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Abstract

Label Ranking (LR) is the supervised task of learning a sorting function that maps
feature vectors ¢ € R? to rankings o(x) € Sy, over a finite set of k labels. We
focus on the fundamental case of learning linear sorting functions (LSFs) under
Gaussian marginals: x is sampled from the d-dimensional standard normal and
the ground truth ranking o* () is the ordering induced by sorting the coordinates
of the vector W*x, where W* € R¥*? js unknown. We consider learning
LSFs in the presence of bounded noise: assuming that a noiseless example is of
the form (x,0*(x)), we observe (x, ), where for any pair of elements ¢ # j,
the probability that the order of i, j is different in 7 than in o*(x) is at most
n < 1/2. We design efficient non-proper and proper learning algorithms that
learn hypotheses within normalized Kendall’s Tau distance e from the ground truth
with N = O(dlog(k)/e) labeled examples and runtime poly(XV, k). For the more
challenging top-r disagreement loss, we give an efficient proper learning algorithm
that achieves e top-r disagreement with the ground truth with N = O(dkr/e)
samples and poly (V) runtime.

1 Introduction

1.1 Background and Motivation

Label Ranking (LR) is the problem of learning a hypothesis that maps features to rankings over a
finite set of labels. Given a feature vector € R?, a sorting function o(-) maps it to a ranking of k
alternatives, i.e., o(x) is an element of the symmetric group with k elements, S;. Assuming access
to a training dataset of features labeled with their corresponding rankings, i.e., pairs of the form
(x,m) € R? x Sy, the goal of the learner is to find a sorting function h(z) that generalizes well over
a fresh sample. LR has received significant attention over the years [DSMO3| ISS07, [HFCBO8| [CHOS|
FAMBOS] due to the large number of applications. For example, ad targeting [DGR™ 14] is an LR
instance where for each user we want to use their feature vector to predict a ranking over ad categories
and present them with the most relevant. The practical significance of LR has lead to the development
of many techniques based on probabilistic models and instance-based methods [[CHOS| (CDH10]],
[GDV12, ZLGQ14]], decision trees [CHHO0Y], entropy-based ranking trees [RASRSK15]], bagging
[AGM17]], and random forests [dSSKC17.|ZQ18]]. However, almost all of these works come without
provable guarantees and/or fail to learn in the presence of noise in the observed rankings.

Linear Sorting Functions (LSFs). In this work, we focus on the fundamental concept class of
Linear Sorting functions [HPRZ03]). A linear sorting function parameterized by a matrix W € RF*x4
with k rows Wy, ..., W), takes a feature € R%, mapsitto Wx = (Wi -z,..., W}, - x) € R* and
then outputs an ordering (i1, . . . , 4% ) of the k alternatives such that W, -@ > W;,-x > ... > W, -x.
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In other words, a linear sorting function ranks the k alternatives (corresponding to rows of W) with
respect to how well they correlate with the feature . We denote a linear sorting function with
parameter W € R¥*9 by oy (z) = argsort(Wz) where argsort : RF — S, takes as input a
vector (vy,...,vk) € R*, sorts it in decreasing order to obtain v;, > v;, > ... > v;, and returns the
ordering (iy,...,i).

Noisy Ranking Distributions. Learning LSFs in the noiseless setting can be done efficiently by
using linear programming. However, the common assumption both in theoretical and in applied
works is that the observed rankings are noisy in the sense that they do not always correspond to
the ground-truth ranking. We assume that the probability that the order of two elements 7, 7 in the
observed ranking 7 is different than their order in the ground-truth ranking o* is at most < 1/2.
Definition 1 (Noisy Ranking Distribution). Fix n € [0,1/2). An n-noisy ranking distribution
M (c*) with ground-truth ranking o* € Sy, is a probability measure over Sy, that, for any i, j € [k],
with i # j, satisfies Prr (o) [i <x J | i =0+ 5] <[]

Note that, when 1 = 0, we always observe the ground-truth permutation and, in the case of n =
1/2, we may observe a uniformly random permutation. We remark that most natural ranking
distributions satisfy this bounded noise property, e.g., (i) the Mallows model, which is probably
the most fundamental ranking distribution (see, e.g., [BM09, ILB11} ICPS13,|/ABSV 14, BFESZ19,
FKS21, IDOS18, LM18, MW20, ILM21]] for a small sample of this line of research) and (ii) the
Bradley-Terry-Mallows model [Mal57]], which corresponds to the ranking distribution analogue of
the Bradley-Terry-Luce model [BT52| [Luc12]] (the most studied pairwise comparisons model; see,
e.g., [HunO4, INOS17, IAPA18]] and the references therein). For more details, see Supp. Material E.

We consider the fundamental setting where the feature vector € R is generated by a standard
normal distribution and the ground-truth ranking for each sample « is given by the LSF oy« () for
some unknown parameter matrix W* € R¥*?_ For a fixed x, the ranking that we observe comes
from an n-noisy ranking distribution with ground-truth ranking ow « ().

Definition 2 (Noisy Linear Label Ranking Distribution). Fix n € [0,1/2) and some ground-truth
parameter matrix W* € R¥*_ We assume that the n-noisy linear label ranking distribution D over
R? x Sy, satisfies the following:

1. The x-marginal of D is the d-dimensional standard normal distribution.

2. Forany (x, ) ~ D, the distribution of 7 conditional on x is an n-noisy ranking distribution
with ground-truth ranking ow« ().

At first sight, the assumption that the underlying xz-marginal is the standard normal may look too
strong. However, for k = 2, Definition 2] captures the problem of learning linear threshold functions
with Massart noise. Without assumptions for the x-marginal, it is known [DGT19,|[CKM Y20, IDK20l
NT?22|| that optimal learning of halfspaces under Massart noise requires super-polynomial time (in
the Statistical Query model of [Kea98]]). On the other hand, a lot of recent works [BZ17, MV 19,
DKTZ20, [ZSA20, ZL21]] have obtained efficient algorithms for learning Massart halfspaces under
Gaussian marginals. The goal of this work is to provide efficient algorithms for the more general
problem of learning LSFs with bounded noise under Gaussian marginals.

1.2 Our Results

The main contributions of this paper are the first efficient algorithms for learning LSFs with bounded
noise with respect to Kendall’s Tau distance and top-r disagreement loss.

Learning in Kendall’s Tau Distance. The most standard metric in rankings [SSBD14]] is Kendall’s
Tau (KT) distance which, for two rankings 7,7 € Sj, measures the fraction of pairs (4,5) on
which they disagree. That is, Axr(m,7) = >, 1{i =, j}/(g) Our first result is an efficient
learning algorithm that, given samples from an 7-noisy linear label ranking distribution D, computes
a parameter matrix W that ranks the alternatives almost optimally with respect to the KT distance
from the ground-truth ranking ow« ().

"We use i > 5 (resp. @ < j) to denote that the element 7 is ranked higher (resp. lower) than j according to
the ranking 7.
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Theorem 1 (Learning LSFs in KT Distance). Fixn € [0,1/2) and ¢, € (0,1). Let D be an n-noisy
linear label ranking distribution satisfying the assumptions of Definition 2| with ground-truth LSF

ow- (-). There exists an algorithm that draws N = O 5 log(k/ 6)) samples from D, runs

1 277
in sample-polynomial time, and computes a matrix W € RkXd such that, with probability at least
1-4,

LB, [Bxr(ow (z), ow- ()] < e.

Theorem T] gives the first efficient algorithm with provable guarantees for the supervised problem of
learning noisy linear rankings. We remark that the sample complexity of our learning algorithm is
qualitatively optimal (up to logarithmic factors) since, for k¥ = 2, our problem subsumes learning
a linear classifier with Massart noise E] for which Q(d/¢) are known to be information theoretically
necessary [MNOG]. Moreover, our learning algorithm is proper in the sense that it computes a
linear sorting function ow (+). As opposed to improper learners (see also Section , a proper
learning algorithm gives us a compact representation (storing W requires O(kd) memory) of the
sorting function that allows us to efficiently compute (with runtime O(kd + k log k)) the ranking
corresponding to a fresh datapoint € R9.

Learning in top-r Disagreement. We next present our learning algorithm for the top-r metric
formally defined as Ayop—y (7, 7) = 1{m1.» # 71}, Where by 71, we denote the ordering on the
first r elements of the permutation 7. The top-r metric is a disagreement metric in the sense that it
takes binary values and for » = 1 captures the standard (multiclass) top-1 classification loss. We
remark that, in contrast with the top-r classification loss, which only requires the predicted label to
be in the top-r predictions of the model, the top-r ranking metric that we consider here requires that
the model puts the same elements in the same order as the ground truth in the top-r positions. The
top-r ranking is well-motivated as, for example, in ad targeting (discussed in Section[I.I)) we want to
be accurate on the top-r ad categories for a user so that we can diversify the content that they receive.

Theorem 2 (Learning LSFs in top-r Disagreement). Fixn € [0,1/2), r € [k] and €,6 € (0,1).
Let D be an n-noisy linear label ranking distribution satisfying the assumptions of Deﬁnition

with ground-truth LSF oy« (-). There exists an algorithm that draws N = O ( 1dr2kn log(1/4)

samples from D, runs in sample-polynomial time and computes a matrix W € RF*? such that, with
probability at least 1 — ¢,

B, [Biopslow (@), o (@)] < c.

As a direct corollary of our result, we obtain a proper algorithm for learning the top-1 element

with respect to the standard 0-1 loss that uses O(kd) samples. In fact, for small values of r, i.c.,
r = O(1), our sample complexity is essentially tight. It is known that ©(kd) samples are information
theoretically necessary [Nat89] for top-1 classification. E] For the case r = k, i.e., when we want to
learn the whole ranking with respect to the 0-1 loss, our sample complexity is O(k?d). However,
using arguments similar to [DSBDSST11], one can show that in fact O(dk) ranking samples are
sufficient in order to learn the whole ranking with respect to the 0-1 loss. In this case, it is unclear
whether a better sample complexity can be achieved with an efficient algorithm and we leave this as
an interesting open question for future work.

1.3 Our Techniques

Learning in Kendall’s Tau distance. Our proper learning algorithm consists of two steps: an
improper learning algorithm that decomposes the ranking problem to O(k?) binary linear classifica-
tion problems and a convex (second order conic) program that “compresses” the k2 linear classifiers
to obtain a £ x d matrix W. Our improper learning algorithm splits the ranking learning problem
into O(k?) binary, d-dimensional linear classification problems with Massart noise. In particular,
for every pair of elements i,j € [k], each binary classification task asks whether element i is

Notice that in this case Kendall’s Tau distance is simply the standard 0-1 binary loss.

3Strictly speaking, those lower bounds do not directly apply in our setting because our labels are whole
rankings instead of just the top classes but, in the Supp. Material D, we show that we can adapt the lower bound
technique of [DSBDSS11] to obtain the same sample complexity lower bound for our ranking setting.
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ranked higher than element j in the ground-truth permutation oy« (x). As we already discussed,
we have that, under the Gaussian distribution, there exist efficient Massart learning algorithms
[BZ17, MV 19, DKTZ20,ZSA20,|ZL21] that can recover linear classifiers sgn(vij - ) that correctly
order the pair 4, j for all x apart from a region of O(¢)-Gaussian mass. However, we still need
to aggregate the results of the approximate binary classifiers in order to obtain a ranking of the &
alternatives for each . We first show that we can design a “voting scheme” that combines the results
of the binary classifiers using an efficient constant factor approximation algorithm for the Minimum
Feedback Arc Set (MFAS) problem [ACNOS]|. This gives us an efficient but improper algorithm for
learning LSFs in Kendall’s Tau distance. In order to obtain a proper learning algorithm, we further
“compress” the O(k?) approximate linear classifiers with normal vectors v;; and obtain a matrix
W € R**? with the property that the difference of every two rows W; — W is O(e)-close to the
vector v;;. More precisely, we show that, given the linear classifiers v;; € R?, we can efficiently
compute a matrix W € R¥*9 such that the following angle distance with W* is small:

dangle(W, W*) £ max 0(W; — W;, W} — W}) < O(e). (1)
i,J

It is not hard to show that, as long as the above angle metric is at most O(e), then (in expectation
over the standard Gaussian) Kendall’s Tau distance between the LSFs is also O(e). A key technical
difficulty that we face in this reduction is bounding the “condition number” of the convex (second
order conic) program that finds the matrix W given the vectors v;;, see Claim 2} Finally, we remark
that the proper learning algorithm of Theorem [T|results in a compact and efficient sorting function
that requires: (i) storing O(k) weight vectors as opposed to the initial O(k?) vectors of the improper
learner; and (ii) evaluating k inner products with @ to find its ranking (instead of O(kQ)).

