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Abstract

Bayesian Optimization is a sample-efficient black-box optimization procedure1

that is typically applied to problems with a small number of independent objec-2

tives. However, in practice we often wish to optimize objectives defined over3

many correlated outcomes (or “tasks”). For example, scientists may want to4

optimize the coverage of a cell tower network across a dense grid of locations.5

Similarly, engineers may seek to balance the performance of a robot across dozens6

of different environments via constrained or robust optimization. However, the7

Gaussian Process (GP) models typically used as probabilistic surrogates for multi-8

task Bayesian Optimization scale poorly with the number of outcomes, greatly9

limiting applicability. We devise an efficient technique for exact multi-task GP10

sampling that combines exploiting Kronecker structure in the covariance matrices11

with Matheron’s identity, allowing us to perform Bayesian Optimization using12

exact multi-task GP models with tens of thousands of correlated outputs. In doing13

so, we achieve substantial improvements in sample efficiency compared to existing14

approaches that only model aggregate functions of the outcomes. We demonstrate15

how this unlocks a new class of applications for Bayesian Optimization across16

a range of tasks in science and engineering, including optimizing interference17

patterns of an optical interferometer with more than 65,000 outputs.18

1 Introduction19

Many problems in science and engineering involve reasoning about multiple, correlated outputs. For20

example, cell towers broadcast signal across an area, and thus signal strength is spatially correlated.21

In randomized experiments, treatment effects on multiple outcomes are naturally correlated due22

to shared causal mechanisms. Without further knowledge of the internal mechanisms (i.e., in a23

“black-box” setting), Multi-task Gaussian processes (MTGPs) are a natural model for these types24

of problems as they model the relationship between each output (or “task”), while maintaining the25

gold standard predictive capability and uncertainty quantification of Gaussian processes (GPs). Many26

downstream analyses require more of the model than just prediction; they also involve sampling from27

the posterior distribution to estimate quantities of interest. For instance, we may be interested in the28

performance of a complex stock trading strategy that requires modeling different stock prices jointly,29

and want to characterize its conditional value at risk (CVaR) [43], which generally requires Monte30

Carlo (MC) estimation strategies [10]. Or, we want to use MTGPs in Bayesian Optimization (BO), a31

method for sample-efficient optimization of black-box functions. Many state of the art BO approaches32

use MC acquisition functions [53, 3, 4], which require sampling from the posterior distribution over33

new candidate data points.34

Drawing posterior samples from MTGPs means sampling over all tasks and all new data points,35

which typically scales multiplicatively in the number of tasks (t) and test data points (n), e.g. like36
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O(n3t3) [46, 6]. For problems with more than a few tasks, posterior sampling thus quickly becomes37

intractable due to the size of the posterior covariance matrix. This is especially problematic in the38

case of many real-world problems that can have hundreds or thousands of correlated outputs that39

should be modelled jointly in order to achieve the best performance.40
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Figure 1: Map of radio signal power and interfer-
ence for fixed locations of cell towers (red dots).
Maps vary smoothly with respect to the towers’
down-tilt angle and transmission power. Our goal
is to optimize statistics of these maps as to max-
imize the overall signal coverage across an area
while minimizing interference.

For instance, the cell tower signal maps in Fig-41

ure 1 each contain 2,500 outputs (pixels). In42

this problem, we aim to jointly tune the down-43

tilt angle and transmission power of the anten-44

nas on each cell tower (locations shown in red)45

to optimize a global coverage quality metric,46

which is a known function of power and interfer-47

ence at each location [19]. Since simulating the48

power and interference maps given a parameter-49

ization is computationally costly, traditionally50

one might apply BO to optimize the aggregate51

metric. At its core, this problem is a composite52

BO problem [3, 4], so we expect an approach53

that models the constituent outcomes at each54

pixel individually to achieve higher sample ef-55

ficiency. However, modelling each pixel using56

existing approaches used for BO is completely57

intractable in this setting, as we would have to train and sample from a MTGP with over 5,000 tasks.58

To remedy the poor computational scaling with the number of tasks, we exploit Matheron’s rule for59

sampling from GP posterior distributions [13, 52]. We derive an efficient method for MTGP sampling60

that exploits Kronecker structure inherent to the posterior covariance matrices, thereby reducing the61

complexity of sampling from the posterior to become effectively additive in the combination of tasks62

of data points, i.e. O(n3 + t3), as compared to O(n3t3). Our implementation of Matheron’s rule63

draws from the exact posterior distribution and does not require random features or inducing points,64

unlike decoupled sampling [52]. More specifically, our contributions are as follows:65

