “Policy gradient” denotes the projection free
policy gradient method [5]. Let 7, the time for evaluating the policy gradient for any parameter.
Lety € (0, 1) denotes the discount factor. Note that n is the number of possible parameters. n°(!) is
smaller than n° for any constant ¢ > 0. Let p € (0, 1) denote a fixed parameter determined by LSH
data-structure. The failure probability of our algorithm is 1/ poly(n). 3 is the smoothness factor.
D« denotes the maximum diameter of the coonvex hull.

Next, we introduce the statement of each sublinear iteration cost algorithm. We start by introducing
our result for improving the running time of Frank-Wolfe.

Theorem 3.1 (Sublinear time Frank-Wolfe, informal of Theorem D.1). Let g : R® — R denotes
a convex and [3-smooth function. Let the complexity of calculating Vg(x) to be T, Let S C R¢
denotes a set of n. points, and B C R% is the convex hull of S with maximum diameter D .. Let p €
(0, 1) denote a fixed parameter. For any parameters e, d, there is an iterative algorithm (Algorithm 2)
with that takes O(dn'T°(1)) time in pre-processing, takes T = O(BD?2,,, /) iterations and O(dn” +
7T,) cost per iteration, starts from a random w° from B as initialization point,and outputs w? € R?
from B such that

) = ming(w) <,

g(w weB

holds with probability at least 1 — 1/ poly(n).
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Next, we show our main result for the Herding algorithm. Herding algorithm is widely applied
in kernel methods [57]. [1] shows that the Herding algorithm is equivalent to a conditional gradi-
ent method with the least-squares loss function. Therefore, we extend our results and obtain the
following statement.

Theorem 3.2 (Sublinear time Herding algorithm, informal version of Theorem E.3). Let X C R¢
denote a feature set and ® : R — R* denote a mapping. Let D, .x denote the maximum diameter
of ®(X) and B(®(X)) denote the convex hull of ®(X). Given a distribution p(x) over X, we
denote i = Eqp(z)[®(x)]. Let p € (0,1) denotes a fixed parameter. For any parameters €, 9,

there is an iterative algorithm (Algorithm 3) that takes O(dnlJr"(l)) time in pre-processing, takes
T = O(D2,,/¢) iterations and O(dnP) cost per iteration, starts from a random w° from B as
initialization point, and outputs w” € R? from B(®(X)) such that

1 !
5w = pll3 = min Sllw — pl3 <
holds with probability at least 1 — 1/ poly(n).

Finally, we present our result for policy gradient. Policy gradient [58] is a popular algorithm with
wide applications in robotics [59] and recommendation [60]. [5] proposes a provable Frank-Wolfe
method that maximizes the reward functions with policy gradient. However, the optimization re-
quires a linear scan over all possible actions, which is unscalable in complex environments. We
propose an efficient Frank-Wolfe algorithm with per iteration cost sublinear in the number of ac-
tions. Our statement is presented as below.

Theorem 3.3 (Sublinear time policy gradient, informal version of Theorem F.3). Let T denotes
the time for computing the policy graident. Let D.,.x denotes the maximum diameter of action
space and f3 is a constant. Let v € (0,1). Let p € (0,1) denotes a fixed parameter. Let [imin
denotes the minimal density of states in S. There is an iterative algorithm (Algorithm 5) that spends
2

O(dn'*t°W) time in preprocessing, takes O(ﬁ%) iterations and O(dn” + Tq) cost per
iterations, start from a random point wg as initial point, and output 7r9T that have the average gap

Y scs 97(8)? < € holds with probability at least 1—1/ poly(n), where gr(s) is defined in Eq. (6).

4 Proof Overview

We present the overview of proofs in this section. We start with introducing the efficient MaxIP data-
structures. Next, we show how to transform the direction search in conditional gradient approach
as a MaxIP problem. Finally, we provide proof sketches for each main statement in Section 3. The
detailed proof is presented in the supplement material.

4.1 Approximate MaxIP Data-structures

We present the LSH data-structures for approximate MaxIP in this section. The detailed description
is presented in Appendix A. We use the reduction-based approximate MaxIP method with LSH
data-structure to achieve sublinear iteration cost. Note that we choose this method due to its clear
theoretical guarantee on the retrieval results. It is well-known that an LSH data-structures is used for
approximate nearest neighbor problem. The following definition of approximate nearest neighbor
search is very standard in literature [61, 46, 47, 62, 63, 64, 65, 66, 67, 68, 69].

Definition 4.1 (Approximate Nearest Neighbor (ANN)). Ler¢ > 1 and v € (0,2). Given an n-
point dataset P C S~1 on the sphere, the goal of the (¢, r)-Approximate Near Neighbor problem

(ANN) is to build a data structure that, given a query q € S~ with the promise that there exists a
datapoint p € P with ||p — q||2 < r reports a datapoint p' € P within distance ¢ - r from q.

In the iterative-type optimization algorithm, the cost per iteration could be dominated by the Ap-
proximate MaxIP problem (Definition 4.2), which is the dual problem of the (¢, r)-ANN.

Definition 4.2 (Approximate MaxIP). Let ¢ € (0,1) and 7 € (0,1). Given an n-point dataset
Y C S%1, the goal of the (¢, T)-MaxIP is to build a data structure that, given a query v € S%~!

with the promise that there exists a vector y € Y with (x,y) > T, it reports a vector z € Y with
similarity (x,z) > ¢- MaxIP(z,Y).
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Next, we present the the primal-dual connection between ANN and approximate MaxIP. Given to
unit vectors z,y € R? with both norm equal to 1, |z — y||3 = 2 — 2(z,y). Therefore, we could
maximizing (z,y) by minimizing ||z — y||3. Based on this connection, we present how to solve
(¢, 7)-MaxIP using (¢, r)-ANN. We start with showing how to solve (¢, r)-ANN with LSH.

Theorem 4.3 ([66]). Let > 1 andr € (0,2). The (¢,r)-ANN on a unit sphere S%=* can be solved
in query time O(d - nP), where p € (0,1), using LSH with both preprocessing time and space in
O(n'+°(M) 4 dn).

Next, we solve (¢, 7)-MaxIP by solving (¢, r)-ANN using Theorem 4.3. We have

Corollary 4.4 (An informal statement of Corollary B.1). Let ¢ € (0,1) and 7 € (0,1). The (¢, T)-
MaxIP on a unit sphere S4=1 can be solved in query time O(d - n?), where p € (0, 1), using LSH
with both preprocessing time and space in O(dn'*+°())

In our work, we consider a generalized form of approximate MaxIP, denoted as projected approxi-
mate MaxIP.

Definition 4.5 (Projected approximate MaxIP). Let ¢,v : R? — RF denotes two transforms.
Given an n-point dataset Y C R so that ¥(Y) C S?1, the goal of the (c,¢,,T)-MaxIP

is to build a data structure that, given a query x € RY and ¢(x) € SF=' with the promise
that maxy,cy (¢(x),¥(y)) > T, it reports a datapoint z € Y with similarity (¢(x),¥(z)) >

¢ - MaxIP(¢(z), ¥(Y)).

For details of space-time trade-offs, please refer to Appendix B. In the following sections, we would
show how to use projected approximate MaxIP to accelerate the optimization algorithm by reducing
the cost per iteration.

4.2 Efficient Transformations

We have learned from Section 4.1 that (¢, 7)-MaxIP on a unit sphere S¢~1 using LSH for ANN.
Therefore, the next step is to transform the direction search procedure in iterative optimization al-
gorithm into a MaxIP on a unit sphere. To achieve this, we formulate the direction search as a
projected approximate MaxIP (see Definition A.5). We start with presenting a pair of transforma-
tion ¢, ¥ : R? — R+ such that, given a function g : R? — R, for any x, 7 in a convex set X, we
have

(b()(x) ::[Vg(x)TvxTVg(‘r)]T7 ”(/Jo(il/) = [_yT7 1]T (1)
In this way, we show that

<y - l’,vg(l» - = <¢O(Z)7w0(y)>a

arg Lrg)r}(y —x,Vg(z)) = arg 1‘5163134(150(53)»1/}0(1/» 2)

Therefore, we could transform the direction search problem into a MaxIP problem.

