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Abstract

We study the problem of list-decodable linear regression, where an adversary can1

corrupt a majority of the examples. Specifically, we are given a set T of labeled2

examples (x, y) ∈ Rd × R and a parameter 0 < α < 1/2 such that an α-fraction3

of the points in T are i.i.d. samples from a linear regression model with Gaussian4

covariates, and the remaining (1 − α)-fraction of the points are drawn from an5

arbitrary noise distribution. The goal is to output a small list of hypothesis vectors6

such that at least one of them is close to the target regression vector. Our main7

result is a Statistical Query (SQ) lower bound of dpoly(1/α) for this problem. Our8

SQ lower bound qualitatively matches the performance of previously developed9

algorithms, providing evidence that current upper bounds for this task are nearly10

best possible.11

1 Introduction12

1.1 Background and Motivation13

Linear regression is one of the oldest and most fundamental statistical tasks with numerous applica-14

tions in the sciences [RL87, Die01, McD09]. In the standard setup, the data are labeled examples15

(x(i), y(i)), where the examples (covariates) x(i) are i.i.d. samples from a distribution Dx on Rd and16

the labels y(i) are noisy evaluations of a linear function. More specifically, each label is of the form17

y(i) = β · x(i) + η(i), where η(i) is the observation noise, for an unknown target regression vector18

β ∈ Rd. The objective is to approximately recover the hidden regression vector. In this basic setting,19

linear regression is well-understood. For example, under Gaussian distribution, the least-squares20

estimator is known to be statistically and computationally efficient.21

Unfortunately, classical efficient estimators inherently fail in the presence of even a very small22

fraction of adversarially corrupted data. In several applications of modern data analysis, including23

machine learning security [BNJT10, BNL12, SKL17, DKK+19] and exploratory data analysis, e.g.,24

in biology [RPW+02, PLJD10, LAT+08], typical datasets contain arbitrary or adversarial outliers.25

Hence, it is important to understand the algorithmic possibilities and fundamental limits of learning26

and inference in such settings. Robust statistics focuses on designing estimators tolerant to a small27

amount of contamination, where the outliers are the minority of the dataset. Classical work in this28

field [HRRS86, HR09] developed robust estimators for various basic tasks, alas with exponential29

runtime. More recently, a line of work in computer science, starting with [DKK+16, LRV16],30

developed the first computationally efficient robust learning algorithms for various high-dimensional31

tasks. Subsequently, there has been significant progress in algorithmic robust statistics by several32

communities, see [DK19] for a survey on the topic.33

In this paper, we study high-dimensional robust linear regression in the presence of a majority of34

adversarial outliers. As we explain below, in several applications, asking for a minority of outliers35
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is too strong of an assumption. It is thus natural to ask what notion of learning can capture the36

regime when the clean data points (inliers) constitute the minority of the dataset. While outputting a37

single accurate hypothesis in this regime is information-theoretically impossible, one may be able38

to compute a small list of hypotheses with the guarantee that at least one of them is accurate. This39

relaxed notion is known as list-decodable learning [BBV08, CSV17], formally defined below.40

Definition 1.1. (List-Decodable Learning) Given a parameter 0 < α < 1/2 and a distribution41

family D on Rd, the algorithm specifies n ∈ Z+ and observes n i.i.d. samples from a distribution42

E = αD + (1−α)N , where D is an unknown distribution in D and N is arbitrary. We say D is43

the distribution of inliers, N is the distribution of outliers, and E is an (1−α)-corrupted version of44

D. Given sample access to an (1−α)-corrupted version of D, the goal is to output a “small” list of45

hypotheses L at least one of which is (with high probability) close to the target parameter of D.46

We note that a list of size O(1/α) typically suffices; an algorithm with a poly(1/α) sized list, or47

even a worse function of 1/α (but independent of the dimension d) is also considered acceptable.48

Natural applications of list-decodable learning include crowdsourcing, where a majority of partic-49

ipants could be unreliable [SVC16, MV18], and semi-random community detection in stochas-50

tic block models [CSV17]. List-decoding is also useful in the context of semi-verified learn-51

ing [CSV17, MV18], where a learner can audit a very small amount of trusted data. If the trusted52

dataset is too small to directly learn from, using a list-decodable learning procedure, one can pinpoint a53

candidate hypothesis consistent with the verified data. Importantly, list-decodable learning generalizes54

the task of learning mixture models, see, e.g., [DeV89, JJ94, ZJD16, LL18, KC20, CLS20, DK20] for55

the case of linear regression studied here. Roughly speaking, by running a list-decodable estimation56

procedure with the parameter α equal to the smallest mixing weight, each true cluster of points is an57

equally valid ground-truth distribution, so the output list must contain candidate parameters close to58

each of the true parameters.59

In list-decodable linear regression (the focus of this paper), D is a distribution on pairs (X, y), where60

X is a standard Gaussian on Rd, y is approximately a linear function of x, and the algorithm is asked61

to approximate the hidden regressor. The following definition specifies the distribution family D of62

the inliers for the case of linear regression with Gaussian covariates.63

Definition 1.2. (Gaussian Linear Regression) Fix σ > 0. For β ∈ Rd, let Dβ be the distribution64

over (X, y), X ∈ Rd, y ∈ R, such that X ∼ N (0, Id) and y = βTX + η, where η ∼ N (0, σ2)65

independently of X . We define D to be the set {Dβ : β ∈ S′} for some set S′ ⊆ Rd.66

