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Supplementary Material for:

Risk Minimization from Adaptively Collected Data:
Guarantees for Supervised and Policy Learning

Anonymous Author(s)

A Proof of the maximal inequality for IS weighted sequential empirical
processes

A.1 Preliminary lemmas

For any sequence gy, . .., gr of conditional densities and any finite sequence (1.7 := ((;)i; of
O — R functions, let
> 1/2

pr.g(fir) == prg.. (frr),

where we set g; := g for every ¢ € [T].

Prg1r (Crr) < Z G113

For any conditional density g : (a,z)A x X — g(a | x), let

Lemma 4. Any pr g, .. as defined above is a pseudonorm over the vector space (O — R)T.

Lemma 5. Consider g* and ¢1, ..., gr as deﬁned in the main text. Suppose that assumption[I| holds.
Then, for any finite sequence of functions ((;)I_; € (O — R)T,

g*
PT,g1.1 (Cl:T) <™ pr.g- (Crr)-
g1:.T

If all elements of the sequence (; are the same, that is, if there exists ¢ : O — R such that {; = ( for
everyt € [T, then

g*
Prionee (cm) < A2 ¢l
gi.T

Lemma 6. Let (1., ..., (N be J Oy.p-predictable sequences of O — R functions, and let A be

an Op-measurable event. Then, for any r > 0 and any b > 0 such that maXe|[N],te[T] HCt loo <0, it
holds that

1< . .
E [max =30, ~ B )G (01,0, (Gr) < 7) | A

i€[N] e}

< \/log(l + N/P[A])

t

+ glog(l + N/P[A]).

A.2 Proof of Theorem/I]

Proof of Theorem[I] We treat together both the general case where, for each f, {1.7(f) is an Oy.p-
predictable sequence, and the case where, for every f, there exists a deterministic £(f) : O — R
such that &(f) = &(f) for every t € [T']. We refer to the former as case 1 and to the latter as case 2
in the rest of the proof. In case 1, we let pr := p7**, and in case 2, we let pr := pr.

From a conditional expectation bound to a high probability bound. Let z > 0. We introduce
the following event:

A= {sup My (f) > ¢($)} )

FEF
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where

umx):if{r—+—VG¥ K\/bgu-+AM(aETvﬂnw>ﬁk

B max —_
+ WTT log(1 + Ny (7, Er, p1.g+))

E ,y,lz'z‘laxx
Tt T }

where C'is a universal constant to be discussed further down. Suppose we can show that

ool

Then, we will have that ¢)(x) < ¢ (log(2/P[A])), that is P[A] < 2e~*, which is the wished claim.

E |sup Mp(f)| A

fer

Setting up the chaining decomposition. Let ¢y := r, and, for every j > 0, let¢; := €02~ 7. For
any j > 0, let

B = {(F oML ke [N
be a minimal (e;, pr ¢+ )-sequential bracketing of Z¢. For any f € F, let k(j, f) € [N;] be such that
MR < ¢, (f) < w0 forevery t € [T,
and let Ag’f = U;Z’k(j’f) — /\f;”““’f) and v/ = Ug’k(j’f). For any j > 0, let N, := 3:0 N;. For

any j > 0,and t € [T] let
N T Vi
P\ og(1+ N;/PIA]) v

Let J > O such thatey1 < r~ < €. The integer J will be the maximal depth of the chains in our
chaining decomposition. For any ¢ € [T], f € F, let

7(f) = inf {j >0: A0 > ajvt} A,

be the depth at which we truncate the chains, adaptively depending on the value of Ag 1 so that
AP 1(7(f) > 4) is no larger than a;.¢ in supremum norm at any depth j.

For any f € F and any ¢ € [T, the following chaining decomposition holds:

