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Abstract

This paper presents new variance-aware confidence sets for linear bandits and
linear mixture Markov Decision Processes (MDPs). With the new confidence sets,
we obtain the follow regret bounds:

« For linear bandits, we obtain an O(poly(d)4/1 + Z,If:l o7) data-dependent
regret bound, where d is the feature dimension, K is the number of rounds,
and 0,% is the unknown variance of the reward at the k-th round. This is the
first regret bound that only scales with the variance and the dimension but no
explicit polynomial dependency on K. When variances are small, this bound

can be significantly smaller than the ) (d\/f ) worst-case regret bound.

« For linear mixture MDPs, we obtain an O(poly(d, log H)+v/K) regret bound,
where d is the number of base models, K is the number of episodes, and
H is the planning horizon. This is the first regret bound that only scales
logarithmically with H in the reinforcement learning with linear function
approximation setting, thus exponentially improving existing results, and
resolving an open problem in Zhou et al. [2020a].

We develop three technical ideas that may be of independent interest: 1) applica-
tions of the peeling technique to both the input norm and the variance magnitude, 2)
a recursion-based estimator for the variance, and 3) a new convex potential lemma
that generalizes the seminal elliptical potential lemma.

1 Introduction

In sequential decision-making problems such as bandits and reinforcement learning (RL), the agent
chooses an action based on the current state, with the goal to maximize the total reward. When the
state-action space is large, function approximation is often used for generalization. One of the most
fundamental and widely used methods is linear function approximation.

For (infinite-actioned) linear bandits, the minimax-optimal regret bound is (:)(d\/f ) [Dani et al.,
2008, Abbasi-Yadkori et al., 2011], where d is the feature dimension and K is the number of total
rounds played by the agent.! However, oftentimes the worst-case analysis is overly pessimistic, and
it is possible to obtain data-dependent bound that is substantially smaller than 5(d\/F ) in benign
scenarios.

One direction to study is the variance magnitude. As a motivating example, in linear bandits, if
there is no noise (variance is 0), one only needs to pay at most d regret to identify the best action
because d samples are sufficient to recover the underlying linear coefficients (in general position).

"We follow the reinforcement learning convention to use K to denote the total number of rounds / episodes.
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This constant-type regret bound is much smaller than the v/ K -type regret bound in the worst case
where the variance magnitude is a lower bounded constant. Therefore, a natural question is:

Can we design an algorithm that adapts to the variance magnitude, and its regret degrades
gracefully from the benign noiseless constant-type bound to the worst-case v/ K -type bound?

In RL, exploiting the variance information is also important. For tabular RL, one needs to utilize
the variance information, e.g., Bernstein-type exploration bonus to achieve the minimax optimal
regret [Azar et al., 2017, Zanette and Brunskill, 2019, Zhang et al., 2020c,a, Menard et al., 2021, Dann
et al., 2019]. For example, the recently proposed MVP algorithm [Zhang et al., 2020a], enjoys an
O(polylog(H) x (v/SAK + S2A)) regret bound, where S is the number of states, A is the number
of actions, H is the planning horizon, and K is the total number of episodes. 23 Notably, this regret
bound only scales logarithmically with H. On the other hand, without using the variance information,
e.g., using Hoeffding-type bonus instead of Bernstein-type bonus, algorithms would suffer a regret
that scales polynomially with H [Azar et al., 2017].

Going beyond tabular RL, a recent line of work studied RL with linear function approximation
with different assumptions [Yang and Wang, 2019, Modi et al., 2020, Jin et al., 2020, Ayoub et al.,
2020, Zhou et al., 2020a, Modi et al., 2020]. Our paper studies the linear mixture Markov Decision
Process (MDP) setting [Modi et al., 2020, Ayoub et al., 2020, Zhou et al., 2020a], where the transition
probability can be represented by a linear function of some features or base models. This model-based
assumption is motivated by problems in robotics and queuing systems. We refer readers to Ayoub
et al. [2020] for more discussions.

For this linear mixture MDP setting, previous works can obtain regret bounds in the form
O(poly(d, H)V/K), where d is the number of base models. While these bounds do not scale
with S A, they scale polynomially with H, because the algorithms in previous works do not use the
variance information. In practice, H is often large, and even a polynomial dependency on H may not
be acceptable. Therefore, a natural question is

Can we design an algorithm that exploits the variance information to obtain an
O(poly(d,log H)v/ K) regret bound for linear mixture MDP?

1.1 Our Contributions

In this paper, we develop new, variance-aware confidence sets for linear bandits and linear mixture
MDP and answer the above two questions affirmatively.

Linear Bandits. For linear bandits, we obtain an O(poly(d)y/1 + Zk;K=1 o?) regret bound, where

o3 is the unknown variance at the k-th round. To our knowledge, this is the first bound that solely
depends on the variance and the feature dimension, and has no explicit polynomial dependency

on K. When the variance is very small so that o7 « 1, this bound is substantially smaller than

the worst-case é(d\/ K) bound. Furthermore, this regret bound naturally interpolates between the
worst-case v/ K -type bound and the noiseless-case constant-type bound.

Linear Mixture MDP. For linear mixture MDP, we obtain the desired O(poly(d, log H)vVK)
regret bound. This is the first regret bound in RL with function approximation that 1) does not scale
with the size of the state-action space, and 2) only scales logarithmically with the planning horizon
H. Therefore, we exponentially improve existing results on RL with linear function approximation
in term of the H dependency, and resolve an open problem in [Zhou et al., 2020a]. More importantly,
our result conveys the positive conceptual message for RL: it is possible to simultaneously overcome
the two central challenges in RL, large state-action space and long planning horizon.

25() hides logarithmic factors. Sometimes we write out polylog H explicitly to emphasize the logarithmic
dependency on H.

3This bound holds for setting where the transition is homogeneous and the total reward is bounded by 1. We
focus on this setting in this paper. See Section 2 and 3 for more discussions.
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1.2 Main Difficulties and Technical Innovations

We first describe limitations of existing works why they cannot achieve the desired regret bounds
described above.

Limitations of Existing Variance-Aware Confidence Sets Faury et al. [2020], Zhou et al. [2020a]
applied Bernstein-style inequalities to construct a confidence sets of the least square estimator for
linear bandits. However, their methods can not be applied directly to obtain the desired data-dependent
regret bound.

We give a simple example to illustrate their limitations. Consider the case where the variance is
always 02 « 1. Let (z1,y1),-..,(Tk_1,yx—_1) be the samples collected before the k-th round.
Their confidence set at the k-th round is ©, = {6]||0 — 0,]|s,_, < C(ovd + 1 + A\/2)} (See
In Equation (4.3) of Zhou et al. [2020a] and Theorem 1 of Faury et al. [2020]). where Ax_; =
Zf;} @,x] + A is the un-normalized covariance matrix , 6 = A Z’:;} Y-, is the estimated
linear coefficients by least squares, )\ is a regularization parameter and C' is a constant. Consider the
case d = land @y = \/1/K for k = 1,..., K. Their regret bound is roughly

K K
K
kZ (oVd+ 1+ A7)z ]y > (1+AY?) 21 ey = (14 AY2) 5> VK,
=1 i=

which is much larger than our bound, O (\/K o2+ 1) when o is very small. For more detailed
discussion, please refer to Appendix B.

Below we describe our main techniques.

Elimination with Peeling. Instead of using least squares and upper-confidence-bound (UCB), we
use an elimination approach. More precisely, for the underlying linear coefficients 8* € RY, we
build a confidence interval for (0"‘)T p for every p in an e-net of the d-dimensional unit ball, and
we eliminate @ € R if @ p fails to fall in the confidence interval of 8%y for some . To build
the confidence intervals, we use 1) an empirical Bernstein inequality (cf. Theorem 4) and 2) the
peeling technique to both the input norm and the variance magnitude. As will be clear in the proof
(cf. Section D), this peeling step is crucial to obtain a tight regret bound for the example above. The
new confidence region provides a tighter estimation for 8*, which helps address the drawback in
least squares.

Generalization of the Elliptical Potential Lemma. Since we use the peeling technique which
comes with a clipping operation, we cannot use the seminal elliptic potential lemma Dani et al. [2008]
any more. Instead, we propose a more general lemma below, which provides a bound of potential
for a general class of convex functions though with a worse dependency on d than the bound in the
elliptical potential lemma. We believe this lemma can be applied to other problems as well.

Lemma 1 (Generalized Quadratic Potential Lemma). Ler f(x) = 0 be a convex function over
R such that % < % < land f(z) = f(y) ifa® > y2> > 0. Fix ¢ € (0,1]. For any

x1, T2, .., € BY(1) and py, pa, . . ., py € BE(1), we have that
t
3 min{ ,_1f<"““’) ,1} < O(d*log(dt/0)). (1)
i 2
i=1 2o f@mip) + 4
AT i
Note that by choosing f(x) = 22 and p; = Hzlﬁ?l\l with A; = 217:11 x;x; + (1, Lemma 1 reduces

to the classical elliptic potential lemma [Dani et al., 2008]. Our proof consists of two major parts. We
first establish a symmetric version of Equation (1) using rearrangement inequality, and then bound the

number of times the energy for some p (i.e., Z;=1 f(z;p) + 1?) doubles. The full proof is deferred
to Appendix C.