• We propose an exact sampling method for multi-task Gaussian processes that has additive time66

costs in the combination of tasks and data points, rather than multiplicative (Section 3).67

• We demonstrate empirically how large-scale sampling from MTGPs can aid in challenging68

multi-objective, constrained, and contextual Bayesian Optimization problems (Section 4).69

• We introduce a method for efficient posterior sampling for the High-Order Gaussian Process70

(HOGP) model [57], allowing it to be used for Bayesian Optimization (Section 3.2). This71

advance allows us to more efficiently perform BO on high-dimensional outputs such as images —72

including optimizing PDEs, optimizing placements of cell towers for cell coverage, and tuning73

the mirrors of an optical interferometer which optimizes over 65,000 tasks jointly (Section 4.3).74

The rest of the paper is organized as follows: First, in Section 2 we review GPs, MTGPs, and sampling75

procedures from the posterior in both GPs and MTGPs. In Section 3, we review Matheron’s rule for76

sampling from GP posteriors and explain how to employ it for efficient sampling from MTGP models77

including the HOGP model. In Section 4, we illustrate the utility of our method on a wide suite of78

problems ranging from constrained BO to the first demonstration of large scale composite BO with79

the HOGP. Please see Appendix A for discussion of the limitations and broader impacts of our work.80

2 Background81

2.1 Bayesian Optimization82

In Bayesian Optimization (BO), the goal is to minimize an expensive to evaluate black-box function,83

i.e., finding minx∈X f(x), by constructing a surrogate model to emulate that function. Gaussian84

processes (GPs) are often used as surrogates due to their flexibility and well-calibrated uncertainty85

estimates. BO optimizes an acquisition function defined on the predictive distribution of the surrogate86

model to select the next point(s) to evaluate on the true function. These acquisition functions are87

often written as intractable integrals and are typically evaluated using Monte Carlo (MC) integration88

[53, 3]. MC acquisition functions rely on posterior samples from the surrogate model, which should89
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support fast sampling capabilities for efficient optimization [4]. BO has been applied throughout90

machine learning, engineering, and the sciences, and many extensions to the setting described above91

exist. We focus on multi-task BO (MTBO), where f(x) is composed of several correlated tasks [49].92

There are many sub-classes of MTBO problems: constrained BO uses surrogate models to optimize93

an objective subject to black-box constraints [25, 21, 26], contextual BO models a single function94

that varies across different contexts or environments [33, 11, 22], multi-objective BO learns a95

Pareto frontier across several objectives [31, 32, 15], and composite BO considers the setting of a96

differentiable objective function defined on the outputs of a vector-valued black-box function [3, 4].97

In all of these problems, the setting is similar: several outputs are modelled by the surrogate, whether98

the output is a constraint, another objective, or a separate context. As the outputs are often correlated,99

multi-task Gaussian processes, which model the relationships between the outputs in a data-efficient100

manner, are a natural and common modeling choice.101

2.2 Gaussian Processes102

Single Output Gaussian Processes: We briefly review single output GPs, see Rasmussen and103

Williams [42] for a more detailed introduction. We assume that y = f(x) + ε, f ∼ GP(0, kθ(x, x
′)),104

and ε ∼ N (0, σ2), where f is the noiseless latent function and y are noisy observations of f with105

standard deviation σ. kθ(x, x′) is the kernel with hyperparameters θ (we will drop the dependence106

on θ for simplicity); we use KAB := kθ(A,B) to refer to the evaluated kernel function on data107

points A and B, a matrix which has size |A| × |B|. The predictive distributions over new data points,108

xtest, is given by the conditional distribution of the Gaussian distribution. That is, p(f(xtest)|D, θ) =109

N (µ∗f |D,Σ
∗
f |D), where D := {X,y} is the training dataset of size n = |X| and110

µ∗f |D = KxtestX(Ktrain + σ2I)−1y, (1)

Σ∗f |D = Kxtestxtest −KxtestX(Ktrain + σ2I)−1KXxtest , (2)

with Ktrain := KXX . For simplicity, we will drop the subscripts f |D in all future statements.111

Computing the predictive mean µ∗ and variance Σ∗ requires O(n3) time and O(n2) space when112

using Cholesky decompositions for the linear solves [42]. Sampling is usually performed by113

f(xtest)|(Y = y) = µ∗ + (Σ∗)1/2z, (3)

where z ∼ N (0, I). Computing s samples at ntest test points from the predictive distribution costs114

