
Pessimism Meets Invariance: Provably Efficient
Offline Mean-Field Multi-Agent RL

Anonymous Author(s)
Affiliation
Address
email

Abstract

Mean-Field Multi-Agent Reinforcement Learning (MF-MARL) is attractive in the1

applications involving a large population of homogeneous agents, as it exploits2

the permutation invariance of agents and avoids the curse of many agents. Most3

existing results only focus on online settings, in which agents can interact with4

the environment during training. In some applications such as social welfare5

optimization, however, the interaction during training can be prohibitive or even6

unethical in the societal systems. To bridge such a gap, we propose a SAFARI7

(peSsimistic meAn-Field vAlue iteRatIon) algorithm for off-line MF-MARL, which8

only requires a handful of pre-collected experience data. Theoretically, under a9

weak coverage assumption that the experience dataset contains enough information10

about the optimal policy, we prove that for an episodic mean-field MDP with11

a horizon H and N training trajectories, SAFARI attains a sub-optimality gap12

of O(H2
de↵/

p
N), where de↵ is the effective dimension of the function class13

for parameterizing the value function, but independent on the number of agents.14

Moreover, we also propose a variant of our SAFARI algorithm for the online15

setting, which is of independent interest.16

1 Introduction17

Significant progress has been made towards multi-agent reinforcement learning (MARL) for many18

prominent sequential decision making problems, such as social welfare optimization [1], fleet control19

of autonomous vehicles [2] and playing multiplayer online battle arena (MOBA) games [3]. As the20

joint state and action space scales exponentially with the number of agents, however, MARL becomes21

computationally expensive. One remedy is the mean-field regime when an extremely large number22

of homogenous agents are involved, e.g., social welfare optimization. The effect of each agent on23

the overall multi-agent system can become infinitesimal, and therefore all agents can be considered24

interchangeable/indistinguishable [4–6]. Accordingly, the interaction among agents can be captured25

by some mean-field quantity such as the empirical distribution of states, and therefore each agent26

only needs to find the best response to the so-called “mean-field state”, which avoids the curse of27

many agents.28

Most existing results on mean-field MARL (MF-MARL) are for the online setting [4, 7], where the29

agents can interact with the environment during training. However, such interaction during training30

can be prohibitive for some important applications [1, 8–10]. Taking social welfare optimization as31

an example, repeatedly conducting social experiments on human being can be unaffordable or even32

unethical in the societal systems. Therefore, we can only consider the offline settings, i.e., we learn33

the optimal policy based on some pre-collected experience data [10]. Unfortunately, existing offline34

reinforcement learning (RL) algorithms and theories all focus on the single agent settings, and no35

algorithms and theories have been developed for MARL under the offline settings, regardless of the36

mean-field regime or not.37
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To bridge such a critical gap, we propose the first pessimistic algorithm – named SAFARI (peSsimistic38

meAn-Field vAlue iteRatIon) for mean-field MARL, which can provably achieve sample efficiency39

under the offline setting. Our proposed algorithm contains two important components: (1) To40

incorporate the permutation invariance of the homogenous agents, we adopt a RKHS (Reproducing41

Kernel Hilbert Space) mean-embedding approach for approximating value functions, which avoids the42

exponential blowup of the agents’ state and action spaces; (2) We develop an uncertainty quantifier,43

and integrate it into the value iteration procedure as the penalty function. Such a penalty function44

can effectively screen the “spuriously correlated trajectories”, i.e., which possibly happen to appear45

in the experience data, but are actually unrelated to the optimal policy, but by chance induce large46

cumulative rewards and hence may potentially mislead the learned policy.47

Theoretically, we establish a data-dependent upper bound on the suboptimality of SAFARI for MF-48

MARL without the stringent assumptions on the sufficient coverage of the experience data (e.g., finite49

concentrability coefficients [11] or uniformly lower bounded densities of visitation measure [12]).50

More specifically, we only assume that the experience data of N training trajectories contains enough51

information about the optimal policy. Then we prove that for an episodic MF-MARL problem with52

a horizon H , SAFARI attains a sub-optimality gap of O(H2
de↵/

p
N), where de↵ is the effective53

dimension of the function class (RKHS) for parameterizing the value function and independent on54

the number of agents.55

In addition to the offline settings, our SAFARI algorithm can also be extended to MF-MARL under56

the online setting, which is of independent interest. Specifically, we only need to flip the sign of our57

uncertainty quantifier, and convert it to a bonus function for promoting the exploration [13]. We then58

prove that such an optimistic variant attains a sample efficient regret bound, which is also independent59

on the number of agents under the online setting.60

2 Related Work61

• Mean-Field MARL. Existing literature has proposed various mean-field approximation approaches62