Next, we present a standard transformations [36] that connects the MaxIP to ANN in unit sphere.
For any z,y € R?, we propose transformation ¢1,1; : R — R4+2 such that

;
(@) = [(D7')T 0 \/1-[aD; 3]

.
Ui(y) = {(Dgly)T 1—llyDy I3 0} @

Here D,, D, are the maximum diameter of x and y. Under these transformations, both ¢; (z) and
11(y) have norm 1 and arg maxyey (¢1(x), ¥1(y)) = arg maxyey (z, y).

Combining transformations in Eq. (1) and Eq. (3), we obtain query transform ¢ : R¢ — R*3 with
form ¢(z) = ¢1(do(x)) and data transform ¢ : R? — RI*3 with form ¢ (y) = 11 (¥o(y)). Using
¢ and 1), we transform the direction search problem in optimization into a MaxIP in unit sphere.
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Moreover, given a set Y C R? and a query = € R, the solution z of (c, ¢, v, 7)-MaxIP over (z,Y)
has the propriety that (z — z, Vg(z)) < ¢ - mingey(y — x, Vg(x)). Thus, we could approximate
the direction search with LSH based MaxIP data-structure.

Note that only MaxIP problem with positive inner product values could be solved by LSH. We found
the direction search problem naturally satisfies this condition. We show that if g is convex, given a
set S C RY, we have minges5(Vg(z),s — x) < 0 for any z € B(S), where B is the convex hull of
S. Thus, max,ecy (¢o(z), 10 (y)) is non-negative following Eq. (2).

4.3 Proof of Theorem 3.1

We present the proof sketch for Theorem 3.1 in this section. We refer the readers to Appendix D for
the detailed proofs.

Let g : R? — R denotes a convex and S-smooth function. Let the complexity of calculating
Vg(z) to be T,. Let S C R? denotes a set of n points, and B C R? is the convex hull of S with
maximum diameter D .. Let ¢, 1) : R4 — R?*3 denotes the tranformations defined in Section 4.2.
Starting from a random vector w® € B(S). Our sublinear Frank-Wolfe algorithm follows the update
following rule that each step

st < (¢, ¢,9, T)-MaxIP of w' with respect to S

wt w4 (s —wh)

We start with the upper bounding (s* — w!, Vg(w')). Because s' is the (c, ¢, 1, 7)-MaxIP of w!
with respect to S, we have

(s" —w', Vg(uw')) < cmin{s — w', Vg(w') < cfw” —w', Vg(w')) “)

For convenient of the proof, for each ¢, we define h; = g(w') — g(w*). Next, we upper bound h; 1
as

hist < g(w') +m (s’ — w', Vg(w')) + =nf|ls" — w'||3 — g(w*)
< g(w') + e (w* = w, Vg(w')) + =n7|ls" — w'||3 — g(w”)

D ax E3
< g(w') + eny(w* —w', Vg(w')) + %n? —g(w*)
2

* Dm'x *
< (1 —n)g(w) + eng(w™) + Tdnf — g(w*)

2

Dm'X
= (1 —cne)he + Tdnf

(&)
where the first step follows from the definition of S-smoothness, the second step follows from

Eq. (4), the third step follows from the definition of D,,,y, the forth step follows from the con-
vexity of g.

Letn = ﬁ and A; = w Combining them with Eq.(5), we show that
_ot+1
Apprhirr — Athy = ¢ 2mﬁDi}aX
< ?BD]

Using induction from 1 to ¢, we show that
Ahy < ¢ 2tBD?

max

Taken A; = @ into consideration, we have

28D ax

h [~ max
P2+ 1)
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2
Given constant approximation ratio ¢, ¢ should be in O(%) so that hy < e.
Thus, we complete the proof.

Cost Per Iteration After we take O(dn't°(1)) preprocessing time, the cost per iteration consists
three pairs: (1) it takes 7, to compute Vg(w'), (2) it takes O(d) to perform transform ¢ and 1, (3)
it takes O(dn”) to retrieve s* from LSH. Thus, the final cost per iteration would be O(dn” + Ty).

Next, we show how to extend the proof to Herding problem. Following [1], we start with defining
function ¢ = %||w” — pl|3. We show that this function g is a convex and 1-smooth function.
Therefore, the herding algorithm is equivalent to the Frank-Wolfe Algorithm over function g. Using
the proof of Theorem 3.1 with 3 = 1, we show that it takes 7' = O(D?2,_ /¢) iterations and O (dn*)
cost per iteration to reach the e optimal solution. Similar to Theorem 3.1, we show that the cost per
iteration would be O(dn”) as it takes O(d) to compute Vg(w?).

4.4 Proof of Theorem 3.3

We present the proof sketch for Theorem 3.3 in this section. We refer the readers to Appendix F for
the detailed proofs.

In this paper, we focus on the action-constrained Markov Decision Process (ACMDP). In this setting,
we are provided with a state S € R¥ and action space A € R?. However, at each step t € N, we
could only access a finite n-vector set of actions C(s) C A. Let us denote D,,,x as the maximum
diameter of A.

When you play with this ACMDP, the policy you choose is defined as 7y (s) : S — A with parameter
6. Meanwhile, there exists a reward function r : S x A € [0, 1]. Then, we define the Q function as
below,

oo

Q(s,a|lmg) =E {Z'ytr(st,atﬂso =Ss,a0 = a,mg|.

t=0
where v € (0,1) is a discount factor.

Given a state distribution u, the objective of policy gradient is to maximize J(u,my) =
Espi,a~me [Q(S, almg)] via policy gradient [58] denoted as:

Vo () = E_[Varo(s)VaQ(s,mo(s)]mo) -

1
[5] propose an iterative algorithm that perform MaxIP at each iteration k over actions to find

u(s) = max (o} = 75 (), VaQ(s. m5(5) ). ©®)

In this work, we approximate Eq. (6) using (c, ¢, %, 7)-MaxIP. Here define ¢ : S x R? — R+!
and 1) : R¢ — R¥*1 as follows:
¢(s,79) == [VaQ(s, 75 (s)|mg) T, () T Q(s, m (5)|m§)] T ¥o(a) == [a ", —1]T.

Then, for all 2,y € R? we have gi(s) = (¢(s, 7§),1(a)). Note that we still require transformations
in Eq. (3) to generate unit vectors.

Next, we show that if we retrieve an action QE using (¢, ¢, 1, 7)-MaxIP, the gap gi(s) would be
lower bounded by

Gi(s) = (ak — 7§ (s), VaQ(s, 75 (s)|75)))
> cgr(s) (7

Combining Eq. (7) the standard induction in [5], we upper bound Y __ ¢ gr(s)? as

1 28D?2
2 < max . 8
2 S T ®
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where p1,;, denotes the minimal density of sates in S and (3 is the smoothness factor.

In this way, given a constant factor ¢, if we would like to minimize the gap > s gr(s)? < &, T

BD3 o
should be O(m)
Cost Per Iteration After we take O(dn't°(1)) preprocessing time, the cost per iteration consists
three pairs: (1) it takes T to compute policy gradient, (2) it takes O(d) to perform transform ¢
and 1, (3) it takes O(dn”) to retrieve actions from LSH. Thus, the final cost per iteration would be
O(dn? + Tg).

4.5 Quantization for Adaptive Queries

In optimization, the gradient computed in every iteration is not independent of each other. This
would generate a problem for MaxIP data-structures. If we use a vector containing the gradients
as query for MaxIP data-structures, the query failure probability in each iteration is not indepen-
dent. Therefore, the total failure probability could not be union bounded. As previous MaxIP
data-structures focus on the assumptions that queries are independent, the original failure analysis
could not be directly applied.

In this work, we use a standard query quantization method to handle the adaptive query sequence
in optimization. Given the known query space, we quantize it by lattices [70]. This quantization is
close to the Voronoi diagrams. In this way, each query is located into a cell with a center vector.
Next, we perform query using the center vector in the cell. Therefore, the failure probability of
the MaxIP query sequence is equivalent to the probability that any center vector in the cell fails to
retrieve its approximate MaxIP solution. As the centers of cells are independent, we could union
bound the probability. On the other hand, as the maximum diameter of the cell is A. This query
quantization would introduce a A additive error in the inner product retrieved. We refer the readers
to Appendix G for the detailed quantization approach.