For linear mixture MDP, we propose another technique to further reduce the dependency on d.
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Recursion-based Variance Estimation. In linear bandits, generally it is not possible to estimate
the variance because the variance at each round can arbitrarily different. On the other hand, for linear
mixture MDP, the variance is a quadratic function of the underlying 1 coefficient 8*. Furthermore,
the higher moments are polynomial functions of 8*. Utilizing this rich structure and leveraging the
recursion idea in previous analyses on tabular RL [Lattimore and Hutter, 2012, Li et al., 2020, Zhang
et al., 2020a], we explicitly estimate the variance and higher moments to further reduce the regret.
See Section 5 for more explanations.

2 Related Work

Linear Bandits. There is a line of theoretical analyses of linear bandits problems [Auer et al.,
2002, Dani et al., 2008, Chu et al., 2011, Abbasi-Yadkori et al., 2011, Li et al., 2019a,b]. For
infinite-actioned linear bandits, the minimax regret bound is ©(d+/K). and recent works tried to
give fine-grained instance-dependent bounds [Katz-Samuels et al., 2020, Jedra and Proutiere, 2020].
For multi-armed bandits, Audibert et al. [2006] showed by exploiting the variance information, one
can improve the regret bound. For linear bandits, only a few work studied how to use the variance
information. Faury et al. [2020] studied logistic bandit problem with adaptivity to the variance of
noise, where a Bernstein-style confidence set was proposed. However, they assume the variance is
known and cannot attain the desired variance-dependent bound due to the example we gave above.
Linear bandits can be also seen as a simplified version of RL with linear function approximation,
where the planning horizon degenerates to H = 1.

RL with Linear Function Approximation. Recently, it is a central topic in the theoretical RL
community to figure out the necessary and sufficient conditions that permit efficient learning in RL
with large state-action space [Wen and Van Roy, 2013, Jiang et al., 2017, Yang and Wang, 2019,
2020, Du et al., 2019b, 2020a, 2019a, 2020b, Jiang et al., 2017, Feng et al., 2020, Sun et al., 2019,
Dann et al., 2018, Krishnamurthy et al., 2016, Misra et al., 2019, Ayoub et al., 2020, Zanette et al.,
2020, Wang et al., 2019, 2020c,b, Jin et al., 2020, Weisz et al., 2020, Modi et al., 2020, Shariff and
Szepesvari, 2020, Jin et al., 2020, Cai et al., 2019, He et al., 2020, Zhou et al., 2020a]. However,
to our knowledge, all existing regret upper bounds have a polynomial dependency on the planning
horizon H, except works that assume the environment is deterministic [Wen and Van Roy, 2013, Du
et al., 2020b].

This paper studies the linear mixture MDP setting [Ayoub et al., 2020, Zhou et al., 2020b,a, Modi
et al., 2020], which assumes the underlying transition is a linear combination of some known base
models. Ayoub et al. [2020] gave an algorithm, UCRL-VTR, with an O(dH2+/K) regret in the time-
inhomogeneous model.* Our algorithm improves the H-dependency from poly(H ) to polylog(H),
at the cost of a worse dependency on d.

Variance Information in Tabular MDP. The use of the variance information in tabular MDP was
first proposed by Lattimore and Hutter [2012] in the discounted MDP setting, and was later adopted
in the episodic MDP setting [Azar et al., 2017, Jin et al., 2018, Zanette and Brunskill, 2019, Dann
et al., 2019, Zhang et al., 2020a,b]. This technique is crucial to tighten the dependency on H.

Concurrent Work by Zhou et al. [2020a]. While preparing this draft, we noticed a concurrent
work by Zhou et al. [2020a], who also studied how to use the variance information for linear
bandits and linear mixture MDPs. We first compare their results with ours. For linear bandits,

they proved an O(vVdK + dy/ Y% | 02) regret bound, while we prove an O(d*%, /35 | 02 + d°)
regret bound. Our bound has a worse dependency on d, but in the regime where K is very large
and the sum of the variances is small, our bound is stronger. Furthermore, they assumed the
variance is known while we do not need this assumption. For linear mixture MDP, they proved an

“The time-inhomogeneous model refers to the setting where the transition probability can vary at different
levels, and the time-homogeneous model refers to the setting where the transition probability is the same at
different levels. Roughly speaking, the model complexity of the time-inhomogeneous model is H times larger
than that of the time-homogeneous model. In general, it is straightforward to tightly extend a result for the
time-homogeneous model to the time-inhomogeneous model by extending the state-action space [Jin et al., 2018,
Footnote 2], but not vice versa.
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O(Wd®H + dH?\/K + d2H? + d® H) bound for the time-inhomogeneous model, while we prove an

O(d*5K + d®) x polylog(H) bound for the time-homogeneous model. Their bound has a better
dependency on d than ours and is near-optimal in the regime K = € (poly (d, H)) and H = O(d).
On the other hand, we have an exponentially better dependency on H in the time-homogeneous
model. Indeed, obtaining a regret bound that is logarithmic in H (in the time-homogeneous model)
was raised as an open question in their paper [Zhou et al., 2020a, Remark 5.5].

Next, we compare the algorithms and the analyses. The algorithms in the two papers are very different
in nature: ours are based on elimination while theirs are based on least squares and UCB. We note
that, for linear bandits, their current analysis cannot give a \/F -free bound because there is a term
that scales inversely with the variance. This can be seen by plugging the first line of their (B.25) to
their (B.23). For the same reason, they cannot give a horizon-free bound in the time-homogeneous
linear mixture MDP. In sharp contrast, our analysis does not have the term depending on the inverse
of the variance. On the other hand, their algorithms are computationally efficient (given certain
computation oracles), but our algorithms are not because ours are elimination-based. See Section 6
for more discussions.

3 Preliminaries

Notations. We use B (r) = {x € R : ||z||,, < r} to denote the d-dimensional /,,-ball of radius .

For any set S € R?, we use S5 to denote its boundary. For N € N, we define [N] = {1,..., N}.
One important operation used in our algorithms and analyses is clipping. Given £ > 0 and u € R, we

define
u

clip(u, £) = min{|ul|, £} - Tl
u
for u # 0 and clip(0,¢) = 0. For any two vectors u, v, to save notations, we use uv = u'v to
denote their inner product when no ambiguity.

Linear Bandits. We use K to denote the number of rounds in the linear bandits. At each round k =
1,..., K, the algorithm is first given the context set Aj;, B4 (1), then the algorithm chooses an action
x, € Ay, and receives the noisy reward rj, = x0* +¢y, where 8* € BY(1) is the unknown underlying
linear coefficients and ¢y, is the random noise. We define 7y, = o(x1,¢e1,..., @k, €k, Tt1). We
assume that |r;| < 1 and that the noise ¢, satisfies E[ey, | x| = 0 and E[e3 | Fi] = o}. The goal
is to learn @* and minimize the cumulative expected regret E[91%], where
K
RE = Z [max 0" — x,0%].
] xre Ay
Remark 1. Here we assume the reward is uniformly bounded (|ry| < 1) instead of 1-sub-Gaussian
commonly used in the literature only for the ease of presentation, because in RL, it is standard to
assume bounded reward. Note if the noise is 1-sub-Gaussian, our algorithm also applies with only
an O (log T') overhead because a problem with 1-sub-Gaussian noise can be reduced to that with

uniformly bounded noise by clipping the noise with a threshold O(log T).

Episodic MDP and Linear Mixture MDP. We use a tuple (S, A, r, P, K, H) to define an episodic
finite-horizon MDP. Here, S is its state space, A is its action space, 7 : S x A — [0, 1] is its reward
function, P(s’ | s, a) is the transition probability from the state-action pair (s, a) to the new state
s’, K is the number of episodes, and H is the planning horizon of each episode. Without the loss of
generality, we assume a fixed initial state s;. A sequence of functions 7 = {m, : § — A(A)}L | is
an policy, where A (.A) denotes the set of all possible distributions over A.

At each episode k = 1,..., K, the algorithm outputs a policy 7*, which is then executed on the
MDP by af ~ i (sF),sk | ~ P(- | s;,af). Weletrf = r(sy,af) be the reward at time step / in
episode k. Importantly, we assume the transition model P(- | -, -) is time-homogeneous, which is
necessary to bypass the poly(H ) dependency. We assume that the reward function is known, which
is standard in the theoretical RL literature to simplify the presentation [Modi et al., 2020, Ayoub et al.,
2020]. We let 7* to denote the optimal policy which achieves the maximum reward in expectation.

We make the following regularity assumption on the rewards: the sum of reward, ZhH:1 Th, in each
episode is bounded by 1.
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Algorithm 1 VOFUL: Variance-Aware Optimism in the Face of Uncertainty for Linear Bandits
1: Initialize: ¢; = 227%,, = 16dIn 2 L, = [log, K],A2 = {1,2,..., L + 1}, ©1 = B4(1),
Let B be an K ~3-net of B$(2) with size not larger than (4 )3¢
fork=1,2,...,Kdo
: Optimistic Action Selection:

2:
3
4:  Observe context set A, < BE(1)

5: Compute ), < arg maxg,, 4, MaXgeo, x6, choose action x,

6 Receive feedback yy,

7 Construct Confidence Set:

8:  Foreach @ € BY(1), define €,(0) = yi, — 10,71 (0) = (ex(0))>.
9

Define confidence set O 41 = (.5, ©7 1, Where

jEA2

k

> clip;(zop)es ()

v=1

k
<y | D clip} (Top)ny(0)e + €51, Y € B} (2)

v=1

ST {9 eB(1) :

and clip;(+) = clip(-, £;).
10: end for

Assumption 2 (Non-uniform reward). Zle r,’j < 1 almost surely for any policy 7".

