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Abstract

Multiple kernel clustering (MKC) is an important research topic which has been1

widely studied for decades. However, current methods still face two problems:2

inefficient when handling out-of-sample data points and lack of theoretical study3

of the stability and generalization of clustering. In this paper, we propose a novel4

method that is able to efficiently compute the embedding of out-of-sample data with5

a solid generalization guarantee. Specifically, we approximate the eigen functions6

of the integral operator associated with the linear combination of base kernel7

functions to construct low-dimensional embeddings of out-of-sample points for8

efficient multiple kernel clustering. In addition, we, for the first time, theoretically9

study the stability of clustering algorithms and prove that the single-view version of10

the proposed method has uniform stability as O
(
Kn−3/2

)
and establish an upper11

bound of excess risk as Õ
(
Kn−3/2 + n−1/2

)
, where K is the cluster number and12

n is the number of samples. We then extend the theoretical results to multiple13

kernel scenario and find that the stability of MKC depends on kernel weights. As an14

example, we apply our method to a novel MKC algorithm termed SimpleMKKM15

and derive the upper bound of its excess clustering risk, which is tighter than16

the current results. Extensive experimental results validate the effectiveness and17

efficiency of the proposed method.18

1 Introduction19

Multiple kernel clustering (MKC) [33] aims to learn an optimal kernel from a set of pre-specified20

kernel matrices for high-quality partition. These methods usually assume that the optimal kernel21

matrix is a linear combination of the pre-specified base kernels. By jointly optimizing kernel weights22

and a clustering indicator matrix, MKC improves the clustering performance of single-view kernel23

k-means (KKM). In recent years, MKC algorithms have been extensively studied. Among these24

works, Lu et al. [23] propose to change the MKC framework into the form of kernel alignment.25

Gönen et al. [9] propose to employ a localized method to obtain more sample-specific information26

from the data. Recently, Liu et al. [22] propose a parameter-free MKC algorithm that adopts a27

novel min-max optimization framework and achieves state-of-the-art performance on a wide range28

of applications. Although impressive improvements have been made by the existing methods, there29

still lacks an effective and computational efficient mechanism to handle out-of-sample problems.30

This makes them inefficient in both space and computational consumption for large-scale unseen31

samples. More specifically, since all existing methods need to conduct eigen-decomposition over the32

matrix consisting of all visible samples as an intermediate operation, the pre-extracted information33

is blocked for the new coming samples. This makes the algorithms computationally expensive to34

handle large-scale datasets.35

To improve kernel clustering scalability, methods such as Nyström [30] approximation and random36

Fourier feature (RFF) [3] are proposed. These two methods acquire the non-linear feature of samples37

in real space through the approximating the kernel matrix. However, Nyström method can’t be38

implemented on out-of-sample points directly. RFF can fill this gap, but the dimension of the learned39
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embedding is comparably large such that the subsequent clustering process is time consuming. More40

seriously, because it’s difficult to bound the difference of the kernel weights before and after the41

approximation, these two methods are rarely implemented on MKC algorithms. In this paper, we42

propose a general method with a solid generalization guarantee. More precisely, we find that the main43

complexity is caused by recomputing eigenvectors for the embedding of new coming samples. To44

this end, through the study of the integral operator associated with the kernel functions, we propose to45

perform an eigen-decomposition approximation [27] for MKC. Specifically, we learn eigen functions46

from the empirical optimal kernel generated from base kernels and then use these eigen functions to47

calculate the approximation embedding for the out-of-sample data points. Then, a standard k-means48

algorithm can be performed on the learned embedding for clustering.49

To theoretically analyse our algorithm, we propose a novel stability evaluation criterion for multiple50

kernel clustering and establish the generalization bound accordingly. Algorithmic stability [2] is a key51

property to estimate the generalization bound of learning algorithms. The stability-based technique52

[6, 14] is widely used in the analysis of learning algorithms’ generalization ability. However, existing53

literature lacks research on the stability of clustering algorithms. Different from supervised learning54

which possesses labels as a deterministic standard, the risk function of clustering tasks is highly55

correlated with uncertain clustering centroids. Therefore, it is hard to analyse the algorithm stability56

for clustering. To address the issue, we start from single-view kernel k-means with a pairwise57

learning framework. We show that the proposed method has uniform stability as O
(
Kn−3/2

