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Abstract

The fair-ranking problem, which asks to rank a given set of items to maximize
utility subject to group fairness constraints, has received attention in the fairness,
information retrieval, and machine learning literature. Recent works, however,
observe that errors in socially-salient (including protected) attributes of items can
significantly undermine fairness guarantees of existing fair-ranking algorithms
and raise the problem of mitigating the effect of such errors. We study the fair-
ranking problem under a model where socially-salient attributes of items are
randomly and independently perturbed. We present a fair-ranking framework that
incorporates group fairness requirements along with probabilistic information about
perturbations in socially-salient attributes. We provide provable guarantees on the
fairness and utility attainable by our framework and show that it is information-
theoretically impossible to significantly beat these guarantees. Our framework
works for multiple non-disjoint attributes and a general class of fairness constraints
that includes proportional and equal representation. Empirically, we observe that,
compared to baselines, our algorithm outputs rankings with higher fairness, and
has a similar or better fairness-utility trade-off compared to baselines.

1 Introduction

Given a query and a set of m items, ranking problems require one to output an ordering of a small
subset of items in decreasing order of relevance to the query. Such ranking problems have been
extensively studied in the information retrieval [40]] and the machine learning [39] literature, and
algorithms for them are used in applications such as search engines, personalized feed generators, and
online recruiting platforms [38} [11L 7] Several studies have observed that when the outputs of ranking
algorithms are consumed by end-users, e.g., image results for occupation-related queries, articles
with different political leanings, and job applicants in online recruiting, the outputs can mislead or
alter their perceptions about socially-salient groups [34], polarize their opinions [21} 43]], and affect
economic opportunities available to individuals [28]]. A reason is that relevance (or utilities) input
to ranking algorithms may be influenced by human or societal biases, leading to output rankings
that skew representations of socially-salient, and often legally-protected, groups such as women and
Black people [48]].

A growing number of works aim to make the output of ranking algorithms fair with respect to socially-
salient attributes [66}51]]. As for notions of fairness, in the case when each item belongs to one of
two socially-salient groups (G or G2), equal representation requires that, for every k, (roughly) %
items from each of (G; and G5 appear in the first k& positions of the output ranking. Proportional
representation requires that at most & - |G—m‘| items from each G, appear in the first £ positions. Fairness
criteria that generalize proportional representation and involve p > 2 groups G, . . . , G, where each
item may belong to multiple groups, have also been considered: Given values Uy, they require that
at most Uy, items from G appear in the first k£ positions of the output ranking [54} [15]. One set
of works in the fair-ranking literature tries to improve fairness in utility-estimation [64} 55/ 65 144]].
Such approaches have the benefit that no changes to the existing ranking algorithm are necessary
but they may be unable to guarantee that the output ranking satisfies the required fairness criteria
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[24]. Another set of works use the given utilities as-it-is and change the ranking algorithm to output
the ranking with the highest utility subject to satisfying the specified fairness criteria by including
them as fairness constraints (54,8} 1524, [2'7]. While these latter approaches can guarantee fairness,
they require coming up with new algorithms to solve the arising constrained ranking problems. Both
approaches, however, rely on knowledge of the socially-salient attributes of the items [49].

Assuming precise access to socially-salient attributes is reasonable in some contexts and has led to
successful deployment of fair-ranking frameworks; see [24]. However, in several contexts, socially-
salient attributes can be erroneous, missing, or known only probabilistically. For instance, errors can
arise due to misreporting, which is a common concern with self-reported attributes [3]]. Attributes can
also be missing, as is the case with images in web-search or in settings where it is illegal to collect
certain socially-salient attributes [17]. Often attributes are predicted using ML-classifiers, but such
prediction has inaccuracies [9]. In such cases, one can calibrate the confidence scores of classifiers to
derive (aggregate) probabilistic information about the true attributes [31]]. Moreover, probabilistic
information about socially-salient (protected) attributes can be sometimes computed from other
attributes. For instance, name and location of an individual, combined with aggregate census data
may be used to get a conditional distribution of their race [20, 132} [17]]. Even accurate attributes
may be randomly and independently flipped to preserve user privacy, and the distribution of flipped
attributes is determined by public parameters of, e.g., the randomized response mechanism [33}|61]].

Several models of inaccuracies in data have been proposed [41, 23]. We consider one such model
(due to [4]) to capture inaccuracies in socially-salient attributes. Each item ¢ belongs to the ¢-th group
with a known probability P;,. For each item ¢, the distribution corresponding to P;¢s over groups is
assumed to be independent of corresponding distributions of other items. This model can be used
in cases where these probabilities are available or can be derived, as in some of the aforementioned
examples (see Sectiond|and Supplementary Material [A). In other cases, e.g., when errors are strategic
or adversarial, other models are needed. This model and its variants have also been used by works
on designing fair algorithms in the presence of inaccuracies, for problems including classification
[36} 159,158l [13]], subset selection [42]], and clustering [22].

In this noise model, while socially-salient attributes are not explicitly specified, one could still use
existing fair-ranking algorithms by first sampling groups for items from the given probabilities. Indeed,
[26] evaluate existing fair-ranking algorithms on attributes obtained from the probabilities derived
from ML classifiers. They find that “errors in [socially-salient attributes] can dramatically undermine
fair-ranking algorithms” and can cause “[non-disadvantaged groups] to become disadvantaged
after a ‘fair’ re-ranking.” We confirm this observation on a synthetic dataset when the goal is to
finding a ranking that satisfies equal representation (Section[d). We assigned each item the socially-
salient group that is most likely and find that when existing fair-ranking algorithms (for equal
representation) are run with this group information, they output rankings that significantly violate the
equal representation criteria (Figure[I)). Further, we mathematically analyze two natural methods
to sample groups from probabilities and give examples where taking such information as input,
existing fair-ranking algorithms output rankings which provably violate the equal representation
criteria (Supplementary Material [C)). Thus, new ideas are needed to design fair-ranking frameworks
that can guarantee given fairness criteria under this noise model.

Our contributions. We present a fair-ranking framework that guarantees given fairness criteria when
the socially-salient attributes are assumed to follow the probabilistic noise model mentioned above.
In particular, it finds a utility maximizing ranking subject to a class of constraints that only rely on
given probability distributions (Program ([7))). These constraints relax the given fairness criteria by a
carefully chosen factor: for equal representation, the relaxation is by roughly a 1 + ﬁ multiplicative

factor for position k for any k. Moreover, instead of sampling the attribute values and applying
constraints on them, these constraints apply the relaxed-fairness criteria to the expected number of
items from each group that appear in the first k positions. We show that these constraints ensure
that any ranking approximately satisfying the given fairness criteria is feasible for them and any
ranking feasible for them approximately satisfies the given fairness criteria (Theorem [3.1). Our
fair-ranking framework works for the general class of fairness criteria introduced earlier, which
involve multiple overlapping groups G, . .., G, and upper bound Uy, for the ¢-th group and k-th
position (Theorem [3.1)), and for their position-weighted versions (Theorem [E. ).

We show that our fair-ranking framework, besides nearly satisfying the given fairness criteria, has a
provably high utility (Theorem [3.T). Complementing Theorem [3.1I] we prove near-tightness of the
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fairness guarantee (Theorem [3.2)): For equal representation fairness criteria, this results shows that
that it is information theoretically impossible to output a ranking that violates this criteria by less than

a multiplicative factor of 1+ 9] (%) at the k-th position for any k. Finally, we give a polynomial-time
algorithm to approximately solve Program (7)) (Theorem [3.3).

Empirically, we evaluate our framework on both synthetic and real-world data against standard
metrics like weighted-risk difference (RD) that measure deviations from specific fairness criteria
(Sectiond). We compare its performance to key baselines [15] 5424 142] on both single and multiple
attributes. In all simulations, we observe that compared to baselines our framework has a higher
maximum fairness (2 to 10% for RD; Figures [I|to[3)) and a similar or better fairness-utility trade-off

(Figures [2] [ and 6] to [9).

Related work. Work on automated information retrieval dates back to 1940s [37,[18]]. Since then
the IR literature has devoted a significant effort in measuring relevance of items to specific queries
across different tasks: including, web search [[6], personalization [30], and product rating [19]; we
also refer the reader to [40]] and the references therein. In the last three decades, works in the ML
literature have also made significant contributions to relevance-estimation [39], by proposing methods
that: (1) supplement traditional IR approaches, e.g., by automatically tuning their—previously hard to
tune—parameters [57] and by improving their efficiency through clustering-based techniques [56, 2],
and (2) substitute traditional IR approaches by neural-network based models to predict item relevance
(L1} 10k 160 [7].

Fair ranking. Existing works on the fair-ranking problem take diverse approaches: Among
works that de-bias utilities, different approaches include, post-processing the utilities so that the
post-processed utilities satisfy some fairness requirement [63]], introducing a “fairness penalty”
in the objective function used to train learning-to-rank models [55} |65], and modifying feature
representations generated by up-stream algorithms so that the utilities learned from the modified
representations satisfy some fairness requirements [64]]. Works that alter the ranking algorithms can
also be further categorized into those which satisfy the constraints for each ranking [[15 62} 24} 27]
and those that satisfy the constraints in aggregate over multiple rankings [54, 8]]. Unlike this work,
all aforementioned works need access to the socially-salient attributes of items. When protected
attributes are inaccurate, these works can fail to satisfy their fairness and/or utility guarantees [26].

Effect of inaccuracies on fair-ranking algorithms. Some recent works have considered assessing
fairness of rankings and ranking algorithms with missing or inaccurate protected attributes. [35]
analyze the setting where all protected attributes are missing, but can be purchased at a fixed cost
per item. They give statistical-techniques to estimate the fairness-value of a given ranking at a small
cost. [26] use ML-classifiers to infer protected attributes from real-world data and study performance
of the fair-ranking algorithm by [25] when given inferred attributes as input. While these works
underscore the need for fair-ranking algorithms to be robust to inaccuracies in protected attributes,
they only assess fairness in the presence of noisy protected attributes.

2  Model of fair ranking with noisy attributes

Ranking problem. In ranking problems, given m items, one has to select a subset of n items and
output a permutation of the selected items. This permutation is said to be a ranking. There is a
large body of work on estimating the relevance of items and personalizing these estimates to specific
users/queries [40, 39]. We consider a ranking problem where the relevance of items are known.
Abstracting relevance estimation, in this problem, one is given an m X n matrix W, such that placing
the i-th item at the j-th position generates utility W;;. The utility of a ranking is the sum of utilities
generated by each item in its assigned position. The algorithmic task in the ranking problem is to
output a ranking with the highest utility. We denote rankings by assignment matrices R € {0, 1}™*",
where R;; = 1 indicates that item 4 appears in position j, and R;; = 0 indicates otherwise. In this
notation, the utility of a ranking is (R, W) := >_1", Z?zl R;jW;;. Then this ranking problem is to
solve: maxper (R, W) . Where R is the set of all assignment matrices denoting a ranking:

R = {X € {0, 1™ 2 Vi € [m], Y0, Xiy < 1, Vj € [n], 0, Xy = 1}. (1)
Here, the constraint y ;" X;; = 1 ensures position j has exactly one item and the constraint

Z?zl Xi; < 1 ensures that item % occupies at most one position.

Fair-ranking problem. There are several versions of the fair-ranking problem. We consider a version
with p > 2 socially-salient groups G1, G, ..., G, C [m] (e.g., the group of all women or all Black
people) which are often protected by law. Each of the m items belongs to one or more of these socially-



151 salient groups (henceforth referred to as just groups). This fair-ranking problem is to output the
152 ranking with maximum utility subject to satisfying certain fairness criteria with respect to these groups.
153 The appropriate notion of fairness is context dependent, and to capture different fairness criteria nu-
154 merous fairness constraints have been proposed. We consider a class of general fairness constraints.

186 Definition 2.1 (Fairness constraints). Given a matrix U € Z'*?, a ranking R satisfies the upper
157 bound constraint if } ;- 25:1 R;j < Uy, forall £ € [p] and k € [n].

158 Existing works consider similar constraints and show that they can encapsulate a variety of fairness
159  criteria [54]]. For instance, when groups are disjoint, to capture equal and proportional representation,

160 one can choose Uyp:= [k . ﬂ and Upe:= [k ‘ %w for all £ and ¢ respectively. As a running example,
161 we consider the fair-ranking problem with equal representation with two disjoint groups, i.e.,
maxper (R, W) st. Vken] Ve 2, Y,q Xh i Rij <[£]. )

162 To ease readability, we omit ceilings-operators henceforth.

163 Noise model. If the socially-salient attributes of items are known accurately, then one can solve the
164 fair-ranking problem. However, as discussed, in many contexts, attributes are inaccurate, missing,
165 or only probabilistically known. Several models have been proposed to capture different errors in
166 attributes. Here, we consider a model (due to [4]) which has also appeared in [22} 36| 42]].

