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A Derivation of continuous time version of GRU

In this section we derive the continuous-time version of the GRU model. Note that our definition
of the GRU differs from the original version, presented in [3], by inverting the role of the u{* and
1—uf® terms in the updates equations for y{*’ (a change in sign). This substitution does not change
the behavior of the model but simplifies the notation in the continuous-time version of the model.

We first rewrite the dynamics of a layer of GRU units at time step ¢ from Eq. (1) of the main text,
separating out the input and recurrent weights:

ul® :O'<qu<t> +V,yt b +bu) , r® :cr(UTx@> +V,yib +br),
(SD
z<t>:g(sz<t>+vz(r<t>@y<t*1>)+b2), y® =u®oz® 4 (1—u®)oyt-1),

we can write this as

y{ —y =1 = B oy t=1) L g oz ™), (S2)
Note that u here is equivalent to 1 = 1 —u used in the standard GRU model. Eq. (S2) is in the form
of a forward Euler discretization of a continuous time dynamical system. Defining y () =y {1, we
getr(t)=r® u(t)=u? z(t)=z". Let At define an arbitrary time step. Then Eq. (S2) becomes:

V(A8 —y () = —u(t)e(y(t) +a(t) At (s3)
Dividing by At and taking limit At — 0, we get:

y(t)=—u(t)o(y(t)—2(t)), (s4)
where y(t) = d’(']l(tt) is the time derivative of y ().

B Full details of the continuous time EGRU

In this section we establish the continuous time version of the EGRU model. To describe the event
generating mechanism and state dynamics it is convenient to express the dynamical system equations
in therms of the activations ay.

We first rewrite Egs. (3) & (4) of the main text, as:

fao, = Tsaxtax +bx=0, xe{u,rz} (S5)
fe = tme(t)+tu(t)o(c(t)—z(t)) = Tne(t)— F(tay,,aqa,,c)=0. (S6)

We write the event transitions for ¢ at network event ¢, € e, e, = (s,,n, ), where s, are the continuous
(real-valued) event times, and n,, denotes which unit got activated, and using the superscript .~ (.7)
to the quantity just before (after) the event, as:

e (s)=0n, ¢t (s)=0,  ch(s)=cp(s0). (S7)
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where m #n,, denotes all the units connected to unit 7, that are not activated. At the time of this event,
the activations ax », (X € {u,r,x}) experiences a jump in its state value, given by:

oy i (81) = Qg 1 (81) +Vumm, Xy (51), (S8)
@ (5) = A (8) +Ormm, X €5, (54), (S9)
al o (s)= az,m(sk)—kvznmermxc (), (S10)
g, (81) =g, (5)- (S11)

External inputs also come in as events é, € €, €, = (s,,i,), where s, are the continuous (real-valued)
event times, and 7, denotes the index of the input component that got activated. Only the activations
ax,; for the [-th unit experience a transition/jump on incoming external input events, as follows:

a;l(sk) :a;l(sk)+uxylnk X 24, (s), (S12)

where z;, (s) = (x(s));, is the i,-th component of the input x at time s,. The internal state ¢ remains
the same on the external input event. Thatis, ¢, =c¢; .

C Derivation of event-based learning rule for EGRU

In this section we derive the event-based updates for the network weights. The update questions yield
different results for the recurrent weights (Vy), biases (bx) and input weights (Ux), which are derived
in the remainder of this section. To increase readability important terms are highlighted in color.

C.1 Gradient updates for the recurrent weights V

We first split the integral Eq. (7) across events as:

Sk41

L= Z/ D+Acfot D Aoy fay |t (S13)

xe{u,r,z}
Then taking the derivative of the full loss function, we get:

N

> / FAc St D Aay S |dt p (S14)

k=0" % xe{u,r,z}

ac  d
dvji N d’Uji

By application of Leibniz integral rule we get,

o d3k+1 dSk Sk 8£c Jdc
_gc(ca8k+l) dvjz _KC(cask) dv]z +/5 aC : avjz dt (Sls)
and
d [+ )
/ A, fodt (S16)
(11‘_,‘;. s
s df, d dc _OF
= c* - = c’ mTT 17
: A vy, dt /Sk A {7’ 7 8'Uji+avji}dt (S17)
dc 1%
= Tm c a. 1
T {A 8vjiLk (S18)
s o Be OF\" dc OF \" dax
—Tm Acrm—+Ac - dt, S19
T /Sk 8vﬂ+ (8c> 8’Uﬁ+ Z (ﬁax> 6‘vj¢ ( )