4.6 Optimizing Accuracy-Efficiency Trade-off

In this work, we show that by LSH based MaxIP data-structure, the cost for direction search is
O(dn*), where p € (0,1). In Section D.2 of the supplementary material, we show that p is a
function of constant ¢ and parameter 7 in approximate MaxIP (see Definition 4.2). Moreover, we
also show in Section D.2 that LSH results in only a constant multiplicative factor increase in the
number of iterations. Considering the cost per iteration and the number of iterations, we show that
when our algorithms stop at the e-optimal solution, LSH could achieve acceleration in the overall
running time. Therefore, we could set ¢ and 7 parameter to balance the accuracy-efficiency trade-off
of CGM to achieve the desired running time.

5 Potential Negative Societal Impact

This paper discusses the theoretical foundation of data-structures for conditional gradient methods.
We believe that this paper does not have negative societal impact in the environment, privacy, and
other domains.

6 Concluding Remarks

In this work, we present the first Frank-Wolfe algorithms that achieve sublinear linear time cost
per iteration. We also extend this result into herding algorithm and policy gradient methods. We
formulate the direction search in Frank-Wolfe algorithm as a projected approximate maximum inner
product search problem with a pair of efficient transformations. Then, we use locality sensitive
hashing data-structure to reduce the iteration cost into sublinear over number of possible parameters.
Our theoretical analysis shows that the sublinear iteration cost Frank-Wolfe algorithm preserves the
same order in the number of iterations towards convergence. Moreover, we analyze and optimize the
trade-offs between saving iteration cost and increasing the number of iterations to achieve sublinear
total running time. Furthermore, we identify the problems of existing MaxIP data-structures for cost
reduction in iterative optimization algorithms and propose the corresponding solutions. We hope this
work can be the starting point of future study on sublinear iteration cost algorithm for optimization.
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Appendix

We provide supplementary materials for our work. Section A introduces the preliminary notations
and definitions, Section B introduces the LSH data structure in detail for MaxIP, Section C presents
our sublinear Frank-Wolfe algorithm, Section D presents the convergence analysis for sublinear
Frank-Wolfe, Section E provide the algorithm and analysis on sublinear cost Herding algorithm,
Section F provide the algorithm and analysis on sublinear cost policy gradient approach, Section G
shows how to handle adaptive queries in MaxIP.

A Preliminary

A.1 Notations

We use Pr[] and E[] for probability and expectation. We use max{a, b} to denote the maximum
between a and b. We use min{a, b} (resp. max{a,b}) to denote the minimum (reps. maximum)
between a and b. For a vector z, we use ||z[|2 := (31—, 22)}/2 to denote its ¢, norm. We use

Izl :== (32i, |24|P)/P to denote £, norm. For a square matrix A, we use tr[A] to denote the trace
of matrix A.

A.2 LSH and MaxIP

We start with the defining the Approximate Nearest Neighbor (ANN) problem [61, 46, 47, 62, 63,
64, 65, 66, 67, 68, 69] as:

Definition A.1 (Approximate Nearest Neighbor (ANN)). Let ¢ > 1 and r € (0,2). Given an n-
vector set P C S~ on the sphere, the goal of the (¢, r)-Approximate Near Neighbor (ANN) search
is to construct a data structure that for any query q € S*~ such that min,cp ||p — ql|2 < r, return
avectorp' € P such that ||p' — qll2 <T- 7.

The ANN problem can be solved via locality sensitive hashing (LSH) [46, 47, 65]. In this paper, we
use the standard definitions of LSH (see Indyk and Motwani [46]).

Definition A.2 (Locality Sensitive Hashing). Let ¢ denote a parameter such that ¢ > 1. Let p1,ps
denote two parameters such that 0 < py < p1 < 1. A family H is called (r,< - v, p1, p2)-sensitive if
and only if, for any two vector x,y € R%, h chosen uniformly from H satisfies the following:

* iflle —ylla <7, then Pray[h(x) = h(y)] = p1,
* iflle —ylla = €7, then Pris[h(z) = h(y)] < pa.

Next, we show that LSH solves ANN problem with sublinear query time complexity.

Theorem A.3 (Andoni, Laarhoven, Razenshteyn and Waingarten [66]). Let ¢ > 1 and r € (0, 2).
The (¢,)-ANN on a unit sphere S*1 can be solved with query time O(d - n”), space O(n* o) +
dn) and preprocessing time O(dn'*t°(M)), where p = 2 — L + o(1).

Here we write o(1) is equivalent to O(1/+y/Iogn). Note that we could reduce d to n°") with John-
son-Lindenstrauss Lemma [71]. Besides, we could achieve better p using LSH in [64] if we allowed
to have more proprocessing time.

In this work, we focus on a well-known problem in computational complexity: approximate MaxIP.
In this work, we follow the standard notation in [72] and define the approximate MaxIP problem as
follows:

Definition A.4 (Approximate MaxIP). Let ¢ € (0,1) and 7 € (0,1). Given an n-vector dataset
Y C S, the goal of the (c, T)-MaxIP is to construct a data structure that, given a query x € S*~!
with the promise that maxycy (,y) > T, it retrieves a vector z € Y with (x, z) > c-maxyecy (T, Y).

In many applications, it is more convenient to doing inner product search in a transformed/projected

space compared to doing inner product search in the original space. Thus, we propose the following
definitions (Definition A.5 and Definition A.6)
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Definition A.5 (Projected MaxIP). Let ¢, : R? — R* denotes two transforms. Given a data set
Y C R% and a point © € R?, we define (¢,1))-MaxIP as follows:

(¢,9)-MaxIP(2,Y) := 1;1€a§<¢($)71/)(y)>

Definition A.6 (Projected approximate MaxIP). Let ¢,v : R? — R¥ denotes two transforms.
Given an n-point dataset Y C R? so that (Y) C S, the goal of the (c,$, 1, 7)-MaxIP is

to build a data structure that, given a query v € R? and ¢(x) € SF~1 with the promise that
maxycy (¢(x), ¥ (y)) > 7, it retrieves a vector z € Y with (¢(z), ¥(2)) > ¢ (¢,¢)-MaxIP(z,Y).
Besides MaxIP, We also define a version of the minimum inner product search problem.

Definition A.7 (regularized Min-IP). Given a data set Y C R? and a point x € R%. Let ¢ : R —
R? denotes a mapping. Given a constant o, we define regularized Min-IP as follows:

(¢, 0)-Min-IP(z,Y) := minfy — 2, ¢(2)) + of|lz —y||

A.3 Definitions and Properties for Optimization

We start with listing definitions for optimization.

Definition A.8 (Convex hull and its diameter). Givenaset A = {x;};c[n) C R, we define its convex
hull B(A) to be the collection of all finite linear combinations y that satisfies y = Zie[n] a; - T
where a; € (0,1) forall i € [n] and 3¢, ai = 1. Let Dyax denotes the maximum square of
diameter of B(A) so that ||z — yll2 < Dmax for all (z,y) € B(A).

Definition A.9 (Smoothness). We say L is 3-smooth if
p
L(y) < L(z) + (VL(@),y = 2) + Sy = =[5
Definition A.10 (Convex). We say function L is convex if
L(z) = L(y) + (VL(y), = — y)

Next, we list properties for optimization.

Corollary A.11. Fora set A = {x;};cn) C RY, and its convex hull B(A), given a query q € R?, if
r* = argmax,ea q ' x. Then, "y < q'a* forally € B(A).

Proof. We can upper bound ¢ "y as follows:

y=q"()_ ai-z)

where the first step follows from the definition of convex hull in Definition A.8, the second step is
an reorganization, the third step follows the fact that a; € [0,1] foralli € [n] and ¢ z; < q"x* for

all z; € A, the last step follows that > ieln] @ <1. O

Lemma A.12 (MaxIP Condition). Let g : R — R denotes a convex function. Let S C R denotes
a set of points. Given a vector © € B(S), we have

r%ig(Vg(x), s—x) <0, Vrehb.
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Proof. Let sy, = arg minges(Vg(z), s). Then, we upper bound (Vg(z), Smin — ) as

<v9(x)a Smin — 17> = <Vg(1’), Smin — Zai : 5>

<(Vg(z), z;gai(ss:li — i)

- z:sal(;eg(x), Smin — Si)

= i a;((Vg(x), smin) — (Vg(x), 5:))

7 ©)

where the first step follows from the definition of convex hull in Definition A.8, the second and third
steps are reorganizations, the final steps follows that (Vg(x), so) < (Vg(z),s) forall s € S.

