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Abstract

We study a repeated information design problem faced by an informed sender who
tries to influence the behavior of a self-interested receiver. We consider settings
where the receiver faces a sequential decision making (SDM) problem. At each
round, the sender observes the realizations of random events in the SDM problem.
This begets the challenge of how to incrementally disclose such information to
the receiver to persuade them to follow (desirable) action recommendations. We
study the case in which the sender does not know random events probabilities, and,
thus, they have to gradually learn them while persuading the receiver. We start by
providing a non-trivial polytopal approximation of the set of sender’s persuasive
information structures. This is crucial to design efficient learning algorithms. Next,
we prove a negative result: no learning algorithm can be persuasive. Thus, we
relax persuasiveness requirements by focusing on algorithms that guarantee that
the receiver’s regret in following recommendations grows sub-linearly. In the
full-feedback setting—where the sender observes all random events realizations—,
we provide an algorithm with O(v/T') regret for both the sender and the receiver.
Instead, in the bandit-feedback setting—where the sender only observes the realiza-
tions of random events actually occurring in the SDM problem—, we design an al-
gorithm that, given an «v € [1/2, 1] as input, ensures O(T) and O(T™a{e1=31)
regrets, for the sender and the receiver respectively. This result is complemented
by a lower bound showing that such a regrets trade-off is essentially tight.

1 Introduction

Bayesian persuasion [19] (a.k.a. information design) is the problem faced by an informed sender
who wants to influence the behavior of a self-interested receiver via the provision of payoff-relevant
information. This captures the problem of “who gets to know what”, which is fundamental in all
economic interactions. Thus, Bayesian persuasion is ubiquitous in real-world problems, such as, e.g.,
online advertising [5]], voting [[1,[7, 8]}, traffic routing [4}10], security [23| 26], and marketing [3 16].

We study Bayesian persuasion in settings where the receiver plays in a sequential decision making
(SDM) problem. An SDM problem is characterized by a tree structure made by: decision nodes,
where the receiver takes actions, and chance nodes, in which partially observable random events occur.
The sender perfectly observes the realizations of random events, and their goal is to incrementally
disclose the acquired information to induce the receiver towards desirable outcomes. In order to
do so, the sender commits to a signaling scheme specifying a probability distribution over action
recommendations for the receiver at each decision node. Specifically, the sender commits to a
persuasive signaling scheme, meaning that the receiver is incentivized to follow recommendations.
We consider the case of a farsighted receiver, meaning that they take into account all the possible
future events when deciding whether to deviate or not from recommendations at each decision node.
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With some notable exceptions (see, e.g., [27]), Bayesian persuasion models in the literature make the
stringent assumption that both the sender and the receiver know the prior, which, in our setting, is
defined by the probabilities of random events in the SDM problem. We relax such an assumption by
considering an online learning framework in which the sender, without any knowledge of the prior,
repeatedly interacts with the receiver to gradually learn the prior while still being persuasive.

Original contributions. Our goal is to design online learning algorithms that are no-regret for
the sender, while being persuasive for the receiver. We start by providing a non-trivial polytopal
approximation of the set of sender’s persuasive signaling schemes. This will be crucial in designing
efficient (i.e., polynomial-time) learning algorithms, and it also shows how a sender-optimal signaling
scheme can be found in polynomial time in the offline version of our problem, which may be of
independent interest. Next, we prove a negative result: without knowing the prior, no algorithm can
be persuasive at each round with high probability. Thus, we relax persuasiveness requirements by
focusing on learning algorithms that guarantee that the receiver’s regret in following recommendations
grows sub-linearly, while guaranteeing the same for sender’s regret. First, we study the full-feedback
case, where the sender observes the realizations of all the random events that may potentially happen
in the SDM problem. In such a setting, we provide an algorithm with O(\/T) regret for both the
sender and the receiver. Then, we focus on the bandit-feedback setting, where the sender only
observes the realizations of random events on the path in the tree traversed during the SDM problem.
In this case, we design an algorithm that achieves O(T®) sender’s regret and O(T™#{e1=35})
receiver’s regret, for any « € [1/2, 1] given as input. The crucial component of the algorithm is a
non-trivial exploration phase that uniformly explores the tree defining the SDM problem to build
suitable estimators of the prior. This is needed since, with bandit feedback, playing a signaling
scheme may provide insufficient information about its persuasiveness. Finally, we provide a lower
bound showing that the regrets trade off achieved by our algorithm is tight for o € [1/2,2/3].

Related works. Some works addressed Bayesian persuasion in Markov decision processes (MDPs).
Gan et al. [17] and Wu et al. [25] show how to efficiently find a sender-optimal policy when the
receiver is myopic (i.e., it only optimizes one-step rewards) in MDPs with infinite and finite horizon,
respectively. Moreover, the former assume that the environment is known, while the latter do not.
These works considerably differ from ours, since we assume a farsighted receiver and also model
partial observability of random eventsﬂ Another work close to ours is [27]], which studies a (non-
sequential) persuasion problem in which the sender and the receiver do not know the prior and interact
online. Zu et al. [27] provide a persuasive learning algorithm, while, in our model, we show that
the ignorance of the prior precludes the possibility of committing to persuasive signaling schemes,
and, thus, we need to resort to new techniques to circumvent the issue. Finally, Celli et al. [12] study
Bayesian persuasion with multiple receivers interacting in an imperfect-information sequential game.
Differently from ours, their model adopts a different notion of persuasiveness, known as ex ante
persuasiveness, and it assumes that the prior is known. Other works study learning problems in which
the sender does not know the receivers’ payoffs (but knows the prior); see, e.g., [9}11]].

2 Preliminaries

2.1 Sequential decision making problems

An instance of an SDM problem is defined by a tree structure, utilities, and random events probabilities.
The tree structure has a set of nodes H := Z U Hy U H., where: Z contains all the ferminal nodes in
which the problem ends (corresponding to the leaves of the tree), H is the set of decision nodes in
which the agent acts, while .. is the set of chance nodes where random events occur. Given any
non-terminal node h € H \ Z, we let A(h) be the set of arcs outgoing from h. If h € H4, then
A(h) is the set of receiver’s actions available at h, while, if h € H,., then A(h) encodes the possible
outcomes of the random event occurring at h. Furthermore, the utility function u : Z — [0, 1] defines
the agent’s payoff u(z) when the problem ends in terminal node z € Z. Finally, each chance node
h € H. is characterized by a probability distribution s, € A 4(1,y over the possible outcomes of the

corresponding random event, with p; (a) denoting the probability of action a € A(h)

!Gan et al. [17] also study a model with farsighted receiver, where they show that the problem of finding a
sender-optimal policy is NP-hard. Thus, they do not provide any algorithmic result for such a model.
2For a finite set X we denote with A x the set of probability distributions over X .
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In an SDM problem, the agent has imperfect information, since they do not perfectly observe the
outcomes of random events. Thus, the set of decision nodes H 4 is partitioned into information sets
(infosets for short), where an infoset I C 7, is a subset of decision nodes that are indistinguishable
for the agent. We denote the set of infosets as Z. For every infoset I € Z and pair of nodes h,h’ € I,
it must be the case that A(h) = A(h’) =: A(I), otherwise the agent could distinguish between
the two nodes. We assume that the agent has perfect recall, which means that they never forget
information once acquired. Formally, this is equivalent to assume that, for every infoset I € Z, all the
paths from the root of the tree to a node i € I identify the same ordered sequence of agent’s actions.

2.2 Bayesian persuasion in sequential decision making problems

We study Bayesian persuasion in SDM (BPSDM) problems. These extend the classical Bayesian
persuasion framework [19]] to SDM problems by introducing an exogenous agent that acts as a sender
by issuing signals to the decision-making agent (the receiver)E] By following the Bayesian persuasion
terminology, the probability distributions 1, for each chance node h are collectively referred to as
the prior. Thus, the sender observes the realizations of random events occurring in the SDM problem
and can partially disclose information to influence the receiver’s behavior. Moreover, the sender has
their own utility function defined over terminal nodes, denoted as f : Z — [0, 1], and their goal is to
commit to a publicly known signaling scheme that maximizes their utility in expectation with respect
to the prior, the selected signaling scheme, and the receiver’s strategy.

Formally, a signaling scheme for the sender defines a probability distribution ¢, € Agp,) at each
decision node h € H4, where S(h) is a finite set of signals available at h. During the SDM problem,
when the receiver reaches a node h € #H, belonging to an infoset I € Z, the sender draws a signal
s ~ ¢y and communicates it to the receiver. Then, based on the history of signals observed from the
beginning of the SDM problem (s included), the receiver computes a posterior belief over the nodes
belonging to the infoset I and plays so as to maximize their expected utility in the SDM sub-problem
that starts from I, taking into account the just acquired information.