Learning in top-r Disagreement. We next turn our attention to the more challenging top-r ranking
disagreement metric. In particular, suppose that we are interested in recovering only the top element
of the ranking. One approach would be to directly use the improper learning algorithm for this
task and ask for KT distance of order roughly ¢/k?. The resulting hypothesis would produce good
predictions for the top element but the required sample complexity would be O(dk?). While it seems
that training O(k?) d-dimensional binary classifiers inherently requires O(dk?) samples, we show
that, using the proper KT distance learning algorithm of Theorem|[I] we can also obtain improved
sample complexity results for the top-r metric. Our main technical contribution here is a novel
estimate of the top-r disagreement in terms of the angle metric. In general, one can show that the
top-r disagreement is at most O (k?) dangle(W, W*). We significantly sharpen this estimate by
showing the following lemma.

Lemma 1 (Top-r Disagreement via Parameter Distance). Consider two matrices W, W* € Rk>4
and let Ny be the standard Gaussian in d dimensions. We have that

Lr o1 (Wa) # 01 (WHe)] < O(kr) dangie(W, W™).

We remark that Lemmal[T]is a general geometric tool that we believe will be useful in other distribution-
specific multiclass learning settings. The proof of Lemma [I] mainly relies on geometric Gaussian
surface area computations that we believe are of independent interest. For the details, we refer the
reader to Section[d] An interesting question with a convex-geometric flavor is whether the sharp
bound of Lemma [I|also holds under the more general class of isotropic log-concave distributions.

1.4 Related Work

Robust Supervised Learning. We start with a summary of prior work on PAC learning with Massart
noise. The Massart noise model was formally defined in [MNOG6]] but similar variants had been defined
by Vapnik, Sloan and Rivest [Vap06! [S1088|, [S1092| RS94, [S1096]]. This model is a strict extension
of the Random Classification Noise (RCN) model |ALS8|], where the label noise is uniform, i.e.,
context-independent and is a special case of the agnostic model [Haul8| [KSS94], where the label
noise is fully adversarial and computational barriers are known to exist [GRQ9, [FGKP06!| |[Dan16,
DKZ20, IGGK20, DKPZ21,[HSSVG22]]. Our work partially builds upon on the algorithmic task of
PAC learning halfspaces with Massart noise [BH20]. In the distribution-independent setting, known
efficient algorithms [DGT19},ICKMY?20, DKT21]] achieve error 1+ € and the works of [DK20, NT22]
indicate that this error bound is the best possible in the Statistical Query model [Kea98]]. This lower
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bound motivates the study of the distribution-specific setting (which is also the case of our work).
There is an extensive line of work in this direction: |[ABHU15,|ABHZ16l Y217, ZLC17, BZ17,
MV19, IDKTZ20, [ZSA20, [ZL21]] with the currently best algorithms succeeding for all n < 1/2
with a sample and computational complexity poly(d, 1/¢,1/(1 — 2n)) under a class of distributions
including isotropic log-concave distributions. For details, see [DKK™21]]. In this work we focus on
Gaussian marginals but some of our results extend to larger distribution classes.

Label Ranking. Our work lies in the area of Label Ranking, which has received significant attention
over the years [SS07,[HFCBOS||CHO8, HPRZ03, [FHMBOS| [DSMO03]. There are multiple approaches
for tackling this problem (see [VGI10], [ZLY " 14])). Some of them are based on probabilistic models
[CHO8,ICDH10,IGDV 12, ZLGQ14] or may be tree based, such as decision trees [CHH09], entropy
based ranking trees and forests [RASRSK15,dSSKC17], bagging techniques [AGM17]] and random
forests [ZQ18]]. There are also works focusing on supervised clustering [GDGV13]]. Finally, [CHOS|,
CDH10,I(CHHOQ9]] adopt an instance-based approaches using nearest neighbors approaches. The above
results are industrial. From a theoretical perspective, LR has been mainly studied from a statistical
learning theory framework [CV20LICKS18|IKGB18|IKCS17)]. [EKP21]] provide some computational
guarantees for the performance of decision trees in the noiseless case and some experimental results
on the robustness of random forests to noise. The setting of [DGR™14] is close to ours but is
investigated from an experimental standpoint. We remark that while reducing LR to multiple binary
classification tasks has been used in prior literature [HFCBOS|, ICH12, [FKP21]], standard reductions
can not tolerate noise in rankings (nevertheless, from an experimental perspective, e.g., random
forests seem robust to noise but lack formal theoretical guarantees). Our reduction crucially relies on
the existence of efficient learning algorithms for binary linear classification with Massart noise.

2 Notation and Preliminaries

General Notation. We use O(-) to omit poly-logarithmic factors. A learning algorithm has sample-
polynomial runtime if it runs in time polynomial in the size of the description of the input training set.
We denote vectors by boldface x (with elements x;) and matrices with W, where we let W; € R4
denote the i-th row of W € R¥*4 and W;; its elements. We denote a - b the inner product of
two vectors and 0(a, b) their angle. Let V; denote the d-dimensional standard normal and I'(+) the
Gaussian surface area.

Rankings. We let argsort;c(;, v denote the ranking of [k] in decreasing order according to the values
of v. For a ranking 7, we let (i) denote the position of the i-th element. If 7 = 7(x), we may also
write 7(x)(7) to denote the position of i. We often refer to the elements of a ranking as alternatives.
For a ranking o, we let o1 _,- denote the top-r part of 0. When o = o(x), we may also write o1_-(x)
and oy(x) will be the alternative at the ¢-th position. We let Ak denote the (normalized) KT

distance, i.e., A (7, 7) = >3, {i=- j}/(’;) form, T € Sy.

3 Learning in KT distance: Theorem ]|

In this section, we present the main tools required to obtain our proper learning algorithm of
Theorem [T} Our proper algorithm adopts a two-step approach: it first invokes an efficient improper
algorithm which, instead of a linear sorting function (i.e., a matrix W € R¥*4), outputs a list of
O(k?) linear classifiers. We then design a novel convex program in order to find the matrix W
satisfying the guarantees of Theorem([I] Let us begin with the improper learner for LSFs with bounded
noise with respect to the KT distance, whose description can be found in Algorithm|[T}

3.1 Improper Learning Algorithm

Let us assume that the target function is o*(x) = ow+ (x) = argsort(W*z) for some W* € RF*4,

Step 1: Binary decomposition and Noise Structure. For each drawn example (x, 7) from the
n-noisy linear label ranking distribution D (see Definition , we create (12‘) binary examples (x, y;;)
with y;; = sgn(n (i) — 7(j)) forany 1 < i < j < k. We have that

Pr i csgn(Wr—WH).x)<0|xz| = Pr (i) <7(j) | WF -z < W x| .
Pl sen(WE - W) @) <0a] = Pr o [e(i) <(j) | 72l
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Algorithm 1 Non-proper Learning Algorithm ImproperLSF

Input: Training set T’ = {(x*,7")},cn), 6,0 € (0,1),1 € [0,1/2)
Output: Sorting function h : R? — S,

Forany 1 <i < j < k, create T;; = {(x*,sgn(x" (i) — 7' (4)))}
Forany 1 <i < j < k, compute v;; = MassartLTF (T}, §, 106k2 ,m) > See Supp. Material A
Ranking Phase: Given z € R%:
(a) Construct directed graph G with V(G) = [k] and edges e,_,; only if v;; - & > 0 Vi # j
(b) Output h(x) = MFAS(G) > See Supp. Material A

Since M(c*(x)) is an n-noisy ranking distribution (see Definition , we get that the above quantity
is at most < 1/2. Therefore, each sample (x, y;;) can be viewed as a sample from a distribution
D;; with Gaussian z-marginal, optimal linear classifier sgn((W; — Wj*) - ), and Massart noise 7).

Hence, we have reduced the task of learning noisy LSFs to a number of (’2“) sub-problems concerning
the learnability of halfspaces in the presence of bounded (Massart) noise.

Step 2: Solving Binary Sub-problems. We can now apply the algorithm MassartLTF for LTFs
with Massart noise under standard Gaussian marginals [ZSA20] (for details, see Supp. Material A):
for all the pairs of alternatives 1 < i < j < k with accuracy parameter ¢, confidence 6’ = O(§/k?),

and a total number of N = <ﬁ log(k/é)) i.i.d. samples from D, we can obtain a collection

of linear classifiers with normal vectors v;; for any ¢ < j. We remark that each one of these halfspaces
v;; achieves € disagreement with the ground-truth halfspaces W;* — W * with high probability, i.e.,

Pr [sen(vy; - @) # sen(W; — W) )] <<

Step 3: Ranking Phase. We now have to aggregate the linear classifiers and compute a single
sorting function h : R — Sy,. Given an example x, we create the tournament graph G’ with k nodes
that contains a directed edge e;_,; if v;; - © > 0. If G is acyclic, we output the induced permutation;
otherwise, the graph contains cycles which should be eliminated. In order to output a ranking, we
remove cycles from G with an efficient, 3-approximation algorithm for MFAS [ACNO8, [VZW09].
Hence, the output 2 (x) and the true target o* () will have En, [Axr(h(x), 0% (2))] < € +3€ =
4¢' . This last equation indicates why a constant factor approximation algorithm suffices for our
purposes — we can always pick ¢ = ¢/4 and complete the proof. For details, see Supp. Material A.

3.2 Proper Learning Algorithm: Theorem|]

Having obtained the improper learning algorithm, we can now describe our proper Algorithm [2]
Initially, the algorithm starts similarly with the improper learner and obtains a collection of binary
linear classifiers. The crucial idea is the next step: the design of an appropriate convex program which
will efficiently give the matrix W. We proceed with the details. For the proof, see Supp. Material A.

Algorithm 2 Proper Learning Algorithm ProperLSF

Input: Training set T’ = {(x",7")}en). 6,0 € (0,1),n € [0,1/2)

Output: Linear Sorting function h : R — Sy, i.e., h(-) = ow () for some matrix W € RF*4

Compute (v;;)1<i<j<k = ImproperLSF(T €, d,n) > See Algorithm|1]
Setup the CP|l|and compute W = E1lipsoid(CP) > See Supp. Material A
Ranking Phase: Givenx € R? output h(x) = argsort(W z)

Step 1: Calling Non-proper Learners. As a first step, the algorithm calls Algorithm [I] with
parameters €, and 1 € [0,1/2) and obtains a list of linear classifiers with normal vectors v;; for
i < j. Without loss of generality, assume that ||v;;||2 = 1.

Step 2: Designing and Solving the CP[I} Our main goal is to find a matrix W whose LSF is close to
the true target in KT distance. We show the following lemma that connects the KT distance between
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two LSFs with the angle metric dangle (-, -) defined in Eq. (I). The proof can be found in the Supp.
Material A.

Lemma 2. For W, W* € R¥*4 it holds Egn,[AxT (0w (x), ow+ (x))] < dangle(W, W™).

The above lemma states that, for our purposes, it suffices to control the dang1c metric between the
guess W and the true matrix W*. It turns out that, given the binary classifiers v;;, we can design a
convex program whose solution will satisfy this property. Thinking of the binary classifier v;; as a
proxy for W;* — W, we want each difference W; — W; to have small angle with v;; or equivalently
to have large correlation with it, i.e., (W; — W) - v;; = |W; — Wj||2. To enforce this condition,
we can therefore use the second order conic constraint (W; — W;) - v;; > (1 — @)||W; — W||2.
We formulate the following convex program [I] with variable the matrix W:

Find W e R |\W|p <1,
suchthat (W; — W) -v;; > (1 —¢) - [|[W; — Wjl||2 forany 1 <i<j <k, (D

for some ¢ € (0, 1) to be decided. Intuitively, since any v;; has good correlation with W — W*
(by the guarantees of the improper learning algorithm) and the CP|l|requires that its solution V{/
similarly correlates well with v;;, we expect that dangie (W, W*) will be small. We show that:

Claim 1. The convex progmm is feasible and any solution W of satisfies dangle(W,W*) < e.