This assumption is much weaker than the common assumption where the reward at each time step is
bounded by 1/H (uniform reward) because Assumption 2 allows one spiky reward as large as 2 (1).
See more discussions about this reward scaling in Jiang and Agarwal [2018], Wang et al. [2020a],
Zhang et al. [2020a].

For any policy 7, we define its H-step V -function and ()-function as
Vir(s) = max Q7 (s, a)
aeA
where Q} (s,a) = r(s,a) + By p(js,a)Viyi(s) forh=1,... . H
where we set Viy41 = 0. For simplicity, we also denote V7 (s1) = V" (s1) and V*(s1) = V™" (s1).
A linear mixture MDP is an episodic MDP with the extra assumption that its transition model is an
unknown linear combination of a known set of models. Specifically, there is an unknown parameter
0* € B{(1), such that P = Z?=1 0% P; where based models P, ..., P; are given. The goal is to
learn 8* and minimize the cumulative expected regret E[R¥], where
k

R = 3V (s1) = VE(s1)].

k=1
4 Algorithm and Theory for Linear Bandits

In this section, we introduce our algorithm for linear bandits and analyze its regret. The pseudo-
code is listed in Algorithm 1. The following theorem shows our algorithm achieves the desired
variance-dependent regret bound. The proof is deferred to Section D.

Theorem 3. The expected regret of Algorithm 1 is bounded by E[RY] < 5(d4'51 / Zszl o + d°).

This theorem shows our algorithm’s regret has no explicit polynomial dependency on the number
of rounds K. In the worst-case where the variance is {2 (1), our bound becomes 9] (d4'5\/? + d5) ,
which has a worse dependency on d compared with the minimax optimal algorithms [Dani et al.,
2008, Abbasi-Yadkori et al., 2011]. However, in the benign case where the variance is o(1), our
bound can be much smaller. In particular, in the noiseless case, our bound is a constant-type regret
bound, up to logarithmic factors. One future direction is to design an algorithm that is minimax
optimal in the worst-case but also adapts to the variance magnitude like ours.

Now we describe our algorithm. Similar to the existing linear bandits algorithms, our algorithm
maintains a confidence set for the underlying parameter 8*. The confidence set ©y, is updated at
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each round, and we choose the action greedily according to the confidence set. Note that existing
confidence sets either do not exploit variance information [Dani et al., 2008, Abbasi-Yadkori et al.,
2011], or require the variance to be known and do not fully exploit the variance information [Zhou

et al., 2020a, Faury et al., 2020] as their regret bounds still have an 5(\/ K) term.
To relax the known variance assumption, we use the following empirical Bernstein inequality that

depends on the empirical variance, in contrast to the Bernstein inequality that depends on the true
variance, which was used in existing works [Zhou et al., 2020b, Faury et al., 2020].

Theorem 4. Let {F;}}_, be a filtration. Let {X;}]"_, be a sequence of real-valued random variables
such that X; is F;-measurable. We assume that E[X; | F;—1] = 0 and that | X;| < b almost surely.
For§ < e~ !, we have

n

2. %

i=1

" 1 1
Pr <8 ZXfln5+16blng >1—65logyn. 3)

i=1

Importantly, this inequality controls the deviation via the empirical variance, which is X? and can be
computed once X; is known. Note some previously proved inequalities require certain independence
assumptions and thus cannot be directly applied to martingales [Maurer and Pontil, 2009, Peel et al.,
2013], so they cannot be used for solving our linear bandits problem. The proof of the theorem is
deferred to Appendix D.2.

Much more effort is devoted to designing a confidence set that fully exploits the variance information.
Note Theorem 4 is for real-valued random variables, and it remains unclear how to generalize it to
the linear regression setting, which is crucial for building confidence sets for linear bandits. Previous
works built up their confidence sets based on analyzing the convergence of the ordinary ridged least
square estimator [Dani et al., 2008, Abbasi-Yadkori et al., 2011], or the weighted one [Zhou et al.,
2020a].

We drop the least square estimators and instead, we take a testing-based approach, as done in
Equation (2). To illustrate the idea, we first ignore the clip; (-) operation and ¢; terms. We define the
noise function €, (0) and the variance function 7, (0) (Line 8 of Algorithm 1). Note that €, (0%) = ¢
and 7, (0*) = £, so we have the following fact: if @ = 6*, then Equation (3) would be true if we
replace X = wy,(p)ex(0) and X7 = w? (p)nx(0) with high probability, where {wy, ()} is a proper
sequence of weights depending on the test direction . Our approach uses the fact in the opposite
direction: if weighted wy, (1) ek (0), wi ()i (0) satisfies Equation (3) for all possible test directions
1, then we put 0 into the confidence set.

Given the test direction p, following the least square estimation, wy () is set to be @y . However,
with w () = @pp, the right-hand-side of Equation (3) is at least b > maxi<p<n |wi(p)| =
maxi<k<n |€k |, which might be dominant compared with >}’ wi(p)nx(0) (See Appendix B
for a toy example). To address this problem, we consider to peel wy(p) for various thresholds
of difference level. More precisely, we construct confidence regions respectively with w (p) =
clip;(xxp), where I; = 2277 for j = 1,2,...,[logy K. At last, we define the final confidence
region as the intersections of all these confidence regions.

Proof Sketch. Now we explain how our confidence set enables us to obtain a variance-dependent
regret bound. We define 8, = arg maxg g, 1 (0 — 6*) and py, = 6, — 6*. Then our goal is to
bound the regret >, ) p. Our main idea is to consider {x}, {y} as two sequences of vectors.
We decouple the complicated dependency between {xj} and {p} by a union bound over the net
B (defined in Line 1 of Algorithm 1). To bound the regret, we implicitly divide all rounds k € [ K]
into norm layers based on log, |z x| in the analysis. > Within each layer, we apply Equation (2)
to obtain the relations between gy, and {x1,...,x;_1}, which would self-normalize the growth
of the two sequences, ensuring that their in-layer total sum is properly bounded. Since we have
logarithmically many layers, the total regret is then properly bounded. We highlight that our norm
peeling technique ensures that the variance-dependent term dominates the other variance-independent
term in Bernstein inequalities (/> X 2 > p in Theorem 4), which resolves the variance-independent
term in the final regret bound obtained by Zhou et al. [2020a]. See Section D for the full proof.

>This cannot be done explicitly in the algorithm, since it would re-couple the two sequences.
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Algorithm 2 VARLin: Variance-Aware RL with Linear Function Approximation
1: Initialize: ¢; = 227", = 16d1n 25 L = [log, KH], L1 = Ly = [5logy(HK) + 3], Ag =
{0,1,,..., Lo}, Ay = {1,..., L1}, Ay = {1,..., Lo}. Bbe an (HK ) 3-net of B{(2) with size
no larger than (+%)%%. ©1 = B{(1).

2: fork=1,2,..., K do

3:  Optimistic Planning:

4. forh=H,H-1,...,1do

5: For each (s,a) € S x A, let Q% (s,a) = min{1,7(s, a) + maxgeo, Zle 0:Pi ViF, .},
6: For each s € S, let V¥ (s) = maxae 4 QF (s, a).

7:  end for

8: forh=1,2,...,Hdo

9: Choose action af < arg max,. 4 Q5 (s, a), observe the next state SZ_H.

10:  end for

11:  Construct Confidence Set:

12:  Form € Ag, h € [H], define the input x}", = [P:;j,a’; (ViE D2, ’R;i’ﬁva’ﬁ 7

13:  Form € Ag, h € [H], define the variance estimate 7}, = maxgceo, {0:1:}:1;[1 — (6z7",)?}.

14:  Denote €, (8) = 0z, — (V.2 1(s8,4))?" form e/AO,u e[H],ve [kv— 1]

15:  Define 7,11 = {(v,u) € [k] x [H] : 5 € (Cisr, 61} Tl ™ = {(v,u) € [k] x [H] -
Notw < Lry+1}- B

16:  Define the confidence ball O, 1 = ﬂmﬂ:’j @nyj» where

o = {0 eB{(1):| > clipj(@),per, ()

(wweTy™

<4 Z cIip?(mvm,up)n{}’fuL + 4450,V e B} 4

ey

and clip;(-) = clip(-, £;)
17: end for

5 Algorithm and Theory for Linear Mixture MDP

We introduce our algorithm and the regret bound for linear mixture MDP. Its pseudo-code is listed in
Algorithm 2 and its regret bound is stated in the following theorem.

Theorem 5. The expected regret of Algorithm 2 is bounded by B[R] < O (d*5VEK +d?).

To our knowledge, this is the first regret bound that only scales polynomially with the dimension (d),
and does not scale polynomially with the planning horizon H. The proof of Theorem 5 is deferred to
Section E.

Before describing our algorithm, we introduce some additional notations. In this section, we assume
that, unless explicitly stated, the variables m, i, j, k, h iterate over the sets Ag, Ay, Ao, [K], [H],
respectively. See Line 1 of Algorithm 2 for the definitions of these sets. For example, at Line 16 of

. m,i,j m,i,J
Algorithm 2, we have (,,, ; ; O3 = Nimen,.ien, jer, Okt -

The starting point of our algorithm design is from Zhang et al. [2020a], in which the authors obtained
a nearly horizon-free regret bound in tabular MDP. A natural idea is to combine their proof with
our results for linear bandits (cf. Section 4) and obtain a nearly horizon-free regret bound for linear
mixture MDP.

