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Abstract

The research area of algorithms with predictions has seen recent success showing1

how to incorporate machine learning into algorithm design to improve performance2

when the predictions are correct, while retaining worst-case guarantees when they3

are not. Most previous work has assumed that the algorithm has access to a single4

predictor. However, in practice, there are many machine learning methods available,5

often with incomparable generalization guarantees, making it hard to pick a best6

method a priori. In this work we consider scenarios where multiple predictors are7

available to the algorithm and the question is how to best utilize them.8

Ideally, we would like the algorithm’s performance to depend on the quality of the9

best predictor. However, utilizing more predictions comes with a cost, since we now10

have to identify which prediction is best. We study the use of multiple predictors for11

a number of fundamental problems, including matching, load balancing, and non-12

clairvoyant scheduling, which have been well-studied in the single predictor setting.13

For each of these problems we introduce new algorithms that take advantage of14

multiple predictors, and prove bounds on the resulting performance.15

1 Introduction16

An exciting recent line of research attempts to go beyond traditional worst-case analysis of algorithms17

by equipping algorithms with machine-learned predictions. The hope is that these predictions18

allow the algorithm to circumvent worst case lower bounds when the predictions are good, and19

approximately match them otherwise. The precise definitions and guarantees vary with different20

settings, but there have been significant successes in applying this framework for many different21

algorithmic problems, ranging from very general online problems to classical graph algorithms (see22

Section 1.2 for a more detailed discussion of related work, and [29] for a survey). In all of these23

settings it turns out to be possible to define a “prediction” where the “quality” of the algorithm24

(competitive ratio, running time, etc.) depends the “error” of the prediction. Moreover, in at least25

some of these settings, it has been further shown that this prediction is actually learnable with a small26

number of samples, usually via standard ERM methods [15].27

Previous work has shown the power of accurate predictions, and there are numerous examples28

showing improved performance in both theory and practice. However, developing accurate predictors29

remains an art, and a single predictor may not capture all of the subtleties of the instance space.30

Recently, researchers have turned to working with portfolios of predictors: instead of training a single31

model, we instead train multiple models, with the hope that one of them will give good guarantees.32

It is easy to see why the best predictor in a portfolio may be significantly better than a one-size fits all33

predictor. First, many of the modern machine learning methods come with a slew of hyperparameters34

that require tuning. Learning rate, mini-batch size, optimizer choice, all of these have significant35

impact on the quality of the final solution. Instead of commiting to a single setting, one can instead36

try to cover the parameter space, with the hope that some of the predictors will generalize better than37
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others. Second, problem instances themselves may come from complex distributions, consisting of38

many latent groups or clusters. A single predictor is forced to perform well on average, whereas39

multiple predictors can be made to “specialize” to each cluster.40

In order to take advantage of the increased accuracy provided by the portfolio approach, we must41

adapt algorithms with predictions to take advantage of multiple predictions. To recoup the gains in42

performance, the algorithm must perform as if equipped with the best predictor, auto-tuning to use the43

best one available in the portfolio. However, it is easy to see that there should be a cost as the size of44

the portfolio grows. In the extreme, one can add every possible prediction to the portfolio, providing45

no additional information, yet now requiring high performance from the algorithm. Therefore, we46

must aim to minimize the dependence on the number of predictions in the portfolio.47

We remark that the high level set up may be reminiscent of expert- or bandit-learning literature.48

However, there is a critical distinction. In expert and bandit learning, we are given a sequence of49

problem instances, and the goal is to compete (minimize regret) with respect to the best prediction50

averaged over the whole sequence. On the other hand, in our setup, we aim to compete with the best51

predictor on a per-instance basis.52

Previous work on multiple predictions. Anand, Ge, Kumar, and Panigrahi recently initiated the53

study of algorithms with multiple learned predictions in [6], proving strong bounds for important54

online covering problems including online set cover, weighted caching, and online facility location.55

However, their techniques and results are limited to online covering problems. Moreover, they do not56

discuss the learning aspects at all: they simply assume that they are given k predictions, and their57

goal is to have competitive ratios that are based on the minimum error of any of the k predictions.58