to model the population behavior of the agents for MARL with a large number, even infinitely many63

homogenous agents. [14] investigate a mean-field game with deterministic linear state transitions, and64

reformulate it as a mean-field MDP, where the mean-field state lies in finite-dimensional probability65

simplex. [4] propose a mean-field approximation approach over actions, which approximates the66

interaction between any given agent and the population by the interaction between the agent’s action67

and the averaged actions of its neighboring agents. Such an averaging approach over the local actions,68

however, is only applicable when a sparse graph over agents is given, which requires extensive prior69

knowledge. [5] investigate a mean-field MDP from the perspective of mean-field control. As the70

mean-field state lies in a probability simplex and continuous in nature, they propose to discretize71

the joint state-action space such that conventional RL algorithms can be applied. [15] investigate a72

mean-field MDP motivated by permutation invariance. They require a central controller managing73

the actions of all the agents, and therefore is restricted to handling the curse of many agents from74

the exponential blowup of joint state space. More recently, [6] investigate a similar mean-field MDP,75

which allows agents to make their own local actions without resorting to a centralized controller. All76

these methods focus the online settings. In comparison, our proposed SAFARI algorithm and theory77

focus on the offline settings.78

• RL for Mean-Field Game. Our work is also related to the literature that studies RL methods79

for mean-field games [16–19]. Such a game can be viewed as the infinite-agent limit of general-80

sum Markov game with homogeneous agents, and the aggregated effect of the other agents is also81

summarized as a mean-field state. In contrast to mean-field MARL, the solution concept of mean-field82

game is the Nash equilibrium, which corresponds to a pair of a local policy ⇡⇤ of the representative83

agent and a mean-field state d
⇤ satisfying the following two properties: (i) when the mean-field state84

is set to d
⇤, ⇡⇤ is the optimal policy of the representative agent; and (ii) when all agents adopt ⇡⇤,85

the resulting mean-field state is d⇤. Recently, there are many recent works developing RL methods86

for solving mean-field games. See, e.g., [20–30] and the references therein. Most of these methods87

adopts a double-loop structure, where the inner loop finds the optimal local policy given the current88

mean field state and the outer loop updates the mean-field states. Moreover, these works often assume89

the data distribution is well-explored with either a generative model [31] or bounded concentrability90

coefficients [32]. Our mean-field MARL problem is similar to the inner-loop problem of finding91

the optimal local policy in mean-field games. In contrast to these existing works, our algorithm and92
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theory can be applied to datasets that are possibly not well-explored. Moreover, as mean-field MARL93

and mean-field games are different models, our work is not directly comparable to these works.94

• Offline Single-Agent RL. Our work is also closely related to the literature on offline single-agent95

RL, which often focuses on either policy evaluation or policy optimization. In particular, in policy96

evaluation, the goal is to estimate the value function of a target policy, whereas in policy optimization,97

we aims to learn the optimal policy, which can be achieved via estimating the optimal value function.98

For both these tasks, in the offline setting, due to the lack of continuing exploration [33], the99

distribution shift [10] is a fundamental challenge. That is, the trajectories in the dataset and those100

induced by the target policy or the optimal policy might have diverse distributions. Such a challenge is101

further exacerbated when function approximators are adopted to represent the desired value functions.102

To overcome such a challenge, most of the existing theoretical works imposes certain well-exploration103

assumptions on the dataset. Some of commonly made assumptions include uniformly lower bounded104

visitation measure of the behavior policy, uniformly upper bounded importance sampling ratio, and105

bounded concentrability coefficients. See, e.g., [34–48, 11, 49–54, 12, 55–63] and the references106

therein.107

However, in practice, such assumptions on the dataset often fail to hold [64–67]. In light of this, there108

is a line of recent works that proposes various pessimism-based offline single-agent RL algorithms109

with empirical evidence or theoretical guarantees [68–74]. In particular, [71] propose a regularized110

variant of fitted Q-iteration [34–36], which is shown to attain the optimal policy within a restricted111

policy class without assuming the dataset is well-explored. Moreover, with an arbitrary dataset,112

[72–74] identify the critical role of pessimism in achieving offline sample efficiency. Among113

these works, our work is particularly related to [73], which develops a pessimistic variant of the114

value iteration algorithm with finite-dimensional linear function approximation. In comparison, our115

SAFARI algorithm extends such an algorithm to mean-field MARL and we propose to employ RKHS116

mean embedding for handling the difference between finite-agent empirical mean-field state and its117

infinite-agent counterpart. Moreover, our algorithm and analysis involve infinite-dimensional RKHS,118

which strictly generalizes those in [73].119

Notation: Given a space X , we denote M(X ) as the collection of probability distributions supported120

on X . Let u, v, w 2 H be elements in a Hilbert space, we denote hu, vi as the inner product, and u⌦v121

as the outer product satisfying (u⌦ v)w = u hv, wi. For a scalar a, we denote {a}+ = max{0, a}.122