xe{u,r,z}

where we first apply Gronwall’s theorem [5], then integration by parts, and M7 denotes the transpose
of matrix M. £.(c(t),t) is the instantaneous loss evaluated at time ¢. Similarly,

g”‘ d Day Oay
- 2
I /// E Ao, fa d / {TS dt 9y, +5'11j¢ }dt (S20)

xe{u,r,z} xe{u,r,z}

ZTS|:)\ -83"] —rs/“ {)'\ DAy -8a"}dt, (S21)

ax ax ax
dvji S 0vj; O0vj;




b —.

40 SInce v

41 Substituting these values into Eq. (S14), and setting the coefficients of terms with 8‘19_ and gj? to zero
ji Ji

42 (using the fact that we can choose the adjoint variables freely due to f. and f,, being everywhere zero
43 by definition), we get the dynamics of the adjoint variable described in Eq. (8). The adjoint variable
44 is usually integrated backwards in time starting from ¢ = 7', also due to its dependence on the loss
45 values (See Fig. S2). The initial conditions for the adjoint variables is defined as A, =X, =0.

46 Setting the coefficients of terms with 6?; and g;x to zero allows us to write the parameter updates as:
L & day dc™ dct
dvji {(l_ < o’ 81} @ Ju, >+Tm<>\c.8v--_)‘j.8v-->}
P — ji i
(S22)
N
:Z€X7ijk (523)

47 To define the required jumps at event times for the adjoint variables, we start with finding the
s relationship between 2 Bv and3 3“ . Egs. (S87) define s, as a differentiable function of v;; under the

49 condition ¢, #0and c+k #0 due to the implicit function theorem [ 16, 17].
Cp—Un, =0 (S24)
dc, dc; Os
o fe =0 S25
8vji + ds 8vji ( )
oc,, Os
L ¢ —=0 S26
8113‘1' +cnk (%ji ( )
0 —10c,;
e (527)

8Uji Cn,, (%ﬁ

n;‘

50 where we write 2o = ¢, and ¢, #0. Similarly,
¢ =0 (528)
[oleny 0Os
Tyt 22— ($29)

8vjl- ™ 8vjl-
51 which allows us to write
+ ot
dcy ¢ Ocy,

En, S30
8113-1- an 611]1 ( )

52 Similarly, starting from ¢;}, =c;,., we can derive

oct, _Ocy, 1 9c,

= E (e —eh S31
81}]‘1‘ 8Uji Cn,, 8’0]‘2‘ (Cm Cm) ( )
53 For the activations ay, we use Eqgs. (S8)—(S11) to derive the relationships between g“* and g%x B
Jji
54 Thus, we have:
dat,, 0ay,, 1 VmnTxn Cn Oc, ar_n Txn OC,
% = % - - .f . . +6znk5jmc +Cn 'Umnk X —C_ Umn X’, . L
ﬁvji 81}ji Ts Cn, 31)]1 * 8 Cn, 81)]1-
(832)
Oaif day
I _ X, (533)
(‘3vﬂ avji

55 wherery=0if X € {u,r} andry=rif x={z}.
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Substituting Egs. (S30),(S31),(S33), (S32) into Eq. (S22), we get:

St = (E=t) (A_ -2 >+T Do A m(em—ch) (834
X,ijk 81}3‘1‘ C.;Lk c c m c,my, C;k C,my [ e

+Z Xnk nk Z Umn - m+TSZ Xnk ’I’Lx Z Umn axm (835)

m#£n, b om#En,

T Y 5 Ocin Tm—Am)  (S36)
m#n

TSZ 8X 2 (N, = A n) =6 G (ay ) Z UmnAax,m " (S37)

(]
Ji m#n,,

TSZ Z 8ax ,m ;Mm_)\;;,m) (838)

X m#n,

—Ts 57‘.”‘6 T)an CT_Lk Z 5]7”)\2_)( ,m (539)

m#mny,

where we use ry = G(ay) to denote G(a,) =r and G(a,) = G(a,) =1, d4p is the kronecker delta

defined as:
1 if a="b,
Oab = { 0 otherwise (540)

Oc

- day
o7 and

v, 10 0 (again, using our ability to choose the adjoint variables

Setting the coefficients of

freely), we can get both { ;1 and the transitions for the adjoint variables.

