
Hessian Eigenspectra of
More Realistic Nonlinear Models

Anonymous Author(s)
Affiliation
Address
email

Abstract

Given an optimization problem, the Hessian matrix and its eigenspectrum can be1

used in many ways, ranging from designing more efficient second-order algorithms2

to performing model analysis and regression diagnostics. When nonlinear models3

and non-convex problems are considered, strong simplifying assumptions are often4

made to make Hessian spectral analysis more tractable. This leads to the question5

of how relevant the conclusions of such analyses are for realistic nonlinear models.6

In this paper, we exploit tools from random matrix theory to make a precise7

characterization of the Hessian eigenspectra for a broad family of nonlinear models8

that generalizes the classical generalized linear models, without relying on strong9

simplifying assumptions used previously. We show that, depending on the data10

properties, the nonlinear response model, and the loss function, the Hessian can11

have qualitatively different spectral behaviors: of bounded or unbounded support,12

with single- or multi-bulk, and with isolated eigenvalues on the left- or right-hand13

side of the main eigenvalue bulk. By focusing on such a simple but nontrivial14

model, our analysis takes a step forward to unveil the theoretical origin of many15

visually striking features observed in more realistic machine learning models.16

1 Introduction17

The Hessian is ubiquitous in applied mathematics, statistics, and machine learning (ML). Given18

a (loss) function L(w) of some parameters w ∈ Rp, the Hessian H(w) ∈ Rp×p is defined as19

the second derivative of the objective function with respect to the model parameter, i.e., H(w) =20

∂L(w)/(∂w∂wT). When a ML model is being trained, it is common to parameterize that model by21

w, and then train that model by minimizing some (smooth) loss function L(w), with the associated22

Hessian H(w), e.g., by backpropagating the error to improve w [25]. Alternatively, once a ML23

model is trained, the Hessian (and the related Fisher information matrix [60, 62]) can be examined to24

identify outliers, perform diagnostics, and/or engage in other sorts of model validation [29, 72, 57].25

For convex problems, the Hessian H(w) provides detailed information on how to adjust the gradient26

to achieve improved convergence, e.g., in Newton-like methods. For non-convex problems, the27

properties of the local loss “landscape” around a given point w in the parameter space is of central28

significance [17, 34, 12, 37, 70, 71, 72]. In this case, most obviously, the signs of the smallest29

and largest Hessian eigenvalue can be used to test whether a given w is a local maximum, local30

minimum, or a saddle point. More subtly, the Hessian eigenvalue distribution characterizes the local31

curvature of the loss function and provides direct access to, for instance, the faction of negative32

Hessian eigenvalues that determines the number of (local) descent directions, a quantity that is directly33

connected to the rates of convergence of various optimization algorithms [31].34

For theoretical analysis of neural network (NN) models, Hessian eigenspectra are often assumed to35

follow well-known random matrix distributions such the Marc̆enko–Pastur law [42] or the Wigner’s36
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semicircle law [64]. This enables one to use Random Matrix Theory (RMT), but it involves (for NNs,37

at least) making relatively strong simplifying assumptions (e.g., the Hessian can be decomposed as38

the sum of the two freely independent matrices, the residual error, data feature, and weights are all39

composed of i.i.d. zero mean normal random variables) [52, 53, 14]. A somewhat more realistic40

setup involves using a so-called spiked model (or a spiked covariance model) [2, 4, 39]. In this41

case, the matrix follows a signal-plus-noise model and consists of full rank random noise matrix and42

low rank statistical information structure.1 The “signal” eigenvalues are generally larger than the43

noisy “bulk” eigenvalues; and the maximum eigenvalues, when isolated from the bulk, are referred44

to as the “spikes.” A substantial theory-practice gap exists, however. In both toy examples [26] and45

state-of-the-art NN models [70, 71, 72, 73, 58, 19], the strong simplifying assumptions are far from46

satisfactory. (A similar theory-practice gap has been observed for other NN matrices to which RMT47

has been applied, perhaps most notably weight matrices [43, 44].) A more precise understanding of48

the Hessian eigenspectra (and its dependence on input data structure, the underlying response model49

and model parameters, as well as the loss function) for more practical models is needed.50

1.1 Our approach51

In this article, we address these issues, in a setting that is simple enough to be analytically tractable52

but complex enough to shed light on realistic large-scale models. We consider a family of generalized53

generalized linear models (G-GLMs) that extends the popular generalized linear model (GLM)54

[18, 29]; and we show that, even for such simple models, the key simplifying assumptions used55

in previous theoretical analyses of Hessian can be very inexact. In particular, apart from a few56

special cases (including linear least squares and logistic regression with homogeneous features), most57

