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A Formal Setup

In this section, we present the formal definitions of all problems required to state our hardness result
(Theorem[3.2)). We begin with a description of average-case decision problems, of which the CLWE
decision problem is a special instance [A1].

A.1 Average-Case Decision Problems

We introduce the notion of average-case decision problems (or simply binary hypothesis testing
problems), based on [[A2], where we refer the interested reader for more details. In such average-
case decision problems the statistician receives m samples from either a distribution D or another
distribution D’ and needs to decide based on the produced samples whether the generating distribution
is D or D’. We assume that the statistician may use any, potentially randomized, algorithm A which is
a measurable function of the m samples and outputs the Boolean decision { YES, NO} corresponding
to their prediction of whether D or D’ respectively generated the observed samples. Now, for any
Boolean-valued algorithm A = .4, examining the samples, we define the advantage of A solving the
decision problem, as the sequence of positive numbers

P,ponlA(2) = YES] - P, pron[A(x) = YES]| .

As mentioned above, we assume that the algorithm A outputs two values “YES” or “NO”. Further-
more, the output “YES” means that algorithm .4 has decided that the given samples z comes from
the distribution D, and “NO” means that A decided that = comes from the alternate distribution D’.
Therefore, naturally the advantage corresponds to by how much the algorithm is performing better
than just deciding with probability 1/2 between the two possibilities.

Our setup requires two standard adjustments to the setting described above. First, in our setup we
consider a sequence of distinguishing problems, indexed by a growing (dimension) d € N, and for
every d we receive m = m(d) samples and seek to distinguish between two distributions D4 and DY,
Now, for any sequence of Boolean-valued algorithms .4 = A4, examining the samples, we naturally
define the advantage of A solving the sequence of decision problems, as the sequence of positive
numbers

P,.pon [ A(x) = YES] P, _penlA(z) = YES]| .

As a remark, notice that any such distinguishing algorithm A required to terminate in at most time
T = T(d), is naturally implying that the algorithm has access to at most m < T samples.

Now, as mentioned above, we require another adjustment. We assume that the distributions D, D/, are
generating m samples in two stages: first by drawing a common structure for all samples, unknown to
the statistician (also called in the statistics literature as a latent variable), which we call s, and second
by drawing some additional and independent-per-sample randomness. In CLWE, s corresponds to
the hidden vector w chosen uniformly at random from the unit sphere and the additional randomness
per sample comes from the Gaussian random variables z;. Now, to appropriately take into account
this adjustment, we define the advantage of a sequence of algorithms A = {A;}4en solving the
average-case decision problem of distinguishing two distributions Dy , and D:i,s parametrized by d
and some latent variable s chosen from some distribution Sy, as

P, s, 2upen[A(@) = YES =P, s . pen[Az) = YES]|.

Finally, we say that algorithm A = {A,}4en has non-negligible advantage if its advantage is at least
an inverse polynomial function of d, i.e., a function behaving as {2(d—¢) for some constant ¢ > 0.

A.2 Decision and Phaseless CLWE

We now give a formal definition of the decision CLWE problem, continuing the discussion from
Section E We also introduce the phaseless-CLWE distribution, which can be seen as the CLWE
distribution A,, 3. defined in (3)), with the absolute value function applied to the labels (recall that we
take representatives in [—1/2,1/2) for the mod 1 operation). The Phaseless-CLWE distribution is, at
an intuitive level, useful for stating and proving guarantees of our LLL algorithm in the exponentially
small noise regime for learning the cosine neuron (See Section[#.3]and Appendix D).
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Definition A.1 (Decision-CLWE). For parameters B,y > 0, the average-case decision problem
CLWEg ,, is to distinguish the following two distributions over R¢ x [—1/2,1/2) with non-negligible
advantage: (1) the CLWE distribution Ay, g ~, per @), for some uniformly random unit vector
w € S (which is fixed for all samples), or (2) N(0, 1) x U([~1/2,1/2]).

Phaseless-CLWE. We define the Phaseless-CLWE distribution on dimension d with frequency ~,
[B-bounded adversarial noise, hidden direction w to be the distribution of random samples of the form

(w4, 2) € RY x [0,1/2] where xii'ri'vd'N(O, I;) and
zi = € (y{z;,w) + &) mod 1 (10)
for some ¢; € {—1,1} such that z; > 0, and bounded noise |¢;| < .

A.3 Worst-Case Lattice Problems

We begin with a definition of a lattice. A lattice is a discrete additive subgroup of R?. In this work,
we assume all lattices are full rank, i.e., their linear span is R<. For a d-dimensional lattice A, a set
of linearly independent vectors {by, ..., bq} is called a basis of A if A is generated by the set, i.e.,
A = BZ® where B = [by, ..., bg). Formally,

Definition A.2. Given linearly independent by, . .. by € R? let

d
A:A(bl,...,bd):{ZAibi:AieZ,izl,...,d}, (11)

=1

which we refer to as the lattice generated by by, . .., by. We also refer to (b1, ..., by) as an (ordered)
basis for the lattice A.

We now present a worst-case decision problem on lattices called GapSVP. In GapSVP, we are given
an instance of the form (A, ¢), where A is a d-dimensional lattice and ¢ € R, the goal is to distinguish
between the case where \j (A), the £5-norm of the shortest non-zero vector in A, satisfies A\j (A) < ¢
from the case where A;(A) > «a(d) - ¢ for some “gap” a(d) > 1. Given a decision problem, it is
straightforward to conceive of its search variant. That is, given a d-dimensional lattice A, approximate
A1(A) up to factor «(d). Note that the search version, which we call c-approximate SVP in the main
text, is harder than its decision variant, since an algorithm for the search variant immediately yields
an algorithm for the decision problem. Hence, the worst-case hardness of decision problems implies
the hardness of their search counterparts. We note that GapSVP is known to be NP-hard for “almost”

polynomial approximation factors, that is, 2(1°¢ )" for any constant € > 0, assuming problems in
NP cannot be solved in quasi-polynomial time [A3,|A4]. As mentioned in the introduction of the
paper, the problem is strongly believed to be computationally hard (even with quantum computation),
for any polynomial approximation factor «(d) [AS].

Below we present formal definitions of two of the most fundamental lattice problems, GapSVP
and the Shortest Independent Vectors Problem (SIVP). The SIVP problem, similar to GapSVP, is
also believed to be computationally hard (even with quantum computation) for any polynomial
approximation factor «(d). Interestingly, the hardness of CLWE can also be based on the worst-case
hardness of SIVP [Al].

Definition A.3 (GapSVP). For an approximation factor o« = «(d), an instance of GapSVP, is
given by an d-dimensional lattice A and a number t > 0. In YES instances, A1(A) < t, whereas in
NO instances, A1 (A) > o - t.

Definition A.4 (SIVP). For an approximation factor o« = «(d), an instance of SIVP,, is given by an
d-dimensional lattice A. The goal is to output a set of d linearly independent lattice vectors of length
at most a - Ag(A).

B Appendix for the Exponential-Time Algorithm: Constant Noise

We provide full details of the proof of Theorem4.T| restated as Corollary [B.5]at the end of this section.
Algorithm T] the recovery algorithm in the main text, is restated as Algorithm [3 here. The goal of
Algorithm [3is to use m = poly(d) samples to recover in polynomial-time the hidden direction w €
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Algorithm 3: Information-theoretic recovery algorithm for learning cosine neurons (Restated)

Input: Real numbers v = y(d) > 1, 8 = (d), and a sampling oracle for the cosine distribution
with frequency -y, S-bounded noise, and hidden direction w.
Output: Unit vector @ € S s.t. min{|[1 — w]|2, || + w2} = O(arccos(1 — B) /7).

Let 7 = arccos(1 — 8)/(2w), e = 27/, m = 64dlog(1/e), and let C be an e-cover of the unit

sphere S9=1. Draw m samples {(z;,y;)}™, from the cosine distribution (3).
fori =1tomdo

| z; = arccos(y;)/(2m)
for v € C do

Compute
T, = % S 1y (v, i) — 2 mod 1] < 37] + 1 [|y(v, ;) + z; mod 1| < 37]

return W = arg max,ec 1.

S9=1_in the ¢4 sense. More concretely, the goal is to compute an estimator @ = W((x;, 2;)i=1,....m)
for which it holds min{||1> — w||3, ||@ + wl||3} = o(1/~?), with probability 1 — exp(—£(d)).

We first start with Lemma [B.T] which reduces the recovery problem under the cosine distribution
(See Eq. (3)) to the recovery problem under the phaseless CLWE distribution (See Appendix [A.2).
Then, we prove LemmaB.4, which states that there is an exponential-time algorithm for recovering
the hidden direction w € S9! in Phaseless-CLWE under sufficiently small adversarial noise.
Theorem[4.I]follows from Lemmas[B.T and[B.4.

Lemma B.1. Assume 8 € [0, 1]. Suppose that one receives a sample (x, Z) from the cosine distribu-
tion on dimension d with frequency ~y under 3-bounded adversarial noise. Let Z := sgn(Z) min(1, |Z]).
Then, the pair (x,arccos(z)/(2r) mod 1) is a sample from the Phaseless-CLWE distribution on
dimension d with frequency v under i arccos(1l — )-bounded adversarial noise.

Proof. Recall Z = cos(2m(v{w, x))) + &, for x ~ N (0, I) and || < B. It suffices to show that

1
o arccos(z) = ey(w,x) + &  mod 1 (12)
m

for some e € {—1,1} and ¢’ € R with [¢’| < 5= arccos(1 — 3).

First, notice that we may assume that without loss of generality zZ = Z. Indeed, assume for now z > 1.
The case Z < —1 can be shown with almost identical reasoning. From the definition of Z, it must
hold that ¢ > 0 and Z < 1 4 &. Hence

Z=1=cos(2m(y(w,z))) + &
for £ := £+ 1—2 € (0,£) C (0,8). Hence, (z,%) is a sample from the cosine distribution in
dimension d with frequency -y under S-bounded adversarial noise.
Now, given the above observation, to establish , it suffices to show that for some € € {—1,1},
and K € Z,

1 - 1
o arccos(Z) — ey(w,z) — K| < o arccos(l — ) ,
or equivalently using that the cosine function is 27 periodic and even, it suffices to show that
| arccos(2) — arccos(cos(2my(w, x)))| < arccos(l — ) .