)
,58

where K is the number of clusters and n is the number of samples. Consequently, the excess59

risk can be upper bounded by Õ
(
Kn−3/2 + n−1/2

)
1. We then extend the generalization bound60

analysis from single kernel clustering to multiple kernel clustering and prove that the stability of61

MKC is related to the learned kernel weights. As an instantiation, we use the above results to62

analyze the simple multiple kernel k-means (SimpleMKKM)[22] and derive a generalization bound63

as Õ
(
(m+ 1)Kn−3/2 + n−1/2

)
, where m is the number of kernels. As far as we know, this is64

the tightest bound for MKC algorithms. Finally, we conduct numerical experiments to verify the65

effectiveness and efficiency of the proposed method.66

Our contributions are in three-fold and can be summarized as follows:67

1) We propose an efficient method to enable MKC algorithms to handle out-of-sample problems.68

2) We successfully apply algorithmic stability to derive the generalization bound of the clustering69

algorithm for the first time. We study the stability of SimpleMKKM with our method and derive its70

excess risk bound.71

3) By comprehensive numerical experiments, the experimental results show that the proposed72

algorithm is effective and efficient.73

The rest of the paper is organized as follows. Section 2 introduces the notations used in this paper.74

Section 3 discusses the related work. Section 4 describes the proposed method. Section 5 analyses75

the stability and generalization of KKM on single kernel, and then extends the proposed method to76

multiple kernel clustering. The experimental results are reported in Section 6. Finally, the paper is77

concluded in Section 7. All proofs are placed in the appendix due to the limited space.78

2 Notations79

To avoid confusion with mathematical notations, the uppercase and lowercase letters in bold denote80

matrices and vectors, respectively. For example, A is a matrix, and a is a vector. The component of81

them is denoted by Aij or ai. Let us denote with X the sample space and with P the corresponding82

data distribution. The training dataset S = {xi}ni=1 ⊂ X is drawn i.i.d. from P. The empirical83

distribution Pn is defined as Pn(x) = 1
n if x ∈ S, otherwise 0. We assume that kernel function84

k(·, ·) : X × X → R is a positive-definite and conjugate symmetric function. From [1], we know85

that there exist a Hilbert space H and a feature mapping ϕ(·) : X → H such that ∀x,x′ ∈ X ,86

k(x,x′) = ⟨ϕ(x), ϕ(x′)⟩H. The kernel function k(·, ·) used in this paper satisfies that ∀x,x′ ∈ X ,87

k(x,x) = k(x′,x′). We assume that for any x ∈ X , ∥ϕ(x)∥ ≤ 1. Let us denote with Is the s× s88

identity matrix, and with ∥ · ∥∞ the infinity norm. For the convenience, the probability measure ρ89

after differential d is omitted, i.e., dx is short for dρ(x).90

1Õ hides logarithmic terms.
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3 Related Work91

In this section, we give a brief introduction to pairwise learning and algorithmic stability which are92

two main contents related to our proofs.93

Pairwise Learning. Pairwise learning defines loss function with respect to sample pairs. It has94

been successfully applied to metric learning[31], bipartite ranking [29], AUC maximization [25],95

etc. Assume that {x1, · · · ,xn} are n samples drawn independently from some probability measure.96

Suppose that the learning model is parameterized by w. The empirical behavior of the learning model97

can then be evaluated by the empirical risk as:98

R̂(w) =
1

n2

n∑
i,j=1

l(xi,xj ;w),

where l denotes the loss function. Accordingly, the expected risk can be defined as:99

R(w) =

∫∫
l(x,y;w)dxdy.