(They actually compete against a stronger dynamic benchmark, but for our purposes this distinction59

is not important).60

On the other hand Balcan et al. [12] look at this problem through a data driven algorithm lens and61

study the sample complexity and generalization error of working with k (as opposed to 1) parameter62

settings. The main difference from our work is that they also aim learn a selector, which selects one63

of the k parameters prior to beginning to solve the problem instance. In contrast, in this work we64

make the selection during the course of the algorithm, and sometimes switch back and forth while65

honing in on the best predictor.66

1.1 Our Results and Contributions67

In this paper we study three fundamental problems, min-cost perfect matching, online load balancing,68

and non-clairvoyant scheduling for total completion time, in this new setting. Each of these has seen69

significant success in the single-prediction model but is not covered by previous multiple-prediction70

frameworks.71

For each of these we develop algorithms whose performance depends on the error of the best72

prediction, and explore the effect of the number of predictions, k. Surprisingly, in the case of73

matching and scheduling we show that using a limited number of multiple predictions is essentially74

free, and has no asymptotic impact on the algorithm’s performance. For load balancing, on the other75

hand, we show that the cost of multiple predictions grows logarithmically with k, again implying a76

tangible benefit of using multiple predictions. We now describe these in more detail.77

Min-Cost Perfect Matching. We warm up to showcase our approach with the classical min-cost78

perfect matching problem in Section 3. This problem was recently studied by [14, 15] to show that it79

is possible to use learned predictions to improve running times of classical optimization problems.80

In particular, [15] showed it is possible to speed up the classical Hungarian algorithm by predicting81

dual values, and moreover that it is possible to efficiently (PAC-)learn the best duals. We show that82

simple modifications of their ideas lead to similar results for multiple predictions. Interestingly, we83

show that as long as k ≤ O(
√
n), the extra “cost” (running time) of using k predictions is negligible84

compared to the cost of using a single prediction, so we can use up to
√
n predictions “for free” while85

still getting running time depending on the best of these predictions. Moreover, since in this setting86

running time is paramount, we go beyond sample complexity to show that it is also computationally87

efficient to learn the best k predictions.88
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Online Load Balancing with Restricted Assignments. We continue in Section 4 with the funda-89

mental load balancing problem. In this problem there are m machines, and n jobs which appear in90

online fashion. Each job has a size, and a subset of machines that it can be assigned to. The goal is to91

minimize the maximum machine load (i.e., the makespan). This problem has been studied extensively92

in the traditional scheduling and online algorithms literature, and recently it has also been the subject93

of significant study given a single prediction [22–24]. In particular, Lattanzi, Lavastida, Moseley,94

and Vassilvitskii [22] showed that there exist per machine “weights” and an allocation function so95

that the competitive ratio of the algorithm depends logarithmically on the maximum error of the96

predictions. We show that one can use k predictions and incur an additional O(log k) factor in the97

competitive ratio, while being competitive with the error of the best prediction. Additionally, we98

show that learning the best k predicted weights (in a PAC sense) can be done efficiently.99

Non Clairvoyant Scheduling Finally, in Section 5 we move to the most technically complex100

part of this paper. We study the problem of scheduling n jobs on a single machine, where all jobs101

are released at time 0, but where we do not learn the length of a job until it actually completes (the102

non-clairvoyant model). Our objective is to minimize the sum of completion times. This problem103

has been studied extensively, both with and without predictions [20, 26, 31, 32]. Most recently,104

Lindermayr and Megow [26] suggested that we use an ordering as the prediction (as opposed to105

the more obvious prediction of job sizes), and use the difference between the cost induced by the106

predicted ordering and the cost induced by the instance-optimal ordering as the notion of “error”.107

In this case, simply following the predicted ordering yields an algorithm with error equal to the108

prediction error.109

We extend this to the multiple prediction setting, which turns out to be surprisingly challenging. The110

algorithm of [26] is quite simple: follow the ordering given by the prediction (and run a 2-competitive111

algorithm in parallel to obtain a worst-case backstop). But we obviously cannot do this when we are112

given multiple orderings! So we must design an algorithm which considers all k predictions to build113

a schedule that has error comparable to the error of the best one. Slightly more formally, we prove114

that we can get sum of completion times bounded by at most (1 + ϵ)OPT plus poly(1/ϵ) times the115

error of the best prediction, under the mild assumption that no set of at most log log n jobs has a large116

contribution to OPT.117

To do this, we first use sampling techniques similar to those of [20] to estimate the size of the118

approximately ϵn’th smallest job without incurring much cost. We then use even more sampling and119

partial processing to determine for each prediction whether its ϵn prefix has many jobs that should120

appear later (a bad sequence) or has very few jobs that should not be in the prefix (a good sequence).121