We use O(·) to hide absolute constants and log factors.123

3 Mean-Field Multi-Agent RL124

We consider a Multi-Agent Reinforcement Learning (MARL) problem with m+ 1 agents and time125

horizon H . For the i-th agent (also known as the Representative Agent (RA)), at step h, we denote126

si,h 2 S and ai,h 2 A as its state and action, respectively. We assume S and A are compact.127

Different from single agent RL problem, the transition kernel, reward function, and policy of an128

representative agent in MARL depend not only on its individual state, but the states of m other129

agents. Furthermore, we assume that the interaction of the representative agent to the other agents130

is permutation invariant, i.e., the influence of all the other agents is modeled using the empirical131

distribution of states bds,h = 1
m

P
m

j 6=i
�sj,h 2 M(S). To this end, we define the transition kernel132

ph : S ⇥M(S)⇥A 7! M(S), the (deterministic) reward function rh : S ⇥M(S)⇥A 7! R, and133

the policy ⇡h : S ⇥M(S) 7! M(A) all depending on a “meta state” denoted as b!h = (si,h, bds,h) 2134

S ⇥M(S). For simplicity, we denote ⌦ = S ⇥M(S) as the meta state space.135

Remark 1. The empirical distribution of states bds,h is naturally permutation invariant and evolves136

according to the transition kernel ph and policy ⇡h. To see this, suppose each agent takes the137

same policy ⇡h at step h. Then at step h+ 1, the state sh+1,j of the j-th agent is sampled from the138

distribution ph(· | sh,j⇥ bds,h, ah,j), where ah,j is determined by policy ⇡h(· | sh,j⇥ bds,h). Collecting139

m states dh+1,j for j 6= i induces the empirical distribution of states bds,h+1.140

We now define several important notions in MARL. Given a policy ⇡, the value function V
⇡

h
: ⌦ 7! R141

at step h  H for a representative agent is142

V
⇡

h
(!) = E⇡

"
HX

i=h

ri(!i, ai)
�� !h = !

#
, (1)
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where E⇡ denotes the expectation over the randomness in trajectories induced by policy ⇡. The143

action-value function (Q-function) Q⇡

h
: ⌦⇥A 7! R is defined as144

Q
⇡

h
(!, a) = E⇡

"
HX

i=h

ri(!i, ai)
�� !h = !, ah = a

#
.

By definition, V ⇡

h
and Q

⇡

h
are related via V

⇡

h
(!) =

R
A
Q

⇡

h
(!, a)⇡(a|!)da 4

= hQ⇡

h
,⇡iA. Next, we145

define the Bellman operator and conditional transition operator. At each step h  H , the Bellman146

operator denoted as Bh is147

(Bhg)(!, a) = E [rh(!h, ah) + g(!h+1) | !h = !, ah = a] (2)
= rh(!, a) + (Phg)(!, a),

where g is a function defined on ⌦, and Ph is referred to as the conditional transition operator.148

Mean-Field MARL As the number of agents goes to infinity, the empirical distribution of states149

bds converges to a (continuous) limit ds. Then the mean-field MARL problem for a representative150

agent is defined as a tuple (⌦,A, H, P, r), where ⌦ and A are the meta state space and action space,151

respectively, H is the horizon, P = {ph}Hh=1 : ⌦ ⇥ A 7! M(S) is the transition kernel, and152

r = {rh}Hh=1 is the reward function defined on ⌦⇥A. Following Remark 1, the transition of ds is153

also determined by P = {ph}Hh=1.154

To tackle the infinite-dimensional joint distribution of states, we embed the meta state-action space155

⌦ ⇥ A into a reproducing kernel Hilbert space (RKHS). Specifically, denote ⌅ = S ⇥ S ⇥ A156

and let K : ⌅ ⇥ ⌅ 7! R be a symmetric positive kernel. The corresponding feature mapping of157

kernel k is denoted as  , which verifies h (·), (·)i = K(·, ·) can be infinite dimensional. For any158

(!, a) 2 ⌦⇥A, we define mean embedding as159

µ(!, a) = Es0⇠ds [ (s, s
0
, a)]. (3)

Based on the embedding, we parameterize the reward rh and Markov transition ph as linear functionals160

of µ(!, a) in RKHS HK induced by kernel K, i.e.,161

rh(!, a) = hµ(!, a), ✓hi , ph(!
0 | !, a) =

⌦
µ(!, a), vh(!