To see this, note that any solution of CP[T]is a matrix W whose angle metric (see Eq. (I))) with the
true matrix is small by an application of the triangle inequality between the angles of (v;;, W; — W)
and (v;j, W — Wj*) for any 7 # j. We next have to deal with the feasibility of CP Our goal is to
determine the value of ¢ that makes the CPfeasible. For the pair 1 <7 < j <, the guess v;; and
the true normal vector W;* — W satisfy, with high probability,

Pr [sgn(vy; @) # sen(W; — W) )] <e. @

Under the Gaussian distribution (which is rotationally symmetric), it is well known that the angle
0(u,v) between two vectors u, v € R is equal to 7 - Prg., [sgn(u - &) # sgn(v - )]. Hence,
using Eq. (2)), we get that the angle between the guess v;; and the true normal vector W — wr
is O(W; — W, v;;) < ce. For sufficiently small ¢, this bound implies that the cosine of the above
angle is of order 1 — (ce)? and so the following inequality will hold (since v;; is unit):

(Wi = W) vy > (1= 2(ce)?) - [W7 = Wil

Hence, by setting ¢ = 2(ce)?, the convex program with variables W € R**4 will be feasible;

since ||[W*||r < 1 comes without loss of generality, W* will be a solution with probability 1 — 4.

Next, we have to control the volume of the feasible region. This is crucial in order to apply the
ellipsoid algorithm (for details, see in Supp. Material A) and, hence, solve the convex program. We
show the following claim (see Supp. Material A for the proof):

Claim 2. There exists r > 27 PW(d:k.1/€108(1/9)) s that the feasible set of CP with ¢ = O(€?)
contains a ball (with respect to the Frobenius norm) of radius r.

Critically, the runtime of the ellipsoid algorithm is logarithmic in 1/r. So, the ellipsoid runs in time
polynomial in the parameters of the problem and outputs the desired matrix W.

4 Learning in top-r Disagreement: Theorem 2]

In this section we show that the proper learning algorithm of Section[3.2]learns noisy LSFs in the to

disagreement metric. We have seen that, with O(d log(k)/e€) samples, Algorithm [2of Section
computes a matrix W such that dangie (W, W*) < ¢, see Claim|l} Our main contribution is the
following lemma that connects the top-r disagreement metric with the geometric distance dangie (-, -),
recall Lemmal(I] To keep this sketch simple we shall present a sketch of the proof of Lemma I|for the
special case of top-1 classification, which we restate below. The proof of the top-1 case can be found
at the Supp. Material B. The detailed proof of the general case (r > 1) can be found in the Supp.
Material C.
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Lemma 3 (Top-1 Disagreement Loss via dangie (-, -)). Consider two matrices U,V € R¥*? and let
Ny be the standard Gaussian in d dimensions. We have that

Pr[o1(U) £01(Va)| <O (kw/log ) angle(U, V) .

We observe that
Pj{'f [o1(Ux) # o1(Va)] Z Pr [c1(Ux) =i,00(Vx) #£1]. (1)

mw d
1€[k]

We denote by CS) 21z :0(Ux) =i} = [[;; H{(U; = Uj) - = > 0}, i.e., this is the set

where the ranking corresponding to U picks ¢ as the top element. Note that C’g) is the indicator of a
homogeneous polyhedral cone since it can be written as the intersection of homogeneous halfspaces.
Using these cones we can rewrite the top-1 disagreement of Eq (H]) as

Py [01(Ux) £ 01(V)] Z Pr | =1,00(x) =0]. )
ze[k
Hence, our task is to control the mass of the disagreement region of two cones. The next Lemma 4]
achieves this task and, combined with Eq. directly gives the conclusion of Lemma 3]

Next we work with two general homogeneous polyhedral cones with set indicators C7, Cs:

Lemma 4 (Cone Disagreement). Let C1,Cy : R? +— {0,1} be homogeneous polyhedral cones

defined by the k unit vectors vy, ...,v and uy, . . ., uy, respectively. For some universal constant
¢ > 0, it holds that Pryp, [C1(x) # Cao(x)] < ev/logk max;epy) 0(vi, u;) -

Roadmap of the Proof of Lemma[d;: Assume that we rotate one face of the polyhedral cone C by
a very small angle 6 to obtain the perturbed cone C. At a high-level, we expect the probability of
the disagreement region between the new cone Cs and C] to be roughly (this is an underestimation)
equal to the size of the perturbation 6 times the (Gaussian) surface area of the face of the convex
cone that we perturbed. The Gaussian Surface Area (GSA) of a convex set A C R?, is defined
as T(A) £ [, , a(x)dp(x), where dpu(x) is the standard surface measure in R? and ¢q4(x) =
(2m)~ 2. exp(—||||3/2). In fact, in Claimlbelow we show that the probability of the disagreement
between C and Cs is roughly O(0)T'(Fy \/ log(1/T'(F1) + 1), where F is the face of cone C that
we rotated. Now, when we perturb all the faces by small angles (all perturbations are at most ¢), we
can show (via a sequence of triangle inequalities) that the total probability of the disagreement region
is bounded above by the perturbation size 6 times the sum of the Gaussian surface area of every face
(times a logarithmic blow-up factor):

EE}\}J[CI( x) # Ca( ZF log(1/I'(F;) +1).
Surprisingly, for homogeneous convex cones, the above sum cannot grow very fast with k. In fact,
we show that it can be at most O(+/log k). To prove this, we crucially rely on the following convex
geometry result showing that the Gaussian surface area of a homogeneous convex cone is O(1)
regardless of the number of its faces k.

Lemma 5 ([Naz03])). Let C be a homogeneous polyhedral cone with k faces F, ..., Fj. Then C
k

has Gaussian surface area T'(C') = > T'(F;) < 1.

Using an inequality similar to the fact that the maximum entropy of a discrete distribution on
k elements is at most log k, and, since, from Lemma |5} it holds that Zle I(F;) < 1, we can
show that Zle I'(F;)+\/log(1/T(F;) + 1) = O(+/logk). Therefore, with the above lemma we
conclude that, if the maximum angle perturbation that we perform on C} is 6, then the probability

of the disagreement region is O(6). We next give the formal proof resulting in the upper bound of
O(V/1og k 0) for the disagreement.

Single Face Perturbation Bound: Claim [3; We will use the following notation for the positive

orthant indicator R(z) = Hle 1{z; > 0}. Notice that the homogeneous polyhedral cone C; can be
written as Cy (z) = R(Vx) = R(vy - @, ..., v - ). Claim[3]below shows that the disagreement of
two cones that differ on a single normal vector is bounded by above by the Gaussian surface area of a

particular face I} times a logarithmic blow-up factor /log(1/T(F;) + 1).
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Claim3. Let v, ..., v € RYand r € R with §(vy,r) < 0 for some sufficiently small 0 € (0,7 /2).
Let Fy be the face with vy - = 0 of the cone R(V x) and ¢ > 0 be some universal constant. Then,

wE’j{/d[R(vl-:c,...7vk-w)#R(r-w,vg-w,...,vk-x)]<c~9-I‘(F1)\/log<F(1F1)+1>.

Proof Sketch of Claim[3] Since the constraints v - @ > 0,...,v; - > 0 are common in the two
cones, we have that R(vy -, ..., v @) # R(r-x,vs-x, ..., v x) only when the first “halfspaces”
disagree, i.e., when (vy - @)(7 - @) < 0. Thus, we have that the LHS probability of Claim [3]is equal to

E [Rlvy-x,...,v5-x) - 1{(v1-z)(r -z) <0} . 3)

wde

This expectation contains two terms: the term R(vs - @, ... vy - ) that contains the last & — 1
common constrains of the two cones and the region where the first two halfspaces disagree, i.e., the
set {x : (v1-x)(r-x) < 0}. In order to upper bound this integral in terms of the angle 6, we observe
that (for 6 sufficiently small) it is not hard to show (see Supp. Material B) that the disagreement region,
which is itself a (non-convex) cone, is a subset of the region {x : |v; - | < 26|q - x|}, where g the
normalized projection of r onto the orthogonal complement of vy, i.e., ¢ = proj,.7/|[proj,.7|l2.
Therefore, we have that the integral of Eq. (3) is at most

E [Rlvz-x,...,v; ) 1{|lv - x| <20|q-=|}] .

:l!NNd

This is where the definition of the Gaussian surface area appears. In fact, we have to compute
the derivative of the above expression (which is a function of #) with respect to § and evaluate it
at # = 0. The idea behind this computation is that we can upper bound probability mass of the
cone disagreement, i.e., the term Pryn, [R(v1 - @,...,v; - @) # R(r - x,v2 - ,..., v - )] by
its derivative with respect to 0 (evaluated at 0) times 6 by introducing o(6) error. Hence, it suffices to
upper bound the value of this derivative at 0, which is:

2 B [R(vs-,...,v0 @) |g-a] 8(vr - 2])]

where ¢ is the Dirac delta function. Notice that, if we did not have the term |q - x|, the above
expression would be exactly equal to two times the Gaussian surface area of the face with v; - = 0,
i.e., it would be equal to 2I'(F'; ). We now show that this extra term of |q - | can only increase the
above surface integral by at most a logarithmic factor. For some £ to be decided, we have that

E, (R(v: ..o @) gl 8(or-a)) = [ 6u(@)la- aldu(a)

z~Ng xTEF

< /eF ¢a(z)lq - z|1{|q - | < }dp(x) +/ ¢a(z)lq - z[1{lq - z| > }dp(x)

xEF,
<t du@dula) + / da(@)lq - 2[1{q- 2| > E}du(z),
xEF, xEF,

where dyi(x) is the standard surface measure in RY. The first integral above is exactly equal to the
Gaussian surface area of the face F. To bound from above the second term we can use the next claim
showing that not a lot of mass of the face F} can concentrate on the region where |q - x| is very large.
Its proof relies on standard Gaussian concentration arguments, and is provided in Supp. Material B.

Claim 4. It holds that fa:eFl da(z)|q - z|1{|q - x| > &}du(x) < O(exp(—£2/2)) .

Using the above result, we get that

d

(B[R @, o0 @) o -2] <20lq-2l}] )| _ < O T(F)+0(exp(~€2/2)).
df \ x~N, 0=0
By picking & = ©(y/log(1 + 1/T'(F}))), the result follows since, up to introducing o(6) error, we
can bound the term Pryp, [R(v1 - @, ..., v - ) # R(r - x,vs - x,..., v - )] by its derivative

with respect to 6, evaluated at 0, times 6.

Conclusion. Our work presents the first theoretical guarantees for (linear) LR with noise and settles
interesting directions for future work, as mentioned in Section [T} This paper is theoretical and does
not have any negative social impact.
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A Learning LSFs with Bounded Noise in Kendall’s Tau distance

A.1 Improperly Learning LSFs with Bounded Noise

We provide an improper learner for LSFs in the presence of bounded noise. We first restate the
main result of this section, whose proof relies on a connection between noisy linear label ranking
distributions and the Massart noise model.

Theorem 3 (Non-Proper Learning Algorithm). Fix n € [0,1/2) and €, € (0,1). Let D be an
n-noisy linear label ranking distribution satisfying the assumptions of Definition[2] ImproperLSF

(Algorithm draws N = O (m log(k/5)> samples from D, runs in poly(d, k, 1/¢,1log(1/0))

time and, with probability at least 1 — 0, outputs a hypothesis h : R* — Sy, that is e-close in KT
distance to the target.

Proof. Assume that the target function is o*(x) = ow« () = argsort(W™*z) for some unknown
matrix W* € R¥*4, Consider a collection of N i.i.d. samples from an 7-noisy linear label ranking
distribution D (see Deﬁnition and let T be the associated training set. For each example (,7) € T,
we create a list of (¥) binary examples (z,y;;) with y;; = sgn(7(i) — 7(j)) forany 1 <i < j <k,
where 7(¢) denotes the position of the element . Hence, we create the datasets 7;; consisting of the
binary labeled examples (x, y;;). We have that

Pr i - sgn m*_W*w <0|x| = Pr (i) < 7w(4 WZ*:L‘<W*:1:
P Ty sen(W7 - W) @) <0]a] = Pr [xi) < ()| o

Since M(o*()) is an n-bounded noise ranking distribution (see Definition|[I), we get that

P ) < 7)ot @)(0) > ot @)) <0 < 1/2.

where o*(x)(4) denotes the position of the element ¢ in the ranking o*(x). Focusing on the training
set T;;, we have that the sign y;; is flipped with probability at most 7. So, we have reduced the
problem to (g) sub-problems concerning the learnability of halfspaces in the presence of Massart
noise. The Massart noise model is a special case of Definition 2] where k& = 2. Note also that for each
training set 7;;, the features x have the same distribution. We can now apply the following result
for LTFs with Massart noise for the standard Gaussian distribution. Recall that the concept class of
homogeneous halfspaces (or linear threshold functions) is Crrr = {hy () = sgn(w-z) : w € R4},

Lemma 6 (Learning Halfspaces with Massart noise [ZSA20]). Fixn € [0,1/2) and let €,6 € (0,1).
Let D be an n-noisy linear label ranking distribution satisfying the assumptions of Definition 2| with
k = 2 (where CLsr = Curr). There is a computationally efficient algorithm MassartLTF that draws
m = O(%ﬁf}gg) -log(1/0)) samples from D, runs in poly(m) time and outputs a linear threshold

Sfunction h that is e-close to the target linear threshold function h* with probability at least 1 — ¢, i.e.,
it holds Pry. .y, [h(x) # h*(x)] <e.