Among the researches of learning theory, Lei et al. [15] establish a sharper generalization bound of100

pairwise learning, Li et al. [17] utilize a pairwise learning framework to verify the generalization101

ability of clustering algorithms. In [16], Lei et al. study the generalization of stochastic gradient102

descent for pairwise learning. In [4, 17], the authors learn the excess risk bound of clustering in the103

form of pairwise learning. As mentioned above, in the centroid-based clustering algorithms, it is104

generally hard to investigate the stability of the samples at the boundary of two centroids. To tackle105

this problem, we adopt a pairwise learning framework in our analysis.106

Algorithmic Stability. The analysis of algorithmic stability is a powerful technique for deriving the107

generalization bound of stable learning algorithms. In the existing literature, uniform stability [2] is108

the most widely used one but needs the strongest assumptions. A variety of stability notions have109

been proposed for different algorithms to widen the application range of stability. Kutin et al. [14]110

define strong and weak stability for the algorithms which are not uniformly stable. Locally elastic111

stability is proposed in [6] to capture the sensitivity of the loss function in the population sense but112

not in the worst sense. Lei et al. [15] provide a notation of uniform stability for pairwise learning.113

Despite the fact that algorithmic stability has been successfully used in analyzing numerous learning114

algorithms, no work applies it to clustering algorithms. In this paper, we show that the clustering115

algorithm we studied is uniformly stable.116

4 Framework117

In this section, we first give a brief introduction to kernel k-means and multiple kernel clustering,118

then introduce the proposed approximation method.119

4.1 Kernel k-means and Multiple Kernel Clustering120

Given a training set S = {xi}ni=1 and a feature map ϕ(·), kernel clustering algorithm aims to121

minimize the following objective w.r.t. clustering centroids:122

W(C,Pn) =
1

n

n∑
i=1

min
k∈[K]

∥ϕ(xi)− ck∥2, (1)

where C = {ck}Kk=1 denotes the centroids of K clusters.123

A clustering indicator matrix H ∈ Rn×K is defined as follows: if xi ∈ Ck, hik = 1/
√
|Ck|, otherwise124

hik = 0, where |Ck| denotes the number of samples belong to the k-th cluster.125

Kernel k-means. If ϕ(·) is defined by some single kernel function k(·, ·), then Eq.(1) can be rewritten126

as:127

min
H

1

n
Tr(Kn)−

1

n
Tr(KnHH⊤), (2)
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where Kn is the empirical kernel matrix computed by the kernel function k and dataset S, i.e.,128

Kij = k(xi,xj).129

The discrete constraint of H in Eq.(2) can be relaxed as: 1) hik can take any real number; 2) the130

orthogonal constraint still holds, i.e., H⊤H = IK . Consequently, the solution to Eq.(2) are the K131

eigenvectors corresponding to the K largest eigenvalues of kernel matrix Kn. Therefore, H can be132

regarded as a new embedding for the training dataset, and standard k-means can then be performed133

on H for the final clustering. To avoid confusion, in this paper, kernel k-means refers to the relaxed134

version as mentioned above.135

Multiple Kernel Clustering. In the multiple kernel setting, a sample has m(m ≥ 2) feature136

mappings {ϕp(x)}mp=1 associated with m base kernel functions {kp}mp=1. As the setting of multiple137

kernel learning [8], multiple kernel clustering (MKC) usually lets each kernel multiply by a weight138

αp (p ∈ [m]). These weights satisfy
∑m

p=1 αp = 1 and αp ∈ [0, 1]. Thus, the feature mapping of139

MKC can be represented as:140

[α1ϕ1(x), ..., αmϕm(x)]⊤.

Similar to Eq.(2), Eq.(1) in multiple kernel setting can be reformed as:141

min
H

1

n
Tr(Kα)−

1

n
Tr(KαHH⊤), (3)

where Kα =
∑m

p=1 α
2
pKp. MKC aims to learn a set of optimal combination weights. Then, the142

relaxed kernel k-means is performed on Kα for a unified embedding H. Notice that Kα is the kernel143

matrix of the training dataset. To obtain the embedding of an out-of-sample point, we have to perform144

eigen-decomposition on the kernel matrix constructed by the training dataset and the new coming145

data point. Obviously, this process is inefficient.146

4.2 The Proposed Approximation Method147

In our approach, we do not approximate the kernel matrix but the eigen functions of the integral148

operator associated with the kernel function. First, we give a brief analysis of the spectrum of149

the integral operator. We start from the risk function of a sample and the expected risk which are150

respectively defined as:151

l(x,C) = min
k∈[K]

∥ϕ(x)− ck∥2, E
x
[l(x,C)] =

∫
min
k∈[K]