The result then follows from the definition of Z and the simple calculus Lemma[H.7] O

We will use the following covering number bound for the running time analysis of Algorithm 3] and
the proof of Lemma[B.4.

Lemma B.2 ([A6, Corollary 4.2.13]). The covering number N of the unit sphere S~ satisfies the
following upper and bounds for any € > 0

1\¢ 2 d
(> gN(sd—l,e)g<6+1> . (13)

€
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Algorithm 4: Information-theoretic recovery algorithm for learning the Phaseless-CLWE

Input: Real numbers v = v(d) > 1, 8 = 8(d), and a sampling oracle for the phaseless-CLWE
distribution with frequency y, S-bounded noise, and hidden direction w.
Output: Unit vector @ € S~ s.t. min{|jw — wl|2, |@ + w2} = O(8/7).

Let e = 27/, m = 64dlog(1/¢), and let C be an e-cover of the unit sphere S¢~1. Draw m
samples {(z;, z;) }'™, from the phaseless CLWE distribution (10).
for v € C do
Compute
L Ty = 5 2 LIyv(v,2i) — zi mod 1] < 36] + 1 [|y(v, z5) + 2 mod 1| < 3]

return w = arg max,ecc 1y.

Remark B.3. An e-cover for the unit sphere S~ can be constructed in time O(exp(dlog(1/e)))
by sampling O(N log N) unit vectors uniformly at random from S, where we denote by N =
N(S971 €). The termination time gurantee follows from Lemma - and the property holds with
probabillty 1 — exp(—Q(d)). We direct the reader for a complete proof of this fact in Appendlx[

Now we prove our main lemma, which states that recovery of the hidden direction in Phaseless-CLWE
under adversarial noise is possible in exponential time, when the noise level 3 is smaller than a small
constant.

Lemma B.4 (Information-theoretic upper bound for recovery of Phaseless-CLWE). Let d € N and
lety =~(d) > 1, and 5 = p(d) € (0,1/400). Moreover, let P be the Phaseless-CLWE distribution
with frequency vy, B-bounded adversarial noise, and hidden direction w. Then, there exists an
exp(O(dlog(v/B)))-time algorithm, described in Algorithmd, using O(dlog(v/B)) samples from

P that outputs a direction v € S satisfying
min([j — wl3, || + w]|3) < 400005%/+ (14)
with probability 1 — exp(—Q(d)).

Proof. Let P be the Phaseless-CLWE distribution and w be the hidden direction of P. We describe
first the algorithm we use and then prove its correctness.

Let ¢ = /v, and C be an e-cover of the unit sphere. By Remark we can construct such
an e-cover C in O(exp(dlog(y/f8))) time such that |C| < exp(O(dlog(v/B))). We now draw
m = 36d log(vy/S) samples {(z;, z;) }.; from P. Now, given these samples and the threshold value
t = 30, we compute for each of the |C| < exp(O(dlog(y/5))) directions v € C the following
counting statistic,

= %Z (1[|v{v, ;) —2z; mod 1| < 3B] + 1 [|y(v,z;) + 2 mod 1| <33]) .

T, is simply measuring the fraction of the z;’s falling in a mod 1-width 3 interval around (v, x;)
or —y(v, x;), accounting for the uncertainty over the sign € € {—1, 1} in the definition of Phaseless-
CLWE. We then suggest our estimator to be w = arg max,ec 1,. The algorithm can be clearly
implemented in |C| < exp(O(dlog(y/5))) time.

We prove the correctness of our algorithm by establishing (14) with probability 1 — exp( Q(d)). We
first show that some direction v € C which is sufficiently close to w satisfies T}, > 2 £ with probability
1 — exp(—(d)). Indeed, let us consider v € C be a direction such that ||w — v|2 < € = 8/7.

The existence of such a v follows from our definition of C. We denote for every ¢ = 1,...,m by
€; € {—1, 1} the sign chosen by the i-th sample, and
§i =z — eiy(w, x;) (15)

the adversarial noise added to the sample per (10). Now notice that the following trivially holds
almost surely for v,

1m
v 2 — i iZi d 1] <38] .
_mg [|v{v,z;) — €;2; mod 1] 5]
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By elementary algebra and using we have €;z; — y(v, ;) mod 1 =~y(w—v,2;)+& mod 1.
Combining the above it suffices to show that

(16)

Wl o

=S e v + & mod 1] <35] >

with probability 1 — exp(—Q(d)).
Now we have

Plly(w —v,z;) + & mod 1] < 38] > P[|y(w —v,2;) mod 1| < 2f]
> Plly{w — v, z;)| < 26]

using for the first inequality that 5-bounded adversarial noise cannot move points within distance 23
to the origin to locations with distance larger than 33 from the origin and for the second the trivial
inequality |a| > |a mod 1|. Now, notice that y(w — v, ;) is distributed as a sample from a Gaussian
(see Deﬁnition with mean 0 and standard deviation at most ||v —w||2 < e = 3. Hence, we can
immediately conclude P[|y(w—wv, z;)| < 2/5] > 3/4 since the probability of a Gaussian vector falling
within 2 standard deviations of the mean is at least 0.95. By a standard application of Hoeffding’s
inequality, we can then conclude that holds with probability 1 —exp(—Q(m)) = 1—exp(—Q(d)).

We now show that with probability 1 —exp(—£(d)) for any v € C which satisfies min(||v —w||z, [|v+
wl|2) > 2008/, it holds T,, < 1/2. Notice that given the established existence of a v which is
B/~-close to w and satisfies T,, > 2/3, with probability 1 — exp(—£2(d)), the result follows. Let
v € C be a direction satisfying ||v — w|l2 > 2003/~. Without loss of generality, assume that
[lv — w2 < [Jv + wl|2. Then, using we have v(v, z;) — z; = (v — w, z;) — €& mod 1
and fy<v ml> + z; = (v + qw,z;) + €& mod 1. Hence, since € € {—1,1},[&| < S for all
i =1,...,m we have by a triangle inequality

T, < 1[|y{(v —w,z;) mod 1] < 48]+ 1[|y{v +w,z;) mod 1| <40]) .

1
m
z:l

Now by our assumption on v both y(v—w, x;) and y(v+w, z;) are distributed as mean-zero Gaussians
with standard deviation at least y||w—wv||s > 2008. Hence, both y{(v—w, ;) mod 1 and y(v+w, z;)
mod 1 are distributed as periodic Gaussians with width at least 2003 (see Definition [H.1). By
Claim[H.6]and the fact that 3 < 1/400,

Plly(v — w,2;) mod 1] < 48] < 163/(4008v/27) - (1 + 2(1 + (4003)2)e 1/ (1600005%)
<4/(25V27) < %

By symmetry the same upper bound holds for P[|y(v + w, z;) mod 1| < 4/5]. Hence,
P, 2)~p {7 —w,2;) mod 1] <38} U {|v(v+w,z;) mod 1 mod 1| <38} <1/6.
By a standard application of Hoeffding’s inequality, we have
P[T, > 1/2] < exp(—m/18) < exp(—2dlog(1/e)),
and by the union bound over all v € C satisfying ||v — w|| > 2005/,

P U {7, >1/2}| <|C|- exp(—2dlog(1/e)) = exp(—Q(d)) .
[[v—w|>2008/~

This completes the proof. O

Finally, we discuss the recovery in terms of samples from the cosine distribution.

Corollary B.5 (Restated Theorem . For some constants co,Cy > 0 (e.g, cg = 1 —
cos(m/200), Cy = 40000) the following holds. Let d € N and let v = v(d) > 1, 8 = (d) < ¢,
and T = % arccos(1 — ). Moreover, let P be the cosine distribution with frequency ~, hidden
direction w, and noise level 5. Then, there exists an exp(O(dlog(y/7)))-time algorithm, described
in Algorithm |3, using O(dlog(v/7)) i.i.d. samples from P that outputs a direction @ € S
satisfying min{||w — w||3, |@ + w||3} < Cor?/+? with probability 1 — exp(—Q(d)).
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Proof. We first define m = O(dlog(vy/53)) reflecting the sample size needed for the algorithm
analyzed in Lemma|B.4|to work. We then draw m samples {(z;, Z;)}/", from the cosine distribution.
From this point Algorithm[3|simply combined the reduction step of Lemmal[B.T|and then the algorithm
described in the proof of Lemma [B.4.

Specifically, using Lemma [B.1} we can transform our i.i.d. samples to i.i.d. samples from the
Phaseless CLWE distribution on dimension d with frequency  under % arccos(1l — 3)-bounded
adversarial noise. The transformation simply happens by applying the arccosine function to every
projected Z;, so it takes O(1) time per sample, a total of O(m) steps. We then use the last step
of Algorithm [3 and employ Lemma [B.4 which analyzes Algorithm [3 to conclude that the output
W € S41 satisfies min (|| —w||?, ||w+wl|?) < 4000072 /42 with probability 1 —exp(—Q(d)). O

C Appendix for the Cryptographically-Hard Regime: Polynomially-Small
Noise

We give a full proof of Theorem[4.3] restated as Theorem|[C.I|here. Given Theorem .3, Corollary .4,
also restated below as Corollary @, follows from the hardness of CLWE [A1].

Theorem C.1 (Restated Theorem. Letd € N, v = w(y/logd), 8 = B(d) € (0,1). Moreover,
let L >0, let ¢ : R — [—1,1] be an L-Lipschitz 1-periodic univariate function, and 7 = 7(d) be
such that B/(Lt) = w(y/log d). Then, a polynomial-time (improper) algorithm that weakly learns

the function class F? = { f () = ¢(v(w,z)) | w € S4=1Y over Gaussian inputs :c%i'N(O, 1)
under 3-bounded adversarial noise implies a polynomial-time algorithm for CLWE, ..

Proof. Recall that a polynomial-time algorithm for CLWE, , refers to distinguishing between
m samples (x;,z = v(w,z;) + & mod 1);=12 . m, Where z; ~ N(0,1;),§ ~ N(0,7) and
w ~ U(S971), from m random samples (;, 2;)i=1.2.....m, Where y; ~ U([0, 1]) with non-negligible
advantage over the trivial random guess (See Appendix[A.T|and[A.Z). We refer to the former sampling
process as drawing m i.i.d. samples from the CLWE distribution, where from now on we call P for
the CLWE distribution, and to the latter as sampling process drawing m i.i.d. samples from the null
distribution, which we denote by (). Here, and everywhere in this proof, the number of samples m
denotes a quantity which depends polynomially on the dimension d.