J
&(f) =D (&(f) —u AP (f) = )
=0

J

tip of the chain

J
+ ) @ Aw ™ = TN (f) = §) + (T = T (f) > )}
j=1
links of the chain
+ u(t))f
~~~

root of then chain

Control of the tips.

15



e Case j = J. We have that
72 So, — P,
ZP g AJf
_T

J,
”At f”l,g*

=J)

574

<§t<f> —u AT I(R(F)

HMH

T
1/2
(TZHA”Hzg)
<€J

575 Therefore
T *
L)) — u Al T (m () = T) | A] < ey

1
E |sup = d0,-pP
fe]__TZ( t

e Casej < J.

576
T . .
uf Al () = )

! Z(éOt - Pgt)i%(gt(f) -

T
B \/log(lJrNj/P[A]) 1 lZ%

T \/ﬁTthl

e 1080 TP,

T

(The last inequality is an equality in case 2)

577
We start with bounding the p7 4, ,. pseudo-norm of the IS weighted links

s Control of the links.

579 We have that
g g
. -1, i—1,
PT,g1.7 (((uifMi T —uf f) )
gt t=1

* T
9 i j—1,
SpT;gl:T (((ui I ui ' f) >
gt t=1
<VATPTg" (UJ1 —ulp f)
?T {pT,g* <uj175’ - Sl:T(f)) + PT,g* (gl:T(f) - ul T1 f)}

§v ?Teja

where we have used lemma [3] is the third line and where the fourth line above follows from the

580

581 triangle inequality.
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593

594

595

We now bound the supremum norm of the links. For every ¢t € [T,
it ™ 1) =)
=(u” Al = &) = )
= (" —€(MN(m(F) = J)-
Using the definition of 7(f), we obtain
0< (! Aul ™ =& (D) =) < (™ = &) = 5) < aj-1a S aj,
and

0< (u] " —&(M(n W(f)=7) < aj—1t Saj_14.
Therefore,

*

3 i1, i1, )
— (“i ! Ay F- uy f) 1(7(f) :J)H Svaje =b;

oo

max
te[T)

where

bi = € T7T
7 7\ log(1 + N;/P[A])
Similarly, we have

0< (@ —&(MUn(f) > 5) Saze and 0 (uf ™ —&(NUR(S) > 5) < aj-1,
and therefore, for every ¢ € [T]

‘ T (ud ™ = af ) Um(f) > j)H < naje = b

gt 0
,l g* . - . . . . .
o = T w0 =)+ @ = ) > )

Denote

Observe that as f varies over F, v{’:’; varies over a collection of at most N; x N;_; < N; elements.
Therefore, lemma |§| yields

T
sup — Z do, — Py,) vg f]

rer T &

<€j\/7T10g( 7 N;/P [A])+%log(1+Nj/P[AD

~

Arlog(1 + N;/P[A])
SJej\/ T :

Control of the root. For any f such that pr g« ((£:(f))7_;) < 7, we have that
* 0,
P02 (9" /ge)ug ) Ey)

ATPT,g* (u?’;)
§T(PT,g (U1 =& r(f)) + P19+ (& (f))-

Without loss of generality, we can assume that max;¢[r |ud||o < B, since thresholding to B
preserves the bracketing property. Therefore, max;c|7 ||(9*/ g)ud |0 < YR Be.

Then, from lemmal 6]

E

o {;2(5@ = Palf) s £ € Foprg (GN)E) < H

o )P e )
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596 Adding up the bounds. We obtain

i ) ),

root contribution

+ﬁ2 os (14 77

links contribution

fze”‘)g( ) e

tip contribution

~— J N N

YT Nj B,.y,}nax NO
< 1/72 , 0
Seg+ Tj_oe]10g< P[A]>+ T log<1+P[A] .

597 We use the classical technique from finite adaptive chaining proofs to bound the sum in the second
s98 term with an integral [see e.g. |8} 157]]. We obtain

J

N; " 1
. < = N -
E ¢jlog <1+ [A]> N/r \/log(1+NH(e,_T,pT’g ))de + log (1+ F[A])'

7=0
A [T =
+ ?/T7 \/log(l—l—N[](e,:T,pT,g*))de

max

B’YT

E lsup Mr(f)| A
feF

s99 Therefore,

E |sup Mr(f)| A

feF

log(1 + Nyy(r, E7, pr,g+)

/'YT | ,ernax 1
log 1+ log (1+P[A]>'

e0o Therefore, for an appropriate choice of the universal constant C’ in the definition of 1), we have that

(o7t

601 which, from the first paragraph of the proof, implies the wished claim. O

E |sup Mr(f)| A

fer

s B Proof of theorem 4]

Proof. We begin with stating a few basic facts. From the range condition on ) and F, the loss

diameters assumption (Assumptlon' 3) holds with 1o = B = M, and v M and 4M are envelopes for
F and £(F), respectively. From the assumption E] on the entropy of F, we then have

logN[](V 67]:7H'||279*)§€ P
Since f — ¢(f,-) is v M-Lispchitz (Lemma , Lemmayields that

IOgN[](4M€a€(‘F)a H ’ | 2,5]*) 5 N[]( \ Mevé(F)7 || : HQ,g*) 5 e P
603 Therefore, Assumptionholds with envelope 4 M.

eo4 Let, forany f € F,

%Z PQO;Gt 6Ot ( (f7) _E(fl’.))'