Recent algorithmic progress [KKK19, RY20] has been made on this problem using the SoS hierarchy.67

The guarantees in [KKK19, RY20] are very far from the information-theoretic limit in terms of68

sample complexity. In particular, they require dpoly(1/α) samples and time to obtain non-trivial error69

guarantees (see Table 1): [KKK19] obtains an error guarantee of O(σ/α) with a list of size O(1/α),70

whereas [RY20] obtains an error guarantee of O(σ/α3/2) with a list of size (1/α)O(log(1/α)).71

On the other hand, as shown in this paper (see Theorem 1.4), poly(d/α) samples information-72

theoretically suffice to obtain near-optimal error guarantees. This raises the following natural73

question:74

What is the complexity of list-decodable linear regression?75

Are there efficient algorithms with significantly better sample-time tradeoffs?76

We study the above question in a natural and well-studied restricted model of computation, known as77

the Statistical Query (SQ) model [Kea98]. As the main result of this paper, we prove strong SQ lower78

bounds for this problem. Via a recently established equivalence [BBH+20], our SQ lower bound also79

implies low-degree testing lower bounds for this task. Our lower bounds can be viewed as evidence80

that current upper bounds for this problem may be qualitatively best possible.81

Before we state our contributions in detail, we give some background on SQ algorithms. SQ82

algorithms are a broad class of algorithms that are only allowed to query expectations of bounded83

functions of the distribution rather than directly access samples. Formally, an SQ algorithm has84

access to the following oracle.85

Definition 1.3 (STAT Oracle). Let D be a distribution on Rd. A statistical query is a bounded86

function q : Rd → [−1, 1]. For τ > 0, the STAT(τ) oracle responds to the query q with a value v87

such that |v −EX∼D[q(X)]| ≤ τ . We call τ the tolerance of the statistical query.88
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Table 1: The table summarizes the sample complexity, running time, and list size of the known
list-decodable linear regression algorithms in order to obtain a 1/4-additive approximation to the
hidden regression vector β in the setting of Theorem 1.5, i.e., when ‖β‖2 ≤ 1 and σ is sufficiently
small as a function of α: [KKK19] requires σ = O(α) and [RY20] requires σ = O(α3/2).

Algorithmic Result Sample Size Running Time List size

Karmalkar-Klivans-Kothari [KKK19] (d/α)O(1/α4) (d/α)O(1/α8) O(1/α)

Raghavendra and Yau [RY20] dO(1/α4) dO(1/α8)(1/α)log(1/α) (1/α)O(log(1/α))

The SQ model was introduced by Kearns [Kea98] in the context of supervised learning as a natural89

restriction of the PAC model [Val84]. Subsequently, the SQ model has been extensively studied in a90

plethora of contexts (see, e.g., [Fel16] and references therein). The class of SQ algorithms is rather91

broad and captures a range of known supervised learning algorithms. More broadly, several known92

algorithmic techniques in machine learning are known to be implementable using SQs. These include93

spectral techniques, moment and tensor methods, local search (e.g., Expectation Maximization), and94

many others (see, e.g., [FGR+17, FGV17]).95

1.2 Our Results96

We start by showing that poly(d/α) samples are sufficient to obtain a near-optimal error estimator,97

albeit with a computationally inefficient algorithm.98

Theorem 1.4 (Information-Theoretic Bound). There is a (computationally inefficient) list-decoding99

algorithm for Gaussian linear regression that uses O(d/α3) samples, returns a list of O(1/α) many100

hypothesis vectors, and has `2-error guarantee of O((σ/α)
√

log(1/α)). Moreover, if the dimension101

d is sufficiently large, any list-decoding algorithm that outputs a list of size poly(1/α) must have102

`2-error at least Ω((σ/α)/
√

log(1/α)).103

Due to space limitations, the proof of Theorem 1.4 is deferred to the supplementary material (see104

Theorems D.2 and D.4).105

Our main result is a strong SQ lower bound for the list-decodable Gaussian linear regression problem.106

We establish the following theorem (see Theorem 2.1 for a more detailed formal statement).107

Theorem 1.5 (SQ Lower Bound). Assume that the dimension d ∈ Z+ is sufficiently large and108

consider the problem of list-decodable linear regression, where the fraction of inliers is α ∈ (0, 1/2),109

the regression vector β ∈ Rd has norm ‖β‖2 ≤ 1, and the additive noise has standard deviation110

σ ≤ α. Then any SQ algorithm that returns a list L of candidate vectors containing a β̂ such that111

‖β̂ − β‖2 ≤ 1/4 does one of the following: (i) it uses at least one query with tolerance at most112

d−Ω(1/
√
a)/σ, (ii) it makes 2d

Ω(1)

queries, or (iii) it returns a list of size |L| = 2d
Ω(1)

.113

Informally speaking, Theorem 1.5 shows that no SQ algorithm can approximate β to constant114

accuracy with a sub-exponential in dΩ(1) size list and sub-exponential in dΩ(1) many queries, unless115

using queries of very small tolerance – that would require at least σdΩ(1/
√
α) samples to simulate.116