Note that, however, there is one caveat for such direct combination: in Section 4, the confidence set
Oy, is updated at a per-round level, in that Oy is built using all rounds prior to k; while for the RL
setting, the confidence set ©, could only be updated at a per-episode level and use all time steps prior
to episode k. Were it updated at a per-time-step level, severe dependency issues would prevent us
from bounding the regret properly. Such discrepancy in update frequency results in a gap between
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the confidence set built using data prior to episode k, and that built using data prior to time step
(k, h). Fortunately, we are able to resolve this issue. In Lemma 22, we show that we can relate these

two confidence intervals, except for O(d) “bad” episodes. Therefore, we could adapt the analysis
in Zhang et al. [2020a] only for the not “bad” episodes, and we bound the regret by 1 for the “bad”

episodes. The resulting regret bound should be 5(d6‘5\/f ).

To further reduce the horizon-free regret bound to O(d4'5\/? ), we present another novel technique.
We first note an important advantage of the linear mixture MDP setting over the linear bandit setting:
in the latter setting, we cannot estimate the variance because there is no structure on the variance
among different actions; while in the former setting, we could estimate an upper bound of the variance,
because the variance is a quadratic function of 8*. Therefore, we can use the peeling technique on the
variance magnitude to reduce the regret (comparing Equation (27) and Equation (40) in appendix).
We note that one can also apply this step to linear bandits if the variance can be estimated.

Along the way, we also need to bound the gap between estimated variance and true variance, which
can be seen as the “regret of variance predictions.” Using the same idea, we can build a confidence
set using the variance sequence (22), and the regret of variance predictions can be bounded by the
variance of variance, namely the 4-th moment. Still, a peeling step on the 4-th moment is required to
bound the regret of variance predictions, we need to bound the gap between estimated 4-th moment
and true 4-th moment, which requires predicting 8-th moment, We continue to use this idea: we
estimate 2-th, 4-th, 8-th, ..., O(log K H)-th moments. The index m is used for moments, and A is
the index set reserved for moments. We note that the proof in [Zhang et al., 2020a] also depends on
the higher moments. The main difference is here we estimate these higher moments explicitly.

6 Discussions

By incorporating the variance information in the confidence set construction, we derive the first
variance-dependent regret bound for linear bandits and the nearly horizon-free regret bound for linear
mixture MDP. Below we discuss limitations of our work and some future directions.

One drawback of our result is that our dependency on d is large. The main reason is our bounds rely
on the convex potential lemma (Lemma 17), which is O(d*). In analogous to the elliptical potential

lemma in [Abbasi-Yadkori et al., 2011], we believe that this bound can be improved to 5(d) This
improvement will directly reduce the dependencies on d in our bounds.

Another drawback is that our method is not computationally efficient. This is a common issue in
elimination-based algorithms. We note that the issue of computational tractability is common in se-
quential decision-making problems. We list some examples. Many algorithm for tabular problems are
statistically efficient but computationally inefficient [Zhang and Ji, 2019, Wang et al., 2020a, Bartlett
and Tewari, 2012]. The most statistically efficient algorithm for linear MDP, ELEANOR [Zanette
et al., 2020], is not computationally efficient. Algorithms for many general frameworks on RL with
function approximation are elimination-based and thus not computationally efficient [Krishnamurthy
etal., 2016, Jiang et al., 2017, Sun et al., 2019, Jin et al., 2021, Du et al., 2021, Dong et al., 2020].
Fortunately, later work has made progress on computational aspects for many settings [Zhang et al.,
2020a, Dann et al., 2018, Du et al., 2019a, Jin et al., 2020, Fruit et al., 2018, Wang et al., 2020c,
Agarwal et al., 2020]. For now, leave it as a future direction to design computationally efficient
algorithms that enjoy variance-dependent bounds for linear bandits and horizon-free bounds for linear
mixture MDP.

Lastly, in this paper, we only study sequential decision-making problems with linear function
approximation. It would be interesting to generalize the ideas in this paper to other settings with
function approximation, such as linear MDP [Yang and Wang, 2019, Jin et al., 2020], low inherent
Bellman error [Zanette et al., 2020], Eluder dimension [Wang et al., 2020c, Russo and Van Roy,
2013], and various general frameworks on RL with function approximation [Jiang et al., 2017, Sun
etal., 2019, Du et al., 2021, Jin et al., 2021].
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A Technical Lemmas

Lemma 6 ([Azuma, 1967]). Let (M,,)n>0 be a martingale such that My = 0 and |M,, — M,_1| < b

almost surely for every n = 1. Then we have

Pr My = by/2nlog(2/0)] < 6

Lemma 7 ([Zhang et al., 2020c], Lemma 9). Let {F;};>0 be a filtration. Let {X;};>1 be a real-
valued stochastic process adapted to {F;};>o such that 0 < X; < 1 almost surely and that X; is
Fi-measurable. For every 0 € (0,1),c = 1, we have

l 2 E[X; | Fiz1] lnﬁ,i)ﬁgclnﬁlgts.

i=1 1=1

3

Lemma 8. Ler {F;}i>o be a filtration. Let {X;};>1 be a real-valued stochastic process adapted to
{Fi}iso such that 0 < X; < 1 almost surely and that X; is F;-measurable. For every ¢ € (0,1),c >
1, we have

n 4
Prl3n>1:2X > deln 2 ZIEX | Fiii] < clné]gé.
=1 =1

Proof. We follow the proof of Lemma 9 in [Zhang et al 2020c]. Let A > 0 be a parameter,
pi = E[X; | Fi—1]. Define Y, = exp(AY" | X; — (e* —1) X", p;) for n > 0. Note that
E[e*X] < per + (1 — p) < et =D g0 B[erXi—(* =D | F; 1] < 1, thus {V,}nso is a
super-martingale. Let 7 = min{n : Y, ; X; > 4cIn(4/6)} be a stopping time, then we have
|Ymin{ﬂn}| < eMAcn(@/8)+1) — 4 oo almost surely for every n > 0. Therefore, by the optional
stopping theorem, we have E[Y;] < 1. Finally, we have

Pr ZT:/LZ- <cln

i=1

A

SIS
]

Pr E|n>1:§:X2 > 4cln - 2’“2\01111
i=1

< Pr|Y; > exp ()\

!

K2

X; — (e —1)cln 2)]
]
1
2

4
<Pr|Y; > exp<)\(4cln 5 1) — (e* = l)clng

2 2
< exp ()\(1 —4cln 5) + (e* = 1)cIn 5)
_ e/\e(e’\7174)\)cln(4/6).
Choosing A = 1, we have

6)\6(8‘—1—4)\)011&(4/6) <e.e2cl(4/8) _ e(é)c <

which concludes the proof. O

Lemma 9. Let {F;};>o be a filtration. Let {X;}!"_, be a sequence of random variables such that
| X;| < 1 almost surely, that X; is F;-measurable. For every § € (0,1), we have

Pr[ZE Z8X2+4ln§] < ([logy n] + 1)4.

i=1

Proof. Let Y = " | E[X? | Fi_1],Z = Y, X?. Applying Lemma 7 with the sequence

{X?}™_,, we have for every ¢ > 1,

Pr[Y > 4clné,Z <cln

eond]<s
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Therefore, we have

Pr[Y > 8Z+4ln§]

[log, n] r
< 2 Pr|Y >

=1 L

[logon]

flogaml
< ) Prly>
=t

< ([logyn] + 1)d

as desired.

. 4 .
>8Z,2]_11ng <Z<2h

‘ 4 4 4 4
28-29_11n6723_11n5<Z<2]1n5]+Pr[Y>4ln5,Z

4 . 4 4 4 4
8Z+4lng,23_11n5 <Z< 271n5} Pr[Y>8Z+4ln5,Z<1n5]

4 4
Pr|Y 24In—-,Z <In-
]-i— r[ n5 na]

N
=
i

.4 .4 4 4
.97 _ < J _ > — < —
4.2 ln(;,Z 2 1n5]+Pr[Y 41n5,Z lné]

O

Lemma 10. Let {F,}i>0 be a filtration. Let {X;}I_, be a sequence of random variables such that
| X;| < 1 almost surely, that X; is F;-measurable. For every § € (0, 1), we have

Prlz X?>

IZM:

E[X? | Fi—1] +4ln 61 < ([logyn] + 1)4.

Proof. Let Y = > X = >" E[X? | Fi_1]. Applying Lemma 8 with the sequence
{X?}™_,, we have for every c>1,

K2

Therefore, we have

Pr[Y > 8Z+4ln§]

floganl
< ) Prly>
j=1 b
flogaml
< ) Prly>
j=1 L

[logon]

< ) Prly>

as desired.

4 4
87 +4In-,27"'In-<Z2<2In

4 4 4
5 3 5} Pr[Y 8Z +4Iln—-,Z <In ]

5’ 0

‘ 4 4 4
82,23—11% <Z<2ﬂln5] +Pr[Y>4ln7Z<1n]

.4 .4 4 4
2In-,Z2<2In= = =, 4 <In-
4.2 ln(s,Z 2 1n5]+Pr[Y 41n5,Z lné]

O

Lemma 11 ([Zhang et al., 2020c], Lemma 11). Let (M,,),>0 be a martingale such that My = 0 and
|M,, — M, _ 1| < b almost surelyfor everyn = 1. For eachn > 0, let F,, = o(My, ..., M,) and
let Var, = > | E[(M; — M;_1)? | F;_1]. Then forany n > 1 and €,8 > 0, we have

Pr[\Mn| > 2./2Var, In(1/8) + 24/eIn(1/8) + 2b1n(1/5)] < 2(logy (°n /) + 1)6.
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Lemma 12. Let A1, Mo, Ay > 0, A3 > 1 and £ = max{logy(\1),1}. Let ay,as,...,a, be non-
negative reals such that a; < A\ and a; < )\2\/a1 +a;11 + 21 \3 + My forany 1 < i < k (with
Gyx+1 = A1). Then we have that

ay < 2203 + 64 + 4Xon/2)3.