As customary in these settings, a simple revelation-principle-style argument allows us to focus on
signaling schemes that are direct and persuasive [2,[19]. In particular, a signaling scheme is direct
if signals correspond to action recommendations, namely S(h) = A(h) for all h € Hg4. A direct
signaling scheme is persuasive if the receiver is incentivized to follow action recommendations issued
by the sender. Moreover, we assume that, if the receiver does not follow action recommendations at
some decision node, then the sender stops issuing recommendations at nodes later reached during the
SDM problem. This is without loss of generality

2.3 The sequence-form representation

The sequence form is a commonly-used, compact way of representing (mixed) strategies in SDM
problems [20]. In this work, the sequence-form representation will be employed for receiver’s
strategies, and to encode the signaling schemes and priors, as we describe in the following.

Receiver’s strategies. Given any h € H, we let 0,.(h) be the ordered sequence of receiver’s actions
on the path from the root of the tree to node h. By the perfect recall assumption, given any infoset
I € Z,itholds that o-(h) = o,.(h') =: o,.(I) for every pair of nodes h, h’ € I. Thus, we can identify
sequences with infoset-action pairs, with 0 = (I, a) encoding the sequence of actions obtained by
appending action a € A([I) at the end of o,.(I), for any infoset I € Z. Moreover, & denotes the
empty sequence. Hence, the receiver’s sequences are 3. :== {(I,a) | I € Z,a € A(I)} U{@}. In the
sequence-form representation, mixed strategies are defined by specifying the probability of playing
each sequence of actions. Thus, a receiver’s strategy is represented by a vector & € [0, 1]/>+/, where
x[o] encodes the realization probability of sequence o € 3,.. Furthermore, a sequence-form strategy
is well-defined if and only if it satisfies the following linear constraints:

z[o]=1 and x[o,(I)] = X ca@lorL)a] VIET
We denote by X,. the polytope of all receiver’s sequence-form strategies. We will also need to work

with the sets of receiver’s strategies in the SDM sub-problem that starts from an infoset I € Z,
formally defined as X, ; == {x € X, | z[o.()] = 1}.

3Appendix@ shows that BPSDM reduces to classical Bayesian persuasion when there is no sequentiality.
4 For a discussion on a similar problem in the field of correlation in sequential games, we refer to [22, 24].
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Signaling schemes. We represent signaling schemes in sequence form by leveraging the fact that the
sender can be thought of as a perfect-information agent who plays at the decision nodes of the SDM
problem, since their actions correspond to recommendations for the receiver. Thus, since sender’s
infosets correspond to decision nodes, their sequences ¥, := {(h,a) | h € Hq,a € A(h)} U {2}.
Then, we denote the polytope of (sequence-form) signaling schemes as ® C [0, 1] I=:|, where each
signaling scheme is represented as a vector ¢ € [0, 1]¢! satisfying:

6] =1 and Glou(h)] = X,cag dlos(h)a] Vh e Ha,
where, similarly to o,.(h) for the receiver, o, (h) denotes the sender’s sequence identified by h € H.

We also define IT := ® N {0, 1}'2-*‘ as the set of deterministic signaling schemes, which are those
that recommend a single action with probability one at each decision node.

Priors. We also encode prior probability distributions p;, by means of the sequence form. Indeed,
these can be though of as elements of a fixed strategy played by a (fictitious) perfect-information
agent that acts at chance nodes. Thus, for such a chance agent, we define X, X,, and o.(h) as
their counterparts previously introduced for the receiver. Moreover, in the following, we denote by
p* € X, the (sequence-form) prior, recursively defined as follows:

p*[2] =1 and p*[o.(h)a]l = p*[oc(h)]pr(a) VYh € H.,Va € A(h).

Ordering of sequences. For the sake of presentation, we introduce a partial ordering relation
among sequences. Given two sequences o0 = (I,a) € X, and ¢’ = (J,b) € X, we write 0 < o’
(read as o precedes o), whenever there exists a path in the tree connecting a node in I to a node in J,
and such a path includes action a. We adopt analogous definitions for sequences in X and 3.

3 Learning to persuade

In this work, we relax the strong assumption that both the sender and the receiver know the prior p*
by casting the BPSDM problem into an online learning framework in which the sender repeatedly
interacts with the receiver over a time horizon of length 7. At each round ¢ € [T7], the interaction
goes as follows (i) the sender commits to a signaling scheme ¢, € ®; (ii) a vector y, € {0, 1}'2“|
encoding realizations of random events is drawn according to p*; (iii) the sender and the receiver play
an instance of the (one-shot) BPSDM problem (detailed in Section @]), in which the sender commits
to ¢,, random events at chance nodes are realized as defined by y,, and the receiver sticks to the
recommendations issued by the sender; and (iv) the sender observes a feedback on the realization of
random events at chance nodes, which can be of two types: full feedback when the sender observes vy,
which specifies the realizations of all the random events at chance nodes that are possibly reachable
during the SDM problem; bandit feedback when the sender observes the terminal node z; € Z
reached at the end of the SDM problem. The latter is equivalent to observing the realizations of
random events at the chance nodes that are actually reached during the SDM problem, namely o.(z;).

By letting ®°(p*) be the set of persuasive signaling schemes, i.e., such that the receiver is incentivized
to following recommendations (a formal definition is provided in Definition[2), the goal of the sender
is to select a sequence of signaling schemes, namely ¢, ..., ¢, which maximizes their expected
utility, while guaranteeing that each signaling scheme ¢, is persuasive, namely ¢, € ®°(u*).

We measure the performance of a sequence ¢, . .., ¢, of signaling schemes by comparing it with
an optimal (fixed) persuasive signaling scheme. Formally, given a signaling scheme ¢ € ®, we first
define U (¢, p*), respectively F'(¢p, pu*), as the expected utility achieved by the receiver, respectively
the sender, whenever the former follows action recommendations. These can be expressed as linear
functions of ¢, which, for any p € X, are defined as follows:

U, i) ==Y ploc(2)|plos(2)]u(z),  Fgp,p) =Y ploc(2)ldlos(2)]f(2).
z€EZ z€EZ
Finally, by letting ¢* € argmaxgego (y+) £ (¢, u*) be an optimal (fixed) persuasive signaling
scheme, the sender’ performance over 7' rounds is measured by the (cumulative) sender’s regret:

Br =Y (P(@" w") = ey 1)).

te[T]

SWe refer the reader to Appendixfor an example of SDM problem and its sets of sequences.
SThroughout this work, for n € N, we denote with [n] the set {1,...,n}.
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The goal is to design learning algorithms (for the sender) which select sequences of persuasive
signaling schemes such that Ry grows asymptotically sub-linearly in 7', namely R = o(T).

4 On the characterization of persuasive signaling schemes

4.1 A local decomposition of persuasiveness

In this section, we formally introduce the set of persuasive signaling schemes ®°(p*) as the set
of signaling schemes for which the receiver’s expected utility by following recommendations is
greater than the one provided by an optimal deviation policy (DP)E] In addition, we show how to
decompose any DP into components defined locally at each infoset, which will be crucial in the
following Section[4.2] Intuitively, a DP for the receiver is specified by two elements: (i) a set of
deviation points in which the DP prescribes to stop following action recommendations; and (ii) the
continuation strategies to be adopted after deviating from recommendations.

We represent deviation points by vectors w € {0, 1}/**], which are defined so that w[o] = 1 if and
only if the DP prescribes to deviate upon observing the sequence of action recommendations o € ...
Moreover, by leveraging the w.l.o.g. assumption that the sender stops issuing recommendations after
the receiver deviated from them, we focus on DPs such that each path from the root of the tree to a
terminal node involves only one deviation point. As a result, the set of all valid vectors w € {0, 1}/>~

is formally defined as Q := {w € {0,1}1>! Yves,o<on(n @] <1 Vze€ Z}-

We represent the continuation strategies of DPs by introducing the set of continuation strategy profiles,
denoted as P := Xoe(Layes, X,.1. A continuation strategy profile p € P, with p = (p,)oex, .

defines a strategy p, € X for every receiver’s sequence o = (I, a) € X,. Intuitively, p, is the
strategy for the SDM sub-problem starting from infoset I that is used by the receiver after deviating
upon observing sequence o € 3,.. As a result, any pair (w, p) € Q2 X P specifies a valid DP; formally:

Definition 1 (Deviation policy). Given a vector w € Q and a profile p € P, the (w, p)-DP prescribes
to follow sender’s recommendations until action a is recommended at infoset I for some sequence
o = (I, a) such that wlo] = 1; from that point on, it prescribes to play according to strategy p.,.

We denote by U“ P (¢, u*) the receiver’s expected utility obtained with a (w, p)-DP, so that we can
state the following formal definition of persuasive signaling schemes.

Definition 2 (Persuasiveness). A signaling scheme ¢ € ® is e-persuasive, namely ¢ € ®S(u*), if

y«v—e N —-U *) < e 1
b (o, ") —U(p,pn*) < ¢ (1)

Moreover, a signaling scheme ¢ € ® is persuasive, namely ¢ € ®°(u*), if it is 0-persuasive.