For the parameter updates we get:

Eik=—Ts0im Txm Cr. > OjmAdy m (S41)
m¥£n,,

—TeTy iCi A 42

=TTy iCi Naygj- (842)

The jumps/transitions of the adjoint variables are:

A = Nay.m (S43)
M =i = G (axn0) Y Omn A (S44)
m#£ny
Am=Aem (S45)
Tmc;)\jnk =—(&—4; )+ Tmln Acn, +Tm Z )‘Zm(é;z_é;;)
m£n,,
+TscmZ< iy ) R (S46)
X m#n,

where (¢F — £7) denotes the jumps in the instantaneous loss around event time s;. Thus, all the
quantities on the right hand side of Eq. (S22) can be calculated from known quantities.

C.2 Gradient updates for biases by
Proceeding similarly for the biases by for each of X € {u,r,z} (dropping the subscript X for simplicity):

ak db Z / X fot D Aayfay |dt g (S47)

xe{u,r,z}
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the £%2 term can be shown to be:

X,ik
= /  Aagadt (S48)
with
N
dc .
= & (S49)
Y k=0

C.3 Gradient updates for input weights Uy
Proceeding similarly for the input weights Uy for each of X € {u,r,z} (dropping the subscript X for
simplicity):

N

Z/ Ce(e(t) )+ Ae-fot Y Xay-fay |t - (S50)

k=0" Sk xe{u,r,z}

ac  d
du g - du .

the £ term can be shown to be:

X,jxk
G =—T A (S51)
with
nput
i Zs (552)

D Details of experiments

D.1 DVS128 Gesture recognition

In this experiment we use Tonic library [ 10] to prepare the dataset. The recordings in the dataset are
sliced by time without any overlap to produce samples of length 1.7 seconds. The data is denoised
with a filter time of 10ms and normalised to [0;1] before being fed to the model. The positive and
negative polarity events are represented by 2 separate channels. Our model consists of a preprocessing
layer which performs downscaling and flattening transformations, followed by two RNN layers. Both
RNN layers have the same number of hidden dimensions. Finally, a fully connected layer of size 11
performs the classification. We use cross-entropy loss and Adam optimizer with default parameters
(0.001 learning rate, 81 =0.9, $2 =0.999). The learning rate is scaled by 80% every 100 epochs.

We use additional loss to regularize the output and increase sparsity of the network. The applied

regularization losses are shown in Equation S55. L. is applied indirectly to the active outputs and

L.t is applied on the auxiliary internal state c§t>, the threshold parameter ¥J; is detached from the

graph in the second equation so the loss only affects the internal state. We set the regularization weights
Wyeg and w, to 0.01 and 0.05 respectively.

Fig. S3(a) shows comparison of training curves for LSTM, GRU and EGRU, mean activity of the
EGRU network is also shown, the network achieved 80%-+ sparsity without significant drop in accuracy.
The activities of LSTM and GRU are not shown in Fig S3(a) since they are always 100%. In our
experiments we calculate sparsity of these networks as average number of activations close to zero with
an absolute tolerance of 1 x 10~%, however in Fig. S3(b) we show that even if we increase the absolute
tolerance to 1 x 10~3, the sparsity of these networks is still an order of magnitude lower than EGRU.

N nunits
Lyeg=1reg ( N ZZH(C ) —0.05) (S53)

N Nuynits
Laet =Wy ( N s 2 D) ei—(9:-0.05) > (S54)

=1li=1

(S55)

where N spans mini-batch.
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D.1.1 Ablation study

We performed ablation studies, showing the performance of the EGRU models with variation of the gat-
ing mechanism. All models in this study are a variation of our EGRU(1024) model. The results of these
experiments are presented in Table S2. By using a scalar threshold ¥ where all units share a same thresh-
old parameter we find that the accuracy drops by 2% but the the activity sparsity is increased to 90%.

Next, we evaluate a model with ‘hard reset” where the auxiliary internal state C§t> is set to 0 every time
an event is emitted by an unit. We observe a drop in accuracy since this hard reset essentially ignores
the input between ¢ — 1 and ¢. This drop in performance might be significant for applications which

require high temporal resolution, which necessitates the term —y<t71> in Eq. (2).