eo5s We distinguish the case p € (0, 2) and the case p > 2.
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609
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611

612
613

614

615

616

617

Case p € (0,2). From convexity of f — £(f,-), and from convexity of the set F, the following
implication holds: for any r» > 0,

IfeF, R*(f)—=R*(fL)>r*> and  Rp(f)— Rr(f1) <0,
— 3feF, R*(f)—R*(fi)=r> and  Ry(f)— Rr(f1) <O0.

For any r > 0, let p := r/+v/M, so that if 72 is an excess risk, p? is the corresponding envelope-
standardized excess risk. For any p > 0, we have

P [R*(J?T) - R (f1) = Mpﬂ
<P [sup {Mr(f): f € F,R*(f) — R*(f1) = Mp®} > Mp?]
<P [sup {Mr(f) < F € F, J(F) — €0 lnge < Mp} > Mp?),

where we have used the variance bound from Lemma2]to obtain the last inequality. From Theorem|T]
there exists C' > 0 such that, for any » > 0, > 0, it holds with probability at most 2e~* that

sup {Mr(f) : [ € F,[[(f) = L(fi)ll2.9 S Mp}

<t (Mp)
avg p
i
;:c( u / V1081 + Ny (e, 60F), || - [l2))de
M,ymax ’yan M,ymaxx
+ log(1+ N(j(Mp, €(F), || - ll.g)) + Mpy| 2= + ==L .

Therefore, if p is such that M p? is larger than W, (M p), then, it holds that R*(f) — R*(f1) < Mp?
with probability at least 1 — 2e~”. Using the entropy bound, we obtain

\Ilt (Mp) ,deg .y maxp p ,yanx ,ymaxx
L T T T
TR A A e Al

Therefore, to have p? > W, (M p)/M, it suffices to have

avg max ,—p avg max
p? 2 max { [ L pl=5 IT_P ,p\/% SR
T T T T

1
,y¥ax 2+p ,y¥axx
> —_ ).
p=max { ( T ) ’ T
Case p > 2. We have that

R*(fr) — R*(f1)

that is

< sup Mr(f)
_ v%vg
<Mp~ + log(1 4+ Njj(€, U(F), [| - [|2,9+))de
Mp
,YmaxM ’deg M,.ymaxl.
+ L ——log(1 + Nyj(M, £(F), || - ll2.+)) + M TT + ;

avg

1
M [ fow U N, ) T

,Y%naxM ’V;—Yg M,ymax
M
+ T + T + T
avg max dVg max
- VT~ —\—(p/2-1) . ¥ Jr® Jr %
<M M x P M M
SMp A\ R (r) T T 7T T
1
avg max an max
T M ypor , Moy
<M M
sar ()" + H a2 4 20
where we obtained the last line by optimizing p~. O
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C Proof of the variance bound under margin condition

Proof of Lemma[3] By assumption there exists f; € F such that R*(f;) = E,
Assumption[7)with u = 0 shows that we necessarily have |argmin,, ¢ 4 (X, a)
Therefore, almost surely, f1(X,a*(X)) =1 and f1(X,a) = 0 for a # a*(X).

Now fix any f € F. Given X, let A € A be random variable draw from f(X, ). We will henceforth
denote expectations and probabilities as wrt (X, A) ~ px x f. For brevity we will also denote
A* = a*(X). Note that

<" (X). Applying
| = 1 almost surely.

[€(f,-) = €(f1,)|I5 4 < MPP (A" # A)
and that

A1 - (W) = M2(E[u(X, A) — u(X, A*)] /M) D),

Denoting A = minge 4\ {a+(x)} (X, a) — p*(X), Assumptionsays that for some x > 0 we have
P(A <u) < (ku/M)”, where 1°° =1 and 2> = 0 forz € [0, 1).

Fix u > 0. Then

E[(u(X, A) — (X, A)L(A # A")]

E[(u(X, A) — (X, A) LA # A", A > )]
P(A# A", A > )

(B(A#AY) —P(A+ A" A <))
(B(A#A) ~P(A <))

(B(A# A%) - (ru/M)").

X, A
X, A

AR,

U
u
u
u

v v

Setu = ((v+ 1)r/M)~"/*P (A # A*)"/" and obtain
E [u(X, A) — p(X, A%)] > v(v + 1)~/ (/M) TP (A £ AV
whence
P(A# A*) < y /D 4 1) ((k/M)E [u(X, A) — u(X, A*)DV/(u-ﬁ-l).
We conclude that
[6Cf,) = (f1, )15 4 S M? (B [u(X, A) — (X, A")] /M)
as desired. -

D Additional Details and Results for the Empirical Investigation
Here we provide additional details and results for Section [6]

D.1 Contextual Bandit Data from Multi-Class Classification Datasets

To construct our data, we turn K -class classification tasks into a K -armed contextual bandit problems
[LS} 17, I51]], which has the benefits of reproducibility using public datasets and being able to make
uncontroversial comparisons using actual ground truth data with counterfactuals. We use the public
OpenML Curated Classification benchmarking suite 2018 (OpenML-CC18; BSD 3-Clause license)