167 Definition 2.2 (Noise model). Let P € [0, 1]™*? be a known matrix. The groups Gy, ..., G, C [m]
16 are random variables, such that, for each ¢ € [m] and ¢ € [p], Pr[G, > i] = P;. Moreover, for
169 different items ¢ # j the events Gy 3 i and Gy, 3 j are independent for all £, k € [p].

170 Definition [2.2) makes two key assumptions: the matrix P is known and for each item 4, the events
171 Gy 3 i over groups ¢ are independent of the corresponding events for other items. Both of these
172 assumptions hold when attributes are flipped to preserve local differential privacy (Remark [A.T). In
173 other settings, P’s estimate can be inaccurate and above events may be correlated. These can adversely
174  affect the performance of our framework. We empirically study this in simulations where P is
175 estimated using confidence scores of off-the-shelf classifiers and is miscalibrated (Figures [2]and [3).
176 Fairness constraint with noisy attributes. Most existing fairness constraints assume that the groups
177 are deterministic. Hence, it is not clear how to impose them when groups are random variables,
178 as in Definition [2.2] One definition is to require the constraints to be approximately satisfied with
179 high probability. Consider the instantiation of this definition for equal representation: A ranking R
180 satisfies (p, §)-equal representation, if with probability 1 — &, at most £ (1 + p) items from G, appear
181 in the first k& positions in R places for all k& € [n] and ¢ € [2]. Naturally, one would like to satisfy this
182 definition for small §, p. However, it turns out to be too stringent and is infeasible for any small 9, p.

183 Proposition 2.3. No ranking satisfies (p, §)-equal representation for p < 1, § < %, and P = [%] mxp’

184 The proof of Proposition [2.3]shows that any ranking R violates the equal-representation constraint
185 at the 2nd position by a multiplicative factor of 2 with probability % The issue is that the same
186 relaxation parameter p is used for each position. Motivated by this observation, we consider the
187 following alternate version of upper bound constraints.

188 Definition 2.4 ((¢, 6)-constraint). For any ¢ € R%, and ¢ € (0, 1], a ranking R is said to satisfy

189 (&, d)-constraint if with probability at least 1 — & over the draw of G, . . ., G,
k
Vk € [n] V¢ € [p], ZiEGg Zj:l R;; < Uke(1 +€). 3
190 We would like to output a ranking that satisfies Deﬁnitionfor small § and small €1,¢e9,...,&,.

mxmn nxp

191 Problem 2.5 (Ranking problem with noisy attributes). Given matrices W eRzo U ERzo , and
192 P€[0,1]™*?, find the ranking R maximizing utility (R, W) subject to satisfying (e, §)-constraint
193 for some small ¢ and §.

194 2.1 Challenges in solving Problem

195 In this section we discuss potential approaches for solving Problem [2.5] In other words, solving:

maxger (R, W), s.t, R satisfies (¢, d)-constraint. 4)

196 Even for two disjoint groups, given V' > 0, it is NP-hard to decide if the value of Program (@)
197 is at least V' (Theorem [F-5)). To bypass this hardness, one can consider approximation algorithms.
198 Program (4) is an integer program because the entries of the matrix R are required to be integers
190 (Equation (I])). A standard approach to (approximately) solve integer programs is to: (1) consider
200 their continuous relaxation that drops the integrality constraints, (2) compute the optimal solu-
201 tion R, of the relaxed problem, and then (3) “round” R, to satisfy integrality constraints while
202 “‘retaining” its utility and fairness properties. To take this approach, we first need an efficient algo-
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rithm to find R.. However, not just Program (E[), but even its continuous relaxation is non-convex
and, hence, it is unclear how to solve it to find R..

Due to the independence assumption in Definition[2.2] the number of items from G appearing in the
first k positions of a ranking is concentrated around its expectation (for large k). This implies that if,
in expectation, less that Uy, items from G, appear in the top & positions then, with high probability,
the number of items from G/ in the top k positions is not much larger than Uy,. Using this one can
show that a ranking satisfying the following constraints

Vk € [n]VlE [p], E[};cq, Z?:l Rij] < Uke (5)

also satisfies (e, §)-constraint for small € and J. One idea is to find the ranking maximizing util-
ity subject to satisfying Constraint (3). A feature of Constraint (3) is that it is linear in R as
E[Yicq, Yioy Rl =X, 325, PicRij and, hence, one may hope to find the ranking with the max-
imum utility subject to satisfying Constraint (5). However, the issue is that there are examples where
any ranking satisfying Constraint (3)) has 0 utility and there are rankings that satisfy (¢, §)-constraint
and have a large positive utility (Lemma[F3). Hence, this approach can output rankings whose utility
is significantly smaller than the utility of the solution to Problem[2.35] To overcome this, we relax
Constraint (3) by a carefully chosen position-dependent factor, such that, any ranking satisfying the
(e, 6)-constraint (for appropriate € and §) is also feasible for our framework.

3 Theoretical results

In this section we present our optimization framework and its fairness and utility guarantees.

Input: Matrices P€ [0, 1] WeRZ" UcR"*P || Our Fair-Ranking Program
Parameters: Constant ¢ > 1, failure probability maxgrer (1, W), (Noise Resilient) (7)
0 € (0,1], and k € [n], relaxation parameter s.t. V£ € [p] Vk € [n]
o 2n . R < _ L) )
e =12 -log (%3P) - maxeepp) /77y (6) Zlgeeh[;i]] PiyRij < Uk (1 + (1 5 ) ) ®

The above program is a modification of the program for fair ranking with accurate groups: It has
the same objective but different constraints. Instead of sampling the attribute values and applying
constraints on the sampled values, Constraint (3)) apply upper bounds on the expected number of items
in the first & positions from group ¢ (see Section[2.T). Further, Constraint (3)) relaxes upper bounds Uy,
by a small position-dependent factor. Like for Constraint (5, one can show that any ranking satisfying
Constraint (@) also satisfies (&, d)-constraint (for small 1, . .., &, and §). But unlike Constraint @),
and somewhat surprisingly, any ranking thatsatisfies (¢, 6)-constraint (for appropriateey, . .., €, and
&) must also satisfy Constraint (8). We use this to prove Theorem [3.1]s utility guarantee.

Our first result bounds the fairness and utility of the optimal solution of Program (7).

Theorem 3.1. Let v € R™ be as defined in Equation (6). There is an optimization program
(Program (1)), parameterized by a constant ¢ and failure probability §, such that for any ¢ > 1 and
5 € (0, %] its optimal solution satisfies (¢, 0)-constraint and has a utility at least as large as the
utility of any ranking satisfying ((¢c — \/¢)v, §)-constraint.

For equal representation, 7y, is O (ﬁ) . Thus, Theorem guarantees that, with high probability, the
optimal solution of Program (7)) multiplicatively violates equal representation at the k-th position by
at most 1 + O (%) Further, this solution’s utility is higher than the utility of any ranking satisfying a

slight relaxation of this fairness guarantee. Theorem[3.1|can be extended to position-weighted versions
of fairness constraints (Theorem El), where the fairness constraint is 3, o, =305 R <Ue (for
all k and /) for specified discount factors v; > - - - > v, such as NDGC [29]]. If we are also guaranteed
Uge > 1k for some constant ¢» > 0 and all k£ and ¢, then we can improve ;s dependence on ¢ from

log § to y/log § (Supplementary Material [D.2). The proof of Theorem 3.1 appears in Section [3]

Since (¢ — /)y < ¢, Theorem gives a pseudo-optimality guarantee on utility. Does a different
constraint C guarantee optimal utility for the achieved fairness? Let R be a ranking maximizing
utility subject to satisfying C. Are there small € and §, such that R satisfies (£, §)-constraint and has
utility at least as large as any other ranking satisfying the (£, )-constraint? We prove that, for any
value of € and §, the (e, §)-constraint is the unique constraint with this property (Proposition .
However, solving the program corresponding to (&, §)-constraint (Program (@) seems intractable (see
Section [2.1)). Unless Program (@) can be efficiently solve, a pseudo-optimality guarantee is necessary.
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20 18 16 14 12 ‘1‘0 Error-bars denote the error of the mean.
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Lower bound on fairness guarantee. Our next result complements Theorem [3.1]'s fairness guarantee.
Theorem 3.2. There is a family of matrices U € ZiXp such that for any U in the family
and any parameters § € [0,1) and e1,...,e, > 0, if for any position k € [n] e < 1 and

€ < MaXyep] 4 /ﬁ log 4%5 then there exists a matrix P € [0,1]™*P, such that it is information

theoretically impossible to output a ranking that satisfies (£, 0)-constraint. This family contains the
matrix U corresponding to equal representation constraints.

Since 7, is O (log(%) - maxy 4 /%M)’ Theorem |3.2{shows that Theorem s fairness guarantee is
optimal up to log-factors. Supplementary Material |D.3|proves Theorem [3.2]

An efficient algorithm. As for solving our optimization program, it is NP-hard to check its feasibility
(Theorem [D.10). However, because Constraint is linear in R, the continuous relaxation of
Program (7) is a standard linear program and can be solved efficiently. Our algorithm (Algorithm [T)
solves the standard linear programming relaxation of Program (7)) to find a solution R, and then uses
a dependent-rounding algorithm by [[16]] to convert R, to a ranking.

Theorem 3.3. There is a randomized algorithm (Algorithm |I)) that given constants d > 2, a
failure probability 0 < § < 1, and matrices P € [0,1]*P and W € [0,1]™*"™, outputs a
ranking satisfying (O(d~), §)-constraint and with probability at least 1 — §, and has a utility at least
(1-%)-V- O(\/dn), where V is the utility of any ranking satisfying ((d — \/d)~, §)-constraint.
The algorithm runs in polynomial time in d and the bit complexity of the input.

The tension in setting d is that decreasing d improves the fairness guarantee and the second term in
the utility guarantee but worsens the first term in the utility guarantee. Under the mild assumption that
V = Q(n), increasing d improves the utility guarantee because the first term in the utility guarantee
dominates the second term. In this case, the utility guarantee improves to (1 — % — o(1)) - V. Finally,
while Theorem requires the utilities (entries of W) to be between 0 and 1, it can be extended to
any non-negative and bounded utilities by appropriate scaling. The proof of Theorem [3.3]appears in

Supplementary Material
4 Empirical results

In this sectionﬂ we evaluate our framework’s performance synthetic and real-world data.

Baselines and metrics. The correct choice of fairness metric is context-dependent and beyond the
scope of this work [S3]]. To illustrate our results, we arbitrarily fix the fairness metric as weighted
risk-difference (RD). This is a position-weighted version of the standard risk-difference metric [12]
and measures the extent to which a ranking violates equal representation. The RD of a ranking R is:

1 1 B
I Zk:s,m,... Tog & MaX¢ qep] Zieame[k] Ri; — EiEqujE[k] Rij|,

Where G denotes the ground-truth protected groups and Z is a constant so that RD has range [0, 1].
Here, RD = 1 is most fair and RD = 0 is least fair. We compare our framework, NResilient, against
state-of-the-art fair-ranking algorithms: CSV (“greedy” in [15]), SJ [54], and GAK (“DetGreedy” in
[24]). We also compare against MC, which ranks the items, in the subset output by [42]]’s algorithm,
to maximize utility. Finally, we compare against the baseline, Uncons, which outputs the utility
maximizing ranking without fairness considerations. We present additional discussion of results,
additional plots for RD, and comparisons with weighted selection-lift in Supplementary Material

1Anonymized code for our simulations is available at https://github.com/NoisyRanking/FairRankingWithNoisyAttributes
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Setup. We consider the DCG model of utilities [29] and a relaxation of equal representation con-
straints: (1) Given an intrinsic value w; > 0, for each item 7, we set Wi = w; (log (j + 1))_1 Vi e
[n]. (2) Given a parameter ¢ € [1, p|, we set upper bounds Uy, := p - k for each k € [n] and £ € [p].

In simulations, we set m = 500, n = 25, and vary ¢ from p to 1. For each ¢, we draw m items
uniformly without replacement and compute an estimate P of the matrix P from Definition[2.2} details
are given with each simulation. We infer socially-salient groups Gy, . . . , G2 via P by assigning each
item to its most-likely group. Finally, we run all algorithms using P or G1, . .., G5 as discussed next.

Implementation details. NResilient and MC take probabilistic information about socially-salient
attributes as input and are given P. CSV, SJ, and GAK require access to socially-salient groups and
are given Gy, . . G NResilient, SJ, and CSV use fairness constraints from Definition [2.T]and are
given: for each ke [ ] and ¢ € [p], Uxe = £ - k. MC requires, for each ¢ € [p], an upper Bound on
the number of items from G, that can appear in top-n positions. It is given 2. for each ¢ € [p].
GAK requires the desired proportion « for each group G, and, roughly, satisfies the constraint

Uke = ag - k foreach k € [n] and £ € [p]. Itis given ay = l for each ¢ € [p], this corresponds to
¢ = 1 (hence, the figures only plot the GAK at ¢ = 1). Asa heurlstlc WE SEl Y =35 - MaAXye[p] 4 /in

in all simulations. We find that this parameter suffices and expect a more refined approach to improve
the performance of NResilient.

