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Abstract: We propose new methods to synthesize control barrier function (CBF)
based safe controllers that avoid input saturation, which can cause safety viola-
tions. In particular, our method is created for high-dimensional, general nonlinear
systems, for which such tools are scarce. We leverage techniques from machine
learning, like neural networks and deep learning, to simplify this challenging prob-
lem in nonlinear control design. The method consists of a learner-critic architec-
ture, in which the critic gives counterexamples of input saturation and the learner
optimizes a neural CBF to eliminate those counterexamples. We provide empir-
ical results on a 10D state, 4D input quadcopter-pendulum system. Our learned
CBF avoids input saturation and maintains safety over nearly 100% of trials.

Keywords: safety, control, learning

1 Introduction

In theory, control barrier functions are an appealing tool for safe control. However, it is difficult
to make the derived controllers respect input limits, which reduces their usage in practice. CBFs
target the set invariance class of safety problems, in which safety is defined as keeping a system’s
state to a prescribed region. A large part of their appeal is that they offer mathematical guarantees
of safety. Such assurances are essential for safety-critical robotics applications, like collision-free
drone flight [1, 2], manipulators that work safely around humans [3], and stable bipedal walking [4].
However, these safety guarantees break down when input saturation occurs, since that means the
system cannot exert the force required for an evasive maneuver. The system then becomes endan-
gered (or dangerous), with the possibility of expensive equipment failure or people getting harmed.
It is therefore imperative that we account for input limits when designing CBFs.

CBFs are energy functions which map states to an energy value, with safe states having lower en-
ergy. In energy function methods, an energy function is found and then a controller is crafted that
dissipates the energy. The core problem of these methods is constructing the energy function. A
valid energy function has to meet complex constraints that depend on the input limits, system dy-
namics, and safety specification. So far, this problem of designing CBFs around input limits has
been studied to a limited degree, mostly for small or simple systems. To our knowledge, nothing has
been proposed which handles the nonlinear and high-dimensional systems that are more realistic in
robotics. Examples of existing work include methods for designing CBFs using intuition for simple
systems [5]. Other works derive CBFs that are provably non-saturating for systems with special
structure, like kinematic bicycle, polynomial and Euler-Lagrange systems [6, 7, 8, 9, 10]. Another
approach is to frame this as an optimization problem, computing parameters for CBFs with simple
forms for use on low-dimensional systems [11, 12, 8]. A non-CBF safe control method with guar-
antees against saturation is HJ reachability [13]. It is generic (handles nonlinear systems), but has
not been able to scale past 6D!, except in special cases [15, 16].

'In general, synthesizing a safe controller for a nonlinear system with formal guarantees against satura-
tion is an NP-hard problem [13]. Hence, it is intrinsically difficult to scale Hamilton-Jacobi (HJ) reachability.
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For the most part, existing works address narrow classes of systems, and some of them even require
substantial human effort. In contrast, we envision a framework for automating CBF synthesis that
has a wide range of applicability. Our goal is for it to be easy-to-use and generic, encompassing
nonlinear systems of higher dimension. To achieve this, we borrow ideas from machine learning
(ML), like neural networks, which are well suited to large-scale nonlinear optimization problems.

The related field of Lyapunov function (LF) synthesis has already taken inspiration from ML, with
success. LFs are a different kind of energy function used for certifying stabilizing controllers, rather
than constructing new controllers. Usually, it is assumed that the candidate stabilizing controllers
already respect input limits, so input saturation is not considered. However, LFs are still hard to
construct because they need to satisfy other complex constraints. Recent works have proposed
representing LFs as neural networks (NNs), which are expressive and easy to optimize [17, 18,
19, 20]. To enforce constraint satisfaction over input sets, these neural LFs are either trained on a
grid of inputs [20], or better yet, violating inputs [19]. There has also been work on neural CBFs,
but they have been used for the entirely distinct problem of inferring a safety criterion from expert
trajectories [21, 22].