0)
↵
, (4)

where ✓h, vh are understood as “weights” and have bounded Hilbert norm (see Assumption 3). Such162

a parameterization encodes a rich family of functions, once the kernel is universal [15]. By the163

definition of Q-function and value function, we can show that the Bellman operator can also be164

parameterized in HK .165

Proposition 1. Suppose the reward function rh and the transition kernel ph is parameterized in HK166

by (4) for h = 1, . . . , H . Then for any g : ⌦ 7! R, the Bellman operator (Bhg) and conditional167

transition operator (Phg) defined in (2) can be written as168

(Bhg)(!, a) = hµ(!, a), wgi , (Phg)(!, a) = hµ(!, a), wg + ✓hi ,
where wg depends on the function g.169

The proof is provided in Appendix C.1, which follows from pure algebraic manipulation. From170

the perspective of policy learning in mean-field MARL, Proposition 1 motivates us to estimate the171

Bellman operator Bh in HK , and then optimize the estimated Q-function to obtain a policy. We172

introduce the detailed learning procedure in Section 4 (Algorithm 1).173

4 Offline Pessimistic Value Iteration174

In this section, we introduce our dataset and learning algorithm. We collect multiple trajectories of175

a representative agent in a mean-field MARL problem. Here the mean-field state distribution ds is176

prohibitive to trace. Instead, we only independently observe the states of a finite number of agents.177

Accordingly, the batched dataset DN,H consists of N trajectories of length H , within which the n-th178

sequence is ⌧n =
�
(sn

h
2 Sm+1

, a
n

h
2 A, r

n

h
2 R)

 H
h=1

. Without loss of generality, we assume sh,0179

is the state of the representative agent, and the reward function is bounded by 1, i.e., |rh(!, a)|  1180

for any ! 2 ⌦, a 2 A. The collected trajectories are generated by some unknown behavior policy.181

Recall bdsnh = 1
m

P
m

j=1 s
n

h,j
is the empirical state distribution induced by s

n

h
. (We slightly alter the182

notation to emphasize the empirical distribution is generated by the collection of m states sn
h,1:m,183
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while in the previous context, we use a general purpose notation bds,h.) We denote b!n

h
= s

n

h,0 ⇥ bdsnh ,184

and compute the empirical mean embedding of (b!n

h
, a

n

h
) as185

µ(b!n

h
, a

n

h
) = E

s0⇠bdsn
h

[ (sn
h,0, s

0
, a

n

h
)] = 1

m

P
m

j=1  (s
n

h,0, s
n

h,j
, a

n

h
).

Under mild conditions, the empirical mean embedding µ(b!n

h
, a

n

h
) concentrates around the infinite186

agent mean embedding µ(!n

h
, a

n

h
) defined in (3), where !n

h
is the infinite agent meta state. See a187

detailed error quantification in Lemma 3.188

Pessimistic Value Iteration Our goal is to learn an optimal policy to be deployed for all the agents189

based on the experience data of the representative agent. The idea is to estimate the Q-function at190

each time step in the RKHS HK , and then optimize the Q-function to obtain an optimal policy. In191

more detail, at step h  H , we estimate Bellman operator by optimizing the empirical mean squared192

Bellman error193

(bBh
bVh+1) = argmin

f(·)=h·,↵i2HK

NX

n=1

⇣
f(µ(b!n

h
, a

n

h
))� r

n

h
� bVh+1(b!n

h+1)
⌘2

+ � kfk2
H
, (5)

where � � 1 controls the regularization strength, bV is the estimated value function, and k·k
H

denotes194

the Hilbert norm.195

The solution to (5) can be written in a closed form. For notational simplicity, we define

K((!, a), ·) = Es0⇠ds [K((s, s0, a), ·)] with ! = s⇥ ds.

Then we denote the gram matrix Kh 2 RN⇥N as196

[Kh]`,`0 = K((b!`

h
, a

`

h
), (b!`

0

h
, a

`
0

h
))

4

= E
s1⇠

bd`
h,s2⇠

bd`0
h
h (s`

h,0, s1, a
`

h
), (s`

0

h,0, s2, a
`
0

h
)i

for `, `
0 = 1, . . . , N. Meanwhile, for any (!, a), we denote feature vector �h(!, a) =197 ⇥

K((b!1
h
, a

1
h
), (!, a)), . . . ,K((b!N

h
, a

N

h
), (!, a))

⇤> 2 RN . Then the estimated Bellman operator198

bBh
bVh+1 can be written as199

(bBh
bVh+1)(!, a) = �h(!, a)

>b↵h

with b↵h = (Kh + �I)�1[r1
h
+ bVh+1(b!1

h+1), . . . , r
N

h
+ bVh+1(b!N

h+1)]
>
,

(6)

We summarize the proposed SAFARI algorithm in Algorithm 1.200

Algorithm 1 Pessimistic Mean-Field Value Iteration (SAFARI)
Input: Dataset DN,H , coefficient �, regularization coefficient �.
Initialize: Set bVH+1 = 0.
for h = H,H � 1, . . . , 1 do

Compute ⇤h = Kh + �I .
Estimate eQh(!, a)

4

= (bBh
bVh+1)(!, a) = �h(!, a)>b↵h as in (6).