Proof. Note that

a; < Aoa/a; + Ao/ a1 + 208 Ag + Ay,

so we have

2
a; < ()\2 + \/)\2\/ ai+1 + 2i+1>\3 + )\4) < 2)\% + 2 o0/ a;41 + 2it1 N5 + 2)4.

By Lemma 11 in [Zhang et al., 2020a], we have

2
a; < max{ (2)\2 + \/(2)\2)2 + (2)\% + 2)\4)) , 2004/ 83 + 2)\% + 2)\4}

< max{20A3 + 4\g, 2204/8A3 + 203 + 2M\4} < 2203 + 6)y + 4h2n/2)3,

which concludes the proof. O
B Difficulty with Previous Approaches

In the example in Section 1, if we know x; < 4/ % for 1 < i < K, the best confidence region for

0* should be ©; = {0]6 — 64]|a,_, < C(o+v/d+ A/2)}, and we can obtain a variance-aware regret
bound by letting A = o2. However, if we let zx 41 = 1 and use the same concentration inequality as
before, the confidence region would be O 41 = {00 — 0|, ,} < C(ov/d + 1 + AV/2).
S e,
W
When ¢; is bounded in [—1, 1] with variance o2, following Bernstein inequality, we have

< £/ o2 ZKJEI x2+m'1x,

= AR

o? ZvaJil ‘TQ max; Ty -0 ( o2 n 1+ A )
K+1 /

ie., |0* — O 1| S O(0 + A2 + 1). Therefore, to maintain a confidence region for the general case
following methods in [Zhou et al., 2020a, Faury et al., 2020], the term 1 + A1/2 is unavoidable.
Remark 2. We highlight that the analysis above is for the uniformly bounded noise. For sub-Gaussian

KA1 e Ao +
iz Ti€i | o 2 which help to reduce the width of confidence

AP KT 52 >\+ZK+1 2 ,
interval. More precisely, in the way we have that |9* — O 11| < O(o + \/?)

We present the detailed computation as below. Choose 6* = ©(1). * — éKH = — +

\O*
)\+ZK7+1 m? .
Ko

A ZK+1 2

that i Therefore, the best confidence interval we have is

16% — Ok ]ar =

noise, we can ensure that

C Proof of Lemma 1

In this section, we present the proof of Lemma 1.

Restatement of Lemma 1 Let f(x) > 0 be a convex function over R such that % <1 ;?j) < land
f(x) = f(y) ife® = y* > 0. Fix( € (0,1]. For any 1,2, ..., o, € BY(1) and 1, po, . .., s €
B4 (1), we have that

Z min { ST f((a;l:z)) 2 1} < O(d*log(Cdt/t)). ®)
j=1 I

Let f(z) and ¢ be fixed. To prove Lemma 1, we have the lemmas below.
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Lemma 13. For any .%o, ..., x; € B(1) and p1, o, . . . , ptn, € BE(1), we have that

t
3 min{ - f(@ipi) 2,1} < O(dlog(Cdt/0)). 6)
i=1 D flmpi) + 4
Lemma 14. Let x,xo,...,x; € BI(1) be a sequence of vectors. If there exists a sequence
0=70 <7 <72 <...<T,=tsuchthat foreachl < ( < z, there exists ¢ € Bg(l) such that
T¢—1
Zf xipe) + 02 > 4(d + 2)? (Zf TipLc) +£2> (7
i=1 i=1

then z < O(dlog?(dt/()).

We present the proofs of Lemma 13 and 14 respectively in Section C.1 and C.2. Given these two
lemmas, we continue analysis as below.

Let 79 = O and forz > 1, we let

7; = min{t + 1} U {7’

<7 <7, ZT: flzjpe) + 02 > 4(d +2)? (i fleipr) + €2> } .
j=1

=1

Let kK = min{i | 7; = t + 1}. Then k is well-defined and k¥ < O(dlog*(dt)) by Lemma 14
Furthermore, for any x < k and any 7, < i1 < i3 < Tx+1, We have

D i) + 02 < 4(d +2)° <Z fxjpi,) +€2> (8)

j=1 Jj=1

Now we are ready to prove Lemma 1. We have
t
Z - { S 1} ) J (@)
Z] 1f(:1:]u2)+€2 i= 12; [ (@) + 62

Tr—1
S f(xip;)
ssa g | 3 S 1 2)
k= 1=Tr—1 J= K3

Tr—1 o
d-‘rQQZ Z T71f<wzﬂz)
k=1 \i=Tx_1 Zj';'rh._l f(wjp’l) + 2
<k x O(d?) x O(dlog(t/f)) < O(d*log®(dt)),  (10)
where (9) uses (8) and (10) uses Lemma 13.

C.1 Proof of Lemma 13

Restatement of Lemma 13 For any =,.x2, . .., x; € B(1) and p1, o, - . . , por, € BI(1), we have
that
2 min f@im) 3 o odrog(cat/e)). (11)
Z] 1 f(im) + 2

Proof. Let S; be the permutation group over [¢]. We claim that if

Z 7 faith) = max Z 7 f@gapp) ) (12)
i=1 Zj:l f(mjﬂi) + (2 £es: i=1 Zj:l f2(33§(j)ﬂi,) + 02

then there exists some 4 such that (x;p;)? > (x;u;)* for any j € [t]. Otherwise, we construct a
directed graph G = (V, E) where V = [t] and edge (i, ) with i # j isin E if and only if (z;u;)* >

17
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624
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626

627

628

629
630
631

632

633

635

(2jp;)? for any j' € [t]. Let d(4) be the out degree of 4. By assuming {(x;p1;)* > (] p;)?,Vj €
[t]} fails to hold, we learn that d(i) > 1 for every 4, so there exists a circle (i1, 2, ...,i) in G.
Consider the permutation £ such that £(i;) = i;41 for j € [k] (with i1 := 1) and £(i) = i for
i ¢ {i1,...,ix}. By definition, we have (p;, ¢(;,))* > (s, ;) for j € [k], which implies that
J(pi;xeiyy) > f(pi; ;) for j € [k]. Therefore

t t
ilj/z
i; Zzzl f ; ] 1 f

(:cjul) + 02

t
)Nz)
Z 402’

(:EJ/J%) + 2 i=1 ': f(mf(])ll’l)
which leads to contradiction.

We assume that (12) holds, otherwise we can bound an upper bound of the original quantity. Therefore,
we can find an index i such that (a;p;)* > (] p;)?* for any j € [t]. Without loss of generality, we

f()

assume 7 = 1. Because is decreasing in x, so we have

i) _ flzjm)
(x1p1)? h (931‘#1)2

for any j € [¢], which implies

flzip) _ (@1p1)? (e1p1)?
7 _ n o p A < RCIE (13)
Zj:l f(wjp‘l) + (ijl f(wjul) +/ ) . i) Zj:l(w]ll’l) +
Therefore, we have
Zt: f(wiuz') < (331#1)2 + : f(fﬂiuz')
i=1 22:1 f(mipi) + €2 22:1(%‘#1)2 +2 5 22:1 f(ipi) + €2
(931N1)2 ' f(ip;)
< - . (14)
Zﬁ—l(mﬂ‘l)z + 02 2:212 Z;=2 fip) + 02

Similarly, we can show that there exists a permutation £* € .S; such that

t t
Z f( z/sz Z g I"’l) ) (15)
i=1 ZJ (i) + 0203 Z] 2( g*(j):“z) + 02

Finally, by Lemma 15, we have that

Zt: —— (T (s )Mz))2 " imin{zj? (e (i) i) +€2’1} < O(dlog(t/0)).

i1 2uj—i (e () i=1 _i@en (jypi)?
O
C.2 Proof of Lemma 14
Restatement of Lemma 14 Let 1, o, ... ,x; € BI(1) be a sequence of vectors. If there exists a

sequence 0 = 19 < 71 < Ty < ... < T, = tsuchthat for each 1 < ( < z, there exists p; € Bg(l)
such that

T T¢—1
Zf(mu¢)+£2>4(d+2 (Zfa:,ug +€2> (16)
i=1 i=1
then z < O(dlog?(dt/()).

