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A Proof of Theorem

In this section, we prove our main convergence result, namely Theorem [2.2] The proof of this can
be thought as a version of the classical martingale problem [46] for summary statistics of stochastic
gradient descent in the high-dimensional n — oo limit.

For ease of notation, in the following we say that f < g if there is some constant C' > 0 such
that f < Cg and that f <, g if there is some constant C'(a) > 0 depending only on @ such that
f < C(a)g. Furthermore, for readability, we will often suppress the dependence on 7 in subscripts,
when it is clear from context. Let C§°(E) denote the space of smooth compactly supported functions
on E.

Proof of Theoremlﬂl Our aim is to establish u,, — u weakly as random variables on C(]0, o0))
where u solves (2.4). It is equivalent to show the same on C([0, 1)) for every T' > 0.

Let 77 denote the exit time for the interpolated process u,(t) from E , := u,'(E}%) and let
L%, = L*(E%,)). For any function f, we use the shorthand f, to denote f(X,). By Taylor’s
theorem, we have that for any C? function f and any ¢ < 7 /4,

fo=f(Xe_1 —6V®,_1 —6VHL )
= foor = 8[A] — A]_|] = S[M{ = ML \]+ 0@V fllug, - IVLIEz ), (AD
where A{ and M, gf are defined by their increments as follows:
Al — Al =5(VD, V), | — 6, (can + (VO 2 VO, v2f>H) :
M =M, =(VH" V), , +6.E]
&l = -V2f(VO,VH) oy — (VX f,VH' @ VH' - V), .,

for £, = %Z” Vi;0:0; and V = E[VH ® VH]|. Observe that A{ is pre-visible and sz is a
martingale. We bound these for f = u; among u,, = (u, ..., ug).

After recalling Definition [2.1] we see that since u,, are d,,-localizable, the error term in (A.T)) has

& ey E[|[VPu;][ - [IVLIP] < 8°[1VPugll g, <||V<I>||Loo + sup EIVH|3> Sk 877

,n Kn

Since d,, goes to infinity as n — oo, we may thus write u;(X,) as
uj(Xe) = u;(0 52 - e' 1 _52 - £' 1)+0(>
v<e <
where the last term is o(1) in L' uniformly for ¢ < 7 /4.

Now let us define for s € [0, T,

aj(s) = A = Apeye)-1
1(e) — MY AW
bi(5) = My = My 1
If we let a;(s) = [;aj(s')ds’ = a;([s/d]) + (s — [3/6])( /8] ~ Aéj/é]fl) and b;(s) =
fo ")ds’, then recalling that u,, () is the linear interpolation of (u;([s/d]));, we may write

u,(s) = u,(0) + a,(s) + bu(s) +o(1).
where a,,(s) = (a;(s)); and by, (s) = (b;(s));.

We now prove that the sequence (u,(s A 7)) is tight in C([0,T]) with limit points which are
a-Holder for each K. To this end, let us define v,,(s) = a,(s) + by, (s) + u,(0). As the o(1) error
above is uniform in ¢, we have that

sup ||up(s) —vp(s)|| =0, in L.
0<s<Tio
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Thus it suffices to show the claimed tightness and Holder properties of limit points for v,, instead
of u,,. We aim to show that forall 0 < s,t < T,

E|[va(s A7) — v (t A Trc)|[* SKT (t—s)?, (A2)

from which we will get that the sequence v, (s A 7x) is uniformly 1/4-Holder by Kolmogorov’s
continuity theorem.

Evidently, for all s, ¢ we have
[V (s) = v (@) < [lan(s) —an(®)] + [[bn(s) — ba(t)]].

We control these terms in turn. We will do this coordinate wise and, for readability, fix some j < k
and let u = u;, a = a;, b = b; etc.

For the pre-visible term, we have
Ela(s AT) —a(t Ag)|* <

E[6 ) (VE, Vu),[* +E|6* > (Lu)il* + E6> D> (VO @V, Vu),[*, (A3)
k 3 k
where these sums are over steps k ranging from [s/0] A 7k /d to [t/] A T /.

Let f = (fj)j<k be as in (2.1). Then by (2.1), we have [(V®, Vu) (z)| < |f;(un(z))| + o(1),
uniformly over E'% ,,, so that the first term in (A.3) is at most

E[0)  (V®, Vu),[* SEJ6 Y fi(uwn)el* +o((t = 5)")
< (t =) (Il (i) +0(1))
S(t—s)
by continuity of f;. Similarly, if g = (g;) j<k, by (2.2), we have that |5, L, u(z)| < |g;(u(z))|+o(1)
uniformly on E ,, so that by the same logic
E|6? Z(Cnu)g|4 <k (t—s)t.
Finally for the third term in (A.3),

4
B6* 3 (Ve @ Ve, V%), 4 < 85 (I((t = /)| sup V@) sup [[V2u(@)llop)
e, TEET,

K,n € K,n
Sk 0% (t—s)!
where in the last inequality, we have used the definition of d,-localizability. (In fact the same

argument works for s = 0,¢ = T so that the last term in a is vanishing in the limit for each K
whenever §,, = 0(1).) Regardless, combining these bounds yields

Ela(s A7) — a(t ATr)|* Sk (t— 5)™
For the martingale term, notice that by independence, of
4 2
(s Ami) — b Aol =B | (630 - 2a)| = | (2 S or - aaa?) ]

where the sum again runs over steps ¢ ranging from [s/d] A Tk to [t/0] A Tk . Repeatedly using the
inequality (z + v + 2)? < 22 + 3?2 + 22, it suffices to bound the above quantity for each of the three
terms defining the martingale difference M;* — M;" | respectively.

For the first term in that martingale difference, observe that

EK(SQ Ze: (VH', V@j_lﬂ ys %E{(VHE, Vu>j_1<VH‘”,vu>§,_l}

< (52@2 (s*r(v e, Vu>j71)1/2)2

SK (t_5)2’
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where in the middle line we used Cauchy-Schwarz and in the last we used d,,-localizability.

For the second term in the martingale difference,

E[(5* Y (vPu(ve.vaY),1)?) ] < 8% - o sup [[V2u(@)]|- [IVe)| E|VA@I|)’
¢ TELip
SK 62(t - 5)2 )

again by d,,-localizability. Finally, by the same reasoning, for the third term,

2
E[(6* Y (V2 VA @ VH ~ V) )] S 6%t - 5)? sw (Vi) JE||VH(2)|?)*
14 TEEK
Sk (t—s)°.

All of the above terms are O((t — s)?) since 0 < s,¢ < T'. Thus we have the claimed (A.2), and by
Kolmogorov’s continuity theorem, (v,,($ A Tk ))s, are uniformly 1/4-Holder and thus the sequence is
tight with 1/4-Holder limit points. Notice furthermore that if we look at (v,,(t A Tk ) — a, (¢t A Tk) )1,
this sequence is also tight and the limits points are continuous martingales. Let us examine their
limiting quadratic variations.