We propose using neural CBFs to simplify CBF synthesis and extend its range of applicability. This
choice of functional representation enables us to handle high-dimensional, nonlinear systems. In
particular, NNs can easily handle systems with large state spaces (>6D), since they can be efficiently
trained on much larger inputs than that (>100D). Further, for a nonlinear system, a valid CBF can
be arbitrarily nonlinear, which demands the rich expressiveness of NNs. Finally, learning a non-
saturating CBF for a nonlinear system involves a highly nonlinear loss function. Thus, we also need
a functional representation that can be optimized for good solutions very easily, like NNs.

In the rest of the paper, we expound on our two main contributions, the first of which is our aforemen-
tioned neural CBF design (Sec. 3.1). The second contribution is our learning framework (Sec. 3.2).
We begin by proposing a loss function that captures the severity of saturation. In our learner-critic
paradigm, the critic finds states that maximize the loss (that is, worst saturators) and the learner
updates the neural CBF to minimize saturation at those states. We also introduce a number of tech-
niques that are required to make our learner stable and our critic efficient and powerful. Our method
produces a CBF that ensures safety nearly 100% of the time for a input-limited, nonlinear, 10D
quadcoptor-pendulum system (Sec. 4).

2 Preliminaries

In this section, we provide a review of CBFs, mathematically define a non-saturating CBF, and
explain the premise of CBF synthesis. First, some notation: for a function ¢ : R® — R, let C =
{c}<o be its zero-sublevel set, 0C = {c}— the boundary of this set, and Int(C) = {c} < the interior.
Now, we assume the following is given: (1) a control-affine system = = f(x) + g(x)u, where
r€DCR" ueld CR™and f: R" - R", g : R® — R”*™ are locally Lipschitz continuous
on R™, (2) input set U, a bounded convex polytope, and (3) a safety specification p : R® — R,
which implicitly defines the allowable set A = {p} <. p is continuous and piecewise smooth.

Typically, in CBF-based safe control, a CBF and safe set are constructed based on the user-defined
safety specification and then a controller is formed to keep the safe set forward invariant (FI). A set
is forward invariant if all trajectories starting within it stay within it. As such, let r be the relative
degree from p to u (i.e. the first derivative of p where u appears) and then a standard limit-blind
CBF is:

r—1
¢ = [H (1 + 0123)] P (Limit-blind CBF)

i=1

However, recent advances in HJ reachability have abandoned formal guarantees to create potential for scala-
bility [14], which we have also done in our work. We note, however, that despite the lack of guarantees, our
method is very effective in practice.
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, where ¢; < 0 [5]. This CBF has a corresponding safe set S C 4; see the Appendix for its exact
definition. Then, as usual, we can straightforwardly construct a safe controller. Any controller
which can repel the system back into the safe set whenever it reaches the safe set boundary is a safe
controller. The following theorem formalizes this idea:
Theorem 1 (Taken from [5]). Given a CBF ¢ and safe set S, any feedback controller k(x) : R™ —
R™ satisfying

P(x, k(x)) £ V()" f(2) + Vé(x) g(x) k(x) <0 Yz €08 (1)

Lyg(x) Lgo(z)
renders the system forward invariant over S.

This theorem requires the controller to repel the system (decrease ¢) from the boundary (x € 9S).
It allows us to follow an arbitrary nominal policy, kyom., as long as we project the input to the half-
space satisfying Eqn. 1. Thus, the standard CBF safe controller simply applies this projection at
every timestep of control execution [5, 7]. This is implemented as a quadratic program (QP):

k(x) = arg min % [t = Eonom ()2 (CBE-QP)

if
s.t. Lip(x) + Lgo(x)u < {go ;;'G o8 )
uel (3)

The significant problem with this paradigm is that this controller can saturate. Specifically, saturation
occurs when no u € U exists that satisfies Eqn. 2, causing the loss of safety guarantees.” This can
happen because we have not yet accounted for input limits in our design of ¢. What we propose is
to craft a different CBF that does not lead to saturation down the line, which is the process of CBF
synthesis. We will call this a non-saturating CBF:

Definition 1 (Non-saturating CBF). A function ¢ : R™ — R is a non-saturating CBF over a set S
ifforall x € 0S:

inf ¢(z,u) <0 4)
Intuitively, this is just requiring that there exist a feasible control input to decrease ¢ (return the
system to the interior of S) at every state on the boundary, dS. It is possible to find a non-saturating
CBF ¢* that defines a smaller safe set (§* C S) than the original saturating CBF. The idea is
that a smaller set can exclude all the irrecoverable states from the original set. Formally, we want
p* : R™ — R such that {p*} <o C {p}<o. Then, our new CBF is just the following:

r—1

0

o = [H <1 + Ciat)] p—p+p* (Limit-aware CBF)
i=1

3 Learning Non-Saturating Control Barrier Functions

In this section, we present our neural CBF design (Sec. 3.1) and then discuss the learning framework
which trains it to be non-saturating (Sec. 3.2). Learning is a min-max optimization problem of the
following form, where 6 denotes the parameters of ¢*:

min max L0, ) (5)

We call this loss £(0, z) the saturation risk. This min-max problem is solved using a learner-critic
algorithm (Alg. 1), where the critic and learner alternately find where the worst saturation occurs
and then update the CBF to reduce saturation there. We also propose some strategies for training
stably, boosting critic efficiency, and for increasing the volume of the safe set. We visualize the
training process for a simple running example (Fig. 1), where we learn a CBF to prevent an inverted
pendulum from tipping.

*In practice, to avoid an unsolvable QP when saturation occurs, we add a slack variable to Eqn. 2. However,
we will still violate safety guarantees.
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Algorithm 1 Learning non-saturating CBF

1: function LEARN(X,,, 0)

2: Set learning rate 8 = 0.001

3: 0 0—p-Vo[Y,ex, softmax(L(0,x)) + R(0)] > From Eqn. 6, 7
4 return 6 -

5: end function

6: function COMPUTECE(X,., )

7: Set learning rate o = 0.001, number of gradient steps N = 20

8: X¢e < project X, to new boundary > See Alg. 3
9: Xrand < uniformly sample a set on the boundary > See Alg. 5

10: X+ Xrand U Xce
11: foriin [0,...,N]do

12: G + VxL(6,X) > Batch gradient
13: P + project G along boundary

14: X—X+a-P > Batch update
15: X <+ project X to boundary > See Alg. 3
16: end for

17: X¢e < worst saturating states in X

18: return X,

19: end function
20: function MAIN()

21: Input: dynamical system &, safety specification p

22: Randomly initialize neural CBF parameters 6

23: Repeat:

24: Xce ¢ COMPUTECE (X, 6) > Xee 18 a set of counterexamples
25: 0 < LEARN(X ¢, 0)

26: Until convergence

27: return 6

28: end function

3.1 Neural CBF Design

We consider the design of p*. Let nn : R® — R be a multilayer perceptron with tanh activations.
Then, we define

p*(x) = (mn(z) — nn(z.))* + p(x) (Design 1)
if there is a state, x., that should belong to any valid S*. Otherwise, let
p*(z) = softplus(nn(zx)) + p(x) (Design 2)

The reason for these designs is that a valid p* needs to obey three constraints: Constraint 1: p* is
piecewise smooth. This is required to preserve the piecewise smoothness of ¢*, which allows us to
make existence and uniqueness arguments for the closed-loop system. Our p* satisfies this because
nn has smooth tanh activations and p is assumed piecewise smooth. Constraint 2: The 0-sublevel
set of p* is contained within the 0-sublevel set of p: {p*}<o C {p}<o. The allowable set can be
shrunk but not enlarged; otherwise, dangerous states may be incorporated. Our design meets this
criterion because p* > p. Constraint 3: §* is nonempty, where S* is defined by p*. In some cases, it
makes sense to enforce some state ., to lie within S* (Design 1), which means S* will be nonempty
by design. One such case is stabilization-type safety problems, where safety is defined as bounded
deviation from an equilibrium. Then, the equilibrium would be a natural choice for x.. However,
if this is not the case, then we can choose Design 2 and encourage non-emptiness by regularizing
the safe set volume (Sec. 3.2). Our CBF forms have the advantage of satisfying constraints 1-3 by
design, while still offering the nonlinear expressiveness that we need to find a non-saturating CBF.