Set �h(!, a) = � · ��1/2
�
K((!, a), (!, a))� �h(!, a)>⇤

�1
h
�h(!, a)

�1/2.
Let bQh(!, a) = min{ eQh(!, a)� �h(!, a), H � h+ 1}+.
Optimal policy b⇡h = argmax

⇡
h bQh(!, ·),⇡(· | !)iA.

Set bVh(!) = h bQh(!, ·), b⇡h(· | !)iA.
end for
Output: Estimated Q-function bQh, value function bVh, and optimal policy b⇡h for h = 1, . . . , H .

The quantity �h quantifies the uncertainty in estimating the Bellman operator Bh
bVh+1 using kernel201

ridge regression. We subtract �h for estimating the Bellman operator to account for the spurious202

correlation in the experience data (see Technical Overview following Theorem 1 for a detailed203

explanation). We truncate bQh at H � h+ 1, since the reward function is bounded by 1.204
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5 Suboptimality of Policy Learned by SAFARI205

We investigate the performance of the optimal policy b⇡ learned by Algorithm 1. Before we proceed,206

we state the following assumptions.207

Assumption 1 (Boundedness of Kernel). Kernel K(·, ·) is bounded, i.e., without loss of generality,208

we assume sup
⇠2⌅ |K(⇠, ⇠)|  1.209

By Cauchy-Schwarz inequality, Assumption 1 implies for any ⇠1, ⇠2 2 ⌅, K(⇠1, ⇠2) 210 p
K(⇠1, ⇠1)K(⇠2, ⇠2)  1. Such an assumption holds for a rich family of commonly used ker-211

nels, e.g., RBF kernel and Laplacian kernel, and is a standard assumption in literature [75, 76].212

The second assumption characterizes the spectrum of kernel K. We first introduce the integral213

operator induced by kernel K. Let f : ⌅ 7! R be a square-integrable function. Then we define the214

integral operator TK as215

(TKf)(⇠) =

Z
K(⇠, x)f(x)dx for ⇠ 2 ⌅.

By Mercer’s theorem [77], TK has corresponding positive eigenvalues �i and eigenfunctions ⌫i. Then216

the kernel K admits a decomposition217

K(⇠1, ⇠2) =
1X

i=1

�i⌫i(⇠1)⌫i(⇠2).

Assumption 2 (Spectrum of Kernel). The eigenvalue �i satisfies one of the following three condi-218

tions:219

1. (Finite Spectrum). There exists a positive integer �, such that �i = 0 for all i > �.220

2. (Exponential Decay). There exist positive constants C1, C2 and exponent � > 0 such that221

�i  C1 exp (�C2i
�).222

3. (Polynomial Decay). There exists a positive constant C and exponent � � 3 +O( 1
d
) such that223

�i  Ci
�� , where d is the dimension of S ⇥ S ⇥A.224

Furthermore, in (Exponential Decay) and (Polynomial Decay), we assume the eigenfunction ⌫i is225

uniformly bounded, i.e., sup
i
k⌫ik1  1.226

As we will show in our theory, the decay rate of the spectrum significantly influences the performance227

of the proposed SAFARI algorithm. We give examples to better interpret the three categories above.228

In (Finite Spectrum) case, by (4), the reward function and transition kernel is a linear function of229

a finite dimensional feature map. Such a parameterization is satisfied by linear MDP [78, 79]. In230

(Exponential Decay) and (Polynomial Decay) cases, the feature map is infinite dimensional. For231

example, RBF kernel belongs to (Exponential Decay) case, while Laplacian kernel and neural tangent232

kernel belong to (Polynomial Decay) case. We assume � � 3 +O(1/d) in (Polynomial Decay) for233

technical simplicity, yet it is not restrictive: Laplacian kernel and neural tangent kernel both have a234

polynomial decay rate of � = d [80].235

The last assumption imposes some regularity on the reward function and transition probabilities.236