Let vE(t) = v, (t A 7x) and define aX (¢) and bX (¢) analogously. Furthermore, let v (¢), a’(¢)
and b (t) be their respective limits which we have established to exist and be !/2-Holder.
Then, we have for every ¢, j < k,

t

t
sup| [ 0 (Vui, VVUG) 5 pme 45 = / i (v (s))ds]
t<1 Jo 0

< sup |6 (Vu;, VVuj) (z) — E5(un(2))],

rE€EL

which goes to zero as n — oo by (2.3). At the same time,

t
OV 0 = [ 6T V)

can be seen to be a martingale by explicit calculation. Thus, if we consider the continuous martingales
given by b’ (¢), its angle bracket is, by definition, given by

K = t VKS S .
(b >t—/oz< (s))d

By Ito’s formula for continuous martingales (see, e.g., [18, Theorem 5.2.9]), we have that f(v;) —
fg Lfds is a martingale for all f € C§°(R¥), where

k

k
L= % Z ¥;j0;,0; — Z(fz + 9i)0;.

ij=1 i=1

Since, by assumption, f, g, v/ are locally lipschitz—and thus lipschitz on Ex—this property
uniquely characterizes the solutions to (see, e.g., [46, Theorem 6.3.4]). Thus v converges
to the solution of stopped at 7x. Thus by a standard localization argument [46, Lemmas
11.1.11-12], every limit point v (¢) of v,,(¢) solves the SDE (using here that E'x is an exhaustion
by compact sets of R¥). 0O

B Deferred proofs from Section

B.1 The effective dynamics for Matrix and Tensor PCA

Our aim in this section is to establish Proposition showing that the summary statistics u,, =
(m, 7’3_) satisfy the conditions of Theoremwith the desired f, g and . In what follows, for ease
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of notation we will denote 72 = 72 and R? = m? + r2. We first establish that the sequence u,, is
dn-localizable for any d,, = O(1/n). The localizing sequence Ex will simply be centered balls of
radius K in R?, say. We first check the regularity of the observable pair u,,; express the Jacobian for
that pair as

Vm=uv, Vr? = 2(x — mv). (B.1)
To check the regularity of observables, notice that V2m = 0, while V272 = 2(I — vvT’), whose
operator norm is simply 2, and V¢u; = 0 for all £ > 3. Next, we verify the regularity of the loss. In
this appendix we will do things in the more general setting where we add a ridge penalty to the loss,
so that for o > 0 fixed, the loss is given by

L(z,Y) = =2((W,2%) + Mz, 0)*) + [|2]]** + §l«|® + (V)
and thus H(z) = —2(W,z%*). In the coordinates (m,72 ), we have ®(x) = —2Am* + (r2 +
m?)F + 9(r? 4+ m?) + ¢. Observe that
VP = 0,6Vm + 020V,

where

01 = —20kmF 1 + 2kR* 2 + a)m  Oop = kR4 9.
Notice that (Vm,Vm) = 1,(Vm,Vr?) = 0, and (Vr?,Vr?) = 472 Consider |[V®| <
|016]||Vm|| + |026]||Vr?]|; the bounding quantity is evidently a continuous function of m, r?
and therefore as long as x is such that (m,r?) € Ef, it is bounded by some C'(K). Next, if we
consider

E[|VH|?] < CLE[[W (z,....2,-)[P] S E[WI3, - R** < C(k, K)n*/?
where the bound on the operator norm of an i.i.d. Gaussian k-tensor can be found, e.g., in [3]. By the
same reasoning, for every w,
E[(VH, )] < 16KE[|W (1, 2, ..., 2)|] < C(k, K)n?Jwo]] .

If w = Vm = v then ||w|| = 1 and if w = Vr? = 2(x — mv) then ||w|| < C(K), so in both cases
this is at most C'(k, K)n?, concluding the proof of &, localizability for every &,, = O(1/n).

We now turn to calculating f, g, 3. Starting with f, by the above,
fmn = (V®,Vm) = —20km* ™1 + (2kR?*"2 + a)m
frz = (V®,Vr?) = 2r2(2kR* % 4+ q).

We next turn to calculating the corrector. For this, we first calculate the matrix V = E[VH ® VH].
Recalling that H = —2(W, 2®*) where W is an i.i.d. Gaussian k-tensor, we have that

4ER%*F-2 =3

0 it (B.2)

Vi; = B[0;HO; H] = 4k(k — 1)z, R* 4 + {

In particular, for 6 = ¢s/n, we have
6Lm =0
465 _ 4C5 _
(5;652:7 1*-2R2k2 Okl —1 2R2k4
= S = R 4 Sk - v
N 465

k(0= DR 4 (k= Dr2RM)

from which we obtain in the limit that n — oo that g,,, = 0 and g,» = 4cskR2F~2.
Together, these yield the ODE system of (3.1)),

iy = 2uy (Neut =2 — kR?*72 — q) Uy = —(4uy — 4cs5)kR* ™2 — 20my .
which reduces in the a = 0 case to that claimed in Proposition 3.}

Finally, in order to see that > = 0, consider

JVJT — Ak(k — 1)m2R%* 4 4kR2%*~2  4k(k — 1)m(R2 — m)R2+— .
4k(k — 1)m(R% — m)R?k—4 Ak(k — 1)(R? — m)2R%—4 ) .

which when multiplied by § = O(1/n) evidently vanishes.

18



596

597
598

599

600
601

602

603

604

605

606
607
608

609

610

611
612
613

614
615

616

617

619

B.2 The fixed points of Proposition 3.1
We now turn to analyzing the ODE of Proposition [3.1]and obtaining the fixed point classification of
Proposition[3.2] At the fixed points, we must have that
Meuh =t = (k:RZk_2 +a)ur,
2cskR?* 2 = (2kR2k72 + a) Us .
If u; = 0, then R? = uy and there are two possible fixed points: either us = 0 or uy solves
kub™2(2cs — 2up) = a.

Notice that if k¥ = 2, this has a nontrivial solution of the form cs —
2¢s, and if k > 2, this has a nontrivial solution provided

[e3

§ = ug, provided o < a(2) :=

o < max kz"%(2¢5 — 2z) ,
>0

which is attained at c5(k — 2)z*~3 — (k — 1)2¥=2 = 0 which is at % = x, which gives
a < ap(k) =28 k(k — 1)~ (g — 2)F2,
Evidently when we take o = 0, then its non-trivial solution is at us = 1 for all & > 2.

Alternatively, if u; # 0 at a fixed point, then we can simplify further by dividing out by u; to get

Aub2 = R#*2 4 % . and  KR¥™ 2= (kR* 2 4 a)uy,
so that at the fixed point,
k—2 kR?*=2 4+ 2csk R?+—2
Uy <)\k> , and mzm.

Let us for simplicity of calculations at this point set cv = 0 as is the case in Proposition 3.1, Then, we
simply get uo = c;. In the case of &k = 2, we also find that there is a solution if and only if A > ¢;, in
which case R? = ), from which together with R? = uf + ug, we also get u; = £/ A — cs.