O(n3+sn2test+n
2ntest+n

3
test), computed by adding up all of the matrix vector multiplications (MVMs)115

and matrix solves. We can incur the cubic terms only once by re-using Cholesky factorizations of Σ∗116

and KXX + σ2I for each sample.117

To reduce the time complexity, we can replace all matrix solves with r < n steps of conjugate118

gradients (CG) and the Cholesky decompositions with rank r < n Lanczos decompositions (an119

approach called LOVE). These change the major scaling from n3 down to rn2 and the overall time120

complexity to O(rn2 + srntest + rnntest + rn2test) [39, 24]. In general, r � n is used and is usually121

accurate to nearly numerical precision [24]. We provide additional details in Appendix B.122

Multi-Output Gaussian Processes: One straightforward way of modelling multiple outputs is123

to consider each output as an independent GP, modelled in batch together, either with shared or124

independent hyperparameters [42, 24, 21]. However, there are two major drawbacks to this approach:125

(i) the model is not able to model correlations between the outputs, and (ii) if there are many outputs126

then maintaining a separate model for each can result in high memory usage and inference times. To127

remedy these issues, Higdon et al. [28] propose the PCA-GP, using principal component analysis128

(PCA) to project the outputs to a low-dimensional subspace and then use batch GPs to model the129

lower-dimensional outputs.130

We consider multi-task Gaussian processes (MTGPs) with the intrinsic co-regionalization model131

(ICM), which considers the relationship between responses as the product of the data and task features132

[27, 6]. We focus on this model due to its popularity and simplicity. Given inputs x and x′ belonging133

to tasks i and j respectively, the covariance under the ICM is k([x, i], [x′, j]) = kD(x, x′)kt(i, j).134

Given n data points X with the n associated task indices I, the covariance is a Hadamard product135

of the data kernel and the task kernel, Ktrain = KXX �KII , and the response y is still of size n.136

We term this implementation of multi-task GPs “Hadamard MTGPs” in our experiments. In general,137

there is no easily exploitable structure in this model.138
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Table 1: Time complexities for posterior sampling in single-output, multi-task, and high-order
Gaussian Process (HOGP) models. Time complexities shown in blue are our contributions that have
not yet been considered by the literature. Standard sampling from MTGPs scales multiplicatively in
the combination of the number of tasks, t, and the number of data points, n, while using Matheron’s
rule reduces the combination to effectively become additive in these components.

Model Distributional (Standard) (Eq. 3) With Matheron’s rule (Eq. 5)
Single-Output O(n3 + n3

test) O((n3 + n3
test)

Multi-Task O((n3 + n3
test)t

3) O((n3 + n3
test) + t3)

HOGP O((n3 + n3
test)

∏d
i=2 d

3
i ) O((n3 + n3

test) +
∑k

i=2 d
3
i )

If we observe each task at each data point (the so-called block design case), the covariance matrix139

becomes Kronecker structured, e.g. Ktrain = KXX ⊗KT , where KXX is the data covariance matrix140

and KT is the t× t task covariance matrix between tasks [6], and we now have nt scalar responses.141

To simplify our exposition, we assume that KT is full-rank (this is not required as we can use142

pseudo-inverses in place of inverses). Thus, the GP prior is vec(y) ∼ N (0,KXX ⊗KT ), where y is143

a matrix of size n× t, and vec(y) is a vector of shape nt. The GP predictive distribution is given by144

p(f∗|xtest,D) = N (µ∗,Σ∗) , where145

µ∗ = (Kxtest,X ⊗KT )(KXX ⊗KT + σ2InT )−1vec(y)

Σ∗ = (Kxtest,xtest ⊗KT )− (Kxtest,X ⊗KT )(KXX ⊗KT + σ2InT )−1(K>xtest,X ⊗KT ). (4)
The kernel matrix on the training data,KXX⊗KT , is of size nt×nt, which under standard approaches146

yields inference cubic and multiplicative in n and t, that isO(n3t3); however, the Kronecker structure147

can be exploited to compute the posterior mean and variance in O(nt(n+ t) + n3 + t3), which is148

dominated by the individual cubic terms [44, 48].149

Sampling from the posterior distribution in (4) produces additional computational challenges as we150

must compute a root (e.g. Cholesky) decomposition of Σ∗, which naively costs O((ntestt)
3) plus151

an additional Cholesky decomposition of (KXX ⊗KT + σ2I)−1, which similarly costs O((nt)3)152

time [6]. Thus, the time complexity of drawing s samples is multiplicative in n and t, O((nt)3 +153