For σ not too small, e.g., σ = poly(α), in view of Theorem 1.4, this result can be viewed as an117

information-computation tradeoff for the problem, within the class of SQ algorithms.118

A conceptual implication of Theorem 1.5 is that list-decodable linear regression is harder (within119

the class of SQ algorithms) than the related problem of learning mixtures of linear regressions120

(MLR). Recent work [DK20] gave an algorithm (easily implementable in SQ) for learning MLR121

with k equal weight separated components (under Gaussian covariates) with sample complexity and122

running time kpolylog(k), i.e., quasi-polynomial in k. Recalling that one can reduce k-MLR (with123

well-separated components) to list-decodable linear regression for α = 1/k, Theorem 1.5 implies124

that the aforementioned algorithmic result cannot be obtained via such a reduction.125

Remark 1.6. While the main focus of this work is on the SQ model, our result has immediate126

implications to a related popular restricted computational model — that of low-degree (polynomial)127

algorithms [HS17, HKP+17, Hop18]. Recent work [BBH+20] established that (under certain as-128
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sumptions) an SQ lower bound also implies a qualitatively similar lower bound in the low-degree129

model. We leverage this connection to show a similar lower bound in this model (see Appendix F).130

1.3 Overview of Techniques131

In this section, we provide a detailed overview of our SQ lower bound construction. We recall that132

there exists a general methodology for establishing SQ lower bounds via an appropriate complexity133

measure, known as SQ dimension. Several related notions of SQ dimension exist in the literature,134

see, e.g., [BFJ+94, FGR+17, Fel17]. Here we focus on the framework introduced in [FGR+17]135

for search problems over distributions, which is more natural in our setting. A lower bound on the136

SQ dimension of a search problem provides an unconditional lower bound on the SQ complexity137

of the problem. Roughly speaking, for a notion of correlation between distributions in our family138

D (Definition 1.8), establishing an SQ lower bound amounts to constructing a large cardinality139

sub-family D′ ⊆ D such that every pair of distributions in D′ are nearly uncorrelated with respect to140

a given reference distribution R (see Definition 1.10 and Lemma 1.11).141

A general framework for constructing SQ-hard families of distributions was introduced in [DKS17],142

which showed the following: Let the reference distribution R be N (0, I) and A be a univariate143

distribution whose low-degree moments match those of the standard Gaussian (and which satisfies144

an additional mild technical condition). Let PA,v be the distribution that is a copy of A in the v-145

direction and standard Gaussian in the orthogonal complement (Definition 1.12). Then the distribution146

family {PA,v}v∈S , where S is a set of nearly orthogonal unit vectors, satisfies the pairwise nearly147

uncorrelated property (Lemma 1.13), and is therefore SQ-hard to learn.148

Unfortunately, the [DKS17] framework does not suffice in the supervised setting of the current paper149

for the following reason: The joint distribution over labeled examples (X, y) in our setting does not150

possess the symmetry properties required for moment-matching with the reference R = N (0, I) to151

be possible. Specifically, the behavior of y will necessarily be somewhat different than the behavior of152

X . To circumvent this issue, we leverage an idea from [DKS19]. The high-level idea is to construct153

distributions Ev on (X, y) such that for any fixed value y0 of y, the conditional distribution of154

X | y = y0 under Ev is of the form PA,v described above, where A is replaced with some Ay0 .155

We further explain this modified construction. Note that Ev should be of the form αDv + (1−α)Nv ,156

where Dv is the inlier distribution (corresponding to the clean samples from the linear regression157

model) and Nv is the outlier (noise) distribution. To understand what properties our distribution158

should satisfy, we start by looking at the inlier distribution D. By definition, for (X, y) ∼ D, we159

have that y = βTX + η, where X ∼ N(0, I) and η ∼ N(0, σ2) is independent of X . A good160

place to start here is to understand the distribution of X conditioned on y = y0, for some y0, under161

D. It is not hard to show (Fact 2.3) that this conditional distribution is already of the desired form162

PA,β : it is a product of a (d − 1)-dimensional standard Gaussian in directions orthogonal to β,163

while in the β-direction it is a much narrower Gaussian with mean proportional to y0. To establish164

our SQ-hardness result, we would like to mix this conditional distribution with a carefully selected165

outlier distribution N | y = y0, such that the resulting mixture E | y = y0 matches many of its166

low-degree moments with the standard Gaussian in the β-direction, while being standard Gaussian167

in the orthogonal directions. In the setting of minority of outliers, [DKS19] was able to provide an168

explicit formula for N and match three moments to show an SQ lower bound of Ω(d2). The main169

technical difficulty in our paper is that, in order to prove the desired SQ lower bound of Ω(dpoly(1/α)),170

we need to match poly(1/α) many moments. We explain how to achieve this below.171

Here we take a different approach and establish the existence of the desired outlier distribution172

N |y = y0 in a non-constructive manner. We note that our problem is an instance of the moment-173

matching problem, where given a sequence of real numbers, the goal is to decide whether a distribution174

exists having that sequence as its low-degree moments. At a high-level, we leverage classical results175

that tackle this general question by formulating a linear program (LP) and using LP-duality to derive176

necessary and sufficient feasibility conditions (see [KS53] and Theorem 3.1). This moment-matching177

via LP duality approach is fairly general, but stumbles upon two technical obstacles in our setting.178