If all sequences are bad then every prediction has large error, so we can use a round robin schedule122

and charge the cost to the prediction error. Otherwise, we choose one of the good orderings and123

follow it for its ϵn prefix (being careful to handle outliers). We then recurse on the remaining jobs.124

1.2 Related Work125

As discussed, the most directly related papers are Anand et al. [6] and Balcan, Sandholm, and126

Vitercik [12]; these give the two approaches (multiple predictions and portfolio-based algorithm127

selection) that are most similar to our setting. The single prediction version of min-cost bipartite128

matching was studied in [14, 15], the single prediction version of our load balancing problem was129

considered by [22–24] (and a different though related load balancing problem was considered by [4]),130

and the single prediction version of our scheduling problem was considered by [26] with the same131

prediction that we use (an ordering) and earlier with different predictions by [20, 32]. Online132

scheduling with estimates of the true processing times was considered in [9, 10].133

More generally, there has been an enormous amount of recent progress on algorithms with predictions.134

This is particularly true for online algorithms, where the basic setup was formalized by [27] in the135

context of caching. For example, the problems considered include caching [21, 27, 33], secretary136

problems [7, 17], ski rental [5, 32], and set cover [13]. There has also been recent work on going137

beyond traditional online algorithms, including work on running times [14, 15], algorithmic game138

theory [2, 18, 28], and streaming algorithms [1, 16, 19].139

The above is only a small sample of the work on algorithms with predictions. We refer the interested140

reader to a recent survey [29], as well as a recently set up website which maintains a list of papers in141

the area [25].142
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2 Learnability143

When designing new methods in the algorithms with predictions setting, the predictions under144

consideration must satisfy two constraints. First, they should be useful to the algorithm, so that145

using the predictions allows the algorithm to achieve better running time, competitive ratio, or some146

other performance measure. Second, they must be learnable; that is it must be feasible to find good147

predictions given a set of problem instances.148

To rigorously prove learnability, we follow previous work [11, 15, 30] and focus on proving a bound149

on the sample complexity of finding the best predictions that generalize.150

Our main result shows that for a given problem, the pseudo-dimension of finding k predictions is151

Õ(k)1 factor larger than that for finding a single best predictor. We state the formal Theorem below,152

but defer the proof to the supplementary material.153

Theorem 2.1. Let F be a class of functions f : X → R with pseudo-dimension d and let Fk :=154

{F (x) = minℓ∈[k] f
ℓ(x) | f1, f2, . . . , fk ∈ F}. Then the pseudo-dimension of Fk is at most155

Õ(dk).156

Note that this directly implies that the sample complexity when looking for k predictions is a factor157

of k larger than that of a single predictor.158

3 Minimum Cost Bipartite Matching with Predicted Duals159

In this section we study the minimum cost bipartite matching problem with multiple predictions. The160

case of a single prediction has been considered recently [14, 15], where they used dual values as a161

prediction and showed that the classical Hungarian algorithm could be sped up by using appropriately162

learned dual values. Our goal in this section is to extend these results to multiple predictions, i.e.,163

multiple duals. In particular, in Section 3.2 we show that we can use k duals and get running time164

comparable to the time we would have spent if we used the single best of them in the algorithm of [15],165

with no loss whatsoever if k is at most O(
√
n). Then in Section 3.3 we show that k predictions can166

be learned with not too many more samples (or running time) than learning a single prediction.167

3.1 Problem Definition and Predicted Dual Variables168

In minimum cost bipartite matching there is a bipartite graph G = (V,E) (letting n = |V | and169

m = |E|) with edge costs c ∈ ZE . The objective is to output a perfect matching M ⊆ E which170

minimizes the cost c(M) :=
∑

e∈E ce. This problem is exactly captured by the following primal and171

dual linear programming formulations.172

min
∑
e∈E

cexe (MWPM-P)∑
e∈N(i)

xe = 1 ∀i ∈ V

xe ≥ 0 ∀e ∈ E

max
∑
i∈V

yi (MWPM-D)

yi + yj ≤ ce ∀e = ij ∈ E

Recently, Dinitz et al. [15] studied initializing the Hungarian173

algorithm with a prediction ŷ of the optimal dual solution y∗.174

They propose an algorithm which operates in two steps. First,175

the predicted dual solution ŷ may not be feasible, so they176

give an O(n+m) time algorithm which recovers feasibility177

(which we refer to as Make-Feasible). Second, the now-178

feasible dual solution is used in a primal-dual algorithm such179

as the Hungarian algorithm (which we refer to as Primal-180

Dual) and they show that the running time depends on the ℓ1181

error in the predicted solution. In addition to this they show182

that learning a good initial dual solution is computationally183

efficient with low sample complexity. More formally, they184

proved the following theorems.185

Theorem 3.1 (Dinitz et al. [15]). Let (G, c) be an instance of minimum cost bipartite matching and186