Let ¢ = €(d) € (0, 1) be an inverse polynomial, and let .A be a polynomial-time learning algorithm
that takes as input m samples from P, and with probability 2/3 outputs a hypothesis 2 : R — R
such that Lp(h) < Lp(E[¢(z)]) — €. Since we are using the squared loss, we can assume without
loss of generality that h : R — [—1,1] because clipping the output of the hypothesis h, i.e.,
h(z) = sgn(h) - max(|h(z)|, 1) is always an improvement over h pointwise because the labels are
always inside the range [—1, 1].

Let D be an unknown distribution on 2m i.i.d. samples, that is equal to either P or (). Our reduction
consists of a statistical test that distinguishes between D = P and D = Q. Our test is using the
(successful in weakly learning f, ,, if D = P) predictor h returned by .4 on (some appropriate
function of the first) m out of the 2m samples drawn from D. Then, we compute the empirical loss
of h on the remaining m samples from D, and m samples drawn from @), respectively, and test

Lp(h) < Lo(h) —€¢/4 . (17)

We conclude D = P if h passes the test and D = @ otherwise. The way we prove that this test
succeeds with probability 2/3 — o(1), is by using the fact that A outputs a hypothesis i with e-edge
with probability 2/3 when given m samples from P as input. In the following, we now formally
prove the correctness of this test.

We first assume D = P, and consider the first m samples (z;, 2;)i=1,....m drawn from P. Now
observe the elementary equality that for all v € R it holds ¢(v mod 1) = ¢(v). Hence,

d(v(w, i) + &) = ¢(zi)-

Furthermore, notice that by the fact that the ¢ is an L-Lipschitz function we have

d(y(w,x:) + & = ¢(2:) (18)
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for some &; € [—L|&;|, L|&;|]. By Mill’s inequality, for all i = 1,2, ..., m we have P[|&;| > 8/L] <
V/2/mexp(—32/(2L272)). Since B/(LT) = w(y/log d), we conclude that

Pl {I&] > B/LY] < v/2/m - mexp(=5%/(8n°7)) = md ") = o(1) ,

i=1
where the last equality holds because m depends polynomially on d. Hence, it holds that
Gl < LIGI <8,

foralli = 1,...,m with probability 1 —o(1) over the randomnesss of §;,7 = 1,2, ..., m. Combining
the above with (I8), we conclude that with probability 1 — o(1) over &;, using our knowledge of
(xi,2;), we have at our disposal samples from the function f, ,,(z) = ¢(y(w,x)) corrupted by
adversarial noise of magnitude at most 5. Let us write by ¢(P) the data distribution obtained by
applying ¢ to labels of the samples from P, and similarly write ¢(Q) for the null distribution Q.

By assumption and the above, given these samples (z;, ¢(2;))i=1,2,... m We have that A outputs an
hypothesis h : R? — [—1, 1] such that for m large enough, with probability at least 2/3,

Lo < Loy E_Jol2)]) — e
for some e = 1/poly(d) > 0.

Now, note that by Claim |H.6} the marginal distribution of ¢((w, x)) is 2 exp(—2m2~?)-close in
total variation distance to the distribution of ¢(y), where y ~ U([0, 1]). Moreover, notice that since
the loss ¢ is continuous, and h(z),z € R? and of course ¢(z),y € R both take values in [—1, 1],

sup  £(h(z),(y)) < sup (a,b) < 4;. (19)
(z,y) EREIXR (a,b)e[—1,1]4x[—1,1]

Let us denote ¢ = E(, ,)~q[¢(y)] for simplicity. Clearly |c|, |(y)| < 1. Also,

E [(¢(y)—c)’l= E [(¢(y)—c)’

(2,y)~P C (e)~Q

|Lopy(c) — Lyqy(c))| =
< / )’ 1P(y) — Qy)ldy + 2¢ / 16)I1P@) - Qy)ldy
—1 -1

< (1+2]e) / P(y) — Q)ldy

—1
<6-TV(Py,Qy)
< 12exp(—271%9?) .
From the above, we deduce
Lacry (B Jo0twa)]) < Lo ( B 00))) < Locar (B o)) + 1205p(-20777)
Since E[¢(y)] is the optimal predictor for ) under the squared loss, Ly(q)(E[¢(y)]) < L) (h)

for any predictor h. In addition, exp(—2724?) = o(e) since v = w(y/logd) and e is an inverse
polynomial in d. Hence, for m large enough, with probability at least 2/3

Lgpy(h) < Lypy(E[p(v(w, x))]) — €
< Lygy(h) + 12exp(—27%4?) — ¢
< Ly(g)(h) —€/2. (20)

Using the remaining m samples from P, we now compute the empirical losses i/¢,(13)(h) =

LS O(h(x:), (2:)), and Ly(g)(h) = L S €(h(x;), ¢(ys)), where (x4, 2;) are drawn from
P and (z;,y;) are drawn from (). By a standard use of Hoeffding’s inequality, and the fact that the
loss is bounded based on (19), it follows that

[ Lspy(B) = Lypy (h)] <

)

ool ™
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with probability 1 — exp(—(m)) and respectively

(L) (h) — Lgg)(h)| <

with probability 1 — exp(—(m)) for sufficiently large, but still polynomial in d, m. Combining the
last two displayed equations with (20), we have that, for m large enough, with probability at least

2/3 = o(1),

ool m

~ €

€ ~
Loy (h) < Lopy(h) + g < Loy (h) = -

Hence, for m large enough, with probability at least 2/3 — o(1), the test correctly concludes D = P
or D = () by using the empirical loss Ly(p)(h), and comparing it with the value Ly ) (h) — €/4.

O
Corollary C.2 (Restated Corollary . Letd € N, v = v(d) > 2v/dand 7 = 7(d) € (0,1) be
such that v/T = poly(d), and B8 = [(d) be such that /7 = w(+/logd). Then, a polynomial-time
algorithm that weakly learns the cosine neuron class F., under 3-bounded adversarial noise implies
a polynomial-time quantum algorithm for O(d/T)-approximate SVP.

Proof. The cosine function ¢(z) = cos(2wz) is 2m-Lipschitz and 1-periodic. Hence, the result
follows from Theorem [C.T with L = 2. O

D Appendix for the LLL-based Algorithm: Exponentially Small Noise
In this section we offer the required missing proofs from the Section[4.3]

D.1 The LLL Algorithm: Background and the Proof of Theorem [3.4

The most crucial component of the algorithm analyzed in this section is an appropriate use of the LLL
lattice basis reduction algorithm. The LLL algorithm receives as input n linearly independent vectors
v1,...,0, € Z" and outputs an integer combination of them with “small" £ norm. Specifically, let
us (re)-define the lattice generated by n infeger vectors as simply the set of integer linear combination
of these vectors.

Definition D.1. Given linearly independent vy, . .., v, € Z", let

A:A@h”qmﬂz{E:Mw:&GZlew”m}, 1)

i=1
which we refer to as the lattice generated by integer-valued vy, . . ., v,,. We also refer to (vy,...,v,)
as an (ordered) basis for the lattice A.

The LLL algorithm is defined to approximately solve the search version of the Shortest Vector Problem
(SVP) on a lattice A, given a basis of it. We have already defined decision-SVP in Appendix[A.3] We
define the search version below for completeness.

Definition D.2. An instance of the algorithmic A-approximate SVP for a lattice A C Z™ is as follows.
Given a lattice basis vy, . . .,v, € Z" for the lattice, A; find a vector T € A, such that

17l <A win_ |z
z€N,x#£0

The following theorem holds for the performance of the LLL algorithm, whose details can be found
in [A7].

Theorem D.3 ([A7]). There is an algorithm (namely the LLL lattice basis reduction algorithm),
which receives as input a basis for a lattice A given by vy, . ..,v, € Z which

(1) solves the 2% -approximate SVP for A and,

(2) terminates in time polynomial in n and log (max}"_; ||v;|/co) -
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In this work, we use the LLL algorithm for an integer relation detection application.

Definition D.4. An instance of the integer relation detection problem is as follows. Given a vector
b= (b1,...,b,) €R™, findanm € Z" \ {0}, such that (b,m) = >, bym; = 0. In this case, m
is said to be an integer relation for the vector b.

We now establish Theorem [3.4] by proving following more general result. In particular, Theorem

follows from the theorem below by choosing M = 2"*!||m’||, and using notation m’ (used in

Theorem [3.4) instead of m, and ¢ (used in Theorem [3.4) instead of m’.

The following theorem, is rigorously showing how the LLL algorithm can be used for integer relation
detection. The proof of the theorem, is based upon some key ideas of the breakthrough use of the LLL
algorithm to solve the average-case subset sum problem by Frieze [AS], and its recent extensions in
the context of regression [A9,|A10].

Theorem D.5. Letn, N € Z>1. Suppose b € (2= NZ)" with by = 1. Let also m’ € Z" be an integer
relation of b, an integer M > 2% |m’||2 and setb_y = (ba, ..., b,) € (2=NZ)"~L. Then running
the LLL basis reduction algorithm on the lattice generated by the columns of the following n x n

integer-valued matrix,
B (M2Nb1 | M2V, )

22
On—1)x1 | Itn—1)x(n-1) 22)

outputs t € Z" which

(1) is an integer relation for b with ||t||2 < 2"+ [lm||2]|b]|2 and,

(2) terminates in time polynomial in n, N,log M and log(||b||sc)-

Proof. Tt is immediate that B is integer-valued and that the determinant of B is M2Y # 0, and
therefore the columns of B are linearly independent. Hence, from Theorem [D.3] we have that the
LLL algorithm outputs a vector z = Bt with ¢ € Z™ such that it holds
l2ll2 < 2% min || Bz].. (23)
z€Zm\{0}
Moreover, it terminates in time polynomial in 7 and log(M 2" ||bs || ) and therefore in time polyno-
mial in n, N, log M and log(||b|co)-

Since m/ is an integer relation for b it holds, Bm' = (0, m}, ..., m!,)* and therefore
min || Bzl < ||Bm/||2 < ||m/|2.
i Bl < | Bl < ]
Hence, combining with we conclude
I2ll2 < 2% [l (24)
or equivalently
TN )2 413 < 2% v, 5)

where t_q := (t2,...,t,) € Z" L.