Hessians of G-GLM are not close to the Marc̆enko–Pastur and/or the semicircle law. Instead, the58

corresponding Hessian depends on the input feature structure, the underlying response model, and the59

loss function, in a more involved fashion that can be precisely characterized by the proposed analysis.60

The G-GLM describes a generalized linear relation between the input feature xi ∈ Rp and the61

corresponding response yi, in the sense that there exists some parameters w∗ ∈ Rp such that for62

given wT
∗xi, the response yi is independently drawn from63

yi ∼ f(y | wT
∗xi) (1)

for some conditional density function f(· | ·). This extends the classical GLM such as64

logistic model: P(y = 1 | wT
∗x) = (1 + e−w

T
∗x)−1, y ∈ {−1, 1}, (2)

and covers a large family of models in applications in statistics and ML. Other examples include: i)65

the (noisy) nonlinear factor model [13] where y ∼ N (g(wT
∗x), σ2) for some nonlinear g : R→ R66

and σ > 0; ii) the (noiseless) phase retrieval model [20] with y = |wT
∗x|2, in which case one wishes67

to reconstruct w∗ from its (squared) magnitude measurements; and iii) the single-layer NN model68

y = σ(wT
∗x) for some nonlinear activation function σ(t) such as the tanh-sigmoid σ(t) = tanh(t).69

For a given training set {(xi, yi)}ni=1 of size n, the standard approach to obtain/recover the parameter70

w∗ ∈ Rp of a G-GLM is to solve the following optimization problem71

minw L(w) = minw
1
n

∑n
i=1 `(yi,w

Txi), (3)
for some loss function `(y, h) : R × R → R, e.g., the negative log-likelihood of the observation72

model within the maximum likelihood estimation framework [29] such as the logistic loss `(y, h) =73

ln(1 + e−yh) in the case of logistic model (2). In many applications, however, the optimization74

problem in (3) may not be convex, for example to achieve superior robustness and/or accuracy75

[45, 65, 9], and can be NP-hard in general (the noiseless phase retrieval model y = (wT
∗x)2 with the76

square loss `(y, h) = (y−h2)2 as an example [8]). As we shall see, in such non-convex G-GLMs, the77

dominant Hessian eigenvector can be shown, in some cases, to positively correlate with the sought-for78

parameter w∗ and therefore be used as the initialization of gradient descent methods [8, 35, 32]. This79

particularly motivates our study of the possible isolated Hessian eigenvalue-eigenvector pairs.80

1.2 Our main contributions81

The main contribution of this work is the exact characterization of Hessian eigenspectra for the family82

of G-GLMs, in the high-dimensional regime where the feature dimension p and the sample size n are83

both large and comparable. Precisely, we establish:84

1Since the same informative pattern is repeated in each row or column of the matrix.
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1. the limiting eigenvalue distribution of the Hessian matrix (Theorem 1); and85

2. the behavior of (possible) isolated eigenvalue-eigenvector pairs (Theorem 2 and 3),86

as a function of the dimension ratio c = lim p/n, feature statistics, the loss function ` in (3), and the87

underlying response model in (1). Our results are based on a technical result of independent interest:88

3. a deterministic equivalent (Theorem 4) of the random resolvent Q(z) = (H− zIp)−1, for89

z ∈ C not an eigenvalue of H, of the generalized sample covariance:90

H ≡ H(w) = 1
n

∑n
i=1 `

′′(yi,w
Txi)xix

T
i ≡ 1

nXDXT, D ≡ diag{`′′(yi,wTxi)}ni=1
(4)

for X = [x1, . . . ,xn] ∈ Rp×n and `′′(y, h) ≡ ∂2`(y, h)/∂h2, as n, p→∞with p/n→ c ∈ (0,∞),91

under the setting of generic Gaussian feature xi ∼ N (µ,C), for µ ∈ Rp and positive definite92

covariance C ∈ Rp×p. We also demonstrate our results empirically by showing that:93

4. for a given response model (1), the Hessian eigenvalue distribution depends on the choice94

of loss function and the data/feature statistics in an intrinsic manner, e.g., bounded versus95

unbounded support and single- versus multi-bulk in Fig 2; and96

5. there may exist two qualitatively different spikes—one due to data signal µ and the other97

due to w∗ or w and thus the underlying model—which may appear on different sides of the98

main bulk, and their associated phase transition behaviors are characterized (Fig 4 versus 5).99