We can invoke the algorithm of Lemmal6|for any alternatives 1 < ¢ < j < k with accuracy €’ = O(e),
8 = O(6/k?) and error rate n < 1/%| We remark that Lemma@retums a halfspace. Each one of

the (’;) calls will provide a vector v;; € R? such that, with probability at least 1 — &', it satisfies
Pr [sen(v;; - @) # sen((W = W) -z)] < ¢,
x~Ng

where the true target halfspace has normal vector W;* — W. Moreover, for any ¢ < j, the algorithm
requires that the training set T, is of size
d 1
Tl =Q = ——— log(1/¢
| ]| (6/ (1 _ 277>6 Og( / )> ’
and, so, a total number of

N=0 (f : m -1og(k/5)) ,

*We can assume that 7 is known without loss of generality.
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samples (x, ) is required from the distribution D. Given a collection of linear classifiers with normal
vectors v;; for any ¢ < j, it remains to aggregate them and compute a sorting function A : R? — Sy.
To this end, the estimator h, given an example «, creates the directed complete graph G with k£ nodes
with directed edge ¢ — j if v;; - > 0. If all the linear classifiers are correct (which occurs with
probability 1 — O(ek?) over D, due to the union bound), the graph G is acyclic (since it will match
the true directions induced by W*) and the estimator h outputs the induced permutation. Observe
that the KT distance is

1 * *
o = ST ifsen(vy @) #sen((Wy — W) @)} | <¢.
2 1<i<j<k

Otherwise, the classifiers are inconsistent and G contains cycles. So, the expected number of mistakes
in the graph G is ek?. The estimator in order to output a ranking uses a deterministic constant
approximation algorithm for the minimum Feedback Arc Set [ACNOS] in order to remove the cycles.
For an overview of this fundamental line of research, we refer to [ACNOS, [VZW09, [ KMS06].

Lemma 7 (3-Approximation Algorithm for mimimum FAS (see [VZW09, ACNOS8I)). There is a
deterministic algorithm MFAS for the minimum Feedback Arc Set on unweighted tournaments with k
vertices that outputs orderings with cost less than 3 - OPT. The running time is poly (k).

In the above, OPT is the minimum number of flips the algorithm should perform. With input
the cyclic directed graph G induced by the estimated linear classifiers, the algorithm of Lemma (7]
computes, in poly(k) time, a 3-approximation of the optimal solution (i.e., instead of correcting ¢
directed edges, the algorithm will provide a directed acyclic graph with 3¢y changed edges). Hence,
for the hypothesis h : R? — Sy, where h(z) is the output of the minimum FAS approximation
algorithm with input G (G depends on the input x, the randomness of the samples and the internal
randomness of the (12“) calls of the Massart linear classifiers), and the target function o* (), we have
that
E [Axr(h(z),0*(@))] < (¢ +3¢) = 4¢',

x~Ny

which completes the proof, by setting ¢’ = ¢/4. O

Remark 1. Consider the following variant of the above procedure: compute the O(k?) linear
classifiers with accuracy € = ¢/k?: If the induced directed graph is acyclic, output the ranking;
otherwise, output a random permutation. With probability €, the KT distance will be of order k2.
Hence, one has to draw in total O(k*d/e) samples to make the expected KT distance roughly O(e).
The algorithm of Theorem|3|improves on this approach.

A.2 The Proof of Theorem[I; Properly Learning LSFs with Bounded Noise

We first restate the main result of this section.

Theorem 4 (Proper Learning Algorithm). Fixn € [0,1/2) and €,6 € (0,1). Let D be an n-noisy
linear label ranking distribution satisfying the assumptions of Definition[2] ProperLSF (Algorithm[2)

draws N = O (ﬁ 10g(k/5)) samples from D, runs in poly(d, k,1/e,1og(1/6)) time and, with

probability at least 1 — 8, outputs a Linear Sorting function h : R* — Sy, that is e-close in KT
distance to the target.

We are now ready to provide the proof of our efficient proper learning algorithm for the class of
Linear Sorting functions in the presence of bounded noise with respect to the standard Gaussian
probability measure.

Proof. As a first step, the algorithm calls the improper learning algorithm ImproperLSF (Algo-
rithm with parameters ¢, 6 and 7 < 1/2 and obtains a list of linear classifiers with normal vectors
v;; for ¢ < j. The utility of this step implies that, with probability at least 1 — J, each one of the
classifiers e-learns the associated true halfspace, i.e., it holds

ml:/{'[d[sgn(vij x) #sgn(W) = W)) - x)] <e,
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where W* is the matrix of the target Linear Sorting function. Without loss of generality, assume that
lvijll2 = 1. In order to make the learner proper, it suffices to solve the following convex program on

Find W e RM, (D
such that (W; — W;) -v;; > (1 —¢) - |W; — Wl foranyl <i<j<k, (cP) (2)
IWllp<1, 3)

for some ¢ € (0,1) to be decided. The main key ideas are summarized in the next claim.

Claim 5. The following properties hold true for ¢ = O(e?) with probability at least 1 — 6.

1. The convex programl[l|is feasible.

2. Any solution of the convex program[l|induces an LSF that is e-close in KT distance to the
true target oy« ().

3. The feasible set of the convex programcontains a ball of radius 1 = 27PoW(d:k,1/¢,log(1/3))
and is contained in a ball of radius 1. Both balls are with respect to the Frobenius norm.

4. The convex progmmcan be solved in time poly(d, k, 1/¢,log(1/9)) using the ellipsoid
algorithm.

Proof of Item First, we can choose the error ¢ so that this convex program is feasible. Let us
set W = W*, where W™ is the underlying matrix of the target Linear Sorting function o* with
o*(x) = argsort(W*x). Recall that, by the guarantees of the improper learning algorithm, for the
pair 1 <14 < j <k, it holds

Er [sgn(vij - ) # sgn(W — Wj) -x)] <e. “)

Since the standard Gaussian is rotationally symmetric, the angle 6(u,v) between two vectors
u,v € R is equal to 7 - Pry.,[sgn(u - ) # sgn(v - z)]. Hence, using this observation and
Equation (EI), we get that the angle between the guess vector v;; and the true normal vector W;* — W
is

Q(WZ* — Wj*’ Uij) S Cc-€,

for some constant ¢ > 0. For sufficiently small ¢, this bound implies that the cosine of the above
angle is of order 1 — (ce)? and so the following inequality will hold

(W = W)) vy > (1= 2(ce)?) - [W) = Wj|a,

since v;; is unit. Hence, by setting ¢ = 2(ce)?, the convex program with variables W € R**? will
be feasible; W* will be a solution with probability 1 — §, where the randomness is over the output of
the algorithm dealing with the Massart linear classifiers. Note that we can assume that |[W*||p < 1
without loss of generality, since we can divide each row with the Frobenius norm.

Proof of Item Let W be a solution of the convex program.We will make use of the observation
that the angle between two vectors is equal to the disagreement of the associated linear threshold

functions with respect to the standard normal times 7. Observe that any solution W to the convex
program will satisfy that

(VZ,]) G(Uij, V‘N/l — Wj) S O(\/a) = Ce€.
and
(V'Lh]) Q(W’L* - Wj*7'vij) S €.
This implies that
dangle(W*, W) < (¢
Claim 6. For the matrices W, W* € R**? it holds that
E [AKT(UW(w)a OW* (w))] S dangle(Wa W*) .

xr~Ng
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745 Proof. We have that

wPNd[AKT(UW(iB)Jw* (z))] = @ 'mNENd[ Z H((W; = W) - a) (W] — Wj*) -x) <0}
2 1<i<j<k

S X Br e W) e) £ sen(W - W) o)
2) 1<i<j<k
1

= max (W, — W;, W — W)

S dangle(Wa W*) -
746 O]

747 Using the above claim, we get an expected KT distance bound of order O(¢). This gives the desired
748 result.

749 Proof of Item[Bl We will make use of the next lemma.

750 Lemmas8. Fixe,§ € (0,1). Let W* € R¥*4 pe the true parameter matrix. There exists a matrix
751 W* € RF¥ such that, with probability at least 1 — §:

752 * Pryon,[sen(W) —W)) - z) # sgn((ﬁvfi* - f/‘v/j*) ~x)] <e foralli# j, and,
753 . |Wr— W/;HQ > 9=Poly(dk1/€108(1/9)) for any i # j.

754 Proof of Lemma(8] The above lemma is a result of the next Appendix In particular, it is a
755 direct implication of Lemma|[I0]and Corollary [T} O

756 Note that the above lemma implies that
(Vi ) sen(vy; - @) # sen((Wy = W) )] < 2,

757 with probability at least 1 — 29. Hence, up to constants, the analysis concerning the feasibility of the

758 true matrix W™ (see Item will still hold for W*. From now on we can work with this matrix W *
759 which enjoys the “well-conditionedness” property of the second item of the lemma.

Pr |
x~Ny

760 We will use the above lemma in order to prove Item [3| which controls the volume of the feasible
761 region: it states that there exist 0 < r < R so that the feasible region of the convex program contains
762 a ball of radius 7 and is contained in a ball of radius R (where the balls are with respect to the
763 Frobenius norm). Moreover, r = 9—poly(d.k.1/elog(1/8)) and R = 1.

764 For the chosen ¢ € (0, 1), the feasible set contains matrices W € R¥*¢ that satisfy | W — w* |7 <
765 2r, 1 to be decided. For any ¢ # j, we have that the following properties hold:

766 LWy - Wj*Hg > - poly(d;k,1/e10g(1/9)) (well-conditionedness).

767 2. (Wr— W) vy > (1 ¢) ||Wy — W} (feasibility).

768 3. ||W — W*||p < 2r which implies that |[W; — W||y < 2r for any i € [k] (ball around
769 feasible point).

770 4. JJvgjll2 = 1.

771 Our goal is to prove that for a matrix in the above ball it holds (W; —W;)-v;; > (1—¢) |W; —Wj 2.
772 We have that
(W = W)) vy = (W) = W) vy + (W — W)) vy + (W — W) - oy
SIW; = Willo + W) = W} o + (Wi = W)) - vy
§4T+(Wi—Wj)~’U1‘j.
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More to that
IW; — Wyl = Wi — W) + W) — W) + W, — W,
< Wi = W lo + [[W) = W o+ | W — W2
< dr + |[WF — WH |2,
and similarly: [|W; — Wjl|2 > |[W; — W], — 47

Combining the above inequalities, we get that

(W; = W;) v > (Wz* W ) - v — 4r
> (1= 6) [Wy = Wils— 4r
> (1—=9¢) (Wi — Wiz —4r) — 4r
=(1—-9¢)[|W; - Wj|2—8r.

We pick r sufficiently small and of order 2 Poly(d:k.1/¢,10g(1/8)) and get that W is a feasible solution
of the convex program. Moreover, we can select R = 1 since | W*||p = 1 without loss of generality,
since we can normalize the row differences of W* with the norm |[W*|| .

Proof of Item[d We apply the ellipsoid algorithm in order to solve the convex program [I] and
compute a matrix W € R¥*?_ The algorithm ProperLSF outputs the linear sorting function
h(-) = o ().

Lemma 9 (Efficiency of the Ellipsoid Algorithm [Vis21l]). Suppose that P C R® is a full-dimensional
polytope that is contained in a d-dimensional Euclidean ball of radius R > 0 and contains a d-
dimensional Euclidean ball of radius v > 0. Then, the ellipsoid method outputs a point & € P
after O(d*log(R/r)) iterations. Moreover, every iteration can be implemented in O(d? + Tyep) time,
where Ty, is the time required to answer a single query by the separation oracle.