Simulation on synthetic data. We show that on synthetic data, where error-rates of given socially-
salient attributes vary over groups, existing fair-ranking algorithms have worse RD than Uncons.
Data. We generate w and P for two groups using code by [42]] and fix P = P. For all items 7, w; is
i.i.d. from the uniform distribution over [0, 1]. P is constructed such that attributes inferred from P
have a higher false-discovery rate for the minority group compared to the majority (40% vs 10%).
Results. See Figure I|for the observed RD averaged over 500 iterations. We observe that NResilient
achieves best RD (=0.81), while not loosing significant utility (> 0.98% of maximum; see FlgureE])
MC achieves the best RD (/0.79). In contrast, CSV, SJ, and GAK, which do not account for noise
in the socially-salient attributes, achieve a worse RD at ¢ ~ 1 (<0.68) than Uncons (=0.75). Thus,
we observe that existing fair-ranking algorithms may achieve a worse RD than Uncons.

Simulation on real-world image data. In this simulation, given non-gender labeled images-search
results and their utilities, our goal is to generate a high-utility and gender-balanced ranking.

Data. We use the Occupations dataset [[14] which contains the top 100 Google Image results for 96
occupation-related queries. For each image, the data has its position in search results, gender (coded
as male/female) of the individual depicted in the image, collected via MTurk. We use the (true)
gender labels in the data to compute RD and to estimate P, but do not provide them to algorithms.
Setup. For each image ¢, with rank r;, we define w; := (log (1 + ri))_l. We say an occupation is
gender-stereotypical if more than 80% of images for this occupation have the same gender label
(41/96 occupations). An image is said to be stereotypical if its in a gender-stereotypical occupation
and its gender label is the majority label for its occupation. We define the socially-salient groups as
the sets of stereotypical and non-stereotypical images in gender-stereotypical occupations.
Estimating P. After pre-processing, we use a CNN-based gender-classifier f [52] to predict the
(apparent) gender of the person depicted in each image. We calibrate the confidence scores output
by f by binning and use these to estimate P (see Supplementary Material [B| for more details).
We perform this calibration once and on all occupations and, then, use it for gender-stereotypical
occupations. Because of this P is miscalibrated (and hence, inaccurate). For instance, among samples
1 for which 0.25 < P;, < 0.5, more than 75% are labeled as ‘man’ (instead of some percentage
between 25% and 50%). This violates the assumption that P is accurately known.
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0.7 Figure 3:  Real-World Name Data: Multi-

=== This work . . . . .
S ple Attributes. In this simulation, the goal is

0.6 CSV [Greedy] A to ensure equal representation across four dis-
MC / joint groups formed by combinations of two at-

05/ A GAK [Det-Greedy] / tributes (non-White non-men, White non-men,
—}— Uncons non-White men, and White men). We estimate

P by querying public APIs and libraries with
names in the data. The y-axis plots RD and z-
axis plots ¢. (Note that the values decrease to-
ward the right). We observe that all algorithms
have a better RD than Uncons and NResilient
has the best RD compared to all other baselines.
(less fair) ¢ (more fair) Error bars represent the error of the mean.

Results. See Figure [2]for RD and utilities (NDGC) averaged over 1000 iterations. We observe that
NResilient achieves the best RD (/0.81) and has a better RD-utility trade-off than the other baselines.
In contrast, CSV, SJ, and GAK, achieve a worse RD (<0.77). MC achieves the worst RD (<0.70)
and a worst RD-utility trade-off. We further evaluate the robustness of NResilient to varying levels
of noise on the Occupations dataset in Supplementary Material [B]and observe NResilient has a better
or similar RD than each baseline at all noise levels.

Simulation on real-world name data. We consider gender and race (encoded as binary) as socially-
salient attributes. Our goal is to ensure equal representation across the four disjoint groups formed by
combinations of these: non-White non-men, White non-men, non-White men, and White men.
Data. We consider the chess ranking data [26]] which has of 3,251 chess players. For each player,
among other attributes, the data has their full-name, self-identified gender (coded as male/female),
FIDE rating, and race (Asian, Black, Hispanic, White) collected via MTurk. We use the (true) gender
and race labels in the data to evaluate RD, but do not provide them to algorithms.

Setup. We partition the races into White (81.66%) and non-White (18.34%). For each player
i, we query Genderize and EthniCohﬂ with 4’s full-name to obtain the “probabilities” py(¢) and
Pnw(?) that player 7 is labeled as a women and non-white respectively. We assume that these
probabilities are correct and that the gender and race of players are drawn independently. Hence,
e.g., we set the probability that 7 is a non-white women as P; nuw+ f=pnw(i)py (7). Similarly, we set
Pi,erf:(l — Prnw (i))pf (@), P’i,n}ngm = Pnw (2)(1 - pf(i))v and Pi wtm = (1 — pnw (2))(1 — Py (Z))A
Notably, we do not calibrate P on this data. We verify that, like the previous simulation, P is
miscalibrated in this simulation. E.g., only 31% of the samples ¢ for which P; .1, > 0.75 are
labeled as ‘Non-white man’ (instead of 75%). Hence, the assumption that P is accurately known is
violated in this simulation. We expect calibration to improve NResilient’s performance.

Results. See Figure[3|for RD averaged over 500 iterations. We observe that all algorithms (NResilient,
CSV, GAK, SJ, and MC) have better RD than Uncons. Among these, NResilient achieves the best
RD (=0.67), next CSV, GAK, and SJ obtain RD (x0.61), and MC achieves RD (< 0.53). Further,
in Figure[6] we observe that all algorithms have a similar fairness-utility trade-off.

5 Proof of Theorem 3.1

In this section we prove Theorem[3.1} Some of the details are deferred to Supplementary Material [D.2]
due to space constraints. The proof is divided into two propositions:

Proposition 5.1. For any 6 € (0, 1], any ranking feasible for Prog. (1) satisfies (cy, d)-constraint.
Proposition 5.2. Forany 6 € (0, 1) and ¢ > 1, any ranking satisfying the ((c — \/c)y, §)-constraint
is feasible for Program ().

Proof of Theorem[3.1] Let R* be the optimal solution of Program (7). Since R* is feasible by
definition, Proposition [5.1]implies that R* satisfies the (¢, §)-constraint. Pick any R’ that satisfies
the ((c — \/c)v, 6)-constraint. Proposition 5.2]implies that R’ is feasible for Program (7). Since R*
is an optimal solution of Program (7)), R*’s utility is at least as large as the utility of R’. [
Notation. For each item ¢ and group 4, let Z;; € {0,1} be the indicator random variable Z; :=
I[G, > i]. By Definition|2.2| Pr[Z;¢] = Pjy and Z;; and Z,, are independent for any ¢ # j. Given
ranking R € R, group ¢ € [p], and position k € [n], let Zx (R, ¢, k) be the number of items from G,
in the top & positions of R and let Py (R, ¢, k) = E[Z4(R, ¢, k)]. From the above, we get:

Py(R, k) =E[Zy(RE)] =3 c(m) 2 jepm Pielij-

’gender-api . com and|github. com/appeler/ethnicolr respectively

0.4

0.3

Weighted risk-difference

4.0 35 3.0 2.5 2.0 L5 1.0
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We will use the following concentration result in the proof. It is proved in Supplementary Material[D.1]

Lemma 5.3. For any position k € [n), group { € [p], parameters € > 0 and L,U € R, and ranking
R € R, where R is possibly a random variable independent of {Zlg}l » if Pe(R, (k) < U or

Pu(R, Y, k) > L then the following equations hold respectlvely Pr [Z# (R, 0,kE)<(1+e)U] >
1—e” e and Pr[Zy(R, 0, k) > (1 —¢e)L] >1—e" B €>
Proof of Proposition[5.1] Fix any kand £. Let

¢=1— 51z, U'=U(1+¢y), and ¢=4720 ©)

Here, U’ and ( satisfy that U’'(1 + ¢) = Uge(1l + cyx). Fix any ranking R that is feasible for
Program . Since R is feasible, it satisfies that

Vi e [p], ke [n], P#(R,f,ki) < Uy (1 + qwk). (10)
Using that U’(1 + ¢) = Ug(1 + ¢yx), Equation (10), and Lemma(5.3] we get that
/02 (1—¢)2c242U (1—¢)2c242U
Pr(Zu(R6K) > U'(14+Q) < e 27c @ o~ ey OZV s w1y

Fact5.4. Forallz,y > 0,if x > y + |/y, then {7 > y.

P Iderr = (1-¢)2Uke
uses § < % and Uje,n > 1.) Substituting this in Equation we get:

Pr(Zy4 (R, 6,k) > U (1 + cyp)] < 52 (12)

= 2np*

Using Factand Equation (@) we can show that for each & s 2 -log =3 272 (This

Taking the union bound over all positions £ and ¢, we get (as desired) that with probability at least
1—0,forallken]and b€ Zx(R, 0, k) < Up(1l + cyi). O

Proof of Proposition[5.2] Let ¢ :=1— 21—\/5 Towards a contradiction, suppose that R’ satisfies

((¢ = v/¢), d)-constraint but is not feasible for Program (7). Then there exists £ and & such that
Pu(R',k,0) > Uk - (1 + ¢yi) . Fix any k and £ satisfying this. Let
bi=1— 2, L'=Up (1+¢y) and C:="708 (13)

1+¢vk
It holds that L'(1 — ¢) = Ugs(1 + by;) and, hence, we get

, Lem /2 —(c—b)2Up, —Upygc
Pr[Z4(R ,k,£) < L'(1- )] o < @]ef 2(Ll£<) K] T e < 64(2\/7’61Z 1Z]if(c>0) —aek . (14)

Since 7 > 8log %2 - max; T , 0 < 1,and U > 1, we have Pr [Zx (R, k,£) < Uge] < nip <1-6.

Since R’ satisfies ((c — y/c)7, d)-constraint we have a contradiction, hence R’ must be feasible. [

6 Limitations and conclusion

Recent studies find that errors in socially-salient attributes can adversely affect the fairness and utility
of existing fair-ranking algorithms [26]]. We consider a model of random and independent errors in
socially-salient attributes and present a framework that can output rankings with high fairness and
utility in this model. This framework works a general class of fairness criteria, which involve multiple
overlapping groups and upper bounds on the number of items that appear in the first £ positions from
each group. We also show near-tightness of the framework’s fairness guarantee. Empirically, on both
synthetic and real-world datasets, we observe that, compared to baselines, our framework can achieve
higher fairness-values and a similar or better fairness-utility trade-off for standard metrics.
Compared to existing fair-ranking frameworks, our framework does not need accurate socially-salient
attributes, but assumes that errors in attributes are random and independent. When these assumptions
do not hold, our framework may not satisfy its guarantees. Simulations on real-world data suggest
that, in contexts represented by this data, our framework can achieve higher fairness than baselines
(Sectionfd)). Nevertheless, a careful assessment of this on application-specific data would be important
to avoid any (unintended) negative social impact.

Our work only addresses one aspect of how bias may show up in rankings, and more generally, on the
web. It is important to take an holistic approach to mitigate bias and incorporate our work as a part of
such a broader effort. Finally, our work adds to the line of works that develop fair decision-making
algorithms robust to inaccuracies in data [36} 15 47, 22,159} 158, 142} [13]].
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A Additional remarks on the noise model

Applicability of the noise model in applications. The noise in Definition arises in real-world
settings where local differential privacy is ensured e.g., using the randomized response mechanism.

Remark A.1 (Model’s assumptions hold if attributes are perturbed by randomized response).
The randomized response mechanism flips each item’s protected attribute to an incorrect value with
some (public) probability 0 < n < %, independent of all other items. Here, the independence
assumption holds (by design) and P’s entries can be deduced from 7). To see the latter concretely,
consider two protected groups G and G5 (p = 2), and their noisy versions /N7 and N5 corresponding

to the “flipped” attributes. For any item ¢ € Ny,
Pﬂ:(l*n)JGl‘/\Nﬂ and PZQ:l*Pﬂ.

For items in Ns, replace P;1, Pj2, G1, and Ny with Pjo, P;1, G2, and No. When there are more than
two groups (p > 2), then the randomized response mechanism publically specifies the probability
7a,» With which it flips protected attribute value £ = a to another value ¢ = b (for any a, b € [p]). As
in the binary case above, P’s entries can be deduced from parameters {7,5: a,b € [p]}.

Further, in other real-world settings such as image search and online recruiting, the entries of P can
be estimated using the confidence scores of classifiers or using auxiliary attributes. In more detail:

« If the protected attribute is skin tone, then a classifier C' can be used to predict if image 7 contains
a person with a dark skin tone. If C' has a calibrated confidence score 0 < ¢(i) < 1 in this
prediction, then P; garkskin—tone = ¢(%). See Figurein Sectionfor results from a simulation
that estimates P in this fashion.