To have a more clear picture of our contribution, we compare, in Fig 1a and 1b, the Hessian eigenvalues100

for the logistic model (2) with the (maximum likelihood) logistic loss `(y, h) = ln(1 + e−yh), for101

different choices of w in the parameter space. A nontrivial interplay between the response model,102

feature statistics and the parameter w is reflected by the range of the Hessian eigenvalue support103

and an additional right-hand spike in Fig 1b, as confirmed by our theory. For phase retrieval model104

y = (wT
∗x)2 with square loss `(y, h) = (y − h2)2/4, the non-convex nature of the problem is105

reflected by a (relatively large) fraction of negative Hessian eigenvalues in Fig 1c. We also note that106

the top eigenvector (that corresponds to the largest eigenvalue) contains structural information of the107

underlying model, in the sense that it is positively correlated with w∗, as predicted by our theory. This108

is indeed connected to the Hessian-based initialization scheme widely used in non-convex problems.109

We conclude by emphasizing that, by focusing on the simple yet fundamental G-GLM, we obtain110

results that improve upon and are different than previous efforts in the following aspects:111

i) We provide precise asymptotic characterizations of the Hessian eigenspectra that goes112

beyond, e.g., [6], where only Hessian lower bounds are given in the case of logistic model113

with logistic loss: our methodology and theoretical results hold much more generally for114

the family of G-GLM with arbitrary loss. As illustrating examples, we discuss linear least115

squares in Sec 3.1, logistic model with different choices of loss function in Fig 2, phase116

retrieval model in Figure 1c, and more in Sec 4 in the appendix.117

ii) We extend the results in [52, 48, 41, 46] to G-GLMs by considering generic data statistics118

and loss function, whereas in [52, 48, 41, 46] only much more homogeneous models are119

discussed, and sometimes under unrealistic assumption, e.g., the Hessian can be decomposed120

as the sum of the two freely independent matrices, the residual error, data feature, and weights121

are all composed of i.i.d. zero mean normal random variables [52, 53]).122

iii) Instead of focusing solely on the main eigenvalue bulk as in [52, 53], our results also shed123

novel light on the isolated eigenvalues (above and/or below the bulk) that are empirically124

observed in the Hessian of modern NNs [55, 21, 40, 48, 47], as well as on the associated125

eigenvectors that are shown closely connected to NN training dynamics [27]. Also, relative126

to [52, 53], we show qualitatively different behaviors for the Hessian eigenspectra, e.g.,127

bounded versus unbounded support, single- versus multi-bulk as in Figure 2. To our128

knowledge, these are not covered in the existing Hessian literature.129

1.3 Related work130

Here, we provide a brief review of related previous efforts, see more discussions in the appendix.131

Random matrix theory. Random matrices of the type (4) are related to the separable covariance132

model [74, 16] in the RMT literature, which is of the form C
1
2 ZDZTC

1
2 , for random Z and C,D133
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Figure 1: Illustration of our main results: eigenspectral properties of the Hessian of G-GLMs with
p = 800, n = 6 000 and C = Ip. Fig 1a versus 1b: absence versus presence of a right-hand side
spike for different choices of w, logistic model (2) with logistic loss, and w∗ = µ ∼ N (0, Ip/p).
Fig 1c versus 1d: the Hessian eigenspectra have a rather different shape (as opposed to the Marc̆enko-
Pastur-like in Fig 1a and 1b) for the (non-convex) phase retrieval model (1c) and the top eigenvector
is known in this case to be a (noisy) estimate of w∗ (1d), as confirmed by our theory. With square
loss `(y, h) = (y − h2)2/4, w∗ = [−2 · 1p/2; 2 · 1p/2]/

√
p, w ∼ N (0, Ip/p) and µ = 0.

independent of Z. Our results generalize this, in the sense that we allow D to depend on Z, in a134

possibly nonlinear fashion, per (4). This is of direct interest for the Hessian of G-GLMs.135

Hessian eigenspectra. The eigenspectra of Hessian matrices arising in ML models (in particular,136

for NNs) have attracted considerable interest recently [55, 56, 10, 21, 66, 23, 30, 19, 58, 72, 73, 24].137

However, these investigations are either limited to empirical evaluation [55, 56] or built upon some-138

what unrealistic simplifying assumptions and reduce to the “mixed” behavior of Marc̆enko–Pastur139

and semicircle law [52, 14]. In contrast, here we focus on the more tractable example of G-GLM and140

provide precise results on the Hessian eigenspectra for structural feature on arbitrary loss.141

Spectral initialization in non-convex problems. A popular initialization scheme (of gradient-based142

methods) for non-convex problems is the spectral initialization, where the top eigenvectors of some143

Hessian-type matrices are used as gradient descent initialization [7, 35, 32, 38, 1]. In [41], which144

was generalized in [46], the authors evaluated the eigenspectrum asymptotics of 1
n

∑n
i=1 f(yi)xix

T
i ,145

for some f : R→ R and xi ∼ N (0, Ip). Their technical approach is, however, limited to the case of146

very homogeneous features. Here we generalize the analysis in [41, 46] to the Hessian of G-GLM,147

by developing a systematic approach to account for both feature structures and loss functions.148