Now notice that since 2V (b, t) = (2Vb,t) € Z either 2V (b, t) # 0 and the left hand side of
is at least M, or 2V (b,t) = 0. Since the former case is impossible given the right hand side of
inequality described in and that M > 2"% ||m’||2 > 2% ||m’||2 we conclude that 2V (b, ) = 0
or equivalently (b, t) = 0. Therefore, ¢ is an integer relation for b.

To conclude the proof it suffices to show that |[¢[|z < 22 +1||m/||2]|b||2. Now again from and the
fact that ¢ is an integer relation for b, we conclude that

[t-1ll2 < 2% || (26)
But since (b,t) = 0 and b; = 1 we have by Cauchy-Schwartz and
1] = [(t-1,b-1)] < [t ll2llb-alz < 2% [Im[|2]|b]l2-
Hence,
z n ntl
[tll2 < V2max {2 [ [[2]bll2, 2% [lm’||2} < 27 [|m/||2|b]]2,
since [|b]|2 > |b1] = 1. O
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Algorithm 5: LLL-based algorithm for learning the single cosine neuron. (Restated)

Input: Real numbers v > 0, and i.i.d. noisy ~y-single cosine neuron samples {(x;, z;) fill

Output: Unit vector @ € S?~! such that min(||@ — w||, | + w|) = exp(—Q((dlogd)?)).

fori =1tod+ 1do
z; < sgn(z;) - min(|z;], 1)
z; = arccos(z;)/(2m) mod 1

Construct a d x d matrix X with columns @, ..., z411, and let N = d>(log d)?.
if det(X') = 0 then
| return @ = 0 and output FAIL
Compute \; = 1and \; = \;(21,...,2441) given by (Mg, ..., Ag1) | = X 1oy,
Set M = 234 and o = (()\Q)N, ceey ()\dJrl)N, ()\12’1)]\], ey (/\d+1zd+1)N7 2_N) € R2d+2
Output (t,to,t) € Z3*! x Z*! x Z from running the LLL basis reduction algorithm on the
lattice generated by the columns of the following (2d + 3) x (2d + 3) integer-valued matrix,

<M2N(>\1)N M2NG )
02d+2)x1 | L(2d+2)x(2d+2)

where (t1,ta,t) € Z4! x 23+ x Z.
Compute g = ged(t2), by running Euclid’s algorithm.
ifg=0V (t2/9) ¢ {—1,1}?*! then
| return @ = 0 and output FAIL
W < SolveLinearEquation(w’, y(x;, w') = (t2/g)iZ: + (t1/9)i,i = 2,...,d + 1.)
return w and output SUCCESS.

D.2 Towards proving Theoremd.5; Auxiliary Lemmas

We present here three crucial lemmas towards proving the Theorem .5] The proofs of them are
deferred to later sections, for the convenience of the reader.

We first repeat the algorithm here for convenience, see Algorithm [5]

The first lemma establishes that given a small, in /5 ‘norm, “approximate” integer relation between
real numbers, one can appropriately truncate each number to some sufficiently large number of
bits, so that the truncated numbers satisfy a small in /5-norm integer relation between them. This
lemma is important for the appropriate application of the LLL algorithm, which needs to apply for
integer-valued input. Recall that for real number = we denote by () y its truncation to its first NV bits
after zero, i.e. (v)y = 27N [2Vz].

Lemma D.6. Suppose n < Cod for some constant Cy > 0 and s € R" satisfies for some m € Z"
that |(m, s)| = exp(—Q((dlogd)?)). Then for some sufficiently large constant C > 0, if N =
[d3(log d)*] there is an m’ € Z"* which is equal with m in the first n coordinates, which satisfies

that |m' ||y < Cdz ||m)|2 and is an integer relation for the numbers (s1)n - - ., (sn)n, 27 .

The proof of Lemma [D.6]is in Section

The following lemma establishes multiple structural properties surrounding d + 1 samples from the
cosine neuron, of the form (z;,2;),% =1,...,d + 1 given by (3).

Lemma D.7. Suppose that v < d? for some constant Q > 0. For some hidden direction w € S
we observe d + 1 samples of the form (z;,z;),i = 1,...,d + 1 where for each i, x; is a sample from
the distribution N (0, 1), and

z; = cos(2m(y(w, ;))) + &,

for some unknown and arbitrary &; € R satisfying |&;| < exp(—(dlogd)?). Denote by X € R¥* the
random matrix with columns given by the d vectors s, . .., xqy1. With probability 1 — exp(—Q(d))
the following properties hold.
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(1)
max ||zl2 < 10Vd.
i=1,..,d+1

(2)

. . _ > 9—d
i | sin(2my (s, w))] = 2

(3) Foralli=1,...,d+ 1itholds z; € [-1,1] and
zi = cos(2m(y(ws, w) + &),
for some & € R with |€}] = exp(—Q((dlog d)?)).
(4) The matrix X is invertible. Furthermore,

X210 = O(22Vd).

(5)
0 < |det(X)| = O(exp(dlogd)).

The proof of Lemma|D.7|is in Section

As explained in the description of our main results in Section 4.3| a step of crucial importance
is to show that all “near-minimal" integer relations, such as (9), for the (truncated versions of)
Aiy MiZiyt =1,...,d+ 1 are "informative". In what follows, we show that the integer relation with
appropriately “small" norm are indeed informative in terms of recovering the unknown ¢;, K; of (9)
and therefore the hidden vector w. The following technical lemma is of instrumental importance for
the analysis of the algorithm.

Lemma D.8. Suppose that v < d< for some constant Q > 0, and N = [d>(log d)?]. Let ¢’ € R+1
be such that ||€'|| < exp(—(dlogd)?) and w € S4=1. Suppose that for all (z;)i=1,...a+1 are i.i.d.
N(0, I4) and that for eachi = 1,...,d+1 for some Z; € [—1/2,1/2] there existe; € {—1,1}, K, €
Z with |K;| < d° such that

Y(w, z;) = €% + K; — €. 27

Define also X € R4%4 the matrix with columns the zo, ..., Tg+1 and set Ay = 1 and
(A2y -+, Ads1)t = X~ Lay. Then with probability 1 — exp(—$2(d)), any integer relation t € Z.*%+3
between (M)N, .-, (Aar1)ns (MZDN, -, Aar1Zar1)n, 27N with ||ty < 227 satisfies in the
first 2d + 2 coordinates it is equal to a non-zero integer multiple of (K1, ..., Kgi1,€1,...,€4+1)-

The proof of Lemma [D.8]is in Section[D.4]

D.3 Proof of Theorem 4.3

We now proceed with the proof of the Theorem {.5]using the lemmas from the previous sections.

Proof. We analyze the algorithm by first analyze it’s correctness step by step as it proceeds and then
conclude with the polynomial-in-d bound on its termination time.

We start with using part 3 of Lemma which gives us that z; € [—1, 1] with probability 1 —
exp(—Q(d)) for all 4 = 1,2,...,d + 1. Therefore the z;’s remain invariant under the operation
z; < sgn(z;) min(|z;|, 1), with probability 1 — exp(—£2(d)). Furthermore, using again the part 3 of
Lemma[D.7|the Z;’s computed in the second step satisfy

cos(2mz;) = cos(2m(y(w, z;) + £))
for some & € R with |€/| < exp(—Q((dlogd)?)). Using the 27- periodicity of the cosine as well as

that it is an even function we conclude that for all fori = 1,...,d+1 thereexists ¢; € {—1,1}, K; €
Z for which it holds forevery i = 1,...,d+ 1
Y(w, z;) = €z + K; — &;. (28)
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Notice that if we knew the exact values of ¢;, K;, since we already know z;, Z; the problem would
reduce to inverting a (noisy) linear system of d 4+ 1 equations and d unknowns. The rest of the
algorithm uses an appropriate application of the LLL to learn the values of ¢;, K; and solve the (noisy)
linear system.

Now, notice that using the part 5 of Lemma|[D.7| with probability 1 — exp(—(d)) the matrix X is
invertible and the algorithm is not going to terminate in the second step.

In the following step, the \;,i = 1,2,...,d + 1 are given by A\; = 1 and the unique \; =
Ai(z1, .., xq41) €Ri=2,...,d+ 1 satisfying

d+1
> Aiwi =214+ XNy, Aagn) T =0
i=1
Hence, we conclude that for the unknown direction w it holds
d+1 d+1

Z)\ﬁwxz =v{w Z)\xi =

Using now (28)) and rearranging the noise terms we conclude
d+1 d+1 d+1

DNz + Y MK =Y Mg (29)
i=1 i=1 i=1
Now using the fourth part of Lemma and the upper bound on |[{'|| we have with probability
1 — exp(—Q(d)) that
d+1

2 =

Hence, using we conclude that with probability 1 — exp(—£(d)) it holds
d+1 d+1

D> Niziei + > NiKG| = exp(—Q((dlog d)®)). (30)

O Nl I€'llo0) = O(d2% Vd exp(—((d log d)*))) = exp(—Q((dlog d)*)).

Define s € R2¥2 givenby s; = A\;,i =1,...,d+1lands; = \i_g_1%i_q_1,i = d+2,...,2d+2.
Define also m € Z?%+2 givenby m; = K;,i=1,...,d+1landm; = €;_q_1,i = d+1,...,2d+2.
For these vectors, given the above, it holds with probability 1 — exp(—Q(d)) that |(s,m})| =
exp(—Q((dlogd)?)) based on (30). Now notice that

L, [Kil =0(:Vd) 31)

-1
with probability 1 — exp(—Q(d)). Indeed, from the definition of K; we have for large enough
values of d that |K;| < v|(w, z;)| + 1 + [&] < 7||@;|2 + 2. Recall that using part 1 of Lemma|D.7]
foralli = 1,...,m it holds ||z;||» = O(v/d) with probability 1 — exp(—(d)). Hence, for all i,
|K;| = O(yV/d), with probability 1 — exp(—$(d)). Therefore, since |¢;| = 1 foralli = 1,...,d+1
it also holds with probability 1 — exp(—$(d)) that ||m||s = O(d|| K|« ) = O(~d?).