In the general case of £ > 2, we find that

4(k—1)

R?* = ¢5 + A" F R TR
This has real solutions (all of which have R > us = c¢s as required) whenever A > A.(k) defined as
_(Cs k/2 o (2k — 2)k1
A(h) = () (7(1@ - 2)““‘2)/2) . (B.4)

(Notice that with the interpretation 0° = 1, this returns Ae(2) = ¢5.) With this choice of ), then,
whenever A > \.(k), the equation for R? has exactly two real solutions, both of which are at least c;
which we can denote by

pr(k, N) = inf{p > 1: A" "2p 52" — ptc5 = 0},
p*(k,A) = Sup{p >1: A_ﬁp% —ptcs= O}

When A > A\ (k), pt < p, and when A = A.(k), the two are equal. Given this, we can then solve for
w1 at the corresponding fixed point, and find that they occur at

my(k,A) = /pt — 5, and my(k,A) = px — ¢5 - (B.5)

B.3 Effective dynamics for the population loss

In practice it is often most useful to track the loss, or ideally, the generalization error. In this
subsection, we add the generalization error ® to our set of summary statistics and obtain limiting
equations for its evolution. For simplicity of calculations let us stick to o = 0.

fo = (VO V) = aX2k2m2F=Y — AR2mF R? =2 4 4k2 R~ 4m? 4 4?2 R4
— 4k2m2 ()\2m2(k—2) _ 2Amk_2R2k_2 + R4k—4) + 4]€2r2R4k_4 )
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Next, consider the corrector for ®. For this, notice that

iV20 = —Mk(k — 1)m"2Vm®? + kR*2Vm®? + k(k — 1)R** =2 (2mVm + Vr?) @ Vm
+ k(k = )R*F=D@mVm @ Vr? + Vi’ @ Vr?) + 10.6Vr?.

Recalling V' from (B.2), and taking 0 = cs/n, all the terms in 3, V;;0,0;® vanish in the limit

except the contribution from the V272, which yields

go = lim 6£°® = 4¢sk?RAFD
n—oo

Finally, we wish to compute the volatility for the stochastic part of the evolution of ®. For this,
consider VOV VST and notice that all the entries of that matrix are continuous functions of u,, and
therefore when multiplied by § = O(1/n), the limit as n — oo of ¥ vanishes. We are left with

& = —ak?m? (N’m?F72) — 2AmF 2R 2 4 R — 4RV (2 —¢5). (B.6)

One could then perform the fixed point analysis directly on (B.6) if desired.

B.4 Diffusive limits at the equator

In this subsection, we develop the stochastic limit theorems for the rescaled observables about the
axis m = 0. Here we take as variables (a1, i) = (y/nm,r?). For simplicity of presentation, we
take a = 0 and ¢s = 1 here. In this case, the change from the previous pair of variables is in the J
matrix, in which now Vi, = v/nVm = \/nv. As such,

k

(V®, Viig) = — 2kAvVnmP 1 + 2ky/nR22m = —2kAn~ "= @i~ + 2k(r2 + (@2/n))" iy |
(V®, Vr?) =4kr® R* =2 = 4kr® (r® + (af /n))* .

Taking limits as n — o0, as long as \ is fixed in n, we see that f is given by

okl . _
fﬁlz{ 2Ny A 2ty k=2 and  fa, = ks .

ka1 i k>3

We turn to obtaining the correctors in these rescaled coordinates. Evidently 6 L4, = 0 still by linearity

of @;. Following the calculation for the corrector, we find that it is now given by gz, = 4kﬂ§ -1

Next we consider the volatility of the stochastic process one gets in the limit. Recalling .J vJT
from (B.3), and noticing that the rescaling J — J multiplies its (1, 1)-entry by n and its off-diagonal
entries by \/ﬁ we find that in the new coordinates,

FVIT = (4k(kr — Da3R* 4 4 4knR*~2  4k(k — 1)1, (R? — m)RQk—‘l)

Ak(k — 1)a1 (R2 — m)R*4+  4k(k — 1)(R? — m)2 R4 (B.7)

Multiplying by § = 1/n and taking the limit as n — oo, the only entry of this matrix that survives is
from 311 where we get 217 = 41<;1]’2€ ~1. Putting the above together yields the claimed Proposition E

Regarding the discussion in the k£ > 3 case when \,, = Ank=2)/2 observe that the first term in
(®, Vi) above would not vanish and would instead converge to —4kAﬂ’f -1

C Deferred proofs from Section 4|

C.1 The summary statistics

Recall the cross-entropy loss for the binary GMM with SGD from (4.1), and recall the set of summary
statistics u,, from (4.2). The next lemma shows that u,, form a good set of summary statistics.

Lemma C.1. The distribution of L((v, W)) depends only on u,, from @.2). In particular, we have
that ®(z) = ¢(u,,) for some ¢. Furthermore, u,, satisfy the bounds in item (1) of Definition[2.1]if
E¥ is the ball of radius K in R?N+2,
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Proof. Let X,, ~ N (u,I/\) and X_,, ~ N (—p, I/X). Then, notice that

—v - g(WX,)+log(1+ e”9WXu)) 4 p(v, W) w. prob. 1/2

d
L((U7W)) - {log(l + ev-g(*WXu)) +p(’U’ W) W. prOb. 1/2 '

Next, notice that as a vector,

d
(WX, WoX,) = (m1+ Z1,ma+ 21,1, mo+ Zoymo+ Zs 1)

where 7, ,,, Z,,, are i.i.d. N(0, A1), and Z; |, Z5 | are jointly Gaussian with means zero and
covariance

i i

-1| B Ri
R R .

Similarly, the distribution of WX _,, also only depends on (m;, R,ﬁ;)i’j. Finally,

e

2

Therefore, at a fixed point, the law of L((v, W)) is simply a function of u,, (v, W). This of course
implies the same for the population loss .

p(v, W) (vi +v3 +mi + Riy +m3 + Ryp)

To see that the summary statistics satisfy the bounds of item (1) in Definition write V. =
(Ovy0vs> Vi, Vv, ). Then

) ) )

(1,0
(0,1
(0,0
(0,0
(0,0, Ws-, Wit)
(0,0,2Wi-,0)
(0,0,0,2W;")

b

)

OT oo
SR=R=R=
—

J = (Vug)e = (€2

For the higher derivatives, evidently we only have second derivatives in the last 3 variables each
of which is given by a block diagonal matrix where only one block is non-zero and is given by an
identity matrix. The third derivatives of all elements of u,, are zero. O

We can now express the loss, the population loss, and their respective derivatives and they (their laws
at a fixed point) will evidently only depend on the summary statistics. One arrives at the following
expressions for VL by direct calculation from (.I).