Scalable second-order methods. Second order methods are among the most powerful optimization149

methods that have been designed, and there have been several attempts to use their many advantages150

for machine learning applications [68, 63, 54], particularly for training NNs [72, 73, 58, 19, 67]. We151

expect that our precise characterization of the Hessian sheds new light on the understanding and152

improved design of (e.g., computationally) more efficient second-order methods.153

2 Main results154

In the section, we present our main results: on the limiting Hessian eigenspectrum (in Sec 2.1); and155

on the behavior of the (possible) isolated eigenvalue-eigenvector(s) (in Sec 2.2). These two main156

results depend on a technical deterministic equivalent result for the Hessian resolvent (in Sec 2.3),157

which is of independent interest. We position ourselves in the following high-dimensional regime.158

Assumption 1 (High-dimensional asymptotics). As n, p → ∞ with p/n → c ∈ (0,∞), we have159

max{‖w‖, ‖w∗‖} = O(1) and xi
i.i.d.∼ N (µ,C) with max{‖µ‖, ‖C‖} = O(1).160

2.1 Limiting spectral measure161

Our first result is the limiting Hessian eigenvalue distribution. This is a direct consequence of our162

main technical Theorem 4 and is proven in Sec A.2 of the appendix.163

Theorem 1 (Limiting spectral measure). Let Assumption 1 hold, we have, as n, p → ∞ with164

p/n → c ∈ (0,∞), the empirical spectral measure2 µH of the Hessian matrix H defined in (4)165

2That is, the normalized counting measure of the eigenvalues λi(H) of H, i.e., µH ≡ 1
p

∑p
i=1 δλi(H).
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converges weakly and almost surely to a probability measure µ, defined through its Stieltjes transform166

m(z) =
∫

(t− z)−1µ(dt) as the unique solution to3167

m(z) = 1
p tr Q̄b(z), δ(z) = 1

n tr
(
CQ̄b(z)

)
, Q̄−1

b (z) ≡ E
[

g·C
1+g·δ(z)

]
− zIp, (5)

where168

g ≡ ∂2`(y, h)/∂h2, for h = wTx ∼ N (wTµ,wTCw), (6)
and y and ` defined respectively in (1) and (3). Moreover, if we denote ν the law of g and assume the169

empirical spectral measure of C converges to ν̃ as p→∞, then (5) can be compactly written as170

m(z) =

∫ (
−z+t̃

∫
t

1 + tδ(z)
ν(dt)

)−1

ν̃(dt̃), δ(z) =

∫
ct̃

−z + t̃
∫

t
1+tδ(z) ν(dt)

ν̃(dt̃). (7)

In the form of (7), the (Stieltjes transform of the) limiting Hessian spectral measure µ is determined171

by the ratio c = lim p/n and the two measures ν and ν̃. This formulation is closely connected to the172

separable covariance model [36, 5, 50, 16, 69] in RMT. Moreover, if ν(dt) = δ1(t) is a Dirac mass173

at one, this reduces to the popular sample covariance model [59]; taking further ν̃(dt) = δ1(t) gives174

the Marc̆enko-Pastur law. See Sec 3.1 for numerical evaluations of these special cases. In particular,175

the support of the (limiting) Hessian spectrum µ is directly linked to that of ν and ν̃.176

Remark 1 (Hessian eigen-support). Under Assumption 1, the (limiting) spectral measure ν̃ of C177

has bounded support. However, this may not be the case for ν, the law of g defined in (6). Since the178

Hessian eigenvalue distribution µ is of compact support if and only if both ν and ν̃ have compact179

support [16, Porposition 3.4], µ may be of unbounded support, depending on the model and the loss.180

An example of unbounded µ is the phase retrieval model with y = (wT
∗x)2 and square loss `(y, h) =181

(y − h2)2/4, for which we have g = 3(wTx)2 − (wT
∗x)2 for x ∼ N (µ,C). As a consequence,182

with say w∗ = w, g follows a chi-square distribution with one degree of freedom and has thus183

unbounded support. This corresponds to Fig 1c, where the Hessian spectrum has a “heavier” tail184

compared to Fig 1a (logistic model), and the empirically observed “isolated” eigenvalue is due to185

a finite-dimensional effect and will be “buried” in the noisy main bulk for larger values of n, p.186

Therefore, aiming for an (almost surely) isolated eigenvalue-eigenvector (e.g., to recover the model187

parameter w∗ using the top Hessian eigenvector), some preprocessing function f must be applied.188

This has been discussed in previous work [41, 46] and corresponds to the so-called trimming strategy189

in phase retrieval [11], with for instance the truncation function f(t) = δ|t|≤ε for some ε > 0.190