ŷ be a prediction of an optimal dual solution y∗. There exists an algorithm which returns an optimal187

solution and runs in time O(m
√
n · ∥y∗ − ŷ∥1).188

Theorem 3.2 (Dinitz et al. [15]). Let D be an unknown distribution over instances (G, c) on n189

vertices and let y∗(G, c) be an optimal dual solution for the given instance. Given S independent190

1Õ(·) suppresses logarithmic factors
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samples from D, there is a polynomial time algorithm that outputs a solution ŷ such that191

E(G,c)∼D [∥y∗(G, c)− ŷ∥1] ≤ min
y

E(G,c)∼D [∥y∗(G, c)− y∥1] + ϵ

with probability 1− δ where S = poly(n, 1
ϵ ,

1
δ ).192

3.2 Using k Predicted Dual Solutions Efficiently193

Given k predicted dual solutions ŷ1, ŷ2, . . . , ŷk, we would like to efficiently determine which solution194

has the minimum error for the given problem instance. Note that the predicted solutions may still be195

infeasible and that we do not know the target optimal dual solution y∗. We propose the following196

simple algorithm which takes as input k predicted solutions and whose running time depends only197

on the ℓ1 error of the best predicted solution. First, we make each predicted solution feasible, just198

as before. Next, we select the (now-feasible) dual solution with highest dual objective value and199

proceed running the primal-dual algorithm with only that solution. See Algorithm 1 for pseudo-code.200

Algorithm 1 Minimum cost matching with k predicted dual solutions
1: procedure k-PREDICTEDPRIMAL-DUAL(G, c, ŷ1, ŷ2, . . . , ŷk)
2: for ℓ ∈ [k] do
3: yℓ ←MakeFeasible(G, c, ŷℓ)
4: end for
5: ℓ′ ← argmaxℓ∈[k]

∑
i∈V yℓi

6: M ←Primal-Dual(G, c, yℓ
′
)

7: Return M
8: end procedure

We have the following201

result concerning Algo-202

rithm 1. To interpret this203

result, note that the cost for204

increasing the number of205

predictions is O(k(n+m)),206

which will be dominated207

by the m
√
n term we pay208

for running the Hungarian209

algorithm unless k is210

extremely large (certainly211

larger than
√
n) or there212

is a prediction with 0 error213

(which is highly unlikely). Hence we can reap the benefit of a large number of predictions “for free”.214

Theorem 3.3. Let (G, c) be a minimum cost bipartite matching instance and let ŷ1, ŷ2, . . . , ŷk be215

predicted dual solutions. Algorithm 1 returns an optimal solution and runs in time O(k(n+m) +216

m
√
n ·minℓ∈[k] ∥y∗ − ŷℓ∥1).217

We defer the proof to the supplementary material. But correctness is essentially direct from [15], and218

the running time requires just a simple modification of the analysis of [15].219

3.3 Learning k Predicted Dual Solutions220

Next we extend Theorem 3.2 to the setting where we output k predictions. Let D be a distribution221

over problem instances (G, c) on n vertices. We show that we can find the best set of k predictions.222

More formally, we prove the following theorem.223

Theorem 3.4. Let D be an unknown distribution over instances (G, c) on n vertices and let y∗(G, c)224

be an optimal dual solution for the given instance. Given S independent samples from D, there is a225

polynomial time algorithm that outputs a k solutions ŷ1, ŷ2, . . . , ŷk such that226

E(G,c)∼D

[
min
ℓ∈[k]
∥y∗(G, c)− ŷℓ∥1

]
≤ O(1) · min

y1,y2,...,yk
E(G,c)∼D

[
min
ℓ∈[k]
∥y∗(G, c)− yℓ∥1

]
+ ϵ

with probability 1− δ where S = poly(n, k, 1
ϵ ,

1
δ ).227

The proof of this theorem can be found in the supplementary material, but it is straightforward.228