The first technical issue is that our final distributions Ev on (X, y) need to have bounded χ2-179

divergence with respect to the reference distribution, since the pairwise correlations scale with this180

quantity (see Lemma 1.13). To guarantee this, we can ensure that the outlier distribution in the181

β-direction is in fact equal to the convolution of a distribution with bounded support with a narrow182
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Gaussian: (i) The contraction property of this convolution operator means that it can only reduce the183

χ2-divergence, and (ii) the bounded support can be used in combination with tail-bounds on Hermite184

polynomials (Lemma 3.6) to bound from above the contribution to the χ2-divergence of each Hermite185

coefficient of our distribution (Lemma 2.6). These additional constraints necessitate a modification to186

the moment-matching problem, but it can still be readily analyzed (Theorem 2.5).187

The second and more complicated issue involves the fraction of outliers, i.e., the parameter “1−α”.188

Unfortunately, it is easy to see that the fraction of outliers necessary to make the conditional189

distributions match the desired number of moments must necessarily go to 1 as |y| goes to infinity:190

As |y| gets bigger, the conditional distribution of inliers moves further away from N (0, I) (Fact 2.3)191

and thus needs to be mixed more heavily with outliers to be corrected. This is a significant problem,192

since by definition we can only afford to use a (1−α)-fraction of outliers overall. To handle this issue,193

we consider a reference distribution R on (X, y) that has much heavier tails in y than the distribution194

of inliers has. This essentially means that as |y| gets large, the conditional probability that a sample195

is an outlier gets larger and larger. This is balanced by having slightly lower fraction of outliers for196

smaller values of |y|, in order to ensure that the total fraction of outliers is still at most 1−α. To197

address this issue, we leverage the fact that the probability that a clean sample has large value of |y|198

is very small. Consequently, we can afford to make the error rates for such y quite large without199

increasing the overall probability of error by very much.200

1.4 Preliminaries201

Notation We use N to denote natural numbers and Z+ to denote positive integers. For n ∈ Z+ we202

denote [n]
def
= {1, . . . , n} and use Sd−1 for the d-dimensional unit sphere. We denote by 1(E) the203

indicator function of the event E . We use Id to denote the d × d identity matrix. For a random204

variable X , we use E[X] for its expectation. For m ∈ Z+, the m-th moment of X is defined as205

E[Xm]. We use N (µ,Σ) to denote the Gaussian distribution with mean µ and covariance matrix Σ.206

We let φ denote the pdf of the one-dimensional standard Gaussian. When D is a distribution, we use207

X ∼ D to denote that the random variable X is distributed according to D. For a vector x ∈ Rd, we208

let ‖x‖2 denote its `2-norm. For y ∈ R, we denote by δy the Dirac delta distribution at y, i.e., the209

distribution that assigns probability mass 1 to the single point y ∈ R and zero elsewhere. When there210

is no confusion, we will use the same letters for distributions and their probability density functions.211

Ornstein-Uhlenbeck Operator For a ρ > 0, we define the Gaussian noise (or Ornstein-Uhlenbeck)212

operator Uρ as the operator that maps a distribution F on R to the distribution of the random variable213

ρX +
√

1− ρ2Z, where X ∼ F and Z ∼ N (0, 1) independently of X .214

Background on the SQ Model We provide the basic definitions and facts that we use.215

Definition 1.7 (Search problems over distributions). Let D be a set of distributions over Rd, F be216

a set called solutions, and Z : D → 2F be a map that assigns sets of solutions to distributions of217

D. The distributional search problem Z over D and F is to find a valid solution f ∈ Z(D) given218

statistical query oracle access to an unknown D ∈ D.219

The hardness of these problems is conveniently captured by the SQ dimension. For this, we first need220

to define the notion of correlation between distributions.221

Definition 1.8 (Pairwise Correlation). The pairwise correlation of two distributions with probability222

density functions D1, D2 : Rd → R+ with respect to a reference distribution with density R : Rd →223

R+, where the support of R contains the supports of D1 and D2, is defined as χR(D1, D2)
def
=224 ∫

Rd D1(x)D2(x)/R(x) dx− 1. When D1 = D2, the pairwise correlation becomes the same as the225

χ2-divergence between D1 and R, i.e., χ2(D1, R)
def
=
∫
Rd D

2
1(x)/R(x)dx− 1.226

Definition 1.9. For γ, β > 0, the set of distributions D = {D1, . . . , Dm} is called (γ, β)-correlated227

relative to the distribution R if |χR(Di, Dj)| ≤ γ, if i 6= j, and |χR(Di, Dj)| ≤ β otherwise.228

The statistical dimension of a search problem is based on the largest set of (γ, β)-correlated distribu-229

tions assigned to each solution.230

Definition 1.10 (Statistical Dimension). For γ, β > 0, a search problem Z over a set of solutions231

F and a class D of distributions over X , we define the statistical dimension of Z , denoted by232