[L1], which has datasets that vary in domain, number of observations, number of classes and number
of features. Among these, we select the classification datasets which have less than 60 features. This
results in 51 classification datasets from OpenML-CC18 used for evaluation. Table[I| summarizes the
characteristics of the 51 OpenML datasets used.

Each dataset is a collection of pairs of covariates X and labels L € {1,..., K'}. We transform each
dataset to the contextual bandit problem as follows. At each round, we draw X}, L; uniformly at
random with replacement from the dataset. We reveal the context X; to the agent, and given an
arm pull A;, we draw and return the reward Y; ~ N'(1{A; = L;}, 1). To generate our data, we set
T = 100000 and use the following e-greedy procedure. We pull arms uniformly at random until each
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Samples Count Classes Count Features Count

< 1000 16 =2 30 >2and <10 14
> 1000 and < 10000 25 >2and <10 15 >10and < 30 22

> 10000 10 >10 6 > 30 and < 60 14

Table 1: Characteristics of the 51 OpenML-CC18 datasets used for evaluation.
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(a) LASSO outcome model with cross-validated regularization parameter.
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(b) Ridge outcome model with cross-validated regularization parameter.
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(c) CART outcome model with unrestricted tree depth.

Figure 2: Comparison of weighted regression run on contextual-bandit-collected data. Each dot is
one of 51 OpenML-CC18 datasets. Lines denote 41 standard error. Dots are blue when ISWERM is
clearly better, red when clearly worse, and black when indistinguishable within one standard error.

arm has been pulled at least once. Then at each subsequent round ¢, we fit i, _; using the data up to
that time. Specifically, for each a, we take the data {(X,,Ys) : 1 < s <t—1, A; = a} and pass it to
a regression algorithm in order to construct fi;—1 (-, a). In Section |§|, we presented results where we
use sklearn’s LinearRegression to fit fi;_1 (-, a) (using sklearn defaults). In Appendix[D.2] we
repeat the experiments where we instead use sklearn’s DecisionTreeRegressor (using sklearn
defaults). We set A, (z) = argmax,_, fi—1(a,z) and ¢, = t=1/3. We then let g;(a | 2) =
e/ K for a # Ay(x) and gi(A;(z) | ) = 1 — ¢ + ¢;/K. That is, with probability ¢; we pull a
random arm, and otherwise we pull A;(X}).

D.2 Additional Results

In Section [ we presented results where we use a linear-contextual e-greedy bandit algorithm to
collect the data. Here, we repeat our experiments when the data are instead collected by a tree-
contextual e-greedy bandit algorithm, as described in Appendix [D.I]above. The results are shown
in Fig.[2] The conclusions are generally the same: ISWERM compares favorably for fitting linear
models, while all methods perform similarly for fitting tree models.

D.3 Code and Execution Details

The IPython notebook to reproduce the experimental results of the main paper and the appendix is
included as an attachment in the Supplemental Material. One needs to obtain an OpenML API key to
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run this code (instructions can be found at https://docs.openml.org/Python-guide/) and replace the
string > YOURKEY’ in summarize_openmlcc18() and in download_openmlcc18() functions with
it. After that, if the notebook is executed as is, it reproduces Figureﬂ] (38h 26min on a single Intel
Xeon machine with 32 physical cores/64 CPUs). Changing variable bandit_model from ’linear’
to >tree’ reproduces Figure[2] (56h 45min on a single Intel Xeon machine with 32 physical cores/64
CPUs).
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