Vo, L = (W; -X)lWi.Xzo(—y—Fa(v-g(WX)) + aw; (C.3)
vWiL:Uinwi.Xzo(—y—‘y-O'(?)-g(WX))) + aW; (C4)

In what follows, for an arbitrary vector w € RY, we use the notation
A, :E[Xlwi.xzo(—y+0(v~g(WX))] (C.5)

(Notice that if w € {u, W;, Wi}, then A; - w is only a function of u,, by the same reasoning as used
in Lemma|C.T.) Then, we can also easily express

Vo, @ =W, A, + av; (C.6)
Vi, ® = v;A; + oW, €7
andfor H = L — O,
Vo H = W; - (Xlwi.xzo( —yto(-g(WX)) - Ai> , (C.8)
Vi, H = v, (X1Wi.X20( —y+ow g(WX)) - A¢> . (€.9)
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Finally, the matrix V' can be expressed as follows:
Vi = E[(Wi- X)(W; - X) 1w, x>0lw,.x>0(—y + (v g(WX)))?] — (Wi - Ai)(W; - Aj)
Voow, = 0E[(W; - X)X1w,.x>0lw, x>0(—y + (v - g(WX)))?] —v;(W; - A;)A,
Viv,w; = v B[ X®? Ly, x 01w, xz0(—y + o(v- g(WX)))?] —viv;A; @ A, (C.10)
Let us conclude this subsection with the following simple preliminary bound that will be useful

towards establishing the conditions of §,,-localizability from Definition[2.1]
Lemma C.2. For every fixed w € R", we have

E[X - w] < (w-p)* +w]®X™", and Al < C(u,).
Proof. For the first bound, let Z ~ A(0, I) and consider
EIX - wf) = SE{(w o+ A0 - 2)%) 4 JE[(—w -t A 2)).
Using the fact that Z is mean zero, and pulling out w - i, we see that this is at most
(w- p)* + A'E[(w- 2)?].

For the second term, notice that w - Z is distributed as z ~ N(0, ||w||?), implying the desired.

The bound on A; goes as follows. Evidently it suffices to let X, = p + A\~Y/2Z for Z ~ N(0, 1),
and prove the bound on the norm of

E[X, 1w, x,20(—1+a(g(WX,)))] = El(u + A2 2) 1w, x,>0(~1 + o (9(WX,.))].
Now decompose Z as
Zupp+ Z1 A Wit + Zo . Wi + Zs,

where Z,, ~ N(0,1) is independent of (Z1 1 , Z> 1 ) which is distributed as A/(0, A) with A given
by (C.1), which is independent of Z3 distributed as a standard Gaussian vector orthogonal to the
subspace spanned by (u, Wi-, W), By independence of Z3 from the indicator and the argument of
the sigmoid, all those terms contribute nothing to the expectation, and therefore,

lA:]* < Y. EX-w)flw.xso(—y +o(gWX))] < (1+ Riy + Ryp)(1+A71).
we{u, Wit Ws-}

Here, we used the first inequality of the lemma. This yields the desired. O

C.2 Verifying the conditions of Theorem [2.2/for fixed )\

Throughout this section we will take ;t = e;. By rotational invariance of the problem, this is without
loss of generality, and only simplifies certain expressions.

Lemma C.3. For §,, = O(1/N) and any fixed \, the 2-layer GMM with observables u,, is 0,-
localizable for Ex being balls of radius K about the origin in R”.

Proof. The condition on u,, was satisfied per Lemma|C.I] Recalling V® from (C.6)-(C.7), one can
verify that the norm of each of the four terms in V& is individually bounded, using the Cauchy—
Schwarz inequality together with the bound of Lemma|C.2 on [|A,].

Next, consider bounding E[||VH 3] by
E[IVH|* < > B[V, H]*| + E[|Vw, H|],

i=1,2

and recall the expressions for VH from (C.8)—(C.9). Using the trivial bound |o(x)| < 1, and the
inequality (a + b)® < C(a® + b3), for i € {1, 2}, the first term is at most

C(E[X - Wil’] + [Wil* | AilP)
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which is bounded by a constant depending continuously on u,, per Lemma[C.2] If we let Z be a
standard Gaussian, the second term is evidently governed by

IE||Z||3>

O (VPE|IX tws.xz00(—v - gW X)) ] + of | A1) < Clof*(1+ =575

Using the well-known bound that E[|| Z||3] < N3/2, and the fact that § = O(1/N), we see that this
is at most C'9~3/2 as needed.

The last regularity to verify is the claimed bound that

62 sup  sup E[(VH, Vu)* < C(K). (C.11)

? wEu;l(EK)

When u; is v;, this is simply a fourth moment bound on V,,, H, which follows as the third moment
bound did, with no need for the 5%. When u; is m;, or Rf; the bound follows from

E[(Vw, H,w)'] < Clus[* (B[ X - w|'] + [|w]*[ Ai*)
for choices of w being either 1 in which case ||w|| = 1 or W in which case ||w| = R;;. For each
K, this is at most some constant C'(K') using the two bounds of Lemma Again, we note that the
factor of 62 wasn’t needed. O

Proof of Proposition The convergence of the population drift to f from Proposition[4.1 follows
by taking the inner products of VL from (C.6) with the rows of .J from (C.2), and noticing that A’
from (4.3) is exactly A; -  and A from (4.3) is exactly A; - W+

Next consider the convergence of the correctors to the claimed g. The variables u € {v1, va, m1, ma}
are linear so £ yu = 0 and for these, g,, = 0. For u = Rf-j fori,j € {1, 2}, the relevant entries in V'

are those corresponding to W+ and WjL. For ease of notation, in what follows let 7 = o(v- g(W X)).
For ease of calculation taking . = e, we have
EnRilj = Z VWikywjk ’
k#1
which by (C.10), and the choice of §,, = ¢5/N, is given by

C,
5n£nR$ = Né V3V (E[(X . ek)21Wi~X201Wj-XZO(_y + 71')2] — (.AZ . ek)(Aj . €k)>
k£l
C,
= N&Uﬂ’j (E[HXL||21Wz--X201W_,»-X20(—y +7)°] = (Ai — Af'p, A — A?m) :

(C.12)

Let us first consider the two terms separately. For the first term, rewrite

1
N]E[”XJ_H21W1:~X201Wj‘X20(—y + m)?]
= E[(%HXLHZ - A_1)]‘VVi'XZO]-VVJ-~X20(_y + 7T)2] + )\_lBij .

Of course the second term is exactly what we want to be g,,, so we will show the first term here goes
to zero. By Cauchy-Schwarz, if Z ~ N (0,1 - 6(18)2), the first term above is at most

2 211/2
A_lE[(HZH _ 1) } < 2
N MWN
where we used the fact that for a standard Gaussian, g ~ A(0,1), we have E[(¢? — 1)?] = 2. It
remains to show the inner product term in (C.12) goes to zero as n — oo. For this term, rewrite

1 1
N A — AT Ay~ Ajp) = NE[(Xf - X3 ) lw,xi>0lw; xa>0(—y + ) (—y + m2)]
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where X7, X are i.i.d. copies of X, and 7y, 7o are the corresponding o(v - g(W X1)) and o (v -
g(W X3)). By Cauchy—Schwarz, if Z, Z’ are i.i.d. N'(0, I — ¢©?), this is at most

LE[z 2y <

AN TAWNS
This term therefore also vanishes as n — oo, yielding the desired limit for the corrector,
C5VV; C5VV;
IRt = L E[1w,. x>0lw,.x>0(—y + )% = %Bij .

which we emphasize is only a function of u,,.