SD(Z, γ, β), to be the largest integer m such that there exists a reference distribution R over X and233
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a finite set of distributions DR ⊆ D such that for any solution f ∈ F , the set Df = DR \ Z−1(f) is234

(γ, β)-correlated relative to R and |Df | ≥ m.235

Lemma 1.11 (Corollary 3.12 in [FGR+17]). Let Z be a search problem over a set of solutions F and236

a class of distributions D over Rd. For γ, β > 0, let s = SD(Z, γ, β) be the statistical dimension237

of the problem. For any γ′ > 0, any SQ algorithm for Z requires either sγ′/(β − γ) queries or at238

least one query to STAT(
√
γ + γ′) oracle.239

We continue by recalling the machinery from [DKS17] that will be used for our construction.240

Definition 1.12 (High-Dimensional Hidden Direction Distribution). For a unit vector v ∈ Rd and a241

distribution A on the real line with probability density function A(x), define PA,v to be a distribution242

over Rd, where PA,v is the product distribution whose orthogonal projection onto the direction of v is243

A, and onto the subspace perpendicular to v is the standard (d−1)-dimensional normal distribution.244

That is, PA,v(x) := A(vTx)φ⊥v(x), where φ⊥v(x) = exp
(
−‖x− (vTx)v‖22/2

)
/(2π)(d−1)/2.245

The distributions {PA,v} defined above are shown to be nearly uncorrelated as long as the directions246

where A is embedded are pairwise nearly orthogonal.247

Lemma 1.13 (Lemma 3.4 in [DKS17]). Let m ∈ Z+. Let A be a distribution over R that agrees248

with the first m moments of N (0, 1). For any v, let PA,v denote the distribution from Definition 1.12.249

For all v, u ∈ Rd, we have that χN (0,Id)(PA,v, PA,u) ≤ |uT v|m+1χ2(A,N (0, 1)).250

The following result shows that there are exponentially many nearly-orthogonal unit vectors.251

Lemma 1.14 (see, e.g., Lemma 3.7 of [DKS17]). For any 0 < c < 1/2, there is a set S, of at least252

2Ω(dc) unit vectors in Rd, such that for each pair of distinct v, v′ ∈ S, it holds |vT v′| ≤ O(dc−1/2).253

2 Main Result: Proof of Theorem 1.5254

In this section, we present the main result of this paper: SQ hardness of list-decodable linear regression255

(Definitions 1.1 and 1.2). We consider the setting when β has norm less than 1, i.e., β = ρv for256

v ∈ Sd−1 and ρ ∈ (0, 1).1 Note that the marginal distribution of the labels is N (0, σ2
y), where257

σ2
y = ρ2 + σ2. We ensure that the labels y have unit variance by using σ2 = 1− ρ2. Specifically, the258

choice of parameters will be such that obtaining a ρ/2-additive approximation of the regressor β is259

possible information-theoretically with poly(d/α) samples (cf. Appendix D.1), but the complexity of260

any SQ algorithm for the task must necessarily be at least dpoly(1/α)/σ. We show the following more261

detailed statement of Theorem 1.5.262

Theorem 2.1 (SQ Lower Bound). Let c ∈ (0, 1/2), d ∈ Z+ with d = 2Ω(1/(1/2−c)), α ∈ (0, 1/2),263

ρ ∈ (0, 1), σ2 = 1 − ρ2, and m ∈ Z+ with m ≤ c1/
√
α for some sufficiently small constant264

c1 > 0. Any list-decoding algorithm that, given statistical query access to a (1−α)-corrupted265

version of the distribution described by the model of Definition 1.2 with β = ρv for v ∈ Sd−1,266

returns a list L of hypotheses vectors that contains a β̂ such that ‖β̂ − β‖2 ≤ ρ/2, does one of the267

following: (i) it uses at least one query to STAT
(

Ω(d)−(2m+1)(1/4−c/2)eO(m)/
√

1− ρ2
)

, (ii) it268

makes 2Ω(dc)d−(2m+1)(1/2−c) many queries, or (iii) it returns a list L of size 2Ω(dc).269

In the rest of this section, we will explain the hard-to-learn construction for our SQ lower bound, i.e.,270

a set of distributions with large statistical dimension. The proof would then follow from Lemma 1.11.271

We begin by describing additional notation that we will use.272

Notation: As β = ρv for a fixed ρ, we will slightly abuse notation by using Dv(x, y) to denote273

the joint distribution of the inliers and we use Ev(x, y) to denote the (1−α)-corrupted version of274

Dv(x, y). To avoid using multiple subscripts, we use Dv(x|y) to denote the conditional distribution275

of X|y according to the distribution Dv and similarly for the other distributions. In addition, we use276

Dv(y) to denote the marginal distribution of y under Dv and similarly for other distributions.277

Following the general construction of [DKS17], we will specify a reference joint distribution R(x, y)278

where X and y are independent, and X ∼ N (0, Id). We will find a marginal distribution R(y) and a279

way to add the outliers so that the following hold for each Ev (where m = Θ(1/
√
α)):280