(ntestt)
3 + s((nt)2 + (ntestt)

2)). Using CG and LOVE reduces the complexity; see Appendix B.4.154

High-Order Gaussian Processes: Recently, Zhe et al. [57] proposed the high-order Gaussian pro-155

cess (HOGP) model, a MTGP designed for matrix- and tensor-valued outputs. Given outputs y ∈156

Rd1×···×dk (e.g. a matrix or tensor), the covariance is the product of the data dimension and each out-157

put index (il and jl respectively) k([x, i1, · · · , ik], [x′, j1, · · · , jk]) = k(x, x′)k(v1, v
′
1) · · · k(vk, v

′
k),158

where i1, · · · , ik are the indices for the output tensor and v1, · · · , vk are latent parameters that are159

optimized along with the kernel hyper-parameters. Thus, KT in the MTGP framework is replaced160

by a chain of Kronecker products, so that the GP prior is vec(y) ∼ N (0,KXX ⊗K2 ⊗ · · · ⊗Kk).161

Exploiting the Kronecker structure, computation of posterior mean, posterior variance and hyper-162

parameter learning takes O(n3 +
∑k
i=2 d

3
i + n

∏k
i=1 di) time as d1 = n [57]. The experiments163

of Zhe et al. [57] measure only the error of the predictive mean, rather than quantities that use the164

predictive variance (such as the negative log likelihood or calibration), and they do not provide a way165

to sample from the posterior distribution. They demonstrate that the HOGP outperforms PCA-GPs166

[28], among other high-dimensional output GP methods, with respect to prediction accuracy.167

2.3 Matheron’s Rule for Single-Task Gaussian Processes168

Matheron’s rule provides an alternative way of sampling from GP posterior distributions: rather169

than decomposing the GP predictive covariance for sampling, one can jointly sample from the prior170

distribution over both train and test points and then update the training samples using the observed171

data. Matheron’s rule is well known in the geostatistics literature where it is used for “prediction by172

conditional simulation" [14, 13]. Wilson et al. [52] revitalized interest in Matheron’s rule within the173

machine learning community by developing a decoupled sampling approach that exploits Matheron’s174

rule to use both random Fourier features (RFFs) and inducing point approaches in the context of175

sampling from the posterior in single task GPs. Wilson et al. [54] extended decoupled sampling to176

use combinations of RFFs, inducing points, and iterative methods. They applied these approaches to177

approximate Thompson sampling, simulations of dynamical systems, and deep GPs.178
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Matheron’s rule states that if two random variables, X and Y , are jointly Gaussian, then179

X|(Y = y)
d
= X + Cov(X,Y )Cov(Y, Y )−1(y − Y ),

where Cov(a, b) is the covariance of a and b and d
= denotes equality in distribution [18, 52]. The180

identity can easily be shown by computing the mean and variance of both sides. Following Wilson181

et al. [52], we can use this identity to draw posterior samples182

f∗|(Y + ε = y)
d
= f∗ +KxtestX (KXX + σ2I)−1(y − Y − ε), (5)

where ε ∼ N (0, σ2I), f∗ is the random variable and f∗|(Y + ε = y) is the conditional random183

variable we are interested in drawing samples from. To implement this procedure, we first draw from184

the joint prior (of size n+ ntest):185

(f, Y ) ∼ N
(

0,

(
KXX KxtestX

KXxtest Kxtestxtest

))
. (6)

For shorthand, we denote the joint covariance matrix in (6) by Kjoint. We next sample ε̄ ∼ N (0, σ2I)186

and compute: f̄ = f +KxtestX(KXX + σ2I)−1(y − Y − ε̄). The solve is against a matrix of size187

n×n so that f̄ is our realization of the random variable f∗|(Y + ε = y). The total time requirements188

are then O((n+ ntest)
3 + n3), which is slightly slower than O(n3test + n3). Thus, sampling from the189

single-task GP posterior using (5) is slower than the standard method based on (1) and (2).190