Intuitively, the above definition states that a signaling scheme is e-persuasive if the receiver’s expected
utility by following recommendations is at most € less than the one obtained by an optimal DP, which
is a DP maximizing receiver’s expected utility.

Our local decomposition of DPs is based on suitably-defined, simple deviation policies, which
we call single-point DPs (SPDPs). These are a special case of DPs that stop following sender’s
action recommendations only when a specific single infoset is reached and a particular action is
recommended therein. SPDPs are formally defined as follows:

Definition 3 (Single-point deviation strategy). Given a receiver’s sequence o = (I,a) € X, and a
receiver’s strategy p, € X, for the SDM sub-problem starting from infoset I, the (o, p,,)-SPDP
prescribes to follow sender’s recommendations until action a is recommended at infoset I, from that
point on, the strategy prescribes to play according to p,.

We denote by U, _,,,_(¢, u*) the receiver’s expected utility obtained by following an (o, p,, )-SPDP.

The following theorem provides the key result underlying our decompositionﬂ It shows that the dif-
ference between the utility achieved by a (w, p)-DP and that obtained by following recommendations

"For ease of exposition, all the definitions and results in this section are provided for the prior p*. It is
straightforward to generalize them to the case of a generic p € X..
8 All the proofs are provided in the Appendices @ @ and
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can be decomposed into the sum over all the sequences o € X, of analogous differences defined for
the (o, p,,)-SPDPs, where each difference is weighted by w(o].

Theorem 1. Given a signaling scheme ¢ € ® and a (w, p)-DP, it holds:
U=P (1) = Ul ') = 3 wlo) (Ussp, (6 17) = Ul 1) ).

ceX,

4.2 A polytopal approximation of the set of persuasive signaling schemes

In the following, we show how to exploit Theorem [I]to provide an approximate characterization
of the set ®¢(p*) using a polynomially-sized polytope. First, we state a corollary of Theorem
showing that persuasiveness can be bounded by suitably defined SPDPs. Formally

Corollary 1. Given a signaling scheme ¢ € ®, the following holds:

+
UwA)p , *\ U , * < Uo- , *\ U , * .
(w.p) 0P (@ p7) = Ule,p") < U_(Iza;ez” Lfg}gj —p, (") = U, )}

By exploiting Corollary [I] we introduce the following definition of e-persuasive polytope (Lemmal[T]
justifies the term polytope), as the set of signaling schemes for which there is no (o, p,, )-SPDP that
achieves a receiver’s utility that exceeds by more than €/|X,.| that of following recommendations.

Definition 4 (Persuasive polytope). The e-persuasive polytope is defined as:

A(p*) = {¢ c CI)‘ pn&e}x{xl Us—p, (o, 107) —U(¢, ") < €/|8,:| Vo e Er}.

Moreover, we denote by A(u*) the 0-persuasive polytope.

As we show in the following lemma, A.(p*) is an efficiently-representable polytope.

Lemma 1. The set A.(p*) can be described by means of a polynomial number of linear constraints.

The following lemma shows that the e-persuasive polytope is contained in ®¢(p*), and that the set of
persuasive signaling schemes is contained in the former. Formally:

Lemma 2. It is always the case that ®°(p*) = A(p*) C Ac(p*) C P (™).

Lemma also implies that the polytope A(p*) exactly characterizes the set of persuasive signaling
schemes ®°(p*). Thus, by adding the maximization of the sender’s expected utility F'(¢, p*) on top
of the linear constraints describing A(p*), we obtain a polynomially-sized linear program for finding
an optimal sender’s signaling scheme in any instance of the BPSDM problem in which p* is known.

Theorem 2. The BPSDM problem can be solved in polynomial time when the prior p* is known.

5 Always being persuasive is impossible: a relaxation is needed

In this section, we prove that it is impossible to design an algorithm that returns a sequence of
persuasive signaling schemes for a generic BPSDM problem. Motivated by this result, we introduce
a new online learning problem that relaxes persuasiveness requirements.

First, we provide the following impossibility result:

Theorem 3 (Impossibility of persuasiveness). There exists a constant v € (0,1) such that no
algorithm can guarantee to output a sequence ¢+, ..., o of signaling schemes such that, with
probability al least vy, all the signaling schemes ¢, are persuasive.

Notice that this result is in contrast with what happens in the basic case of non-sequential Bayesian
persuasion (see the work by Zu et al. [27]), where it is possible to design no-regret algorithms that
output sequences of signaling schemes that are guaranteed to be persuasive with high probability.

Theorem 3| motivates the introduction of a less restrictive requirement on the signaling schemes output
by a learning algorithm. In particular, we look for algorithms that output sequences ¢, . .., ¢ of

Given any z € R, we let [z]T := max(z, 0).
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signaling schemes such that the expected utility loss incurred by the receiver by following sender’s
recommendations rather than playing an optimal DP is small. To capture such a requirement, we
introduce the following definition of (cumulative) receiver’s regret:

VT = Z max Uu_ﬂ)(d)nu*) - Z U(¢t?ll'*)'
(w,p)eQXP
te(T] te[T]
Therefore our goal becomes that of designing algorithms guaranteeing that the cumulative receiver’s
regret grows sub-linearly in 7', namely Vi = o(T'), while continuing to ensure that Ry = o(T).

In Sections [6|and [7] we design algorithms achieving sub-linear V and Ry for the learning problem
described in Section The algorithms implement two functions: (i) SELECTSTRATEGY (), which, at
each t € [T, draws a signaling scheme ¢, € ® on the basis of the internal state of the algorithm;
and (ii) UPDATE(o; ), which modifies the internal state on the basis of the observation o; received as
feedback. Each algorithm alternates these two functions as the interaction between the sender and the
receiver unfolds as described in Section 3] Specifically, under full feedback the sender observes y,
and calls UPDATE(y, ), while in the bandit feedback it observes z; and calls UPDATE(z;).

6 Learning with full feedback

We start by providing a learning algorithm (Algorithm

working with full feedback, i.e., when the sender observes Algorithm 1 Full-feedback algorithm

the realizations of all the possible random events. function SELECTSTRATEGY():
L ] ] ] ) ¢, < arg max F(¢,n,)
The main idea of the algorithm is to choose signaling PEAg, ()

schemes ¢, that belong to suitable sets Ag, (fi,) which are return ¢,

designed to be “close” to the set ®°(u*) of persuasive sig- -
naling schemes. At each round ¢ € [T'], Algorithm|[T|defines ~ function UPDATE(y,):

the desired set as follows. First, it maintains an estimate Fialo] < 1 Xt: y,[0] Vo € T,
B, of p*; formally, it defines a radius €; such that the event T=1

E ={|lp; — p*|o < € Vt € [T]} holds with probability €rp1 ) 0BCTZcl/0)

at least 1 — 6. Second, it defines a parameter 3; such that, Besr — 2|20 |es

conditionally to the realization of the event £, the following
two conditions hold: (i) the decision space Ag, (11,) contains
the optimal signaling scheme ¢*; (i) Aag, (i0*) contains the signaling scheme ¢,. Intuitively, the
first condition is needed to have low sender’s regret, while the second one yields signaling schemes
that are approximately persuasive

The polytopal approximation that we provide in Section[d.2] plays a crucial role in the complexity of
Algorithm[I] Specifically, it allows it to select the desired ¢, in polynomial time by optimizing over
the set Ag, (1i,), which can b? done efficiently. Th.e use of the set Ag, (1,) over @3, (11,) is necessary
due to the fact that the latter is not known to admit an efficient representation. Formally:

Theorem 4. Given any § € (0, 1), with probability at least 1 — §, Algarithm guarantees:

Ry =0 (|21yT0g(TIS0/8)) . Vi = O (IS 1|21V/Tlog(T%1/9) ) -

Moreover, the algorithm runs in polynomial time.

7 Learning with bandit feedback

In this section, we build on Algorithmto deal with bandit feedback, i.e., when at each round ¢ € [T]
the sender only observes the terminal node 2, reached at the end of the SDM problem. The main
difficulties of such a setting can be summarized by the following observations. First, the feedback z;
only reveals partial information about the prior, and such information also depends on the selected
signaling scheme ¢,. Second, even if the sender plays a signaling scheme ¢ € ® for an arbitrarily
large number of rounds, there is no guarantee that they collect enough information to tell whether
¢ € D(u*) or not for some € > 0. Indeed, the persuasiveness of a signaling scheme depends on
all receiver’s utilities in the SDM problem, and some parts of the tree may not be reached during a

1See Lemma@] and|10|in Appendix E for the formal statements of these properties.
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sufficiently large number of rounds by committing to ¢. Thus, any algorithm for the bandit-feedback
setting must guarantee a suitable level of exploration over the entire tree, so as to keep track of the
entity of the violation of persuasiveness constraints.