3.2 Learning framework

In the following sections, we present a loss function that encourages satisfaction of Eqn. 1 and the
algorithm for solving the min-max problem on this loss. First, we define 6 as the parameters of ¢*,
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which include the weights of nn and the ¢; coefficients. Our loss function, called saturation risk, is
defined as:
L£(0,x) = in{{ by, u) (Saturation risk)
ue

It is a measure of the best-case saturation at a given state x. When £(6,z) < 0, then no saturation
occurs at z:; when £(6, x) > 0, it measures how severe the saturation is. Thus, our min-max problem
(Eqgn. 5) is to minimize the worst best-case saturation over the boundary. When the worst best-case
is negative, i.e.

max L£(0,z) <0 (Training goal)

r€IS*
, then we have successfully found a non-saturating CBF.

To solve the min-max problem on £(6, z) (Eqn. 5), we propose a learner-critic algorithm (Alg. 1).
Essentially, the algorithm alternates between the critic computing counterexamples (maximization
with respect to x) and the learner updating the CBF (minimization with respect to #). The critic
uses projected gradient descent to produce an approximate maximizer, ¥, and then the learner uses
gradient descent to minimize the saturation loss at £*. See below for more details on the critic. Since
both learner and critic perform gradient descent on £(6, x), it is useful to re-express it as an analytic
function, rather than a continuous minimization. To find the analytic expression, observe that this
L(0, x) a minimization where the objective is affine in the variable « (from Eqn. 1) and the variable
is constrained to a convex polyhedron set /. This means the minimizing u* is one of the vertices
v € V(U) of the constraint set. Thus, £(¢, ) can be computed as a discrete minimization, which is
analytic:

L(0,2) = vénvl(lzl,t ) by, v) (Analytic saturation risk)

In practice, we get more stable convergence if we use a weighted average of the loss over all coun-
terexamples X, instead of the loss on the single worst counterexample. That is, the learner update
becomes:

0=0—a-Vy Z softmax(L(0,x)) (6)

r€Xce

This avoids two problems which hinder convergence: (1) deadlock (when improvement at one coun-
terexample causes saturation at another) and (2) noisy gradient (V£ (6, 2*) only approximates the
true gradient VoL (60, x*), since &* is a suboptimal maximizer). A weighted average loss both en-
courages progress on many counterexamples at once and averages out the effect of noisy gradients.

Design of the critic

In this section, we discuss the design of a fast and powerful critic, which is key to the success
of the training algorithm (see function COMPUTECE in Alg. 1). The critic needs to return good
counterexamples, otherwise the CBF will not train properly. However, it also needs to accomplish
this efficiently, since it needs to recompute counterexamples repeatedly throughout training. Another
challenge to speed is systems with large state spaces, since state space size is also the size of the
critic’s optimization space. To this end, we propose strategies for boosting critic efficacy cheaply.

The critic is in charge of finding counterexamples, which are states along the safe set boundary
where saturation would occur at control-time. This is a constrained optimization problem, which
we handle using projected gradient descent (PGD). We project the saturation risk’s gradient along
the boundary, use this to update x, and finally project = back to the boundary. However, in practice,
this basic critic produces unsatisfactory counterexamples. There are many poor local optima in this
optimization problem that can trap PGD. We explore two strategies for circumventing this issue:
taking the best of a batch and warmstarting.

For the first strategy, we apply batch PGD to a set of initial states and take the best of the result-
ing candidate counterexamples. This batch optimization is a cheap way to improve our chances of
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Figure 1: Learned safe sets for toy inverted pendulum problem, at four points during training. The
black dots represent candidate counterexamples; the critic correctly identifies that the states where
angle and angular velocity have the same sign are the most likely to saturate (angular velocity acting
to destabilize pendulum). In (d), green denotes the largest safe set, approximated by model predictive
control (MPC) (see Appendix for details). Our regularization is so effective that there is virtually no
difference between our learned set and the MPC set.

evading local optima. A portion of the initial states is sampled uniformly on the boundary using
the fast routine from [23]. The other initial states are “warmstarted”: we take them to be the best
counterexamples from the previous critic call. This strategy is based on the idea that old counterex-
amples can still be good candidates for the current call. The current call should only have a slightly
different optimization objective and constraint than the previous call, due to the incremental update
to #. Overall, this reuse of work is a big boon to efficiency. Together, these two techniques help the
critic perform efficiently and effectively, even for high-dimensional state spaces, as in Sec. 4.