3 Matheron’s Rule for Multi-Task Sampling191

While the time complexity of Matheron-based posterior sampling is inferior for single-task GPs,192

the opposite holds true for multi-task GPs, provided that one exploits the special structure in the193

covariance matrices. In the following, we demonstrate the advantages in using Matheron-based MTGP194

sampling in Section 3.1, extend it to the HOGP [57] in Section 3.2, and identify further advantages of195

it for Bayesian Optimization in Section 3.3. This approach allows for further pre-computations than196

distributional sampling and that it maintains the same convergence results.197

3.1 Extending Matheron’s Rule for Multi-task GPs198

The primary bottleneck that we wish to avoid is the multiplicative scaling in n (or ntest) and t. Ideally,199

we hope to achieve posterior sampling that is additive in n and t, similar to how Kronecker matrix200

vector multiplication is additive in its components. Unlike in the single task case, Matheron’s rule201

can substantially reduce the time and memory complexity sampling for MTGPs. For brevity we202

limit our presentation here to the core ideas, please see Appendix C for further discussion of the203

implementation, as well as Appendix B.1 for a description of the Kronecker identities we exploit.204

The covariance Kjoint in (6) is structured as the Kronecker product of the joint test-train covariance205

matrix and the inter-task covariance; that is, Kjoint = K(X,xtest),(X,xtest) ⊗KT , where K(X,xtest),(X,xtest)206

appends ntest rows and columns to the joint training data covariance matrix KXX . To sample from207

the prior distribution, we need to compute a root decomposition of Kjoint.208

We assume that we have pre-computed RR> = KXX with either a Cholesky decompostion209

(O(n3) time) or a Lanczos decomposition (O(rn2) time). Then, we update R to compute210

R̃R̃> ≈ K(xtest,X),(xtest,X). Chevalier et al. [12] used a similar strategy to update samples in the211

context of single task kriging. Following Jiang et al. [29, Prop. 2], computing R̃ from R costs212

O(rntestn+ rn2test) time, dominated by the rntestn terms for small ntest. Using a Cholesky decompo-213

sition, this is O(ntestn
2) time following the same procedure. We then have214

Kjoint = K(xtestX),(xtestX) ⊗KT = (R̃⊗ L)(R̃⊗ L)>, (7)

where LL> = KT . To use the root to sample from the joint random variables, (f, Y ), we need215

to compute only (f, Y ) = (R̃> ⊗ L>)z, where z ∼ N (0, Int); this computation is a Kronecker216

matrix vector multiplication (MVM), which costs just O(nt(n+ t)) time. Thus, the overall cost of217

sampling to compute the joint random variables is O(n3 + t3 + nt(n+ t) + ntestn
2) time, reduced218

to O(rn2 + rt2 + rnt+ r2t+ rntestn) if using Lanczos decompositions throughout. L only needs219

to be computed once, so samples at new test points only require re-computing R̃ and further MVMs.220
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Computing the solve w = (KXX ⊗KT +σ2InT )−1(y−Y − ε) takesO(n3 + t3 +nt(n+ t))) time221

using eigen-decompositions and Kronecker MVMs. The cost of the eigen-decomposition dominates222

the Kronecker MVM cost so the major cost in this isO(n3 + t3). Finally, there is one more Kronecker223

MVM (Kxtest,X ⊗KT )w which takes O(nt2 + ntestnt) time. We then only need to reshape f̄ to be224

of the correct size.225

Therefore, the total time complexity of using Matheron’s rule to sample from the MTGP posterior is226

O(n3+t3) for small ntest, as the cubic terms dominate due to the Cholesky and eigen-decompositions.227

We show the improvements from using Matheron’s rule in Table 2, where the dominating terms are228

now additive in the combination of the tasks and the number of data points, rather than multiplicative.229

Memory complexities, which are also much reduced, are provided in Table 4 in Appendix C.230

3.2 Extension to HOGP231

The HOGP model can be seen as a special case of the general procedure for sampling MTGPs. We232

replace KT with kernels across each tensor dimension of the response, so that KT = ⊗ki=2Ki.233

Therefore, the time complexities for sampling go from cubic dependence, n3
∏k
i=2 d

3
i , to a234

(n
∏k
i=1 di) + (n3 +

∑k
i=2 d

3
i ) dependence, which again will generally be dominated by the additive235

terms for k / 5 as generally n is much larger than the tensor sizes so their product will generally be236

less than n2. Prior to this work, sampling from the posterior was infeasible for all but the smallest237

HOGP models due to the time complexity. By using Matheron’s rule, we can sample from HOGP238

posterior distributions over large tensors, unlocking the model for a much wider range of applications239

such as BO with composite objectives computed on high-dimensional simulator outputs.240