Assume that Itemholds true. Then the algorithm can be used with 7 = 27Poly(d:k.1/¢log(1/6)) apq
R = 1. Hence, the ellipsoid algorithm will provide in time poly(d, k, 1/¢,log(1/§)) a point W that
lies in the feasible region of the convex program |If)

O

Remark 2. We remark that both the improper (Algorithm[I) and the proper (Algorithm[2)) learning
algorithms hold for the more general case where the x-marginal lies in the class of isotropic
log-concave distributions [ILVO7]: A distribution D,, lies inside the class of isotropic log-concave
distributions Fi,c over R? if D, has a probability density function f over R?® such that log f is
concave, its mean is zero, and its covariance is identity, i.e., Egxp, [Tz '] = I.

A.2.1 The proof of Lemmal§

We provide the following result.

Lemma 10. Fixe,§ € (0,1). Let W* € R**? be the true parameter matrix. There exists a matrix
W € R¥X4 such that, with probability at least 1 — §:

* Pryon,[sgn(W) — W) - x) # sgn(W; — Wj) -x)] <€ foralli# j, and,
* The bit complexity of W is poly(k,d, 1/e,log(1/0))

Proof. The matrix W will be the output of a linear program that can be used to learn the LSF oy« (+)
in the noiseless setting.

SWe remark that the runtime will also depend on the time required to answer a single query by the separation
oracle. We assume that this time is polynomial in the parameters of our problem and we opt not to track these
details in this work.
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go4  Consider the unit sphere S%~1 and a dy-cover of the unit sphere with parameter §y > 0 to be decided.
gos For any sample (x,7) ~ D of the 0-noisy linear label ranking distribution, i.e., x ~ Ny and
806 T = ow-+(x), we consider the rounded sample (&, 7) where Z is obtained by first projecting x € R?
807 to S! and then by obtaining the closest point of 7 in the cover. The cover’s size is O(1/50)%.

sos Letusfix 1 <i < j < kandsety,;; = sgn(n(i) — m(5)). For a training set {(z® w(t))}te[m of
soo size N, we create the following linear system L;; with variables W € RF*<:

ey (W= W) 0 >0, te[N] (Ly).

810 Consider the concatenation of the linear systems L. = U;;L;;. The number of equations in the linear
811 system of equations L is IV - (’2“)

g1z We first have to show that, with high probability, the system L is feasible, i.e., there exists W that
s13  satisfies the system’s equations. Note that if we replace Z(*) with the original points x*), the true
s14 matrix W* is a solution to the system. We now have to study the rounded linear system.

815 Claim 7. The (rounded) linear system L is feasible with high probability.

st6  Proof. In order to show the feasibility of L, we will use the anti-concentration properties of the
817 Gaussian.

g1 Fact 1 ([DKMOS)). Let P be the standard normal distribution over R, For any fixed unit vector
g9 a € R?andanyy < 1,

T 1< Ll<
LN
lll2" = va

g20 Let us focus on the pair 1 < ¢ < j < k. We first observe that scaling all samples to lie on the unit
g21  sphere does not affect the feasibility of the system. It suffices to focus on that single halfspace with
g22  normal vector v;; = W — Wr € R? and consider the probability of the event that the collection of

4< Pr |la-
7/4< Pr lla

g23 the N rounded points {Z (")}, with labels {yg)}t, that come from N Gaussian vectors {x(*)}; which

g24 are linearly separable (with labels {yl(]t) }+), becomes non-linearly separable. For this it suffices to
825 control the probability that the rounding procedure flips the label of the data point. Using the union
g26  bound, we have that, if the rounding has accuracy &g, the described bad event has probability

o P BtE[N] s sen(vy E0) # sen(vy @) < N- Py [Joy -/ 2] < 20 < N0V,
827 where we remark that the first event is scale invariant and so we can assume that the normal vector is
g28  unit, the first inequality follows from the fact that it suffices to control the mass assigned to a strip of
g29  width 20¢ (due to the discretization) and the second inequality follows from Factm We now have to
ss0  select the discretization. Let § € (0,1). By choosing o = O(; sz) the bad event for all the pairs
831 1 < j occurs with probability at most J, i.e., with probability at least 1 — 4, each one of the IV drawn
832 1.i.d. samples does not fall in any one of the ( ) “bad” strips. O

833  We can now consider the case that the system L is feasible (with the target matrix W* being
s34 a feasible point) that occurs with probability 1 — §. The class of homogenous halfspaces in d
835 dimensions has VC dimension d; therefore, the sample complexity of learning halfspaces using ERM
836 18 O((d + log(1/9))/€). Moreover, in the realizable case, we can implement the ERM using e.g.,
837 linear programming and find a solution in poly(d, 1/¢,log(1/d)) time. We next focus on the quality
gze  of the solution which will give the desired sample complexity.

g3 Claim 8. Assume that the algorithm draws N = O(M) i.i.d. samples of the form (x, ) with
80 x ~ Nyand m = ow-(x). For any i # j and with prababzltty at least 1 — 26, the solution W of
841 the linear system L satisfies

Py [sgn(W; — W}) @) # sen(Wi — W;) @) < e.

:l!Nd

842 Proof. Since the matrix W satisfies the sub-system L;;, the result follows using a union bound on
843 the events that (i) the linear system is feasible and (ii) the ERM is a successful PAC learner. O
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Claim 9. Consider the solution W of the linear system. Then, W has bounded bit complexity of
order poly(d, k,1/e,10g(1/9)).

Proof. We will make use of the following result that relates the size of the input and the output of a
linear program using Cramer’s rule.

Lemma 11 ([Sch98| [Pap81]). Let A € Z™*" b € Z™, c € Z™. Consider a linear program min c-x
subject to Ax < band x > 0. Let U be the maximum size of A;;, b, c;. The output of the linear
program has size O(m(nU + nlog(n))) bits.

We will apply the above lemma (which holds even by dropping the constraint & > 0) to our setting
where Aw > 0 where w = (Wi)ie[k] S de, i.e., w is the vectorization of the matrix W. Moreover,
A is the matrix containing the N (rounded) Gaussian samples Z(*). We have that the matrix A has
dimension N (’2“) x kd and each entry A;; is an integer and has size at most U = poly(d, k) (since
the samples are rounded on the Jy-cover of the sphere. Recall that the labels yz(jt) € {-1,+1} and

Z® lie in the unit sphere. In particular, each row of the matrix A has 2d non-zero entries and is
associated with a tuple (7, j,t) for 1 < ¢ < j < k and ¢ € [N]. Then, it holds that the output has
size at most O(Nk?(dU + dk log(dk))) bits. So, we get that the output W can be described using
at most poly(d, k,1/e,U,log(1/5)) = poly(d, k, 1/¢,1og(1/d)) bits (due to the size of the entries of
the matrix A). O]

Combining the above claims, we conclude the proof. O

As a corollary of the bounded bit complexity, we obtain the following key result.

Corollary 1. Let e > 0. Assume that W € R**4 has bit complexity at most poly(d, k, 1/e,log(1/5)).
Then, for any i, j € [k] with i # j, it holds that |W; — W ||g > 27Pol(d:k,1/€log(1/6)),

Proof. First, we can assume that W; # W; for any i # j; in case of equal rows, we obtain a
low-dimensional instance. Then, since any vector W; has bounded bit complexity, we have that the
difference of any two such vectors, provided that it is non-zero, has a lower bound in its norm, i.e.,
[W; — W;p > 27Pob(dki1/e108(1/9) for any i, j € [k]. O

B Learning in Top-1 Disagreement from Label Rankings

Letus set o1 (Wz) = argmax; ) Wi -z forx € R<. The main result of this section follows.

Theorem 5 (Proper Top-1 Learning Algorithm). Fixn € [0,1/2) and €,6 € (0,1). Let D be an
n-noisy linear label ranking distribution satisfying the assumptions of Definition[2] There exists an

algorithm that draws N = O (dk Vosk o0 (k/ 5)) samples from D, runs in poly(N) time and, with

€(1—2n)°
probability at least 1 — 6, outputs a Linear Sorting function h : R* — Sy, that is e-close in top-1
disagreement to the target.

Proof. Note that the MassartLTF algorithm (see Lemmal6) has the guarantee that it returns a vector
w so that
P}& [sgn(w - x) # sgn(w* - x)] < e,
xz~Ng

with probability 1 — §, where w™ is the target normal vector. Since the above misclassification
probability with respect to Ny is directly connected with the angle (w, w*), we get that we can
control the angle between w and w* efficiently. Moreover, in our setting, for a matrix W € Rkxd,
there exist (’2“) homogeneous halfspaces with normal vectors W; — W and so we can control the
angles 6(W; — W,; W} — Wj*). In order to deduce the sample complexity bound of Theorem ,
we show the next lemma which essentially bounds the top-1 misclassification error using the angles
of these O(k?) halfspaces. We apply Lemmawith U =W and V = W’ and so we can take
¢ = ¢/(k+/logk) and invoke the proper learning algorithm of Algorithm [2} This completes the
proof. O
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We continue with the proof of our key lemma.
Lemma 12 (Misclassification Error). Consider two matrices U,V € RFX4 and let Ny be the
standard Gaussian in d dimensions. We have that

Pr [Ul(Um)#Gl(Vm)]Sc-k-\/logkmjx@(Uiij,%*V}),
xr~Ng 1F]

where ¢ > 0 is some universal constant.

Proof. We have that

Pro1(Ua) # 01(Va)] = Z Pr(o(Uz) =i,on(Va) #1].
i€[k]

We have that Cg) =Yz : 01(Uz) = i} = [[;,, 1{({U; — U;) - & > 0} is the set indicator of

a homogeneous polyhedral cone as the intersection of £ — 1 homogeneous halfspaces. Similarly,

we consider the cone Cg) = {x : 01(Vx) = i}. Hence, we have that {z : 01(Vx) # i}

is the complement of a homogeneous polyhedral cone. Let us define C[(}) : R + {0,1} and

Cg) : R% - {0, 1} be the associated indicator functions of the two cones. We have that

: ; (4) (1)
Pro(Un) = i,01(Va) £ = Pr (05 (@)= 1,00() = 0].
Finally, we have that

el 0 ()" =\ eld < e\ e ueld el
We can hence apply L f O ¢ )
pply Lemma (13| for the cones Cy,’,Cy, for eachi € [K]. O

Lemma 13 (Cone Disagreement). Let Cy : R? + {0, 1} be the indicator function of the homoge-
neous polyhedral cone defined by the k unit vectors vy, . .., vi, € RY, ie, Cy(z) = Hle Hv; x>
0}. Similarly, define Cy : R% — {0, 1} to be the homogeneous polyhedral cone with normal vectors
U1, ..., ug. It holds that

Pr [C1(z) # C2(z)] < cy/log(k) fig?g](e(vmui),

z~Ny

where ¢ > 0 is some universal constant.

Proof. To simplify notation, denote = max;c) 0(v;, u;). We first observe that it suffices to prove
the upper bound on the probability of C () # Cy(x) for sufficiently small values of 6. Indeed, if
we have that the bound is true for 6 smaller than some 6, we can then form a path of sufficiently large
length N (in particular we need 8/N < 6)) starting from the vectors vy, . . ., vy, to the final vectors
uq,...,ur, where at each step we only rotate the vectors by at most §/N < 6,. By the triangle
inequality, we immediately obtain that the probability that C () # Ca(x) is at most equal to the

sum of the probabilities of the intermediate steps which is at most Zf\il cy/1og (k) % = c/log(k)0.
Notice in the above argument the constant € can be arbitrarily small and may also depend on k and

d.

We define the indicator of the positive orthant in & dimensions to be R(t) = Hle 1{t; > 0}. Using
this notation, we have that the cone indicator can be written as Cy(x) = R(vy - @, ..., v, - ) =
R(Vx), where V is the k x d matrix whose i-th row is the vector v;. Moreover, we define the i-th
face of the cone R(V'x) to be

F;(Vx) = R(Vz) 1{v; -« =0} .

We will first handle the case where only one of the normal vectors v; changes. We show the following
claim.

Claim 10. Let vy,...,vx € R and v € R? with 0(vy,7) < 0 for some sufficiently small 6 €
(0,7/2). It holds that

1
mE’J{‘[d[R(vl-ac,...,Uk-w)#R(r-w,vg-m,...,vk-az)]§c~9-F(F1)\/log(F(Fl)+1>,

where Fy is the face with v, - = 0 of the cone R(V ) and c is some universal constant.
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Figure 1: The vectors r, v; and q and the disagreement region of the halfspaces with normal vectors
r and vy.