We design a two-phase algorithm, whose
pseudo-code is provided in Algorithm[2] The
algorithm takes as input the number N € [T]

Algorithm 2 Bandit-feedback algorithm
function SELECTSTRATEGY():

of rounds devoted to the first phase guarantee-
ing the necessary amount of exploration, as
detailed in Section[7.1] During this phase, the
SELECTSTRATEGY () procedure implements

if t < N then
o = (h,a) + argminees, Ci[o]
Y 20’ + os(h)
Choose ¢, € D : ¢,[0'] =1

> First Phase

an efficient deterministic uniform exploration else > Second Phase
policy, which builds an unbiased estimator ¢,  arg peAlax | max F(¢, 1)

1 of p*. This allows to restrict the space of oy (Bn) eC ()

feasible signaling schemes used in the subse- return ¢,

quent phase to those that are approximately
persuasive, i.e., those in the set Ag, (Zi ). In
Section we discuss the second phase of
the the algorithm, composed by the rounds
t > N, during which the algorithm focuses on

function UPDATE(z:):
Build path p, € {0,1}/"<! from oc(2¢)
Sample 7 ~ ¢, s.t. pfo] =1= 0 € X (7y)
foro € ¥ (m;) do
Ct+1[0'} < Ct[O'] =+ 1

the minimization of sender’s regret by exploit- ~ 1 Cir1lo]

ing the optimism in face of uncertainty princi- Hypalo] < Ciy1lo] X< P, o]
) . ; . log(4T %] /9)

ple. Finally, in Section[7.3] we provide a lower eerifo] |/ REETEL

bound on the trade-off between sender’s and
receiver’s regrets, matching the upper bounds
achieved by Algorithm [2] for a large portion
of the trade-off frontier. This result formally
motivates the necessity of the uniform explo-
ration which is performed in the first phase of the algorithm.

Cer1(6) = {u]Iulo) = Bepr[0)] < ersalo] Vo € 50}

S |log(4T[=.|/5
Bit1 < 2| Z||Z| 28] Qg((Hll) 1/8)

7.1 Minimizing the receiver’s regret

At each round ¢ € [T, the sender observes a terminal node z; € Z that uniquely determines a path
in the tree defining the SDM problem. We encode such a path by means of a vector p, € {0, 1}>¢l
such that p,[c] = 1 if and only if the chance sequence o € ¥, lies on the path from the root of
the tree to z;, namely o < o.(z;). If the sender commits to a signaling scheme ¢, € ®, then it
is easy to see that, for every 0 = (h,a) € X, the element p,[o] is distributed as a Bernoulli of
parameter ¢, [os(h)]pu*[o]. The crucial observation behind the design of our estimator is that, if the
sender commits to a deterministic signaling schemes 7r; € II at some round ¢ € [T, then for all the
chance sequences o € Y. that are compatible with 7, i.e., that can be observed when 7 is played,
we have that p,[o] is distributed as a Bernoulli of parameter p*[o]. Formally, a sequence o € 3,
is compatible with 7r; if there exists a chance node h € H. and an outcome a € A(h) satisfying
o = (h,a) and 7,[os(h)] = 1. This observation leads to the following result:

Lemma 3. For every deterministic signaling scheme 7 € 11, let
Y (m)={o=(h,a) €X.|a€ Ah) Am[os(h)] = 1}.
Then, during each round t < N of Algorithm ] it holds IE [p,[o]] = p*[o] for every o € X (my).

Thus, during the first phase, Algorithm [2] builds the desired estimator fi5 of p* as follows. At
each round ¢ < N, after observing the feedback z;, the algorithm samples a deterministic signaling
scheme 7 € II according to ¢, (the one actually selected at ¢), so that all the sequences o € X,
such that p,[o] = 1 (or, equivalently, o < o.(2¢)) belong to X i(ﬂ't){l;r] Then, for every o € 3 (),
the algorithm updates the estimator component i, [o] according to p,[o]. Since the probability of
visiting a sequence o € ¥, depends on ¢, (and, thus, can be arbitrarily small), the first N rounds
must be carefully used to ensure that each sequence is explored at least N/|%.| times. To explore
a specific sequence o € X, we choose a signaling scheme ¢, such that o € X () for every
deterministic 7 ~ ¢,. The procedure described above is needed for minimizing the receiver’s regret,
since, in the second phase, the algorithm selects signaling schemes ¢, from Ag,, (#t ). In particular,

''"The sampling can be done efficiently by a straightforward modification of the recursive procedure in [I5}[16].
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as shown by the following lemma, Algorithm [2] guarantees that the receiver’s regret is upper bounded
by 28 at each round ¢ > N, since it defines ¢;[o] for each sequence o € 3. so that the event

E = {|u*[o] — Blo]| < e]o] V(t, o) € [T] x X.} holds with probability at least 1 — §/2.
Lemma 4. Under the event &, Algorithm@guamntees that ¢, € Aag, (*) at each roundt > N.

7.2 Minimizing the sender’s regret

Algorithm also needs to guarantee small sender’s regret. To do so, we would like that ¢* is a valid
pick for the algorithm, i.e., it belongs to Ag,, (&i,). However, differently from the full-feedback setting,
stopping exploration after the first N round does not guarantee optimal rates. In order to fix this issue,
in the second phase, the algorithm selects ¢, optimistically by maximizing the sender’s expected
utility F'(¢p, ) over both ¢ € Ag, (i) and p € C,(9), where C,(9) is a suitably-defined confidence

set centered around fi, such that {u* € C,(6)} = £, and, thus, it holds with high probability. This
guarantees that max,,cc, s) F'(¢*, u) > F(¢*, u*). Formally:

Lemma 5. If the event £ holds, then, for every round t > N, it holds that ¢* € Mg, (fi,) and
maxyec,s) F (", 1) > F(@", pu*).

Thus, F(¢,, p*) = F(¢,, ;) > max,ec, ) F(¢", ) > F(¢*, w*) holds in the limit, implying
that F'(¢,, u*) converges to F'(¢*, pu*) after sufficiently many rounds. Formally:
Theorem 5. Given any é € (0,1) and N € [T), Algorithm[2| guarantees:

R = O (N +log(TE/0)[ST) and Vi = O (N +TIZ|V/[S1og(TEl/D)/N)

with probability at least 1 — §. Moreover, the algorithm runs in polynomial time.

In contrast to the case with full feedback, the optimization problem solved by Algorithm [2|belongs to
the class of bilinear problems, which are NP-hard in general [18]. However, in Theorem |5|we prove
that our specific problem can be solved in polynomial time. Furthermore, notice that Theorem 3]
takes as input the number N of rounds devoted to the first phase. Given an «v > 1/2, by choosing any

N = |T*]| we get bounds of Ry = O(T%) and Vi = O(T™ax{e1=31}),

7.3 The lower bound frontier

We conclude by showing that the trade offs between V and R
achieved by Algorithm [2] are essentially tight. Previously, we
provided an intuition as to why the algorithm needs to uniformly
explore the entire tree of the SDM problem. Here, we provide a
lower bound that corroborates such a statement. In particular, the
‘ following theorem shows that, for any o € [1/2, 1], in order to
i ] guarantee a sender’s regret of the order of O(7T'%), it is necessary
' to suffer a receiver’s regret of the order of Q(7"1~*/2)[7]

_ Theorem 6. For any o € [1/2,1], there exists a constant vy €
Figure 1: Trade-off between Ry (0, 1) such that no algorithm guarantees both Rt = o(T®) and

and V7 in the bandit feedback. Vi = o(T*~%/?) with probability greater than 7.

Order of T'in Vy

1

()I‘dgr of T'in Ry

Figure E] shows on the horizontal axis the order of the T" term in R, while, on the vertical axis,
it shows the order of the 1" in V. The shaded area over the blue line shows the achievable trade
offs, while the marked red line shows the performances proved in Theorem E} Thus, we show
that Algorithm [2| matches the lower bound for o € [1/2,2/3]. However, when @ € [2/3,1], the
guarantees proved in Theorem [5]diverge from the ones proved in the lower bound. This is due to the
N = |T*| component in the receiver’s regret that becomes dominant when « > 2/3. We conjecture
that it is possible to reduce this term to v/ N, hence matching the lower bound of Theorem@ The
reason for such a gap between the lower and upper bounds is that, during the first phase, Algorithm 2]
utilizes signaling schemes without taking into account their persuasiveness, thus incurring in large
receiver’s regret during the first steps. We leave as future work addressing the question of whether it is
possible to design exploration strategies by only using approximately-persuasive signaling schemes.