Another example of unbounded µ is when the exponential loss [22] is used. Precisely, consider the191

logistic model (2) with `(y, h) = exp(−yh), we have that g = exp(−yh) for h ∼ N (wTµ,wTCw)192

which follows a log-normal distribution and has unbounded support. As such, the (limiting) Hessian193

eigenvalue distribution µ has also unbounded support. On the other hand, with logistic loss `(y, h) =194

ln(1 + e−yh), one has g ≤ 1/4 and µ is guaranteed to have bounded support. In Fig 2a and 2b, the195

empirical Hessian eigenvalues and the limiting distributions are compared for logistic and exponential196

losses, with a more “heavy-tailed” behavior observed for the exponential loss.197

Clearly, depending on the measures ν (of g, which depends on feature statistics, loss and underlying198

model) and ν̃ (of spectrum of feature covariance C), the Hessian spectrum can have very different199

forms. Here we compare the empirical Hessian eigenvalues with their limiting behaviors per Theo-200

rem 1 for different feature covariance structures4. In particular, one may observe a single main bulk201

with more “compact” Hessian spectrum as in Fig 2c or multiple bulks (two in the case of Fig 2d) with202

Hessian eigenvalues more “spread-out”, depending on the feature covariance structure ν̃. In the form203

of (7), the condition for the existence of multi-bulk eigenspectrum has been throughly discussed in204

[16, Sec 3.2–3.4] and can be numerically evaluated with ease.205

As a side remark, the “multi-bulk” behavior similar to Fig 2d has been empirically observed in206

Hessians of NNs in [40, 48] and is believed to be due to the classification structure within data207

(i.e., the data vectors are drawn from a mixture of distributions). Here, we provide an alternative208

explanation via feature covariance structure that can be observed beyond the classification setting.209

3Uniqueness is ensured in such a way that =[m(z)] · =[z] > 0 for =[z] 6= 0 and zm(z) < 0 for =[z] = 0,
so that (z,m(z)) is a valid Stieltjes transform couple, see more details in [28].

4Covariance describes the joint variability or the “correlation” between entries of the feature vector and it is
of particular significance in the analysis of image (with local structure) and time series data.
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Figure 2: Impact of loss function: bounded (2a, with logistic loss) versus unbounded (2b, with
exponential loss) Hessian eigenvalues, with p = 800, n = 6 000, logistic model in (2) with µ = 0,
C = Ip, w∗ = 0 and w = [−1p/2, 1p/2]/

√
p. Impact of feature covariance: Hessian spectrum of

single- (2c, with C = diag[1p/2; 2 · 1p/2]) versus multi-bulk (2d, with C = diag[1p/2; 4 · 1p/2]),
with p = 800, n = 6 000, logistic model with w∗ = 0p, w = µ ∼ N (0, Ip/p).

2.2 Isolated eigenvalues and eigenvectors210

As discussed in Remark 1, under Assumption 1, the Hessian has bounded (limiting) eigen-support211

if and only if ν, the law of g, has bounded support. Under this condition (or, after the application212

of some function f so that f(g) is bounded), we can then talk about the (possible) isolated Hessian213

eigenvalues, as in the following result, the proof of which is given in Sec A.3 of the appendix.214

Theorem 2 (Isolated eigenvalues). In the setting of Theorem 1, assume that the law ν of the random215

variable g defined in (6) is of bounded support, define216

G(z) = I3 + Λ(z)VTQ̄b(z)V ∈ R3×3, (8)

with Q̄b(z), δ(z) defined in (5), V ≡ [µ, Cw∗, Cw] ∈ Rp×3, U ≡ C
1
2 [w∗, w] ∈ Rp×2 and217

Λ(z) ≡ E
g

1 + g · δ(z)

[
1 (U+z)T

U+z U+z(U+z)T − (UTU)+

]
, z = C−

1
2 (x−µ) ∼ N (0, Ip), (9)

where we denote U+ the Moore–Penrose pseudoinverse of U. Then, for λ such that G(λ) has a zero218

eigenvalue (of multiplicity one), there exists an eigenvalue λ̂ of H such that λ̂− λ a.s.−−→ 0.219

Theorem 2 provides an asymptotic characterization of the possible isolated Hessian eigenvalues220

by computing the determinant of the much smaller (three-by-three) deterministic matrix G closely221

related to the key quantity δ(z) defined in Theorem 1. Note that, Theorem 2 does not provide, at least222

explicitly, the phase transition condition under which these spikes become “isolated” from the main223

bulk. As we shall see in more details in Sec 3.2, two types of quantitatively different phase transitions224

can be characterized, due to the data “signal” µ and the underlying model, respectively.225

We can also analyze the associated isolated eigenvectors. First note that, in the infinite data regime226

(i.e., for n→∞ with p fixed), we have, by the strong law of large numbers, that H
a.s.−−→ E[H], with227

E[H] = E[`′′(y,wTx)xxT] = E[g] ·C + V

[
1 E[g ·U+z]T

E[g ·U+z] U+E[g · (zzT − Ip)](U
+)T

]
VT.