∥ϕ(x)− ck∥2dx. (4)

Similar to Eq.(2), we reform the risk function of MKC for any two samples x,y ∈ X as follows:152

l(x,y, H) = k(x,x)−
K∑

k=1

kα(x,y)hk(x)hk(y), (5)

where kα(·, ·) =
∑m

p=1 α
2
pkp(·, ·) denotes the linear combination of base kernel functions, and153

H = {hk(x)}Kk=1 denotes the clustering indicator functions which are defined as:154

hk(x) =

{
1/
√∫

x∈Ck
dx, x ∈ Ck,

0, x /∈ Ck.
(6)

The expected clustering risk is then defined as:155

R(H,P) =
∫∫

l(x,y, H)dxdy. (7)

The following proposition shows that the expected risk of the proposed pairwise learning framework156

equals that of the original kernel clustering algorithm with the same cluster centroids. Thus, we can157

learn the excess risk bound with the proposed framework defined by Eq.(5) instead of the original158

one defined by Eq.(4).159

Proposition 4.1. The expected clustering risk defined by Eq.(7) can be reformed as:

R(H,P) =
∫

min
k∈[K]

∥ϕ(x)− ck∥2dx =

∫
k(x,x)dx−

K∑
k=1

∫∫
hk(x)kα(x,y)hk(y)dxdy.
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Algorithm 1 MKC-AE
Require: Out-of-sample example x; kernel weights {αp}mp=1, clustering indicator matrix Hα and

the largest K eigenvalues {λk,α}Kk=1 learned by some MKC on some training set; m kernel
functions {kp}mp=1; cluster number K.

1: for k = 1 : K do
2: For sample x, compute the k-th element of the embedding vector by Eq.(8).
3: end for

Ensure: A K-dimension approximation embedding for x.

Obviously, {hk(x)}Kk=1 are all unit functions and orthogonal to each other in the squared integrable160

space L2(X , ρ). Similar to Eq.(2), the discrete constraint of these functions can also be relaxed, and161

the relaxed version is investigated in this paper. Denote that H∗ = {h∗
k(x)}Kk=1 are the K eigen162

functions corresponding to the K largest eigenvalues of the integral operator Lk : L2(X , ρ) →163

L2(X , ρ),164

(Lkf)(x) =

∫
X
kα(x,y)f(y)dρ(y).

Obviously, H∗ is the minimizer of the expected clustering risk defined by Eq.(7). However, H∗165

cannot be obtained because the data distribution is unknown. Rosasco et al. [27] analyse the spectral166

properties of the integral operator defined by kernel function and its empirical version, i.e., kernel167

matrix. Inspired by their method, we aim to construct clustering indicator functions from the empirical168

kernel matrix that can approximate H∗. Suppose that the combination weights learned by some169

MKC algorithms on S are {αp}mp=1, the embedding of 1
nKα is Hα and the largest K eigenvalues170

are {λk,α}Kk=1. We construct K functions as follows:171

h̃k,α(x) =
1

nλk,α

(
n∑

i=1

hik,α

(
m∑

p=1

α2
pkp(x,xi)

))
, (8)

where k ranges in [K] and hik,α is the ik-th element of Hα. Then, the approximation embedding for172

an out-of-sample point x can be constructed by a K-dimensional vector [h̃1,α(x), ..., h̃K,α(x)]. The173

above procedures are listed in Algorithm 1, and we term this algorithm as multiple kernel clustering174

with approximation embedding (MKC-AE). This method has two noticeable advantages: 1) It can be175

applied to all MKC algorithms based on embedding learning. 2) It has a theoretical generalization176

guarantee which will be studied in the following section.177

The application on large-scale datasets. The proposed MKC-AE method can be adopted to perform
MKC on large-scale datasets. Let us denote with SN a large-scale dataset consisting of N samples.
We first select n samples as landmarks and perform some MKC algorithm on these landmarks. The
remaining N − n samples can be regarded as the "out-of-sample" examples, and the approximation
embedding of these samples can be obtained by following process. Assume that the optimal kernel
matrix of some MKC algorithm on n landmarks is 1

nKn,α. The matrix constructed by the K largest
eigenvectors of 1

nKn,α is denoted as Hn ∈ Rn×K , and the corresponding eigenvalues matrix is
Dn ∈ RK×K . Assume that the partial kernel similarity constructed by N samples and n landmarks
are {Pl}ml=1 ⊂ RN×n, i.e., [Pl]ij = kl(xi,xj),∀l ∈ [m], i ∈ [N ], j ∈ [n]. According to Eq.(8), the
approximation embedding of SN can be computed as:

ĤN =

(
m∑
l=1

α2
lPl

)
HnD

−1
n .