Next, we upper bound minges(Vg(z),s —z) <0, Vr e Bas
rvréig(Vg(:U)7 s—xz) < (Vg(z),s0—x) <0

where the first step follows from the definition of function min and the second step follows from
Eq (9). O

B Data Structures

In this section, we present a formal statement that solves (¢, 7)-MaxIP problem on unit sphere using
LSH for (¢, r)-ANN.

Corollary B.1 (Formal statement of Corollary 4.4). Let ¢ € (0,1) and 7 € (0,1). Given a set
of n-vector set Y C S9! on the sphere, one can construct a data structure with O(dn'*+°())
preprocessing time and O(n“"’(l) + dn) space so that for any query x € S, we take query
time complexity O(d - nP) to retrieve (c,7)-MaxIP of x in Y with probability at least 0.9', where

p= %1—7032 - ((11:077))4 +o(1)

Proof. We know that ||z — y||3 = 2 — 2(x,y) for all z,y € S?~!. In this way, if we have a LSH
data-structure for (¢,7)-ANN. It could be used to solve (¢, 7)-MaxIP with 7 = 1 — 0.5r? and

1-0.5¢r

2
_ =2
C= gk Next, we write ¢“ as

o 1—c(1—0.5r%) _l—ecr
0.5r2 1—7°

Next, we show that if the LSH is initialized following Theorem A.3, it takes query time O(d - n*),
space O(n'T°(1) 4 dn) and preprocessing time O(dn'T°(1)) to solve (c, 7)-MaxIP through solving
(¢, 7)-ANN, where

2 1 2(1—17)?2 (1—71)*

p:?_éj+0(1): (1—cr)? (1—cr)4+0(1)'

O

In practice, c is increasing as we set parameter 7 close to MaxIP(z,Y"). Moreover, Corrolary B.1
could be applied to projected MaxIP problem.

Corollary B.2. Let ¢ € (0,1) and 7 € (0,1). Let ¢, : R® — R denotes two transforms.
Let Ty denotes the time to compute ¢(x) and Ty, denotes the time to compute (y). Given a set
of n-points Y € R with »(Y) C S*~! on the sphere, one can construct a data structure with

Tt is obvious to boost probability from constant to § by repeating the data structure log(1/5) times.
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O(dn1+°(1) + Tyn) preprocessing time and O(n“‘o(l) + dn) space so that for any query x € R?
with ¢(x) € S*~1, we take query time complexity O(d - n? + T) to solve (c, ¢, 1, T)-MaxIP with

respect to (x,Y") with probability at least 0.9, where p := %1_;:;2 — ((11:;))44 + o(1).

Proof. The preprocessing phase can be decomposed in two parts.

* It takes O(Tyn) time to transform every y € Y into ¢(y).

* It takes O(O(dn'T°M) time and O(dn'+°() 4 dn) to index every 9 (y) into LSH using
Corrolary B.1.

The query phase can be decomposed in two parts.

« It takes O(7y) time to transform every z € R? into ¢(z).

¢ It takes O(d - n”) time perform query for ¢(z) in LSH using Corrolary B.1.

O
C Algorithms
C.1 Problem Formulation
In this section, we show how to use Frank-Wolfe Algorithm to solve the Problem C.1.
Problem C.1.
i 10
miy g(w) (10)
We have the following assumptions:
» g : RY = R is a differentiable function.
» S C R%is a finite feasible set. | S| = n.
» B =B(S) C R% is the convex hull of the finite set S C R% defined in Definition A.8.
* Dpnax is the maximum diameter of B(S) defined in Definition A.8
In Problem C.1, function g could have different proprieties about convexity and smoothness.
To solve this problem, we introduce a Frank-Wolfe Algorithm shown in Algorithm 1.
Algorithm 1 Frank-Wolf algorithm for Problem C.1
1: procedure FRANKWOLFE(S C R%)
2
2 T O(BPmex) vt € [T
3 74— t_%
4 Start with w® € B. > B = B(S)(see Definition A.8).
5 for t=1—-T—-1do
6: st « argminges(Vg(w?), s)
7 witt (1 — n)wt + st
8 end for
9 return w?
10: end procedure

One of the major computational bottleneck of Algorithm 1 is the cost paid in each iteration. Al-
gorithm 1 has to linear scan all the s € § in each iteration. To tackle this issue, we propose a
Frank-Wolfe Algorithm with sublinear cost in each iteration.

21



760

761
762
763

764
765

766

767
768

769
770

771
772

773

774
775

776

777

C.2 Our Sublinear Frank-Wolfe Algorithm

In this section, we present the Frank-Wolfe algorithm with sublinear cost per iteration using LSH.
The first step is to formulate the line 6 in Algorithm 1 as a projected MaxIP problem defined in
Definition A.5. To achieve this, we present a general MaxIP transform.

Proposition C.2 (MaxIP Transform). Let ¢, : RY — RF and P2, s : RY — RF2 10 be the
projection functions. Given the polynomial function p(z) = Zi’;o a; 2%, we show that

(d1(2),91(y)) + p([|2(x) — ¥2(y)[13) = (D(x), ¥(y)) (11)
where ¢, : RE — RE1+k2(D+D* s the decomposition function.

i k i s
Proof. Because ¢a (), 1a(y) € R™, [[¢a(x) — va(y) |57 = 2272, (¢2(2); — 12(y);)*". This is the
sum over dimensions. Then, we have

D
pllé2(x) — a2 (y)ll3) = Z%H%(x) — a(y)|I5’

= Y@ > (0a(@); — valw))®

=0
D k?2
=0

J=1

where the first follows from definition of polynomial p, and the second step follows from definition
of /5 norm.

Here ¢ (x); means the jth entry of ¢,(x). Using the binomial theorem, we decompose (¢2(z); —

Ua(y);)* as:
(¢2($)j - ﬁ’z(y)j)%

= Z (7 p2(@)7 a(y)}
=0
= <[¢2(x)?la e 7¢2(I)?i_lv U 7¢2(‘T)j7 1}7 [la ¢2(y)j’ T 7¢2(y)§'7 e ’¢2(y)?z]>

Uj 'Uj

Then, we generate two vectors u’ € RF2(2i+1) apd ¢ € RF2(2+1)

ui:[ul Cewg e U] uJ:[ngQ(x)?l (252(:5)?_[ co o(m); 1]

vi=lor e vy e U] vy =1 thaly); - Ya(y)h -+ Pa(y)¥

Thus, Z§11(¢2(I) ; — ¥2(y);)* can be rewrite with inner product by concatenating all the wu;
together and then concatenating all the v;.

k2

D (Ba(@); — a(y);)* = (u',0").

Jj=1

We make vectors b € R¥2(P+1* and ¢ € RF2(P+1)? guch as

b=[u0-~- RTL ,up
c=[agt?,--- a0’ apv”]
So that
D ko D D
D aid (da(w); — a(y);)” =D ai(u’,v') = (u',a;0") = (b,c)
i=0  j=1 i=0 i=0
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Finally, we have

(@1(2), 1 (y)) +p(llg2(x) — 2(y)l3) = (61

Total projected dimension:

D D
ky+ Y ka(2i+1) =k + (D+ Dky +2ky Y i

1=0 i=1
D(D+1
:k1+(D+1)k2+2k2-7( )

2
= k1 + ko(D +1)?
O

Therefore, any binary function with format (¢ (), 91 (y)) +p(||¢2(x) —12(y)||3) defined in Propo-
sition C.2 can be transformed as a inner product.

Next, we show that a modified version of line 6 in Algorithm 1 can be formulated as a projected
MaxIP problem.

Corollary C.3 (Equivalence between projected MaxIP and Min-IP). Let g be a differential function
defined on convex set K C Re. Givenn € (0,1) and z,y € K, we define ¢, : R? — RI*3 g5
follows:

T B T T 2 T
() = [%&) 0 /lfnqaoég)nz W(y) = liwoé?;;) 1 uwog%)\b 0}

where

o(z) =[Vg(z) ", 2T Vg(@)]" doly) = [~y 1"
, Dy is the maximum diameter of ¢o(x) and D, is the maximum diameter of 1o (y).