The sample complexity is due to combining Theorem 2.1 with Theorem 3.2 (or more precisely,229

with the pseudo-dimension bound which implies Theorem 3.2). The O(1)-approximation factor230

and polynomial running time is from the observation that the ERM problem in this setting is just231

k-median.232

4 Online Load Balancing with Predicted Machine Weights233

We now apply our framework to online load balancing with restricted assignments. In particular, we234

consider proportional weights, which have been considered in prior work [22–24]. Informally, we235
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show in Section 4.2 that if β is the cost of the best of the k predictions, then even without knowing a236

priori which prediction is best, we get cost of O(β log k). Then in Section 4.3 we show that it does237

not take many samples to actually learn the best k predictions.238

4.1 Problem Definition and Proportional Weights239

In online load balancing with restricted assignments there is a sequence of n jobs which must be240

assigned to m machines in an online fashion. Upon seeing job j, the online algorithm observes241

its size pj > 0 and a neighborhood N(j) ⊆ [m] of feasible machines. The algorithm must then242

choose some feasible machine i ∈ N(j) to irrevocably assign the job to before seeing any more243

jobs in the sequence. We also consider fractional assignments, i.e. vectors belonging to the set244

X = {x ∈ Rm×n
+ | ∀j ∈ [n],

∑
i xij = 1, and xij = 0 ⇐⇒ i /∈ N(j)}.245

Prior work studied the application of proportional weights[3, 22–24]. Intuitively, a prediction in this246

setting is a weighting of machines, which then implies an online assignment, which is shown to be247

near-optimal. Slightly more formally, suppose that we are given weights wi for each machine i. Then248

we say that each job j is fractionally assigned to machine i to a fractional amount of wi∑
i′∈N(j) wi′

.249

Notice that given weights, this also gives an online assignment. It is known that there exist weights for250

any instance where the fractional solution has a near optimal makespan, even though there are only251

m “degree of freedom” in the weights compared to mn in an assignment. That is, for all machines i,252 ∑
j∈[n] pj ·

wi∑
i′∈N(j) wi′

is at most a (1 + ϵ) factor larger than the optimal makespan for any constant253

ϵ > 0 [3, 22].254

Let w∗ be a set of near optimal weights for a given instance. Lattanzi et al. [22] showed the following255

theorem:256

Theorem 4.1. Given predicted weights ŵ, there is an online fractional algorithm which has makespan257

O(log(η(ŵ, w∗)OPT), where η(ŵ, w∗) := maxi∈[m] max( ŵi

w∗
i
,
w∗

i

ŵi
) to be the error in the prediction.258

Moreover, this fractional assignment can be converted online to an integral assignment while losing259

only an O(log logm) factor in the makespan [22, 24].260

4.2 Combining Fractional Solutions Online261

Given k different predicted weight vectors ŵ1, ŵ2, . . . , ŵk, we want to give an algorithm which is262

competitive against the minimum error among the predicted weights, i.e. we want the competitiveness263

to depend upon ηmin := minℓ∈[k] η(ŵ
ℓ, w∗).264

The challenge is that we do not know up front which ℓ ∈ [k] will yield the smallest error, but instead265

learn this in hindsight. We consider the following approach to address this. For each ℓ ∈ [k], let xℓ,266

be the resulting fractional assignment from applying the fractional online algorithm due to [22] with267

weights ŵℓ. This fractional assignment is revealed one job at a time.268

We give an algorithm which is O(log k)-competitive against any collection of k fractional assignments269

which are revealed online. Moreover, our result applies to the unrelated machines setting, in which270

each job has a collection of machine-dependent sizes {pij}i∈[m]. The algorithm is based on the271

doubling trick and is similar to results due to [8] which apply to metrical task systems. Let β :=272

minℓ∈[k] maxi
∑

j pijx
ℓ
ij be the best fractional makespan in hindsight. As in previous work, our273

algorithm is assumed to know β, an assumption that can be removed [22]. At a high level, our274

algorithm maintains a set A ⊆ [k] of solutions which are good with respect to the current value of β,275

averaging among these. See Algorithm 2 for a detailed description. We have the following theorem.276