We now employ Lemma [D.6|for our choice of s and m to conclude that for the N chosen by the
algorithm there exists an integer mg,, 5 so that m’ = (m, my,, ) € € Z2M*3 is an integer relation for

()\1)N, ceey ()\d+1)N7 ()\12«'1)]\[7 . (/\d+1zd+1)N, 2—N with ||m’||2 = O(d2 )

Now we set b € (27NVZ)24+3 givenby b; = (A\j)y fori=1,...,d+1,b; = (N\i_q_1%_a_1)n for
i=d+2,...,2d+2,and byg 3 = 2~V. Notice that b; = (1) = 1 and furthermore that the ¥
defined by the algorithm satisfies © = (ba, . . ., bag+3). On top of this, we have that the m’ defined in
previous paragraph is an integer relation for b with ||m’||s = O(d?). Since 7 is polynomial in d we
have that 2“5 |m/||o < 23 for large values of d. Hence, to analyze the LLL step of our algorithm
we use Theorem|D.5|for n = 2d + 3, to conclude that the output of the LLL basis reduction step is a
t = (t1,t2,t') € ZTH1 x Z4+1 x Z which is an integer relation for b and it satisfies that

[#ll2 < 272 ]|m |22,
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with probability 1 — exp(—Q(d)).

Now we use part 4 of Lemmato conclude that [|Al|z < d||A]lec = O(22d?), with probability
1 — exp(—£(d)). Since for any real number x it holds |(z) x| < |z| + 1 and Z; € [—1/2,1/2] for all
i=1,2,...,d+1 we conclude that |[b]|2 = O(||A||2) = O(2%d?), with probability 1 —exp(—(d)).
Furthermore, since ||m/|| = O(d?y) we conclude that since + is polynomial in d, for large values of
d it holds,

ltllz = 02%) < 2*¢, (32)
with probability 1 — exp(—£(d)).

‘We now use the above and to crucially apply Lemma[D.8and conclude that for some non-zero
integer multiple c it necessarily holds (¢1); = cK; and (¢2); = ce;, with probability 1 — exp(—Q(d)).
Note that the assumptions of the Lemma can be checked to be satisfied in straightforward manner.
Now, the greatest common divisor between the elements of ¢5 equals either to c or to —c¢, since the
elements of ¢, are just c-multiples of €; which themselves are taking values either —1 or 1. Hence the
step of the algorithm using Euclid’s algorithm outputs g such that g = ec for some € € {—1,1}. In
particular, t2 /g = €(e1,...,€4+1) # 0 implying that the algorithm does not enter the if-condition
branch on the next step.

Finally, since ¢ = eg it also holds ¢1/g = €(K7,...,Kq41) and therefore the last step of the
algorithm is solving the linear equations for i = 2,...,d + 1 given by

Y(wi, 0) = €(€:2; + eK;) = ey{wi, w) + €,
where we have used (28). Hence if £’ = (&3,...,&), ;)" we have

1
W=ew+e-X"1¢
2

Hence,
. 1,1
[ — ewl2 < ;HX €ll2-

Now, using standard results on the extreme singular values of X, such as [All, Equation (3.2)],
we have that 0y (X 71) = 1/0min(X) < 24, with probability 1 — exp(—(d)). Hence, with
probability 1 — exp(—£2(d)) it holds

d

[ — w2 < 0(275||§||2) = 0(22 exp(—Q((dlog d)*))) = exp(=Q((dlog d)*)).

Since € € {—1, 1} the proof of correctness is complete.

For the termination time, it suffices to establish that the step using the LLL basis reduction algorithm
and the step using the Euclid’s algorithm can be performed in polynomial-in-d time. For the LLL
step we use Theorem D.5]to conclude that it runs in polynomial-time in d, N, log M and log ||A|| .
Now clearly N, log M are polynomial in d. Furthermore, by part 4 of Lemma|D.7also log || Al
is polynomial in d with probability 1 — exp(—£(d)). The Euclid’s algorithm takes time which is
polynomial in d and in log ||t2||o. But we have established in that [|o]]2 < [|t]l2 < 224, with
probability 1 — exp(—Q(d)) and therefore the Euclid’s algorithm step also indeed requires time
which is polynomial-in-d. O

D.4 Proof of Lemma[D.S|

We focus this section on proving the crucial Lemma[D.8. As mentioned above, the proof of the lemma
is quite involved, and, potentially interestingly, it requires the use of anticoncentration properties of
the coefficients A; which are rational function of the coordinates of z;. In particular, the following
result is a crucial component of establishing Lemma[D.8§]

Lemma D.9. Suppose w € S9! is an arbitrary vector on the unit sphere and v > 1. For two
sequences of integer numbers C = (C;)i=1,2,....a+1,C’ = (C})i=1,2,....a+1 we define the polynomial
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Pocr(x1,. .., xq41) in d(d + 1) variables which equals

det(xa,...,xa41) ((yw,z1)C1 + (C')1) (33)
d+1

+ Zdet(;@, T 1, =T, Tig 1y - - Tar) ((Yw, 2)Ci + (C7);)
i=2

where each x1, . .., 441 is assumed to have a d-dimensional vector form.

We now draw x;’s in an i.i.d. fashion from the standard Gaussian measure on d dimensions. For any
two sequences C, C' it holds

d+1
Var(Po,cr(21, ... @a1)) = (d =1y > (Ci=Cj)* +d Y (C);.
1<i<j<d+1 i=1

Furthermore, for some universal constant B > 0 the following holds. If C;, C! are such that either
the C;’s are not all equal to each other or the C!’s are not all equal to zero, then for any € > 0,

P(|Pe.cr (21, .., 2ap1)| < €) < B(d + 1)eTi. (34)

Proof. The second part follows from the first one combined with the fact that under the assumptions
on C, C" in holds that for some i = 1,...,d + 1 either (C; — C})?> > 1 or (C/)? > 1. In particular,
in both cases since v > 1,

Var(PC)C/(ajl, ce ’derl)) > (d — 1)' > 1.

Now we employ [[A12, Theorem 1.4] which implies that for some universal constant B > 0, since
our polynomial is multilinear and has degree d + 1 it holds for any € > 0

P(|Pecr (o, wasn)| < e/ Var(Pocr(an, .., 2asn))) < B(d + 1)em.

Using our lower bound on the variance we conclude the result.

Now we proceed with the variance calculation. First we denote
p(x_q) :=det(za,...,2441) ,
and for each ¢ > 2
wla_;) =det(za, ..., Tim1, —T1, Tit1y- -y Tdp1)-

As all coordinates of the x;’s are i.i.d. standard Gaussian, for eachi = 1,...,d + 1 the random
variable ;(x_;) has mean zero and variance d!. Furthermore, let us denote ¢(x;) := (yw, z;), which
is a random variable with mean zero and variance 2. In particular p(x_;)¢(z;) has also mean zero
as p(xz_;) is independent with ;. Now notice that under this notation,

d d
Pecor(x1,. . Td1) = Z@M(ﬂﬁ—i)é(ﬂ?i) + ZC{u(x_i).
=1 =1

Hence, we conclude
E[PC7C’ (xl, [N ,l‘d+1)] =0.

Now we calculate the second moment of the polynomial. We have

d+1 d+1
E[PE i (v1,. . zar1)] = 3 C2d2 + > COE[u(r_q)l(w:) () (x;)] + > C'dl .
i=1 1<i#j<d i=1

Now for all 4 # j,

Elp(z—i)l(z:)p(z—;)l(z;)]
= E[det(...,xi—1, %1, Tit1,...)det(. ..,z j_1, =1, Tj11,. . ) (YW, ;) (Yw, ;)]
d
= Z Y2wpw Eldet(. .., zi—1, —x1, Tip1, .. )det( .., zjo1, —21, T, ) (@)p(@5) 4]
P,q=1
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989 Now observe that the monomials of the product
det(. s Li—1, — L1, Li+1y - - ) det(. sy Lj—1, =1, Lj41,-- .)(J)i)p(x]‘)q

9s0 have the property that each coordinate of the various z/s appears at most twice; in other words
991 the degree per variable is at most 2. Hence, the monomials that could potentially have not zero
992 mean with respect to the standard Gaussian measure are the ones where all coordinates of every
993 x;,4 = 1,...,d + 1 appear exactly twice or none at all, in which case the monomial has mean
994 equal to the coefficient of the monomial. By expansion of the determinants, we have that the studied
995 product of polynomials equals to the sum over all o, 7 permutations on d variables of the terms

—1
(*USgn( T )(- .- 17z‘—1,a(i—1)(*Il)o(i)xi+1,ai+1 .- )( . -l’j—1,¢(j—1)(*Il)r(j)l’j-s-l,r(jﬂ) .- -)(Ii)p(xj)q-

996 Hence, a straightforward inspection allows us to conclude that for every coordinate to appear
997 exactly twice, we need the corresponding permutations o, 7 to satisfy 7(i) = p, o(j) = g (from the
998 coordinates (z;)p, (2j)q), 0(i) = 7(j) (from the coordinate of x1) and finally o(x) = 7(z) for all
999 x € [d] \ {i,7} (the rest coordinates). Furthermore, the value of the mean of this monomial would
1000 then be given simply by (—1)%2(e7 "),

100t Now we investigate more which permutations o, 7 can satisfy the above conditions. The last two
1002 conditions imply in straightforward manner that 7~ !¢ is the transposition (4, j). Hence, 7~ 1o(j) = i.
1003 But we have o(j) = ¢ and therefore i = 7~ 10(j) = 77 *(q) which gives 7(i) = q. We have though
1004 as our condition that 7(¢) = p which implies that for such a pair of permutations o, 7 to exist it must
1005 hold p = ¢. Furthermore, for any o with o(j) = p there exist a unique 7 satisfying the above given
1006 by 7 = o o (i,7), where o corresponds to the multiplication in the symmetric group S;. Hence, if
1007 P # ¢ no such pair of permutations exist and the mean of the product is zero. If p = ¢ there are
1008 exactly (d — 1)! such pairs (all permutations o sending j to p and 7 given uniquely given o) which
1009 correspond to (d — 1)! monomials with mean (—1)s82(c)Fsen(r) — (—1)ssn(0™'7) — _1 where we
1010 used that the sign of a transposition is —1. Combining the above we conclude that

E[det( ey Li—1, = L1, Li+41y - - ) det( sy Lj—1y, =T, L4y - - )(xl)p(xj)q] = —(d — 1)'1(]) = q)

1011 Hence, since ||wl|j2 = 1,

d
Elpu(z i) p(z_)l(z;)] =Y —7*wp = =
p=1

1012 Therefore,

d+1 d+1
E[PE (@1, zar)] = O CRIY? — (d—1)1y* D G0+ > C'3d!
i=1 1<i£j<d+1 i=1
d+1
=(@d-1h? Y (G- )Py (O}
1<i<j<d+1 i=1
1013 The proof is complete. O

1014 We now proceed with the proof of Lemma[D.8§]

1015 Proof of LemmalD.8| Letty,ty € Z%,t' € Z with ||(t1,t2,t')|]2 < 22¢ which is an integer relation;

d+1 d+1
S NN (t)i + Y (NiF)n(ta)i + 27N =0.
i=1 i=1

1016  First note that it cannot be the case that t; = t5 = 0 as from the integer relation it should be also
1017 that ¢’ = 0 and therefore ¢ = 0 but an integer relation needs to be non-zero. Hence, from now on we
1018 Testrict ourselves only to the case where t1, t2 are not both zero. Now, as clearly [¢t/| < 224 it also
1019 holds

d+1 d+1
Z(M)N(tl)i + Z()\igi)N(tQ)i < 2%~ N,
i=1 i=1
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1020 Consider 7T the set of all pairs t = (t1,t9) € (Z%+ x Z4+1)\ {0} for which there does not exists a
1021 ¢ € Z\ {0} suchthatfori=1,...,d+ 1 (t1); = cK; and (t2); = ce;.