« If the protected attribute is race and individuals are uniformly drawn from the population, then for
an individual ¢ with surname S and zip-code Z, P; , = f(Z, S), where f(Z, S) is the fraction
of individuals with surname .S in zip-code Z who have the L-th race; which can be estimated
using census data [20] (see Figure [3]in Section ).

Discussion on the noise model with disjoint groups vs. overlapping groups. For each item ¢
and group G, (¢ € [p]), the noise model specifies the marginal probability that ¢ belongs to Gy:
Py == Pr|G, > i]. For any 4, the model allows for any joint probability distribution over the
events (G1 3 1), (G2 3 1),...,(G, > i) that is consistent with the above marginal probabilities.
This allows the model to capture the setting where all groups are disjoint — by requiring the events
(G121),...,(Gp > i) to be mutually exclusive. It also allows the model to capture the cases where
all or only some of the groups can overlap. For instance, the case where (G; can overlap with G but
both G1 and G5, are disjoint from G3 can be captured by requiring the events (G'3 3 %) to be mutually
exclusive of the events (G 3 ¢) and (G2 3 4). Importantly, we do not need additional information to
capture these settings—it suffices to know the marginal probabilities specified by P.

B Additional empirical results and implementation details

In this section, we present the implementation details of our simulations (Supplementary Materials[B.1]
and [B.2), give additional plots for the simulation in Section ] (Supplementary Material [B.3), and
additional simulations that use weighted-selection risk as the fairness metric or vary the amount of
noise in the data (Supplementary Materials and [B.5)

Code. The anonymized code for all simulations is available at https://github.com/
NoisyRanking/FairRankingWithNoisyAttributes,

B.1 Implementation details
In this section, we give implementation details of our algorithm and baselines.

* NResilient: We implement NResilient in Python 3 and use the Gurobi optimization library to
solve the linear program in Step 1 of Algorithm|[I}

e SJ: This is [54]’s algorithm. SJ (1) solves a linear program specified by the protected groups
G1,...,Gp, upper bounds Uy, ..., Up, and utilities, (2) decomposes the solution as a convex
combination of the rankings, and uses this convex combination to generate rankings (see [54}
Section 3.4]). [54] do not provide an implementation of SJ, we implement SJ in Python3: We
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use the Gurobi optimization library to solve the linear program constructed by [54] and use
the code available at https://github.com/jfinkels/birkhoff to compute the Birkhoff-
von Neumann decomposition of the solution ([54]] also use the same code to compute the
decomposition, see [54} Section 3.4]).

e CSV: This is the greedy algorithm from [[15, Theorem 3.3]. [15] do not provide an implementa-
tion of CSV, we implement their algorithm in Python3 with NumPy.

* GAK: This is the Det-Greedy algorithm of [24]. [24] do not provide an implementation of GAK,
we implement GAK in Python3 with NumPy.

e MC : This first uses the algorithm of [42] to compute a subset S and then selects a ranking
of these items that maximize the utility (in the simulations this amounts to sorting items by
w;). We used the implementation of [42]’s algorithm available at https://github.com/
AnayMehrotra/Noisy-Fair-Subset-Selection and use Python3’s in-built sorting function
to generate the ranking. [42]]’s algorithm takes P and parameters U specifying upper bound
constraints as input.

* Uncons: This is the baseline that outputs the ranking with the maximum utility. In the simulation,
this amounts to sorting all items in decreasing order of w; and outputting the ranking with the
first n items (in that order). We implement Uncons in Python3 with NumPy.

Computational resources used. All simulations were run on a t3.xlarge instance with 4 vCPUs
and 16Gb RAM, on Amazon’s Elastic Compute Cloud (EC2).

B.2 Pre-processing details of the simulation with image data

In this section, we present additional preprocessing details to estimate P in the simulation with the
Occupations dataset presented in Section

Estimating P. We begin by removing all images with gender label NA; this leaves 5,825 images
(out of 9600). On the remaining images, we use an off-the-shelf face-detector [[L] to extract the faces
of the people from the images and remove all images where the face-detector did not detect a face;
this leaves 4,494 the images. We use a CNN-based gender classifier [52] on the detected faces to
predict the apparent gender of the depicted individuals. For each image ¢, the classifier outputs a
gender (coded as male and female) and an uncalibrated confidence score ¢; € [0, 1]. We take the
set of uncalibrated confidence scores {c; € [0,1]}, and calibrate them by first binning them, then
computing the distribution of gender labels (provided in the dataset) for each bin. For each image 1,
we set Pj; (respectively P;2) equal to the fraction of images in the same bin as ¢ whose gender label
is female (respectively male). We perform this calibration once and on all occupations and, then, use
it for a subset of occupations.

B.3 Additional discussion and plots for simulations

Illustrating the fairness vs. utility trade-off. In our empirical results, we use fairness metrics such
as weighted risk-difference (Section [d)) and weighted selection-lift (Supplementary Material [B.4)
to measure the algorithms’ achieved fairness. We do not use the parameter ¢ to measure fairness
because the output of algorithms may have lower fairness than specified by ¢. Figures and [6]
plot utility vs. weighted risk-difference and Figures [7(b)} [8(b)| and [0(b)] plot utility vs. weighted
selection-lift (SL) for the simulations in Section |4} They show that NResilient better or similar
(up to standard errors) achieved fairness vs utility trade-off compared to baselines. For example, in
Figure[8(b)] to achieve SL= 0.55 use Figure[8(a)|to choose ¢ = 1.19 for NResilient and ¢ = 1.15
for CSV or SJ. For these values of ¢, NResilient has 2% higher utility than CSV and SJ.

Comparison to baseline which has access to accurate protected attributes. Let Clean-Fair be
the algorithm that, given utilities and accurate protected attributes, outputs the ranking with the
maximum utility subject to satisfying equal representation constraint. Note that Clean-Fair can only
be run in the ideal scenario where one has access to accurate protected attributes. We repeated the
simulations in SectionE] and, for each of them, also measured the utility and fairness of Clean-Fair.
We observe that the rankings output by Clean-Fair have a RDclose to 1 (>0.99), this is expected
because Clean-Fair has access to the clean protected attributes. We observe that the ranking output
by NResilient (for any parameter 0 < ¢ < 1, specifying the fairness constraints for NResilient) has
a utility that is at most 2%, 10%, and 4% smaller than that the ranking output by Clean-Fair.

RD of Uncons. Uncons’s RDand utility does not vary with ¢ because it does not take ¢ as input.
Note that, Uncons also does not take the protected groups or P as input.
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B.4 Additional empirical results with weighted selection-lift

In this section, we present our empirical results with the weighted selection-lift fairness metric
(Figures [7]to [9). Weighted selection-lift is a position-weighted version of the standard selection-
difference metric. Like weighted risk-difference, it also measures the extent to which a ranking
violates equal representation. The weighted selection-lift of a ranking R is:

1 1 D iey, jeik) Bis
LY gy | D

—— mi ,
k=5,10,... logk .q€lp] Ziequ jet Big

Where G denotes the ground-truth protected groups and Z is a constant so that RD has range [0, 1].
Here, a value of 1 is most fair and O is least fair.
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Figure 7: Synthetic Data (Weighted Selection Lift): Nonuniform Error Rate. This simulation considers synthetic
data where imputed socially-salient attributes have a higher false-discovery rate for one group compared to
the other. We vary the fairness constraint from ¢ from 2 (less fair) to 1 (more fair) and observe the weighted
risk-difference (weighted risk-difference) of different algorithms. In the first sub-figure, the y-axis plots weighted
selection-lift and z-axis shows ¢. In the second sub-figure, the y-axis plots utility and z-axis shows weighted
selection-lift. Error bars represent the error of the mean.
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Figure 8: Real-world image data. This simulation considers images-search results which are known to
overrepresent the stereotypical gender [34]]. Given relevant non-gender labeled images and their utilities, our
goal is to generate a high-utility gender-balanced ranking. We estimate P using an off-the-shelf ML-classifier
and vary ¢ from p = 2 (less fair) to 1 (more fair). In the first sub-figure, the y-axis plots weighted selection-lift
and zx-axis shows ¢. In the second sub-figure, the y-axis plots utility and x-axis shows weighted selection-lift.
Error bars represent the error of the mean.
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Figure 9: Real-World Name Data: Intersectional Attributes. This simulation considers two socially-salient
attributes, gender and race, and our goal is to ensure equal representation across the four intersectional socially-
salient groups (non-White non-men, White non-men, non-White men, and White men). We estimate P from the
full names using public APIs and libraries. We vary ¢ from p = 4 (less fair) to 1 (more fair) and observe RD of
all algorithms. In the first sub-figure, the y-axis plots weighted selection-lift and x-axis shows ¢. In the second
sub-figure, the y-axis plots utility and x-axis shows weighted selection-lift. Error bars represent the error of the
mean.
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B.5 Additional empirical results varying noise

In this section, we present a simulation which uses the randomized response mechanism to generate
noisy protected attributes and compares the performance of algorithms at varying noise levels.

Data. We use the Occupation images data [14]. We refer the reader to Section ] for a discussion of
the data.

Setup. We fix equal representation constraints (¢ = 1) and consider the same protected groups as
the simulation with the same data in Section We vary the noise level 0 < i < % For each 7,
we construct noisy attributes by mislabeling true protected attribute with probability n. Here, P is
specified by 7 as explained in Remark [A.T] Specifically, if N; and N5 be the noisy versions of true
protected groups (G1 and G (corresponding to the “flipped” protected attributes), then we set: For
eachitem 7 € Ny,

= |G

Pﬂ:(l—’ﬂ)~m and ﬁizzl—ﬁﬂ.

For items in N5, replace 131‘1, 131‘2, G1, and N; with ]3i2, f’il, G4, and No. We do not have

access to G (and, hence, |G1]), and in the above expression we estimate |G| by ay = (11:;77)]' .

((1 = n) |N1| — n|N2]). This is because a1 can be shown to be concentrated around |G |.

Like the simulations in Section[d, CSV, GAK, and SJ are given the noisy attributes (as they require)
and NResilient and MC are given P (computed above).

Observations. See Figure[I0|for RD and utilities (NDGC) averaged over 100 iterations. We observe
that for each 7 > 0.1, NResilient RD is >6.8% better than any baseline (Figure[I0(a)) and its utility
is <3% smaller than the baseline (CSV) with best RD (Figure[I0(b)). At n = 0, NResilient 3.3%
lower RD than CSV, GAK, and SJ and the same utility as them.

Note that in Figures[10(a)|and|[10(b)|the plots of CSV, GAK, and SJ overlap. This is consistent with
the other simulations where CSV, GAK, and SJ have the same RD and utility at ¢ = 1.

© - .
Q
§ |« T ——
5 0.9
N
% #== This work .—: This work
~ S = S
= 0.7 CSV [Greedy] = 0.90 CSV [Greedy]
Q MC MC
"a)o 6 s GAK [Det-Greedy] === GAK [Det-Greedy]
‘D | === Uncons 0.85 mefe=  Uncons
B 0.0 0.1 0.2 0.3 0.4 0.0 0.1 0.2 0.3 0.4
(less noise) Noise Level (n) (more noise) (less noise) Noise Level () (more noise)
(@) (b)

Figure 10: Simulation varying the amount of noise. In this simulation, we use the Occupation’s images data
[[14] and generate noisy protected attributes using the randomized response mechanism, with parameter . We
vary the amount of noise added from n = O (no noise) to = 0.4 (large noise) and compare the performance of
different algorithms. The y-axis plots RD and x-axis plots 1. We present the key observations in the paragraph
above the figure. Error-bars denote the error of the mean.

C Using existing fair-ranking algorithms with rounding is insufficient

Since existing fair-ranking algorithms require access to protected attributes, one way to use them
under the above model is to imputed groups G, . . ., G, using the specified probabilities. Then run
these algorithms w.r.t. the imputed groups. To see an illustration, consider two groups G and Go.
A natural imputation strategy is to use the Bayes optimal classifier, which assigns item ¢ to G iff
P;; > 0.5 and has the lowest expected imputation error. This may be reasonable when the imputation
error is negligible. However, on exploring this strategy with non-negligible imputation error, we find
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that the output rankings can violate equal representation significantly (see Proposition [C.T). To gain
some intuition consider an extreme case where all items in some set .S, of size n, have P;; = 0.51.
The Bayes classifier assigns all items in S to Gy, i.e., |[SN G1| = |S|. However, with high probability,

1SN Gy ~0.51]9].

Since |5 N G| and | S N G| are far, a ranking that selects n items from S and satisfies the constraints
for G; and G, but violate constraints with respect to the true groups. Proposition [C.I] gives an
example where this occurs.

Another imputation strategy, is independent rounding: it assigns each item ¢ to G, with probability
P;1 and otherwise to G1. This addresses the issue with Bayes imputation, because, it has property
that for any set 7' of size n, |T' N G| are |T' N G| close with probability 1 — e¢©(™). However, when

m > n, there are
m
n

sets of size n, and hence, with high probability, there exists a set S of size n for which |S N G 1| and
|S N G| are arbitrarily far. In this case also, existing fair-ranking algorithms can output rankings
which violate equal representation significantly. Proposition[C.2 gives an example where this occurs.