Proof. If f(1) < ¢2/t, then the conclusion holds trivially because 0 < f(x) < f(1) < ¢?/t for
all z € [—1,1]. Suppose f(1) > ¢?/t. Since (m) fy@ < 1 for all 22 > y?2, we have that for
0<A<landanyzeR, f(Az) > \?f(x).
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Lete; = [0, ..., 1,...,0] be the one-hot vector whose only 1 entry is at its i-th coordinate. Noting
that f(x) < o2, Jaipac] < [pac]» and

T( TC 1
D f(@ipe) > A(d + 2)° (Z £( zu<)+£2> — 0 > 4d*?
i=1 i=1

we have that |p¢|2 > /222, Define E. () = Y, f(zep) + % 3% f(eip). Then E,(p) is
convex in p because f(x) is convex in . By definition, we have that

Er(p) < ). flmip) + £,

i=1
By (16), we have that
T¢—1
Er (p¢) Z f(®ipe) = 4d? <Z f(@ipe) +€2> > Ad*Er,_, (11¢)- (17)
i=1

Define
A={ieZ: |logy(dt*/t?) + 2| <i<2|logyt+2]}.
We consider the convex set D,; = {u : E.(u) < 2'} fori € A. Let ¢ be fixed. Because

[l = 4/ 4d:€2 and sup, f(e;p) = %j’(l) > 4j‘lifél,we have that 4%4 < Er(pe) <t+02 <t+1

for any 1 < 7 < t. Then we can find i¢c € A such that E.__ (p¢) € (2°~ 1, 2%], which means that
pc € Dy, .. Note that for 0 < A < 1, f(Az) > A% f(x) for any z, it then follows that E;(Ap) >
A?E,(p) for any t, . Choosing A = 4, we have that B, (%) > L E- () = 4B (pe) = 2.
Therefore, % ¢D In words, the intercept of DTN- ¢ in the direction g, is at most 1 /d times of
that of D

Note that Dy ; is decreasing in ¢ for any ¢, so by Lemma 16, we have

TC77;<'
T¢—150¢"

6
Volume(Dy, ;) < ?Volume(DTC,l,ig)

Also note that Volume(Dg;) < (2!)¢ and Volume(D;;) > (k)% so we conclude that z <

é
d|A|log; s (2dt/0) < O(dlog?(td/¢)).
O

C.3 Other Lemmas and Proofs

Lemma 15. Fix ¢ € (0,1]. Let ®1,xa,...,x; € BI(1) and py, po, ..., e € BI(1) be two se-
quences of vectors. Then we have

t

N ()2 t
E{ww Z%m-wﬂ Zmﬁz ) ,%smm%»<m

i=1 ]_1(“31%) + £

Proof. The first inequality in (18) holds clearly. To prove the second inequality, we define Uy = (21
and U; = (*I + 37, xja] fori > 1. Note that

(wiui) < (xiﬂi)z

S @)+ 2 W U

T
U, 1:1:17

where the first inequality is because || t;]|2 < 1 and the second inequality uses the Cauchy’s inequality,
so we have

Zt: {Z i) } me {w 1931,1} 2dln(t/£2) < 4d1n(t/0),

= 1(m3p”b) + 62

where the second-to-third inequality uses the elliptical potential lemma. O
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Lemma 16. Given x € R?, we use (u(z),1(x)) to denote the polar coordinate of x where |ju(z)|2 =
TaTs i the direction and I(z) = |z|o. We also use (u, £) to denote the unique element x in R? such
that (u(x),1(z)) = (u,f). Let D be a bounded symmetric convex subset of R? with d > 2. Given
any direction p € 0By, there exists a unique l(u) € R such that (u,l(u)), (—u,l(u)) € 0D are on

its boundary. Let D' be a bounded symmetric convex subset of R® containing D < D' such that
(u,d-l(u)) € D’ for some direction u € dBg. Then we have that

7
Volume(D') > EVolume(D).

Proof. Let A = (u,l(u)) and B = (u,d - l(u)). Since A is on the boundary of D, we can find a
hyperplane h; such that A € hy and h; is tangent to D. Let ho be the parallel hyperplane of h;
containing the origin O € hy. Define

Hz{xeRd

d(x,hy) + d(z, ha) = d(hi,he),Jye D,Ae R, (B —y) = A(B — x)}

It is obvious that Volume(H) > %Volume(D) since for each z € D lying between hy and h,
x € H. Define

U={:17€Rd

d(z, ho) = d(z, h1) + d(h1, hs), Iy € H A€ [0,1],2 = Ay + (1 — /\)B} .

We claim that
d

d
Volume(U) = <1 - ;) Volume(U v H) = (1 - ;) (Volume(U) + Volume(H)). (19)

To see the first equality, we note that U and U u H are both d-dimensional pyramids. It then follows
from the volume formula and the relation d(B, O) = d x d(A, O). The second equality is because
by their definitions, U, H are separated by the hyperplane k1, and thus they are disjoint. Finally, by
(19), we have

1
Volume(D’) = Volume(U) + Volume(H) = (1 + m)Volume(H)
> 1oy ! JWolume(D) > ~Volume(D)
> 5 A= =1/ olume 2 g Volume(D).
O
D Missing Proofs in Section 4
D.1 Application of the General Potential Lemma
As an application of Lemma 1 on linear bandit and linear RL, we have the lemma as below
Lemma 17. Fix { € (0,1]. Let x1,xs,...,x; € BI(1) be a sequence of vectors, and
W1, M2, - - ., iy € BE(1) be another sequence of vectors. Then we have
: clip? ?)
Z P(@ipts < O(d'log®(dt)). (20)

12— lcllp(m]pl,f):c i + 02

Proof. Let
x?, |z| < ¢,
fo(z) =< 20x — 02, x>/,
—Wr — 02, z<—L
be a convex relaxation of the function = — clip(z, £)x. It is easy to see that fy(x) is convex in  and
foranyz e R, ¢ > 0,

clip(z, 0)x < fo(z) < 2clip(z, £)x < 222 21)
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Let h(z) = f’”’éz). It is easy to see that if 22 > y?2, ’;(—Z = c|.,32(7;c1) < %fjl) = h;g) < 1. By
Lemma 1 with f(z) = h(x), we have that

t

h(z;p;

Z i1 S 5 < O(d" log®(dt)).

01 20— hlmjp) + €
By (21), we obtain that

Ztl C“PQ(%‘M?@ < Zt] clip(xips, £)xipor

— < ——
i=1 Z;=1 c"p(wjﬂiaf)w;‘rui +02 0 Z; 1 Cllp(wjﬂia€>w;rﬂi + 02

5: z“z

12— 1 (waﬂz)‘Fp
<O(d4l 3(dt)).

The proof is completed. O

D.2 Proof of Theorem 4
D.2.1 Optimism

The equation (2) accounts for the main novelty of our algorithm. We note that our confidence set is
different from all previous ones [Dani et al., 2008, Abbasi-Yadkori et al., 2011]. Our confidence set
is built based on the following new inequality, which may be of independent interest.

With Lemma 4 in hand, we can easily prove that the optimal 6* is always in our confidence set with
high probability. The proof details can be found in Appendix D.3.

Lemma 18. With probability at least 1 — O(0log K), we have 0* € Oy, for all k € [K].

D.2.2 Bounding the Regret

We bound the regret under the event specified in Lemma 18. We have

K

K * *
= 0 —x.0
W= 2, (g w0” — 2167)

K
< _ * _ A* —
% (cto, 20 -10") < X, 2 010" = Tmum

where second inequality follows from Lemma 18. Therefore, it suffices to bound }, @y pey, for
which we have the following lemma.

Lemma 19. With probability 1 — O(d log K ), we have

2 xrppr < O <d4‘5 ( log* dK) (log aK
i

Since this lemma is one of our main technical contribution, we provide more proof details.

Proof. First, we define the desired event £ = £ N &, where

K K
4
& ={Vke[K]:0* €O}, & = { D nk(6%) < > 807 +41n6}.

k=1 k=1

By Lemma 18, we have Pr[&;] > 1 — O(§). By Lemma 10, we have Pr[&;] = 1 — O(dlog K).
Therefore, by union bound, we have Pr[£] > 1 — O(d log K).
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707 Now we bound ), @ under the event £ to prove the lemma. Before presenting the proof, we
708 define

k—1 k—1

() = Y. clipj(@op)mop + 6, W (p) = ) clip} (z,p)n,(0%). (22)
v=1 v=1

700 Also for each k € [ K], we define ji, € Ay which satisfies xxpr, € (¢5,/2,¢;,]. If such j; does not
710 exist (because @y < f1,4+1/2), we assign jp = Lo + 1.

711 To proceed, we need the following claim.

712 Claim 20. We have

Zwkuk: Z Trii + Z Tk
k

k:jr=La+1 k:jr<L2

3\/\Iﬂk ll'k L+ \/Zv 1 2C||pjk (wvuk)((vvl"k) L+ 3€Jk
@M( )

<1+ Z T X
k:jp<L2

(23)

713 We defer the proof of the claim to Appendix D.4 and continue to bound the three terms in (23). For
714 the second term, we have

\/ZU 12c||p]k (Tpper) (Typr)?e

k: ZL b ‘I)]k(l‘k)
Je<L2
Zv 1 2c||p (o) (Ty iy )20 1
k JEs k:jr <Lz (I) (Nk)

715 We note that

2cli v v ;
Z J:kukﬂ{ \/Zv 1 C|p7k Ty i) (Ty i) - 1} < Z wkﬂkﬂ{q)ﬁ(ﬂk) < 4£jk,b}

k:jr<Ls ‘I)Jk(p’ ) 2 k:jr<L2
40 1
< Y mml

Z 4C|ip§,€ (pper)t
k:jr<L2 ‘bgf (Hk)
< O(d*|Az|elog® (dK)), (25)

716 where the last inequality uses Lemma 17. Collecting (23),(24) and (25), we have

OO (g )t + L,
Zl’k#k 1+ Z 3y X : - Z xpy + O(d*|Aselog? (dK)).
3" (per) :
k:ijr<Lo k k k:jr<La

717 Solving ., @), we obtain

AT (g )e + L0
kaﬂk O(d*|As|elog® (dK)) i o

6Tk per ¥ ~
K jéLQ (Iﬂck (1)
A T () ‘I’“(Hk)
O(d*|Ag|tlog? (dK)) Z 6y pr, ¥ ; (26)
k:ijr<Lo (,U/k)
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71e where (26) uses the last two steps in (25). The remaining term in (26) can be bounded as

TP () S, (%)
2 6Tk per ¥ in < Z 6wkuk€jk:— (27)
k:jr <Ly @y ) kijp <Ly @y (1)
6x 4 K
Z jllﬂk Jk Z 76 (6%):
k:jr<Lo2 (I)]c (uk) k=1
-

< O(d*|As|log®(dK)) x \| D" i (6%): (28)

kol

=1

K
+ > a,g)L, (29)

k=1

< O(d*|As|log® (dK)) x (m

SN

719 where (27) uses the definition of ‘1136(), (28) again uses the last two steps in (25), and (29) uses the
720 event &s. O]

721 Now we can finish the proof of Theorem 3. We choose § = O((K log K)~!). Since on the event £,
722 we have RE < K. Therefore, together with the bound on £ from Lemma 19, we conclude that the

723 expected regret is bounded by B[] < O(d*®4/ Zszl ol +d°).