1022 To prove our result it suffices therefore to prove that

d+1 d+1
P U { > i) (t)i + Z (NiZ)n 22d/2N} < exp(—Q(d))
teT ||t]|2<22¢ ([i=1

1023 for which, since for any x it holds |z — (z) x| < 27V and ||(t1, t2)]l1 < /2(d + 1)||(t1,t2)]]2 < 234
1024 for large values of d, it suffices to prove that for large enough values of d,

d+1 d+1

Z)\ tl +Z>\Z7‘ tz

i=1

PU{

teT |ltl2<22¢

< 24d/2N} < exp(—Q(d)).

1025 Notice that by using the equations it holds

d+1 dt1
D Xilt)i + Y Nidi(t)
i—1 i=1

dt1 d+1

= Xt + D Nilev(w, ) — 6K + e (ta)i
i=1 i=1

d+1
= Z Ai (€i(yw, i) (ta)i — €K (t2)i + €:&i(t2)i + (t1):)

d+1 d
=Y i ((yw,z)Ci + C) + > N&C,
i=1 i=1
1026 for the integers C; = ¢;(t2); and C] = —¢; K;(t2); + (t1);. Since t € T some elementary alge-

1027 bra considerations imply that elther not all (C;);=1,...4+1 are equal to each other or one of the
1028 (C})ij=1,2,....a+1 is not equal to zero. Let us call this region of permissible pairs (C,C’) as C. Fur-
1029 thermore, given that all ¢ satisfy ||| < 229, and that for all K; satisfy |K;| < d© it holds that any
1030 (C,C") defined through the above equations with respect to ¢y, to, €;, K; satisfies the crude bound
1031 that

IC, NI < Nit2l13 + 2(d*?tal3 + [[12]13) < 2°°.

1032 Hence, using this refined notation it suffices to show

d+1
P U { Z)\ (yw, z;)C; + CY) —&-Z)\ &G < 24d/2N} < exp(—9Q(d)).
(c,enec@.enla<en Ui=t i=1

1033 Now notice that from our exponential-in-d norm upper bound assumptions on C, the part 4 of Lemma
1034 [D.7], and since N' = o((d log d)*) with probability 1 — exp(—€(d)) it holds

d

Y hi&iCil = 0(24)€ll) = O(exp(—(dlog d)*)) = O(27).

=1

1035 Hence it suffices to show that for large enough values of d,

o y

(C,CNeC,|i(C,C)|l2<23¢

d+1

D N ((yw, )i + C))

i=1

< 25d/2N} < exp(—Q(d)).
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Using the polynomial notation of Lemma[D.9]and specifically notation (33), as well as the fact that
by Cramer’s rule \; are rational functions of the coordinates of x; satisfying \;det(xa, ..., T441) =
det(...,x;—1,—x1, Tit1,...) it suffices to show

P U {|Pc)cl(l‘1,...,xd+1)| < |det(l‘2,...,$d+1)|25d/2N} < exp(—Q(d)).
(C,CN)eC,|I(C.C)]]2<23¢

Using the fifth part of the Lemma|D.7 there exists some constant D > 0 for which it suffices to show

P U {|Pecr (@, .. am)] < 20151 2N | < exp(-Q(d)).
(C,cnec,|(c,C)|2 <234

Now since N = O(d3(log d)?) we have N = w(d log d). Hence, for sufficiently large d it suffices to
show

P U {|Pocr (w1, xar1)] <275} | < exp(—Q(d)).
(C,CEC,II(C,C") 2234

By a union bound, it suffices

Z P<|PC7C/($1,...,J)d+1)‘ < 2_%> < 2_Q(d). (35)
(C,Ccnec,li(C,C)ll2<23¢
Now the integer points (C, C") with £ norm at most 237 are at most 23¢°+4 as they have at most

234+1 choices per coordinate. Furthermore, using the anticoncentration inequality (34) of Lemma
we have for any (C, C”) € C that it holds for some universal constant B > 0,

P (|PC,C,(x1, e Tas)| < 2—%) < B(d +1)2” %,
Combining the above the left hand side of it at most
B(d + 1)2°¢ 4427 3@ = exp(0(d?) — Q(N/d)) = exp(—Q(d)),
where we used that N/d = Q(d?log d) = Q(d). This completes the proof. O

E Approximation with One-Hidden-Layer ReLLU Networks

Members of the cosine function class F., = {cos(2my(w,z)) | w € S4~1} consist of a composition
of the univariate 27-Lipschitz, 1-periodic function ¢(z) = cos(27z), and a 1D linear projection
z = y(w, z). Since x ~ N(0, I4), z lies within the interval [— R, R|, where R = ~v+/2log(1/J),
with probability at least 1 — §. Hence, to achieve e-squared loss over the Gaussian input distribution, it
suffices for the ReLU network to uniformly approximate the univariate function ¢(z) = cos(27z) on
some compact interval [—R(7, €), R(7, €)], and output O for all z € R outside the compact interval.

The uniform approximability of univariate Lipschitz functions by one-hidden-layer ReLU networks
on compact intervals is well-known. To establish our results, we will use the quantitative result
from [A13], which we reproduce here as Lemma[E.T] We present our ReLU approximation result for
the cosine function class in Theorem [E.2]

Lemma E.1 ([A13, Lemma 19]). Let o(z) = max{0, z} be the ReLU activation function, and fix
L,n, R > 0. Let f : R — R be an L-Lipschitz function which is constant outside an interval [— R, R).

There exist scalars a,{a;, B; }}* 1, where w < 3%, such that the function

h(z)=a+) ao(z—p)
i=1
is L-Lipschitz and satisfies

sup| £ (@) — h(@)| < n.
r€R

Moreover, one has |o;| < 2L.
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Theorem E.2. Letd € N, v > 1, and € € (0,1) be a real number. Then, the cosine function class
Fy = {cos(2my(w,z)) | w € S} can be e-approximated (in the squared loss sense) over the
Gaussian input distribution © ~ N (0, 1) by one-hidden-layer ReLU networks of width at most

0 (7 /logf/e))_
Proof. Let R = [y4/21og(8/€¢)] > 1 and z = v(w, x). Then, by Mill’s inequality (Lemma )

2 R? €
P([z] = R) < \/ZGXP <_2’Y2> < 3

Let f : R — R be a function which is equal to cos(27z) on [-R — 1/2, R 4+ 1/2] and 0 outside
the compact interval. We claim that f is still 27-Lipschitz. First, note that cos(2n(R + 1/2)) =
cos(—2m(R + 1/2)) = 0. Moreover, f is 2r-Lipschitz within the interval [-R — 1/2, R + 1/2] and
0-Lipschitz in the region |z| > R + 1/2. It suffices to consider the case when one point z falls inside
[-R—1/2, R+1/2] and another point 2’ falls outside the interval. Without loss of generality, assume
thatz € [-R—1/2, R+ 1/2] and 2’ > R + 1/2. The same argument applies for z’ < —R — 1/2.
Then,

() = £ = [F(R+1/2) — f(2)| < 2m|(R+1/2) — 2 < 2n]2’ — 2| .

Now set L = 2m,n = \/€/2,R = [v/210g(8/€)] + 1/2 < 2v,/21og(8/¢€) in the statement of
Lemma and approximate f with a one-hidden-layer ReLU network g(z), which has width at

most 247 - 4/ %. Then,

ZNI\]}%O$V)[(COS(2WZ) - g(z))z] = ’y\}ﬂ /(COS(?Trz) _ g(z))2 exp(_ZQ/(Q,}/Q))dZ
1 2 ex —‘22 9 .
Ver /ZSR+1/2(COS(27TZ) — 9(2))" exp(=27/(277))d
1 2 ex __22 2 .
T oVer /|Z|>R+1/2(C°S(2“) —9(2))? exp(=2*/(27%))d
<n?+ 4 exp(—22/(24%))dz

Y2 J|z|>R+1/2
<0’ +4(e/8)
<€,

where the first inequality follows from the fact that the squared loss is bounded by 4 for all z ¢
[—R, R] since cos(27z) € [—1,1] and g(z) € [-n,n] C [—1,1]. This completes the proof. O

F Covering Algorithm for the Unit Sphere

The (randomized) exponential-time algorithm for constructing an e-cover of the d-dimensional unit
sphere S~ is presented in Algorithm |§ We prove the algorithm’s correctness in the following
claim.

Claim F.1. Let d € N be a number, let € € (0,1) be a real number, and let N = [(1 + 4/¢)4].
Then, [2N log N vectors sampled from S4=1 uniformly at random forms an e-cover of S~ with
probability at least 1 — exp(—(d)).

Proof. By Lemma we know that there exists an e/2-cover of S¢~! with size less than N =
[(1+4/¢)?]. Let us assume for simplicity that it’s size equals to N without loss of generality, by
adding additional arbitrary points if necessary. We denote this €/2-cover by K. Of course, L C S9!
by the definition of an e-cover in A6, Section 4.2].

Now, observe that any family W of M vectors on the sphere, say W = {wq,...,wp}, with the
property that for any v € K there exist i € [M] such that ||v — w;||2 < €/2 is an e-cover of S¢71.
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Algorithm 6: Exponential-time algorithm for constructing an e-cover of the unit sphere

Input: A real number € € (0, 1), and natural number d € N.

Output: An e-cover of the unit sphere S%~! containing 2N log N points, where
N = (1 + 4/€)¢ with probability 1 — exp(—Q(d)).