"2 For o < 1/2, a simple reduction from a standard multi-armed bandit problem provides a lower bound of
Q(\/T) on both sender’s regret R and receiver’s regret V.
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A Relation with the classical Bayesian persuasion framework

In this section, we clarify the relationship be-
tween the BPSDM problems that we study

ho
in this paper and the classical Bayesian per- /?\
suasion framework introduced by Kamenica

and Gentzkow [[19]]. In particular, we show % I--- hl/+\ 77777 ﬁd\
that any instance of the classical Bayesian ai’ aj ai” aj ay, ai’ a;j ay,
persuasion problem can be mapped to an L o
instance of the BPSDM problem. L1 ALj ALk Zil

A Bayesian persuasion problem instance is Figure 2: Instance of BPSDM problem corresponding

deﬁned.by a set A of k = |A| actions for 4 5 given instance of Bayesian persuasion problem.
the receiver, a set S of signals for the sender,

and a set © of d := |©| possible outcomes

of a (single) random event (called states of nature in the classical Bayesian persuasion terminology).
The receiver’s payoff function is uR : © x A — [0, 1], while the sender’s one is uS : © x A — [0, 1].
The sender observes the realized state of nature, which is drawn according to a commonly-known
prior distribution ;1 € Ag. Then, they partially disclose information about the state by committing to
a signaling scheme ¢ : © — Ag, which is a randomized mapping from states of nature to signals for
the receiver. Thus, the interaction between the sender and the receiver is as follows:

(i) The sender commits to a publicly known signaling scheme .
(i1) The sender observes the state of nature 6 ~ .
(iii) The sender samples a signal s ~ (6, -) and sends it to the receiver.
(iv) The receiver computes their posterior belief over the states ©.
(v) The receiver plays an action a € A that maximizes their expected payoff.
The posterior beliefs that the receiver computes in step (iv) after observing a signal s € S are defined
by a probability distribution s € Ag such that:
1(0)e(0, s)
58 (0) = 0/ 9/ ?
ZG’G@ ,u( )(P( ) S)

and, thus, after observing signal s the receiver plays an action

R /
a€ arg(rlrllgﬁ;e;)gs(e)u (0,a").

A revelation-principle-style argument [[19] allow the sender to focus on direct and persuasive signaling
schemes, where the latter property means that S = A, with signals corresponding to actions
recommendations for the receiver. A persuasive signaling scheme ¢ : © — Ag is such that the
receiver is always incentivized to follow action recommendations; formally:

Z w(@)p(0,a)uR(6,a) > Z w(0)o(8,a)uR(0,a") Va,d € A. )

0€O 0cO

Instance mapping. Given an instance of the classical Bayesian persuasion problem [19], a corre-
sponding (equivalent) instance of our BPSDM problem can be constructed as follows:
(1) There is a unique chance node hy which is the root of the tree defining the SDM problem.

(2) Atthe chance node, there are d possible outcomes (namely A(hg) = ), each corresponding
to a state of nature € © and having probability () of occurring, so that with a slight
abuse of notation we can write u*[@] = 1 and p*[0] = () for all € O©.

(3) The receiver has a unique infoset I, which contains one decision node for each possible
outcome at the chance node.

(4) Atinfoset I, the receiver has a set A(I) = A of available actions.

(5) Terminal nodes Z are determined by state of nature, receiver’s action pairs, so that each
0; € © and a; € A define a corresponding terminal node z; ; in the SDM problem.

12
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The following theorem formally states that our definition of persuasiveness (Definition 2)) instantiated
to the BPSDM problem instances described above is equivalent to the definition of persuasiveness
for classical Bayesian persuasion problems (Equation (2)). This establishes that our framework
encompasses classical Bayesian persuasion problems as a special case.

Theorem 7. Given any Bayesian persuasion instance, a signaling scheme is persuasive (Equation (2))
if and only if it is persuasive (Definition[2)) in the corresponding instance of BPSDM problem.

Proof. 1t is sufficient to prove the equivalence between Equation for ¢ = 0 and Equation
applied to the BPSDM problem instance representing the given Bayesian persuasion instance. To
do that, we employ Theorem [I|and Lemma[6]in such a BPSDM problem instance, so that, using the
notation introduced in this section, it is straightforward to see that Equation (I)) reads as follows:

g}gﬁé@(ﬂ, a)p(0)u"(0,a") - %w(&a)u(ﬁ)uR(ﬁa) <0 VacA

By rearranging the terms, we get Equation (2)), which concludes the proof. O

B Example of SDM problem and its sets of sequences

Figure 3] shows a simple instance of a SDM problem. This is defined by a tree whose set of chance
nodes is H. = {ho}, while the set of decision nodes is H4 = {h1, ha, h3}. The set of terminal nodes
is Z = {z1,...,26}. Moreover, the set of decision nodes H, is partitioned into the set partition
Z = {1, J}, which is made by two infosets I = {h;} and J = {ho, h3}.

21 29 23 z4 zZ5 z6
Figure 3: Example of SDM problem and its sets of sequences X, ¥, and 3.

The sets of sequences are constructed as follows. For the chance agent, we have that ¥, =
{(ho,a), (ho,b), (ho, c)}, while for the receiver we have that 3, = {(I,d), (I,e),(J, f),(J,9)}.
Let us remark that, since the receiver cannot distinguish between nodes ho and hgs, it only has 2
sequences originating from such nodes; namely (J, f) and (J, g). Finally, the sender can be thought
of as a perfect-information agent selecting action recommendations for the receiver at decision nodes,
so that their set of sequences is X5 = {(h1,d), (h1,¢), (ha, f), (ha,9), (hs, f), (hs, 9)}.

C Additional notation needed in the proofs

In this section, we introduce some additional notation that will be useful in the proofs.

We denote by II, := X, N {0, 1}|Er| the set of deterministic sequence-form strategies (a.k.a. pure
strategies) of the receiver, which are the strategies specifying to play a single action with probability
one at each infoset. The set of receiver’s deterministic strategies in the SDM sub-problem that starts
from an infoset I € 7 is denoted as IL, ; == X, ;1 N {0, 1}‘2”. Moreover, we let X, 1 C 3, be the
set of receiver’s sequences in the SDM sub-problem that starts from an infoset I € Z; formally,
Spr={c€e¥ |o(I)2cANTze Z(I): 0 <X0.(2)}

Given any infoset I € Z, we let Z(I) C Z be the set of terminal nodes z € Z such that the path
from the root of the tree to z passes through a node in I. Moreover, given o = (I, a) witha € A(I),
we define Z(0) = Z(1,a) C Z(I) as the set of terminal nodes whose corresponding paths include
playing action a at a node in I. For every infoset I € Z, we also introduce a function hy : Z(I) — I
such that hy(z) defines the unique node h € I on the path from the root of the tree to z.

13



576
577
578
579

580

581
582
583

584
585
586
587

588

589

590

591

592

593

594

595
596
597

598

599

600
601

602

Given an infoset I € Z and an action a € A(I), we define C(I,a) C T as the set of all the
infosets which immediately follow infoset I through action a, i.e., those infosets J € Z such that
o-(J) = (I, a). Moreover, we let C'(I) C Z be the set of all infosets that follow Z, i.e., those infosets
J € T such that there exits a € A(I) with o = (I, a) such that o < o,.(J).

D Proofs omitted from Section 4

Let us remark that all the results in Section[d]can be straightforwardly generalized to the case of a
generic pu € X, as needed for the proofs of the results in Sections[6]and[7] For ease of exposition,
we state and prove the results of Section [ for the prior p*.

First, we prove a preliminary lemma that allows us to express the receiver’s expected utility difference
between using a (o, p,)-SPDP and following action recommendations by only considering the
terminal nodes under the infoset in which the SPDP prescribed to deviate. A similar result for the
case of correlated strategies can be found in [13, Appendix A].

Lemma 6. Given ¢ € @, for every (0‘ Po)-SPDP witho = (I,a) € ¥, and p, € X, j, it holds:

Us—p, (@, 1) = U = Y ¢lhr(2), a)lp,lon (=) [oe(2)]u(z)+
z€Z(I)
= Y Blos(@)utloe(=)]ulz).
z€Z(0)

Proof. We define the following three disjoint events for any (o, p,,)-SPDP, where o = (I, a).

(C1): A terminal node z € Z(0) is reached.
(C2): A terminal node z € Z(I,a’) for some a’ # a € A(I) is reached.
(C3): A terminal node z € Z/Z(I) is reached.

Next, under each event, we define the probability p,_, 5_ (z) of reaching a terminal node z:

(C1): Since z € Z(o), the node z is reached by means of the continuation strategy p,,. Thus:
P52, (2) 1= Bl(ha(2), @)l oc(2)]p, o (2)]

(C2): Since z € Z(I,d’) for @’ # a € A(I), the node z can be reached either by deviating
and then committing to the continuation strategy p, or by following recommendations.
Moreover, these two cases are exclusive, and, thus, we can write:

P, (2) = l(hi(2), @)|u* [0c(2)] Py o (2)] + Plos(2)]p* [oe(2)].

(C3): Since z € Z/Z(I), the node z is reached by following recommendations:
P8, (2) = @los(2)lu*[oc(2)].