We lastly need to show that the diffusion matrix X,, goes to zero as n — oo when d,, = O(1/n). This
is straightforward to see by considering any element of JV J7 and using Cauchy—Schwarz together
with the two bounds of Lemmato bound it in absolute value by some C'(K) independent of n.
Then when multiplying by any d,, = o(1), this entire matrix will evidently vanish. O

C.3 Preliminary estimate for small noise limits

Our next aim is to consider the effective dynamics of Proposition [4.1]in the small noise (A — o)
limit. In this subsection, we collect some simple estimates that will make obtaining that limit easier.
The first of these is the following elementary fact bounding the exponential moment of a Gaussian.
As before, let X, ~ N (p, I/X).

Fact C.1. Fix u € SV=1(1), and let g(x) = x V 0. There is a function C : R? — R such that the
following holds: for all A > 0, § € R, and (v;, W;) € R x RY,

Elexp(0v,g(W; - X,,))] < exp (Gvimi + iGZW?Rjg) .
The next lemma concerns the limits as A — oo of some of the building block terms we encounter.

Lemma C.4. For each i, for every ng < oo and every m; > 0, we have

lim P(W;- X, <0)=0. (C.13)

A—00
For every v;, Rf‘j and m; # 0 fori,j = 1,2, we have
lim E[|o(v-g(WX,)) —o(v-g(m))|] =0. (C.14)
A—00

Proof. The proof of (C.13) is easily seen by rewriting the probability in question as
P(W; - X, < 0) = P(N(0, A7) < —my(m? + Rs)~1/?) = e~ mi/20mi+ )
so that as long as m; > 0 this goes to zero as A — 0.

We turn to (C.14). Consider

El|o(v- g(WX,)) — o(v- g(m))|]

IN

E[|ev-g<wxu> _ evg(m)”
< EHe1f19(W1'XM)eU2g(W2'Xu) _ 61’19(’011)61’29(7712)‘] .

This in turn is bounded by

]E[evzg(W2Xu) |6019(W1Xu) _ evlg(m1) H 4 evlg(ml)]EH@“?g(W?X“) — 6”29(m2) H . (C.15)
Applying Cauchy—Schwarz to the first term, it suffices to establish the following bounds
]E[e%ig(w"x“)] <C, and lim E[(e”'ig(WiX“) — e”ig(mi))z] =0.
A—00
To demonstrate the first of these inequalities, notice that

]E|:62vig(WiX“):| S E|:€2U1|WiX“|:| S C.
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uniformly over A, per Fact @ For the second desired bound, expand eV:9(WiXy) _ gvig(m:) ag
(61’1(Wi‘Xu)1Wi-Xu20 _ evi(Wi.X“)lm,Lgo) + <€Ui(Wi'Xp,)1mi20 _ 6vimi1mizo) )

It suffices to show the expectation of the square of each of these goes to zero as A\ — oo. First,
(W _ (W , 2 (W

E[(ell(Wz X)lw, x>0 _ 6v1(W1 X;L)lm,izo) ] < (1 V 6m(W1 X“))E[IWi'XuZO _ 1mi20] )
If m; # 0, the expectation on the right goes to zero by (C.13). Second,
E[(evi(Wi'Xu)lrniZO _ evimilmizo)z] < ]E[(evi(Wi-X#) N evimi)21mv>0] )
When m; < 0, this is evidently zero; when m; > 0, if G5 ~ N(0, /), this is
e2vimiE[(evi(Wi.G’,\) . 1)2] .
which goes to zero as O(A™1) when A — oo, by the explicit formula for the moment generating
function of the Gaussian W; - G, whose variance is (m? + RE)A 7L O

C.4 The small-noise limit of the effective dynamics

Let us consider the behavior of the ODE system of Proposition 4.1]in the limit that A — .

Proof of Proposition[d.2] We begin with considering limy_, , A" its limiting value will depend
on the signs of both m; and ms. We can express A from (4.3) as

EI(X 1), xz0(—y + 00 g(WX))] = E[(X, - 1)l x, 20(~1 + 00 g(WX,0)]

+ %E[(—X;L ) 1w, x, <00 (v 9(—WX;L))} :

We claim that the two terms on the right-hand side converge to —11,,,500(—v - g(m)) and
—11,,<00(v - g(—m)) respectively. This follows by e.g., writing the difference as
E[(X, - 101w, x,200 (=0 - g(WX,))| = Lm0 (=0 - g(m) (C.16)

= E[(XH =), x,>00(—v - g(WX/L))]
+E[(1wx,20 — L, zo0)o(—0 - g(WX,.)]

+ L, 20E [ 0(—v - gWX,1)) = o(=v - g(m))|

Call these three terms I, 11, and I11. For I, we use the fact that E[|X, - u — 1|] goes to zero as
X — o0; I1 is evidently bounded by P(W; - X,, < 0) when m; > 0 or its symmetric counterpart
when m; < 0—both vanishing as A — oo per (C.13) in Lemma [C.4} finally, I1] goes to zero as
A — oo by (C.14) in Lemma|C.4.

Putting the above together, we find that

, , 1 1
lim Af == SLn>00(=v-g(m)) = 5lm,<00 (v - g(=m)),

A—00 2
at which point, we see that if mq, ms > 0, this becomes %a(—v -m), as it is if mq,my < 0. If
my > 0 and my < 0, then you get limy AY = —%a(—vlml) and limy AY = —%U(—Ung) and

likewise if m; < 0 and my > 0.

Next consider the limit as A — oo of Afj from (4.3), which we claim converges to 0. Write

1
Ajj = _§]E[(Xu Wi lw,.x00(~v - g(WXH))} (C.17)
1

— SE[(X WL x, <00 (v g(-WX,)]

These two terms are bounded similarly. The absolute value of the first of these is bounded by
(1/2)E[| X, - W;-|] which is at most (1/2) lej A~1/2 by (C.2). The second is analogously bounded.
These evidently go to zero as A — oo.

Finally, since |B;;| < 1, the quantity gp. = ;52 B;; evidently goes to zero as A — oc.
ij
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Remark 2. The above argument used m; # 0 for the limit of A% If one considers the cases when
m; = 0, the limiting drifts still apply. For this, it suffices to show that if m; = 0, then A!" converges
to zero. Without loss of generality, suppose m1 = 0 and consider

A1 U= ]EI:ZLH]‘ZI,LZOO—(_U . g(ZLJ_, mQZQ’M + ZQ’J_))] .

This is zero independently of A by independence of Z; ,, from the other Gaussians in the expectation.