D.2 Sequential MNIST

All the weights were initialised using Xavier uniform distribution, while the biases were initialised
using a uniform distribution. The unit thresholds were initialised using a normal distribution with
mean 0 and standard deviation of 1/2, but was transformed to be between 0 and 1 by passing through
a standard sigmoid/logistic function after every update. In all the experiments, we used a batch size
of 500, and trained the network with Adam with default parameters (0.001 learning rate, 5, = 0.9,
B2 =0.999) on a cross-entropy loss function. We used gradient clipping with a max gradient norm
of 0.25. All models were trained for 200 epochs. The outputs of all the units were convolved with
an exponential filter with time constant of 10 time units i.e. with e10 to calculate an output trace. The
value of this trace at the last time step was used to predict the class through a softmax function.

D.3 PTB Language modeling

Our experimental setup largely follows [13]. In particular, we download and preprocess PennTreebank
with their published code !. Words are projected to a 400-dimensional dense vector by a linear
transformation, followed by three RNN layers. The first two RNN layers feature the same hidden
dimension, while the hidden dimension of the last RNN layer always equals the word vector embedding
dimension. As common in language modeling, we apply cross entropy loss and use weight tying [0, 14].

We apply the regularization strategies of [13]. Backpropagation through time is conducted with a
variable sequence length. With 95% probability, the sequence length is drawn from A/ (70,5), and with
5% probability the sequence length is drawn from A/ (35,5). We apply variational dropout [4] to the
vocabulary with probability p=0.1, to the word embedding vectors with probability p=0.4 as well as
to each layer output with probability p;. DropConnect [ | 5] was applied to the hidden-to-hidden weight
matricies with probability pj,. While vocabulary dropout and embedding dropout where fixed for all
models, we tuned layer-to-layer and hidden-to-hidden dropout rates for each model individually. We
experimented with both Adam [7] and NT-AvSGD [13] optimization procedures. While Adam lead to
competitive results for all models, only LSTM models converged using NT-AvSGD. When optimized
with SGD based optimizers, both GRU and EGRU fell behind Adam optimized models. Thus, we
optimized all models with Adam, and set momentum to O as reported in [12]. Weight decay was set
to 1.2 x 1075 as reported in [ 13]. Gradient clipping was applied to all models, where the magnitude
of clipped gradients only made very small differences in results. We trained our models for 800 total
epochs. The first 400 epochs were trained at constant learning rate A\. Then a cosine decay from A
to 0.1\ was applied for the remaining 400 epochs.

Parameter search was conducted exclusively on the PTB training and validation set. See table S4 for
detailed hyperparameters of the best models.

Our experiments exhibit both forward and backward sparsity also for the challenging task of language
modeling. For this task, we don’t apply any explicit loss terms to improve sparsity. Figure S4 shows
how sparsity evolves during the training process. It is evident that forward sparsity naturally evolves
from EGRU, even without explicit sparsity regularization. The sparsity of the backward pass is
governed by the width parameter € of the pseudo-derivative. We experimented with different values
of e on PTB. As shown in figure S5 backward sparsity increases with smaller values of € as expected.
At the same, time convergence speed is slightly limited. For the sake of demonstrating competitive
performance, we thus choose € =1 for the language modeling results reported in this work.

"https://github.com/salesforce/awd-1stm-1m


https://github.com/salesforce/awd-lstm-lm

reference  architecture para-  effective  accu-  activity backward
(# units) meters MAC racy sparsity  sparsity
ours LSTM (867) 16.28M  2097M  87.89% 0% -
ours GRU (1024) 15.75M  15773M  88.07% 0% -
ours EGRU (512) 5.51M 4.19M  88.02% 83.79%  53.55%
ours EGRU (1024) 15.75M  10.54M  90.22% 82.53%  56.63%
ours EGRU+DA (1024) 15775M  10.77M  97.13% 78.77%  58.20%

Table S1: Model performance over multiple runs for the DVS Gesture recognition task. Effective
number of MAC operations as described in section 3.5.

model accuracy  activity sparsity

EGRU(1024) 90.2 82.5

without regularization 89.3 76.5

scalar 88.3 90.8

hard reset 87.2 90

Table S2
architecture | parameters effective test activity backwards
(# units) MAC accuracy sparsity sparsity (%) at
(%) (%) epochs 20/50/100
(mean+tstd) | (meantstd) | (mean-=std) (mean-tstd)
GRU (512)* 791K 795K 98.7+0.2 - -
GRU (590) 1.049M 1.054M 98.7£0.1 - -
EGRU (590) 1.048M 210K£51K | 95.5+1.6 80.5+4.9 | 24.94+6.8/26.1+£5.9/
26.0+£4.3

Table S3: Model performance over 4 runs for sequential MNIST task. Test scores are given as
percentage accuracy, where higher is better. (*) mean over 3 runs. The fourth run was unsuccessful

due to network instability.