3.3 Sample Average Approximation (SAA) Convergence Results241

The convergence guarantees for Sample Average Approximation (SAA) of MC acquisition functions242

from Balandat et al. [4] still apply if posterior samples are drawn via Matheron’s rule. Consider243

acquisition functions of the form α(x; y) = E
[
h(f(x)) | Y = y

]
with h : Rntest×t → R, and their244

MC approximation α̂N (x; y) := 1
N

∑N
i=1 a(g(f∗i ))), where f∗i are i.i.d. samples drawn from the245

model posterior at x ∈ Rntest using Matheron’s rule. Then, under sufficient regularity conditions,246

the optimizer arg maxx α̂N (x; y) converges to the true optimizer arg maxx α(x; y) almost surely as247

N →∞. For a more formal statement and proof of this result see Appendix C.3.248

4 Experiments249

We first demonstrate the computational efficiencies gained by posterior sampling using Matheron’s250

rule. While this contribution is much more broadly useful and applicable, we focus on the benefits it251

brings for BO. Namely, we show that accounting for correlations between outcomes in the model252

improves performance in multi-objective and large-scale constrained optimization problems. Finally,253

we perform composite BO with tens of thousands of tasks using HOGPs with Matheron-based254

sampling. Additional experiments on contextual policy optimization are given in Appendix D.2.255

4.1 Drawing Samples from Multi-Task Models256

To demonstrate the performance gains of sampling using Matheron’s rule, we first vary the number of257

test points and tasks for a fixed number of samples and training points. Following Feng et al. [22],258

we consider a multi-task version of the Hartmann-6 function, generated by splitting the response259

surface into tasks using slices of the last dimension. In Figures 2a and 2c, we vary the number of test260

points for 5 and 50 tasks, demonstrating that Matheron’s rule sampling is faster and more memory261

efficient than distributional sampling with either Kronecker or Hadamard MTGPs. In Figures 2b and262

2d, we vary the number of tasks for fixed test points, again finding that distributional sampling is only263

competitive for 5 tasks on the GPU. See Appendix D for sampling with LOVE predictive covariances.264

4.2 Multi-Objective Bayesian Optimization265

We next consider constrained multi-objective BO, where the goal is to find the Pareto Frontier, i.e.,266

the set of objective values for which no objective can be improved without deteriorating another267
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Figure 2: Timings for distributional sampling with Hadamard and Kronecker MTGPs as well as
Matheron’s rule sampling for a MTGPs as the number of test points vary for fixed tasks (a,c) and
as the number of tasks vary for fixed test points (b,d) on a single Tesla V100 GPU (a,b) and on a
single CPU (c,d). The multiplicative scaling of the number of tasks and data points creates significant
timing and memory overhead, causing the Kronecker and Hadamard implementations to run out of
memory very quickly for all but the smallest numbers of tasks and data points, whereas sampling
using Matheron’s rule is efficient even in the many-task large-data regime. Mean and two standard
errors are shown, over 10 trials on the GPU, 6 on the CPU.

while satisfying all constraints. To measure the quality of the Pareto Frontier, we compute the268

hypervolume (HV) of the non-dominated objectives [55]. The optimization problem is made more269

difficult by the presence of black-box constraints (and hence additional outcomes) that must be270

modelled. We use MC batch versions of the ParEGO and EHVI acquisition functions (qParEGO and271

qEHVI) [15]. To generate new candidate points, qParEGO maximizes expected improvement using a272

random Chebyshev scalarization of the objectives, while qEHVI maximizes expected hypervolume273

improvement. As far as we are aware, Shah and Ghahramani [46] are the only authors to investigate274

the use of MTGPs in combination with multi-objective optimization, but only consider 2-4 tasks in275

the sequential setting (generating one point at a time). Here, we use full rank inter-task covariances276

which work well even in the low data regime. Our Matheron-based sampling scales to large batches277

and tasks, and is more sample-efficient on both tasks.278
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Figure 3: Constrained multi-objective Bayesian
Optimization tasks. MTGPs outperform batch
models in both the (a) small batch (q = 2) and
the (b) large batch (q = 10) setting. The latter was
previously computationally infeasible for MTGPs.