Notice that the main complexity of computing the approximation embedding is O (nmN + nKN),178

which is caused by the summation of {Pl}ml=1 and subsequent matrix multiplication. We then give an179

example to show how the proposed MKC-AE method can accelerate MKC. The time complexity180

of the MKC algorithm termed SimpleMKKM proposed in [22] is basically cubic with the number181

of training samples. Performing SimpleMKKM on all N samples will cost O
(
N3
)

time, while the182

proposd MKC-AE method reduces the complexity to O
(
n3 + nmN + nKN

)
. When n≪ N , the183

complexity is linear with the number of samples N . Thus, the proposed algorithm can enable MKC184

algorithms to be performed on large-scale datasets.185
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5 Theoretical Analysis186

As the foundation for the theoretical analysis of multiple kernel clustering, we first analyse the stability187

of kernel k-means (KKM) with our approximation method and then establish the generalization188

bound.189

5.1 Stability and Generalization of Clustering on Single Kernel190

Notice that there are two intractable problems in the analysis for the stability of kernel clustering:191

1) The clustering risk is concerned with centroids. However, the random initialization of clustering192

centroids makes the stability of kernel clustering hard to be analyzed; 2) To compute the clustering193

risk of a sample, it needs to find the nearest centroid. As a result, it is difficult to estimate the stability194

of the samples located at the boundary of two centroids. In this paper, since the proposed method195

adopts a pairwise risk function, the above two issues can be avoided. The detailed deduce process is196

as follows.197

In the single kernel setting, let us denote with 1
nKn the (normalized) empirical kernel matrix198

constructed by the training set, and suppose that the K largest eigenvalues and the corresponding199

eigenvectors of 1
nKn are {λk}Kk=1 and {hk}Kk=1, respectively. Then, the approximated clustering200

indicator functions H̃ = {h̃k}Kk=1 are given by:201

h̃k(x) =
1

nλk

(
n∑

i=1

hikk(x,xi)

)
, (9)

where hik is the i-th component of hk. We aim to bound the excess clustering risk as:202

ESR(H̃,P)−R(H∗,P)
=ESR(H̃,P)− ESR(H̃,Pn)︸ ︷︷ ︸

B

+ESR(H̃,Pn)−R(H∗,P)︸ ︷︷ ︸
C

. (10)

By the following proposition, we know the second item C ≤ 0 in Eq.(10).203

Proposition 5.1. In Eq.(10), ESR(H̃,Pn) ≤ R(H∗,P).204

To give the upper bound of B, we first prove that the approximation method given by Eq.(9) has205

uniform stability O
(

K
n
√
n

)
with respect to the risk function defined by Eq.(5) .206

Theorem 5.2. Denote that two training datasets S, Si have n samples and differ by only one sample2.207

Suppose that the empirical kernel matrix has properties as: 1) there exist two constant c, c1 such that208

the K-th eigenvalue is larger than 1/c; and 2) the gaps of first K + 1 eigenvalues are larger than c1,209

i.e., ∀k ∈ [K], λk − λk+1 ≥ c1 ≥ 4√
n

. The approximation clustering indicator functions of S, Si210

obtained by Eq.(9) are denoted as H̃ and H̃i, respectively. Then, for any x,y ∈ X , there exists a211

constant c0 > 0 such that212

|l(x,y, H̃)− l(x,y, H̃i)| ≤ c0K

n
√
n
. (11)

Remark 1. Suppose that the K-th eigenvalue of the integral operator associated with kernel function213

k(·, ·) is λK . Then, by Proposition 10 in [27], the K-th eigenvalue of the corresponding empirical214

kernel matrix λK converges to λK when n approaches to infinity. When kernel function is fixed,215