1This is a standard assumption and considered by existing works [KKK19, RY20] (cf. Remark B.5).
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(I) Ev is indeed a valid distribution of (X, y) in our corruption model (i.e., can be written as a281

mixture αDv(x, y)+(1−α)Nv(x, y) for some noise distributionNv). Moreover, the marginal282

of Ev on the labels, Ev(y), coincides with R(y).283

(II) For every y ∈ R, the conditional distribution Ev(x|y) is of the form PAy,v of Definition 1.12,284

with Ay being a distribution that matches the first 2m moments with N (0, 1).2285

(III) For Ay defined above, Ey∼R(y)[χ
2(Ay,N (0, 1))] is bounded.286

We first briefly explain why a construction satisfying the above properties suffices to prove our main287

theorem (postponing a formal proof for the end of this section). We start by noting the following288

decomposition (proved in Appendix B).289

Lemma 2.2. For u, v ∈ Sd−1, if Eu andEv have the same marginalsR(y) on the labels, they satisfy290

χR(x,y)(Ev(x, y), Eu(x, y)) = Ey∼R(y)

[
χN (0,Id) (Ev(x|y), Eu(x|y))

]
.291

Using the decomposition in Lemma 2.2 for Eu and Ev satisfying Property (II), Lemma 1.13 implies292

that |χR(x,y)(Ev(x, y), Eu(x, y))| ≤ |uT v|2m+1 Ey∼R(y)[χ
2(Ay, N(0, 1))]. Letting D = {Ev :293

v ∈ S}, where S is the set of nearly uncorrelated unit vectors from Lemma 1.14, we get that294

D is (γ, b)-correlated relative to R, for b = Ey∼R(y)[χ
2(Ay,N (0, 1))] and γ ≤ d−Ω(m)b. As295

|S| = 2Ω(dc), b is bounded, and the list size is much smaller than |S|, we can show that the statistical296

dimension of the list-decodable linear regression is large.297

Thus, in the rest of the section we focus on showing that such a construction exists. We first note298

that according to our linear model of Definition 1.2, the conditional distribution of X given y for the299

inliers is Gaussian with unit variance in all but one direction (see Appendix B for a proof).300

Fact 2.3. Fix ρ > 0, v ∈ Sd−1, and consider the regression model of Definition 1.2 with β = ρv.301

Then the conditional distributionX|y of the inliers isN (yρv, Id−ρ2vvT ), i.e., independent standard302

Gaussian in all directions perpendicular to v and N (ρy, 1− ρ2) in the direction of v.303

Since Fact 2.3 states that Dv(x|y) is already of the desired form (standard normal in all directions304

perpendicular to v and N (yρ, 1− ρ2) in the direction of v), the problem becomes one-dimensional.305

More specifically, for every y ∈ R, we need to find a one-dimensional distributionQy and appropriate306

values αy ∈ [0, 1] such that the mixture Ay = αyN (yρ, 1 − ρ2) + (1−αy)Qy matches the first307

2m moments with N (0, 1). Then, multiplying by φ⊥v (which denotes the contribution of the308

space orthogonal to v to the density of standard Gaussian, as defined in Definition 1.12) yields309

the d-dimensional mixture distribution αyDv(x|y) + (1−αy)Qy(vTx)φ⊥v(x). We show that an310

appropriate selection of αy can ensure that this is a valid distribution for our contamination model.311

Lemma 2.4. Let R be a distribution on pairs (x, y) ∈ Rd+1 such that αy := αDv(y)/R(y) ∈ [0, 1]312

for all y ∈ R. Suppose that for every y ∈ R there exists a univariate distribution Qy such that313

Ay := αyN (yρ, 1−ρ2)+(1−αy)Qy matches the first 2m moments withN (0, 1). If the distribution314

of the outliers is Nv(x, y) = ((1−αy)/(1−α))Qy(vTx)φ⊥v(x)R(y), Properties (I) and (II) hold.315

The proof of Lemma 2.4 is included in Appendix B. We will choose the reference distribution R(x, y)316

to have X ∼ N (0, Id) and y ∼ N (0, 1/α) independently, which makes the corresponding value of317

αy to be αy = αDv(y)/R(y) =
√
α exp(−y2(1− α)/2). This satisfies the condition in Lemma 2.4318

that αy ∈ [0, 1]. Our choice ofR(y) ∼ N (0, 1/α) is informed by Properties (II) and (III), and will be319

used later on in the proofs of Theorem 2.5 and Lemma 2.6 (also see the last paragraph of Section 1.3320

for more intuition). Going back to our goal, i.e., making Ay = αyN (yρ, 1−ρ2) + (1−αy)Qy match321

moments with N (0, 1), we will argue that it suffices to only look for Qy of the specific form UρFy,322

where Uρ is the Ornstein-Uhlenbeck operator. This suffices because Uρδy = N (yρ, 1− ρ2) and the323

operator Uρ preserves the moments of a distribution if they match with N (0, 1) (see Lemma 2.6 (i)324

below). Letting Ay = Uρ(αyδy + (1 − αy)Fy), the new goal is to show that the argument of Uρ325

matches moments with N (0, 1). We show the following structural result:326

Theorem 2.5. Let y ∈ R, B ∈ R, α ∈ (0, 1/2), and define αy :=
√
α exp(−y2(1−α)/2). For any327

m ∈ Z+ such that m ≤ C1/
√
α and B ≥ C2

√
m, with C1 > 0 being a sufficiently small constant328

and C2 being a sufficiently large constant, there exists a distribution Fy that satisfies the following:329