We compare Matheron sampled MTGPs to batch279

independent MTGPs on the C2DTLZ2 [17] (two280

objectives, one constraint for a total of three281

modelled tasks) and OSY [37] (two objectives,282

six constraints for a total of eight modelled tasks)283

test problems. On OSY, we also compare to284

PCA GPs [28] due to the larger number of out-285

puts. Following Daulton et al. [15] we use both286

qParEGO and qEHVI with q = 2, for C2DTLZ2287

and optimize for 200 iterations. In Figure 3a,288

we see that the MTGPs outperform their batch289

counterparts by coming closer to the known op-290

timal HV. On OSY, in Figure 3b, we plot the291

maximum HV achieved for each method, using292

a batch size of q = 10, optimizing for 30 it-293

erations, where again we see that the MTGPs294

significantly outperform their batch counterparts295

as well as the PCA GPs, which stagnate quickly.296

4.3 Scalable Constrained Bayesian Optimization297

We next extend scalable constrained Bayesian Optimization [SCBO, 21], a state of the art algorithm298

for constrained BO in high-dimensional problems, to use MTGPs instead of independent GPs. In299

constrained BO, the goal is to minimize the objective, f, subject to black box constraints, ci; e.g.,300

arg min
x
f(x) s.t. ci(x) ≤ 0 ∀i ∈ {1, · · · ,m}. (8)

SCBO is a trust region based method and uses batched independent GPs to model the outcome301

and transformed constraints. We compare to their results on their two largest problems — the 12-302
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Figure 4: Scalable constrained Bayesian Optimization on Lunar Lander m = 50, 100 (a-c) and on
MOPTA08 (d). On all three problems, a multi-task GP provides better solutions with better data
efficiency. The batch GP reaches feasibility on lunar lander with 50 constraints (a) and a competitive
solution (c) but requires more trials, while on 100 constraints, it simply runs out of memory while the
MTGP succeeds. On MOPTA08, the MTGP reaches a better solution faster (d).

dimensional lunar lander and the 124-dimensional MOPTA08 problem, using the same benchmark303

hyper-parameters. To extend their approach, we replace the independent GPs with a single MTGP304

model with a full rank ICM kernel over objectives and constraints.305

Lunar Lander: We first consider the lunar lander problem with both 50 and 100 constraints from306

the OpenAI Gym [8]. Following Eriksson and Poloczek [21], we initialize with 150 data points307

and use TuRBO with Thompson sampling with batches of q = 20 for a total of 1000 function308

evaluations and repeat over 30 trials. Using a multi-task GP reduces the number of iterations to309

achieve at least a 50% chance of feasibility by about 75 steps for the 50 constraint problem (Figure310

4a). On the 100 constraint problem, the batch GP runs out of memory after 350 steps on a single311

GPU and never achieves feasibility, as indicated in Figure 4b. In Figure 4c, we show the best merit312

(f(x) ∗
∏m
i=1 1ci(x)≤0) achieved where the MTGPs are able to achieve feasibility in fewer samples,313

but do not reach significantly higher reward. Wall clock times for the m = 50 constraint problem, a314

table of the steps to achieve feasibility, and a comparison to PCA-GPs [28] are given in Appendix D.315

MOPTA08: We next compare to batch GPs on the MOPTA08 benchmark problem [30] which has 68316

constraints that measure the feasibility of a vehicle’s design, while each dimension involves gauges,317

materials, and shapes. We use Thompson sampling to acquire points with a batch size of q = 10,318

130 initial points, and optimize for 2000 iterations repeating over 9 trials. The results are shown in319

Figure 4d, where we again observe that SCBO with MTGPs significantly improves both the time320

to feasibility and the best overall objective found. Using MTGPs would have been computationally321

infeasible in this setting without our efficient posterior sampling approach.322

4.4 Composite Bayesian Optimization with the HOGP323

Finally, we push well beyond current scalability limits by extending BO to deal with many thousands324

of tasks, enabling us to perform sample-efficient optimization in the space of images. Composite BO325

is a form of BO where the objective is of the form maxx g(h(x)), where h is a multi-output black-box326

function modelled by a surrogate and g is cheap to evaluate and differentiable. Decomposing a single327

objective into constituent objectives in this way can provide substantial improvements in sample328

complexity [3]. Balandat et al. [4] gave convergence guarantees for optimizing general sampled329

composite acquisition function objectives that extend to MTGP models under the same regularity330

conditions. However, both works only experimentally evaluate batch independent multi-output GPs.331

We compare to three different baselines: random points (Random), expected improvement on the332

metric (EI), and batch GPs optimizing EI in the composite setting (EI-CF). We consider the HOGP333