λK can be considered as a constant. Consider that a sequence of the K-th eigenvalue λn
K with216

different sample number n. Let ϵ = λK

2 , then there exists a positive integer N such that ∀n ≥ N ,217

|λn
K − λK | ≤ λK

2 . We can let 1/c = min{λ1
k, · · · , λN

K , λK

2 }, then the assumption that λK ≥ 1/c218

holds. Similarly, the assumption about eigen gap of kernel matrix is related to the eigen gap of the219

integral operator corresponding to kernel function, thus appropriate kernel function can make the220

assumption hold. We conduct experiments to verify that the kernel functions we adopted satisfy the221

assumptions in Theorem 5.2. The detailed experimental results are reported in Section B.4.222

The following theorem [15] is about the generalization risk bound of the stable pairwise learning223

algorithm.224

2In fact, Si is the set derived by replacing the i-th sample of S.
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Theorem 5.3. [15] Assume that algorithm A has γ-stability. If there exists a constant M > 0225

such that |ES [l(x,y, A(S))]| < M holds for all x,y ∈ X . Then for all δ ∈ (0, 1/e), the following226

inequality holds with probability 1− δ:227

|R(A(S),Pn)−R(A(S),P)| ≤ 4γ + e

(
12
√
2M

√
log (e/δ)

n− 1
+ 48
√
6γ⌈log2 n⌉ log

(e
δ

))
.

It is easy to check that the proposed risk function defined by Eq.(5) can be upper bounded by228

some constant M . Then, combining Theorem 5.2 and Theorem 5.3, the proposed method has a229

generalization risk bound B as Õ
(

K
n
√
n
+ 1√

n

)
. As seen, the item Õ

(
1√
n

)
masters the whole230

bound. Notice that this is the first bound for clustering deduced by algorithmic stability, and we can231

use it to learn the stability and generalization of multiple kernel clustering algorithms. In the future,232

we will improve this bound by further investigating the generalization theorem about the proposed233

pairwise learning framework.234

5.2 Stability and Generalization of Clustering on Multiple Kernel235

To study the generalization ability of the proposed MKC-AE method on multiple kernel, we first236

reveal the relation between the stability of MKC-AE and the learned kernel weights.237

Theorem 5.4. Denote that two training datasets S, Si have n samples and differ by only one sample.238

Assume that for any kernel weights α, the empirical kernel matrix 1
nKα satisfies the same properties239

in Theorem 5.2. If ∥α−αi∥∞ ≤ η, there exists a constant c0 such that240

|l(x,y, H̃α)− l(x,y, H̃i
αi)| ≤

c0mK

n
η +

c0K

n
√
n
,

holds.241

Remark 2. Theorem 5.4 shows that if the kernel weights of an MKC algorithm are stable, then its242

approximation method proposed in Algorithm 1 has uniform stability. Specifically, if η in Theorem243

5.4 can be bounded by O (1/
√
n), it can be checked that the risk function has the stability in order of244

O
(

(m+1)K
n
√
n

)
. In this regard, for a tighter risk bound, the kernel weights of MKC algorithms should245

be more stable. This can be a design principle for MKC algorithms.246

As an instantiation, we use the above theoretical results to analyse simple multiple kernel k-means247

(SimpleMKKM) [22], which is a state-of-the-art MKC algorithm without any hyper-parameters. We248

first give a brief introduction and then derive the generalization bound of SimpleMKKM with the249

proposed approximation method.250

In the task of unsupervised learning, finding the optimal hyper-parameters is an open question. Sim-251

pleMKKM is proposed as a hyper-parameter-free MKC algorithm and achieves desirable clustering252

performance. The variants of SimpleMKKM [19, 21] further boost the clustering performance and253

widen its application. Specifically, SimpleMKKM aims to solve the following kernel alignment-based254

optimization problem:255

min
α∈△

F (α), (12)

where F (α) = maxH
1
nTr

(
KαHH⊤) , s.t.H⊤H = IK , and △ = {α ∈ Rm|

∑m
p=1 αp =256

1, αp ≥ 0, ∀p ∈ [m]}. F (α) in Eq.(12) is proven differentiable, and can be optimized by a reduced257

gradient algorithm [26]. One can refer to Section A.5 in the appendix for detailed optimization258

procedure.259

The following theorem indicates that the learned kernel weights of SimpleMKKM are stable with the260

input samples.261

Theorem 5.5. Assume that for any kernel weights α, the empirical kernel matrix 1
nKα satisfies the

same properties in Theorem 5.2. Denote that the kernel weights obtained by performing SimpleMKKM
on S, Si are respectively α,β, and the number of iterations is T . If in each iteration, the index of
largest element of α is the same as β, then there exists a constant c0 ≥ 1 such that