Assumption 3 (Boundedness). The weights ✓h and vh in reward function rh and Markov transition237

kernel ph are bounded for any h = 1, . . . , H , respectively, i.e., k✓hkH  1 and
R
⌦ kvh(x)kH dx 238 p

de↵ , where de↵ = sup
Kh

log det(I +Kh/�) is the effective dimension of HK with supremum239

over all Gram matrix Kh 2 RN⇥N .240

The effective dimension describes the complexity of HK for parameterizing the MDP [81], whose241

scale is closely related to the spectrum of kernel K. In the special case of K having a �-finite242

spectrum as in Assumption 2, we have de↵ = O(�), which resembles the dimensionality of a finite243

dimensional Euclidean space.244

We measure the pointwise suboptimality of the learned policy b⇡. We define the global optimal policy245

by the recursion,246

⇡
⇤

h
= argmax

⇡

hQ⇤

h
,⇡i

A
, with Q

⇤

h
= BhV

⇤

h+1, V
⇤

h
= hQ⇤

h
,⇡

⇤

h
i
A
, and V

⇤

H+1 = 0.
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Then the suboptimality of b⇡ is given as247

SubOpt(b⇡;!) = V
⇡
⇤

1 (!)� V
b⇡
1 (!).

Our main result is provided in the following theorem, which upper bounds SubOpt(b⇡;!).248

Theorem 1. Suppose Assumption 1 – 3 hold. For any � 2 (0, 1), let b⇡h be the policy returned by249

Algorithm 1 with250

m � log(2/�), � = 1, � =

8
>><

>>:

cmax{d, �}H
p

log(max{d, �}HN/�) (Finite Spectrum)

cH

q
d (log(HN/�))1+2/�

(Exponential Decay)

cN
d+1
d+� H

p
d log(HN/�) (Polynomial Decay)

,

where d is the dimension of ⌅ = S ⇥ S ⇥ A and c is some constant depending on C,C1, C2 and251

Lebesgue measure of ⌅. Then for any meta state !, with probability at least 1�� over the randomness252

of the dataset DN,H , we have253

SubOpt(b⇡;!)  2
HX

h=1

E⇡⇤ [�h(!h, ah) | !1 = !].

Theorem 1 indicates that the suboptimality of learned policy depends on the uncertainty quantifier254

�h. The scale of �h depends on how well the collected data explore the state-action space. Moreover,255

from a Bayesian learning perspective, �h measures the eliminated uncertainty in estimating the256

Bellman operator given dataset DN,H [73]. To better understand the convergence of SubOpt, we257

specialize Theorem 1 under a weak data coverage assumption.258

Assumption 4 (Weak Coverage). Suppose the dataset is collected under some behavior policy ⇡̄259

such that there exists a constant cmin > 0 satisfying260

inf
kfk

H
=1

hf,E⇡̄[µ(!h, ah)⌦ µ(!h, ah)]fi � cmin for any h = 1, . . . , H.

Recall that µ is the mean embedding in HK .261

Assumption 4 says that the operator E⇡̄[µ(!h, ah)⌦ µ(!h, ah)] is positive definite. Intuitively, this262

requires that the collected data relatively well spread over the state-action space. We present the263

following Corollary providing a concrete convergence rate of SubOpt.264

Corollary 1. Under the setting in Theorem 1, we additionally assume Assumption 4 holds. Then for265

N � ⌦(log(de↵H/�)) sufficiently large, with probability 1� �, we have266

SubOpt(b⇡;!) = O
 
H

2
de↵

r
log(de↵HN/�)

N

!
.

Here de↵ is the effective dimension of RKHS HK , which takes value267

de↵ =

8
><

>:

max{d, �} logN (Finite Spectrum)

d(logN)1+1/�
(Exponential Decay)

dN
d+1
d+� logN (Polynomial Decay)

.

Impact of Kernel Spectrum The spectrum of kernel K significantly influences the performance of268

the learned policy. In (Finite Spectrum) case, the effective dimension scales linearly with dimension269

d and �, and SubOpt converges at a rate of O(H2 max{d, �}/
p
N), which recovers the result270

of Corollary 4.5 in [73] on linear MDP. In (Exponential Decay) case, the convergence rate is271

O(H2
d(logN)1+1/�

/
p
N), which is similar to (Finite Spectrum) case with additional logarithmic272

dependence on N . However, in (Polynomial Decay) case, the convergence rate is considerably slower,273

and relies heavily on the decay rate �. Consider, for instance, Laplacian kernel and NTK, whose274

spectrum decays with � = d. Then SubOpt converges at a rate of O(H2
dN

�
1
2d logN), which275

suffers from the curse of dimensionality without further assumptions on data.276

No Curse of Many Agents The convergence of SubOpt does not suffer from the curse of many277

agents. In particular, both Theorem 1 and Corollary 1 only impose a mild requirement on the number278

m of neighboring agents to be sampled. This is due to the permutation invariance in mean-field279

MARL, since the interactive influence of neighboring agents are captured by the distribution of states.280
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Technical Overview We briefly discuss the proof of Theorem 1 and Corollary 1. The full proof is281

deferred to Appendix A and B. We first decompose SubOpt into three terms (see Lemma 1):282

SubOpt(⇡;!) = E1 + E2 + E3.