Proof. We have

PJI\“/ [R(v1-x,...,v5-x) # R(r-z,v3-x,...,0; - x)]

xr~Ng
= EN [|[R(vi-x,...,v5-x) — R(r -x,v2-x,...,v5 x)|]
r~Ng
= E [R(va-x,...,v5-x) |[I{vy - >0} —1{r -z > 0}|] .
x~Ny

We have that [1{vy -« > 0} — 1{r - ¢ > 0}| = 1{(v1 - «)(r - ©) < 0}, i.e., this is the event
that the halfspaces 1{v; - > 0} and 1{r - & > 0} disagree. Let q be the normalized projection
of r onto the orthogonal complement of vy, i.e., ¢ = projv%r/Hprojvling. We have that v;
and g is an orthonormal basis of the subspace spanned by the vectors v; and r. We have that
r = cosf(vy, 7)v1 + sin O(v1, r)q. Moreover, we have that the region (vy - @)(r - &) < 0 is equal
to

{0<v &< —(q x)tanb(vy,r)} U{—(q-x)tanb(vi,r) < v -x < 0}.

Thus, we have that the disagreement region (v; - €)(r - ) < 0 is a subset of the region {|v; - x| <
|g - x| tan@(vy,7r)}. Since tanf(vy,r) < 0 and we have that 0 is sufficiently small we can also
replace the above region by the larger region: {|v; - | < 260|q - «|}. Therefore, we have

E [R(vy-x,...,v - x) 1{(v1-x)(r x) <0}}]

:l':NNd

< E/\/ [R(ve-x,...,v - x) 1{|v1 - x| < 20|q - x|}] .
@~ Ny

The derivative of the above expression with respect to 6 is equal to

E R(vz-m,...,vk~a:)5<|v1.m| —9)],

@~Na 2|q - x|

where J(t) is the Dirac delta function. At # = 0 and using the property that §(¢/a) = ad(t), we have
that the above derivative is equal to

2 E [Rlva-x,...,v-x) |qg- x| §(|vy - x|)] .
x~Ny

Notice that, if we did not have the term |q - x|, the above expression would be exactly equal to two
times the Gaussian surface area of the face with v, - & = 0, i.e., it would be equal to 2I'(F}). We
now show that this extra term of |q - | can only increase the above surface integral by at most a
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logarithmic factor. We have that

B[Rz @, ve @) a2l 0o )] = /EGFI bul(@)lq - wldu(@)

< / ba(@)|q - /1{lq - x| < Epdp(z) + / pa(@)q- z1{|q- 2| > e dpu(x)
xcF,

xc

<t Su@dp(e) + / da(@)lq- =1{lq- z| > E}du(z),

xcFy xcF

where dyi(z) is the standard surface measure in R?. The first term above is exactly equal to the
Gaussian surface area of the face F'. To bound from above the second term we can use the fact that
the face F is a subset of the hyperplane v; - & = 0, i.e., it holds that F; C {z : |v; - | = 0}. To
simplify notation we may assume that v; = e; and g = e (recall that v; and g are orthogonal unit
vectors), and in this case we obtain

/EF ¢a(z)lq - z[1{lq - | = }dp(x) S/ ba(@)|z2|1{|22| > }dp()

x1=0

1 +o0 L efzg/Qd
= — x To| > Ef——dx

= [ lnaltllel >
_ 1 en

™

Combining the above bounds we obtain that the derivative with respect to 6 of the expression
Ezn, [R(va-x,... v - x) 1{|v; - x| < 20|q - x|}] is equal to

2¢—E°/2

d
— . . . < . <
d6<mPNd [R(vs -, ..., 00 - @) 1{|v; - | < 26|q m|}]>‘9=0_2§F(Fl)+

By picking £ = \/2log(1 + 1/T'(F})), the result follows since up to introducing o(f) error we can
bound the term Pry. pr, [R(v1 - @, ..., v - @) # R(r - @, v3 - x, ..., v; - )] by its derivative with
respect to # (evaluated at 0) times 6. O

We can complete the proof of Lemma|[I3|using Claim[I0] In order to bound the disagreement of the
cones C7 and Cy we can start from C7 and change one of its vectors at a time so that we can use
Claim [I0] that can handle this case. For example, at the first step, we can swap v; for u; and use the
triangle inequality to obtain that

le\f/ [Ci(x) # Co(@)] < PJI\'[ [R(vi-@,...,vp @) # R(uy @, 02,05 - )]
+ Pj{‘[[R(ul-w,vg~w,...,vk~m)#R(ul'w,u2~w...,uk~a:)}
@~ Ny
< -0 T(F1)\/log(1/T(F) +1)
+ P/I\'[[R(ul-w,v2~w,...,vk-az)#R(u1-w,uz~w...,uk-w)],
z~Ng

where F; = F; (V@) is the face with vy - @ = 0 of the cone C. Notice that we have replaced v, by
w1 in the above bound. Our plan is to use the triangle inequality and continue replacing the vectors of
C| by the vectors of Cy sequentially. To make this formal we define the matrix A() € R¥*? whose
first « — 1 rows are the vectors w1, ..., u;_1 and its last k — ¢ 4+ 1 rows are the vectors v;, ..., Uk,
ie.,

AD _ % it 1<5<i—1,
Notice that A(Y) = V and A*+1) = U. Using the triangle inequality we obtain that
k . .
Pr [C)(x) # Ca(z)] < Pr [R(AWz) # R(A" V).
x~Ny N xz~Ng

i=1
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Since the matrices A and AG*1 only differ on one row, we can use Claim [10[ to obtain the
following bound:

1
Pr [C Coy(x)] <c-0- I'(F, A(z) —— +1.
g, [C1(@) 7 Ce@)] < - Z \/F(E-(Amm)) i

We now observe that the Gaussian surface area I'(F; (A" x)) is a continuous function of the matrix
A By flattening the matrix A(*) (since it is isomorphic to a vector z € R"2) and letting S, be the
induced surface {x : R(A®Wz) = 1 A v; - = 0}, it suffices to show that

i [ 6,(@)1{z € Suldn(@) = [ 6,(@)1{z € S.}du(a),

w—z

by the smoothness of the surface S,. Consider a sequence of functions (g,,) and vectors (w,,) so
that g, () = ¢p(x)1{x € Sw,,} and lim,, oo w,, = z. Note that |g,, ()| < 1 everywhere.
Hence, by the dominated convergence theorem, we have that

lim [ go(@)du(e) = / Tim_g,,(@)dpu(x) = / Ou(@) lim 1{z € S, Ydp(a).

m—o0

Since the sequence consists of smooth surfaces, we have that lim,, oo 1{& € Sw,, } = 1{x € S}
and so the Gaussian surface area is continuous with respect to the matrix A() for any i € [k].

Also, as & — 0, we have that A®) — V. This is because the sequence of matrices A(®) de-
pends only on the vectors u; and v; for j € [k] and the following two properties hold true:
0 = max;e[x) 0(vj, u;) and all the vectors are unit. Hence, as 6 tends to zero, they tend to be-

come the same vectors and so any matrix A(*) tends to become V. Therefore, taking this limit we
obtain that for § — 0 it holds that

g%Pr”Nd[Cl;)#@ Zr (Va))y/log (1/T(F;(Va)) + 1). (1)

We will now use the following lemma that shows that the surface area of any homogeneous polyhedral
cone is independent of the number of faces k and in fact is at most 1 for all k.

Lemma 14 (Gaussian Surface Area of Homogeneous Cones [Naz03])). Let C be a cone with apex at
the origin (i.e., an intersection of arbitrarily many halfspaces all of whose boundaries contain the
origin). Then C has Gaussian surface area T'(C) at most 1.

Using Lemma u we obtain that Z ( ;(Va)) < 1. Next, we observe that, when
the positive numbers aq,...,a; satisfy 2121 a; < 1, it holds that Zleam/log(l/ai) <
\/ Ele a;log(1/a;) < /log(k) (using the fact that the uniform distribution maximizes the entropy).
Using this fact and Equation (I), we obtain

Pr,.
lim — 2~V [Ci(@) # Co(@)] < cv/log(k) .
0—0 0
Thus, we have shown that, for sufficiently small 6, it holds that Pry.x,[Ci(x) # Ca(x)] <

cy/log(k)0, but, as we discussed in the start of the proof, the general bound follows directly from the
bound for sufficiently small values of § > 0. O

C Learning in Top-r Disagreement from Label Rankings

We prove the next result which corresponds to a proper learning algorithm for LSF in the presence of
bounded noise with respect to the top-r disagreement.

Theorem 6 (Proper Top-r Learning Algorithm). Fixn € [0,1/2), r € [k] and €,6 € (0,1). Let D be
an n-noisy linear label ranking distribution satisfying the assumptions of Definition[2] There exists

an algorithm that draws N = 0] ( 1d ’“2';

with probability at least 1 — 6, outputs a Linear Sorting function h : R* — Sy, that is e-close in top-r
disagreement to the target.

log(1/ 5)) samples from D, runs in poly(N) time and,
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The main result of this section is the next lemma, which directly implies the above theorem (using
the same steps as the proof of Theorem 5.

Lemma 15 (Top-r Misclassification). Let r € [k]. Consider two matrices U,V € R¥*? and let Ny
be the standard Gaussian in d dimensions. We have that

Pr (01 ,(Ux) # o1.,(Va)] <c-k-r-y/log(kr) -max0(U; —U;,V; = V;),
z~Na i#j
where ¢ > 0 is some universal constant.

Proof. Let us set 01 ,.(Wx) denote the ordering of the top-r alternatives in the ranking o(Wx).
Moreover, recall that o,(W x) denotes the alternative in the ¢-th position of the ranking o (W ). For

two matrices U,V € R¥¥? we have that
k r
Pr [0 (Uz) # 01, (V)] =Y Pr || J{i=0cUz).j #ou(Va)}
@~ Na o Ne |2

The first step is to understand the geometry of the set | J,_,{x : j = ov(Uz)} = {x : j €
o1.-(Ux)} for j € [k]. We have that this set is equal to

k]:|S|<r—114€S ¢S

In words, Téj ) iterates over any possible collection of alternatives that can win the element j
(they lie in the set of top elements S) and the remaining elements lose when compared with j
(they lie in the complement set [k] \ S). Overloading the notation, let us define the mapping

Tt) = T(tr, - te) = Xscpysi<r—11Lies H{ti = 0} [L;¢5 1{t: < 0}. Using this mapping,
we can define the indicator of the set Tl(]]) as T'((Uy —Uj) - x,...,(Uy — Uj) - ). The top-r
disagreement Pry.ar,[j € 01.-(Ux),j ¢ o1.-(V)] is equal to:

PJI\‘[ (U1 -Uj) =,..,.U,-U)) ) =1,T(Vi - V) - x,...,(Vi, = V) - &) =0].

xr~Ngqg

So we have that

kol

Pr [o1.-(Ux) # 01.,(Va)] Z Pr J(Ux) =1,T;(Va) =0] < Z Pr [T;(Ux) # T;(Va)).

mwd mwd mwd

In order to show the desired bound, it suffices to prove the following two lemmas.

Lemma 16 (Disagreement Region). Consider a positive integer r < k. For any j € [k], it holds that

o).

where ¢ > 0 is some constant and F} is the surface {x : j € o1 ,(Vx)} N{x:V;, -z =V, x}
for the matrix V. € R¥*4,

D(FY)

2

. Proon, [1;(Ux) # T; (V) j
élﬁ% 5 <c- EZM I'(F}),|log

and,

Lemma 17. Let FZJ , 7, k as in the previous lemma. It holds that

Z Z ) < 2kr.

i€[k] jE[k]

Applying these two lemmas, we get that

. Pro v, [T;(Ux T;,(Va)]
7 — lim Z]e[k] Nd[ J( ) 7£ J( Z Z log (

, H).
6—0 0 c[k] iclk] F(sz)
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Let us set IV (FY) = I(F?)/(2kr). Then we have that

: 1
Z <2ckr- Y > T'(F}),|log (W +1> :

JEK] i€[K]

It suffices to bound the quantity

; 1

'(F), |10 _ 41 :O(kr o k:r),

> 3, s 207
JElk] i€[k] g

where we used a similar “entropy-like” inequality as we did in the top-1 case. This yields (by recalling

that it is sufficient to consider only the case of arbitrarily small angles, as in the top-1 case) that

PJI\‘/ [o1.-(Ux) # o1, (Va)] < crk /log(kr) -m;gx oU;, —U;,V, - V),
x~Ng 1£]

for some universal constant c. O

C.1 The proof of Lemma(i6|

We proceed with the proof of the key lemma concerning the disagreement region. We first show the
following claim where we only change a single vector. Recall that

T(Vx) = Z Hl{vi-wZO}Hl{vi~w§0}.