Proposition C.1 (Imputing protected groups using the Bayes optimal classifier is not sufficient).
Let R be any optimal solution to [2)) with protected groups imputed using the Bayes optimal classifier
for given p. There exists a matrix P € [0,1]™*? such that R does not satisfy the (,d)-equal
representation constraint

1 1
forany 0 < 3 and es.t.¢ < %for some k > 2.

Proposition C.2. Let R be a random variable denoting the optimal solution to the fair-ranking
problem (Program (2))) for protected groups imputed using independent rounding with given P €
[0, 1]™*2. For every 3 > 0, there exists sufficiently large n and m and a matrix P € [0,1]™*2, such
that, with probability at least 1 — 8 R does not satisfy the (¢, §)-equal representation constraint

forany 6<1—p0 and e€(0,1)".

C.1 Proofs of Proposition [C.I and Proposition [C.2]
C.1.1 Proof of Proposition[C.1|

Proof of Proposition[C.1] Pick any evenn € N. Let m = 37” Let 8 > 0 be a small constant that
we will fix later. We will divide the items into the following three types:

. TypeA:Foreachlgig%andlﬁjgn,

Pil 20:1—32 andWij =1.
. TypeB:Foreacthrlgignandl <j<n,
Pil ::f—i—ﬁ:l—PigandWij =1.
* Type C: Foreachn +1<i < 3 and1 < j <n,
Pil ::1:1_Pi2 andWi]» = 0.

Let G 1 and 62 be the groups imputed using maximum likelihood rounding. By construction, G 1

contains all items of Types A and B and no items of Type C, whereas @2 contains all items of Type C
and no items of Types A and B.
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Let R be an optimal solution of Program (2)) with parameters G; = G 1and Go = ég. Since W;; <1
forall i € [m],j € [n], (R, W) < n.Because R satisfies the equal representation constraints for two
disjoint groups, for any even k € [n], R places exactly g items of Type A and g items of Type B in
the top k positions. From G 1, R only places items of Type A: If R picks no items of Type C, then
(R,W) = n, whereas, if R picks one or more items of Type C, then (R, W) < n — 1, which is a
contradiction since there is a ranking with utility n that satisfies equal representation constraints (e.g.,
a ranking which places items of Type A and B in alternate positions).

Since all items of Type A are (always) in @2, R places at least k items from G in the first & positions.
We will show that with probablhty larger than 5, at least 56 of the 5 items of Type B are in Gg Thus,
with probability larger than 2, R places more than 5 10 1tems frorn GQ in the top-k positions, and

hence, R does not satisfy the (&, §)-equal representation constraint for any ¢ < % and ¢ € (07 110) .

It remains to prove our claim. Select any k € {2,4,...,n}. Letiy, ia, ..., i;/2 € [m] be the n items
of Type B that R places in the first & positions. Let Z;, € {0, 1} be the indicator random variable that

i; € 6\2 Thus Ziys- -+, Zi,,, are independent random variables, such that, for j € [k], Pr[Z;;] =
1- P

., = & — B. It follows that E["13 Z; ] =5 (3 -B)and Var[Y 2 7, ] = & (L - 7).

Thus, using the Chebyshev’s inequality on Z =1 Ziss

k/2
k 1
Pr ZZ 1—25) 8(1—452)-\/2+5 <55
Thus,
k/2 k 1
Pr Z 1—2,8)—5(1—46) V245 gm.

Since £ (1 —-28)— & (1-48%)-v2+ B =k (i — %) + k- O(B), for a sufficiently small 3 > 0,

k k k
—(1-28)—<(1-48%) - V2+8> —
4 8 20°
Hence,
k/2
1 (6>0) 1

C.1.2 Proof of Proposition[C.2]

Proof of Proposition|[C.2] Let ¢ > 0 be a small constant that we will fix later. We will divide the
items into the following two types:

* Type A: For each item ¢ of Type A
P =¢,Py=1—¢and W;; :=1forall j € [n].

* Type B: For each item ¢ of Type B
P;1 =1, Pp :=0and W;; := 0 forall j € [n].

* Type B: For each item ¢ of Type C
Py =0, Py :=1and W;; :==0forall j € [n].
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Let there be m4 = O (log (%)

me = n items of Type C.

. ﬁ) items of Type A, mp = n items of Type B, and
%

Note that a ranking which ranks items of Type B and Type C alternately, satisfies the equal repre-
sentation constraints with probability 1. So in this instance, there exists a ranking which satisfies
(9, €)-equal representation. However, we will show that R does not satisfy (4, £)-equal representation
with probability at least 1 — .

Let G and G5, be the groups imputed by independent rounding. Let & be the event that G4 contains
at least n items of Type A and .% be the event that G5 contains at least n items of Type A. Both &
and .# occur with probability at most O(/3). To see this, divide the items of Type A into n groups of
equal size. From each group, at least one item is selected in G; and G5 with probabilities at least

1-(1- (i))u and 1 — (¢) = respectively. Taking a union bound over all groups and substituting
ma, we get

Pr[&] >1— 8 andPr[#]>1-0.
Since only items of Type A have a nonzero contribution to the utility of a ranking and because there

are at least n items of Type A in each imputed group, it follows that R only selects items of Type A.
Now, the claim follows because, for small ¢, most items of Type A belong to G .

Suppose & and .% happen and, hence, R only selects items of Type A. Let Z; be the indicator
random variable that the item in the j-th position of R is in G1. We have that Pr[Z;] = ¢. Therefore,

Var[zyzl Z;] = n¢(1 — ¢). Thus, using the Chebyshev’s inequality we have

~ NEn dng(l — ¢)
P Z;— > — | < ——.
&P e

Hence, for ¢ = ©(£23), we have that
= nep,
P Z; < — | >1-7.
r j§:1 iS5 |21-8

The result follows since whenever 2?21 Z; < %, R violates the equal representation constraint at
the n-th position by a multiplicative factor larger than 1 + ¢,,.

O

D Proofs of theoretical results

D.1 Proof of Lemma[5.3]
In this section, we prove certain concentration inequalities which are used in the proof of Theorem[3.1]
We divide the proof of Lemma[5.3]into two parts: Lemmas[D.T|and [D.6]

For each item ¢ € [m] and protected attribute ¢ € [p], let Z;; € {0,1} be the indicator random
variable that the i-th item is in the ¢-th protected group, i.e., if ¢ € Gy, then Z; = 1, and other Z; = 0.
Using Definition 2.2 it follows that:
Vi€ [m], £ €[p], Pr[Zi] = Py, (16)
Vi,j € [m], ¢ € [p], s.t.,i#j, Zyand Zj, are independent. (17)
To simplify the notation, given a ranking R € R, a protected attribute £ € [p], and a position k € [n],
let Z4(R,(, k) € Z be the random variable equal to the number of items from G, in the top k
positions of R and let Py (R, ¢, k) € R be the expectation of Zx(R, ¢, k), i.e.,
Zy(R4k) = > Y ZyRij and Py(R, k) =E[Zu(R, (k).

i€[m] jelk]
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Using Equation (T6) and linearity of expectation it follows that
4 (R (k) =Y > PuyRi;.
i€[m] jE[k]

Lemma D.1. For any position k € [n), attribute ¢ € [p|, parameters € > 0 and L € R, and ranking
R € R, where R is possibly a random variable and is independent of {Zi¢},; ,, if Py (R, €, k) > L

then with probability at least 1 — exp (_Q(Llisjs)) it holds that Zy4 (R, ¢, k) > L (1 —¢).
Proof. Since ¢, k, and R are fixed, we use Zx and Py to denote Z4(R, ¢, k) and Py (R, ¢, k)

respectively.

Since R and {Z;,} ;.0 are independent, we can bound the required probability as follows

PrZy <L(1—-¢)] = Pr [Z# <Py (1_13#—”1—5))}

Py
2
< exp (—P; . (W) ) (Chernoff’s bound, see [45]])
#
2

To bound the right-hand side of Equation (T8), we will use the following fact.

FactD.2. Forall L,e > 0, M attains its minima at L over the domain [L, c0).

Since Py > L, from Fact[D.2]it follows that the rlght hand side of Equation (I8) attains its maxima
at Py = L. Substituting Py = L in Equation (T8)), we get:

£)? —Le?
reize < - < (55175 ) <o (7755

O

Lemma D.3. For any position k € [n], attribute ¢ € [p|, parameters € > 0 and U € R, and
ranking R € R, where R is possibly a random variable and is independent of { Z;; } o If R satisfies

that Py (R, (, k) < U then with probability at least 1 — exp ( ) it holds that Z4 (R, 4, k) <
(14+¢)-U.

Proof. Since ¢, k, and R are fixed, we use Z4 and Py to denote Z4 (R, ¢, k) and Py (R, ¢, k)
respectively. Since R and {Z;,}, , are independent, we can bound the required probability as follows

Pr [Z# < Py - <1+W>}

Pr(Zy > U(L+¢)]

IN

Ul+¢)—Py\> 1
eXP P#.< P# 2+M

Where we used the fact that: For any § > 0 and independent 0/1 random variables Y7, Y5, ..., Y},
Prd .Y > (1+0)u] < exp (%), where 11 = E[Y ", Y;] (see[43]). Simplifying the right-hand
side of the above equation, we get:

Pr(Zy >U(l+¢)] = exp (%%:%Jj;j ) . (19)

To bound the right-hand side of Equation (I9), we will use the following fact.
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FactD.4. ForallU,e > 0, %;2;32 attains its minima at U over the domain [0, U].

Since Py < U, from Fact[D.4]it follows that the right-hand side of Equation (T9) attains its maxima
at Py = U. Substituting Py = U in Equation (T9), we get:

7.2
Pr[Zs > U(l+€)] < exp ( ;fs ) . (20)

O

D.2 Improved dependence of v on §
In this section, we show that given a constant ¢ > 0, if U satisfies that
Ve € [p],Vk € [n], Uwe > 1k,

then we can improve the dependence of vy (from Equation @) on log 2% and «. Concretely,

Theorem [3.1] holds for the following ~y:

1 2np 1
vk € [n], =max4/— -log | — | - —. 21
il ¢e(p] \/Wf g( d ) Uke @b

The proof of this relies on analogous of Lemmas[D.T|and [D.3} Lemmas [D.5|and [D.6]

Lemma D.5. For any position k € [n], attribute ¢ € [p|, parameter ¢ > 0, and lower bound
constraint L € Z;LE”, and ranking x € R, if x satisfies that Py (R, ¢, k) > L then with probability

at least 1 — exp (—2L2€2k;_1), it holds that Zy (R, 0, k) > L (1 —¢).

Lemma D.6. For any position k € [n], attribute £ € [p|, parameters ¢ > 0 and U € R, and
ranking R € 'R, where R is possibly a random variable and is independent of {ZM}M’ if R

satisfies that Py (R, 0, k) < U then with probability at least 1 — exp (—QU;EZ), it holds that
Zu(R, k) <U(1+e).

To prove the improved dependence of ~, it suffices to prove Propositions[5.1]and[5.2} For the new
value of +, their proofs change as follows:

Proof of Proposition[5.1] The parameters in Equation (9) remain the same. Hence, following the
same argument, Equation (T0) holds. Now, we can prove Equation (I2) as follows:

Pr(Zu(R, 0, k) 2 Un(1+ ¢w)] = Pr(Zu(R. (k) 2 U'(1+ ()]

(Using that U’(1 4 ¢) = Uge(1 + ¢vk))

n2 2
<  exp <2(Uk)c> (Using Lemma D.6)
2(1 — 2172 A2
=  exp (—(QZUZ’“%) (Using Equation (9))
< exp (—2¢(1 — ¢)*Umi) (Using that Uye > k)
5
e — i i
< p (Using Equation (ZI)) (22)

Proposition[5.1] follows by replacing Equation (I2)) by Equation (22) in the rest of its proof.
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Proof of Proposition[5.2] The parameters in Equation (I3)) remain the same. Now, we can prove
Pr{Zy (R, k,£) < Uy < 1— 4 as follows:

PI" [Z#(R/, k,f) S ng] = PI‘ [Z#(R/,k,g) S L/ . (1 — C)]

(Using that L' (1 — ¢) = Uge(1 + byx))

N2 +2
exp (— M;C) (Using Lemma [D.3)

IN

k
< exp (—2¢(¢ — b)*v2Use) (Using that Uy, > k)
0
< D (Using Equation (2I)) and Equation (13)) (23)
np

< 1-4. (Using that § < 5 andn > 1) (24)

U — b)2~202
= exp <—(¢)%€ka> (Using Equation (13))

The rest of the proof is identical.