We next turn to classifying the fixed points of this limiting ODE system. Evidently, every fixed point
must have RiLj = 0. Furthermore, if we let u; = v; — m;, then

) {“21'0(1; -m) —au; mims >0
U; = )

— %o (—vim;) — au;  else

and therefore every fixed point of the ODE system must have u; = 0, which is to say v; = m;.
Therefore, it suffices to characterize the fixed points in terms of (vq, v2) as claimed. This reduces to

{via(||v||2) =2av; vz >0

vio(—v?) = 2aw;  else

Observe first that the point (vy,v2) = (0,0) is a fixed point of this system. If (vi,v2) # 0, then
dividing out by v;, the above reduces to

{U(—||v||2) =2a wwe >0

o(—v?) =2 else

We obtain the claimed set of fixed points by inverting these equations (they only have a solution
if @« < 1/4). The stability of these solutions can be deduced by examining the drifts in local
neighborhoods of these fixed points.

In particular, by studying this dynamical system with initialization that is 0 for (m1, m) and N'(0, I5)
for (v1,vy). We see that the basin of attraction of the quarter circles of item (2) are the subset of
(v1,v9) € R? that have v;v5 > 0 and the basin of attraction of the stable fixed points of item (3) are
the subset of (v1,v2) € R? that have vyv, < 0. Evidently, under NV'(0, I3) each of these gets mass
1/2 under the limiting initialization v. O

C.5 Rescaled effective dynamics around unstable fixed points

In this section, we consider scaling limits of the rescaled effective dynamics in their noiseless limit,
where the rescaling is about the unstable set of fixed points given by the quarter circle v + v3 = C,
per item (2) of Proposition In what follows, let 6, = ¢s5/n, and fix (a1,a2) € R% with
a? + a3 = C,, and let u,, be the variables of with v;, m; replaced by ©; = v/ N (v; — a;) and

Proof of Proposition[d.3] We start by considering the drift process for these rescaled variables. No-
tice that the rescaling induces the transformation .J multiplying J by v/ in its entries corresponding
to v;, m;. The fact that the rescaled variables satisfy the conditions of Theorem @] follows as in
Lemma[C.3] with the only distinction arising in the bound on (C.11), where previously we did not use
the 53 factor—in the new coordinates, the factor of /N raised to the fourth power is cancelled out
by 62 as long as &, = O(1/N).

For the population drift of the new variables, if the variables 9;, 7, are in a ball of radius K in R*
(which we take to be our E'x), the signs of m; agree, and therefore

fs, = —VNf,, = —m%a(—v -m) + av'Nm;
foe = VN f, = —\/N%U(—v -m) + avNv; .
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We wish to claim that these expressions have consistent limits when v;, m; are localized to E'x for
fixed K. notice that in m; = a; + N~/?/; and v; = a; + N~'/2%;, and using 3 a? = Cy,

vem=Ca+ N2 % a;(@; +1m;) +O(1/n).
j=1,2
Now Taylor expanding the sigmoid function, and using the definition of C,,, we get
o(—v-m) =0o(=Co) + (v-m — Co)o(—Ca)(1 — a(=C4)) + O(n™ 1)
=20+ N-Waj( 3 (@ +y)(2a)(1 — 2a) + O(nY).
j=1,2
Plugging these into the earlier expressions for f;,, we see that

N 2a; + 1, 1 L 1 3
foo =~ 20+ e Y (T +10,) 20)(1—20) + O ) ) +a(n' e + 7))
j=1,2
= —am; + ab; — a;j(a — 2a?) Z a;(0; +1m;) + O(n~Y?).
j=1,2

Taking the limit as n — oo, this yields exactly the population drift claimed for the v; variable.
The calculation for f,;, is analogous, and the equations for Rf-j are evidently unchanged by the
transformation of v;, m; to v;, m;. Furthermore, these variables are still linear so no corrector is
introduced.

We now turn to computing the limiting diffusion matrix ¥ in the new variables v;, m;. We first use
the following expression for the matrix V' when A = oo, by taking the A = oo in (C.10).

v mimy o(—v-m)? mymeg >0
Vi g o(—vim;)o(—vjm;) else ’

m;v; o(—v-m)? mimeo > 0
V’Ui,Wj - : b)

4 o(—vim;)o(—vym;) else
Vi . = ViV gy [o(—v- m)? mimsg > 0
o 4 o(—vim;)o(—v;m;) else
Rewriting these in the coordinates © and m, we see that in E,
Vi, = Q2aza; + O(n™ 2, Vi, w, = p(a®aa; + O(n=/?)),

and

Vv, w, = n®*(a’a;a; + O(n™/?)).
Now multiplying this on both sides by J, for the 11,, variables, the two factors of v/N from .J cancel
out with the choice of §,, = 1/N, and in the n — oo limit, leave

S0, = Sy = Som, =0aia;

as claimed. ]

D Deferred proofs from Section

Fix two orthogonal vectors u, v € R and recall the cross-entropy loss with penalty p(v, W) =
2(|lv)I* + [W]|?). For the XOR GMM with SGD, the cross-entropy loss is given by

L(v,W) = —yv-g(WX) +log (1 + e”'g(WX)) + p(v, W) (D.1)

where if the class label y = 1, then X is a symmetric binary Gaussian mixture with means +y, and if
y = 0, then X is a symmetric Gaussian mixture with means £v. This has the same form as the loss
for the 2-layer binary GMM, and we will find many similarities in the below between them. Indeed,
the only difference is in the distribution of X conditionally on the class label y as described, and
the fact that v is now in R* and W = (W;);=1,_ 4 is now a4 x N matrix. In what follows we take
n = 4N + 4. As such, all the formulae of (C.3)- (C.10) also hold for the XOR GMM, but with the
law of (y, X) now understood differently.
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Remark 3. In principle, we can take W to be k£ X d and v to be a k vector, but 4 is the first reasonable
choice of k, as if k£ < 4 the network cannot express a good classifier. Taking & to be larger than 4 is
interesting, and can in principle be handled by our methods—we leave this for future investigation.
We could also have added a bias at each layer, however the Bayes classifier in this problem is an “X”
centered at the origin so we can safely take the biases to be 0.

D.1 Summary statistics and localizability

Recall the set of summary statistics u,, from (3.1)). The next lemma shows that u,, form a good set of
summary statistics.

Lemma D.1. The distribution of L((v, W)) depends only on u,, from (5.1). In particular, we have
that ®(z) = ¢(u,,) for some ¢. Furthermore, w,, satisfy the bounds in item (1) of Definition2.1]if
Ex is the ball of radius K in R*N14,

Proof. Let X, = N(w,I/)\) forw € {u, —p,v,—v}. Notice that the law of L at a fixed point
(v, W) € R4V can be written as

—v - g(WX,) +log(1 + e 9WXu)) 4 p(v, W) w. prob. 1/4
a J—v-gWX_,)+log(l+e"dWX-u)) 4 p(v,W) w. prob. 1/4
T ) log(1 + e IWXD) 4 p(v, W) w. prob. 1/4

log(1 + e 9WX=2)) 4 p(v, W) w. prob. 1/4
Next, notice that as a vector

WX, =mi+Z,mi+Z;1 )i=1,.4 fore € {u,v},
where Z; , are i.i.d. N'(0,A7!) and (Z;, ) are jointly Gaussian with covariance matrix
Cov(Zi1,Zj1) = A\'R;.
Similarly, the law of WX _, depends only on (m!, Rllj) Finally,
plo,W) =% Z (v} +Ry) .
i=1,..4

Therefore, at a fixed point (v, W) the law of L(v, W) is only a function of u, (v, W).