724 Proof. Tt suffices to prove the theorem for b = 1, because otherwise we can apply {X;/b}"_; to the
725 b = 1case. By Lemma 11 with e = 1 and 6 < 1/e, we have

Pr in >2 QE[Xf\fi,l]lng-i—Mng < 46 log, n. (30)
i=1 i=1
726 By Lemma 9, we have
n n 4
Pr| Y E[X?|Fio1] = >, 8X7 +4In— | < ([logyn] + 1)0. 31
LZ;[I 1]1;1 5] ([logz n] +1) 31

727 Therefore, by a union bound over (30) and (31), we have with probability at least 1 — 64 log, n,

z 1 1
DISE[X? | Fia]ln +4In

\i:l ] 4]

= 4 1 1 w
2 2
<\8<E 8Xi+4ln6>ln6+4ln5<8 élXiln

i=1

1—&-161 !
i n=
] 5’

726 which concludes the proof. O

729 D.3 Proof of Lemma 18

730 Proof. Let &' = e™*. We define the desired event & = [ ke[ K]

5,{:{

e, Ei» Where

k

> clip,(zop)e, (6%)

v=1

k
< Z cIip?(mvu)nv(H*)L+€jL,VueB}‘

v=1
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731 Note that for each v, we have that ’clipj(wvu)ev(G*ﬂ < {; and that (clip;(x,p)e, (%)% =
732 clip? (xy1t)n,(6*), so by Theorem 4, we have

k
Pr < Z cIip?(a:v,u)Var(aq, | Fo)e+ 450

v=1

k
Z clipj(a:,,u)sq,

v=1

>1— 0] (6710g2 Togo K)

1)
>1 -0 ——logK |,
(KB|A2| 5 )

733 where F,, is as defined in Section 3. Finally, using a union bound over (u, j, k) € B x Ag x [K], we
734 have Pr[€] > 1 — O(dlog K). O

735 D.4 Proof of Claim 20

736 Proof. We elaborate on (23). We will prove it by showing that the numerator is always greater than
737 the denominator in the fraction in (23), so each term x p45, is multiplied by a number greater than 1.
738 We have for every j € Ao,

k—1
cI)i(l"’k) = Z Clipj(wvuk)wvuk + Z?
v=1
k—1 k—1
< 2 C“pj(mvllfk)ev(a*) + 2 Clipj(wvﬂk)ev(ak) + E? (32)
v=1 v=1
: k—1
<A/ WL (pk)e + | Y clip? (o) no ()0 + 3¢50 (33)
v=1
: k=1 k—1
<A/ () + Z clipi(mvuk)nv(G*)L + 2 cIip?(wvuk)\nv(Ok) — 1u(0%)]e + 3450
v=1 v=1
k—1
=24/ 0 ()t + Z cIip?(acUpk)mv(Hk) — 1y (0%)]e + 3451
v=1
: k—1
< 24/ W ()t + Z clip?(wvuk)(m(é?*) + 2(xopr)?)e + 3450 (34)
v=1
k-1 k—1
< 24/ W (pg)e + 2 cIip?(wvuk)nv(O*)L + Z 2c|ip§(azvuk)(mvuk)2b + 301,
v=1 v=1
: k—1
=3/ U7 (pr)e + Z 2c|ip?(m1,uk)(a:vuk)% + 34,1, (35)
v=1

730 where (32) uses €,(0;) — €,(0%) = x,(0r — %) = x, i, (33) uses that 0%, 60, € O and the
740  definition of O in (2), and (34) uses

110 (0%) = 10 (6%)] =[(€0(6%) — o p12)? — (€,(6%))?]
<2l (0% opr + (€0(8%))* < (zopr)? + 2(eu(67))°.

741 Since (35) holds for every j € As, it holds for j = ji, and thus (23) follows. O
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E Missing Proofs in Section 5

E.1 Proof of Theorem 5

Before introducing our proof, we make some definitions. We let 8}"), = arg maxgeq, T} (0 —6%)
and p), = 07", — 6*. Recall that 7, " is defined in Algorithm 2. We define

O () = Y dipy(@y m)Ey, G, U () = > dipd (@), ), (36)
(v,u)ETkm’i' (U,u)eﬂgn”i

Note that our definitions in (36) are similar to those for linear bandits in (22). The main differences

are: 1) we define ®(-), ¥(-) also for higher moments, as indicated by the index m in their superscripts;

2) we add the variance layer, so that we only use samples from 7"*; 3) since we can now estimate

variance, we use the upper bound of estimated variance in lieu of the empirical variance. For
h € [H + 1], we further define

IF = T{Vu < hymyd, - @707 (ui,) < A(d+ 2)° @0 (uil,)}, (37)

where [, ,’f = 1 indicates that for every u < h, the confidence set using data prior to the time step
(k u) can be properly appr0x1mated by the confidence set with data prior to the eplsode k. We define
IF » in this way to ensure that it is o ; -measurable. The following lemma ensures that QF 7 1 optimistic
with high probability. Its proof is deferred to Appendix E.3.

Lemma 21. Pr[Vk, h,s,a: QF(s,a) = Q}(s,a)| = Pr[Vk € [K] : 0% € ©;] =1 — O(9).

When the event specified in Lemma 21 holds, the regret can be decomposed as

K
R = Z (Vi(sh) — Z (VI (sF) = V™ (1)) < Py + Ro + Rg + Z(Iﬁ —Ii ),
k=1 k=1 k,h
where
R = Z( sk, athJrl Vh+1<5h+1))Ih7 Ry = (th(SZ) — 7 - Psﬁ,aﬁvhl:»l)ﬁjv
k,h k,h
K H
- Z Z — Vi (sh)).
k=1 h=1
Next we analyze these terms. First, we observe that 2R3 is a sum of a martingale difference sequence,

so by Lemma 6, we have Rz < O( K log(1/9)) with probability at least 1 — §. Next, we use the
following lemma to bound }, (1, ¥ — I, ;). We defer its proof to Appendix E.4.

Lemma 22. Y, (I — I}, ) < O(dlog’ (dHK)).

To bound R; and R, we need to define the following quantities. First, we denote &y ;, = T 11, ,’f
and 77}, = i, IF. Next, for m € Ao, we define

Ry, = Ziﬂhﬂﬁhv M, Z (P k ak Vh+1) (Vh]?+1(5]i€1,+1))2m> [}If,-
k,h

Intuitively, R,, represents the “regret” of 2”*-th moment prediction and M,,, represents the total
variance of 2""-th order value function. We have R; = M, by definition and and using that

Qﬁ(&a)_( a) — Path-H m%xmkh(e 0%),

we have Ry < Ro. So it suffices to bound Ro + MO7 which is done by the following lemma.
Lemma 23. With probability at least 1 — §, we have

Ry + |Mo| <O <d4'5\/K log® (dHK ) 1og(1/6) + d° log® (dHK) log(1/5)> .

Lemma 23 is the main technical part of our result in Section 5, so we sketch its proof in the next

subsection. With the lemma in hand, we have with probability 1 — & that RE < O(d*3 VK + d°).
Finally, We conclude the proof to Theorem 5 by choosing 6 = 1/K and noting that R¥ < K.
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E.2 Bounding R and M

We sketch the proof for Lemma 23. The first step to bound R,,, is to relate it to the variance 7.
Lemma 24. With probability at least 1 — 6, we have R,, < O(d4\/2k,h ﬁ,’c’?hblog7(dHK) +
d%t1og®(dHK)).

We defer the proof to Appendix E.5. The proof is spiritually similar to proof of Lemma 19. The main
difference is that we use the peeling technique to the magnitude of the variance.

Based on Lemma 24, we use the following recursion lemma to relate Rm, Mm to Rm+1, Mm+1. We
defer the proof to Appendix E.6. It mainly uses similar ideas in Zhang et al. [2020a].

Lemma 25 (Recursions). With probability at least 1 — §, we have

R, <O <d4\/(Mm+1 + 2+ (K + Ro) + Ryt + Rp)log” (dHK) + dﬁLlogf’(dHK)> ,

M,| <O <\/(Mm+1 + O(dlog?(dHK)) + 2m+1(K + Ry))log(1/6) + 1og(1/5)) .

Finally, we can prove Lemma 23 by collecting Lemma 24,25 and using a technical lemma about
recursion (Lemma 12). The details are in Appendix E.7.

E.3 Proof of Lemma 21

Proof. The lemma consists of two inequalities. The first inequality is proved using backward
induction, where the induction step is given as

d
k . i 1k
Q1 (s,a) = min{l,r(s,a) + gg%}:i; 0i Py o Vi1

d d
> min{1,7(s,a) + ) 0FPL Vil } = min{lor(s,a) + Y 0FPL,Vid ) = Qf(s,a),
i=1 t=1
Vi (s) = max Qj (s, a) > max Qf (s, a) = V;'(s).
We now prove the second inequality. Let ' = e~*. We define the desired event & = (), ,,, ; j E,T"i’j ,
where

g = { Z clip; (' p)ey| < 4 Z clip? (@y, pw)Var(e, | Fo)In < +46;In— Ve B}.