We observe that pffl)p (2) = p((,ll,pa (z) + pfﬁ,pﬂ (2), and, thus, we can write U,_,, (¢, u*) as:

Usasp, ($17) = D M, (Hulz)+ > &, uz)+ Y P, (2)u(z)
z€Z(o) 2€Z(1,a’): z€Z/Z(I)
a'#a€A(I)
< Y oW, G+ Y pP, (2ulz).
ZGZ([ z€Z/Z(0)

Furthermore, by using the definition of p((,?’l,pa (2), we can write U(¢p, ) == ). = u(z)p((;’l,pg (2).
Thus:

Ussp, (&, 1) — Z p((fllpa Z)u Z p((fl)pa 2)u(z),
2€Z(I) 2€2(0)

which is the statement of the lemma by substituting the definitions of Y, p, (%) and Y, p.(2). O
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603 Now, we exploit Lemmal6]to prove the following local decomposition of a DP into SPDPs.
6o+ Theorem 1. Given a signaling scheme ¢ € ® and a (w, p)-DP, it holds:

U (1) = Ul i) = 3 wlo] (U, (9,17) = U, 1"))-

ceEX,

605 Proof. For any terminal node z € Z, let p* 7P (z; ¢, *) be the probability of reaching node z when
606 the receiver employs the (w, p)-DP under the signaling scheme ¢ and the prior p*. It holds:

PP (20, 07) = > wlo]@[(hi(2),a)lpylor(2)]m"[oc(2)]+

o=(I,a)€T,:0=0,(2)

+ ol loc)] (1= Y wlo]

€Y, :0=0,(2)

607 The sum in the first term in the definition of p* P (z; ¢, u*) accounts for the probabilities of reaching
608 z when the receiver reaches infoset 7, is recommended to play action a, and deviates by following the
609 continuation strategy p,, thereafter, for all the sequences o = (I, a) that precede the sequence o,.(z)
610 reaching z. Instead, the second term in the definition of p“ P (z; ¢, u*) accounts for the probability
s11  of reaching z by following recommendations. Thus, U 7P (¢, u*) = > ., p“ 7P (2; @, u*)u(z).

612 By rearranging the terms in U¥ 7P (¢, p*), we get to the following result:

U7($p,u") = U, 1*) + ) Yo wloldlhi(2),a)lp,lov (2wt [oc(2)]ulz)+

2€Z Lo=(1,a):0=0,(2)

- Y wlolglos(2)]ptloe(2)]u(2)

€N, 0=0,(2)

=U(pp, pu*) — Z Z Plos(2) | [oc(2)]u(z)+

oEX, z€Z(0)
+ 3 wlo] Y @l(hil2), a)lp,lon ()t foe(2)]u(z). 3)
oEL, 2€Z(I)

613 Thus, by combining Lemma 6] with Equation (3) we get that:

U2 (¢, p*) = Uy u*) = Y wlo] [Ussp, (&, 1%) = U, 1],

oEY,
614 which concludes the proof. O

615 Corollary 1. Given a signaling scheme ¢ € P, the following holds:

max Uwg)p((ﬁ,ﬂ*) - U(¢, H*) < Z |: mE}yX Ua’~>p (¢a ) U(¢7“*)

(w,p)eQXP

+

616 Proof. By using Theorem|[I] we derive the following:

w—p *\ *) *\ *
Jmax USP(g,ut) —Uld,u) <w,£??§x7:g; wlo] (Uy—p, (¢, 1) — U(p, n*))

r

<  max Z wlo] [Ussp, (¢, 1) — U(¢7H*)}+

Q
(w,p)e ngezr

<max Y [Usssp, (6. 1) — Ul )]+

P
p ceD,

+
= Z [ max Ugapa(¢7 ) U(¢>N*) .

€eX, 1
oED, Fa

617 This concludes the proof. O
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Lemma 1. The set A.(p*) can be described by means of a polynomial number of linear constraints.

Proof. In order to prove that the set A.(p*) can be described by means of linear constraints, we
employ duality arguments related to the max problem in the definition of A.(pe*) (Deﬁnition'

By Lemma@ for every sequence o = (I, a) € X, we can rewrite the expression in the left-hand
side of the inequality characterizing A(p*) in Deﬁmtlonlas follows:

max Z O[(h1(2),a)lpslor(2)”[oc(2) Z @los(2)|p*loc(2)]u(z),

=
PeStnl | Lez(n) 2€2(0)

so that A (p*) can be expressed as the set of all ¢p € ® such that the above expression has value less
than or equal to €/|X,.| for every o € X,.. Observe that the expression in the max operator is a linear
function of p_, and that the set X ; is a polytope by definition. Thus, for every o = (I, a) € X,, the
maximization above can be equivalently rewritten as the following linear program:

Ia\ | *
’ 1. 4
ml}}??o (a: ) clo, ™) s (4a)
Frz'*=f, (4b)
where 21 is a vector of variables indexed over sequences %, ; U {o,.(I)}. Notice that ¢(¢, u*) €

RI*r1l is a vector of coefficients such that the component corresponding to each ¢’ € Yy 1 is

(¢, u)[o’] = > Bl(h1(2), a)lp*[oc(2)]u(2),

z€Z(I):0.(z)=0"'

while ¢(¢p, u*)[o,-(I)] :== 0. Moreover, F; € {—1,0,1}1HCDDxIZr1l js a matrix of coefficients
whose components are defined as follows: [Ff];, , (1) = 1 and [F];, o := 0 for all sequences
o' € 3, 1, where I is a fictitious infoset indexing the first row, while, for every infoset J € C (I
following I (this included) and sequence o’ € ¥, ; U {o,.(I)}:

-1 if o =o0.(J)
[Filjor =<1 if o =(J,a')forsomea’ € A(J) .
0  otherwise
Finally, f; € {0,1}!*1¢(l is a vector whose components are all zero apart from that one corre-
sponding to the sequence o..(I), which is one (see also [20]).

The dual linear program of Problem (@) reads as:

min y"?[I5] st (52)
yla

Flyh* > ¢(¢,n*), (5b)

where y7+¢ is a vector of dual variables indexed over C(I) U {I4}. For ease of notation, we let
OPT;,, be the optimal value of Problem (3)) instantiated for the sequence o = (I, a).

By strong duality, we have that the optimal value of the primal (Problem ({@)) is equal to the optimal
value of the dual (Problem (3))), and this allows us to readily rewrite the set A.(p*) as follows:

Ae(u*):{qbed)‘OPTm— > dlo(2)ptloe(2)u(z) < < Va:(I,a)EZT}. (6)

z€Z(0) |ET|

Moreover, we can remove OPT; , in Equation (6) since it appears in in the right-hand side of a <
inequality and Problem (3] is a min problem. Thus, the set A.(u*) can be written as follows:

* a €
Ac(p*) = {¢> € @lﬂy” e RMICO yhefg] — 3" ¢loa(2)]p*[oc(2)]u(z) < BN
2€Z(o) "
NF[y"" > (¢, p*) Vo =(I,a)€ Er}, (7
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which is comprised of a polynomial number of inequalities and variables, concluding the proof.

Let us also notice that, by expanding the constraints of Problem (5), one can easily check that
they can be equivalently rewritten recursively, as follows. For every sequence o’ = (J,a') € %, 1,
Constraints (5b) can be rewritten as:

y" o] = > Pl(hr(2), )l loc(ul=) + Y- y"[K], ®)

z€Z(I):0-(2)=(J,a’) KeC(J,a")

while, for sequence o,.(1), Constraint (5b) can be written as y'%[I5] > y!:%[I]. Intuitively, at any
optimal solution to Problem (3)), we can interpret the value of the dual variable y!:%[I] as the
receiver’s expected utility obtained by playing the best possible continuation strategy after being
recommended action a at infoset /. Indeed, the first term in the right-hand-side of Equation (8) is
the utility immediately obtainable after playing a’ at infoset .J, while the second term recursively
encodes the utilities obtained (non-immediately) following a’ at J. O

Lemma 2. It is always the case that ®°(pu*) = A(p*) C A (pu*) C DC(p™).

Proof. First, we prove that ®°(u*) = A(p*). Suppose that ¢ € ®°(u*). Then, Definition 2]implies

U(d—>p(¢’ IJ’*) - U((z)a Ii*) S 07
for every w € Q and p € P. Thus, by Theorem|[I] we have that:
S wlo] (Usmsp, (& 1%) = Ul 1)) <0,
oEY,

for every w € 2 and p € P, which implies that:
max Us_p (¢, pu*) —U(p,pn*) <0 VoeX,

P, EXr T
and ¢ € A(p*), proving the first part of the statement.

On the other hand, A(p*) C ®°(p*) is directly implied by Corollary[1] Thus, A(p*) = ®°(p*).
Moreover, from Definition[d]it trivially follows that A(p*) C A (p*).

Finally, we prove that A (p*) C ®2(p*). Given e > 0, let ¢ € A (p*). By Corollary|[1] it holds:

+
Uwﬁp , *\ U , * < U"7 , *\ U , *
Wl U @)~ UG < ) L({g%gj[ 0, (617) U9, 1)
U:(Iva)ezr
€
< =,
0—(%6& ||
which implies that ¢ € ®¢(p*). This concludes the proof. ]

Theorem 2. The BPSDM problem can be solved in polynomial time when the prior p* is known.