L((v, W)) (D.2)

To see that the summary statistics satisfy the bounds of item (1) in Definition note that the
non-zero entries of J = (Vuy), are as follows.

dvvi=1,  Vwmi=p,  Vwyml=v, VwRj =W;0;+Widx, ([D3)
where ;5 is 1if ¢ = j and 0 otherwise. For higher derivatives, we only have second derivatives in the
lek variables, each of which is given by a block diagonal matrix where only one block is non-zero
and it is twice an identity matrix. Thus the operator norm of these second derivatives is 2. The third
derivatives of all elements of u,, are zero. O

In the following, let

A, =E[X1lw,x>0(—y+o(w gWX)))].
By the same reasoning as in Lemma D.]L if w e {p,v, W;, W;-}, then w - A; is only a function of
u,,. We then also have the conclusions of Lemma|C.2]for X distributed according to the XOR GMM

by simply decomposing it into two mixtures, and we will therefore appeal to this lemma meaning its
analogue for the XOR GMM.

Lemma D.2. For 6 = O(1/N) and any fixed )\, the 2-layer XOR GMM with observables u,, is
Sn-localizable for Ex being balls of radius K about the origin in R?2.

Proof. The condition on u,, was satisfied per Lemma|[D.I] Recalling V® from (C.6)—(C.7), one can
verify that the norm of each of the four terms in V& is individually bounded, using the Cauchy—
Schwarz inequality together with the bound of Lemma[C.2on ||A; ||, naturally adapted to XOR. The
remaining estimates are also analogous to the proof of Lemma|C.3| with the analogue of Lemma|C.2)
applied. O
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D.2 Effective dynamics for the XOR GMM
For a point (v, W) € R4V et

L v o__ 1 1
.Ai—/ix&l7 .A—V.AZ7 A’L]_W] Az

K2

Furthermore, let
2
Bi; = E[lw, x>0lw, x>0( —y + o(v-g(WX)))"].

Proposition D.1. Let u,, be as in (5.1) and fix any A > 0 and §,, = cs/N. Then u,,(t) converges to
the solution of the ODE system 0, = —f (u;) + g(w), initialized from lim,, (w,, )« itr, with

fo, =mi AL () + m{AY (u) + Af; () + av; S = v A} + amif

frL = viAﬁj(u) + vjAjli(u) + QaRiLj , fmy = viA] +am; .

and correctors g, = Im# = gmv =0, and 9RE = Cs %Blj forl1 <i<j <4

Proof. The convergence of the population drift to f from Proposition 4.1 follows by taking the inner

products of VL from (C.6) with the rows of J from (D.3), and noticing that A" is exactly A; - p,

AY isexactly v - A;, and Af-j is exactly A, - WjJ-.

We next consider the population correctors. The fact that g,, = Gm# = gmr =0 follows from the

fact that the Hessians of v;, mﬁ‘, mj are zero. For the corrector gp1 for 1 < ¢ < j <4, the relevant
i

entries of V are those corresponding to W;- and WJ-L. For ease of notation, in what follows let

m=o(v-g(WX)).

Similar to the calculation of (C.12),

C,
SuLnRi; = N&Uﬂfj (E[HXL||21Wz-«X201W_,~X20(7T —y)?]

Iz p
— (A= Al — AV Ay — Al - A;u>) .
By the same arguments on the concentration of the norm of Gaussian vectors as used in the binary
GMM case, then we deduce from this that
C5V;U;5 C5V;U;5
A

IRt = E[lw,.x>0lw, x>0(—y +7)%] = B;; .

Finally, let us establish that the limiting diffusion matrix is all-zero whenever 6,, = o(1). This follows
exactly as it did in the proof of Proposition O

D.3 Small noise limit of the effective dynamics

The aim of this section is to establish the following small-noise A — oo limit of the effective dynamics
ODE of Proposition|D.T] This will again be quite similar to the analogous proofs for the binary GMM
in Section|C| and when these similarities are clear we will omit details.

Proposition D.2. In the A — oo limit, the ODE from Proposition|D.I|converges to

. omf
by = - (Lm0 (=0 - g(m")) = L o0 (—v - g(—m)))
m’LV v v
= 2 (Lm0 (v - g(m") = Ly oo (v - g(=m"))) — v,

. U L
it = 5 (Lrso0(—v - g(m#)) = Lng coo(=v - g(=m*)) ) — am’

- v Ui v v 14
my = —Z(lm;gzoo(—v -g(m”)) — 1m;,»<00(—v ~g(—m ))) —am/,

ande‘j:—ZozRfEfOrlgigjgéL
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Proof. Let us begin with convergence of A%'. We claim that it converges to

. 1 1
Jim Al = _Zlmff>00-(_v ~g(m*)) — 11m7<00'(11 g(=m)).

In order to see this, expand
1 1
A; = ZE[ - X lw,.x,>0(0(—v - g(WX,)))] — ZE[X*ulVVi-XﬂLZO(U(_U - g(WX_ )]
1

+ EE[Xulwfxuzo(U(U -g(WX,)))] + gE[X—ulwi-szO(U(v'Q(Wva)))] :

The point will be that when taking the inner product with p, the first two terms here contribute to the
limit and the latter two vanish, while when taking the inner product with v, the first two terms vanish
in the A — oo limit while the latter two contribute.

Consider e.g., the first of the four terms above, and inner product with u. In this case, consider
E[(Xu : M)lwi-xuzoa(—v : Q(WXM))] - 1m;‘200(—v ~g(mh)),

which is precisely the quantity that was exactly shown to go to zero as A — oo in (C.16). To see that
the third and fourth terms above go to zero when taking their inner product with u, observe that they
become

|E[(Xy - ) 1lw,.x, 00 (v - g(WX,))]| <E[X, - ul],

which by orthogonality of 1 and v is at most A~'/2 by the reasoning of Lemma @, therefore
vanishing as A — oo. Together with its analogue for X _,,, this implies the claim for the convergence
of AY', as well as its analogous limit of AY.

We next consider the limit as A — oo of Al-lj, which we claim goes to 0. Using the expansion of
A, from earlier in this proof, we can consider Ailj =A,- I/VjL as four terms having the form of the
terms in (C.17), which were there showed to go to zero as A — oco. Since WJ»J- here is orthogonal
both to p and v, the same proof applies.

ViV,

Finally, in order to see that the limit as A — oo of gp1. = c5—2B;; is zero, which follows from the
i
fact that |B,;;| < 1. O

Proposition D.3. The fixed points of the ODE system of Proposition|D.2]are classified as follows. If
a > 1/8, then the only fixpoint is at u,, = 0.