Enlarging the safe set In this section, we introduce a regularization term that we add to the training
objective to help enlarge the safe set. In general, one benefit of optimization-driven approaches
to synthesis is that we can augment the objective with terms that target control performance. One
measure of a good safe controller is the size of its safe set: a larger safe set means the controller can
prevent more states from evolving toward danger. Thus, we devise a regularization term:

R(O) = > sigmoid(sy()) (7)

2€X eg

, where s} (z) defines inclusion in the safe set (S* = {s}} <o) and X, is a set sampled uniformly
in D. The idea behind this term is that we want states near the safe set boundary to move inside the
safe set (or further inside, if they are already). Mathematically, we want to decrease sj(x) toward
negative values (move into S*) for « with s} () ~ 0 (near boundary). In order to only affect = such
that s (z) ~ 0, we apply the sigmoid transform. To test the efficacy of this term, we compare the
volume of safe sets learned with and without it, at iterations where they attain similar saturation risk.
It turns out that without this term, the safe set tends to shrink more than necessary during training, as
smaller safe sets have a lower possibility of saturating. We find that inclusion of the term provides a
nearly 200% increase in volume.

4 Experiments

In this section, we train a neural CBF on a challenging input-limited robotic system. We pose two
experimental questions:

Q1. How well do we achieve our training objective?

Q2. Does the CBF-based safe controller ensure FI?
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Figure 2: (Left) quadcopter-pendulum system (image from [24]). (Others) Various axis-aligned
2D slices of the 10D safe set (learned in blue, baseline in purple). Note that for each slice, the
unvisualized states have been set to 0.

Our system is a pendulum on top of a quadcopter (Fig. 2). This is a coupled system, with the dynam-
ics of both components found by the Euler-Lagrangian method [25]. The states are quadcopter posi-
tion and roll-pitch-yaw orientation (z, y, z and v, v, 3) and roll-pitch pendulum orientation (¢,, 6,,),
as well as the first derivatives of these states. The inputs are thrust and torque (F, 7., 73, 7o), which
are limited to a bounded convex polytope set. See the Appendix for the system dynamics. The safety
specification is to prevent the pendulum from tipping and the quadcopter from rolling:

p=9>+B>+6, — (7/a)? ®)
, where §,, = arccos(cos(¢,) cos(6))) is the pendulum’s angle from the vertical. Since the quad-
copter position does not impact safety and the position dynamics can be decoupled, we exclude
position and consider the resulting 10D state, 4D input system. Finally, we note that we have a

stabilization-type safety problem (the goal is to limit deviation from the equilibrium, x, = 0), so we
use Design 1 for our CBE.

Next, we propose metrics to answer each of our experimental questions:

M1. % of non-saturating states on 9S*: we address Q1 by measuring how well we satisfy Eqn. 4.
We compute this by uniformly sampling 10k states on dS™* and calculating what percentage of them
are non-saturating. We also use these samples to compute the mean and variance of the severity of
saturation, IE[£(0, z)] and o[L(6, z)]. To compute the severity of the worst saturation, £(6, z*), we
apply our critic and allow it to use more samples and computation time than during CBF training.

M2. % of simulated rollouts that are FI: Q2 considers the in-the-loop control performance of our
learned CBF. For this metric, we initialize 5k rollouts uniformly randomly inside S*, simulate their
trajectories under the safe controller (CBF-QP) until just after they reach the boundary. Then,
we record whether the system exited or remained inside S* after arriving at the boundary. The
value of this metric depends on the choice of nominal controller, k..,. We try two different ones:
Enom,unact(x) = 0, which yields an unactuated system, and ko, 1.Qr, Which is a linear-quadratic
regulator (LQR) stabilizing controller.