Then, for all x,y € R, we transform them into unit vector ¢(z) and 1(y) on S4+2. Moreover, we
have

(y—2,Vg(x)) = =Dz Dy(o(x),%(y))
Further, the (¢,1)-MaxIP (Definition A.5) is equivalent to the (Vg,0)-Min-IP (Definition A.7).
arg max(¢(z), Y (y)) = argmin(y — z, Vg(2))
In addition, let T, denote the time of evaluating at any point y € R? for function 1), then we have
Ty = O(1).

Let Ty denote the time of evaluating at any point © € R? for function ¢, then we have Ty =
Tvg + O(d), where the Ty 4 denote the time of evaluating function Vg at any point & € R,

Proof. We start with showing that ||¢(z)||2 = ||¥(y)||2 = 1. Next, we show that
_ (Po(x), ¥o(y))
_ (=5, Vy(@)) + (2, Vg(2))
D,D,

<y — T, Vg(l'»

D,D,
where the first step follows from definition of ¢ and ), the second step follows from definition of
@0 and 1)y, the last step is a reorganization.

Based on the results above,

arg r;leagw(x), Y(y)) = arg ryrg;cl@ —x,Vg(z))
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Using Corollary C.3, the direction search in Frank-Wolfe algorithm iteration is equivalent to a
(¢, ¢)-MaxIP problem. In this way, we propose Algorithm 2, an Frank-Wolfe algorithm with sub-
linear cost per iteration using LSH.

Algorithm 2 Sublinear Frank-Wolfe for Problem C.1

1: data structure LSH > Corollary B.2
22 INIT(S CcREL,neN, deN, ce(0,1))

3: > |S| =n, c € (0,1) is LSH parameter, and d is the dimension of data
4 QUERY(z € R4, 7 € (0,1)) > 7 € (0,1) is LSH parameter
5: end data structure

6.

7

: procedure SUBLINEARFRANKWOLFE(S C R%, n € N,d € N, c € (0,1), 7 € (0,1)) >
Theorem D.1
8:  Construct ¢, v : R? — R+ as Corollary C.3
9: static LSH LSH
10: LSH.INIT(¢(S),n,d + 3, ¢)

11: Start with w" € B. > B = B(S)(see Definition A.8).
120 T« O(22pa)

130 04 gy VEE [T

14: for t=1—T—-1do

15: /% Query with w! and retrieve its (c, ¢, 1, 7)-MaxIP s* € S from LSH data structure */
16: s' < LSH.QUERY(p(w'), T)

17: /* Update w! in the chosen direction*/

18: w1 —n) - wt + 1 - st

19: end for

20:  return w’

21: end procedure

D Convergence Analysis

In this Section D, analyze the convergence of our Sublinear Frank-Wolfe algorithm in Algorithm 2
when g is convex (see Definition A.10) and 3-smooth (see Definition A.9). Moreover, we compare
our sublinear Frank-Wolfe algorithm with Frank-Wolfe algorithm in Algorithm 1 in terms of number
of iterations and cost per iteration.

D.1 Summary

We first show the comparsion results in Table 2. As shown in the table, with O(dn'*°() . k)
preprocessing time, Algorithm 2 achieves O(dn” - k + T) cost per iteration with }2 more iterations.

Algorithm | Statement Preprocessing | #iters cost per iter
Algorithm 1 | [9] 0 O(BDZ,. /¢ O(dn+T,)
Algorithm 2 | Theorem D.1 | O(dn'*°™W . k) | O(c2BD2,. /e) | O(dn’ - k + Ty)
Table 2: Comparison between original Frank-Wolfe algorithm and our sublinear Frank-Wolfe al-
gorithm. Here 7, denotes the time for computing gradient of g, ¢ € (0,1) is the approximation
factor of LSH. We let x := O(log(7'/6)) where T is the number of iterations and ¢ is the failure
probability. p € (0,1) is a fixed parameter determined by LSH.

D.2 Sublinear Frank-Wolfe Algorithm

The goal of this section is to prove Theorem D.1.

Theorem D.1 (Convergence result of Sublinear Frank-Wolfe, a formal version of Theorem 3.1 ).
Let g : RY — R denotes a convex (see Definition A.10) and B-smooth function (see Definition A.9).
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Let the complexity of calculating Vg(x) to be Ty. Let ¢, : R? — R* denotes two transforms
in Corollary C.3. Let S C R? denotes a set of points with |S| = n, and B C R% is the convex
hull of S (see Definition A.8). For any parameters €, 0, there is an iterative algorithm with that

2
takes O(dn1+"(1) - K) preprocessing time and O((nlJ”’(l) + dn) - k) space, takes T = O(LD:'“)
iterations and O(dn” - k + T,) cost per iteration, starts from a random w° from B as initialization
point, updates the w in each iteration as follows:

st < (¢, ¢,9, T)-MaxIP of w" with respect to S
w w4 (58— wh)
and outputs w € R? from B such that

Ty . <
g(w™) wmelgg(w)_@

holds with probability at least 1 — §. Here k := O(log(T'/0)) and p := %1_222 — ((11:6,77))44 +o(1).

Proof. Convergence.

Let ¢ denote some fixed iteration. We consider two cases:

e Case 1. 7 > max,ec5(1(s), p(wh));

 Case 2. 7 < maxses(1(s), p(w?)).

Case 1. In this case, we can show that
™2 max(u(s), o(u'))
(¥ (w*), ¢(w'))
D,D,
_ (W' —w*, Vg(u"))
D,D,

L 9w) — g(w’)
= Dny )

>

where the first step follows from Corollary C.3, the second step follows from the Corollary A.11,
the third step is a reorganization, the last step follows the convexity of g (see Definition A.10).

Thus, as long as 7 > D, D,e, then we have

g(w') — g(w") < e

This means we already converges to the optimal.

Case 2. We start with the upper bounding (s — w?, Vg(w?)) as

<st - wt7 VQ(wt» = = Dsz<¢(3t)7 ¢(wt)>
< —-c- Dsz I?ea§(<w S), ¢(wt)>

< — ¢ DeDy((w"), (w'))
= c(w* —w', Vg(w")) (12)

where the first step follows from Corollary C.3, the second step follows from Corollary B.2 and
MaxIP condition in Lemma A.12, the third step follows from Corollary A.11.

For convenient of the proof, for each ¢, we define h; as follows:

he = g(w') — g(w”). (13)
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Next, we upper bound h;; as

hip1 = g(w'™*h) — g(w*)

=g((1 = p)w" + nes’) — g(w”)

B .
< g(w') +m(s" —w', Vo)) + Snflls" — w'[3 — g(w")
2

D
< g(w') + (s —w', Vg(w")) + 2‘“‘”‘773—9( ")

. D%,
< g(w") + ep(w* — w', Vg(w')) + =222 — g(w*)

2
2
= (1= m)g(w') + em (g(w') + " —w', V() + Z2mtt — o)
D2
< (1= m)g(w') + eneg(w*) + Ta"‘nf — g(w*)
t * BD?nax 2
< (1 —=en)g(w') — (1 —ene)g(w®) + —

BD?nax 7]2

< (1 —en)he + 2 n

(14)

where the first step follows from definition of h;y; (see Eq. (13)), the second step follows from
the update rule of Frank-Wolfe, the third step follows from the definition of 5-smoothness in Def-
inition A.9, the forth step follows from the definition of maximum diameter in Definition A.8, the
fifth step follows the Eq (12), the sixth step is a reorganization, the seventh step follows from the
definition of convexity (see Definition A.10), the eighth step follows from merging the coefficient
of g(w*), and the last step follows from definition of h; (see Eq. (13)).