[57] with Matheron’s rule sampling (HOGP-CF) as well as an extension of HOGPs with a prior over334

the latent parameters that encourages smoothly varying latent dimensions (HOGP-CF + GP); see335

Appendix C.2 for details. More detailed descriptions of the problems are provided in Appendix D.336

Chemical Pollutants: Following Astudillo and Frazier [3], we start with a simple spatial problem337

in which environmental pollutant concentrations are observed on a 3× 4 grid originally defined in338

Bliznyuk et al. [5]. The goal is to optimize a set of four parameters to achieve the true observed value339

by minimizing the mean squared error of the output grid to the output grid of the true parameters.340
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Figure 5: Performance of BO with and without HOGP-based composite objectives (EI-HOGP-CF) on
four scientific problems. EI-HOGP-CF outperforms a standard BO model directly on the metric itself
(EI) and a random baseline (Random). Composite BO with the HOGP also outperforms composite
BO with independent GPs (EI-CF). Our smooth latents for the HOGP (EI-HOGP + GP) typically
outperform the HOGP itself. EI-CF is only feasible on the smallest problem.

The results, over 50 trials, are shown in Figure 5a, where we find that the HOGP models with these341

few tasks outperform both independent batch GPs (but slightly) and BO on the metric itself.342

Optimizing PDEs: As a larger experimental problem, we consider optimizing the two diffusivity and343

two rate parameters of a spatial Brusselator PDE (solved in py-pde [58]) to minimize the weighted344

variance of the PDE output as an example of control of a dynamical system. Here, we solve the PDE345

on 64× 64 grid, producing output solutions of size 2× 64× 64. Results over 20 trials are shown in346

Figure 5b, where the HOGP models outperform EI fit on the metric and the random baseline.347

Cell-Tower Coverage: Following Dreifuerst et al. [19], we optimize the simulated “coverage map"348

resulting from the transmission power and down-tilt settings of 15 cell towers (for a total of 30349

parameters) based on a scalarized quality metric combining signal power and inference at each350

location so as to maximize total coverage, while minimizing total interference. To reduce model351

complexity, we down-sample the simulator output to 50 × 50, initializing the optimization with352

20 points. Figure 5c presents the results over 20 trials, where the HOGP models with composite353

objective EI outperform EI, indicating that modeling the full high-dimensional output is valuable.354

Optical Interferometer: Finally, we consider the tuning of an optical interferometer by the alignment355

of two mirrors as in Sorokin et al. [47]. Here, the problem is to optimize the mirror coordinates356

to align the interferometer so that it reflects light without interference. There is a sequence of 16357

different interference patterns and the simulation outputs are 64 × 64 images (a tensor of shape358

16×64×64). Thus, we jointly model 65,536 output dimensions. Scaling composite BO to a problem359

of this size would be impossible without the step change in scalability our method provides. Results360

are shown in Figure 5d over 20 trials, where we find that the HOGP-CF + GP models outperform EI,361

with the HOGP + GP under-performing (perhaps due to high frequency variation in the images).362

Across all of our experiments, we consistently find that composite BO is considerably more sample363

efficient than BO on the metric itself, with significant computational improvements gained from364

using the HOGP as compared to batch GPs, which are infeasible much beyond batch sizes of 100.365

Furthermore, our structured prior approach for the latent parameters of the HOGP tends to outperform366

the random initialization strategy in the original work of Zhe et al. [57].367

5 Conclusion368

We demonstrated the utility of Matheron’s rule for sampling the posterior in multi-task Gaussian369

processes. Combining Matheron’s rule with scalable Kronecker algebra enables posterior sampling370

in O(n3 + t3) rather than the previous O(n3t3) time. This renders posterior sampling from high-371

order Gaussian processes [57] practical, for the first time unlocking Bayesian Optimization with372

composite objectives defined on high-dimensional outputs. This increase in computational efficiency373

dramatically reduces the time required to do multi-task Bayesian Optimization, and thus enables374

practitioners to achieve better automated Bayesian decision making. While we focus on the application375

to Bayesian Optimization in this work, our contribution is much broader and provides a step change376

in scalability to all methods that in involve sampling from MTGP posteriors. We hope in the future to377

explore stronger inter-task covariance priors to make MTGP model fits more sample efficient.378
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applicable? [N/A]561

(b) Did you describe any potential participant risks, with links to Institutional Review562

Board (IRB) approvals, if applicable? [N/A]563

(c) Did you include the estimated hourly wage paid to participants and the total amount564

spent on participant compensation? [N/A]565
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