Proof. 1t easy to check that the problem can be written as the following linear program:

max F(¢,u”),
pinax (&, 1)

where the objective function is linear and A(u*) is a polytope that can be represented by a polynomial
number of linear inequalities, by Lemmal[T}

E Proofs omitted from Section 3

Theorem 3 (Impossibility of persuasiveness). There exists a constant v € (0,1) such that no
algorithm can guarantee to output a sequence ¢, ..., of signaling schemes such that, with
probability al least vy, all the signaling schemes ¢, are persuasive.
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Figure 4: Tree structure used in the proof of Theorem 3| Black round nodes are decision nodes H,g.
White round nodes are the chance nodes H., while grey square nodes are the terminal nodes Z.

Proof. We define two instances i and j of BPSDM problem based on the tree structure presented in
Figure |4 In instance i, respectively j, the prior is defined as follows:

pw((h,c)] = % +e

L del(hd)] =5 -
lll*[(hZ’e)]:%_e ’
p*((ha, )] = 5 +e
“*[(hlac)] = % —¢€

(i) = e
p(ho,e)] = 5 +e
p((ha, )] = 5 —¢

Moreover, for both instances u(z1) = u(z3) = 1 and u(z2) = u(z4) = 0. A direct computation
shows that, in instance i, it holds V} = 2¢ 23:1 ¢,[(ho, b)], while one can similarly compute that

Vj =2¢21, é,[(ho,a)]. Let Pt and P be the probability measures of instance i and j, respectively.
Assume that P)[VJ. < 0] > 1 — 4. Then, we know from the Pinsker inequality that:

Hﬁmemuﬂzu SR 4
t=1

where KC(i,j) is the Kullback-Leibler divergence between instance i and j. By using the Kullback-
Leibler decomposition (see, e.g., [21] for more details), we can state that:

K(i,j) = 2T K(B12+4e B1j2—e);

where K(B; /24¢: B1 /275) < 16€2 is the Kullback-Leibler divergence between a Bernoulli of param-
eter 1/2 + € and one of parameter 1/2 — €. Thus:

P! [Z &,[(ho,a)] < 0] >1—4eVT — 6.

Moreover, in instance i, we have that V. = 2¢ Zle ¢;[(ho, b)], which implies:

P* V4 > 2eT] > 1 — 4ev/T — 4.

1

TovT We have that:

By setting € =

) . 1
P! {VT‘ > Sﬁ} >0.75 — 4.

Thus, any algorithm that guarantees with high probability R7. < 0 in instance j fails with high
probability in instance i. This proves the claim. O
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F Proofs omitted from Section

Before presenting the proofs of the results in Section [6],we introduce some preliminary lemmas.

Lemma 7. Givenany ¢ € ® and p, ' € X, if it is the case that ¢ € A (p) and ||pp — p' |00 < 7,
then it holds that ¢ € A (p') with € = 2|Z||Z, |y + e

Proof. For every (o, p,,)-SPDP with o = (I, a), the following inequalities hold:
Uoﬁpa (d)u /)_ (¢7 /)

=3 @l(hi(2). a)lp, [0 ()] o = Y lonloeuz)
Z(I) 2€7Z(0)
<> 8l (=), lp, [0 ()] (W [oe(2)] = ploe(2)]) u2)
Z(I)
= 3 o) Wloel)) — o) u(e) + 15
z€Z(0) "

<2 Z[[|p — 1|l oo + <22y + o

\EI IEI

where in the first inequality we added and subtracted the difference U, ,,_(¢, ) — U(¢, ) and
used the fact that ¢ € A.(p), while the second-to-last inequality follows from Holder’s inequality.

Since Us—p_(¢, ') = U(p, ') < 2| 2|y + |§.‘ |2  holds for every (0, p,)-SPDP, we have
that ¢ € Ao (p') with € = | Z]|Z, |y + €, concluding the proof. O

Lemma 8. Given any 6 € (0, 1), Algorithm|[I| guarantees that P[E] > 1 — 6, where:
&=l —pllo < VEET]},

and €, is chosen according to Algorithm([l]

Proof. Let B.(9) be defined as follows:

B,(6) = {u\ ulo] — o] < /A vUezc}.

Clearly, P[€] = P[u* € B:(6) Vt € [T]]. By Hoeffding’s inequality, we have that:

. log(2T|%.|/9) )
*lo] — <Y/ — 1 2>21- .
By a union bound over o € ¥ and t € [T], we get that:
~ log(2T|%.|/0
P<|u*[o]—ut[o] < %tl/) Vo € ¥, Vt € [T]) >1-09.
This concludes the proof of the lemma. O

Lemma 9. If the event £ holds, Algorithmguarantees that ¢* € Ag, (@) forall t € [T).

Proof. By definition, we have that ¢* € A(u*). Moreover, since we conditioned on &, we have that:
" = Byl < & V€ [T].
Thus, we can exploit Lemmal(7} which, by letting 3, := 2| Z||S,|e;, gives that ¢* € Ag, (1,). O

Lemma 10. If the event £ holds, Algorithm|[l| guarantees that ¢, € Aop, (p*) for all t € [T).

Proof. Given how Algorithm works, we have that ¢, € Ag, (ti,). On the other hand, since we
conditioned on the event &, it must be the case that ||p* — f1,|| < € forall t € [T']. Thus, by Lemmal[7]
we obtain that ¢, € Agg, (1*), where 3, is defined as in the proof of Lemma ]
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Theorem 4. Given any § € (0, 1), with probability at least 1 — 4, Algorithmguarantees:

Ry =0 (|21VT10g(TI%0/9)) . Vi = O (IS 1|21V Tlog(T%1/3) )

Moreover, the algorithm runs in polynomial time.

Proof. First, we bound the computational complexity of the algorithm, then we separately analyze
the sender’s regret R and the receiver’s regret V.

Complexity. With an argument analogous to the one used for the proof of Theorem 2} we have that
the optimization problem solved by SELECTSTRATEGY () in Algorithm|l|is a polynomially-sized
linear problem (Lemmal|I). Hence, it can be solved in polynomial time.

Sender’s regret. If the event £ holds, which happens with probability at least 1 — d, then:
wol —e < pylo] < prlo] + e,
for every sequence o € X and round ¢ € [T']. This implies that, for every ¢ € ®, we have:

F(¢7 l,l,*) - |Z|6t S F(d)aﬁt) S F(¢’,H*) + |Z‘€t'

Moreover, under the event £, we have that ¢* € Ag, (fi,) and, thus, F(¢*, i) < F(¢p,, fi,) as ¢, is
computed by optimizing F'(-, fi,) over Ag, (I1,). By putting all the above results together, we get that,
under event &, the following holds:

F(¢", p*) S F(@", 11y) + |Zler < F(y, 1y) + | Zler < Flpy, p*) + 2| Zex.

By rearranging the terms, taking the sum over ¢ € [T, and using Zle % < 2VT, we get:

T

T
Rr =Y (F(¢",1") = F(¢, ")) <2121 Y e < 2Z|v/2108 TS /0)T,

t=1 t=1

which holds under the event £, and, thus, with probability at least 1 — 4.

Receiver’s regret. If the event £ holds, thanks to Lemma[10]we have that ¢, € Agg, (11*). Thus,
by using Lemma , we can conclude that ¢, € @35 (p*). This implies that, with probability at least
1 — 4, the following holds:

T
Vi <2 8 <4I%,||2]/210g(2T (S| /6)T,

t=1

which concludes the proof. O

G Proofs omitted from Section

Lemma 3. For every deterministic signaling scheme m € 11, let

Y (m)={o=(h,a) € X.|a € A(h) ANr[os(h)] = 1}.
Then, during each round t < N of Algorithm 2} it holds E [p,[o]] = w*[o] for every o € X (my).
Proof. For any signaling scheme ¢ € ®, we have that the probability of reaching any node h € H,

during a round ¢ < N (or, equivalently, that p,[o] = 1 for some chance sequence o = (h,a)) is a
Bernoulli with parameter p*[c]@[os(h)]. Thus:

E[p[o]] = &[0+ (h)]u[o].