As a consequence, it is expected that in the large n, p→∞ limit, the top eigenvectors of H could also228

be related to the columns of V. This is the case in Fig 1d, where the top eigenvector is observed to be229

a “noisy” version of the model parameter w∗. More precisely, for (λ̂, û) an isolated eigenpair of H,230

the projection VTûûTV ∈ R3×3 can be shown to be asymptotically close to a deterministic matrix.231

This measures the “cosine-similarly” between the Hessian isolated eigenvector û with any column of232

V and consequently the performance of using û as an estimate of, for instance the model parameter233

w∗ for C = Ip. This result is given in the following theorem, which is proven in Appendix A.3.234

Theorem 3 (Isolated eigenvectors). In the setting of Theorem 2, for an isolated eigenvalue-235

eigenvector pair (λ̂, û) of H and λ the asymptotic position (of λ̂) given in Theorem 2, then236

VTûûTV = −VTQ̄b(λ)V · Ξ(λ) + o(1), Ξ(λ) = (vT
l,GG′(λ)vr,G)−1 · vr,GvT

l,G,

for Q̄b(z) and G(z) defined in (5) and (8), respectively, vl,G,vr,G ∈ R3 the left and right eigenvec-237

tors of G(λ) associated with eigenvalue zero, and G′(λ) the derivative of G(z) with respect to z238

evaluated at z = λ.239

6



2.3 Technical tool: deterministic equivalent240

Our main technical tool to derive Theorem 1, 2 and 3 is a so-called deterministic equivalent [28, 15]241

result for the Hessian resolvent Q(z) = (H−zIp)−1, that provides simultaneous access to the Hessian242

limiting eigenvalue distribution and the behavior of the possible isolated eigenpairs. Precisely, the243

normalized trace tr Q(z)/p gives the Stieltjes transformmH(z) =
∫

(t−z)−1µH(dt) of the empirical244

spectral measure µH of H, from which µH can be recovered. Also, for (λ̂, û) an eigenpair of interest,245

with Cauchy’s integral formula we have |wTû|2 = − 1
2πı

∮
Γλ

wTQ(z)w dz, for a deterministic246

vector w ∈ Rp and Γλ a positively oriented contour surrounding only λ̂. As such, for Q̄(z) a247

deterministic equivalent of Q(z), that is, Q(z) ↔ Q̄(z) with tr A(Q(z) − Q̄(z))/p → 0 and248

aT(Q(z) − Q̄(z))b → 0 almost surely as n, p → ∞, for A ∈ Rp×p and a,b ∈ Rp of bounded249

(Euclidean and spectral) norms, the limiting spectral measure (via the associated Stieltjes transform)250

and the isolated eigenpairs of H are directly accessible via the study of the deterministic equivalent251

Q̄(z). This result is given as follows, with the proof deferred to Sec A.1 in the appendix.252

Theorem 4 (Deterministic equivalent). Let Q(z) ≡ (H− zIp)−1 be the resolvent of H defined in253

(4). Then, under Assumption 1, as n, p→∞ with p/n→ c ∈ (0,∞),254

Q(z)↔ Q̄(z), with Q̄−1(z) = E
[

g
1+g·δ(z) (C

1
2 (Ip −PU)C

1
2 + ααT)

]
− zIp,

for random vector α ≡ µ + C
1
2 PUz ∈ Rp and g = `′′(y,wTµ + wTC

1
2 z) for z ∼ N (0, Ip) as255

defined in (6), y and δ(z) defined in (1) and (5), respectively, and PU ∈ Rp×p the projection onto256

the subspace spanned by the columns of U ≡ C
1
2 [w∗, w].257

3 Evaluations and Discussions258

In this section, we provide further discussions on the consequences of Theorem 1, 2 and 3, together259

with numerical evaluations. Implications of Theorem 1 on the Hessian eigenvalue distribution is260

discussed in Sec 3.1. In Sec 3.2, we discuss the consequences of Theorem 2 and 3 on the possible261

isolated eigenpairs, for which two fundamentally different phase transitions are characterized.262

3.1 Hessian eigenvalues distribution263

For a better interpretation of Theorem 1 on the Hessian eigenspectrum, we consider here the special264

case of C = Ip, and start with the simple setting where the random variable g in (6) is constant,265

say g = 1: this happens, e.g., when the square loss `(y, h) = (y − h)2/2 is employed. In this266

case, the Hessian does not dependent on w,w∗ and the Stieltjes transform m(z) is the solution to267

zcm2(z)− (1− c− z)m(z) + 1 = 0 and corresponds to the Marc̆enko-Pastur law.268

As long as g is not constant, the limiting Hessian spectrum is, a priori, different from the Marc̆enko-269