Here E1 =
P

H

h=1 Eb⇡[ bQh(!h, ah) � (Bh
bVh+1)(!h, ah) | !1 = !] reflects the uncertainty283

in estimating the Bellman operator. Note that the evaluating trajectory is generated by the284

learned policy b⇡, which has spurious correlation with the estimated Bellman operator; E2 =285 P
H

h=1 E⇡⇤ [(Bh
bVh+1)(!h, ah) � bQh(!h, ah) | !1 = !] is the estimation error of Bellman oper-286

ator again, yet it is evaluated by a trajectory generated by ⇡⇤. Compared to E1, E2 does not suffer287

from the spurious correlation between the learned policy and the estimated Bellman operator. Lastly,288

E3 =
P

H

h=1 E⇡[h bQh(!h, ·),⇡⇤

h
(· | !h) � b⇡h(· | !h)iA | !1 = !] is the optimization error. By the289

optimality of b⇡, we immediately have E3  0.290

In order to tackle E1 and E2, we properly choose �h so that the event E = {|Bh
bVh+1 � bBh

bVh+1| 291

�h} happens with high probability. In fact, �h is understood as the uncertainty quantifier of estimating292

Bh
bVh+1 with high confidence 1� �. Then we can show E1  0 conditioned on event E, meanwhile293

E2  2
P

H

h=1 E⇡⇤ [�h(!h, ah) | !1 = !]. To this end, we reduce the upper bound of SubOpt to294

bounding the uncertainty quantifier �h, which allows us to leverage statistical tools. In particular, �h295

consists of two types of statistical error: 1) covariate concentration error on mean embedding, i.e.,296

finite agent empirical embedding µ(b!n

h
, a

n

h
) concentration error with respect to population counterpart297

µ(!n

h
, a

n

h
); 2) regression error in Bellman operator estimation. We bound 1) by concentration of298

empirical means in Hilbert spaces (see Lemma 3). In bounding 2), we exploit the closed form solution299

of kernel ridge regression and concentration of self-normalizing processes (see Lemma 5).300

6 Online Policy Learning301

We extend our pessimistic policy learning to online mean-field settings. Different from performing302

backward value iteration, online mean-field MARL aims to learn a policy forward in time. Specifically,303

we consider the mean-field MARL problem (⌦,A, H, P, r) again, where we denote s0 as the304

representative agent and sample m neighboring agents from the mean-field distribution of states. We305

simulate N episodes of length H . In the n-th episode, we sample a starting meta state !n

1 from a306

fixed initial distribution on ⌦. However, we can only observe the states of m agents to approximate307

the mean-field state distribution, and denote b!n

1 as the received empirical counterpart of !n

1 . Then the308

representative agent determines a policy ⇡n = {⇡n

h
}H
h=1, to be deployed for all the agents. At step h,309

the representative agent takes an action a
n

h
sampled from ⇡

n

h
(· | b!n

h
), and transits to the next state310

following the Markov transition ph. The reward function r
n

h
is revealed to the representative agent311

after taking the action. Note that the reward function can be chosen by the environment adversarially.312

The n-th episode ends, when the representative agent receives the terminal reward r
n

H
(b!n

H
, a

k

H
). We313

define regret of the learned policy, competing with the globally optimal policy:314

Regret({⇡n}N
n=1;H) = sup

⇡

NX

n=1

⇣
V

⇡,n

1 (!n

1 )� V
⇡
n
,n

1 (!n

1 )
⌘
,

where the value function V is defined in (1).315

Similar to the offline setting, we parameterize the transition kernel P = {ph}Hh=1 in an RKHS.316

Specifically, we slightly abuse the notation to overload ⌅ = S ⇥ S ⇥ A ⇥ S ⇥ S . We consider a317

kernel K : ⌅⇥ ⌅ 7! R with the corresponding feature map  . Then we parameterize the transition318

kernel ph as319

ph(!
0 | !, a) = hµ(!, a,!0), vhi with µ(!, a,!0) = Es⇠ds,s

0⇠d0
s
[ (s0, s, a, s

0

0, s
0)],

where vh is the weight and we denote ! = (s0, ds),!0 = (s00, d
0

s
). Here µ is the mean embedding320

depending additionally on the next meta state. We also note the slight variant of parameterizing the321

transition kernel compared to the off-line setting in (4). Furthermore, we assume the received reward322

r
n

h
(!, a) = Es⇠ds [g

n

h
(s0, s, a)], where g

n

h
represents the pairwise reward between the representative323

agent and its neighbors. In the sequel, we assume324

kvhkH  1 and kgn
h
k
1

 1 for h = 1, . . . , H, n = 1, . . . , N.