Let e; = Ayhy, A; is a parameter and we will decide it later. we have:

D2
er1 —ep = A ((1 —cne)he + 2max 2) Ahy

BDIQnax 2
= (At+1(1 — C’f]t) — At) ht + o+ B At+177t (15)
Let A, = Hl) ,Cny = . In this way we rewrite A;41(1 — n;) — A and At+1772i as
¢ Appr(T—m) — A =0
772
° At+1 2 = (t+2)c2 < C
Next, we upper bound e; 1 — e; as:
t+1
ery1— e <04 —— ﬁDmax
<ec 2ﬁDmaX (16)
where the first step follows from A;.1(1 —n;) — A; = 0 and At+1%f2' =G +2) —=+s—. The second step
t+1
follows from ; B < 1
Based on Eq (16), we upper bound e; using induction and have
ey < ¢ ABD2 (17
Using the definition of e;, we have
€t 2,8D
hy = — < ——1ax 18
PTA T Et+1) (18)
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To make h; < ¢, t should be in O(L?““X). Thus, we complete the proof.

c?e
Preprocessing time According to Corrollary B.2, can construct x = O(log(7'/d)) LSH data struc-
tures for (¢, ¢, 1, 7)-MaxIP with ¢, ¢ defined in Corollary C.3. As transforming every s € .S into
1)(s) takes O(dn). Therefore, the total the preprocessing time complexity is O(dn'to() . ).

Cost per iteration

Given each w’, compute Vg(w’) takes 7,. Next, it takes O(d) time to generate ¢(w") according to
Corollary C.3 based on g(w') and Vg(w'). Next, according to Corrollary B.2, it takes O(dn” - k)
to retrieve s’ from k = O(log(7'/8)) LSH data structures. After we select s', it takes O(d) time to

update the w'*!. Combining the time for gradient calculation, LSH query and w’ update, the total

lexity is O(dn® - i + T.) with p i 20=7% _ (A=n)' o
complexity is O(dn” - k + T4) with p := =c)? ~ ey +o(1).

O
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E Herding Algorithm

E.1 Problem Formulation

In this section, we focus on herding algorithm a specific example of Problem C.1. We consider a
finite set X C R? and a mapping ® : RY — RF. Given a distribution p(z) over X, we denote
u € RF as

p= E [&()] (19)
z~p(x)
The goal of herding algorithm [57] is to find T elements {z1, 22, -+ ,2r} C X such that ||u —

Zthl v¢®(2¢)]|2 is minimized. Where v; is a non-negative weight. The algorithm generates samples
by the following:

- o
z+1 = arg max{we, 2(z))

wip1 = wi + pp — P(w411) (20)

Let B denotes the convex hull of X. [1] show that the recursive algorithm in Eq (20) is equivalent
to a Frank-Wolfe algorithm Problem E.1.

Problem E.1 (Herding).
1 2
min o [lw — ull2

We have the following assumptions:
s S = ®(X) C RY is afinite feasible set. |S| = n.
s B =B(S) C RY is the convex hull of the finite set S C R% defined in Definition A.8.
* Dinax is the maximum diameter of B(S) defined in Definition A.8

Therefore, a frank-Wolfe algorithm [1] for herding is proposed as

Algorithm 3 Frank-Wolf algorithm for Herding

1: procedure FRANKWOLFE(S C RF)
2 T O(Pmax), vt € [T

3 n < ]‘_%2

4 Start with w® € B.

5: for t=1—T—1do

6: st < argmaxeg(w' — p, s)
7: wit (1 — n)w' +nst

8 end for

9 return w’
10: end procedure

Algorithm 3 takes O(nd) cost per iteration.

To improve the efficiency of Algorithm 3, we propose a herding algorithm with sublinear cost per
iteration using LSH.
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Algorithm 4 Sublinear Frank-Wolf algorithm for Herding

: data structure LSH
INIT(S CRY, neN,deN,ce (0,1))

1

2

3

4

5: end data structure
6.

7

8

. procedure SUBLINEARFRANKWOLF(S C R4, n € N,d € Nc €

9:
10:
11:
12:

13:
14:

15:
16:
17:
18:
19:
20:
21:

QUERY(z € R4, 7 € (0,1))

Construct ¢, ¢ : R — R4+1 as Corollary C.3

static LSH LsH

LSH.INIT(¢)(S), n,d + 3, ¢)

Start with w € B.

T+ O(22nsx) vt € [T)

cZe

2
N 2

for t=1—T—1do

> Corollary B.2

> |S| =n, ¢ € (0,1) is LSH parameter, and d is the dimension of data

>7 € (0,1) is LSH parameter

(0,1),7 € (0,1))

> Theorem E.3

> B = B(S)(see Definition A.8).

/* Query with w! and retrieve its (c, ¢, 1)-MaxIP st € S from LSH data structure */
s! < LSH.QUERY (¢ (w?), 7)

/* Update w? in the chosen direction*/
w1 —n) - wt + 1 - st

end for

return w”

22: end procedure

E.2 Convergence Analysis

The goal of this section is to show the convergence analysis of our Algorithm 4 compare it with
Algorithm 3 for herding.

We first show the comparison results in Table 3.

Algorithm | Statement Preprocessing | #iters cost per iter
Algorithm 3 | [1] 0 O(DZ,./¢) O(nd)
Algorithm 4 | Theorem E.3 | O(kn!toM) O(c™2D2,./€) | O(kn?logn + d)

Table 3: Comparison between Algorithm 4 and Algorithm 3

Next, we analyze the smoothness of 1 ||w — p||3.

Lemma E.2. We show that g(w)

Proof.

where all the steps except the last step are reorganizations. The last step follows g(y) = 5|y —

1
2

|lw™ — |3 is a convex and 1-smooth function.

1 1 1
9(@) + (Vg(a),y =) + 5lly = 2llz = Sllo = plz + (& = py =) + 5 lly — 2ll3

2
1

=@ o—22Tp+p p)+ @ y—yp

2

2

.Y

=9(y)

Rewrite the Eq (21) above, we have

o) + (Vg(e)oy — ) + 3y - ol

29
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2

pll3

1

21
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> g(z) + (Vg(x),y — z) (23)
g(z) = &||z — p||3 is a convex function.

Rewrite the Eq (21) above again, we have
1
9(y) = g9(z) + (Vo(@),y = 2) + 5 ly — =[5 (24)
1
< g(@) +(Vog(@),y — 2) + 5 lly — 13 (25)

g(z) = %Hx — p||3 is a 1-smooth convex function.

Next, we show the convergence results of Algorithm 4.

Theorem E.3 (Convergence result of Sublinear Herding, a formal version of Theorem 3.2). For

any parameters €, 0, there is an iterative algorithm (Algorithm 4) that takes O(dnH"(l) - K) time in
2

pre-processing and O((n*+°(M) +dn) - k) space, takes T = O(%) iterations and O(dn” - k) cost

per iteration, starts from a random w° from B as initialization point, updates the w in each iteration

based on Algorithm 4 and outputs w™ € R? from B such that
L7 2 1 2
Z — — Zlw — <
5w = pllz — min o flw — pll; <

holds with probability at least 1 — §. Here p := 2007 ((11:;))44 + o(1) and K := O (log(T'/9)).

= U=cn)?

Proof. First, we show that g(w) = %||w” — p||3 is a convex and 1-smooth function. using
Lemma E.2. Then, we could prove the theorem using Theorem E.3. Following the fact that the
computation of gradient is O(d), we could also provide the query time, preprocesisng time and
space complexities.

O

E.3 Discussion

We show that our sublinear Frank-Wolfe algorithm demonstrated in Algorithm 4 breaks the linear
cost per iteration of current Frank-Wolfe algorithm in Algorithm 3 in herding algorithm. Meanwhile,
the extra number of iterations Algorithm 4 pay is affordable.

F Policy Gradient Optimization

We present the our results on policy gradient in this section.

F.1 Problem Formulation

In this paper, we focus on the action-constrained Markov Decision Process (ACMDP). In this setting,
we are provided with a state S € R¥ and action space A € R?. However, at each step t € N, we
could only access a finite subset of actions C(s) C A with cardinality n. Let us denote Dy, as the
maximum diameter of A.

When you play with this ACMDP, the policy you choose is defined as my(s) : S — A with parameter
6. Meanwhile, there exists a reward function 7 : S x A € [0, 1]. Next, we define the Q function as
below,

oo

Q(s,almg) =E {Z’y%(st,atﬂso =s,a0 =a,my|.
=0

where y € (0,1) is a discount factor.
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Given a state distribution p, the objective of policy gradient is to maximize the expected value
J(p, 7o) = Egmpp,ammy [Q(S, a|mg)] via policy gradient [58] denoted as:

Vol (1 m0) = [ Voma(s)VaQ(s, mo(s)lmo) |

[5] propose an iterative algorithm that perform MaxIP at each iteration k over actions to find

gi(s) = ag&g)m? —mp(5), VaQ(s, 75 (s)|m5))). (26)

Moreover, [5] also have the following statement

Lemma F.1 ([5]). Given a ACMDP and the gap gi(s) in Eq.(26), we show that

2LD2

K1Y > k (1 =9)piin 2
T(mp ) = T, wh (5)) + g Y gi(s)
max ES
Therefore, [5] maximize the expected value via minimizing g (s).