Proof of Lemma First, note that since x is not a function of the outcomes of the random variables
Zi¢, x 1s independent of the random variables {Zif}z‘, ¢~ Since ¢, k, and z are fixed, we use Zx and
Py to denote Z4 (R, ¢, k) and Py (R, ¢, k) respectively. Now, we can bound the required probability
as follows

Pr[Zy < L(1—¢)) P#L(ls))]

PI‘|:Z#§P#'<1 P
#

exp <_i g (et —s>>2>

(Where we used the fact that: For any 6 > 0 and bounded random variables Y7, Y3, ..., Y, € [0,1],
Pr[>,Y; < (1—6)u] <exp(—2p262n~"), where 1 == E[}", Y;])

IN

exp (=2 (P~ 201 o))

exp (—2L252k_1) .

IN

O

Proof of Lemma[D.6] Since ¢, k, and R are fixed, we use Zy and Py to denote Z4 (R, ¢, k) and
Py (R, ¢, k) respectively. Since Rand {Z;,}, , are independent, we can bound the required probability
as follows /

o (03 (1522))

Where we used the fact that: For any ¢ > 0 and bounded random variables Y7, Y5, ...,Y, € [0,1],
Pr(>,Y; > (1+6)u] < exp (—2p?6%n~"), where p1 := E[Y", V;] ([45]). Simplifying the right-
hand side of the above equation, we get

IN

Pr(Zy > U(1+2)] (-Fwase-ry?)

A
o
i
e}

IN

20262
exp (- ks ) . (Using that Py < U)

O
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D.3 Proof of Theorem3.2]

We consider the family of matrices U € R™*P that satisfy the following condition: For each position
k € [n], there exists an attribute ¢ such that

Ure <

|

Notably, equal representation constraints satisfy this condition for any p > 4. We will use Fact[D.7]to
prove Theorem[3.2}

Fact D.7 (Theorem 2 in [46]]). For all p € (0, i], 0<e< %(1 —p), and s € N independent 0/1
random variables Z1, Zs, ..., Zs € {0,1}, such that for all ¢ € [s], Pr[Z; = 1] = p,

1
Pr [Zie[s] Z; > (14 ¢e)ps| > 7P (—262ps) .

Proof of Theorem[3.2] Fix the k to the value specified in the theorem. Let £ € [n], be any attribute

such that Uy, < %. Such a / exists because of the family of constraints we chose. Without loss of

generality suppose ¢ # 1. Fix any n, m > k. For each item ¢ € [m], set
U U
Py = % and Py =1— % (25)

Further, for all k € [p], k # pand k # 1, let Py, == 0.

Suppose, toward a contradiction, that there is a ranking R € R that satisfies the (e, §)-constraint. R
must satisfy the following equation:

Pr[Zu(R,k,0) < Upe- (1+e5)] > 1—6. (26)

For each position j € [n], let Z; € {0, 1} be the indicator random variable that the item placed in the
J-th place in the ranking R is in the protected group G. From Equation (23)) and Definition[2.2] it
follows that:

Uy
Vjeln], Pr[z]= % 27)
Yu,v € [n], s.t.,u#v, Z,and Z, are independent. (28)

Using linearity of expectation and Equation (27)), we get that:
Z;>(1+ep)-E [Z

Since 0 < e, < 1and 1 E {Zk Z]} < 1, we can use Fact with ¢ == &4, p =

j=1

k

_ Zj” .9

J

Pr{Zy(R,k,0) < (1+¢ex) -Up = Pr |:Zje[k]

+E [2521 ZJ} < L1 s:=k andforall j € [n], Z; = Z;. Using this, we get that

r [Zje[k] Z;>(1+e)-E [Zj_l ZjH 1-— %exp (—2Ei ‘E [Zj_l ZjD

1
1-— 1 exp (—25%(]}@@)
(Using Equation (27)) (30)

IN

IN

Chaining Equations (26), (29), and (30), we get that

1-— iexp (—25%UM) >1-0.

€ >,/Llo 1
k= 2Uy g4(5

This is a contradiction since ¢y, is specified to be less than 4/ ﬁ log %. Thus, no ranking R satisfies
the (e, §)-constraint for any U in the chosen family chosen. O

Hence,
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D.4 Proof of Theorem 3.3

In this section, we prove Theorem [3.3] Our algorithm uses the rounding algorithm of [16] as a
subroutine. [16]’s algorithm satisfies the following guarantees.

Theorem D.8 (Theorem 1.1 from [16]). Let P C [0, 1)V be either a matroid intersection polytope or
a (non-bipartite graph) matching polytope. For any fixed 0 < o < 2, there is an efficient randomized
rounding procedure, such that given a (fractional) point Rp € P, it outputs a random feasible
solution R corresponding to a (integer) vertex of P such that E[1r] = (1 — «) - Rp. In addition, for
any linear function w(R) = 3, w;, where w; € [0, 1] it holds that

1. foranyd € [0,1] and p < E[1g], Prlw(R) < (1 — 6)u] < exp (— 55 - pad?),
2. forany § € [0,1] and 1 > E[1g], Prlw(R) > (1 — 6)u] < exp (—55 - pad?),
3. forany A > 1and p > E[1g], Prlw(R) > u(1+ A)] < exp (—55 - pa(2A — 1)).

The algorithm runs in time polynomial in the size of the ground set, N, and i and makes at most
poly(N, d) calls to the independence oracles for the underlying matroids.

We claim that the following algorithm satisfies the claim in Theorem [3.3]

Algorithm 1 Algorithm from Theorem [3.3]
Input: Matrices P € [0,1)™"", W € RI[", U € R"*P

Parameters: Constant d > 2 and ¢ > 1, a failure probability 6 € (0, 1], and for each k € [n], a

relaxation parameter
2np /1
=12 -log | — | - ma —_—
Tk & ( ) > ZE[;]{ ng

1. Initialize R < Solve the linear-programming relaxation of Program (@) with the specified inputs
2. Round R < Run [16]'s rounding algorithm with input o :== % and P := conv (R)
3. Return R

For each item ¢ € [m] and protected attribute £ € [p], let Z;; € {0,1} be the indicator random

variable that the i-th item is in the ¢-th protected group, i.e., if i € Gy, then Z; = 1, and other Z; = 0.
Using Definition [2.2] it follows that:

Vi€ [m], £ € [p], Pr[Zi] = Py, 3D

Vi,j € [m], € €[p], st.,i#j, Zyand Zj, are independent. (32)

To simplify the notation, given a ranking R € R, a protected attribute ¢ € [p], and a position k € [n],
let Z4(R, !¢, k) € Z be the random variable equal to the number of items from G in the top k
positions of R and let Py (R, ¢, k) € R be the expectation of Zx(R, ¢, k), i.e.,

Zy(R, k) =3 Y ZiyRy; and Py(R,0,k) =R[Z4(R, (k)]
i€[m] j€[k]
Using Equation (31) and linearity of expectation it follows that

(R0 E) = > Y PyRi;.

i€[m] je(k]

Proof.

Running time. The Step 1 of Algorithm [I|runs in polynomial time when implemented with any
polynomial-time linear programming solver. Observe that R corresponds to the bipartite matching
polytope, whose bi-partitions have size n and m respectively. Since the bipartite matching polytope is
a matroid intersection polytope, we can use Theorem[D.8] The independence oracle for this polytope
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can be implemented in poly(m) time, e.g., using the Birkhoff—von Neumann theorem. Finally, since
o= é and N = O(m?), it follows that Step 2 of Algorithmruns in polynomial time in d and the
bit complexity of the input (which is at least m).

Let

o 2V

=

Let Rr and R be the rankings from Steps 1 and 2 of Algorithm [T} From Theorem[D.8] we have that
E[1g] = (1 — &) - Rp. Hence, for any weights V' € R™*"™ it holds that

E[(R, V)] =(1—a)-(Rp,V). (33)

Fix any position k € [n] and group £ € [p]. Since ¢, k, and R are fixed, we use Z4(R) and Z4(R')
and Py to denote Z4 (R, ¢, k) and Py(R, {, k) respectively.

Utility guarantee. Let R* be the solution of Program for¢c = d. Let V := (W, R*). Let
0 < A <V be a parameter. Since Ry is a solution of the LP-relaxation of Program and R*is a
solution of Program (7), Ry’s utility is at least as large as the utility of R*. From this it follows that

Pr(W,R) < (W,R") - (1 —a) = Al <Pr[(W,R) < (W,Rp)-(1—a) —A]. (34

Since W € [0, 1]™*™, we can use Theoremwith a = W. Using this we get can upper bound the
RHS of the above equation.

Pr[(W,R) < (W,Rp)- (1 —a)— Al =Pr[(W,R) <E[(W,R)] — A] (Using Equation (33))
a A?
<o (55 )6 a)

Let A == \/% (W,Rp) - (1 —a) - log (222). Substituting the value of A in the above equation,
we have:

PWW&éMW@%MS%; (35)

Chaining the inequalities in Equations (34)) and (35)

Pr{{W,R) < (W, R%)- (1 —0) ~ A] < o

Since each entry of W is at most 1 and 3, . (Rr),;; = n, it follows that (W, Rp) < n. Using this

and that o =
A=0 (\/dn-log%;p> .

Thus, the utility guarantee follows.

1
d7

Fairness guarantee. Since R is feasible for the LP-relaxation of Program (7)), it holds that

Pu(Rp) < Uge(1 + ¢vi)- (36)

Let £ > 0 be some constant such that
€2 OVk- 37

We divide the analysis into two cases depending on the value of €.
Case A (Py(R) > $Uke(1 + €)): Since Py(R) > 1 - Uge(1 + €), we have that

U(l+¢)— Py(R)
5,7 <1. (38)
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1001 We have that

Pr[Z4(R) > Ug(1+ )] = Pr [Z#(R) - Py(R). (1+ Uke(l;;)u;)P#(R)”

From Equation it follows that Py (R) = Pg(Rr)(1 — «). Then from Equations and

we have that Px(R) < U(1 4 €). Hence, Ukete) P4 () > (), Further, from Equation 1|

Py (R)
1002 W < 0. Hence, we can use the second statement of Theorem Using this we get

- eXp( 55 Pe(R)- (Uke(l;;)(;)P#(R)> )

o Ure(1 +¢) — Py( RF
< . .
<exp < 50 P4(Rp) ( P (Rr)
(Fact[D.2]and that Py (R 7))
(e — o)’
L+ vk
(Fact[D.2]and Equation (36) ) (39)

8]
< exp <_20 ~Ue -

1003 Case B (Py(R) < Uy (1 + ¢)): Since Py (R) < % - Upe(1 + ), we have that

ng(l + 8) — P#(R)

> 1. 40
Py (R) - @0

1004 We have that

Pr[Z4(R) > Upo(1 + )] = Pr {Z#(R) S Pu(R)- (1 e —;;)(;)P#(R))}

(% Ukz(l + 8) - P#(R)
<exp (-2 Pu(R)-(2- 1
o (55 Pati)- (2 0L
(Using third statement in Theorem [D.8|and that Equation (40))

= exp (—2% - (2Uke(1+¢) — 3P#(R))>

4% Upe(1 + 5)) :
(Using that Py (R) < § - Ure(1 +€)) (41)

< exp (—

1005 Combining Equations (39) and (@T)) we get that

Pr{Z4(R) > U(1 +¢)] < max {eXp (-O‘ : Uu(g‘m)> , exp (—ﬁ Upe(1 + z—:))}

20 1+ oV 40
(42)
1006 Let
40
€= — " Yk- (43)
«
1007 We claim that for this value of ¢, it holds that
1)
Pr({Z4(R) > Up(1+¢)] < o (44)

1008 Now by taking a union bound over bound over all ¢ € [n] and using that «v :== é, it follows that R
1009  satisfies the fairness guarantee with probability at least %.
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We can upper bound the second term in Equation (@2), as follows

o o
exp (—E < Ure(1 + s)) < exp (*E Uy - e)

< exp (—Ue - &)
5
< —.
np
(Using that v > 17— - lo an ; which follows from Equation (6), Ux¢ > 1, and log =5 2np > 1)
g il g q

To upper bound the first term in Equation #2), we use Fact[D.9]

Fact D.9. Forallx,yz0,ifx2y+f,thenm > Y.

Proof. Sincel +z > 0, = 1+
f(x) = 2% — a2y — yare

> y holds if and only if 22 — 2y — y > 0. The roots of the quadratic

y o |y? [y?
4 d 2 7
9 4+y an 2 4+y

If 2 is larger than both roots, then f(2) > 0 and, hence, {*— e
suffices. Then using that for all a,b > 0, \/a + Vb > +a + b, we get that

Y y?
y+\/§25+ Z"'i‘/'

2

> y. Itfollows thatx > & + /4% +y

Thus, it suffices = > y + /y implies that {*— > y. O
We have

(e — 1) <39)2 e . . .
T > (=) - Using that 0 < ¢ < 1, a < 3, and Equation (43|
1+ o o) THom (Using that 0= ¢ = 3> and Bquation ¢3))

2 2
> <39) . L (Using that 0 < ¢ < 1)
a T+

To proof Equation (#4)), it suffices to prove that

2
Yk 1 n+2)
>—"1o . 45
T+v = Uk g( 4 )

Further, Fact[D.9]implies that to prove Equation (@3) it suffices to prove that

Ve =Y+ Y

where y '= —— - log ”+2 . To prove this, observe that

LS L S (Using that Uy, > 1)

0 —_— 0 —, >

g — 5 U = g~ 5 Ure g k¢
np 1 np 1 . n 1 1

log— - — < log—-4/—. U thatlog 22 > s asn > land§ < 5

og 5 Ty S og 5 Ut (Using thatlog = > 5 asn > <3)
Hence, Equation (@3)) follows from Equation (6). O
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D.5 Proof of Theorem [D.10]

Theorem D.10. Given constants ¢ > 1 and vector v € R, , and matrices P € [0,1]™*?,
W e RYUS", U € R™*P, it is NP-hard to decide if Program (1) is feasible.