Theorem 4.2. Let x1, x2, . . . , xk be fractional assignments which are revealed online. If Algorithm 2277

is run with β := minℓ∈[k] maxi
∑

j pijx
ℓ
ij , then it yields a solution of cost O(log k) · β and never278

reaches the fail state (line 7 in Algorithm 2).279

Let βℓ = maxi
∑

j pijx
ℓ
ij and OPT be the optimal makespan. Theorem 4.1 shows that βℓ ≤280

O(log ηℓ)OPT. The following corollary is then immediate:281

Corollary 4.3. Let w1, w2, . . . , wk be the predicted weights with errors η1, η2, . . . , ηk. Then Algo-282

rithm 2 returns a fractional assignment with makespan at most OPT ·O(log k) ·minℓ∈[k] log(η
ℓ).283
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Algorithm 2 Algorithm for combining fractional solutions online for load balancing.
1: procedure COMBINE-LOADBALANCING(β)
2: A← [k] ▷ Initially all solutions are good
3: for each job j do
4: Receive the assignments x1, x2, . . . , xk

5: A(j, β)← {ℓ ∈ A | ∀i ∈ [m], xℓ
ij > 0 =⇒ pijx

ℓ
ij ≤ β}

6: if A = ∅ or A(j, β) = ∅ then
7: Return “Fail”
8: end if
9: ∀i ∈ [m], xij ← 1

|A(j,β)|
∑

ℓ∈S(j,β) x
ℓ
ij

10: A← {ℓ ∈ S | maxi∈[m]

∑
j′≤j pij′x

ℓ
ij′ > β} ▷ Bad solutions w.r.t. β

11: A← A \B
12: end for
13: end procedure

We defer the proof of Theorem 4.2 to the Supplementary material.284

4.3 Learning k Predicted Weight Vectors285

We now turn to the question of showing how to learn k different predicted weight vectors286

ŵ1, ŵ2, . . . , ŵk. Recall that there is an unknown distribution D over sets of n jobs from which287

we receive independent samples J1, J2, . . . , JS . Our goal is to show that we can efficiently learn (in288

terms of sample complexity) k predicted weight vectors to minimize the expected minimum error.289

Let w∗(J) be the correct weight vector for instance J and let η(w,w′) = maxi∈[m] max(wi

w′
i
,
w′

i

wi
) be290

the error between a pair of weight vectors. We have the following result.291

Theorem 4.4. Let D be an unknown distribution over restricted assignment instances on n jobs292

and let w∗(J) be a set of good weights for instance J . Given S independent samples from D,293

there is a polynomial time algorithm that outputs k weight vectors ŵ1, ŵ2, . . . , ŵk such that294

EJ∼D
[
minℓ∈[k] log(η(ŵ

ℓ, w∗(J))
]
≤ O(1) · minw1,w2,...,wk E

[
minℓ∈[k] log(η(w

ℓ, w∗(J))
]
+ ϵ295

with probability 1− δ, where S = poly(m, k, 1
ϵ ,

1
δ )296

The proof of Theorem 4.4 is deferred to the Supplementary material, but we note that to get a297

polynomial time algorithm we carry out an interesting reduction to k-median clustering. Namely, we298

show that the function d(w,w′) := log(η(w,w′)) satisfies the triangle inequality and thus forms a299

metric space.300

5 Scheduling with Predicted Permutations301

In this problem there are n jobs, indexed by 1, 2, . . . , n, to be scheduled on a single machine. We302

assume that they are all available at time 0. Job j has size pj and needs to get processed for pj time303

units to complete. If all job sizes are known a priori, Shortest Job First (or equivalently Shortest304

Remaining Time First), which processes jobs in non-decreasing order of their size, is known to be305

optimal for minimizing total completion time. We assume that the true value of pj is unknown and is306

revealed only when the job completes, i.e. the non-clairvoyant setting. In the non-clairvoyant setting,307

it is known that Round-Robin (which processes all alive jobs equally) is 2-competitive and that this is308

the best competitive ratio one can hope for [31].309

We study this basic scheduling problem assuming certain predictions are available for use. Fol-310

lowing the recent work by Lindermayr and Megow [26], we will assume that we are given k311

orderings/sequences as prediction, {σℓ}ℓ∈[k]. Each σℓ is a permutation of J := [n]. Intuitively, it312

suggests an ordering in which jobs should be processed. This prediction is inspired by the afore-313

mentioned Shortest Job First (SJF) as an optimum schedule can be described as an ordering of jobs,314

specifically increasing order of job sizes.315

For each σℓ, its error is measured as η(J, σℓ) := COST(J, σℓ)−OPT(J), where COST(J, σℓ) denotes316

the objective of the schedule where jobs are processed in the order of σℓ and OPT(J) denotes the317

optimum objective. We may drop J from notation when it is clear from the context.318