In this work, we accelerate Eq. (6) using (¢, ¢, 1, 7)-MaxIP. Here define ¢ : S x R¢ — R*2 and
Y : RY — R*3 as follows:

Corollary F.2 (Transformation for Policy Gradient). Let g be a differential function defined on
convex set K C RY with maximum diameter Dy. For any x,y € K, we define ¢, : R4 — R3 as
follows:

p(x) :

Il
r
g
SE
‘4
o
—
|
B
e
o)
<
—~
Nag
S
|
l—|
S
S
—
|
=
e
ol
o
_ 1
4‘

where

o(s,m5) = [VaQ(s,m5 (s)|mg) T, () " Q(s, g (s)|mg)] T
vo(a) =[a’, -1]"

and D, is the maximum diameter of ¢o(z) and D, is the maximum diameter of o (y).

Then, for all z,y € K we have gi(s) = D, D, (¢(s,75),(a)). Moreover, ¢(z) and ) (y) are unit
vectors with norm 1.

Proof. We show that

(@(s,m5),%(a)) = DDy (VaQ(s, 75 (s)|m5), a) — (VaQ(s, w4 (s)|m), m6)

= D' DNk — 7 (s), VaQ(s, 75 (5)|75)))

where the first step follows the definition of ¢ and 1), the second step is an reorganization. [

In this way, we propose a sublinear iteration cost algorithm for policy gradient in Algorithm 5.
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Algorithm 5 Sublinear Frank-Wolfe Policy Optimization (SFWPO)

1: data structure LSH > Corollary B.2
2 INIT(S C R4, neN,deN,ce (0,1))

3 > |S| =n, ¢ € (0,1) is LSH parameter, and d is the dimension of data
4 QUERY(z € R4, 7 € (0,1)) >7 € (0,1) is LSH parameter
5: end data structure
6.
7
8

. procedure SFWPO(S C R¥, c € (0,1),7 € (0,1))
: > Theorem F.3
9: Input: Initialize the policy parameters as 6y € R! that satisfies 79 (s) € C(s) forall s € S

10: for each State s € S do

11: Construct ¢, : R? — R+ as Corollary F.2
12: static LSH LSH,
13: LSH INIT((C(s),n,d + 3, ¢)
14: end for o
C_ LDrﬂdX
16: for each iteration k = 0,1,--- , T do
17: for each State s € S do
18: Use policy 7§ and obtain Q(s, 75 (s)|75)
19: end for
20: for each State s € S do
21 ak¥ < LSH;.QUERY(¢(s, 75 (s),7))
22: gi(s) = (ak — g (s), VaQ(s, 75 (s)|m5)))
1—Y)fmin ~
23: oi(s) = %91«(8)
24: gt (s) = mp(s) + an(s)(ak — 74 (s)
25: end for
26: end for
27:  return 7} (s)

28: end procedure

F.2 Convergence Analysis

The goal of this section is to show the convergence analysis of of Algorithm 5 compare it with [5].We
first show the comparison results in Table 4.

Algorithm | Statement Preprocessing | #iters cost per iter
(51 (5] 0 O ) | Oldn +Tq)
Algorithm 5 | Theorem E3 | O(dn'*°M) . k) O(%) O(dn” - k+7q)
Table 4: Comparison between our sublinear policy gradient (Algorithm 5) and [5].

The goal of this section is to prove Theorem F.3.

Theorem F.3 (Sublinear Frank-Wolfe Policy Optimization (SFWPO), a formal version of Theo-
rem 3.3). Let Tg denotes the time for computing the policy graident. Let D,y denotes the maxi-
mum diameter of action space and 3 is a constant. Let v € (0,1). Let p € (0, 1) denotes a fixed
parameter. Let lmin denotes the minimal density of sates in S. There is an iterative algorithm
(Algorithm 5) that spends O(dn'+°W) . k) time in preprocessing and O((n*+°M) + dn) - k) space,

2
takes 0(62(1’8_[)%) iterations and O(dn? - k +Tq) cost per iterations, start from a random point

7r8 as initial point, and output policy Wg that have average gap /) .5 gr(s)? < € holds with
probability at least 1 — 1/ poly(n), where g7(s)? is defined in Eq. (26) and r := ©(log(T/9)).

Proof. Let a’; denotes the action retrieved by LSH. Note that similar to Case 1 of Theorem D.1,
the algorithms convergences if parameter 7 is greater than maximum inner product. Therefore, we
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could direct focus on Case 2 and lower bound g, (s) as

Gils) = (@F — 78(s), VaQ(s, 7h (5) 7))
= D, D, (¢(s,78), p(ak))
> CDsz Iélg(x)@b(s,wé), 1/)(@))

= c(a, VaQ(s, 7y (s)|75))) — c(m (s), VaQ(s, 74 (5)|75)))
= cgr(s) (27)

where the first step follows from the line 22 in Algorithm 5, the second step follows from Corol-
lary F.2, the third step follows from Corollary B.2, the forth step follows from Corollary F.2 and the
last step is a reorganization.

k+1) as

Next, we upper bound J(p, 7

Tk = Jueh(s) + L o § g )

max SES
2
k C (1 ’Y) /-‘me
> J(p, g (s)) + Tﬁng
(28)
where the first step follows from Lemma F.1, the second step follows from Eq. (27)
Using induction from 1 to 7', we have
Jonaf) = sty + S S5 29)
e 0T 2LDR, '
k=0s€eS
Let G = 31 _o s 9k (5)2, we upper bound G as
2LD?
G 57— 05— J(p,md) — J(p, 3
B ) = T )
2LD?
< ¢J T
2LD2 .
T c (]‘ - ,‘Y) umin
(30)

where the first step follows from Eq (29), the second step follows from J(u, ) > J(u, 74 ), last
step follows from J(u, ) < (1 —~)~ L.

Therefore, we upper bound Y° 5 gr(s)? as

ZQT S : 1G

seS

1 2LD?
< o 31)
T+ 11 =) pin
where the first step is a reorganization, the second step follows that ) gr(s)? is non-increasing,
the second step follows from Eq (30).

If we want ) s gr(s)? < €2, T should be O(W)

Preprocessing time According to Corrollary B.2, can construct k = ©(log(T/d)) LSH data struc-
tures for (c, ¢, 1, 7)-MaxIP with ¢, ¢ defined in Corollary F.2. As transforming every a € A into
1(a) takes O(dn). Therefore, the total the preprocessing time complexity is O(dn't°() . k).
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Cost per iteration

Given each w?, compute the policy gradient takes 7. Next, it takes O(d) time to generate ¢(s, 75)
according to Corollary C.3 based on policy gradient. Next, according to Corrollary B.2, it takes
O(dn” - k) to retrieve action from k = O(log(7'/d)) LSH data structures. After we select action, it
takes O(d) time to compute the gap the update the value. Thus, the total complexity is O(dn” - k +

—r 2 —r 4
To) with p := ?fl_wgz - ((11_62)4 +o(1).

O

F.3 Discussion

We show that our sublinear Frank-Wolfe based policy gradient algorithm demonstrated in Algo-
rithm 5 breaks the linear cost per iteration of current Frank-Wolfe based policy gradient algorithm
algorithm. Meanwhile, the extra number of iterations Algorithm 5 pay is affordable.

G More Data Structures: Adaptive MaxIP Queries

In optimization, the gradient at each iteration is not independent from the previous gradient. There-
fore, it becomes a new setting for using (¢, 7)-MaxIP. If we take the gradient as query and the
feasible set as the data set, the queries in each step forms an adaptive sequence. In this way, the
failure probability of LSH or other (¢, 7)-MaxIP data-structures could not be union bounded. To
extend (¢, 7)-MaxIP data-structures such as LSH and graphs into this new setting, we demonstrate a
query quantization method.

We start with relaxing the (¢, 7)-MaxIP with a inner product error.