Theorem [D.10] follows from Theorem 5.2 of [42], which proves that checking the feasibility of the
following program is NP-hardE]

" Wl 46
e 3wt (46)
st, veep?), S g <UP, 47)

S m=nt (48)

Where we used a superscript on the variables of [42], to differentiate between ours and [42]’s
variables. Theorem [D.10] follows from Theorem 5.2 of [42] by observing that Program {6) is a
special case of Program (7)), when:

[eb i)

n=n’,m:=m° p=p° =1, P=¢°
Vk € [7l]a Yk = la
l]nf = [];7
Vk € [n]\ {1}, Uk =n,
Vi € [771},‘7 S [71], ‘4/;j = 11)?.

Finally, we can choose any ¢ > 1.

E Extension of Theorem 3.1|to position-weighted constraints

In this section, we extend Theorem to position-weighted version of fairness constraints. In
particular, given position-discounts

V12V 2> 2 Uy

and a matrix U € Zixp the position-weighted fairness constraint requires a ranking R to satisfy:

Vk € [n], £ € [p], Z ZUjRijSUke

i€Gy jelk]

for all k£ and ¢. For these constraints, we consider the following analogue of (e, §)-constraints: A
ranking R is said to satisfy (e, d, v)-constraint if with probability at least 1 — ¢ over the draw of
Gi,...,G,

k
vkemlveelp), Y, > iR < Us(l+er). (49)

For these position-dependent constraints, our framework largely remains the same and is stated in
Program (52). Compared to Program (7)), the main difference is in the left-hand side of Program (51).
We can prove the guarantees on the fairness and accuracy of the optimal solution of Program (52),
under the additional assumption that, for a constant ¢ > 0, U satisfies that

Ve € [p|,Vk € [n], U > k. (50)

3Theorem 5.2 of [42]] states an NP-hardness result holds for a generalization of Program ([@G). However, in
their proof they only consider the special case of Program (@6). Thus, their proof also implies NP-hardness of
Program (46).
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The parameter > shows up in Equation (5.

Our Fair-Ranking Framework for Position-Dependent Constraints

Input: Matrices P € [0,1]™"7, W € RZ", U € R"™*P
Parameters: A constant ¢ > 1, a failure probability § € (0, 1], and for each k € [n], a relaxation

parameter
1 2np 1
=—-log | — | -max4/—. 51
M= g( 5 ) Ee[p]VUM (5D
Program:
mMaxXrer <Ra W> ) (52)
s.t. Yl € [p] Vk € [n]
2y/c—1
PR < vy .
> ictm e Vi Ris < Uke (1 5 %) (53)

We prove the following guarantees on the fairness and accuracy of the optimal solution of Pro-

gram (52).

Theorem E.1. Let v € R™ be as defined in Equation . If the matrix U € Z"”? satisfies that for
all ¢ € [p] and k € [n], Uy > 1k, then is an optimization program Program (32), parameterized
by a constant ¢ and failure probability ¢, such that for any ¢ > 1 and § € (0, %] its optimal solution
satisfies (¢, 0, v)-constraint and has a utility at least as large as the utility of any ranking satisfying
((c = \/¢)v, b, v)-constraint.

The proof of Theorem is analogous to the proof of Theorem [3.1] Here, we highlight the
differences.

Notation. Recall that for each item ¢ € [m] and group ¢ € [p], let Z;; € {0, 1} is indicator random
variable that Z; := I[G, > i].

The first change is in the definition of Z4 (R, ¢, k). In particular, we need to define

Z#(R, 67 k‘) = Zier Zj:l UjRij.

For the new definition of Z, we have following concentration result.

Lemma E.2. For any position k € [n], group £ € [p|, parameters € > 0 and L,U € R, and ranking
R € R, where R is possibly a random variable independent of {Zie}, ,, if Py(R, ¢, k) < U or
P4(R,{, k) > L then the following equations hold respectively

2022

Pr(Zy(R LK) < (1+2)U] > 1— e %

_212.2

PrZu(R,0,k)>(1—¢)L]>1—¢

The proof of Lemma|E.2]is identical to the proofs of Lemmas [D.5]and [D.6; the only change is the
new definition of Z.

To prove Theorem[ET] it suffices to prove analogues of Propositions[5.1]and[5.2]for the new definition
of Zy. Their proofs change as follows:
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Proof of Proposition[5.1 The parameters in Equation (9) remain the same. Hence, following the
same argument, Equation (I0) holds. Now, we can prove Equation (I2) as follows:

Pr [Z#(Rvev k) > Uék(l"f‘d)'}/kﬂ = Pr [Z#(Rvgv k) > U/(1+C)]

(Using that U’ (1 + ¢) = Uge(1 + ¢1))

2 N2 ~2
< exp <—(Uk)€> (Using Lemmal[E.2)
V2772 A2
= exp <W> (Using Equation (9))
< exp(—2¢(1—¢)*Uwmn;) (Using that Uye > k)
)
< o . .
< np (Using Equation (51) (54)

Proposition [5.1] follows by replacing Equation (12) by Equation (54) in the rest of its proof.

Proof of Proposition[5.2] The parameters in Equation remain the same. Now, we can prove
Pr([Zy4 (R k,0) < Uk < 1— 9 as follows:

Pr[Zu(R %k, 0) < Uk = Pr[Z4(R. k0 <L -(1-0)

(Using that L/<1 — C) = UM(l + byk))

2(L)* ¢
< exp (—(k)c) (Using Lemma E.2)
2(¢ — b)*2U?
= exp <—W> (Using Equation (13))
< exp (=2¢(¢ — b)* Ve Use) (Using that Uy, > k)
0
< 3= (Using Equation (51) and Equation (I3))) (55)
np
< 1-6. (Using that § < % and n > 1) (56)

The rest of the proof is identical.

F Proofs of additional theoretical results

F.1 Proof of Proposition2.3]

Proof of Proposition|[2.3] Suppose R is deterministic. Suppose it places items 4, j € [m] on the first
and second position respectively. With probability p; - p; = %, both ¢ and j belong to G, and with

probability p; - p; = % both i and j belong to G2. Thus, at least one of these events occurs with
probability % If either of these events hold, then R violates the equal representation constraint on
the top-2 positions by a multiplicative factor of 2. The last two statements imply that R violates
(p, §)-equal representation for any p < 1and § < 3.

If R is a random variable, then any draw R’ of R is a deterministic ranking, and hence, by the above
argument R’ violates the equal representation constraint on the top-2 positions by a multiplicative
factor of 2 with a probability % (over the randomness in G; and GG3). Since this holds for all draws of
R and R is independent of G; and G, it follows that R violates the equal representation constraint
on the top-2 positions by a multiplicative factor of 2 with a probability % (over the randomness in G

and G, and R). Thus, R does not satisfy (p, 0)-equal representation for any p < 1 and 6 < % O
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F.2  Proof of Proposition[F1]

Given a non-empty subset C C R denoting a constraint, let R be the ranking with the highest utility
inC,ie.,

R¢ = argmaxpce (R, W).
In other words, R is the utility maximizing ranking subject to satisfying the “constraint” C.

Proposition F.1. Let C* be the set of all rankings that satisfy (¢, §)-constraint. For any subset C C R,
such that C # C*, at least one of the following holds:

o there exists a matrix W € RZ " such that, Re does not satisfy (¢, §)-equal representation,

* there exists a matrix W € RZ" such that, (Re, W) < (Rc+, W) - (1-21).

We will use the following lemma in the proof of Proposition [F.1]

Lemma F.2. For all rankings R € R, there exists a matrix W &€ R'Z”OX” such that for all other
rankings R' € R, R # R/, it holds that (R', W) < (R,W) - (1 —1).

Proof. Suppose R ranks items 1,12, ...,%,, in that order, in the first n positions. Pick W &
[0, 1]"*™ such that W;; = 1 if i = 4; and O otherwise. R has utility (W, R) = >_7_, (W),,; =n.
We claim that (W, R') < n — 1. If this is true, then the lemma follows.

Since R # R/, there exists a position k € [n] such that (x¢),, ; = 0. We can upper bound (W, R') as
follows:

n m

(W, Ry => " "Ti =i;] (R)), (By the choice of W)
j=114=1
= Z (R/)'LJJ
j=1
k—1 n
=Y (R),;+0+ > (R),; (Using that (R'); , = 0)
J=1 j=k+1
<n-1 (Using that forall i € [m] and j € [n], (W),; <1)
O

Proof of Proposition[F1] Since C # C*, at least one of the sets C \ C* or C* \ C is nonempty. We
divide the proof into two cases.

Case A (|C \ C*| # 0): In this case, there exists a ranking R € C such that R ¢ C*. Since C* is the set
of all rankings that satisfy (e, d)-constraint, it follows that R does not satisfy (e, J)-constraint. Further,
from Lemma it follows that there exists a matrix W such that R := argmax /¢ (R', W). Since
C C R, it follows that Rc = R. Therefore, for this W, R¢ does not satisfy (¢, ¢)-constraint.

Case B (|C* \ C| # 0): In this case, there exists a ranking R € C* such that R ¢ C. From Lemma|F.2]
it follows that there exists a matrix W such that, for rankings R’ different from R (i.e., R # R/),

(R, W) < (R, W) - (“i)'

Thus, for this W, it follows that
1 1 ,
<}%C* 7{4/> 1= Ei <}%714/> l1-= Zi <}? 714/>
>

In particular, for R’ = R¢, we get (Re«, W) - (1 - %)
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F.3 Proof of Lemmal[E3]

Suppose there are two groups G and G. Let Ry, be the optimal solution to Equation (3)) and let R*
be the ranking with the highest utility subject to satisfying (-, §)-equal representation constraints for
the following ~:

1 6 2

Lemma F.3. There exists a matrices P € [0,1]™*2? and W € [0, 1]™*? such that

* Rg satisfies (v, §)-equal representation and has utility 0,

* R* has utility 1.
Proof. Let P be the matrix with Pj; = Pjp = % foralli € {1,2,...,m — 1} and P,,,; = 1 and
P,,1 = 0. Let W be the matrix whose first m — 1 rows are 0, and the last row has is all 1s. Hence,

only the last item, say %,,, has a nonzero contribution to the utility: If a ranking R ranks %,, in the
first n positions, then the utility of R is 1, otherwise the utility of R is 0.

Our first claim will follow because the choice of P ensures that any ranking which ranks i,, in the
first n positions cannot satisfy Equation (). To see this, suppose R ranks i,, at the k-th position, then

k k
. [Ziecl Zj=1 Rij] - Zie[m] Zj:l Pin B

k—1
=1+ Pi1 Ry Using that P, ; = 1
Zie[m]\{im} ijl 154 (Using that P, )
k+1
- % (Using that P;; = % for all i  i,,)
!
2

Hence, R cannot satisfy Equation (3).

To prove our second claim, we will construct a ranking which has utility 1 and satisfies (v, §)-equal
representation . It suffices to choose any ranking R which places i, in the first n position satisfies
constraint. By our earlier argument this ranking has a utility 1. Let Z; be the indicator random variable

that the item in the j-th position in R belongs to G. This implies that ey ) ?:1 Ri; = ) ;?:1 Z;
for all k. Further, by the choice of P, we have

k k k+1

- < E N I

5 < E { i Zj} < (58)

Further, by Definition we have that Z; is independent of Z, for any j # k. Let g, =

\/ 2 .log (2*). Using the above, we have

k kE+1 k k+1
Pr [Zieal Zj:l Rz == +€k)] =Pr [ijl Ziz —— 0+ Ek)}
k k
< Pr [Zj_l Z; >E [Zj_l Zj] (1+ Ek):|
(Using Equation (58))
k

con(- 2[5 2]

(Using the Chernoff’s bound, see [45]])

ik
Xp (—%) (Using Equation (58))

IN
o

IN

) _ -
o (Using that e, := /2 - log (22))
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Further, as v, > 1 - (1 +¢y), we get

k k k k+1
o |:Zi€G1 Jj=1 Ry 2 2 1+ ’yk)} <Pr |:Zi€G1 Zj:1 Rij = T (1+ 51«)}

Further, considering 1 — Z; and repeating a similar argument for G2, we get

e[S o, S 2 e =P [T 022 B )]
< Pr [Zj_la ~7;)>E [Zj_lu - Zj)] 1+ fyk)}
(Using Equation (58))

< exp (—73’% ‘E [Zle(l — Zj)D
(

(Using the Chernoff’s bound, see [45]])

2(k—1
< exp 7’“(6)> (Using Equation (58))
)
< . (Using Equation (57))
n

By taking the union bound over all &, one can show that R satisfies (7, §)-equal representation. [J

F.4 Proof of Proposition [F.4]

Proposition F.4. There exist p € [0,1]™ such that @) is non-convex in R.