Initialize the cover C = (), and set m = 2N log N.
fori =1tomdo
L Sample x ~ N (0, 1)

v af|z|2
Addv e S 1toC
return C.

Indeed, let z € S?~1. Since K is an €/2-cover, there exist v € K with ||z — v||2 < €/2. Moreover,
using the property of the family W, there exists some i € [M] for which ||v — w;|l2 < €/2, by
triangle inequality we have ||w; — z||2 < e.

Now, by definition of the €/2-cover it holds
U B, e/2)n it = 5471,
ve
where by B(z,r) we denote the Euclidean ball in R? with center z € R? and radius 7. Hence,

denoting by u the uniform probability measure on the sphere it holds by a union bound that for all
v € Kitholds Nu(B(v,e/2) NS4 > 1or
1
(B, e/2) NS = <. (36)

In other words, if we fix some v € K and sample a uniform point w on the sphere, it holds that with
probability at least 1/N we have ||lw — v||2 < €/2.

Hence, the probability that M random unit vectors wy, ..., wy are all at distance more than €/2
from a fixed v € K is upper bounded by

P (ﬂ{uui —vllg > 6/2}> <(1—1/N)™ < exp(—m/N) .

i=1

Now let M = 2N log N. By the union bound, the probability that there exists some v € K not
covered by m random unit vectors wi, . . ., wps is upper bounded by

P (U{IU/L_UH2 >¢e/2foralli = 1,...7M}> <|K|-exp(-M/N) <1/N .
veK

Since N = exp(£2(d)), we conclude that M = 2N log N random unit vectors form an e-cover of
S4=1 with probability 1 — exp(—£(d)). The proof is complete. O

G The Population Loss and Parameter Estimation

Let f = cos(2my(w, x)) be the target function we wish to (weakly) learn from Gaussian inputs
x ~ N(0, I4). In this section, we consider the proper learning setup, where we wish to learn a unit
vector w’ such that the hypothesis g, = cos(2my(w’, x)) achieves small squared loss with respect
to the target function f. Towards this goal, we define the squared loss associated with some other
unit vector w’ € S471.

Definition G.1. Let d € N and w € S?~! be some fixed hidden direction. For any w' € S, we
define the population loss L(w'") of the hypothesis g, (x) = cos(2mvy{w', z)) with respect to w by

L(w') = Eqnn(0,1,)[(cOs(2my{w, z)) — cos(2my(w’, 2)))?] . (37)
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Notice that because the cosine function is even, the population loss inherits the sign symmetry and
satisfies that L(w') = L(—w') for all w’ € S?~1. Reflecting that symmetry, we obtain a Lipschitz
relation between the population loss and the squared /5 difference between w and w’ (or —w’ if
[lw+ w'||2 < |Jlw — w||2). In particular, when + is diverging, we can rigorously show that recovery
of w with O(1/7) ¢s-error is sufficient for (properly) learning the associated cosine function with
constant edge. This is formally stated in Corollary[G.3] We start with the following useful proposition.

Proposition G.2. For every w' € S~ it holds

(2my)%*
L(w') =2 Z X exp(—47r2’yQ) (1 — <w7w'>k) . (38)
k€2
In particular,
L(w') < 4r*y* min{[lw — w'[13, lw + w'[|5}- (39)

Proof Let {hk} kezs, be the (probabilist’s) normalized Hermite polynomials. We have that the pair

= (w,z), Z, = (w',x) is a bivariate pair of standard Gaussian random variables with correlation
p = (w, ’ ) Using the fact that h;’s form an orthonormal basis in Gaussian space (See item (1) of
Lemma@]) we have by Parseval’s identity that

L(w") = 2(E[cos(2mvZ)?] — E[cos(2mvZ) cos(2m7Z,)])

= QZ [cos(2myZ) by, (Z)]? — E[cos(2nyZ)hy,(Z)|E[cos(2mvZ,) hi,(Z)]) -
kez

Using now item (2) of Lemma for p = 1 and for p = (w, w’), we have

/) _ 22 ((2 Nk (27T7)2k

exp(—drty?) — (w,w) ET exp<—4w272>)
keZ ’

-2 j{:

k€2Z50

k
exp(—4n®y?) (1 - (w,w')k) ,

as we wanted for the first part.

For the second part, notice that since the summation on the right hand from Eq. is only containing
an even power of (w,w’) it suffices to establish the upper bound in terms of ||w — w’||3. The exact
same argument can be used to obtain the upper bound in terms of ||w + w’||3, due to the observed
sign symmetry of the population loss with respect to w’.

Now notice that using the elementary inequality that for o € (0,1),z > 1 we have (1 —a)* > 1—ax,
we conclude that for all £ > 0 (the case k£ = 0 is trivial) it holds

1 k
- (wu)f=1-(1~ 3 llw —w'[})* < 5 llw — w3

Hence, combining with the first part, we have

27y 2k
L)< 3 kT ep—an?)w - w3

!
k€2Z>¢ k!
2 2k
< 3 K ep(—any) o — w3
k€Z>o ’

2k
Now notice that >, .,k (2”]:!) exp(—4m%4?) is just the mean of a Poisson random variable with

parameter (and mean) equal to 472~2. Hence, the proof of the second part of the proposition is
complete.

The following Corollary is immediate given the above result and the item (3) of Lemma
Corollary G.3. Letd € N and v = y(d) = w(1). For any w' € St which satisfies min{||w —
w |3, |lw+w'||3} < 16”2,y2 and sufficiently large d,

L(w") < Var(cos(2my(w, z))) — 1/12 .
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Proof. Using our condition and w’ and the second part of the Proposition we conclude

1
L <=
)<t
Now using item (3) of Lemma we have that for large values of d (since v = w(1)), it holds
1
3 < Var(cos(2my(w, z))) .

The result follows from combining the last two displayed inequalities. O

H Auxiliary Results

H.1 The Periodic Gaussian
Definition H.1. Let U,(z) : [-1/2,1/2) — R be the periodic Gaussian defined by

¥alz) = i s 127reXp<_;<z;k>2>‘

k=—

We refer to the parameter s, the standard deviation of the Gaussian before periodicization, as the
“width” of the periodic Gaussian V.

Remark H.2. For intuition, we can consider two extreme settings of the width s. If s < 1, then VU
is close in total variation distance to the Gaussian of standard deviation s since the tails outside
[—1/2,1/2) will be very light. On the other hand, if s > 1, then VU is close in total variation
distance to the uniform distribution on [0, 1). This intuition is formalized in Claim

The Gaussian distribution on R satisfies the following tail bound called Mill’s inequality.
Lemma H.3 (Mill’s inequality [[A6, Proposition 2.1.2]). Let z ~ N(0,1). Then for all t > 0, we

have
2 [ 1 2
P(|z] > t) =4/ f/ e " Py < = \/>e_t2/2 .
T J; t ™

The Poisson summation formula, stated in Lemma [H.5]below, will be useful in our calculations. We
first define the dual of a lattice A to make the formula easier to state.

Definition H.4. The dual lattice of a lattice A, denoted by N*, is defined as
AN ={ycR| (z,y) €Z forallz € A} .
If B is a basis of A then (BT)~! is a basis of A*; in particular, det(A*) = det(A)~!

Lemma H.5 (Poisson summation formula). For any lattice A C R¢ and any Schwarz function

f:RY SR,
> ) = a3 T
z€A yEA*
where f f]Rd e~ 2W:2) dy, and N* is the dual lattice of A.

Note that by the properties of the Fourier transform, for a fixed ¢ € R?
S J@) =Y flat o) = det(h”) Y exp(@rile,y)) - Fy) -
zEA+c zEA yeEA*

Claim H.6 (Adapted from [A14, Claim 2.8.1]). Forany s > 0 and any z € [—1/2,1/2) the periodic
Gaussian density function U ¢(z) satisfies

1 2
U, (z) < (1+2 1+ s2)e /(s )) .
(22 —= (1420 +)
and

2.2

|W,(2) — 1] < 2(1 +1/(4ms)?)e 2"
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1170 Proof. We first observe that U,(z) < W,(0) for any z € [—1/2,1/2) (this can be seen from the
1171 Poisson summation formula). Hence, it suffices to upper bound ¥(0) and show a lower bound for
172 Uy(z) forall z € [-1/2,1 / 2). For the first upper bound, we use Mill’s inequality to obtain

\PS(O):S\/% > exp(—y7/2)
ye(1l/s)Z

—_— exp(— s? Ooex —22/(25%))dx
<s\ﬁ<1+2 p(—1/(2 ))+2/1 p(—z*/(2 ))d>
)

< sf (14 2(1 4 s*) exp(—1/(257))) .

1173 For the second upper bound, we use the Poisson summation formula to obtain

U,(0) = Z exp(—2m2u?)

uESL

=142 Z exp(—2m%s%k?)

<14 2exp(—272s?) + 2/ exp(—2n2s%z?)dx
1

<14 2(1 +1/(4ns)?) exp(—272s?) .
1174 For the lower bound on W (z), we use the Poisson summation formula again and obtain

Uy(z) = Z exp(—2mizu) - exp(—2m2u?)

uESL

>1- 22 |exp(—miz(sk))| - exp(—27m2s%k?)
k=1

>1-2 <exp(—27r252) —|—/ exp(—2m2s? 2)dx)
1

>1—2(1+1/(4ws)?) exp(—272s?) .
1175 O

1176 H.2 Auxiliary Lemmas for the Constant Noise Regime

177 Lemma H.7. Fix some T € (0,1]. Then, for arccos : [—1,1] — [0, 7] it holds that

sup | arccos(x) — arccos(y)| < arccos(l — 7).
zy€[-11],|e—y|<T

1178 Proof. Let us fix some arbitrary £ € [0, 7] and consider the function G(x) = arccos(z) — arccos(x +
1179 £). Given the fact that arccos is decreasing, it suffices to show that |G(x)| < arccos(1 — 7) for all
1so  x € [—1,1 — £]. By direct computation it holds

, 1 1
G(x)—*\/l_x2 + NS TR
_ E2z+¢)
VT2 1— (@ +2(V1—22+/1— (2 +£)?)
1181 Hence, the function G decreases until z = —¢/2 and increases beyond this point. Consequently, G
1182 obtains its global maximum at one the endpoints of [—1, 1 — £]. But since cos(m — a) = — cos(a)

1183 for all ¢ € R it also holds for all b € [—1, 1] arccos(—b) + arccos(b) = 7. Hence,
G(-1) = 7 —arccos(—1 + &) = arccos(1 — &) = G(1 = &).
1184 Therefore,
G(z) < arccos(1 — &) < arccos(1 — 7).