S:|S|<r—1i€S ¢S
We will be interested in the surface F; := F} (V&) = T(Va)1{v, - € = 0}.
Claim 11. Let vy,...,v;, € R% and r € R with §(vy,7) < 0 for some sufficiently small § €

(0,7/2). It holds that

1
m{’j{'fd[T(vl v x) ET(r-x,va-x, ...,V - )] §c~9-F(F1)\/10g (I‘(Fl) +1>,

where Fy is the surface T(Vx) N{x : v1 - & = 0} and c is some universal constant.

Proof. We first decompose the sum of T'(V &) depending on whether 1 € .S or not. Hence, we have

that T(vy - @, ..., v &) =T+ (v1-@,...,v - &) + T (v1 - x,...,v; - x) where
T (v, x,..., 05 ) = Z Hl{vi-wzo}nl{vi-xgo}
SCIF]:|S|<r—1,1€5 i€S ¢S
= Z 1{vy -x >0} H 1{vi-x20}H1{vi~az§O}
SC[K]:|S|<r—1,1€S ieS\{1} ¢S
=1{v; -z >0} - Z H 1{vi-m20}H1{vi-m§0}
SCIk]:|S|<r—1,1€S ieS\{1} i¢S

= 1{v; - x>0} -G (vy-z,..., 05 - T),
and similarly

T (v x,...,vp-x) =1{v; - & <0} - Z Hl{vi-:cZO} H 1{v, -z <0}
SC[k]:|S|<r—1,1¢S i€S igS\{1}
=1{v, - z<0}-G (va-@,...,v5-T).
Notice that the indicator G* does not depend on the alternative 1 for s € {—, +}. Since T': RF —
{0, 1}, we have that

Pr T(vy -x,...,vp-x) ZT(r -x,vy-x,...,0 )]

x~Ny

= EN T(v1-x,...,0p-x) —T(r x,ve-x,..., v )|

xz~Ng

< s . . —T%(y - . .

> Z a:f\]j]./\fd“T (’01 Z,...,Vk (13) T (T L, V2 &,...,V ‘T)H
SE{—-;+}

= > EN[GS(vg-w,...,vk-x).|1{s-v1-mZO}_1{s-r-m20}u.
s
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Let us focus on the case s = 4. The difference between the two indicators in the last line of the
above equation corresponds to the event that the halfspaces 1{v; - & > 0} and 1{r - & > 0} disagree.
Hence, we have that |[1{v; - > 0} — 1{r - > 0}| = 1{(v1 - )(r - ) < 0}. Note that the above
indicator depends on both v; and r. We would like to work only with one of these two vectors. To
this end, let us introduce g, the normalized projection of  onto the orthogonal complement of v1, i.e.,
q = proj,.7/||proj,.7(|2. We have that v and g is an orthonormal basis of the subspace spanned

by the vectors vy and r. Notice that » = cos 6(v1,r)vy + sin 6(v1, 7)q, by the construction of q.
Our goal is to understand the structure of the region (vy - )(r - ) < 0. This set is equal to

{0<v < —(q x)tanb(vy,r)} U{—(q - x)tanb(vy,r) < v - & < 0}.

To see this, we have that (v -x)(r-x) = (vy-x)(cos O(vy, r)vy-x+sin6(vy, r)q-x). This quantity
must be negative. The left-hand set considers the case where v; - & > 0 and so tan 6(v1,7)(q - x) <
—wv; - . We obtain the right-hand set in a similar way. Thus, we have that the disagreement region
(vy - x)(r - x) < 01is a subset of the region {|v; - x| < |q - | tanf(vy,7)}. Since tan f(vy,7r) < 6
and we have that 0 is sufficiently small we can also replace the above region by the larger region:
{|v1 - | < 20|q - x|}. Therefore, we have

wNENd (Gt (vy-m,...,v5 @) L{(v1 - @)(r - ) < 0}}]

< E [Gtws-m,... 00 @) 1oy 2] < 20q-a]}] |
ac~./\fd

From this point, the proof goes as in the top-1 case. In total, we will get that

Pj{‘[ [T(vy-x,...,v-x) #T(r -x,v3-x,...,v )]
:wr\EN [(G+('UQ'.’B,...,’U]€'CC)"‘Gi('UQ'm,...,’Uk':B)) |qm‘6(|vlw|)]

<2 /  tu@)a- @lin(z)

< Z/EF da(x)|q - z|1{|q - x| < {}du(z) +2/ a(@)|q - x[1{|q - @| > E}du()

€ry

<ot [ pal@)dp(z) +2 / pa(@)lq - 2[1{]q - 2| > E}du(z).

xel xEFy

where dyu(x) is the standard surface measure in R?. Let us explain the first inequality above. Note
that the space induced by G~ (vy - @, . . ., vy - &) contains the space induced by G (ve -z, ..., vi - T).
Hence, in the integration, we can integrate over the surface I} = T(Vz) N 1{z : v1 - = 0}
twice. Essentially, this surface corresponds to 1{vy - @ = 0} - 3> g\ 13:51<r—1 1 Lies H{vi- @ =
0} Hi¢ s 1{v; - < 0}. Applying the steps of the top-1 case, we can obtain the desired bound in
terms of the Gaussian surface area of . O

Next, for fixed j € [k], we can apply the above claim sequentially (as we did in the end of the top-1
case) to get

. PrwNNd [TJ(U:B) s Tj(Va:)] J 1
lim 5 <c- Z [(F?),|log (F(F?.) + 1) ,

1€[k] z

for some small constant ¢ > 0.

C.2 The proof of Lemma(17|

Using the above result, we get that it suffices to control the value F(FZJ ), where FZJ is the surface
of T;(Vx)N{x : V;, - x =V, - x} for the matrix V and 4, j € [k]. We next have to control the
Gaussian surface area of the induced shape, i.e., the quantity

I'{z:jeo,(Ve)}n{x:V;-x =V, x}).

To this end, we give the next lemma.
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Lemma 18. Letr < k withr, k € N. For any matrix V' € R¥*4 and i,j € [k|, there exists a matrix
Q = QY e R¥*4 which depends only on i such that

D(F)):=T{z:jcor (V)}n{z:Vi-x=V;-x})<2- wgﬁd[j € o1..(Qx)].

Before proving this result, let us see how to apply it in order to get Lemma|[l7] We will have that

PIDIRN ZZ (e:jeo(Va)ni{e:Vi-z=V; a})

iclk] jelk] k] jek]

<2 Z Z Pr [j € o1 (QWx)

ielk] jelk)*

=23 B [01.,(Qa)]

x~N,
i€ (k] ¢

fgz
i€[k]
= 2kr.

Proof of LemmalI8| For this proof, we fix i, j € [k]. The first step is to design the matrix Q. As a
first observation, we can subtract the vector V; from each weight vector and do not affect the resulting
orderings. Second, we can assume that the weight vectors that correspond to indices which j beats
are unit. Let us be more specific Assume that initially we have that

(V; =Vy)-x>0.
The first observation gives that

(Vi=Vi)- x> (V,-V;) .

Let us set Q the intermediate matrix with rows V; — V;. The second observation states that the
inequalities where j beats some index ¢ are not affected by normalization. Note that Q; - = 0 and

hence Qz - < 0. Hence, dividing with non-negative numbers will not affect the order of these two
values, i.e.,

Q;- Qe T

Hlelz 1Qellz
Note that the above ordering is x-dependent, since the indices that j beats depend on x. However,
we can normalize any row of @ without affecting the fact that the element j is top-r (since the sign
of the inner products is not affected by normalization). This transformation yields a matrix Q@ = Q¥

and depends only on ¢ (crucially, it is independent of 7). For simplicity, we will omit the index ¢ in
what follows. For this matrix, we have that

{g:j€eo,(Qx),Q; x=0t={x:jco,(Va), V.=V, x}.

We will now prove that

T(F/
Pr [j €01.,-(Qx)] > (F) .
m~ d 2
Let us fix some « and set z/l = pronj:c and 2+ = pron]_L x. We assume that x lies in the set

{x:j € 01.,(Qx)}. This implies that there exist an index set I of size at least k — r so thatif £ €
then

1 1
(2]" aﬂ\ + (2],. T Ef (24 . 1ﬂ| + C?E .
Let us condition on the event
Q; -zt >Q, x*+
We hence get that

Qi-xl=(Q;-Q) Q=) >Q 2/ =(Q Q) (Q; =)
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Using that @; is unit, that the inner product between Q, and Q; is at most one and that Q; - ¢ is a
univariate Gaussian, we get that

Pr e (1-QQ) =0 = 1/2.

The above discussion implies that

Pr[j €01, (Qr)]= Pr(¥el)Q; =l +Q; =" >Qu x| +Q o]

ENNd T~INg

and so Pryn,[j € 01..-(Qx)] equals to

Pr [(Vel)Q;al > Qal | (Vel)Qpat > Qrat] Pr[(VEel)Qat > Qurat].

However, in the above product, we have that the first term is 1/2 and the second term is the probability
that j € o1 (Qx™r), ie.,

Prj € o1, (Qx"))

Pr [j € 01..(Qx)] > =T(F))/2,
z~Nyg 2
since the space in the RHS is low-dimensional and corresponds to the desired surface. O

D Distribution-Free Lower Bounds for Top-1 Disagreement Error

We begin with some definitions concerning the PAC Label Ranking setting. Let A’ be an instance
space and ) = Sy, be the space of labels, which are rankings over k elements. A sorting function or
hypothesis is a mapping h : X — Sj. We denote by hq(z) the top-1 element of the ranking h(z). A
hypothesis class is a set of classifiers H C S;'.

Top-1 Disagreement Error. The top-1 disagreement error with respect to a joint distribution D over
X x Sy, equals to the probability Pr, ,)p[hi(x) # o~ '(1)]. We mainly consider learning in the
realizable case, which means that there is h* € H which has (almost surely) zero error. Therefore, we
can focus on the marginal distribution D,, over X and denote the top-1 disagreement error of a sorting
function h with respect to the true hypothesis h* by Errp_ jx (h) := Pryup, [h1(x) # hi(z)].

A learning algorithm is a function .4 that receives a training set of m instances, S € X'™, together
with their labels according to h*. We denote the restriction of h* to the instances in S by h*|g. The
output of the algorithm A, denoted A(S, h*|s) is a sorting function. A learning algorithm is proper
if it always outputs a hypothesis from 7.

The top-1 PAC Label Ranking sample complexity of a learning algorithm A is the function

mfi’)ﬂ defined as follows: for every €,6 > 0, mfi’)ﬂ(e, d) is the minimal integer such that for

every m > mfi),;_[ (e,0), every distribution D, on X, and every target hypothesis h* € H,
Prs.pm [Errp, n+ (A(S,h*[s)) > €] < J. In this case, we say that the learning algorithm (¢, §)-
learns the class of sorting functions H with respect to the top-1 disagreement error. If no integer
satisfies the inequality above, define mfi)(e, 0) = oo. H is learnable with A if for all € and § the
sample complexity is finite. The top-1 PAC Label Ranking sample complexity of a class # is
mgzic 2(€,0) =inf 4 mg)ﬂ (¢, 0), where the infimum is taken over all learning algorithms. Clearly,
the above top-1 definition can be extended to the top-r setting.

In this section, we show the next result. We denote by L, j the class of Linear Sorting functions in d
dimensions with & labels.

Theorem 7. In the realizable PAC Label Ranking setting, any algorithm that (e, §)-learns the class
La i with respect to the top-1 disagreement error requires at least Q((dk + log(1/6))/€) samples.

D.1 Top-1 Ranking Natarajan Dimension

In order to establish the above result, we introduce a variant of the standard Natarajan dimension
[Nat89, BDCBL92, [DSBDSSI1 1} [DSS14]. For a ranking 7, we will also let L; () its top-1 element
and L3, () the ranking after deleting its top-2 part.
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Definition 3 (Top-1 Ranking Natarajan Dimension). Let H C Si¥ be a hypothesis class of sorting
Sfunctions and let S C X. We say that H N-shatters S if there exist two mappings f1, fa : S — Sk

such that for every y € S, L1(f1(y)) # L1(f2(y)) and L3, x(f1(y)) = Ls. k(f2(y)) and for every
T C S, there exists a sorting function g € ‘H such that

(Ve eT, g(x) = fi(z), and (ii) Ve € S\ T, g(z) = fa(z).
The top-1 Ranking Natarajan dimension of H, denoted d%) (H) is the maximal cardinality of a set
that is N-shattered by H.