We propose Online Mean-field Proximal Policy Optimization (OMPPO) in Algorithm 2 for solving325

the online mean-field MARL problem.326
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Algorithm 2 Online Mean-field Proximal Policy Optimization (OMPPO)
Input: Coefficient �, constant ↵.
Initialize: Set {⇡n

0 }Hh=1 to be uniform on A; Q0
h
= 0 for h = 1, . . . , H .

for n = 1, . . . , N do
Sample starting state b!n

1 .
for h = 1, . . . , H do

Set ⇡n

h
(a | !) / ⇡

n�1
h

(a | !) exp(↵Qn�1
h

(!, a)).
Take action a

n

h
⇠ ⇡

n

h
(· | b!n

h
); receive reward function r

n

h
; transit to next state b!n

h+1.
end for
Set V n

H+1 = 0.
for h = H,H � 1, . . . , 1 do

Compute Gram matrix K
n�1
h

and vector �n
h
(!, a): For `, `0 = 1, . . . , n� 1

[Kn�1
h

]`,`0 =
R
⌦⇥⌦ K((b!`

h
, a

`

h
,!

0), (b!`
0

h
, a

`
0

h
,!

00))V `

h+1(!
0)V `

0

h+1(!
00)d!0

d!
00

[�n
h
(!, a)]` =

R
⌦⇥⌦ K((b!`

h
, a

`

h
,!

0), (!, a,!00))V `

h+1(!
0)V n

h+1(!
00)d!0

d!
00
.

Compute ⇤n�1
h

= K
n�1
h

+ �I .
Estimate eQn

h
(!, a) = �

n�1
h

(!, a)>(⇤n�1
h

)�1[V 1
h+1(b!1

h+1), . . . , V
n�1
h+1 (b!

n�1
h+1 )]

>.

Set �n

h
(!, a) = � · ��1/2

�
K((!, a), (!, a))� �

n�1
h

(!, a)>(⇤n�1
h

)�1
�
n�1
h

(!, a)
�1/2.

Let Qn

h
(!, a) = min

n
eQn

h
(!, a) + r

n

h
(!, a) + �n

h
(!, a), H � h+ 1

o+
.

Compute V
n

h
(!) = hQn

h
(!, ·),⇡n

h
(· | !)i

A
.

end for
end for
Output: Value function V

n

h
and optimal policy ⇡n

h
for h = 1, . . . , H and n = 1, . . . , N .

Note that different from the off-line setting, OMPPO iteratively improves its policy while accumulat-327

ing experience data. During the (n� 1)-th episode, OMPPO executes the policy ⇡n�1 and collects328

the trajectory data of the episode. At the end of the (n� 1)-th episode, OMPPO uses the collected329

samples to update the estimated Q-functions {Qn�1
h

}H
h=1, and obtains the improved policy ⇡n using330

the updated Q-functions. Further, we flip the sign of �h to promote exploration.331

Recall that de↵ is the effective dimension of HK and takes values as in Corollary 1 based on the332

spectrum of K. We then present the following regret bound.333

Theorem 2. Suppose Assumption 1 and 2 hold. Given � 2 (0, 1), we further assume the cardinality334

of the action space is bounded by log |A| = O(d2e↵ log2(de↵HN/�)). Let ⇡n be the policy learned335

by Algorithm 2 with ↵ =
p
2 log |A|/(H2N),m � 2H4

N
2 log(2HN/�),� = 1, and336

� =

8
>><

>>:

cmax{d, �}H
p
log(max{d, �}HN/�) (Finite Spectrum)

cH

q
d (log(HN/�))1+2/� (Exponential Decay)

cN
d+1
d+� H

p
d log(HN/�) (Polynomial Decay)

,

where d is the dimension of ⌅ and c is some constant depending on C,C1, C2, and Lebesgue measure337

of ⌅. Then with probability 1� �, we have338

Regret({⇡n}N
n=1;H) = O

⇣
H

2
de↵

p
N log(HN/�)

⌘
.

The regret in Theorem 2 does not suffer from the curse of many agents, thanks to the permutation339

invariance in mean-field MARL. We also observe that the spectrum of kernel has significant influence340

on the regret of learned policy. The proof is provided in Appendix D.341

7 Conclusion342

This paper proposes a SAFARI (Pessimistic Mean-Field Value Iteration) algorithm in mean-field343

MARL, with an extension to online settings (OMPPO algorithm). We prove a suboptimality bound344

O(H2
de↵/

p
N) in the off-line setting, under a weak data coverage assumption. The suboptimality345

bound is free of the curse of many agents due to the permutation invariance in mean-field formulation.346

In online settings, we provide a regret bound of the order O(H2
de↵

p
N).347
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