If we consider any deterministic signaling scheme 7 € IT and a chance sequence o = (h,a) € X (),
we have that ¢, [05(h)] = 1, and, thus, the above equation simplifies to:

E[p,[o]] = pn*[o],

which concludes the proof. O
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Lemma 11. Given any § € (0,1), Algorithmguarantees that with probability at least 1 — §/2:

Z > eloe(2)|¢[04(2)] < V1og(AT S| /6) || T + |2[y/10g(2/8)T

t=N+1zcZ

where the terms €,[o] for o € . and t € [T are defined according to Algorithm 2]

Proof. First, let us consider the deterministic signaling scheme 7; € II sampled by the algorithm
according to ¢, at round ¢ € [T']. For convenience, in the following we report the definition of €;[o]
(according to Algorithm foreacho € ¥, andt € [T]:

log(4T'[%|/9)

alo] = 20, (0]

where C,[o] represents the number of rounds ¢ < ¢ in which it is the case that ¢ € X} (/). Then,
the following chain of inequalities holds:

Z Zet oc(2)]mi]os(2)] %a)

t=N+1z€2
T
= Z Z €[o] Z (o] (9b)
t=N+1 ocED,: o'exg:
Iz€Z:0=0.(2) J2€Z:0=0.(2) Ao’ =04 (2)
T
< Z Z et[o]mios(h)] (9¢)

t=N+1o=(h,a)€,

Z Z €:]o] (9d)

o=(h,a)eX, tG[T]
t>N+1Am[os(h)]=1

Crl a]
[log 4T|Z |/8) %)

0'62 t= CN+1[0'

< > VIog(AT[%|/6)Cr[o] (91)
ocEX,.
< VIog(4T[c| /6)[Se T, g

where Equation follows by the definition of sequence-form signaling scheme of the sender,
Equation (9d) follows by exchanging the sums over o € X, and ¢t € [T and recalling that 7, is a
deterministic signaling scheme, Equation (9¢]) holds by definition of €, while Equation (9f) comes

from Z =1 < 24/T. Finally, Equation (Og) follows from the Cauchy-Schwarz inequality.

Next, we provide a similar bound on Zt: Nt 2ozez €t[0c(2)]@[0s(2)]. We do this by exploiting
the Azuma-Hoeffding inequality [14]]. Indeed, we have that E[m;[c]| Fi—1] = ¢;[o], where F;_; is
the filtration generated up to time ¢ — 1 from the interaction between the algorithm and the BPSDM
problem. Thus, with probability at least 1 — 6/2 the following holds:

Z Zet oc(2)]|plos(z Z Zet oc(2)]|meloe(2)] + | Z]\/1og(2/0)T

t=N+1z€Z t=N+1z€Z

By combining the equation above with Equation (9f), we obtain:

Z > erloe(2)]¢[04(2)] < V1og(AT S| /6) || T + |2]y/10g(2/8)T

t=N+1z€Z

This concludes the proof. O
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Lemma 4. Under the event £, Algorithm@guarantees that ¢, € Aag,, (1*) at each round t > N.

Proof. The proof is similar to the one of Lemma If the event € holds, then we have that:
I = finlloo < maxecfo] = en-
Moreover, ¢, € Ag, (fi) and we can use Lemmato conclude that ¢, € Ag, yocy |, 12| (1*) for

all t > N. The proof follows from Sy > 2ex|Z||3,|, since ey < w. O

Lemma 5. If the event £ holds, then, for every round t > N, it holds that ¢* € Ag, (1,) and
maXHECt(é) F(¢*7 l’l’) Z F(¢*7 iu’*)
Proof. Since ¢* € A(p*) and, under the event &, it holds that:

I = Bnlloe < maxerfo] = en,

we can use Lemma [7| to conclude that ¢* € Agjs |jzen (y). The proof of the first statement

is concluded by observing that Sy > 2|X,||Z|en, since ex < 4/ %' The second

statement directly follows from the observation that, under the event & ,itholds p* € C(9). O

Theorem 5. Given any § € (0,1) and N € [T, Algorithm 2| guarantees:
Ry = O (N + VIog(T[EIOIEIT)  and Vi = O (N +T|2|\/[EJogTEI/5)/N )

with probability at least 1 — 0. Moreover, the algorithm runs in polynomial time.

Proof. First, we bound the computational complexity of the algorithm, then we separately analyze
the sender’s regret Ry and the receiver’s regret Vrp.

Complexity. First, observe that F'(¢, p) is a linear function in g and it only has positive terms.
Thus, for every ¢ € ®, the maximum over C;(d) in the optimization problem solved during the
second phase of the SELECTSTRATEGY () procedure is reached on the boundary of C,(J), so that
larger entries of p provide larger objective values. Formally, we define:

€ a ax F(o,u),
My € arg max (¢, 1)

which is independent of ¢. Then, for every o € 3., we have that u,[c] = fi;[0] + €[o]. Thus, we
can compute the signaling scheme ¢, with a linear program as follows:

d)t A é max F(¢a lJ’t)a (10)

€Ag, (By)

and, similarly to the proof of Theorem 4] we have that the optimization problem in Equation (T0) is a
polynomially-sized linear program by Lemma|[I] Hence, it can be solved in polynomial time.

Sender’s regret. Under the event £, which happens with probability at least 1 — §/2, we have that
| o] — pylo]] < efo] forall t > N. Thus,
0" = Belloo < maxefo] = ew. (11)

Then, we can conclude that, under event &, it holds p*[o] + 2¢,[0] > p,[o]. This in turn implies:
F(¢y, 1y) < Flpy, p*) +2 Z et[oc(2)]@y[os(2)].
zEZ

By Lemmal we have that, under event £, it holds ¢* € Ag, (fiy). Hence, F(¢*, p,) < F(¢,, 1)
as ¢, is computed as the optimum over Ag, (1,). Moreover, by Lemma [3 I we also have that

F(¢™, u*) < F(¢*, p,), which implies:
F(¢", 1*) < F(¢", ) < Fy pty) < Fy, +226t oc(2)|@los(2)]-

zEZ
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Then, we can decompose the sender’s regret as:

Ry (P 1) = Flerm)) + > (Fle* 1) = Fley 1)

t=1 t=N-+1

T
<N+2 Y Y alou=) (=)

t=N+1z€Z

By using Lemma [T T]and a union bound, we can conclude that with probability at least 1 — ¢:

Rp <N +2 (\/log(4T|Ec|/5)\EC|T + |Z|\/log(2/5)T) .

Receiver’s regret. By Lemma under the event £, we have that ¢, € Ao, (pn*) forallt > N.
Moreover, by Lemma itholds that Agg, (n*) C @55 (). Hence, with probability at least 1 — 4:

Yellog(4T|3.|/0
VT<N+2TﬁN:N+4TZ|ZT|\/| 'Og(zN| 1/9).

This concludes the proof. O

Theorem 6. For any a € [1/2,1], there exists a constant v € (0,1) such that no algorithm
guarantees both Ry = o(T®) and Vi = o(T"~%/?) with probability greater than .

Proof. We define two instances i and j of a BPSDM problem whose tree structures are as in Figure 4]
In both instances, we have that f(z1) = f(22) = 0 and f(z3) = f(z4) = 1 for the sender, while
u(z1) = u(z3) = 1 and u(z2) = u(z4) = 0 for the receiver. Moreover, in both instances we have
that for the chance node hy it holds p*[(h1,c)] = p*[(h1,d)] = 1/2. Instead, the two instances
differ in the probabilities of chance node hy, which are defined as follows:

. Jw((ho )] =5 e
1'_{M*[(hg,f)]:éﬂ ’

. [wr[(hee)] =5 +€
' {u*[(hz,f)] =3¢

Simple calculations show that, in instance j, we have that the regret of the sender is:

T
Rip = y[(ho,a)]

Hence, if we require that (in high probability with respect to the measure P/ of instance j) the sender’s
regret is smaller than a threshold K, then:

T
P lz i[(h1,a)] < K] >1-0.
t=1
The Pinsker’s inequality states that:

T
P [Z«M(hl,a)] < K] > 15 1/5K6.0),

where /C(j, 1) is the Kullback-Leibler divergence between instance j and instance i. By the well-known
decomposition theorem of the divergence, we know that:

KG, 1) =E |> ¢l(h,a)]
t=1

t=1

T
K(Bi /24, Bija—e) < 166°E/ [Z ¢t[(h1,a)]] ;
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797 where (B /24, B1 /2,5) is the Kullback-Leibler divergence between two Bernoulli random variable
798 with parameter 1/2 + € and 1/2 — €. Now, we can upper bound E/ [ZtT:l ¢,[(h1,a)]| in terms of

799 the probability P with the reverse Markov inequality, as follows:

T T
E/ qut[(hl,a)]] <P Y ¢ l(h,a) > K| (T-K)+K
t=1 t=1
<i(T-K)+K.
soo Thus, we can conclude that:
T
P! lz¢t[(h1,a)] SK] >1-6-26/2(0(T - K) + K). (12)

t=1

go1  Now, we consider the receiver’s regret in instance i, which can be computed as:

T
Vi=e>_ ¢l(ho,b)].

t=1

go2 This, together with Equation @]) allows us to conclude that:

PV} >e(T - K)] >1-6-26/20(T — K) + K).

go3 By setting K = %ﬂ and € = T_; 2 , we can conclude that if
1S =
P L;cﬁt[(ho,a)] < 8] z1-34,
go4 then | — Y
P [V‘ > ] 21— —§2091-3,
so5s where we used that Tl?/z — Tgf > TIIG(W for T > 1 and that we can assume § < TTI. O
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