Pastur law, even in the C = Ip setting, since the associated Stieltjes transform m(z) is different from270

the solution to the Marc̆enko-Pastur equation. However, we see in Fig 3a that, for the logistic model271

(2) with logistic loss, the Hessian spectrum is close, at least visually, to a (rescaled) Marc̆enko-Pastur272

law. This can be understood with Theorem 1 and is due to the fact that, the distribution of g is more273

“concentrated” (around some constant, see Fig 3b versus 3d for a comparison between different cases).274

This is in sharp contrast to Fig 3c where with the exponential loss, the law of g has a much larger275

spread and the Hessian is therefore away from a Marc̆enko-Pastur-shape.276

This “empirical fit” has been observed in [51, Fig 5], where acceleration methods proposed for277

a Marc̆enko-Pastur distributed Hessian (in linear least squares) work reasonably well on logistic278

regression models. Our theory proposes a convincing theoretical explanation of this empirical279

observation on logistic regression, and possibly for others more involved ML models. Nonetheless, it280

must be pointed out that this “visual approximation” by Marc̆enko-Pastur law is not robust, in the281

sense that it “visually” holds only for, yet formally different from, the case of (i) logistic model with282

(ii) logistic loss and (iii) identity covariance C = Ip: any change in the response model (e.g., the283

phase retrieval model in Fig 1c), in the choice of loss function (e.g., the exponential loss in Fig 2b),284

or beyond the identity covariance setting (as in Fig 2c and 2d) would induce a Hessian spectrum285

that is very different from the Marc̆enko-Pastur law. In this vein, our Theorem 1 goes beyond such286

“loose” Marc̆enko-Pastur approximation and acts as a more accurate first example in the understanding287
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Figure 3: Comparison of Hessian eigenspectra with (rescaled and shifted) Marc̆enko-Pastur laws
in the setting of Fig 2. Fig 3a versus 3b: Marc̆enko-Pastur-like Hessian with logistic loss, Hessian
eigenvalues (3a) and empirical distribution of the gis versus the scaling factor (3b, empirically
obtained by matching the minimal and maximal empirical Hessian eigenvalues to the Marc̆enko-
Pastur law). Fig 3c versus 3d: an example of non-Marc̆enko-Pastur-like Hessian with exponential
loss and the associated gis. Note that the scales of the axes are different in different subfigures.

of Hessian in more involved ML models beyond linear least squares that accounts for nonlinear288

transformations (such as activation function in NNs) and feature statistics.289

While Theorem 1 is proven here only for Gaussian features, we conjecture, as is the case for many290

random matrix asymptotics, that it holds more generally beyond Gaussian distribution, see Fig 5 in291

the appendix for more discussions on this point.292

3.2 Isolated eigenvalues and their phase transitions293

In this section, we discuss the implications of Theorem 2 and 3 on the possible isolated eigenvalue-294

eigenvector pairs. More precisely, we show that, different from the classical spiked models extensively295

studied in RMT literature [2, 4, 39], for which (i) the isolated spike appears due to the presence296

of some statistical “signal” in the data and (ii) a “monotonic” phase transition behavior can be297

characterized as a function of the signal strength; here another type of Hessian spike arises due to the298

underlying G-GLM model (i.e., w∗ and w) and exhibits a rather different behavior.299
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Figure 4: Spike due to data signal in Corollary 1: theory versus practice of (left) Hessian eigen-
spectrum with ‖µ‖2 = 0.8, (middle) eigengap dist(λµ, supp(µ)), and (right) top eigenvector
alignment α in (10), as a function of the signal strength ‖µ‖2, on logistic model with logistic loss, for
µ ∝ [−1p/2, 1p/2], w = w∗ = 0, C = Ip, p = 512 and n = 2 048. Results averaged over 50 runs.
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Figure 5: Left-hand side spike due to response model in Corollary 2 in the absence of data sig-
nal: (left) Hessian spectrum for ‖w‖ = 2, with a left isolated eigenvalue λ̂w, (middle) eigengap
dist(λw, supp(µ)), and (right) dominant eigenvector alignment (with w), as a function ‖w‖ with
w ∝ [−1p/2, 1p/2], w∗ = µ = 0, C = Ip, p = 800 and n = 8 000. Results averaged over 50 runs.
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3.2.1 Spike due to data signal300

To study the spike due to data “signal” µ and its phase transition behavior, we focus here on the case301

w∗ = w = 0. This, in the case of logistic model (2) for example, gives rise to a much simpler form302

of limiting spectrum (per Theorem 1) and possible isolated eigenpairs (per Theorem 2 and 3), as303

summarized in the following corollary, with detailed derivations given in Sec B.3 of the appendix.304