, : o 8"’
(U,u)eﬁ"”l (U,u)ETkm”'
Note that for a fixed k, we have that |clip, (=}, p)e7’, | < £; < 1 and that
Var (cl (@ )€t T{(0,u) € T} | FL) = clip, (afln) T (v,w) € T Var(ell, | ),

so by Lemma 11 with b = ¢;,¢ = 1, we have

1
i

1

Pr Z clip;(zy' ey, | = 4 Z cIip?(a:Zj’?u/J,)Var(egju | F¥)1n 5

(v,u)eT,s"'i ('u,u)eT,:”’i
< 46" logy (HK).
Using a union bound over (g, m,4,j,k) € B x Ag x Ay x A x [K], we have Pr[€] = 1 —
O K|B|log'(HK)) =1 — 0(5).
Next we show that the event £ implies that 0* € © for every k € [K]. We show by induction
over k. For k = 1itis clear. For k > 1, since 8* € O, for every h € [H], we have n}", =
maxgee, {0z — (0x},)?} = 0%z — (0*x},)? = Var(e}, | FF), which, together with

m,i.g

the event (), ; ; €17, implies that 6* € O.1. O

+ 4€] In
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795 E.4 Proof of Lemma 22

796 Proof. We define
I = T{u < - S0 () < A(d +2)207 (ui,)}-

707 Then we have If = [T, ; I} Also we have
m.ij _ pmii.j
2 = Th) < 35 2 = ).
h m,i,j h

796 Note that I} > IF , and I[";"7 > I, For each fixed m, i, j, if 3, (I — L)) = 1, then
799 there exists i € [H|, such that for the time step (k, i), we have ®}";"7 (u ) > 4(d +2)2®"" ()

soo for some p. By Lemma 14 with f(x) = clip(z, £;)z and £ = {;, there are at most O(d log® (dH K))

go1 such time steps. We conclude by noting that we have [Ag x A; x As| < O(log®(dHK)) possible
802 M, 1, ] pairs. [

g3 E.5 Proof of Lemma 24
go4 To prove this lemma, we define the index sets to help us apply the peeling technique. We denote
T = {(v,u) € T |t | € (G, 4]},
Tt = {(v,u) e T | ] € [0,
go5s and 7',:”” = {(v,u) € 7;”” : IV = 1}. We also denote 7™/ = 7}7(nfl’j, Trobi — 77(nfl’j.

gos Proof. Since HITh €O, < ka’i’j , choosing o = pi", in the confidence set definition and using that
807 Ty M, = (0*) ’u(HQh)7 we have

(I’Zl’z’] (i) = Z clip; (@3 w i n) T ey, + f?

(v,u)en_m‘i

(v,u)eTkm’i (v,u)ETkm’i

Z clip; (3 iy, )nyt,e + 8450 + E?
(v,u)eT™?

< 8/ U (i ) + 16050 (38)
sos Therefore, when [ IQL = 0, we have

L () i m —
e S B ) < 16 W e+ )

gog Next we analyze the sum. Using the fact that

64(d + 2)? (1 JO (g, e+ éjb)

(I)m ¥ (uk h)

=1

)

810 Wwe obtain

64(d + 2)? ( L w(,uk wt+ 4 L)

Z T Mg S Z ) o (39)
(ko R)ETm i (k,h)eT i3 ko ()
< 64(d + 2)? Z L nPr, pV Lt N CC:L}:;JLk Wit 7 @0)
(k,h)eTm (I);nhZ 7 (B3h) @ (i)
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where the last inequality uses that for every p, we have

U () = i@y, <G Y dip@im)ai,p < GO ().
(v,u)e’Tkmh1 (v,u)ETIZjL}f
41)
In (41), the first inequality uses that 7;", < ¢; for (v,u) € 7;"21 and that clip?(oz) < clip;(a)a for

« € R, and the second inequality uses the definition of @?;f J (p). Next we bound the two terms in

(40). To bound the first term, we note that
LIy T SE (@)
e <\/|T™] )y W (42)
(k,h)eTm i (I)k,H (l’l’k:,h) \ (k,h)eTmid kb M
S clip? (a7, u™,)
’Tmﬂv]| Z M (43)

(k,h)eTm i (DZ?}ZJ (uz:”h)

9
BN clip, (it i)

~ .

\ T 2 dipj(zp )T, + 6
’ (0 )e T,

(44)

< /| T3 | x O(y/d4log? (dHK)), (45)

where (42) uses Cauchy’s inequality, (43) uses that x k. hu’” < ¢ for (k,h) e Trmbi | (44) uses the
definition of CIDZ”}Z (), and (45) uses Lemma 17. To bound the second term in (40), we have

m ,,m g. s 20.m ,,m
wk,h“k,h£; < Z 2clipj (wk,hﬂk,h)
z : m,t,J m,i,j m

— < < O(d*log®(dHK)),  (46)
(k,h)eTmid = kh (Hk,h) (k,h)eTm ixi k,h (“’k,h)

where the first inequality uses that "), uiy, > £;/2 for (k,h) € T m-%.J and the second inequality is
the same as what we have shown from (43) to (45). As a result, combining (40),(45) and (46), we
have

D apup, <64(d+2)* x O <\/d4£i\7m7ixj |tlog® (dHK) +d4nog3(dHK)> (47)
(k,h)eTm %3

O <d4\/ei|fm,m|uog3(dHK) + d6blog3(dHK)> . (48)

Recall that (48) requires "), ui";, € [£;/2, £;], which would be false for j = Lo + 1. In this corner
case, j = Lo + 1, we have

o> @, < KHE < O(1). (49)
i (k,h)eTm i
Finally, combining (48) and (49), we have

Z Ty pbh g = Z Z Ty B

4.5 (k,h)eTm i

)+>.0 (d‘*\/&- | Tmid |1 log® (dHK) + LadSy logB(dHK))
i,

<o | an tlog"(dHK) + d®log® (dHK) |, (50)

where (50) uses that ¢; ”me’i’j| <O(1+ Zhh 77,’;‘,1), which can be proved as follows: for i < Ly, it
is due to ", = £;/2;fori = Ly + 1,itisdueto 1/¢; > KH > |7‘sz| ]
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s25  E.6 Proof of Lemma 25
826 Proof. Define
gm+1

él?,lh = (R@’“,ak (‘/}fﬂ+1) (Psf, ’h“(‘/l5€+1)2m)2)lllf'

g27  We note that M, is a martingale, so by Lemma 11 with a union bound over 1, we have

. . 1 1
Pr|Vme Ao : | M| <2 /22(;’?hlng+4lng >1-0(0log?(dKH)). (51)
k,h

s28 By the definition of 7", , we have

Z Men < <Ck h - max :c;”f{l(e —0%) + 2max &', (0 — 0*)) (52)
’ 0e6), 6e6,
kh ,h
=2 i + Ronir + 2R, (53)
b

829 We have that

pas m+1 m .
Z Ck:yf (Psh,ah Vh+1 2 - (Psﬁ,aﬁ (Vhﬁrl)2 )2> If];
k.h k,h
m+1 m+1 m+1
(Psh,ah VD2 = (ke D) I SR 0 - )
k,h k,h
m+1 . m
0 (VDT = (P o ()P I
k,h
< M1+ O(dlog? (@HK)) + Y (ViEED?™ = (P o (GE)P)?) I
k,h
< M1+ O(dlog? (@HK)) + Y (V)™ = (P ap Vi)™ )
k,h
< Mm+1 +0(d IOgS(dHK)) +2mHl Z I}lf ’ maX{V}f(SZ) - Ps’;"b',a’;; fo—kl? 0}
k,h

< My + O(dlog? (dHK)) + 2m+1 Zlk ( (sF,ab) + max x) n(0— 0*))

< My + O(dlog® (dHK)) + 2m+1(K + Ry). (54)
830 Finally, by (53), (54) and Lemma 24, we have

R, <O (d‘*\/ (M1 + O(dlog® (dHK)) + 2m+1(K + Ro) + Rpy1 + 2R,,)elog” (dHK) + d6Llog5(dHK)>

<O (d“\/( a1 + 27N (K + Ro) + Ryt + Ry)tlog” (dHK) + d%log5(dHK)> , (55)

831 which proves the first part of the lemma. By (51) and (54), we have

O <\/(Mm+1 + O(dlog’(dHK)) + 2m+1(K + Ry))log(1/6) + 1og(1/5)> . (56)
832 which proves the second part of the lemma. O

s33  E.7 Proof of Lemma 23

gsa  Proof. Letb,, = R,, + |M,,|. By (55) and (56), we can bound b,,, recursively as

5 1 - 1
b < O <\/ d?log® (T'd) log 5\/ b + bns1 + 27 (K + Ry) + d” log®(T'd) log 5) NG
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836

837

838

Note that b,,, < 2K H for m € A;. By Lemma 12 with parameters

M =2KH, M= \/ d9log”(Td)log(1/8), A3 =K + Ry, Ay =d" log®(Td)log(1/5),

we obtain that

Ry<by<O <\/ d9(K + Ry)log®(Td)log(1/6) + d°log®(Td) 1og(1/5)) ,

which implies

bp <O <d4'5\/K10g5(Td) log(1/6) + d°log® (T'd) 10g(1/5)>

and completes the proof.
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