RNNcell | val ppl val ppl hidden | learning | batch | dropout | dropout | gradient
best | mean=std ‘ units rate ‘ size ‘ Ph ‘ i ‘ clip
LSTM 61.0 | 61.2+0.2 | 1150 0.003 40 0.5 04 0.25
GRU 75.1 75.2+0.1 1350 0.001 80 0.5 0.4 0.25
EGRU 1350 0.0003 80 0.5 0.3 2.0
EGRU 2700 0.0003 80 0.5 0.3 2.0

Table S4: Best parameters for the trained models. Mean and uncertainty are calculated from 10 runs

with different random seeds.

reference | architecture para- | effective | validation | test | activity
(# units) meters MAC sparsity
ours LSTM (1150) 24M 24M 63.6 59.7 -
ours GRU (1350) 24M 24M 74.8 70.1 -
ours EGRU (1350) | 24M 5.4M 73.1 68.48 | 85.7%
ours EGRU (2700) | 76M 8.4M 72.0 67.8 | 91.3%

Table S5: Model performance over multiple runs for PennTreebank. Validation and test scores are
given as perplexities, where lower is better. Sparsity refers to activity-sparsity of the EGRU output,
and effecive MAC operations consider the layer-wise sparsity in the forward pass.
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E Dataset licenses

Penn Treebank [!1] is subject to the Linguistic Data Consortium User Agreement
for Non-Members 2. Following [13], we download Penn Treebank data from http:
//www.fit.vutbr.cz/ imikolov/rnnlm/simple-examples.tgz.

LDC Not-For-Profit members, government members and nonmember licensees may
use LDC data for noncommercial linguistic research and education only. For-profit
organizations who are or were LDC members may conduct commercial technology
development with LDC data received when the organization was an LDC for-profit
member unless use of that data is otherwise restricted by a corpus-specific license
agreement. Not-for-profit members, government members and nonmembers,
including nonmember for-profit organizations, cannot use LDC data to develop or
test products for commercialization, nor can they use LDC data in any commercial
product or for any commercial purpose.

The DVS128 Gesture Dataset [1] is released under the Creative Commons Attribution 4.0 license
and can be retrieved from: https://research.ibm.com/interactive/dvsgesture/. We used
Tonic library [10] for Pytorch to preprocess data and to apply transformations.

The sequential MNIST task [8] is based on the MNIST dataset first introduced in [9].

F Hardware and software details

Most of our experiments were run on NVIDIA A100 GPUs. Some initial hyper-parameter searches
were conducted on NVIDIA V100 and Quadro RTX 5000 GPUs. We used about 12,000 computational
hours in total for training and hyper-parameter searches. All models and experiments were implemented
in PyTorch. For the continuous time EGRU model, we also used the torchdiffeq [2] library.

The machines used for the DVS128 gesture recognition task and for the PTB language modeling task
feature 8x NVIDIA A100-SXM4 (40GB) GPUs, 2x AMD EPYC CPUs 7352 with 24 cores each, and
1'TB RAM on each compute node. For each run, we only use a single GPU, and a fraction of the cores
and memory available on the node to run multiple experiments in parallel. The nodes operate Red
Hat Enterprise Linux Server (release 7.9).

Zhttps://www.ldc.upenn.edu/data-management/using/licensing
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Figure S1: Illustrate the event-based state dynamics for two EGRU units (7 and j) (A) Forward
dynamics. Information only propagates from units that generate an event. (B) Backward dynamics.
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increases the speed of convergence 5x, while increasing the total amount of computation per sample

only 2x. The total amount of computation is adjusted for network size. The smaller subsampled 14x14
SMNIST task was chosen here for reasons of computational limitations.
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