1185 The proof is complete. O
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H.3 Auxiliary Lemmas for the Exponentially Small Noise Regime

Lemma H.8. [Restated Lemma Suppose n < Cod for some constant Cy > 0 and s € R"
satisfies for some m € Z" that |(m, s)| = exp(—Q((dlogd)?)). Then for some sufficiently large
constant C' > 0, if N = [d®(log d)?] there is an m’ € Z"* which is equal with m in the first n

coordinates, satisfies |m’||y < Cd2||ml|y and is an integer relation for the (s1)n, - . ., (sn)n, 2~ N.

Proof. We start with noticing that since N = o((d log d)®) we have
[(m, 5)| < exp(~Q((dlogd)*)) = O(27") .

Hence, since for any real number x we have |z — (z) x| < 277 it holds

i=1 i=1 i=1
=02 M)+ 03 Imil27™)
i=1

= O(Z mi|27).

Now observe that the number Y-, m;(s;)n is a rational number of the form a/2", a € Z. Hence
using the last displayed equation we can choose some integer m;, , ; with

for which using Cauchy-Schwartz and n = O(d) it holds
mi, 1| = O([mll) = O(Vnlml2) = O(Vd|m]).
Hence m' = (my, ..., my, —m;, ) is an integer relation for (s1)n, ... (sn)n, 2~N_ On top of that

ImlI3 < l[mll3 + O(dlml3) = O(d|m||3)-

This completes the proof. O
Lemma H.9 (Restated Lemma [D.7). Suppose that v < d< for some Q > 0. For some hidden
direction w € S we observe d + 1 samples of the form (z;,2;),i = 1,...,d + 1 where for each i,

x; is a sample from N (0, I;) samples, and
z; = cos(2m(y(w, z;))) + &,

for some unknown and arbitrary &; € R satisfying |&;| < exp(—(dlogd)?). Denote by X € R¥* the
random matrix with columns given by the d vectors s, . .., xqy1. With probability 1 — exp(—Q(d))
the following properties hold.

(1)

max |z]l2 < 10V/d.
i=1,...,d+1

(2)

i sin (2 ; > 274,
,uin, | sin(27y (s, w))| >

(3) Foralli=1,...,d+ 1itholds z; € [-1,1] and
z; = cos(2m(y(ws, w) + &),
for some & € R with |€l] = exp(—Q((dlog d)?)).
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1216
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1219
1220

1221
1222

1223

1224
1225

(4) The matrix X is invertible. Furthermore,

X210 = O(22V4).

(3)
0 < |det(X)| = O(exp(dlogd)).
Proof. For the first part, notice that for each i = 1,2,...,d + 1, the quantity ||=;||3 is distributed

like a x%(d) distribution with d degrees of freedome. Using standard results on the tail of the x>
distribution (see e.g. [A1S, Chapter 2]) we have for each i,

P (lle1]l> > 10Vd) = exp(~0(d)).

Hence,

d+1
P (U 2|2 > 10@) <(d+1)P (Hxﬂb > 10@) = O(dexp™ ) = exp(—Q(d)),

For the second part, first notice that for large d the following holds: if for some a € R we have
|sin(a)| < 277 then for some integer k it holds |a — k7| < 27%*!. Indeed, by substracting an
appropriate integer multiple of = we have a — k7w € [—m /2, 7/2]. Now by applying the mean value
theorem for the branch of arcsin defined with range [—7 /2, w/2] we have that
1
|oo — k| = |arcsin(sin ) — arcsin(0)] < ———|sina| < 172_d

Jie -

for some ¢ with |¢| < |sina| < 27¢. Hence, using the bound on ¢ we have

1 —d —d+1
—-271<2 .

k< —
o=kl < 375

Using the above observation, we have that if for some 4 it holds | sin(27y{z;,w))| < 27 then for
some integer k € Z it holds |(z;, w) — %| < %2"1. Furthermore, since by Cauchy-Schwartz and
the first part with probability 1 — exp(—£2(d)) we have

s, w)| < ||| < 10Vd,

it suffices to consider only the integers k satisfying |k| < 10vv/d, with probability 1 — exp(—Q(d)).
Hence,

d+1 d+1 L 1
. —d —d
P(U sin(2ry (o, w))] < 2 ) <#(U U lmow-fi<le

i=1 =1 k:|k|<10vVd 7
1
< 200V sup (| (as,w) /20| < L271)
keZ Y
< 40dvd2~?
= exp(—Q(d)),

where we used the fact that (x;, w) is distributed as a standard Gaussian, and that for a standard
Gaussian Z and for any interval I of any interval of length ¢ it holds P(Z € I) < J%?t <t
For the third part, notice that from the second part forall: = 1,...,d + 1 it holds

1 — cos®(2my(z;, w)) = sin®(2my(z;, w)) = Q(272)

with probability 1 — exp(—(d)). Hence, since ||¢]|oc < exp(—(dlogd)?) we have that for all
i=1,...,d+ 1itholds

z; = cos(2my(z;, w))) + & € [-1,1],
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1241
1242

1243

1244

1245

1246

1247
1248

1249

1250

1251

with probability 1 — exp(—£2(d)). Hence, the existence of &, follows by the fact that image of the
cosine is the interval [—1, 1]. Now by mean value theorem we have

& = cos(2m (@i, w) 4 £)) — cos(2my(z;, w))) = 2myE, sin(2myt)

for some t € ((x;,w) — |&], (x;, w) + |&|). By the 1-Lipschitzness of the sine function, the second
part and the exponential upper bound on the noise we can immediately conclude

[sin(2ry)| > sin(2m (s, w) — €] = 2279,
with probability 1 — exp(—€2(d)). Hence it holds |£/[2(2¢) < |¢;| and therefore

€1] < 2%)&:] = exp(~Q((dlog d))?)
with probability 1 — exp(—(d)).

For the fourth part, for the fact that X is invertible, consider its determinant, that is the random
variable det(X). The determinant is non-zero almost surely, i.e. det(X) # 0 almost surely. This
follows from the fact that the determinant is a non-zero polynomial of the entries of X, e.g. for
X = I, it equals one, hence, using standard results as all entries of X are i.i.d. standard Gaussian
it is almost surely non-zero [[A16]. Now, using standard results on the extreme singular values of
X, such as [AT1, Equation (3.2)], we have that oax (X 1) = 1/0min(X) < 29, with probability
1 — exp(—Q(d)). In particular, using also the first part, it holds

- - d
IX " e1lloo < 1X T 21llz < Voma (X l21]l2 < 22 V4,

with probability 1 — exp(—(d)).

For the fifth part, notice that the determinant is non-zero from the fourth part.

For the upper bound on the determinant, we apply Hadamard’s inequality [A17] and part 1 of the
Lemma to get that

d+1
|det(za, ..., x411)| < H |zi]l2 < (10vVd)? = O(exp(dlogd)),
i=2

with probability 1 — exp(—(d)).

H.4 Auxiliary Lemmas for the Population Loss
Fix some hidden direction w € S%~1. Recall that for any w’ € S?~!, we denote by
L(w') = Eqnn(o,10) [(cos2my{w, ) — cos(2my(w’, )))] .

Lemma H.10. Let us consider the (probabilist’s) normalized Hermite polynomials on the real line
{hi}kez~,- The following identities hold for Z ~ N (0, 1).

(1) Forallk,l € Z>q
Elh(Z)he(Z)] = 10k = €]

(2) Let Z, be a standard Gaussian which is p-correlated with Z. Then, for all v > 0,k € Zx,

B (2)cos(2m2,)) = (-1 CT xploany?) 1k € 22

(3) The performance of the trivial estimator, which always predicts 0, equals

)2k

Var(cos(2mvZ)) = Z 27y

1
o eP(—Am*y?) = 5+ O(exp(—0(7%)) -
k€2Z50\{0} ’
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1252 Proof. The first part follows from the standard property that the family of normalized Hermite
1253 polynomials form a complete orthonormal basis of L*(N (0, 1)) [A1S, Proposition B.2].

1254  For the second part, recall the basic fact that we can set Z, = pZ ++/1 — p2W for some W standard
1255 Gaussian independent from Z. Using [A18, Proposition 2.10], we get

Elhi(Z) cos(2nyZ,)] = E[hi(Z) cos(2my(pZ + /1 — p?W)]

1 dk
= ﬁ]E 7k cos(2my(pZ + /1 — p*W)
1
k

= (=1)"2(2mp) N

+ (D)) Bsin(2e (02 + /T = PW)] - Uk  220)

Elcos(2my(pZ + /1 — p>W)] - 1(k € 2Z>¢)

— (—1)M2(2mp)F ——Elcos(2mv(pZ + /1= W] - 1(k € 2Z0)

N/
- (—1)k/2(27rp7)k%E[COS(Qva)] 1k € 2Z50)
- (_1)’6/2(277,;7)’“% exp(=27272) - 1(k € 2Z0) ,

1256 where (a) in the third to last line we used that the sin is an odd function and therefore when k is
1257 odd the corresponding term is zero, (b) in the second to last line we used that Z, follows the same
1258 standard Gaussian law as Z and, (c) in the last line we used the characteristic function of the standard
1259 Gaussian to conclude that for any ¢ > 0,

Elcos(tZ)] = Re[E[eZ]] = e~**/2 .

1260  For the third part, notice that by applying the result from part (1) and the result from part (2) (for
1261 p = 1) it holds,

Var(cos(2nvZ2)) = Z E[cos(27yZ)hi(Z))?
keZ>o\{0}
92 2k
= Z @)™ Wl;y') exp(—4n?~?)
ke2Z>0\{0} ’
2 2k
= Z ( W}Z) exp(—4n?~?) — exp(—4n?~y?)
k€2Z>¢ :
1 2 2k
=3 1 O e (ar?) (14 (~1)4) — exp(—4n%?)
k>0 '
1 Am2~2)k _4r2~2)k
=5 Z Ur')” k"y ) exp(—4m2y?) + Z Ay k'fy ) exp(—4m29?) | — exp(—4n?~?)
k>0 ’ k>0 ’
11 2.2 2,2
=3 + iexp(—87r v*) — exp(—4n=v?)
1
— L+ Olexp(—0%)
1262 O
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