1. The mixture distribution αyδy + (1− αy)Fy matches the first 2m moments with N (0, 1).330

2We use even number of moments for simplicity. The analysis would slightly differ for odd number.
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2. Fy is a discrete distribution supported on at most 2m+ 1 points, all of which lie in [−B,B].331

The proof of Theorem 2.5 is the bulk of the technical work of this paper and is deferred to Section 3. As332

mentioned before, applying Uρ preserves the required moment-matching property. More crucially, it333

allows us to bound the χ2-divergence: the following result bounds χ2(Ay,N (0, 1)) using contraction334

properties of Uρ, tail bounds of Hermite polynomials, and the discreteness of Fy .335

Lemma 2.6. In the setting of Theorem 2.5, let ρ > 0 and Qy = UρFy. Then the following holds336

for the mixture Ay = αyN (yρ, 1 − ρ2) + (1−αy)Qy: (i) Ay matches the first 2m moments with337

N (0, 1), and (ii) χ2(Ay,N (0, 1)) ≤ αO(ey
2(α−1/2))/(1− ρ2) +O(eB

2/2)/(1− ρ2).338

We prove Lemma 2.6 in Appendix B. We are now ready to sketch the proof of Theorem 2.1 (see339

Appendix B for the detailed proof).340

Proof Sketch of Theorem 2.1. Consider the search problem Z , where D is the set of all distributions341

Ev satisfying properties (I),(II), and (III) (let β(v) = ρv be the corresponding regressors). For each342

Ev, the corresponding solution set is defined to consist of all lists L of size ` having one element343

that is (ρ/2)-close to β(v). Let the subset DR = {Ev}v∈S , for S being the set of nearly orthogonal344

vectors of Lemma 1.14. Since |uT v| ≤ O(dc−1/2) for any distinct u, v ∈ S and d = 2Ω(1/(1/2−c)),345

for any vector w, at most one element of S can be (ρ/2)-close to w. Thus, for any list L of size346

` = |S|/2, |DR \Z−1(L)| ≥ |S|−` ≥ 2Ω(dc). Using Lemmas 2.2 and 1.13 along with the χ2-bound347

of Lemma 2.6, we get that DR is (γ, b)-correlated with respect to R, for b := eO(m)/(1− ρ2) and348

γ := Ω(d)−(2m+1)(1/2−c)b. An application of Lemma 1.11 completes the proof.349

3 Duality for Moment Matching: Proof of Theorem 2.5350

We now prove the existence of a bounded distribution Fy such that the mixture αyδy + (1−αy)Fy351

matches the first 2m moments with N (0, 1). The proof follows a non-constructive argument based352

on the duality between the space of moments and the space of non-negative polynomials.353

Let B > 0 and m ∈ Z+. Let P(m) denote the class of all polynomials p : R → R with354

degree at most m. Let P≥0(2m,B) be the class of polynomials that can be represented in either355

the form p(t) = (
∑m
i=0 ait

i)2 or the form p(t) = (B2 − t2)(
∑m−1
i=0 bit

i)2. The intuition for356

P≥0(2m,B) is that every polynomial of degree at most 2m that is non-negative in [−B,B] can357

be written as a finite sum of polynomials from P≥0(2m,B). By slightly abusing notation, for358

a polynomial p(t) =
∑m
i=0 pit

i, we also use p to denote the vector in Rm+1 consisting of the359

coefficients (p0, . . . , pm). The following classical result characterizes when a vector is realizable as360

the moment sequence of a distribution with support in [−B,B] (for simplicity, we focus on matching361

an even number of moments in the rest of this section).362

Theorem 3.1 (Theorem 16.1 of [KS53]). Let B > 0, k ∈ Z+, and x = (x0, x1, . . . , x2k) ∈ R2k+1363

with x0 = 1. There exists a distribution with support in [−B,B] having as its first 2k moments the364

sequence (x1, . . . , x2k) if and only if for all p ∈ P≥0(2k,B) it holds that
∑2k
i=0 xipi ≥ 0.365

As we require the distribution to be discrete, we prove the following result using Theorem 3.1:366

Proposition 3.2. Fix y ∈ R, αy ∈ (0, 1), B > 0, and m ∈ Z+. There exists a discrete distribution367

Fy supported on at most 2m+ 1 points in [−B,B] such that αyδy + (1− αy)Fy matches the first368

2m moments with N (0, 1) if and only if EX∼N (0,1)[p(X)] ≥ αyp(y) for all p ∈ P≥0(2m,B).369

The proof of Proposition 3.2 is deferred to Appendix C.1. To prove Theorem 2.5, we need to establish370

the condition of Proposition 3.2. To this end, we first need the following two technical lemmas, whose371

proofs are sketched towards the end of this section (for detailed proofs see Sections C.2 and C.3).372