We choose a non-neural CBF baseline. For nonlinear functions, the usual approach to synthesis is
to hand-select a function form and then optimize the parameters. We select a simple but often used
form [6, 11]:

p;aseline = (72 + 52 + 52)(11 - (7r/4)2'a1 + az (9)

, where a; > 0,a2 > 0 are parameters that are optimized using our formulated loss (Saturation
risk). See Appendix for details of this optimization.

Training details. The learning framework and metrics were implemented using Python and Py-
Torch [26]. Training took around 11 hours on a single NVIDIA GeForce RTX 2080 Ti GPU.
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Q1 Q2: % FI rollouts
method % non-sat. states mean, std dev of sat. ~ worst sat.  Kpom. unact  Knom,LQR

Baseline 78.68 4.99 £ 3.78 29.50 79.53 49.50
Ours 99.00 1.75 £2.40 15.19 98.90 97.00

Table 1: Metrics computed on our CBF and baseline CBF. The “mean, std dev of sat.” is E[L (0, z)]+
o[L(0,x)] and “worst sat.” is L(0, z*).

Discussion. As we can see in Table 1, for our learned CBF, almost 100% of the boundary states
are non-saturating and almost 100% of the rollouts are FI across the nominal policies. This shows
that our neural CBF and learning framework are an effective combination and capable of handling
systems of high complexity. We are not able to attain 100% non-saturating states and FI rollouts,
which is either due to suboptimality of training or limitations of the function class, as NNs are only
universal approximators when their size is taken to the infinite. The optimized non-neural CBF does
not do as well: only 80% of the boundary states are non-saturating and around 50 — 80% of rollouts
are FI. For our learned CBF, the severity of saturation at the saturating states is not negligible, but is
it still low, and the worst saturation is large, but rarely encountered.

Visualizing slices of the safe set can provide deeper insight into the results of training (Fig. 2). Recall
that a safe set contains only states that are recoverable from danger, given our input limits. We
observe that our CBF has diamond-shaped safe sets in slices B and C, which makes sense because
small angles can still be recoverable at larger speeds. Additionally, there should be a maximum safe
angular speed for quadcopter and pendulum; our CBF learns this, but the baseline does not. Next,
our CBF has a roughly rectangular set in slice D, indicating that 0,8 (pendulum, quadcopter pitch
velocity) should both be limited to an interval. This makes sense, since higher angular velocities are
certainly harder to pull back from. We also observe a larger range for the quadcopter’s pitch than
the pendulum’s, which makes sense because the quadcopter is directly actuated and the pendulum is
only indirectly actuated. On the other hand, the baseline does not restrict 9, B in slice D. Due to the
functional form of the baseline CBF, 9, B are only restricted when 66 > 0 or 3 B > 0 (that is, when
angular velocity is acting to destabilize). However, this safety criterion is too lenient, since large
angular velocities that are currently swinging the system to the origin can cause overshooting and
toppling shortly after. Overall, we can see that the non-neural CBF does not have the right function
form. In general, it can be hard to guess what the right form might be for a system of this complexity.
However, our algorithmic approach, combined with the NN functional representation, removes the
need for guessing.

Limitations and future work One limitation of our results is that we had to do some minor feature
engineering on the inputs to the neural CBE. Namely, we changed the pendulum’s angular velocity
to a linear velocity and the quadcopter’s angular velocity to the linear velocity of its vertical body
axis. (Note that the dynamics of these states is still nonlinear). Before this change, learning was
difficult. This might be because a valid CBF is a highly nonlinear function (possibly involving some
trigonometric terms) of the original states, and such functions are challenging for NN to learn. This
problem might be able to be solved otherwise with a different network architecture. However, we
note that after we made this adjustment, the rest of the synthesis required no human intervention.
Additionally, in this work we have assumed known, deterministic systems, but real-world systems
are often unknown and stochastic. An interesting future direction is extending our work with more
realistic modeling assumptions.

5 Conclusion

In summary, we proposed a framework for facilitating CBF synthesis under input limits. Thanks
to our neural CBF representation and our effective and efficient learning framework, our method
scales to higher-dimensional nonlinear systems. We learned a virtually non-saturating CBF on one
such system, the quadcopter-pendulum. We hope that this safe control tool will makes CBFs more
accessible and of practical value to roboticists.
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