If0 < a < 1/8, then let (I, I/j‘, I, X, I) be any disjoint (possibly empty) subsets whose union

is {1, ...,4}. Each such partition fully dictates a connected component of fixpoints for that dynamial
system. Corresponding to that tuple (I, I:[, I, 1 + 1), the connected component of fixpoints has
Rf] = 0foralli,y, and

1. ml'=ml =v; =0forie I,

2. my =wv; > 0suchthat 37, v v? = logit(—4a) and mY¥ = 0 forall i € I},
3. —mt" = v; > 0 such that Ziel; v} = logit(—4a) and m = 0 foralli € I,
4. mf =wv; < 0suchthat .+ v} = logit(—4a) and mf = 0 for all i € I},

5. —my =wv; <O0suchthaty ;- v? = logit(—4a) and m!' = 0 foralli € 1.

There are therefore 5* = 625 many connected components of fixpoints. Of these, there are 4! = 24
many that are stable, corresponding to the possible permutations in which each of II, I, 1 FoI
are singletons.

Proof. Evidently, any fixed point must have Rfj = 0 for all 4, j. Furthermore, the point v; = m!" =
m; = 0fori =1, ...,4 evidently forms a fixed point of the system. Now suppose there is some fixed
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point with v; = 0 for some %; in that case, it must be that mf = 0 and m; = 0. Therefore, we can
select a subset I of {1, ..., 4} such that v; = m!' = mY fori € I,.

For any such choice of I, consider next, i ¢ Iy. We first claim that if v; > 0 at a fixed point, then
mk € {£v;} and m} = 0, whereas if v; < 0 then m} € {£v;} and m!" = 0. To see this, notice that
at any fixed point,

40(’/71? =V (177#200’(_’0 : g(mﬂ)) - 1mf<00’(_v . g(_mﬂ))) 5
damy = —v;(Lny200(— - g(m*)) = Ly <oo(—v - g(=m")) ).

Since o is non-negative, if v; > 0, the sign of the right-hand side of the first equation is the same as
the sign of m!" so it can have a non-zero solution, while the sign of the right-hand side of the second
equation is the opposite of the sign of m}, so any such fixed point must have m; = 0. To see that
mk" = 4w, at such a fixed point, now set m} = 0 and take the fixed point equations for v; and m/',
dividing one by v; and the other by m!" to see that

=4a— or vi=(m

as claimed. The fixed points having v; < 0 are solved symmetrically.

Our classification now reduces to understanding the possible values taken by (v, ..., v4) given their
signs (when non-zero). Fix a partition (Io, I}, I/, IV, I,7) of {1, ..., 4} and consider the set of fixed
points having mf = m} = v; = 0 fori € Ip, m}’ = v; > 0 on I, and so on as designated by
Proposition[D.3] by the above any fixed point is of this form. It remains to check that the values of v;

on each of these sets are as described by the proposition.

In order to see this, fix e.g., ¢ € I,f. Then, mf = v; and m} = 0, and so the fixed point equations
reduce to

dov; = vio(—v - g(m*)), or da = 0( - Z UJQ) ,
jert
since the only coordinates where g(m*) will be non-zero are j € I", where mé‘ = v;. Inverting the

sigmoid function, this implies exactly the claimed } It v? = logit(—4a). The cases of I, I}, I,
are analogous, concluding the proof.

The stability of these fixed points can be deduced by examining the drifts in local neighborhoods of
these fixed points. O

D.4 Diffusive limit on critical submanifolds

We now consider scaling limits of the rescaled effective dynamics in their noiseless limit, where the
rescaling is about the unstable set of fixed points given by the product of two quarter circles where
It = {1,2} and I} = {3,4}. In what follows, fix (a1, a2,,) € R} withaf , + a3 , = C,, and
a3, + a3, = C,, and let u,, be the variables of @.2) with v;, m, m! replaced by

5 VN —a;,) i=1,2
v —\/JV(vi—aw) i:3,4

and

?

= VN(ml —a;,) i=1,2 Y 0 i=1,2
o i=34" " \WN@mY —a;,) i=34"

By the choices of Thé‘ = 0 and m{ = 0, we mean that we formally mean that we remove those
variables from 1,,, and for us now Ex will be the ball of radius K in the other coordinates, and the
point {0} for (m');=3.4 and (1Y );=1 2.
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Proof of Proposition The fact that the rescaled variables u,, satisfy the conditions of Theo-
rem [2.2]follows as in Lemma [D.2] with the only distinction arising in the bound on (C.11), where
previously we did not use the §2 factor, but is still satisfied using &,, = O(1/n).

We next consider the population drift of the new variables 0;, m/" and mY. If we take these variables
to be in Ek, and recall the population drifts etc. in the A = oo setting from Proposition [D.2} for
i = 1,2, we have f3, is the n — oo limit of
mt
VN (v g(m#)) — VNaw
If we then use the expansion
veg(m") = Co+ N2 3" ), (5 + ) + O(1/n)
j=1,2

from which we obtain

o(—v-g(m") = o(~Ca) + —= (3 a5y + 7)) (40 (1~ 40) + O(L)

VN j=1,2
Plugging these in, and taking the n — oo limit we find that for: = 1, 2,
oo = a(@i —m}f) = a; u(a — 4a?) Z e,y (e + 1) -
k=1,2
By a similar reasoning, for ¢ = 3, 4, we have
fo, = ol —mY) — ai(a —40%) Y ap, (T + my).
k=3,4
The claimed equations for fmu when i = 1,2 and f5» when i = 3,4 hold by analogous reasoning,

and the equations for f Ry are ev1dently unaffected by the change of variables to u,,. Regarding the

population correctors, they are also unaffected (all zero) since the variables that were changed in u,,
are all linear.

It remains to compute the volatility matrix in the coordinates v;, 7', m?. We first use the following
expression for the matrix V' when A = oo, by taking A = oo in (C.10). If ¢, 5 € {1, 2}, then

v _ [ mimbo(—v-mt)? i e {1,2}
v 136mz mja(v -m¥)? 1,7 € {3,4}
and if i € {1,2} and j € {3, 4}, then

Vi, = fﬁmfm?a(fv -mM)o(v-m”)

When considering ¥, ,; we multiply this by N coming from J and JT, but also multiply by
d = 1/N, so that taking the limit as n — oo, we get
) 3a2a; uaj, 1,5 €{1,2}
Z’U'i,'Uj = 3a2ai,yaj,y 1,] € {3a4}
—3a%a; a5, i€ {1,2},j€{3,4}
By a similar reasoning, if ¢, j € {1, 2}, then
—vymlo(—v-mH)? i,j7€{1,2}

V’Ui,Wj U= 16

3 .
v Wy V= 1M Yo(v-m")? i,j € {3,4}

and if i € {1,2} and j € {3, 4}, then

Voow, v = lﬁvjm“a( v-m*)o(v-m”).
Taking the limit as n — oo, we again recover the claimed limiting diffusion matrix, and similar
calculations yield the same for X 5,1 5,1, v Y and X5~ v, concluding the proof. O
i T R i1
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