Lemma 3.3. Let m ∈ Z+. If B ≥ C
√
m for some sufficiently large constant C > 0, then for every373

q ∈ P(m), it holds that B2 EX∼N (0,1)[q
2(X)] ≥ 2EX∼N (0,1)[X

2q2(X)].374

Lemma 3.4. Let y ∈ R, α ∈ (0, 1/2), m ∈ Z+, and αy =
√
α exp(−y2(1 − α)/2). Sup-375

pose m ≤ C/
√
α for some sufficiently small constant C > 0. Then for all r ∈ P(m), r 6≡ 0:376

r2(y)/(EX∼N (0,1)[r
2(X)]) ≤ 1/(2αy).377
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Proof of Theorem 2.5. By Proposition 3.2, it remains to show that if B ≥ C2
√
m, then the condition378

EX∼N (0,1)[p(X)] ≥ αyp(y) holds for all p ∈ P≥0(2m,B). Thus, it suffices to ensure that the379

following two inequalities hold for X ∼ N (0, 1):380

sup
r∈P(m),r 6≡0

r2(y)

E[r2(X)]
≤ 1

αy
and sup

q∈P(m−1),q 6≡0

(B2 − y2)q2(y)

E[(B2 −X2)q2(X)]
≤ 1

αy
, (1)

where we use Lemma 3.3 to show that E[(B2 − X2)q2(X)] > 0 for all non-zero polynomials381

q ∈ P(m − 1). The first expression can be bounded using Lemma 3.4 when m ≤ C1/
√
α.382

We now focus on the second expression. By Lemma 3.3, EX∼N (0,1)[(B
2 − X2)q2(X)] ≥383

0.5EX∼N (0,1)[B
2q2(X)]. Therefore, we have that384

sup
q∈P(m−1),q 6≡0

(B2 − y2)q2(y)

EX∼N (0,1)[(B2 −X2)q2(X)]
≤ sup
q∈P(m−1),q 6≡0

B2q2(y)

EX∼N (0,1)[(B2 −X2)q2(X)]

≤ sup
q∈P(m−1),q 6≡0

B2q2(y)

EX∼N (0,1)[0.5B2q2(X)]
= 2 sup

q∈P(m−1),q 6≡0

q2(y)

EX∼N (0,1)[q2(X)]
,

where the first inequality uses that the denominator is positive and y2q2(y) ≥ 0 and the second385

inequality uses that EX∼N (0,1)[(B
2 − X2)q2(X)] ≥ 0.5EX∼N (0,1)[B

2q2(X)]. The expression386

above is of the same form as the first expression in Equation (1), and thus is also bounded above by387

1/αy when m ≤ C1/
√
α using Lemma 3.4. This completes the proof of Theorem 2.5.388

Proof sketch of Lemma 3.3: The proof of Lemma 3.3 is a relatively straightforward application389

of Hölder’s inequality and the Gaussian Hypercontractivity Theorem (stated below). For p ∈ (0,∞),390

we define the Lp-norm of a random variable X to be ‖X‖Lp := (E[|X|p])1/p.391

Fact 3.5 (Gaussian Hypercontractivity [Bog98, Nel73]). Let X ∼ N (0, 1). If p ∈ P(d) and t ≥ 2,392

then ‖p(X)‖Lt ≤ (t− 1)d/2 ‖p(X)‖L2 .393

Proof sketch of Lemma 3.4: The proof is based on Hermite Analysis (see Appendix A for more394

details). The normalized probabilist’s Hermite polynomials, {hi, i ∈ [m]} form a basis of P(m) and395

satisfy the property EX∼N (0,1)[hi(X)hj(X)] = 1(i = j). Since r is a polynomial of degree at most396

m, we can represent r(x) =
∑m
i=1 aihi(x) for some ai ∈ R. Using orthonormality of hi under the397

Gaussian measure, we get that EX∼N (0,1)[r
2(X)] =

∑m
i=1 a

2
i . By a standard optimization argument,398

we get that the supremum of r2(y)/E[r2(X)] is exactly
∑m
i=1 h

2
i (y). It remains to show that for399

every y ∈ R,
∑m
i=1 αyh

2
i (y) ≤ 1/2. As m ≤ C/

√
α for a small enough constant C, it suffices to400

show that for every i ∈ [m], αyh2
i (y) ≤ O(

√
α). As αy :=

√
α exp(−y2(1−α)/2), the following401

tail bound on the Hermite polynomials can be used:402

Lemma 3.6 ([Kra04]). Let hk be defined as above. Then maxx∈R h
2
k(x)e−x

2/2 = O(k−1/6).403

We break our analysis in two cases:404

Case 1: |y| ≤ 1/
√
α. Since α2y ≤ 1, Lemma C.3 implies that for every |y| ≤ 1/

√
α, αyh2

i (y) =405 √
α exp(1)h2

i (y) exp(−y2/2) = O(
√
α).406

Case 2: |y| > 1/
√
α. In this case, we use rather crude bounds. A direct calculation shows that407

|hi(x)| ≤ ii(1 + |x|)i. Since α ∈ (0, 1/2), we get that αyh2
i (y) ≤

√
α exp(−y2/4 + i log(2i|y|)).408

It remains to show that exp(−y2/4 + i log(2i|y|)) = O(1) under given conditions on i and y. We409

have that exp(−y2/4 + i log(2i|y|)) = O(1) whenever |y| = Ω(
√
i log i). Since |y| ≥ 1/

√
α, the410

former condition is satisfied whenever i = O(1/
√
α). This completes the proof sketch.411
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