∥α− β∥∞ ≤
TcT0√

n
,

holds.262

7



By Theorem 5.4 and Theorem 5.5, we have the following corollary. We know that SimpleMKKM263

with the proposed method has uniform stability, thus the generalization bound can be established.264

Corollary 5.6. Assume that for any kernel weights α, and the empirical kernel matrix 1
nKα satisfies

the same properties in Theorem 5.2. Then, there exists a constant c0 such that

|l(x,y, H̃α)− l(x,y, H̃i
αi)| ≤

c0(m+ 1)K

n
√
n

,

holds.265

Remark 3. From the empirical results of Section B.3 in the appendix, SimpleMKKM always266

converges within several iterations, and thus T can be regarded as a constant. Above all, according to267

Theorem 5.3, we know that the excess risk of SimpleMKKM with the approximation method can be268

bounded by Õ
(

(m+1)K
n
√
n

+ 1√
n

)
. Our bound is tighter than the existing results O(mK√

n
) proposed in269

[22]. As far as we know, this is the first time to study the generalization ability of MKC with stability,270

and the provided bound is the tightest among existing results of MKC algorithms.271

6 Experiments272

Besides the theoretical analysis, we further validate the effectiveness of the proposed method ex-273

perimentally. To illustrate that the proposed method can handle out-of-sample problems properly,274

we first apply the proposed method to SimpleMKKM [22] and compare the clustering accuracy and275

efficiency of the proposed method and the original SimpleMKKM [22]. To evaluate the scalability276

of our method, we again apply it to SimpleMKKM and compare it against several state-of-the-art277

efficient MKC algorithms on four large-scale datasets. The analysis of convergence is reported in278

Section B.3 of the appendix.279

6.1 The Comparison with SimpleMKKM280

We follow the settings in SimpleMKKM [22] and conduct experiments on 5 benchmark datasets,281

including Flo17, Flo102, DIGIT, Cal102 and Reuters to evaluate the effectiveness of the proposed282

algorithm over the out-of-sample problem. The details of the above datasets are listed in Section B.1283

of the appendix. We first uniformly select n samples at random from the original dataset, and the284

remaining N − n samples are regarded as out-of-sample points. We perform SimpleMKKM on the n285

samples for the related parameters and compute the approximated embedding by Eq.(8). We record the286

clustering performance of the approximated embedding. For comparison, the results of SimpleMKKM287

on all N samples are also recorded. In our experiments, n is ranged in [K, 200, 300, · · · , 1000],288

where K is the cluster number. To avoid the influence of randomness, we run the experiments 20 times289

with the same setting. All experiments is performed on a desktop with Intel(R) Core(TM)-i7-7820X290

CPU and 64G RAM.291

We record the clustering performance of the proposed method (denoted as proposed) and Sim-292

pleMKKM (denoted as original) in terms of accuracy (ACC), normalized mutual information (NMI),293

purity, and execution time in Table 1. The best performance of the proposed method and the corre-294

sponding running time are reported among different landmarks. As observed in Table 1, the proposed295

method is comparable with SimpleMKKM in terms of the clustering performance evaluation indexes.296

This verifies that the approximated embedding obtained by our method is as effective as the exact297

embedding. On the other hand, the processing time of the proposed method is much less than that298

of SimpleMKKM. We can also see that the proposed method achieves a more evident acceleration299

effect with an increasing number of samples. For example, in Flo17, the proposed method works300

2.35 times faster than SimpleMKKM, while in Reuters, the proposed method is around 238.5 times301

faster than SimpleMKKM.302

We also study the clustering performance of the proposed method with different numbers of landmarks.303

Due to limited space, please refer to Section B.2 for details.304

6.2 Experiments on Large-scale Datasets305

As mentioned in Section 4, the proposed method can enable MKC to be applied to large-scale datasets.306

To verify the efficiency, we evaluate the performance of the proposed algorithm on 4 large-scale307
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Table 1: Experimental results of the proposed method in comparison with the original SimpleMKKM.