Corollary 1 (Spike due to data signal: logistic model). Consider the logistic model in (2) with305

logistic loss, for w = w∗ = 0 and C = Ip, the limiting Hessian eigenvalue distribution is the306

Marc̆enko-Pastur law, but rescaled by a factor of g = 1/4. Moreover, there is at most one isolated307

eigenpair (λ̂µ, ûµ) of H and it satisfies308

λ̂µ
a.s.−−→

{
λµ = 1

4 (1 + ρ+ c · ρ+1
ρ ) ρ >

√
c,

1
4 (1 +

√
c)2 ρ ≤

√
c;

,
|µTûµ|2

‖µ‖2
a.s.−−→

{
α = ρ2−c

ρ2+cρ ρ >
√
c,

0 ρ ≤
√
c;

(10)
with the signal strength ρ = limp→∞ ‖µ‖2 and c = lim p/n.309

The behavior of the isolated eigen-pairs described in Corollary 1 follows the “classical” phase310

transition [3, 2, 49]: (i) the isolated eigenvalue always appears on the right-hand side of the main311

(Marc̆enko-Pastur) bulk and (ii) the eigenvalue amplitude and eigenvector alignment is “monotonic”312

with respect to the signal strength ‖µ‖2 in the sense that, for a fixed dimension ratio c, the largest313

Hessian eigenvalue is bound to become asymptotically isolated once ‖µ‖2 exceeds
√
c and its value,314

as well as the eigenvector alignment, increase monotonically as ‖µ‖2 grows. This is confirmed in315

Fig 4. As we shall see below, this is not the case for, e.g., the spike due to model parameter w.316

3.2.2 Spike due to model317

To investigate the spike due to the underlying model (i.e., w∗ and w), we position ourselves in the318

situation where µ = 0, that is, in the absence of data “signal”. This leads to the following corollary,319

the proof of which is given in Sec B.4 in the appendix.320

Corollary 2 (Spike due to model: logistic model). Consider the logistic model in (2) with logistic321

loss, µ = 0 and C = Ip, then the Stieltjes transform m(z) satisfies m(z) = 1/(E[f(r, z)] − z)322

for f(r, z) = 1/(cm(z) + 2 + e−r + er) and r ∼ N (0, ‖w‖2) that depends on w but not on323

w∗. Moreover, there is at most one isolated eigenvalue λ̂w of H that is due to w and satisfies324

λ̂w − λw
a.s.−−→ 0 with λw solution to 0 = det G(λw) = 1 +m(λw)E[f(r,λw)(r2−‖w‖2)]

‖w‖2 .325

The situation here is more subtle (than the spike due to data signal discussed in Sec 3.2.1): as the326

model parameter w changes (e.g., as the “energy” ‖w‖ grows), both the Hessian (limiting) eigenvalue327

distribution and the possible spike location are impacted. Fig 5 illustrates the behavior of the spike due328

to w in the setting of Corollary 2. Note first that, different from the case of spike due to data signal329

µ, the spike in Fig 5-(left) appears on the left-hand side of the main bulk: this particularly means330

that the Hessian may admit an eigenvalue that is significantly smaller than all the other eigenvalues.5331

Also, note from Fig 5-(middle) that, different from the spike due to µ, the spike due to w exhibits332

here a “non-monotonic” behavior in the sense that, it is absent for small values of ‖w‖ (as for small333

‖µ‖ in Fig 4-middle) and becomes “isolated” as ‖w‖ increases, but then again “merges into” the334

main bulk as ‖w‖ continues to increase, resulting an eigengap that falls back to zero.335

It is perhaps even more surprising to observe in Fig 5-(right) that, the alignment between the associated336

isolated eigenvector and the parameter w is, unlike the eigengap in Fig 5-(middle), monotonically337

increasing as ‖w‖ grows large, as in the case of Fig 4-(right). This suggests that, in the case of spike338

due to model, a smaller eigengap may not always imply less statistical “information” contained in339

the associated eigenvector, which somehow goes against the conventional eigengap heuristic [61, 33].340

It is worthy mentioning that, while, technically speaking, the proposed analysis is not capable of341

charactering the behavior as ‖w‖ → ∞ under Assumption 1, empirical results suggest that for342

extremely large ‖w‖, the eigengap tends to vanish, the associated “dominant” eigenvector can still be343

used to recover w almost perfectly, see Fig 8 in the appendix as an example.344

5Depending on the response model and loss, the spike due to model may also appear on the right-hand side
of the bulk or even establish a left-to-right transition. The eigenvector alignment can behave differently from
Fig 4-5 and establish a non-monotonic behavior as a function of ‖w‖ or ‖w∗‖; see Sec 4.3 in the appendix.
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