First, we connect LR PAC learnability to the top-1 disagreement error with the notion of top-1 ranking
Natarajan dimension.

Theorem 8 (Top-1-Natarajan Lower Bounds Sample Complexity). In the realizable PAC Label
Ranking setting, we have for every hypothesis class H C SkX

0 (e.5)=0 (dﬁ)(ﬂ) +1n(1/5)> .

MpAc,H c

Proof. LetH C Sf be a hypothesis of sorting functions of top-1-Natarajan dimension dV =d N-

Consider the binary hypothesis class Hpi, = {0, 1}?~] which contains all the classifiers from
[dn] ={1,...,dNn} to {0, 1}. It suffices to show the following.

Claim 12. It holds that mis3, 5,(€,) > mpac 3, (€, 6)-

This is sufficient since we have that mpac ., (€,0) = (w) and VC(Hpin) = dn.
Let us now prove the claim.

We assume that the instance space is the set X'. Assume that A is a learning algorithm for the
hypothesis class H C SkX and Ay, is a learning algorithm for the associated binary class Hyiy,. It
suffices to show that A requires at least as many samples as Ay;,. In fact, we will show that whenever
Apin errs, so does A. Let S = {s1, ..., Say }, fo, f1 be the set and the two functions that witness that
the top-1-Natarajan dimension of H is djy. Given a training set (4, ¥;)ic[m) € ([dn] % {0,1})™, we
set g : X — Sy be equal to the output of the algorithm A with input (s, , fy, (%:))icim) € (S X Sg)™.
We also set f be the output of the algorithm Ay;, with input (z;,yi)ic[m) by setting f(i) = 1
if and only if L1(g(s;)) = L1(f1(s;)). We will show that whenever Ay;, errs, so does A. Fix
(xi,y;) € S x {0,1}. Assume that Ay, (z;) # y; and say y; = 0. Then f(i) = 1 and so
L1(g(si)) = L1(f1(s;:)) # L1(fo(s:)). This implies that A errs. The case y; = 1 is similar. O

D.2 Lower Bound for top-1 disagreement error for LSFs

Theorem 9 (Top-1 Natarajan Dimension of LSFs). Consider the hypothesis class L4 = {ow :
R — Sy : ow (x) = argsort(Wz), W € R¥¥}. Then, d%)(ﬁd,k) = Q(dk).

Proof. Fix k € N. Let us consider the case d = 2 that will correspond as the building block for
the general case d > 2. Let us first choose the set of points: Set P be the collection of pairs
P = {(2i — 1,2i)};ep) for any i € [b] with b = |k/2| and S = {2, },nep Where these points
correspond to |P| equidistributed points on the unit sphere in R2. This set of points has size
|P| = ©(k) and we are going to N-shatter it using Lo f.

Consider the matrix W € R¥*2 5o that { W }ie) correspond to the rows of W. The structure of
the problem relies on the hyperplanes with normal vectors (W; — W;),.; and our choice of W will
rely on these hyperplanes. For any m = (2 — 1, 2i), we set Wa;_1, W, on the unit sphere so that
Woi_1 - Wy =1 — ¢ with ¢ € (0, 1) sufficiently small (set arccos(1 — ¢) = 27 /(100k)) and let
C,,, be the cone generated by these two vectors with axis I,,,. We place W5;_; so that the distance
between x,, and the hyperplane I,, is sufficiently small (say that the angle between x,, and I, is
arccos(1 — ¢)/100). Note that the normal vector of I,,, is Wo;_; — W, and we place x,, so that
it has positive correlation with this vector. This uniquely identifies the location of W5;. Crucially,
each vector x,,, has the following properties: (i) ,, is very close to the boundary of the hyperplane
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with normal vector (Wa;—1 — Wa;), (ii) W1 - @, > Wo; - & > W - ¢, for any j ¢ m and
(iii) &, is far from any boundary induced by hyperplanes with normal vectors W; — W}/ for any

(4,4") #m.

Since the points are well-separated on the unit sphere, for any m = (2¢ — 1,2¢) € P, we have
Woi_1 - Wy; = 1 — ¢ = 1 and for any other pair of indices (¢, j) ¢ P, there exists ¢ = ¢(k) € (0, 1),
(Wi, Wj)| < c.

Forany m = (2i —1,2i) € P,weset W,,_; — Wi, = Ryp(Wo;_1 — Wy;) for some 6 to be chosen,
where Ry is the 2 x 2 rotation matrix. We choose 6 so that each point ., for m = (2i — 1,2i) € P
with (Wa;—1 — Wa;) - @, > 0 satisfies (W3, _| — W3,.) - &,,, < 0. The main idea is that since @,
has the properties (i)-(iii) described above, the rankings induced by the vectors Wa,,, and W'z,
will be different in the first two positions but the same in the rest.

Given the training set {&,, }mcp, We have to construct fy, f1 and verify that they satisfy the top-
1 Ranking Natarajan conditions. For m = (2i — 1,2i), we have that fo(x,,) = (2¢ — 1,2i,7)
and fi(x,;,) = (2i,2i — 1, 7) for some ranking 7 of size k — 2 that depends on m. Specifically,
we will set fo(x) = o(Wa) and f1(x) = o(W'x), where o gives the decreasing ordering of
the elements of the input vector. By the choice of the set S and W, W', it remains to show
that the k& — 2 last elements of the rankings fo(x,,) (say m) and of fi(x,,) (say m1) are in the
same order, i.e., L3 _x(fo(®m)) = Ls. k(f1(xm)) . Assume that v > v in 7. It suffices to show
that (W, — W/) - x,,, > 0, i.e., the order of u and v is preserved when transforming W to
W’. We have that (W,, — W,)) - x,,, > ¢; for some constant ¢; > 0 (¢; is the minimum over
(u,v) #m = (2i — 1, 24)). Hence, we can pick 6 small enough so that (W, — W) - x,,, > ¢ and
this can be done for any pair u, v that does not correspond to m. This implies that 7y = 7; = 7. In
particular, we have that

(W! —W)) - x, =cos(0) - (W, —W,) - xp, +sin(0) - (W Dz —w@zpy > ) >0

for some 6 sufficiently small, where W&tv) is the t-th entry of the vector W,, — W, for ¢t € {1,2} and
Ty, W, W, are unit vectors.

For any subset T" of S, it remains to choose a linear classifier in £ ;, (which is allowed to depend
onT). Forany T C S = {x,, }:mep, we consider the matrix W € R¥*2 so that for the i-th row
W, =W;l{i e m € T} +W/1{i € m € S\ T} for any i € [k]. This is valid since the pairs
m € P partition [k]. We have to show the following two properties: (i) (W z) = fo(z) forz € T
and (ii) o (W) = fi(x) forz € S\ T.

Assume that m = (2i — 1,2i) and @, € T. We have that fo(z,,) = (2i — 1,2i,7) and Wa;_1 —
Wy = Wo; 1 — Wy, and 50 2i — 1 = 2i in the ranking o(Wx,,). It remains to show that the
remaining (’2“) — 1 pairwise comparisons are the same in the two rankings. Let us consider a pair of
points u # v so that u = v in fo(a,,). It suffices to show that u = v in o(Wz,,).

1. If u, v are so that W,, — W, = W,, — W,,, the result holds.

2. If u,v are so that W,, — W, = W,, — W/: In this case, u and v lie in a different pair of
P and this implies that the correct direction is preserved if 6 is appropriately chosen. For
6 as above, it holds that (W,, — RyW,,) - x,,, has the same sign as (W,, — W,,) - . In
particular,

W - m—RgWy -y, = Wy, —(cos(0) WY —sin(0) W ) 2D — (sin(0) W, +cos(0) W )z

and so

(Wy = W) @, = cos(0) - (Wy — W,) - @, +sin(0) (W Dz —wHz2)) 5 ¢,

3. If u,v are so that W, — W, = W/ — W/

- the analysis for the inner product with x,,, will
be similar.

We now have to extend this proof for d > 2. We will “tensorize” the above construction as follows.
Let S = {Ym; fmep).je[d/2) With |S| = [k/2] - |d/2]. We first define the points of S: For s € [d],
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1212 Set Ypmj[8] = T [11{s = 2j — 1} + 2,,[2]1{s = 2j} with y,,,; € RY, i.e., yp; has the values of
1213 @&, at the consecutive entries indicated by m = (2¢ — 1,2¢) € P and zeros at the other positions.

1214 We have to show that the set .S is N-shattered. Given T' C S, we are going to create the matrix
1215 W € R¥*9, For illustration, think of each row of the matrix as having d/2 blocks of size two. If
1216 Y, € T withm = (2i—1,24), set the two associated rows (indicated by m) of W with Wa;_1, Wy,
1217 at the j-th block and with W, |, W3 otherwise. We will have that o(Wy) = fo(y) ify € T and
1218 o(W1y) = f1(y) otherwise and the analysis is the same as the d = 2 case. O

1219 E  Examples of Noisy Ranking Distributions

1220 Definition 4 (Mallows model [Mal57]). Consider k alternatives and let @ € Sy, ¢ € [0,1]. The
1221 Mallows distribution Myia (T, ¢) with central ranking 7 and spread parameter ¢ is a probability

1222 measure over Sy, with density Pr . s, (x,4)[0] that is proportional to ¢4 where d is a ranking
1223 distance.

1224  We focus on Mallows models accociated with the Kendall’s Tau distance d = dgr (the standard
1225  distance, not the normalized one), which measures the number of discordant pairs.

1226 Fact 2. When ¢ < 1, the Mallows model My (7, @) is a ranking distribution with bounded noise
1227 at most % < 1/2

1228 Proof. The following property holds [Mal57]

i) < o(i)lnti) < m(i)] = TSI - FULSTOS > 2a 12,

Pr
o~ Mumal (7,6)

1229 O

1230 The Bradley-Terry-Luce model [BT52, |[Luc12] is the most studied pairwise comparisons model. In
1231 his seminal paper, Mallows [Mal57] also studied the following natural ranking distribution:

1232 Definition 5 (Bradley-Terry-Mallows [Mal57]). Consider a score vector w € ]Ri with k distinct
1233 entries and let w be the ranking induced by the values of w in decreasing order. The Bradley-Terry-
1234 Mallows distribution Mprm (w) with central ranking 7 is a probability measure over Sy, with density
1235 PT oy (w)[0] that is proportional to ||

i=5J wiﬁiwj .
1236 Lemma 19. There exists a real number 0 < 1 < 1/2 so that the Bradley-Terry-Mallows distribution
1237 Mprm(w) is a ranking distribution with bounded noise at most 1.

1238 Proof. In the standard Bradley-Terry-Luce model, the pairwise comparison between the alternatives
1239 1,7 is a Bernoulli random variable with Pr{i > j] = w;/(w; + w;). The Bradley-Terry-Mallows
1240  distribution can be considered as the Bradley-Terry-Luce model conditioned on the event that all the
1241 pairwise comparisons are consistent to a ranking. Hence, we have that

1 (o
w; + wj

Pr o] =
UNMBTM('LU)[ ] Z(k7w) i

1242 Letusset A;.; = {0 € Sy : 0(i) < o(j)}. We are interested in the following probability

Pr [i =0 jlw; > wj] = Pr lo(i) < o(j)|lw; > w;] = Z H

~M ~M wg
o BTM (W) o BTM (W) UE.A1>7P>-(7'q p+ q

1243 Note that in order to show the desired property, it suffices to show that
)N | rewrt D DI | Brerwret
€A PFod 9 g€Ai<;Proq Wp a

1244 First, observe that there exists a correspondence mapping o € A;.; to A;_;, where one flips the
1245 elements ¢ and j. Hence, it suffices to show that the mass of the ranking (u, )i(up)j(u.) is larger than
1245 the one of the ranking (u,)j(up)i(uc), where ug, up, u. are permutations of length between 0 and
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1247k — 2 with elements in [k] \ {¢, j }. For the two above rankings, the only terms of the product that are
1248 not identical are the following

w; w; Wy > w w Wy
Wy + W o, Wi + Wy Wy + Wj Wy + W o, Wj + Wy Wy + W

)

1249 since w; > w; and so the result follows. O
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