Definition G.1 (Relaxed approximate MaxIP). Let approximate factor ¢ € (0,1) and threshold
7 € (0,1). Let A > 0 denotes an additive error. Given an n-vector set Y C S, the objective
of (¢, 7, \)-MaxIP is to construct a data-structure that, for a query x € S with conditions that
maxycy (,y) > T, it retrieves vector z € Y that (x,z) > c- MaxIP(z,Y) — A

Then, we present a query quantization approach to solve (¢, 7, A\)-MaxIP for adaptive queries. We
assume that the () is the convex hull of all queries. For any query € ), we perform a quantization
on it and locate it to the nearest lattice with center ¢ € (). Here the lattice has maximum diameter
2. Then, we query ¢ on data-structures e.g., LSH, graphs, alias tables. This would generate a
A additive error to the inner product. Because the lattice centers are independent, the cumulative
failure probability for adaptive query sequence could be union bounded. Formally, we present the
corollary as

Corollary G.2 (A query quantization version of Corollary B.1). Let approximate factor ¢ € (0,1)
and threshold T € (0,1). Given a n-vector set Y C S*~1, one can construct a data-structure with
O(dn'*+°W) . k) preprocessing time and O((n*+°Y) + dn) - k) space so that for every query x in

an adaptive sequence X = {x1, 2, - ,xr} C S471, we take query time complexity O(dn” - k) to
2
solve (¢, 7, \)-MaxIP with respect to (x,Y") with probability at least 1 — 6, where p = %:32 —

((11:;))44 + o(1), k := dlog(ndDx /(\))) and Dx is the maximum diameter in {5 distance of all

queries in X.

Proof. The probability that at least one query x € X fails is equivalent to the probability that at
least one query ¢ € @ fails. Therefore, we could union bound the probability as:

dDx

Pr[3g e Q stall (c,7)-MaxlP fail] = n - (—=)%- (1/10)* < §

where the second step follows from « := dlog(ndDx /(A9)).

The results of ¢ has a A additive error to the original query. Thus, our results is a (¢, 7, A)-MaxIP
solution. The time and space complexty is obtained via Corollary B.1. Thus we finish the proof. [J

Definition G.3 (Quantized projected approximate MaxIP). Let approximate factor ¢ € (0,1) and
threshold T € (0,1). Let A\ > 0 denotes an additive error. Let ¢,vp : R? — R* denotes two
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transforms. Given an n-point dataset Y C R? so that (Y') C S*71, the goal of the (c, $, 0,7, \)-
MaxIP is to build a data structure that, given a query v € R? and ¢p(z) € S*~! with the
promise that maxycy (¢(z),¥(y)) > 7 — X it retrieves a vector z € Y with (¢(z),¥(2)) >
¢ (¢, )-MaxIP(z,Y).

Next, we extend Corollary G.2 to adaptive queries.

Corollary G.4. Let c € (0,1), 7 € (0,1), A > 0and § > 0. Let ¢,v : RY — R* denotes
two transforms. Let T4 denotes the time to compute ¢(x) and Ty, denotes the time to compute Y (y).
Given a set of n-points Y € R with )(Y') C S*~1 on the sphere, one can construct a data structure
with O(dn'*°(M) . x4+-Tyn) preprocessing time and O((dn'°) +-dn)-k) space so that for any query
z € R with ¢(z) € S¥~1, we take query time complexity O(dn” - ks + T) to solve (c, ¢, 1, T, \)-

2

MaxIP with respect to (x,Y") with probability at least 1 — 0, where p := %:32 - ((11 CTT))4 +o(1),
k:=dlog(ndDx /(\))) and Dx is the maximum diameter in {5 distance of all queries in X.

Finally, we present a modified version of Theorem D.1.

Theorem G.5 (Convergence result of Frank-Wolfe via LSH with Adaptive Input). Let g : R¢ — R
denotes a convex (see Definition A.10) and 3-smooth function (see Definition A.9). Let the complex-
ity of calculating Vg(x) to be T,. Let S C R? denotes a set of points with |S| = n, and B C R?
is the convex hull of S deﬁned in Deﬁnmon A.8. For any parameters €, 0, there is an iterative algo-
rithm with (¢, ¢,1, 7, c?¢/4)-MaxIP data structure that takes O(dn1+0(1) K) preprocessing time

and O((n*+°M) 4 dn) - k) space, takes T = O(Z mf"‘) iterations and O(dn” - k + T,) cost per
iteration, starts from a random w° from B as initialization point, updates the w in each iteration as
follows:

b (¢, 0,9, 7, ¢ %e/4)-MaxIP of w' with respect to S
w w4 (st —wh)
and outputs wT € R? from B such that

T .
- <
g(w™) glelgg(w) <e

holds with probability at least 1 — §. Here . := dlog(ndDx /(\d)) and p := (F 632 — ((11__;);4 +
o(1).

Proof. Convergence.

We start with modifying Eq. (14) with additive MaxIP error A and get

D2 9
hig1 = (1 —cne)he + Qm&X n; + MmA

Let e, = Aihy with A; = t(tsrl). Let n; = ﬁ Let A = Ti‘f" Following the proof in
Theorem D.1, we upper bound e; 1 — e; as
D? 9
eir1 —er < (Appr (L —cemy) — Ag) hy + 2max Apprm; + ArpamA (32)
where
* Appa(T—m) — A =0
2
¢ At+17]2 (t+—§§02 <c
* "41‘4-17715A - (t + 1))‘ < 5Dmax'
Therefore,

ery1 — e < 2¢ 2pD? (33)

max
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Based on Eq (33), we upper bound e; using induction and have

er < 2¢%tBD2 . (34)
Using the definition of e;, we have
€¢ 4[31)2
hy = — < ———max 35
R R T (33)

. BD? BD? €
To make hr < ¢, T should be in O(~_322x). Moreover, A = T = 5.

Preprocessing time According to Corrollary G.4, can construct £ = dlog(ndDx /(A\J) LSH data
structures for (¢, ¢, %, T, ¢~ 2¢/4)-MaxIP with ¢, ¢ defined in Corollary C.3. As transforming every
s € S'into () takes O(dn). Therefore, the total the preprocessing time complexity is O(dn!*+°(1).
x) and space complexity is O((n't°() 4+ dn) - k).

Cost per iteration

Given each w', compute Vg(w') takes 7. Next, it takes O(d) time to generate ¢(w") according to
Corollary C.3 based on g(w") and Vg(w"). Next, according to Corrollary G.4, it takes O(dn” - k)
to retrieve s from x LSH data structures. After we select s?, it takes O(d) time to update the
w'*1. Combining the time for gradient calculation, LSH query and w® update, the total complexity

is O(dn” - k + T4) with p := %1_;:;2 - ((11:2)44 +o(1).

O

Similarly, we could extend the results to statements of Herding algorithm and policy gradient.

Theorem G.6 (Modified result of Sublinear Herding,). For any parameters €, ), there is an iterative
algorithm (Algorithm 4) with ¢~2¢/4 query quantization that takes O(dn't°") . k) time in pre-

2
processing and O((n**°M) + dn) - k) space, takes T = O(%) iterations and O(dn” - k) cost
per iteration, starts from a random w® from B as initialization point, updates the w in each iteration

based on Algorithm 4 and outputs w™ € R? from B such that
1 1
5w = pll3 = min S{lw — pl3 <

2(1—7)2 (1—7)*

holds with probability at least 1 — 6. Here p = A=enZ — (i=er)

dlog(ndDx /().

Theorem G.7 (Modified result of Sublinear Frank-Wolfe Policy Optimization (SFWPO)). Let 7
denotes the time for computing the policy graident. Let D,.x denotes the maximum diameter of
action space and {3 is a constant. Let v € (0,1). Let p € (0,1) denotes a fixed parameter. Let [imin
denotes the minimal density of sates in S. There is an iterative algorithm (Algorithm 5) with c~2¢ /4
query quantization that spends O(dn'+°() . k) time in preprocessing and O((n*+°) 4 dn) - k)

BDz ax
space, takes O(m
point w as initial point, and output policy 7} that have average gap \/3_ . s g7 (s)? < € holds with
probability at least 1 — 1/ poly(n), where gr(s) is defined in Eq. (26) and k. := dlog(ndDx /(\))).

+ o(1) and Kk =

) iterations and O(dn” - k+Tq) cost per iterations, start from a random
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