7



As observed in [26], the error can be expressed as η(J, σℓ) =
∑

i<j∈J Iℓi,j · |pi − pj |, where Iℓi,j319

is an indicator variable that has value 1 if and only if σℓ predicts the pairwise ordering of i and j320

incorrectly. That is, if pi < pj , then the optimal schedule would process i before j; here Iℓi,j = 1 iff321

i ≻σℓ
j.322

As discussed in [26], this error measure satisfies two desired properties, monotonicity and Lipschitz-323

ness, which were formalized in [20].324

Our main result is the following.325

Theorem 5.1. Consider a constant ϵ > 0. Suppose that for any S ⊆ J with |S| = Θ( 1
ϵ3 (log log n+326

log k + log(1/ϵ))), we have OPT(S) ≤ cϵ · OPT(J) for some small absolute constant c. Then,327

there exists a randomized algorithm that yields a schedule whose expected total completion time is at328

most (1 + ϵ)OPT + (1 + ϵ) 1
ϵ5 η(J, σℓ) for all ℓ ∈ [k].329

As a corollary, by running our algorithm with 1− ϵ processing speed and simultaneously running330

Round-Robin with the remaining ϵ of the speed, the cost increases by a factor of at most 1
1−ϵ while331

the resulting hybrid algorithm is 2/ϵ-competitive.2332

5.1 Algorithm333

To make our presentation more transparent we will first round job sizes. Formally, we choose ρ334

uniformly at random from [0, 1). Then, round up each job j’s size to the closest number of the form335

(1 + ϵ)ρ+t for some integer t. Then, we scale down all job sizes by (1 + ϵ)ρ factor. We will present336

our algorithm and analysis assuming that every job has a size equal to a power of (1 + ϵ). In the337

supplementary we show how to remove this assumption without increasing our algorithm’s objective338

by more than 1 + ϵ factor in expectation.339

We first present the following algorithm that achieves Theorem 5.1 with |S| = Θ( 1
ϵ3 (log n+ log k)).340

The improved bound claimed in the theorem needs minor tweaks of the algorithm and analysis and341

they are deferred to the supplementary material.342

Our algorithm runs in rounds. Let Jr be the jobs that complete in round r ≥ 1. For any subset S of343

rounds, JS := ∪r∈SJr. For example, J≤r := J1 ∪ . . . ∪ Jr. Let nr := |J≥r| = n− |J<r| denote344

the number of alive jobs at the beginning of round r.345

Fix the beginning of round r. The algorithm processes the job in the following way for this round. If346

nr ≤ 1
ϵ3 (log n+ log k), we run Round-Robin to complete all the remaining jobs, J≥r. This is the347

last round and it is denoted as round L+ 1. Otherwise, we do the following Steps 1-4:348

Step 1. Estimating ϵ-percentile. Roughly speaking, the goal is to estimate the ϵ-percentile of job349

sizes among the remaining jobs. For a job j ∈ J≥r, define its rank among J≥r as the number of jobs350

no smaller than j in J≥r breaking ties in an arbitrary yet fixed way. Ideally, we would like to estimate351

the size of job of rank ϵnr, but do so only approximately.352

The algorithm will find q̃r that is the size of a job whose rank lies in [ϵ(1 − ϵ)nr, ϵ(1 + ϵ)nr]. To353

handle the case that there are many jobs of the same size q̃r, we estimate yr the number of jobs no354

bigger than q̃r; let ỹr denote our estimate of yr. We will show how we can do these estimations355

without spending much time by sampling some jobs and partially processing them in Round-Robin356

manner (the proof of the following lemma can be found in the supplementary material.)357

Lemma 5.2. W.h.p. the algorithm can construct estimates q̃r and ỹr in time at most O(q̃r
1
ϵ2 log n)358

such that there is a job of size q̃r whose rank lies in [ϵ(1− ϵ)nr, ϵ(1 + ϵ)nr] and |ỹr − yr| ≤ ϵ2nr.359

Step 2. Determining Good and Bad Sequences. Let σr
ℓ denote σℓ with all jobs completed in the360

previous rounds removed and with the relative ordering of the remaining jobs fixed. Let σr
ℓ,ϵ denote361

the first ỹr jobs in the ordering. We say a job j is big if pj > q̃r; middle if pj = q̃r; small otherwise.362