Flo17 Digit CCV Flo102 Reuters
Original Proposed Original Proposed Original Proposed Original Proposed Original Proposed

ACC 59.60 60.26 90.50 91.40 22.04 21.26 42.07 41.92 45.82 45.09
NMI 57.55 58.77 83.62 84.38 18.21 17.95 58.46 58.39 27.76 26.78

Purity 60.64 61.62 90.50 91.40 25.21 25.09 48.47 47.80 53.28 52.67
Time 41.14 17.51 35.9 2.57 370.3 43.42 2026.3 140.6 3715.1 15.58

datasets, including NUSWIDE, AwA and MNIST and YtVideo. The sample numbers of these datasets308

are all larger than 30,000, and the maximal one is 101,499. The detailed information of these datasets309

is reported in Section B.1 of the appendix.310

For comparison, we conduct experiments on several SOTA large-scale multi-view clustering algo-311

rithms, including (1) scalable and parameter-free multi-view graph clustering (SFMC) [18]312

which is a graph-based multi-view clustering algorithm with adaptively selected anchors; (2) binary313

multi-view clustering (BMVC) [32] which encodes each graphical view into a binary form for lower314

computational complexity; (3) large-scale multi-view subspace clustering (LMVSC) [13] which315

constructs a matrix with selected anchors to reduce the redundant computation of subspace clustering.316

For the comparison algorithms, we select the best hyper-parameters by grid searching as suggested in317

the comparison methods. For sufficient landmarks, we set the number of landmarks of the proposed318

method as 1000.319

Table 2: Experimental results of different clustering methods on large-scale datasets. N/A means the
corresponding method is out of memory. (The best result in each row is in bold.)

Dataset Metric SFMC BMVC LMVSC Proposed+
SimpleMKKM

NUSWIDE

ACC 14.02 13.83 14.50 15.24
NMI 3.97 12.84 11.84 14.02

Purity 15.87 24.43 15.52 26.33
Time 268.64 28.28 73.68 20.46

AwA

ACC 5.26 8.66 8.68 9.65
NMI 2.32 11.75 9.65 11.92

Purity 5.34 10.73 10.02 11.81
Time 3327.17 23.91 80.49 16.31

MNIST

ACC N/A 45.99 98.97 99.09
NMI N/A 39.86 96.86 97.17

Purity N/A 45.99 98.97 99.09
Time N/A 26.08 46.74 6.34

YtVideo

ACC N/A 19.41 17.25 17.35
NMI N/A 15.80 14.08 15.24

Purity N/A 30.78 32.25 29.58
Time N/A 61.23 161.26 53.88

We can see from Table 2 that the proposed method outperforms all comparison algorithms in320

NUSWIDE, AwA and MNIST. For YtVideo data, it is a vast dataset, but our algorithm still works and321

achieves comparable performance. Moreover, the proposed method achieves the fastest processing322

speed among all comparison methods. Above all, it can be verified that the proposed algorithm is323

efficient and effective on large-scale datasets.324

7 Conclusions and Future Work325

In this paper, we propose a simple yet effective approximation embedding method for multiple kernel326

clustering. It can be applied to accelerate the existing MKC algorithms to efficiently obtain the327

embedding of out-of-sample points, therefore is suitable for clustering large-scale dataset. We, for328

the first time, theoretically study the stability of clustering algorithms and establish the generalization329

bound of the proposed method. We first give the learning bound of relaxed KKM with algorithmic330

stability which is then extended for the analysis of MKC. Finally, the experimental results verify the331

effectiveness and efficiency of the proposed method.332

Although we give some theoretical results about the generalization of clustering algorithm by stability,333

some assumptions still limit the application range of our theorems, e.g., the assumptions about334

eigenvalues. In the future, we aim to 1) establish the stability and generalization bounds for a335

wider range of MKC algorithms based on milder assumptions; 2) determine the optimal number of336

landmarks through theoretical analysis.337
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