Proof. Tt suffices to specify n, m, p, €, d, and two rankings R; and R such that both Ry and Rs
satisfy (g, d)-equal representation, but @ does not satisfy (£, 0)-equal representation.

Definen :=2,m :=4,ande := [} %]T. Fix any 0 < § < % Define
p=[1 0 & 1-4].

Let R; be the ranking that places items 1 and 3 in the first and second position, and Ry be the ranking
that places items 2 and 4 in the first and second position, i.e.,

100 0 o100

If 1 € G; and 3 € G, then R; places an equal number of items from G; and G5 in the first two
positions, and hence, satisfies equal representation. This event, happens with probability p; (1 —p3) =
1 — 4. Thus, Ry satisfies (0, §)-equal representation, and hence, (¢, §)-equal representation. Replace
item 1 and 3 with 2 and 4 and swap G; and GG in the above argument, to get that R also satisfies
(e, 6)-equal representation.

However, we claim that Rl;RQ does not satisfy (g, d)-equal representation. Note that with probability

I,1e Giand2 € G,. If 3,4 € Gy or 3,4 € (G, then @ violates the equal representation
constraint on the top-2 positions by a multiplicative factor of % At least one of these events happens
with probability psps + (1 — p3)(1 — ps) = 25(1 —§) > d,as§ < % Thus, % does not satisfy
(¢, 8)-equal representation for the specified e :== [1 1]" and § < i O
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F.5 Proof of Theorem[E.3|

In this section, we prove the following theorem.

Theorem F.5. Given p € [0,1]™, 6 € (0,1], W € RL;", ¢ € [0,1]", and V > 0 it is NP-hard to
decide if the value of Program (@) is at least V. B

Recall that constraint (60) is necessary and sufficient to satisfy (e, §)-equal representation, and hence,
the value of (39) is the maximum utility of a ranking subject to satisfying (e, d)-equal representation.

max (R, W) (59)
s.t. w.p. at least 1 — § over draw of G1, Ga, (60)

k
k
Vk € [n], V¢ € [2], Ziecg > Ry < 5 (1+ek).
=1

We will show that the decision version of (39) is NP-hard:
Theorem F.6. Given L > 0,6 € [0,1], € € [0,1]™, P € [0,1]™*?, and W € RZ " it is NP-hard to
decide if the value of (39) is at least L. -

The proof of Theorem proceeds in two steps. In the first step, we reduce (61) to (59). In the
second step, we prove that (61)) is NP-hard because the NP-complete product partition problem
reduces to (61)). Together, the two steps imply the hardness of (39). The proof of the second step is
inspired by the construction of [50] for the product knapsack problem, which is similar to (61).

F.5.1 Step 1: Reduction from (61)) to (39)

In this step, we will reduce the following problem to (39).

2

Input: L>0,n € [m], 6 € [0,1],U € [0, 2] v € RZ, and P € [0,1]™*?
Decision problem: Is the value of (61) at least L?

max S (61)

SClm]: |S|=n 4
i€S
s.t. w.p. atleast 1 — ¢ over draw of G1, G2,

|SmG1|§U+g and |SﬂG2|§U+g.

\. J

Reduction. Given an instance of (61)) we construct the following instance of (59):

W= ol (62)
2

fr=er = =ea= -1, (63)
2

Ep = W 1, (64)
n

where 1,, .= (1,...,1) € R"ﬂ The parameters L, 4, and P are the same as the instance of (]B_T[)

The reduction from (61) to (59) is as follows: First solve (39) to obtain a ranking R. Let S be the set
of items R places in the top-n positions. Output S. Clearly, this is a polynomial-time reduction. It
remains to prove that it is sound and complete.

In our construction, Condition (62)) implies that the utility of a ranking only depends on the set
of n items it places in the top-n positions, and hence, any two rankings that place the same set of
items in the top-n positions have the same utility. Condition (63)) ensures that any ranking satisfies
the constraints in the first n — 1 positions with probability 1. This is because, for all k € [n — 1],

“To be precise, we consider 1 = €2 = - -+ = €,—1 = min {1, 27" — 1} and £, := min {1, % — 1}.
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1+ &) = n > k. Thus, a ranking R is feasible for (39) iff it satisfies: With probability at least

k
2
1 — 6 over draw of G, Go,

k
Ve e [2], ZZRMgg-(1+an)=U+ﬁ.

2
i€G, j=1

Soundness and completeness. Fix any R € R. Let S be the set of items R places in the top-n
positions. It holds that

RwW) @ 3,
€S

It remains to show that R is feasible for (39) iff .S is feasible for (6I). Due to conditions (63)) and
(©4), R is feasible for (39) iff: With probability at least 1 — & over draw of G1, Go,

k

wel2, Y Y R;<U+3.

i€Gy j=1

Since by the definition of S, for all T C [m], 37, >"7_) Rij = |[SN T, it follows that with
probability 1 3=, 37 Rij = |S N Gy|. Thus, S is feasible for (6I) iff R is feasible for (59).
Thus, the reduction is sound and complete.

F.5.2 Step 2: Reduction from product partition problem to (61)

We consider the following version of the product partition problem:

Cardinality constrained product parition problem (CPPP)

Input: ay,as,...,aq € Z>oand £ € {0,1,...,q}.
Decision problem: Ts there a set S C [g] of size £ such that

Hai: H a;?

i€S iclg]\S

The usual product partition problem (PPP) does not require .S to have size £ and is known to be
NP-complete. CPPP is clearly in NP. To see that CPPP is NP-complete, one can reduce PPP to
CPPP: To see this, given an instance of PPP, construct ¢ + 1 instances of CPPP, one for each value
of £ € {0,1,...,q}. Then, PPP is a ‘Yes’ instance iff at least one of the ¢ + 1 CPPP instances in a
“Yes’ instance. Thus, it follows that CPPP is also NP-complete.

Assumptions on CPPP instances without loss of generality. The decision problem for CPPP is
simple for instances with £ = 0, or with one or more of a1, ..., a, as 0. As all inputs are integral,
without loss of generality, we assume that £ > 1 and ay,...,aq, > 1. Note that if in an CPPP

V/I1{_, a; is non-integral, then it is a ‘No’ instance. This can be verified in polynomial time, and
hence, without loss of generality, we assume that /[ [{_, a; is integral.

Reduction from CPPP to (61). Given an instance of CPPP, we construct an instance of (61 with

¢
n=20, m=q+¢ U:=¢—1, and 5:( 1) , (65)

amax

where amax = max;c[q) a;. Further, define constants

q
H a; and B :=q[Mlog(amax)] + 1. (66)

i=1
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We choose v so that the first g items correspond to the ¢ numbers in the CPPP instance, and the next
¢ items have a “high” value:

Vielq], v = [Mlog(a;)], (67)
Viell], viig=L. (68)

Note that each of the last £ items has a value larger than the total value of the first ¢ items, i.e.,

Viell, vigg=B>) v (69)

J€ld]

We choose P so that for the first g items P; 1 af and the next ¢ are in (G with probability 1:

£
Vielg, Pi= <a:1ax> : \/Hi_ﬁ and  Pio=1-P, (70)
Vie[l], Piggr:=1 and Piygo=1—Piy,1. (71)
Finally, let
M q
L:=(B+ {2 ; log(ai)J : (72)

The reduction from CPPP to (61)) is as follows: First solve the constructed instance of (61)) to get S.
Then output S\ @, where
Q= [l +q]\[d]

is the set of the last £ items.

Let C € Z be the bit complexity of the input for the given instance of (61). To show that the reduction
is polynomial time, it suffices to show that L and [M log(aq1)], ..., [M log(aq)] can be computed
in poly(C') time. Note that, M < 29(©)_ and hence, to compute [ M log(a;)] it suffices to compute
log(a;) up to O(C') bits, which can be done in poly(C') time. Similarly, to compute L it suffices to
compute Y7, log(a;) up to O(C) bits, which can be done in poly(C)) time. Thus, the reduction is
polynomial time.

The choice of L and v ensures that the following fact holds.
FactF7. Ifaset S C [q] satisfies ), gv; > L and [S| = n, then S D Q.

Proof. Suppose toward a contradiction that satisfies >
contain (). Since S = n = 2/ Then,

Zvi Z v; + Z Vi

;egVi > L and |S| = n but S does not

i€S i€SNQ €5\ Q
< . . . i C ;>
< |1SNQ| max v; + | Z v; (Using S C [g] and v; > 0)
i€[g\@Q
dg—g!p’<@|SOQ|~B+B
< |Q|-B (Using that |SN Q| < |Q| — 1 and B > 0)
< L. (Using (72), |Q| = ¢, and L > (B)

O

Soundness. Suppose S is feasible for (61) and satisfies
1, G1 2 Q. Hence, G5 N Q = (. Thus,

ses Vi > L. Due to (71)), with probability

with probability 1, |SNGa| =[(S\Q) NGz <|S\Q|.
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Since Y-, g v; > L and |S| = n (as S is feasible for (€1)), Factimplies that S O @, hence
IS\ Q| = |S| — £. Combining this with the above equation, we get that
with probability 1, |SNGe| <|S|—¢="¢. (Using that |S| = n = 2¢)
Since U > 0,
with probability 1, [SNGe| < U + L. (73)
S is feasible for (61 iff:
PrISNGISU+Land [SNGo SU+21-6
1,2
L psnGi<U+g>1-6
G1,G2
= Pr(S\QNGI<U+(>1-9
1,52
(Using that with probability 1, S, G 2 Q)
= Pr [|S"NG|<U]l>1-6
G1,G2
= Pr [|S'NGy|>U]<$§
1,2
= GPE [1S"NGi|=n]<§ (Using that U = n — 1 and |S’| = ¢)
1,52
— H Pi<$§
i€s’
|2 Z
mmeE —¢|s| , T o 1
< Omax H a; H @ < | 77
i€[q] €S’ max

= JJa< [J]a (Usingthat?>0.a,...,a; > 0.and |S'| = £) (74)
€S’ 1€[q]

Since S is feasible for (61, it holds that

H a; < H a;.
ies’ i€lq]

To show that S’ is feasible for CPPP, it remains to show that the above equation holds with equality.

Suppose toward a contradiction that [[;cq a; < ,/Hie[q] a;. Then, because ,/Hie[q] a; and

ai,...,aq are integral
[Le< [TLet
€S’ i€[q]

Because M > 0, taking the logarithm we get

M loga; < Mlog | [[Jai—1]. (75)
i€s’ i€lq]

To upper bound the RHS, we will use the following fact:
Fact F8. Forallz > 1,logz —log (z — 1) > 1.

Using Factwith T =, /Hie[q] a; (@sai,...,aq > 1), we get

1
log Hai — log Hai—l P ————
i€[q] i€lq] [Licgg @i
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Hence, by (66)

- e 042 |
M= (+2) ig] a; > log ( Hie[q] ai) — log ( Hie[q] a; — 1)

On rearranging, we get

M log Haifl < M log Hai —0—2.
i€lq] i€[q]

Substituting this in (73), we get

MZlogaingog Hai —{—2.
€S’ i€[q]

Since for all i € S, v; < M log (a;) + 1, it follows that

M M
Z v; < 710g H a; | —2< Elog H a; . (76)
i€S’ i€[q] i€lq]
Thus,

Zvi = Z Ui+ Z Vs
icS i€SNQ i€S\Q

=(B+ > v (Using that S D Q and §" := S\ Q)

ies’
@€B + | M log H a;
i€[q]
= L.

This is a contradiction to ) ;g v; > L.

Completeness. It suffices to show that if S’ is feasible for the given instance of CPPP, then
S = 5"UQ is feasible for (61) and satisfies ), g v; > A.

Due to (71)), with probability 1, G; 2 Q. Hence, G2 N Q = (). Thus,
with probability 1, [SN G| =[(S\Q)NGs| <[S\Q|=1|5|=¢,

where the last equality holds as S’ is feasible for the given instance of CPPP. This implies that
holds. Hence, by following the same arguments, (]7_1[) also holds. Thus, S := S’ U ( is feasible for

(@

It remains to show that ) . _qv; > L.

Z v; = Z v; + Z v; (Using that S := S" U Q)

i€s ieQ i€S’
@KB + Z Vi
ies’
@€B + Z M loga;
ies’
M .
=/{B + 5> log H a; (Using that HiGS’ a; = Hie[q] a;)
i€[q]
2.
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