Using sampling and partial processing we will approximately distinguish good and bad sequences.363

2This hybrid algorithm is essentially the preferential time sharing [20, 26, 32]. Formally, we run our algorithm
ignoring RR’s processing and also run RR ignoring our algorithm; this can be done by a simple simulation. Thus,
we construct two schedules concurrently and each job completes at the time when it does in either schedule.
This type of algorithms was first used in [32].
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Informally σr
ℓ is good if σr

ℓ,ϵ has few big jobs and bad if it does many big jobs. The proof of the364

following lemma can be found in the supplementary material.365

Lemma 5.3. For all ℓ ∈ [k], we can label sequence σr
ℓ either good or bad in time at most366

O(q̃r
1
ϵ2 (log n + log k)) that satisfies the following with high probability: If it is good, σr

ℓ,ϵ has367

at most 3ϵ2nr big jobs; otherwise σr
ℓ,ϵ has at least ϵ2nr big jobs.368

Step 3. Job Processing. If all sequences are bad, then we process all jobs, each up to q̃r units in an369

arbitrary order. Otherwise, we process the first ỹr jobs in an arbitrary good sequence, in an arbitrary370

order, each up to q̃r units.371

Step 4. Updating Sequences. The jobs completed in this round drop from the sequences but the372

remaining jobs’ relative ordering remains fixed in each (sub-)sequence. For simplicity, we assume that373

partially processed jobs were never processed—this is without loss of generality as this assumption374

only increases our schedule’s objective.375

5.2 Analysis of the Algorithm’s Performance376

We defer the analysis of the above algorithm (the proof of Theorem 5.1) to the supplementary material,377

as it is quite technical and complex. At a very high level, though, we use the fact that the error in each378

prediction can be decomposed into pair-wise inversions, and moreover we can partition the inversions379

into the rounds of the algorithm in which they appear. Then we look at each round, and split into380

two cases. First, if all sequences are bad then every prediction has large error, so we can simply use381

Round Robin (which is 2-competitive against OPT) and the cost can be charged to the error of any382

prediction. Second, if there is a good sequence, then in any good sequence the number of big jobs383

is small (so we do not spend much time processing them), and we therefore complete almost all of384

the non-big jobs. Here, we crucially use the fact that we can process the first ϵ fraction of jobs in a385

sequence in an arbitrary order remaining competitive against the sequence. Finally, we show that all386

of the additional assumptions and costs (e.g., rounding processing times and the cost due to sampling)387

only change our performance by a 1 + ϵ factor. Getting all of these details right requires much care.388

5.3 Learning k Predicted Permutations389

Now we show that learning the best k permutations has polynomial sample complexity.390

Theorem 5.4. Let D be an unknown distribution of instances on n jobs. Given S indepen-391

dent samples from D, there is an algorithm that outputs k permutations σ̂1, σ̂2, . . . , σ̂k such that392

EJ∼D
[
minℓ∈[k] η(J, σ̂ℓ)

]
≤ minσ1,σ2,...,σk

EJ∼D
[
minℓ∈[k] η(J, σℓ)

]
+ ϵ with probability 1 − δ,393

where S = poly(n, k, 1
ϵ ,

1
δ ).394

Proof. The algorithm is basic ERM, and the polynomial sample complexity follows from Theorem 2.1395

and Theorem 20 in Lindermayr and Megow [26].396

6 Conclusion397

Despite the explosive recent work in algorithms with predictions, almost all of this work has assumed398

only a single prediction. In this paper we study algorithms with multiple machine-learned predictions,399

rather than just one. We study three different problems that have been well-studied in the single400

prediction setting but not with multiple predictions: faster algorithms for min-cost bipartite matching401

using learned duals, online load balancing with learned machine weights, and non-clairvoyant402

scheduling with order predictions. For all of the problems we design algorithms that can utilize403

multiple predictions, and show sample complexity bounds for learning the best set of k predictions.404

Surprisingly, we have shown that in some cases, using multiple predictions is essentially “free.” For405

instance, in the case of min-cost perfect matching examining k = O(
√
n) predictions takes the same406

amount of time as one round of the Hungarian algorithm, but the number of rounds is determined by407

the quality of the best prediction. In contrast, for load balancing, using k predictions always incurs408

an O(log k) cost, so using a constant number of predictions may be best. More generally, studying409

this trade-off between the cost and the benefit of multiple predictions for other problems remains an410

interesting and challenging open problem.411
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